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Abstract

This work presents a novel representation of the smoothing distribution - the posterior state distri-
bution of a discrete-time dynamical system - through its connection to probabilistic optimal control.
The key idea is to represent the posterior as the closed-loop behavior of a synthetic control system
governed by an optimal stochastic policy. This formulation enables forward simulation of equally
weighted trajectories that capture the statistics of the posterior without the need for backward sam-
pling or importance weighting. We derive a practical algorithm based on probabilistic dynamic pro-
gramming to compute this policy efficiently, with linear computational complexity in the number
of particles. Furthermore, the uniform particle weighting significantly simplifies and accelerates
the Expectation—-Maximization algorithm, providing substantial benefits for system identification
of nonlinear dynamical systems with latent states. The proposed method offers a simple, stable,
and scalable alternative to traditional particle smoothers and demonstrates accurate parameter esti-
mation and model learning at significantly reduced computational cost.

1. Introduction

Nonlinear probabilistic state-space models (PSSMs), also known as Hidden Markov Models (HMMs),
provide a principled framework for modeling stochastic dynamical systems and time-series data
across a wide range of applications Murphy (2012); Séarkkd (2013). In dynamic systems, the
performance of model-based controllers and estimators strongly depends on the accuracy of the
identified underlying model. A widely used approach for identifying such models is the Expec-
tation—Maximization (EM) algorithm, which requires evaluating the posterior - or smoothing -
distribution of the latent states Schon et al. (2015, 2018); Rosato et al. (2022). In the general
nonlinear and non-Gaussian setting, this posterior smoothing density must be approximated - of-
ten from noisy, incomplete measurements and (partially) unknown governing system equations -
making the computation both challenging and computationally demanding.

A popular class of methods for approximating the smoothing density are particle smoothers,
which rely on Monte Carlo averaging over a set of weighted trajectories. Although conceptually
straightforward, these methods typically exhibit quadratic computational complexity in the number
of particles given a typical forward-then-backward processing structure. Moreover, particle degen-
eracy and the need for resampling complicate their use within iterative algorithms such as EM,
particularly in system identification of nonlinear systems with latent states.

This work introduces an efficient alternative by reformulating the smoothing problem as a prob-
abilistic optimal control problem. The posterior is represented as the closed-loop behavior of a
synthetic control system governed by an optimal stochastic policy. This formulation enables for-
ward simulation of equally weighted trajectories that capture the posterior statistics without back-
ward passes or importance weighting. The proposed algorithm, derived via probabilistic dynamic
programming, exhibits linear computational complexity in the number of particles and produces a
uniformly weighted representation of the posterior. These properties make it particularly advanta-
geous for system identification and model learning, as the uniform particle weights simplify and
accelerate the EM algorithm while improving numerical stability.

The main contributions of this work are as follows:
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* We reformulate the discrete-time Bayesian smoothing problem as a probabilistic optimal con-
trol problem.

* We derive the Ensemble Gradient Probabilistic Dynamic Programming Smoother (EG-PDPS),
a computationally efficient algorithm with linear complexity in the number of particles that
generates equally weighted Monte Carlo trajectories representing the smoothing distribution.

* We demonstrate the utility of the particle representation of the computed posterior density in
a sample-based EM algorithm for nonlinear system identification, achieving accurate model
learning at significantly reduced computational cost.

2. Problem formulation and motivation

2.1. Modelling and notation

Consider a probabilistic state-space model, M, with state x € X C R™ and observations z €
Z C R"= Sirkkd (2013) with initial state density z¢ ~ p(z|0), transition density function z; ~
po(x¢|xi—1) and observation density function z; ~ pg(z¢|z;), with O representing the deterministic
root node of the Markov Chain (i.e. we can start the Markov process deterministically in [J at time
t = 0). The subscript 8 explicitly indicates that the representations of the density functions are
parametrized by some parameter 6. To enhance readability, we will omit this notation throughout
the paper, except where it is necessary to emphasize the parameterization.
The joint probability density is expressed as'

T
plar, zr) = pleolO)p(zolzo) [T, ot wele-1) (D
where density p(x, z¢:|x¢—1) is defined as p(x¢|x¢—1)p(z¢|x¢). Note that conditioning on [J is silent
henceforth.

