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Abstract

We consider learning nonholonomic dynamical systems while discovering the constraints, and de-
scribe in detail the case of the rolling disk. A nonholonomic system is a system subject to non-
holonomic constraints. Unlike holonomic constraints, nonholonomic constraints do not define a
sub-manifold on the configuration space. Therefore, the inverse problem of finding the constraints
has to involve the tangent bundle. This paper discusses a general procedure for learning the dynam-
ics of a nonholonomic system through Hamel’s formalism, while discovering the system constraints
by parameterizing them, given the data set of discrete trajectories on the tangent bundle 7°Q). We
prove that there is a local minimum for convergence of the network. We also preserve symmetry of
the system by reducing the Lagrangian to the Lie algebra of the selected group.
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1. Introduction

The theory of symmetries has been generalized to describe the invariant quantities in a dynamical
system under transformations. It has caught the attention of researchers in the field of machine
learning due to the increasing need for understanding the structure of neural networks. Although
it seems that neural networks are far from symmetric, there can be some innate symmetries Bloch
et al. (2024), and a network can be designed to be symmetric Huang et al. (2024); Varghese et al.
(2024).

Some research has studied how to discover the symmetries of a system through machine learn-
ing. Most of the them are based on symplecticity and Hamiltonian systems. Examples include:
learning the symplectic map Chen and Tao (2021), learning the symplectic form Chen et al. (2021),
learning through the Lie-Poisson brackets Eldred et al. (2023, 2024); Gruber et al. (2023), learning
with a symplectic network design Varghese et al. (2024), or learning through the G-invariant La-
grangian submanifold Vaquero et al. (2023). These works were conducted based on the assumption
that the system is symmetric. While we can make that assumption, there are ways to discover the
symmetry automatically through an equivariant network design such as a Lie algebra convolutional
network Dehmamy et al. (2021), or dictionary learning Ghosh et al. (2023).

A rather less studied topic is to learn a symmetric system with constraints. Constraints can
be holonomic (defining a submanifold of the configuration space) or nonholonomic (constraints on
the velocities which are not integrable). The difficulties of this problem lie in that one needs to
learn the constraints implicitly from the trajectory of the system. Learning a holonomic constraint
(a constraint on the system configurations) can be seen as learning the null space of the constraint
equation Lin et al. (2015) or solving an integer feasibility problem Chou et al. (2020), in which case
constraints on velocities are not considered and the system symmetry is ignored.
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In this work, we propose a general method for learning nonholonomic systems, and at the same
time not ignoring the system symmetry, by leveraging Hamel’s formalism of nonholonomic dynam-
ics with symmetry Bloch et al. (2009). Hamel’s formalism treats the constraints intrinsically as a
distribution in the tangent bundle rather than imposing the constraints via multipliers; therefore, the
dynamics is interpreted as an ordinary differential equation without an additional constraint. In this
formalism we train the network in a similar manner to a Neural ODE Chen et al. (2019).

2. Problem Statement
Let us first define a nonholonomic constraint.

Definition 1 (Bloch (2015)) Consider a mechanical system, subject to linear velocity constraints
that in generalized coordinates can be expressed as

a(q)q = [a1(q), - -, an(q)]ld = 0, ¢))

where § is regarded as a column vector, and a(q) is a matrix of n columns. A constraint is said to
be nonholonomic or non-integrable if there is no function h of q such that the constraint can be
written as h(q) = constant, or (O0h/0q")¢" = 0.

In the rolling disk dynamics, which will be introduced in more detail in Section 5, the constraints
have the form
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One can see that the constraints are non-integrable.

Suppose that we are given a set of trajectory data of the nonholonomic system (q’, ¢°) € TQ,
and the Lagrangian L : T'Q) — R, but we are not given the constraints in Definition 1. The goal is
to find the constraint distribution, or the collection of all horizontal space D = L, H, (explained in
Section 3.1) of the system, and the full dynamics of the system.

3. Background

We will discuss some mathematical preliminaries for nonholonomic systems, symmetry, Lagrangian
reduction, and the Hamel’s formalism for mechanical systems on a moving basis.

