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Abstract

Coordinating multi-robot systems for highly dexterous tasks is challenging due to the complexity of
inducing desired interactions among robots with high-dimensional dynamics. This paper introduces
a learning-based multi-robot control algorithm that generates complex trajectories for executing
such tasks. In particular, we design a controller that achieves multi-robot consensus; unlike standard
consensus protocols, the controller is parametrized by neural networks that are derived from convex
potentials and represent diffeomorphic functions of the robots’ relative states. The algorithm trains
the neural networks to learn consensus policies that enable coordinated, high-precision multi-robot
behaviors. A key feature of our approach is translation invariance, which ensures generalization
to untrained state spaces. We prove the theoretical correctness of the proposed algorithm for an
arbitrary number of robots and validate its effectiveness in two dynamic tasks, namely cooperative
object transportation and forceful peg insertion. The results show that the proposed controller
and policy learning significantly outperform baseline methods in terms of learning efficiency and
generalization under untrained task configurations.

Keywords: Multi-robot coordination; Equivariant representation; Reinforcement learning

1. Introduction

Coordination of multi-robot systems has received significant attention during the last decades due
to the advantages over single-robot setups (Verginis, 2020). Critical applications range from swarm
navigation (Han et al., 2022), satellite formation (Ahn, 2020), and cooperative object manipulation
(Verginis et al., 2019b). Multi-robot coordination can entail tasks, such as cooperative peg insertion
in a socket, that require high, often human-like, levels of dexterity for safe interaction, i.e., avoid
intra- and inter-robot collisions, and accommodate physical contacts.

Control methods typically employ distributed consensus protocols to achieve multi-robot coor-
dination (Olfati-Saber et al., 2007), which, however, cannot produce complex trajectories required
for the safe execution of highly dexterous tasks. Collision-free motion is often addressed by integrat-
ing path-tracking methods with planning or potential-field methods (Verginis et al., 2022; Panagou,
2016). Nevertheless, potential fields suffer from local minimas, whereas planning-based methods
are limited in the tracking accuracy required in high-precision tasks, such as peg-in-hole insertion.
Additionally, planning methods are typically developed in a centralized manner, and hence face
scalability issues on multiple articulated robots with many degrees of freedom (LaValle, 2006).
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Learning-based synthesis of trajectories constitutes a promising direction toward dexterous
multi-robot coordination. However, neural network policies used in deep reinforcement learn-
ing are usually agnostic to the structure of the coordination task. Dynamical-system-based ap-
proaches (Ijspeert et al., 2013; Khansari-Zadeh and Billard, 2011) represent trajectories or au-
tonomous behaviors as parameterized dynamical systems. Learning these parameters concentrates
almost exclusively on the convergence of single-robot systems to a fixed point (Rana et al., 2020;
Khader et al., 2020, 2021b). These are not directly applicable in multi-robot tasks that accommodate
the inter-robot dynamics and the relative robot pose stability. Existing policy learning with consen-
sus stabilization (Yin et al., 2022) addressed these issues while it does not preserve the invariance
of common consensus protocols, limiting the policy generalization in untrained state spaces.

CONTRIBUTIONS: This paper studies the multi-robot coordination toward the safe execu-
tion of dexterous tasks. We develop a multi-robot algorithm that integrates reinforcement learning
with consensus-based stabilization. In particular, our algorithm achieves consensus for robots with
2nd-order continuous-time dynamics, modeling skillful cooperative trajectories with system pas-
sivity. The consensus algorithm operates on a diffeomorphic transformation of the robots’ relative
states. This transformation is encoded by flow networks, whose parameters are trained through a
reinforcement-learning procedure to achieve the safety and dexterity needed. The proposed algo-
rithm extends our previous work (Yin et al., 2022) by guaranteeing translation invariance for an
arbitrary number of robots. That is, the proposed algorithm ensures the execution of the considered
multi-robot task independently from the robots’ position in the workspace. We evaluate the effec-
tiveness of the algorithm in a comparative experimental setting involving two simulated multi-robot
manipulation tasks. The results demonstrate that the proposed algorithm outperforms the algorithm
of (Yin et al., 2022) and the baselines with deep neural networks, further illustrating the efficacy of
the proposal algorithm to learn the desired skills efficiently.