Remark 1 A popular nonlinear instance of a PSSM is given by xg ~ N (xo|uo, Xo), Te41 =
fe(@e, @) and z = gi(xy, ) where g ~ N (q|0,X¢4) and ¢ ~ N (14]0,34+) with ¢, and
24t symmetric positive definite matrices. The choice for normally distributed germs is exemplary
and other densities may be used. For many applications of practical interest the models are affine
Gaussian. In this case we have fi(x¢,q) = fi +Foxe + Forqe and g (xy) = g¢ + Gapxp + Gryrye
We assume functions fi(x¢,q;) and gi(xy, 1) are one-to-one (injective) and differentiable w.r.t. q;
and ry, respectively, for given xy, and dim(q;) < ng.

2.2. Problem statement

Given a sequence of measurements z7 collected over a horizon T, our objectives are: (i) to infer
the latent state trajectory x,, and (ii) to estimate the model parameters €. The latter is typically
achieved through Maximum Likelihood Estimation (MLE)

0" = max Ly(27) = maxlog py(27) 2
For probabilistic state-space models, this objective expands to the complete-data likelihood
0" = mg%x IOg/pQ (g, zp)dzp 3)

which is generally intractable since x; is unobserved. To address this, we estimate the posterior
distribution p;(xr|z7) for some parameter estimate ¢, and define the surrogate objective

Qg,é =E, [log pg(zr, 27)|27] = /logpe(l”T,ZT)pé($T|ZT)d~’UT 4)

1. For brevity, we introduce the notations z, = {xo,...,z:} and Ty = {axy,...,z7}, respectively referring to a
leading or trailing part of a sequence, with ¢ € Ny referring to the final or initial time instance of the corresponding
subsequence. We silently assume that any complete sequence starts at time ¢ = 0 and ends at time ¢t = T'.



Maximizing the surrogate objective (4) and updating 6 with the resulting estimate yields a se-
quence of parameter updates that converges to the MLE in (2); see Schon et al. (2011); Murphy
(2012) for a detailed proof. The expectation in (4) is taken with respect to the smoothing density

pg(zr|2zr), parameterized by the current estimate 6. Consequently, accurate state inference (objec-
tive (1)) is essential for parameter learning (objective (ii)). This iterative procedure, known as the
Expectation—-Maximization (EM) algorithm, is repeated until convergence, provided the required
integrals and optimizations can be evaluated.

In general nonlinear and non-Gaussian settings, this expectation cannot be computed analyti-
cally and must be approximated. Particle smoothers - a class of Sequential Monte Carlo (SMC)
methods - approximate these integrals using weighted trajectories Schon et al. (2011, 2015); Wills
and Schon (2023). However, existing discrete-time particle smoothers exhibit several undesirable
properties. First, particles typically have unequal weights, requiring complex weight updates and
resampling procedures. Second, arbitrary temporal subsets do not directly represent the normalized
joint posterior - while p(xz¢|zy) can be approximated, p(xy, zy|zp) for t # ¢ cannot be obtained
without additional processing. Finally, their computational cost scales quadratically with the num-
ber of particles, making them inefficient for large-scale problems Klaas et al. (2006); Cappé et al.
(2007); Chopin and Papaspiliopoulos (2020).

Therefore, our goal is to efficiently approximate the smoothing density

p(zrlzr) )
using a collection of equally weighted trajectories X = {@%}nNzl such that any temporal subset of

X provides a consistent particle representation of the corresponding marginal or joint posterior, i.e.
Xy = {ap}ly ~ plai|zp) and also Xy U Xy ~ {{af, 2f 3101 ~ plag, avlzp),t # ¢

2.3. Computational structures in smoothing

The smoothing densities are conventionally computed using a forward-then-backward recursive
procedure Ho and Lee (1964); Lee (1964). This structure corresponds with how information be-
comes available for processing. First, the filtering densities p(z¢|z,) are computed sequentially as
new measurements arrive. These are then refined in a backward pass using the smoothing recursion

p(z41]27)
—— (6)
p(ze41ze)

An alternative backward—then—forward structure can also be formulated. Assuming access to
p(zo|z7), the joint posterior can be factorized as

p(xe, wealzr) = p(eelzr)p(ee e, 2r) o

Marginalizing over x; yields a forward recursion for the posterior p(z;4+1|z7). This structure

resembles a forward simulation governed by the informed transition density p(xi41|z, z1), encod-

ing information from both past and future measurements. Unlike the nominal transition p(z41|z),
it produces trajectories that are statistically consistent with the full posterior distribution.

pledlzr) = peolz)Eppsson [

p(rs1zr) = / P |72, 2p)plarl z)das ®)

Remark 2 Note that conditioning of the controlled transition density can be weakened to Zy41 due
to the Markov property, i.e. the measurements, z,, cannot contain more information about the next
state, x¢y1, than the state, x, itself.