3.1. Connections and the Horizontal Lift

A connection is a mathematical object that helps one understand a nonholonomic constraint as a map
between spaces, which leads to the following discussion of the distribution under constraints, and
the horizontal lift as an action of mapping any velocity to the constraint distribution. We introduce
the concept of fiber bundle first to give a general geometric structure for nonholonomic systems.

Definition 2 (Lee (2000) Page 268) Let Qs and Q.. be topological spaces. A fiber bundle over ()
with model fiber Q. is a topological space () with a surjective continuous map 7 : QQ — Qs with
the property that for each s € Qs, there exist a neighborhood U of s in Qs and a homeomorphism
@771 (U) = U x Qy, called a local trivialization of Q over U.
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Considering the tangent map T;, if we split 75 into separate parts 7,Q) = H, x V, then
with Ty : T,QQ — Hg, T'Q is a fiber bundle, where the fiber Vj lies in the kernel of the map 7.
Usually we denote H,, the horizontal space, V, the vertical space, and 7;, 7 the horizontal lift hor.

Definition 3 (Bloch (2015)) An Ehresmann connection A is a vector-valued one-form on Q) that
satisfies: (1) A is vertical valued: A, : T,Q) — Vg is a linear map for each point g € Q. (2) Ais a
projection: A(vy) = vg for all vy € V.

One can see that H is the kernel of A,. Suppose the configuration space @, or @), x Q) has
coordinates (r®, s%) . Then we represent the connection as

A= waifa, where w?(q) = ds® + A% (r, s)dre, 3)
s

. Y 5] -a o -
Then for a given vy = 7 gra T 8% 55 In T,Q,

0

Ag(vg) = (8" + AL 5

“)

We can see that A is a tangent projection map and gives a fiber bundle 7;Q. Correspondingly, the
horizontal lift can be defined by subtracting the vertical component from the vector vy,

horvy, = vy — Ay(vg) = fai _ pope?

7 )
ore @ Pso

)

3.2. Matrix Representation of Connections and the Horizontal Lift

One way to represent the connection A is through matrix operators®, by considering each differ-
ential form w® as an operator in the row space, mapping a vector in the column space to a real
value, and then the value is assigned to %. More specifically, if we let s and r also represent the

dimensionality of Q)5 and Q.,
SX S8 SXTr
A_V A y ©)

OTXS OTXT

where the previous notation A;'- in Section 3.1 simply represents the element of A at the 7" row and

4 column, and A is the reduced row echelon form of matrix a in Definition 1. For a random
. . T .

velocity vy = [§ 7] in T,Q,

%@0=F+£$$16%. ™)

Similarly, we can represent the horizontal map by subtracting A from 7,

(®)

SXS  __ ASXT
hor:I—A:[O A ],

OrXs ITXT

1. In this paper we assume Einstein summation convention for simplicity.
2. This is also what we write in computer programs.
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which can act on v, and result in

hor, vy = [‘A(T’ Sﬂ = [_AT(I;S)] i H,. )
T 1
Since 7 represents any vector of r dimension, we have
H, = Col( [“If‘r(:;s)] ) (10)

Proposition 4 (1) Both A and hor are projections. (2) They lie in the kernel of each other. (3)
Both V, and H, are unique given a nonholonomic constraint (1).

Proof It is easy to check that (1) A?> = A and hor o hor = hor, and (2) Ahor = hor A = 0. For
(3), consider that for any given constraint a(q), its reduced row echelon form A, is unique, so hor
is unique. Therefore, V; and H, are unique. |

3.3. Reduction to the Lie Algebra

Now suppose the system is partially evolving on a Lie group (refer to Appendix A for a more
rigorous definition of vector fields, Lie groups, Lie algebras), and that can split the configuration
space as (/G x G with points (7, g) (either globally or in a local trivialization) in contrast to @, X Qs
with points (r, s). Suppose that the basis e, € g, a = 1,..., k spans the entire Lie algebra, so all
the vectors on GG generated by left translation Lye,, g € G form a set of left-invariant Lie algebra
vector fields. Rewriting the horizontal space (10) in the coordinates corresponding to % and Lgeq,
we get
9 ]

Uy = %—A(r,g)Lgea, a=1,...,0. (11)
which can be seen as a new set of coordinates that span either partially or the entire constraint
distribution D, and A becomes a g-valued function. For the part of vector field that is G-invariant,
we can still represent it by the vector fields

Ugta = Lyea, a=1,... k. (12)

With u; fori = 1,...,0 + k, we can represent any vector on 7'Q)/G x g. Therefore, these vector
fields are sufficient to represent the entire vector field of a nonholonomic system with connection A
and with a Lagrangian that is invariant under the group action L.