2. Preliminaries

We begin the presentation with a background introduction on the problem formulation, used nota-
tions and supporting techniques such as neural networks with special structures.

2.1. Multi-Robot System and Consensus

We consider n robotic agents, with N = {1,...,n}, whose configurations are described by the
generalized coordinates x; € R? for i € A. Each agent obeys the second-order dynamics with
force input 7;:

M, (x)%; + C(xi, %)% + 8(X;) = Ti + Texti- (D

where M; : R% — R9*4 gre the positive definite inertia matrices, C; : R — R9*d gre the Coriolis
matrices, and g; : R? — RY are the gravity terms, for ¢ € N; 7ex denotes forces external to the
entire system.

The agents communicate with each other over a network represented by an undirected graph
G = (N, &), where £ C N x N is the respective edge set. The adjacency matrix associated with
the graph G is denoted by A = [a;;] € R™™", with a;; € {0,1}, 4,5 € {1,...,n}. If a;; = 1, then
agent i obtains information regarding the state x; of agent j (i.e., (¢,j) € &), whereas if a;; = 0
then there is no state-information flow from agent j to agent i (i.e., (¢, j) ¢ £). Furthermore, the set
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Figure 1: The policy for robot-1 will yield different velocity command at the new location after
the whole robot team is translated, or equivalently when the origin of reference frame is
shifted. Translation-invariant control is needed for preserving desired interactions.

of neighbors of agent ¢ is denoted by N; = {j € N : (4,j) € £}, and the degree matrix is defined
as D = diag{|Vi|,...,|Ny|}. Since the graph is undirected, the adjacency is a mutual relation,
i.e., a;; = aj;, rendering A symmetric. We denote the graph Laplacian of the network L € R"*"
by L = D — A, which is symmetric and positive semi-definite. For a connected graph!, the kernel
of L is span{1}, where 1 is the vector of ones of appropriate dimension, implying that L1 = 0 .
The graph Laplacian has been widely applied to design consensus closed-loop systems

x = —Lx )
where x = [x] ,...,x,}]T is the aggregated state and L. = L ® I; denotes the Kronecker product that
accounts for multidimensional systems; (2) serves as a linear rule for realizing asymptotic consensus
among agents, i.e., limy_, ix(t) = 0. In order to account for safe dexterous tasks, our previous
work (Yin et al., 2022) uses a diffeomorphic transformation ¢ = [¢T, ey (bT]T, ¢ : R — R%in
the consensus-stabilizing controller achieving f@(x) = 0; the proposed controller, however, is not
translation-invariant.

2.2. Translation-Invariant Control

A map ® : R™? — R™*4 s said to be equivariant to transformations Ty, Tp : R™*¢ — Rnxd
if ®(T1(x)) = To(P(x)). A special case of equivarience studied here is when 75 = I, i.e.,
O(T1(x)) = P(x), where ® is said to be invariant to T;. Endowing a control law u(x) with
invariance properties enhances robustness and generalizability by ensuring consistent behavior un-
der transformations such as coordinate changes or scaling. This enables broader applicability across
varying operational contexts without redesigning the controller. For instance, for a team of aerial
robots performing formation control, a translation-invariant control law ensures that the formation
behavior remains consistent regardless of the group’s absolute position.

In the context of multiple robots, we illustrate an example of the cooperative behavior in Fig-
ure 1, and expect the interactive behaviors to be preserved while approaching each other, e.g.