3. Related work

The most widely used nonlinear smoothing algorithms fall into two families. The Extended Kalman
Smoother (EKS) Hartikainen et al. (2011) applies local linearization to extend the classical Rauch—
Tung—Striebel smoother, offering computational efficiency but limited accuracy for strongly nonlin-
ear systems. The Bootstrap Particle Smoother (BPS) Klaas et al. (2006) combines a forward particle
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filter with a backward smoothing pass, handling arbitrary nonlinearities but suffering from particle
degeneracy, non-uniform weights, and high computational cost Cappé et al. (2007); Chopin and
Papaspiliopoulos (2020); Schon et al. (2011). The present work aims to combine the flexibility of
particle-based methods with the efficiency of deterministic approaches, while producing uniformly
weighted trajectories.

Our approach is rooted in dualities between Bayesian smoothing and optimal control. For hid-
den It6 or diffusion processes (the continuous-time analogue of a PSSM), it has long been es-
tablished that the posterior can be represented by a controlled process with a modified drift term
Fleming and Mitter (1982); Mitter and Newton (2003); Kim and Mehta (2023); Opper (2019), de-
termined by solving a particular optimal control problem. A related line of work is the theory of
Linearly Solvable Optimal Control (LSOC) or Path Integral Control Kappen et al. (2007); Thi-
jssen and Kappen (2015), where the optimal policy is expressed as a conditional expectation over
passively sampled trajectories. This idea has since sparked broader interest in wielding inference
principles in control Theodorou and Todorov (2012); Theodorou (2015); Williams et al. (2017). A
discrete-time analogue was studied independently Todorov (2007, 2008); Dvijotham and Todorov
(2012) and subsequently absorbed into the broader paradigm of probabilistic optimal control Karny
(1996); Toussaint and Storkey (2006); Rawlik et al. (2013); Rawlik (2013); Levine (2018); Watson
et al. (2021); Lefebvre (2024), where probabilistic policies are obtained by projecting a joint den-
sity of the control system onto a desired density via dynamic programming. In Lefebvre (2024),
the risk-seeking formulation was shown to be directly associated with smoothing Rawlik (2013);
Watson et al. (2021).

The LSOC framework was used to develop a particle smoother for hidden diffusion processes
Ruiz and Kappen (2017), and its use has been further explored in particle filtering Zhang et al.
(2023); Taghvaei and Mehta (2023). In discrete-time, however, solving an optimal control problem
to address the smoothing problem has, to the best of our knowledge, not been explored and requires
different representations and techniques.

4. Smoothing with Optimal Control

In this section, we discuss an alternative approach to represent the smoothing density that leans on
a connection with the theory of optimal control. The objective is to construct a synthetic control
system whose closed-loop trajectories reproduce the statistical properties of the smoothing density.
In this framework, the posterior distribution can be approximated by a set of equally weighted
trajectories obtained through forward simulation of the control system.

To that end, first we establish how the informed transition density, p(x¢11|z¢, Zi+1) (recall Sec-
tion 2.3), can be encoded as the solution of an optimization problem. This is established by pro-
jection of the posterior onto a generic representation of the synthetic control system. Second, we
discuss how to parametrize the informed transition density and how to solve the associated opti-
mization problem by leaning on a connection with probabilistic optimal control.

4.1. Open-loop transition density

First, let us define the following synthetic open-loop transition density. We will refer to it as the
controlled transition density. Here u;,1 represents a synthetic control input’>. We require of the
synthetic open-loop transition density that it is sufficiently expressive.

p($t+1 |33t7 Ut+1) 9

2. We denote the control at time ¢ with index ¢ + 1 so that the sequence of controls also ranges from 0 to 7". As such,
the first control, uo, can be used to encode the posterior initial density, p(zo|z).