The components of a velocity vector relative to the basis (uq,ustq) can be represented as
(7%, Q9), where Q% = €4 + A% and £ = Lz_l g are body velocities with and without connections.
Here we can understand (7%, Q%) as the horizontal and vertical velocities (recall (4), (5)). The
G-invariant Lagrangian L(r,7, g, g) can be reduced to I(r,7,$2) or I(r,7,&) by pulling back the
global velocities in T'G to the body velocities in g. Furthermore, the system must satisfy the Hamel
equations:
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3.4. The Hamel Equations

The original Hamel equations were derived in a simpler setting, in particular to deal with the Euler-
Lagrange equations on a moving basis. While the above description of the reduced nonholonomic
systems can be interpreted in the moving basis (11) and (12), there are some differences in co-
ordinate selections compared to the original Hamel equations. For readability of this paper, we
introduce the original Hamel equations and let the reader refer to Bloch et al. (2009) for a more
detailed derivation for the nonholonomic version.

Letv = (vl,...,v™) € R be components of the velocity vector ¢ € T'Q relative to the basis
ULy ... Up, i€, ¢ = v'u;(q), so that the Lagrangian L(q,q) = L(q,v'u;(q)) can be reduced to

l(q,v).

Theorem 5 (Hamel Equations) The evolution of the variables (q,v) satisfying Hamilton’s princi-
ple is governed by the Hamel equations

d ol ol1*
=2 il 1
dt ov [U’ 8UL +ull] (a3)
In the coordinate form,
d ol m O will], (14)

dt vt T gy

where the Lie algebra structure constants ¢ are defined by
[wj, u;] = Cjitm- (15)

The velocities v’ in our case are (7, £%) or (7, Q%). While it is non-trivial to obtain the same for-
malism for nonholonomic systems with symmetry, one can in general apply the coordinates defined
in (11) and (12) to Theorem 5 to generate the full dynamics of momentum (%, g—é) or (%, 6%). In
the rest of the paper, we also denote them p;:, pe and po. Notice that the difference between the
dynamics of (p;, p¢) and (py, po) is that the former gives a reduced system with symmetry while

the latter gives a reduced system with symmetry and also with the connection.

4. Learning Nonholonomic Dynamics

Here we state our main contribution of this paper: a general procedure to learn nonholonomic
dynamics with known Lagrangian L(q, ¢) and unknown constraint a. From now on, we represent
any element parameterized by a neural network with a tilde symbol ~.

4.1. Step One: Data Reduction to Lie Algebra

For a general nonholonomic systems on 7'Q) with data set (g, ), we first split the system into
the product of a known Lie group G and the quotient of 7'Q) by this group 7'Q)/G, so the data is
represented as (r,7, g, §)" (explained in Section 3.3). For each data point, we can pull back the
group elements by & = L{ iy g', and the data set becomes (r, 7, £)°.

5
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4.2. Step Two: Generate Moving Basis and Quasi-velocities

Since we already chose the Lie group (G, we can generate the Lie algebra vector field by push
forward of a frame ¢, defined in Section 3.3, L;ea. This also corresponds to the vector fields w4
defined in (12). It can be seen that u, ., is known once a group G is chosen.