1. A graph is connected if there exists a path between any two agents.
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for avoiding collisions. Clearly, the linear consensus law (2) is invariant to a translation shifts
c € R? due to the nullspace of L. To the contrary, nonlinear laws developed in (Yin et al., 2022)
using a transformation ®(x) do not exhibit this property since ® is not necessarily invariant to
T)(x) = x — c. Changing the state variable from x to ®(x) therefore breaks the symmetry and
makes the control policy more likely to fail at untrained x and unapplicable when the sensor origin
is shifted. Our work aims to address this to allow for globally invariant relative motion between
agents as in the linear law (2), while retaining the rich behavior from nonlinearity for an arbitrary
number of agents.

2.3. Input Convex Neural Networks

Fully connected Input Convex Neural Networks (Amos et al., 2017), is designed to be a scalar-
valued function that is convex in its input, hence the name ICNN. The convexity is ensured by
stacking the following layers:

zer1 = oWz + W% + by) 3)

where zg = 0 and Wéz) =0. W,gz) are non-negative matricies that can be attained through exp(x)
or ReLU. The nonlinear activation functions g;, are convex and non-decreasing, such as ReLU. The
remaining parameters W,gx) and by, have no constraints. It is also common to augment ICNN with
a quadratic term to make it strongly convex in its input, as shown in (Khader et al., 2021a).

3. Methods

This section presents our proposed methodology. The methodology consists of two main steps,
namely a translation-invariant distributed consensus law under a flow-based transformation, and a
Centralized Training with Decentralized Execution (CTDE) policy learning framework that ensures
such a transformation generates dexterous trajectories. Note the consensus law is agnostic about
how the parameters are optimized. Other multi-agent reinforcement learning approaches can also
be used. Section 3.1 provides the distributed control law that robots can apply, along with a proof
of correctness, while Section 3.2 provides the details of the policy-learning algorithm.

3.1. Main Results

Our main result is a distributed control law, yielding a control force for robot agent with index :

7 =gi(xi) — D%k — > [VPT(D (xi —xx)) = VP (D (x; —x1)] “)

JEN; keN; leN;

with D; € R%*? as positive definite matrices, and P as a convex potential function. Our proof
leverages diffeomorphism generated from the gradient of the convex function and the property of
the graph Laplacian. Formally, we have the following theoretical results:

Theorem 1 Let a system of n robotic agents evolving according to (1) under a static and undirected
communication graph G, with L as the corresponding Laplacian. Further, let a strictly convex and
continuously differentiable function P : R® — R. If the graph G is connected, the distributed
control design (4) guarantees that (i) lim;_, o (xi(t) - Xj(t)) =0,Yi,j €N, if Texx = 0, and (ii)
the closed-loop multi-agent system is passive, if Tex; 7 0.
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Remark 1 Although we consider the gravity terms g;(x;) known, the proposed control scheme
can be extended to accommodate parametric uncertainty via standard adaptive-control schemes
Verginis et al. (2019a).

Before we present the proof of Theorem 1, we introduce some technical lemmas.

Lemma 1 Let a continuously differentiable map P : R® — R that is strictly convex. The gradient
VP :R* — R? is bijective.

Proof Surjective is obvious given the codomain is defined as the image of VP. Assuming there
exist x # y € RY satisfying VP(x) = VP(y). We have VP(x)(y — x) > P(y) — P(x) and
similarly VP(y)(x —y) > P(x) — P(y) given P is strictly convex. The latter can be rewritten as
VP(x)(y —x) < P(y)— P(x) by multiplying both sides with —1 and noticing VP(x) = VP(y).
This contradicts the former inequation. We reach VP(x) = VP(y) = x = y and hence the
conclusion. |

Lemma 2 It holds that Ax =0 <= ATAx = 0forany A € R™>? gnd x € R

Proof From left to right is obvious. For the other direction, we have x "TATAx = 0 — ||Ax| = 0
and hence Ax = 0 given || - || is a norm. [

We are now ready to present the proof of Theorem 1.
Proof of Theorem 1. We first write the control design (4) in a stacked vector form