For given control, u, this gives rise to the following joint open-loop trajectory density

plerlur) = plaolu—) [T

=1 p($t|xt—17ut) (10)

4.2. Distribution matching

We are now prepared to synthesize the controllers. Therefore we will project the joint open-loop
trajectory density (10) onto the joint posterior density (5). We will accomplish this relying on
the information projection Murphy (2012). This is equivalent to minimizing the relative entropy
between the parameterized density and the smoothing density.

wyp = argmin D [p(zp|ur)|[p(z7|2zr)] (11)
Up

Remark 3 This is a special case of the general variational inference problem where p represents
the target density and q a member from a some arbitrary model density family.

* = argminD
q g min [q]Ip]

Lemma 1 Problem (11) is equivalent to the following stochastic optimal control problem

T-—1
Q} = arg rzlinE rT(xT) + Z Tt(%ﬁa ut+1)
=T t=0

starting from the initial state x_, and with cost rate
(@, uren) = Uzelae) + D [p(@pe o, )| Ip(@e ]
where [(z|z;) := — log p(z¢|x+) denotes the negative log-likelihood of the observation.

Proof Note that (11) can be simplified to

up = argmin D [p(zr|ur)|[p(zr; 27)]
2T

This objective can be decomposed as
D [p(zrlur)llp(zr, 27)] = Ell(zp|zr)] + D [p(zr|ur)|lp(zr)]
The result immediately follows. |

From Lemma 1 it follows that the solution of (11) is a feedback policy that we can evaluate
using dynamic programming. One verifies that

upy () = arg min QF (1, ugt1)

. « 12
V;*@?t) = g}fll Q; ($t7ut+1) (12)
where
Qr (e, ury1) = re(we, uegr) + B [V (@r41)] (13)
with
Vr(z7) = l(2r|o7) (14)

3. To simplify the presentation, we adopt a common notational convention for sequential models by omitting the root
node ([J). This node is a deterministic, fictitious initial state, z_1, used to formally include the posterior initial state
density p(zo|z,) within the sequential structure of the controlled transition dynamics. We refer to Appendix A.
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We note that the controlled transition density p(x¢11|x¢, ui41) is sufficiently expressive by con-
struction when the synthetic control input wu; acts in the noise space of the original dynamics, i.e.,
replacing ¢; in x441 = fi(x¢, us). Since uy is unconstrained and occupies the same space as ¢, the
controlled system can reproduce any trajectory realisable under the original stochastic model. Ev-
ery feasible state transition x; — x441 corresponds to a unique control input @, (x¢, x;41), provided
ft(xy, ) is injective (see Remark 1). Since ¢; and w; live in the same space, it is implied that for
every pair (¢, 141) there exists a corresponding u; that would realise this transition. Consequently,
the joint closed-loop density p(zr|u}.) and the joint posterior p(zr|z7) are statistically equivalent
by a structural consequence of the noise-space parametrization.

A detailed derivation of this recursion for the affine Gaussian PSSM, including closed-form
expressions for the optimal policy, gains, and value functions, is provided in Appendix B.

4.3. Equivalence with backward-then-forward smoother

Here we demonstrate that the optimal synthetic closed-loop density is equivalent to the posterior
joint density. Therefore it is sufficient to note that we have assumed that u;,; completely param-
eterises p(¢4+1|r¢, ur+1). By consequence we can also solve (11) for p(xy41|xs, ug41) instead of
uz41. If we can then show that the optimal controlled transition density is equivalent to the informed
transition density, our statement follows.

For notational convenience we introduce 71 (x¢41|2¢) = p(@41|xe, urr1) and define

oy = argminD [7(z7)|[p(z7|z7)] (15)
ity
where

T
m(zr) = mo(zo) thl (T we—1) (16)

As explained above, by construction we have that
i1 = p(@e|ee, i (20) an

A relatively straightforward calculation then shows that indeed

7y (xe|wi—1) = p(ae|ri—1,Ze-1) (18)

5. Numerical algorithm

We now develop a practical algorithm to compute a collection of trajectories {27 })_; whose statis-
tics are governed by the posterior p(z |z ). This is achieved by calculating the probabilistic state-
feedback policies 77-_; from equations (12)-(14) and performing N forward closed-loop simula-
tions. By the equivalence established in Section 4.3, these trajectories form an equally weighted
representation of the desired posterior representation.