Now to have u,, defined in (11), we parameterize .A(r, g) with a neural network, so that

_ 0 = .
Uy = % — A('f', g)Lgea. (16)

Once we have the parameterized . and u,44, We can compute the parameterized quasi-velocities
Q4 = &4+ A%re,

4.3. Step Three: Compute Momentum and Generate Dynamics

Knowing the Lagrangian L(q, ¢), we can first reduce it to I(r,7,§) = L;_lL(q, G). We check by

Al OE+AN _ a1
Ae+Ar) 96 T 90 '
from the known I(r, 7, ) and £&. The momentum {p.} can be calculated by the chain rule

the chain rule that i% = . So the momentum {p}, } can be directly calculated

o O _ OO gy a7

where [, represents the part of function in / that does not contain £. An interesting observation here
is that if one takes the time derivative of the second part of the equation <g—é, —A>, it is equivalent to
the nonholonomic momentum equation. However, this discussion is beyond the scope of this paper.

4.4. Step Four: Training with Neural ODE

With the data points {p’} = {(p;, pa)’}, and the dynamics calculated by substituting t, Uy 4 into
Theorem 5, we can train the dynamics as a neural ODE, with loss

ZZSE o2
L= H/ L — ”1“ . 8
; AT A (18)

In this formulation, the dynamics is generated through parameterizing only the nonholonomic con-
straint, and the constraint is fully represented in an unconstrained ODE. After training, the constraint
is therefore implicitly discovered as the output of the network fl(r, g). To guarantee local conver-
gence of this training process, we prove the following theorem.

Theorem 6 (Unique Dynamics Generated by .A) Consider a nonholonomic system with left in-
variant Lagrangian L(q, 4), and nonholonomic constraint a(q), evolving on TQ /G x G. Define its
coordinates as in (11) and (12), then its dynamics generated by (13) is defined locally uniquely by
the connection.

We leave the proof of the theorem in Appendix B for readers who are interested. This theorem
guarantees that there is a minimum for the loss function (18).
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5. Learning the Rolling Disk Dynamics

To demonstrate our approach in a minimal and intuitive example, we discuss our approach applied
to the rolling disk dynamics Bloch (2015). The rolling disk dynamics, by definition, is the dynamics
of a disk-like object rolling on a flat surface without slipping. In our paper, we also assume the disk
does not fall. The configuration space is denoted by (6, ¢, x, ¥, 0, &, &,7), where 0 is the angle of
one fixed point on the disk relative to the horizontal line, ¢ is the rolling direction of the disk relative
to the horizontal coordinate of the plane, and x, y denotes the location of the disk on the plane. The
Lagrangian is given by the kinetic energy

L(g,q) = %IéQ + %ng? + %m(ﬁcQ +9%), (19)
where [ is the inertia of the disk about its center of rotation, .J is the inertia of the disk about ¢, and
m is the mass of the disk. The non-slip condition gives the constraint (2), which is non-integrable.

5.1. The R x SE(2) version

For demonstration purposes, we derive the learning process of the system on the configuration space
R x SE(2), namely r = 6 and g = (p, x,y). The group action of SE(2) gives the left-invariant
Lie algebra vector field

0 0 0
= — — Yy— —_— 2
2 Op You +x8y’ (20
0
- 21
us axa ( )
0
- 22
Uq aya ( )

corresponding to (12). So for a given velocity at time t;, (g, ¢)?, we compute the Lie algebra element
as (61,62, 8 = (¢, 3 + yd, 9 — 2p)".
Now we come to Step Two, where we parameterize A(r, g) and define u;.

iy = % — A, Q)uisa, a=1,2,3. (23)

Together with (&1, &2, £3), we can compute the parameterized quasi velocities 2% = £* + A,
Then we compute the dynamics as in Step Three. Substituting £ to the Lagrangian, we get the
reduced Lagrangian,

16,0,6,€%,6%) = 510 + STEP + m((—E + €7 + (€ +€7), 08
so we can calculate the momentum by
p2 = ;;;1 = ai.ll = J&" —my(—y€' + &) + ma(z€? + &), (25)
ps = ;;;2 = ;512 =m(—y&' + &%), (26)
pa= 8‘?;3 = (% = m(a€' + &%), @7
ol :
== I6. (28)
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Note that these are the ground truth momenta. In the parameterized momenta, ps, p3, p4 stay the
same, while we use (17) to compute p;. Then we compute the Lie bracket coefficients with the
coordinates ;.

dAe  dAe  HAe

[ug, 1] = —( 95 Y +x ay JUi4q + A“U1+a[uz] = ChUm, (29)
0

[u2, ug) = oy = —1-uy = Chyuy, (30)

[ug, ua) = = =1+ ug = c34us, (31)

We omit the entire calculation for simplicity. The general idea is to calculate c7;, where some of
them are parameterized and some of them are not. Then we generate the dynamics based on (13),
where we see v! as 7 and v2, 03, v* as Q1, Q2 Q3. In Appendix C, we derive the dynamics with
known constraints to familiarize the readers with the Hamel equations.