T =g(x) - Dx - LVP' (Lx) ®)

where L = L ® I; and VP(Lx) = [VP(L;x), VP(Lyx), ..., VP(L,x)], with L; indicating the
i-th row block of L. The gravity and damping terms are formed by concatenating each compo-
nent, e.g. as a block diagonal matrix D = diag{D;, D>, ..., D,,}, Consider now the continuously
differentiable function

tL 1
V=) P(Lx)+ 5>'J1v[(x)>'<
=1

where V is not a L~yapunc~>v function. We tackle first thc—; case where 7. = 0. By differentiating V'
and using (1) and LT = L and the skew-symmetry of M — 2C, we obtain

V=%x"LVP"(Lx) + x' (1 — g(x))

which, by substituting (5), yields V = —x | Dx. Hence, V (t) remains bounded, for all ¢ > 0. Since
P and M are continuous, we also conclude the boundedness of the solution x(¢), %(t), forall ¢ > 0.

We can hence invoke LaSalle’s invariance principle (Khalil, 2002, Chapter 4) to state that x(¢)
converges to the largest invariant set S in £ = {(x,%) € R?*"*¢ . VV = 0}; E consists of all the
points satisfying x = 0, due to the positive definiteness of D. In view of the closed-loop system,
consisting of (1) and (5), the largest invariant set in F is the set S = {(x,%) € R?*"xd . x =
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0,x = 9} :Fhegefore, by substituting (5) in (1), we conclude that .S consists of all the points that
satisfy LV P T (Lx) = 0, which reads

VPT(Lix) = VP (Lyx) = ... = VP (L,x) (6)

Since VP is bijective (Lemma 1), this further implies

Lix=Lox=..= L,x (7
Let y; :~f,z-x andy = [y, ,...,y,]". We can have Ly = 0 from y; = y» = ... = yn, and hence
LLx = Ly = 0. By invoking Lemma 2 and and the transpose symmetry of L, we reach Lx = 0
and eventually x; = x3 = ... = X,,, which proves part (i).

Next, we consider the case where 7.x; # 0. By following similar steps, the derivative of V'
becomes V = X Text — X' DX < X 7oy, which implies that the multi-robot system is passive
under 7ex, proving part (ii). |

The aforementioned control law is applicable for 2nd-order systems of the form (1); For velocity-
controlled first-order systems of the form X; = u;, one can obtain a similar consensus protocol
via:
u; :Xz = —VPT(Z(XZ'—XJ')) (8)
JEN;
The proof is similar to Theorem 1 with V' consisting only of the first part of the summation.

3.2. Policy Learning with Invariant Consensus Stabilization

We use (4) to construct policies in a learning loop, e.g. by augmenting additive noise for exploration
in reinforcement learning. The control is unconditionally parameterized for consensus stabilization,
so the policies are a drop-in replacement in the implementation of reinforcement learning. We pro-
pose using ICNN (Amos et al., 2017) as in (3) to instantiate the convex potential P. Note that ICNN
can parameterize a strongly convex function, which implies the strict convexity required in (1). The
ReLU non-linearity can break the function differentiability at finite points, while it is still differen-
tiable almost everywhere. We found that this instantiation and the PyTorch subgradient work well
in practice. We stick to a centralized training for the ease of integration to popular reinforcement
learning implementations. However, distributed execution is possible due to the structure of (4).

The equilibrium configuration x; = X3 = ... = X, can be generalized to a formation with
each x; stopping at c; relative to the rendezvous location. Namely, we can change each policy
observation with an offset ¢; for X; = x; — ¢; suchthatx; — ¢y = X9 —Ccy = ... = X, — C,,. We
exploit these to design cooperative policies that are used in Section 4.