The key challenge lies in computing the optimal policies. While the optimal control problem
in Section 4.2 admits a closed-form solution in the affine Gaussian case (see Appendix B), it is in-
tractable for general nonlinear systems. We therefore resort to iterative numerical solution strategies
inspired by the iterative Linear Quadratic Regulator (iLQR) algorithm Li and Todorov (2004) and
Differential Dynamic Programming (DDP) Jacobson and Mayne (1970).

These methods alternate between forward and backward passes to refine an affine approximation
of the optimal policy. We adapt this architecture to our setting as follows:

» Forward Sweep: Execute forward closed-loop simulation using the current approximate affine
Gaussian policy sequence 7. of the form 7} (u¢|z;) = N (w| kf + Kfay, X} ) with the actual
dynamics defined in Remark (1). Given the policy uncertainty, this produces a state-action
trajectory distribution p(§,.; 771 ) where § = (), ul)T.



* Backward Sweep: Construct a quadratic surrogate Q? by developing the expression in (13)
using a second-order expansion. Once ()7 is available, a quadratic approximation V;* of V,*
and affine approximation 7} of 7} follow directly by substituting ()} into (12).

A straightforward approach builds on classical DDP and uses a second-order Taylor series ex-
pansion for developing ()7 in the quadratic form of (22). We construct this approximation around
the sample mean, &, of a set of sampled state-action trajectories {{/. N~ p(§i 77 _1), drawn

from a nominal policy 77-_;. The resulting backward recursion is obtained by solving (12) for the
nonlinear dynamics, yielding the following coefficients in the quadratic approximation

QO,t = - 10g ’Euu,H»l’ + tr (Quu,tzuu,t+1) + cst.
1 - - - . . . . ~
Qfﬂ,t = iGaIt(Gr,tTEg,%Gr,tl + Gr,tTEg,?Gr,tl)(gt(mt) - Zt) + F;—,t%ﬂf+1

1= L. .
+ §Flt(vm‘,t+l + Vgch,tJrl)(ft(?Utvut) — T441)
_ ~ 1~ .. . 19
Que = Sptuc+ Bl Voot + 5F L Veais + VE ) (il i) =)
Quot = Ga4Gr Tyt G Go + F Vg1 P
Quaz,t = Flt‘/xm,t-‘rlﬁx,t
Quu,t = Z;% + Fltvxz,tﬂ-ll}u,t
where ﬁ't = [nyt ] ﬁ'u,t] denotes the partition of the ensemble gradient into state and control

components, with F}, ; € R™*™ and F,, ; € R"**"u,

To evaluate these terms, we require a linear approximation of the nonlinear dynamics. This
is achieved using the trajectory ensemble to construct a sample-based linear model of the form
Ti+1 = tht where

F; = AXi 1 (A AZ)tAE] (20)

with AZ; = (A&}, ..., A&Y) T and A& = & — &. We refer to F; as the ensemble gradient.

In the forward sweep, the system is simulated forward in time and the optimal affine feedback
control policy 7} (u¢|x¢) is then determined by (24). Substituting this policy into (12) then yields
the backward recursive expressions described by (25). This method is summarized in Algorithm 1.

The key advantage of the EG-PDPS over the Bootstrap Particle Smoother (BPS) Klaas et al.
(2006) is its linear computational scaling with the number of particles N. Specifically, EG-PDPS
exhibits complexity O (N Tng) where ng = dim(&), compared to the quadratic O(N?T) scaling of
BPS. For typical cases where N > ng, this yields substantial computational savings.

6. Results

We evaluate the proposed methods for computing smoothing densities and demonstrate their use in
system identification and model learning. Experiments are performed on three simulated systems:
a linear Gaussian model and two nonlinear systems, and on an experimental robotic drivetrain. The
system descriptions, model parameters, and initialization details are provided in Appendix C. We
assess accuracy, computational efficiency, and performance in an EM—-based identification task. All
implementations use PyTorch and run on a 3.2 GHz Intel Core 19-14900K CPU.
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Algorithm 1 EG-PDPS
Require: PSSM, M; measurements, z; initial policies, @}_1 (e.g. BT_l); particle count NV

Ensure: {x7} ~ p(z7|zr)
1: while !converged do

2 Forward sweep

33 forn <+ 1to N do

4 Sample xj ~ 7* (zo]|0)
5 fort < Oto7T —1do

6: Sample uy’ ~ 7} (ue|z})
7 Propagate x| < fi(x}, uf)

8 end for

9:  end for .