It is worth mentioning that this approach is agnostic to the choice of group . That is, one will
still recover the momentum dynamics by choosing the configuration R x S x R? with coordinate
(p,¢,9,9) and g = (0, z,y). However, you are evaluating a different momentum about a different
moving basis, and the map .4 will appear to be different. By changing coordinates, the system will
still follow the same trajectory.

5.2. Results

The neural network chosen for this task is a Feed-forward Neural Network?® with 3 hidden layers and
a hidden dimension of 20. Each hidden layer has a linear layer and a nonlinear layer of the Sine()
function, and the last nonlinear layer is chosen to be the ELU() function that allows near zero output.
The training set is calculated as described in Section 5 with random system parameters I, J, m, R
and initial conditions, in the time ranging from 0 to 20 sec with a step size of 0.01 sec. The entire
training process involves 2000 epochs. The program was carried out with PyTorch and forchdiffeq
Chen et al. (2019).

5.2.1. LEARNING ON R x SE(2)

The results of our training process carried out on R x S E(2) are shown in Figure 1. The ground truth
A% (r, g) is defined by AL (0, o, z,y) = 0, A%(0, p, z,y) = —Rcos g, and A3(0, ¢, x,) = Rsin .
We can see that the learned momentum converges to the ground truth, and the learned constraint
A%(r, g) converges to .A%(r, g) by evaluation. Notice that these constraints were learned completely
from the data set {(r,7, g, g)"} without knowing the ground truth A%(r, g). Therefore, we call this
result "constraint discovery". Any baseline methods that parameterize the dynamics directly do not
imply any information about the constraint or the symmetry of the system.

Notice that the constraint does not perfectly match the ground truth (this is further discussed in
our conclusions). We think that this is due to the following: the numerical integration method in-
troduces some error; the training process only includes one trajectory with one initial condition, so

3. Code can be found on the GitHub page.
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prtopyvst A;to A3 vst

Figure 1: The above figure shows the training result after 2000 epochs. The sub plot on the left
shows the ground truth momenta (solid lines) and the learned dynamics (dashed lines)
generated by a numerical integrator. The sub plot on the right shows the ground truth
A(r, g) (solid lines) and the parameterized A(r, g) (dashed lines) evaluated after training.

in some cases the momentum trajectory does not indicate enough about the constraint. Actually, al-
though the entire vector field is unique according to Theorem 6, a single trajectory can be generated
by different vector fields. However, based on the uniqueness of the vector field, the convergence
can be improved to reach a sufficiently small error by training on different trajectories.

6. Conclusions and Future Work

In this paper we proposed a general learning approach for learning the dynamics of a nonholonomic
system subject to unknown constraints, where the results imply that the parameterized constraint is
implicitly learned by training the system in a neural ODE fashion represented by Hamel equations.
This is one of the first approaches to learning a nonholonomic system with symmetry and there are
some open problems that the authors seek to improve in future work.

Unknown Lagrangian In our proposed method, we assumed that the Lagrangian is known while
the nonholonomic constraint is unknown. This restricts us to learn nonholonomic systems with
known Lagrangian. However, in real world applications, generally one needs to identify the La-
grangian when the provided model is inaccurate. Finding an approach for learning the Lagrangian
together with the constraint would therefore be an interesting direction.

Impact of Training Set The proposed method in this paper aims at learning the constraints based
on a single trajectory of many points starting from the same initial condition. Therefore, although
the chosen initial condition in the example is random, a badly chosen initial condition may lead
to results that are not perfectly converging. We need to find a way to learn from different initial
conditions, without relying on a single trajectory, to address this problem. Furthermore, we find it
interesting to study the global convergence of the network.