0:  Compute means & and deviations AZ; from {7}V,
1

Compute ensemble gradients F} (20)

10:
11:

12:  Backward sweep

13:  Evaluate ij from terminal cost (14)
14 fort+ T —1to0do

15: Evaluate coefficients of QAI using F, and Vtil (19)
16: Evaluate V;* from Q7 (25)
17: Compute control gains and update policy 7} (ut|z:) = N (| kf + Kfae, X7) (24)

18: end for

19: end while

6.1. Posterior Density Estimation
6.1.1. ESTIMATION ACCURACY

The performance of the proposed algorithm is evaluated using the log-likelihood log p(z) and
compared with the (Extended) Kalman Smoother (EKS) Hartikainen et al. (2011) and the Bootstrap
Particle Smoother (BPS) Klaas et al. (2006). For fair comparison, the state trajectories xz, are
initialized from a particle filter*. Each system is simulated over ten trajectories of length 7' = 1000,
initialized to sufficiently excite dynamic behavior.

Fig. 1 shows the log-likelihood across the different smoothing algorithms.For the linear Gaus-
sian double MSD system, the Kalman Smoother provides the exact posterior, serving as an upper
performance bound. One can verify that for linear Gaussian systems, the smoothing distributions
obtained by running Algorithm 1 with the exact system equations instead of the sample-based ap-
proximations, results in equivalent distributions to those obtained by the KS. The proposed EG-
PDPS algorithm closely approaches this bound with a modest number of particles, demonstrating
its accuracy and superior sample efficiency relative to BPS.

For the nonlinear Lorenz system, EG-PDPS achieves performance comparable to (with as few
as 500 particles) or better (with 10,000 particles) than the EKS, whereas BPS requires an order
of magnitude more particles and still underperforms relative to both EKS and EG-PDPS. In the
highly nonlinear double pendulum case, EG-PDPS again demonstrates substantially higher accuracy
- outperforming BPS even when using 100 particles versus 10,000 for BPS - while the EKS struggles
due to its linearization-based approximation.

4. This initialization starts the algorithm with the backward sweep.
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Figure 1: Log-likelihood comparison of the posterior density across multiple smoothing algorithms.
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Figure 2: Average run times until convergence for different smoothing algorithms.

6.1.2. COMPUTATIONAL DEMAND

The computational efficiency of the proposed methods is assessed in terms of average runtime. Fig.
2 shows the computation time (in s) required for convergence of each smoothing algorithm on a
single 1000-step trajectory, averaged over 10 runs. The BPS exhibits quadratic complexity with
respect to the number of particles, causing computation time to grow rapidly. In contrast, EG-PDPS
scales linearly with particle count, resulting in significantly lower computational demand.

6.2. System identification

This section demonstrates the utility of the proposed particle-based smoothing approach for proba-
bilistic system identification. Specifically, we estimate the parameters of nonlinear dynamical sys-
tems through Maximum Likelihood optimization within an Expectation—-Maximization framework,
inspired by the formulation in Schon et al. (2011).

In the EM algorithm, the Expectation step requires computing the minimum-variance estimate
of the joint log-likelihood log p(z 1, z7), or Evidence Lower Bound (ELBO), as described in Sec-
tion 2.2. This expectation depends on the smoothing density ps(z|z7), which we approximate
using the EG-PDPS algorithm. Compared to the implementation detailed in Schon et al. (2011)
based on the BPS, the proposed method produces uniformly weighted trajectories, eliminating the
need for importance weighting or resampling. Combined with the linear computational complexity
of EG-PDPS, this results in a highly efficient and numerically stable EM procedure. Implementation
details are provided in Appendix D.
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We evaluate the method on the Lorenz system, governed by

Ty o(xe — x1)
T = 3.32 = fEl(p—x3> — X2, ’U)N./\/‘(O?”ql?,), (21)
T3 172 — B3
with true parameters 0* = [o*, 8%, p*,¢*] = [10, %, 28,0.1]. The EM algorithm (described in

Algorithm 2 in Appendix D) is executed ten times with randomized initial parameters sampled from
N (6*,0.5%6*), using N,, = 1000 particles per run.

Fig. 3 compares the convergence of the standard BPS-based EM algorithm with our EG-PDPS-
based EM implementation. The improved posterior estimation in the E-step provides smoother
gradients and a more stable optimization landscape, leading to faster and more consistent conver-
gence of the log-likelihood and a higher final value. The parameter mean-squared error decreases
monotonically for both methods, but EG-PDPS achieves faster convergence with lower variance
across trials, reflecting improved reliability and accuracy.

Since EG-PDPS generates complete, uniformly weighted trajectories, the transition likelihood
can be evaluated independently along each trajectory. This reduces the computational complexity
of evaluating Q, ; to O(NT) (see Appendix D), compared to O(N3T') for the Bootstrap Particle

Smoother, which requires pairwise importance weighting Schon et al. (2011). Beyond faster com-
putation, the EG-PDPS—based EM algorithm provides smoother, noise-free parameter updates when
batch-optimizing the ELBO and converges significantly faster. In our experiments, EG-PDPS+EM
converged on average in nine iterations (112.8 s per iteration, total 1015.2 s) versus thirteen itera-
tions for BPS+EM (2757.6 s per iteration, total 35,848.8 s).

-10° —s— EG-PDPS + EM
1.50 —— PS + EM
10t 1.25
:3_105 o 1.00
5 il 0.75
~ _106

10 0.50
107 —e— EG-PPDPS + EM 0.25
—— PS + EM 0.00

5 10 15 20 5 10 15 20

Iterations Iterations
(a) Likelihood (b) MSE

Figure 3: Parameter identification results for the Lorentz system using the EM algorithm.

7. Conclusion

We introduced an efficient sample-based smoothing framework that reformulates Bayesian state
estimation as a probabilistic optimal control problem. The resulting algorithm computes an opti-

mal stochastic policy through probabilistic dynamic programming, enabling forward simulation of
equally weighted trajectories that represent the posterior distribution without backward passes or
importance weighting. The method scales linearly with the number of particles and provides a uni-
formly weighted posterior representation, simplifying and accelerating Expectation—-Maximization—based
system identification. Experiments on nonlinear systems confirm accurate state and parameter esti-
mation at substantially reduced computational cost.
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Appendix A. The Root Node and Initial Density

In the probabilistic optimal control formulation Section 4, the joint open-loop trajectory density
p(zr|0, up) is defined over the sequence z,. Formally, this sequence begins with the distribution
p(2o|0, ug), which is parameterized by the first synthetic control input, ug.The explicit inclusion
of J allows the posterior initial density to be defined as p(zo|zp) = p(xo|0, uf§) where wj is the
optimal synthetic control input at time ¢ = 0. This ensures that the dynamic programming recursion
(12)—(14) holds consistently for all time steps from ¢ = 0 to 7.

In the main text, we follow the convention of absorbing the root node into the initial state x.
This results in the following notational equivalence for the key densities:

Table 1: Notational equivalence when absorbing the root node into the initial state z.

Formal Notation (with (1) Simplified Notation (Main Text) Description

p(zr, O, up) p(zy, ur) Joint state—control density
p(zp, O, 27) oz, 271) Joint state—measurement density
r_1 =0 Omitted Fictitious initial state

This simplification allows us to present the results of Section 4, such as the stochastic optimal
control problem in (11), starting directly from ¢ = 0, implicitly assuming that xy and the corre-
sponding first control uy encode the necessary posterior information. The dynamic programming
steps in Equations (12)—(14) are understood to apply starting at ¢ = 0, with the terminal condition
Vr(zr) defined at time 7.

Appendix B. Specialization to affine Gaussian PSSMs
In this section we can specialize the result in Lemma 1 to the affine Gaussian PSSM that was

defined in remark 1. In this setting we have that the optimal policy is affine Gaussian, that is
7f (ug|ze) = N (ue|ky + Kz, XF). The functions, V;* and Q}, are quadratic in their arguments as