Numerical Integration error Since the entire dynamics of the system is calculated by numerical
ODE integration, the error caused by the integrator cannot be avoided. We expect to improve future
results by considering discrete nonholonomic dynamics Cortés and Martinez (2001); Colombo et al.
(2015) with a different integration approach that preserves symmetry properties, or the momentum
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equation. There are some approaches for discrete Lagrangian systems with external forces Hansen
et al. (2025).

Application to Real-world Systems Nonholonomic systems exist broadly in the real world, includ-
ing robotics, vehicle dynamics, control theory, aerospace, marine, and computer graphics. Having
some observed data from those systems and discovering the constraint would be an interesting ap-
plication of the proposed learning process.
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Appendix A. Vector Fields, Lie Groups, Lie Algebras

Let () be a smooth n-manifold and let ¢ € ). Then T},() is an n-dimensional vector space. Let the
coordinate vectors 8%1, ey % form a basis for 7;Q). A tangent vector v € T, can be written
uniquely as a linear combination (see Lee (2000) page 61)

v:wii, (32)
q

where the coeffcients (v, ..., v™) are called the components of v. A vector field on @ is a continu-
ous map u : Q — T'Q with the property that u(q) € T,(Q foreach ¢ € Q. Letu;, 7 = 1,...,n be
smooth independent local vector fields defined by (see Bloch et al. (2009))

0

1M@=¢ﬂ®5§,iJ=1yum. (33)

Then the u; form a basis for 7'Q). With the u; as a basis, and again using v’ as components as in
(32), a velocity vector g € T,() can be written as

q = v'u;(q), (34)

then for a function L : T'QQ — R, we can define the reduced Lagrangian [ : TQ) — R

g, v) = L(g, v'ui(q))- (35)
We can view the vector fields u; as operators and define the directional derivatives w;[l] as

; ol

(36)

The evolution of the variables (g, v) satisfying Hamilton’s principle is governed by the Hamel equa-
tions (13) (Bloch et al. (2009)).

Now we consider systems on Lie groups. A Lie group is a smooth manifold G that is also a
group in the algebraic sense (Lee (2000) Chapter 7). If GG is a Lie group, any element g € G defines
maps L, : G — G called left translation and Ly : TG — T'G called pushforward,

Ly(h) =gh, heq, (37)
L;(vh) = (dLg)h(vh), vy, € ThG. (38)

Let X, Y be smooth vector fields on (), and X = X ¢ 8?;1' ,Y = Yia%j. Then a Lie bracket is defined
by (Lee (2000) Proposition 8.26)

Y OXI
;0Y _Y18X> 0 (39)

Wﬂ:@mi dqt ) 0z

A Lie algebra is a real vector space g with a Lie bracket g x g — g that satisfies bilinearity, antisym-
metry, and the Jacobi identity (Lee (2000) Page 190). The Lie algebra of all smooth left-invariant

vector field is called the Lie algebra of G, which is also isomorphic to T.G.
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Appendix B. Proof of Theorem 6

To prove this theorem, it suffices to say that under some small perturbation of A(r, g), the generated
dynamics is different. To make the proof cleaner, we proceed in a more general setting on the
configuration space (). Define a basis for )

ua(q) = wj()a(zj j=1,....n, a=1,...,0 (40)
ua+a(q):wg+a(q)i, j=m,....n a=1,...,n—o0 41
oY
and the velocity is
G = v + 07 Uy 1. (42)