follows
wer L1\ (Qor QL) (1
Qt(gt)_2<5t) <Q£,t Qfgt) <5t) (220

coy LN (Vo VL (1
Vvt(xt)_Q(xt> (‘/m,t Vza;,t Ty (22b)
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in which & = (z,u/ )7 is the state-control pair. Further, the following matrix partitions are
implied.
* Qa:,t
Qe = <Qu,t> (232)
* — Q:m:,t Q—urx,t 23b
Q&f,t <Qum,t Quu,t) ( )
With the prior policy defined as pf (u¢|z¢) = N (u¢|0, X ) and using (12), it follows that
ki = =3 Qugy (24a)
K; = _Z?qu,t (24b)
SF = Quus (24c)
where
Var = Que — K T87 1} (252)
Vaa = Quay — Ki TSP TKS (25b)
and using (13), we have
Qer = Cet +F] (Vuri1 + Vawrr1 fr) (26a)
Qeer = Ceey + F Vo111 F (26b)
where Iy = (F;t, F;t)T, C¢+ and Cge ; are the cost function coefficients, which correspond to

the first and second-order terms for &. These coefficients are partitioned as shown in (23a), with
the corresponding partitioned terms for the control input being zero. For the affine Gaussian PSSM
defined in remark 1, the cost function is given by

1 T
Ct(xt) = §(Zt - Gxﬂfﬂjt - gt)TGr,tTEg,%Gr,tl(Zt - Gx,tﬂct - gt)- (27)

Remark 4 [In the affine Gaussian setting, the posterior initial state density, p(xo|zr), is equivalent
to N (k*,X%).

Remark 5 The equations for solving the affine Gaussian problem can be extended to approximately
solve nonlinear systems by performing iterated linearization as in e.g. Li and Todorov (2004).

Appendix C. System Descriptions
C.1. Double Mass-Spring-Damper (MSD)

A linear four-state, two-output system, with dynamics and model parameters as described in Van-
tilborgh et al. (2024)°, discretized with sample time T, = 0.01s. The initial state is sampled from a
distribution, N'((1 1 1),1072I3). This is profiled since an exact solution of the posterior density
can be computed in the linear Gaussian case.

C.2. Lorentz systems

A three-state nonlinear with dynamics and model parameters defined according to the classical
Lorentz system Lorentz (1963), a partial observation function defined by a randomly generated 2
by 3 matrix and T = 0.01s. The initial state follows A'((10 10 —10),13).

5. In this work we use a partial observation function, where only the position and velocity of the first mass are observed.
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C.3. Double Pendulum

A highly nonlinear four-state system Spong and Vidyasagar (1989) with lengths = 1m and masses
= 2kg, integrated at T = 0.02s. Only the angular positions #; and 05 of the first and second pendu-
lums are partially observed, with the observation model defined as p(z¢|x;) = N ((sin(f1) sin(h2))
The initial state is sampled from a distribution N'((m 0 0 0),0.514).

Appendix D. Expectation-Maximization

Here we provide the implementation details for obtaining the Maximum Likelihood estimate of the
model parameters 6 using the Expectation-Maximization algorithm, based on the developments in
this work.

In the E-step, the surrogate objective Qe,é is evaluated. Substituting the joint distribution (1)

into (4), the objective decomposes as
Qp5=Qo+Qu+ Q. (28)
Posterior densities p; (2 |27) are computed using Algorithm 1. As established in 4.3, the resulting

set of equally weighted trajectories X = {@%}ﬁle allows straightforward Monte Carlo approxima-
tion of each term

N
1 n
Q~ ; log po («7}) (29a)
1 T N
QD> logpa(afylef) (29b)
t=1 n=1
1 T N
Q. ~ D > logpo(zfaf) (29¢)
t=0 n=1

Note that since EG-PDPS produces complete trajectory samples with uniform weights, we eval-
uate the transition likelihood along each trajectory independently. This yields a computational com-
plexity of O(NT) for evaluating Q, 5, compared to the O(N3T') complexity of the Bootstrap Par-
ticle Smoother, which requires impoftance weighting between all particle pairs Schon et al. (2011).

Subsequently, the M-step involves maximizing Qe, ¢ With respect to the parameters 6. In general,
finding a closed form solution for this maximization is infeasible beyond the linear Gaussian case.
To address this, we resort to the optimization tools available in the PyTorch library to efficiently
optimize the differentiable system models.

The developments outlined above are summarized in Algorithm 2, which presents the EM algo-
rithm for particle-based probabilistic system identification in nonlinear systems.

Algorithm 2 Expectation-Maximization for parameter identification

Require: Initial 6
1: while !converged do
2:  E-step:
compute pj(x¢|z7) using Algorithm 1

compute Q(6, §) using (29)

3:  M-step:

0* = arg maxy Q(6, 0)
4: é — 0*
5: end while
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