Assume that the reduced Lagrangian is [(g, v) and the nominal dynamics is generated by

d ol m Ol
Then, we assume that if we perturb the coordmates by a function § of ¢
.0
u;(‘]) - Zyaiqj - 5g+aua+av (44)
the generated dynamics stays the same. The velocity after this modification is
q= Uau/a + wa+aua+a = Uau/a + (va+a + 5U+a>ua+a7 (45)
where 677 = 3~ _ 69+, By the chain rule, % = %. Now considering the case i = v, j =
o + a in Hamel equations,
d ol ol ol
T oer = Cotaagom T+ Gago v +ugll] (46)
one can see that if ua[l] = ug[l], then 67 *us14[l] = 0. So if / is a function of ¢i=m,...,n,
then 627 = 0. In the case where [ is not a function of ¢*, i = m, ..., n, one needs to check the rest
of the equation. Now we check ¢} , ,
[uo—i—ay u,a] = [Ua+au Uaq — 6g+aua+a] “47)
= [UU—HM ua] + [ua—i-a) _5g+aua+a] (48)
= CZnJra,aum + ba+a,aua+a; (49)

compared to the nominal case, there is an extra term by 4. o Us+q. We examine this term

tora, —07 Uy pa] = — gﬂla&‘glqu(’ﬂaq i 5a+a¢a+a 315(?(1 - (50)
R S e S T e
= g—&-a 82(;(1 ¢a+a 8?1 (52)
_ g+aa§;ua+a (53)
= bota,alo+a- (54)
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For the term /™

ol

m o+a
Ca—i-a,a mimé +b

ol

U+0‘9O{W(UU+Q + (SU+G/) — 0,

so for a small 571,

ol
bo‘—i—a,a WUJJFG = 07
meaning
bUJra,a =0
850+a
& —
og 7

o 0 aPmw? T to equal the nominal ¢’y , ,prmv” T, we subtract them and get

(55)

(56)

(57)

(58)

so 0217 is constant relative to g, which contradicts our assumption. Therefore, the perturbed coor-

dinate must generate a different dynamics unless 6 = 0.

As a general proof, this applies to our case in (11), (12). Together with Proposition 4 (3), a

nonholonomic system with constraint (1) generates a locally unique dynamics.

Appendix C. The Rolling Disk Dynamics with Known Constraint

In Section 5.1, we already derived the Lie algebra vector field us, u3,uq and the parameterized

horizontal vector field 1.
With known constraint (2), we have

Uy —i—Rcosgoz—i-Rsinnpg,
dy

_9
00 ox

so a vector that lies in the constraint distribution can be written
Y 1 2 3
G = Oui + Q ug + Q7uz + Q°uy,

or
q= 9% + &ug + Eug + .

Note that ¢! to €2 can be calculated directly from data and from wus to 14. Choose
O =p=¢"+0,
Q% = yp = €2 4 (—Rcos ph),
Q% = —zp = €3 + (—Rsin ©h)

so that éul and Q'us + Q%us3 + Q3uy span the constraint distribution

0

0 0 0
D=1{— — inp—, — .
{89 —i—Rcosgoax +Rsm(p8y’8g0}
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Now we compute Lie brackets.

0 0

[ug, u1] = —Rsmgoaf + Rcos Yo Rcoscpafy + Rsmgo% =0,
[ug, u1] = 0,
[U4, ul] = Oa

0
[us, ug] = y =1-ug = Couy,

0
[ug, ug] = 3 = —1-uz = ciyus,
[us, uz] =
The anti-symmetric property of Lie brackets also gives ¢j; = —cJ;. The values of p; to ps was

given in (25). Now using the Hamel equations,

d

_ — O’

d tp1

d . .
= C3opaQ% + chopa® = yopy + Tps,
d .

b= Caapatt = —opa,

d 3
s = Ol =¢
d tp4 CoyD3 ¥P3,

and we obtain the dynamics of p; to py.

15



	Introduction
	Problem Statement
	Background
	Connections and the Horizontal Lift
	Matrix Representation of Connections and the Horizontal Lift
	Reduction to the Lie Algebra
	The Hamel Equations

	Learning Nonholonomic Dynamics
	Step One: Data Reduction to Lie Algebra
	Step Two: Generate Moving Basis and Quasi-velocities
	Step Three: Compute Momentum and Generate Dynamics
	Step Four: Training with Neural ODE

	Learning the Rolling Disk Dynamics
	The RSE(2) version
	Results
	Learning on R SE(2)


	Conclusions and Future Work
	Vector Fields, Lie Groups, Lie Algebras
	Proof of Theorem 6
	The Rolling Disk Dynamics with Known Constraint