4. Experimental Results

In this section, we show the empirical benefits of learning policies with invariant consensus stabi-
lization in multi-robot coordination tasks. Specifically, we explore answers to two research ques-
tions: 1) can policies with an invariant consensus structure learn the tasks with improved data-
efficiency? 2) can policies with an invariant consensus structure generalize better under untrained
task configurations? We design multi-robot reinforcement learning tasks and validate the perfor-
mance of the proposed policy and baselines. The experiment setup, results on learning efficiency
and generalization are presented below.
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Figure 2: MuJoCo simulation environments for reinforcement learning of multi-robot coordination
tasks: 1) Placing - mobile arms with one holding a basket and two others placing held
objects to designated positions relative to the basket; 2) Insertion - one robot holding a
block with two sockets for two other robots to plug pegs into desginated sockets.

4.1. Reinforcement Learning Environments and Baselines

We use the MuJoCo dynamic simulator (Todorov et al., 2012) to create two Gymnasium environ-
ments (Towers et al., 2024) as illustrated in Figure 2:

* RidgebackFrankaPlacingEnv - three Franka arms are mounted on Ridgeback mobile bases,
with two robots placing grasped objects to a rectangular-shaped container held by the third
robot, while avoiding collision between them. This is a velocity-based control task to investi-
gate policies built upon the first-order consensus rule (8).

* FrankalnsertionEnv - three Franka arms with fixed bases and coordinate inserting two pegs
to the sockets, with a clearance of 1mm. This is a force-based control task to highlight the
necessity of the 2nd-order consensus rule (5) in contact-rich manipulation.

In both tasks, x; represent the 3D positions of end-effectors. The robots are actuated by additional
low-level controllers based on inverse kinematics and operational impedance control, respectively,
to keep the initial orientation and motion compliance in FrankalnsertionEnv. The robots holding the
container and the socket are indexed by 0. The rewards are simply defined as:

R(x,u) = exp(—||x1 — c1 — x| — [[x2 — c2 — x0]|) — af[u]| ©)

where u = x for the velocity control task and u = 7 for the force control task. We use « as the
coefficient of penalization of the control magnitude and found that this was necessary for baseline
policies to learn smooth motions. ¢; and cg are the offsets between the designated goal of x; /, and
X, i.e. the location of sockets relative to robot-0 in FrankalnsertionEnv.

We consider two baselines to compare against the proposed policy with diffeomorphic transfor-
mations generated from ICNN (5):

» Standard FCNN - policy parameterized as fully-connected neural networks.

* Consensus Normflow - policy parameterized by Normalizing Flow networks (Rezende and
Mohamed, 2015) for consensus stabilization as in (Yin et al., 2022).
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All networks have two hidden layers with ReLLU non-linearity. Policies are trained with PPO imple-
mented in Stable-baseline3 (Raffin et al., 2021), with identical value function networks>.

4.2. Data Efficiency

We train each task with all competing methods under the same PPO parameters and 1M environ-
ment steps, with the initial exploration standard deviation tuned for the output range of each policy
network. The learning curves are depicted as in Figure 3. The results reveal that Consensus ICNN
consistently outperforms baselines. Consensus Normflow policies show a closer performance, es-
pecially in the RidgebackFrankaPlacingEnv task, thanks to the inductive bias from consensus dy-
namics. The gap between Consensus ICNN and Consensus Normflow is more visible in Frankaln-
sertionEnv, possibly due to the task difficulty resembled by much narrower passages for navigating
towards the rewarding states. The task difficulty is also manifested by larger variance of returns due
to failing random seeds. Overall, we conclude that the proposed controller allows for faster rein-
forcement learning compared to neural networks with a standard architecture and a non-invariant
consensus inductive bias. We hence get an affirmative answer to the first research question.

RidgebackFrankaPlacingEnv-v0 ) FrankalnsertionEnv-v0
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Figure 3: Return curves of reinforcement learning on multi-robot coordination tasks. The statistics
are obtained from 10 random seeds, with the shades representing the standard deviation.

4.3. Policy Generalization

We further evaluate whether the learned policies can be generalized to untrained configurations. To
that end, before deploying the trained policies, we displace the robot team by a certain distance
(significantly larger than the dimension of the region where the robots spawn). The policies are run
for 10 trials, and the success rates of task completion are recorded for comparison as in Figure 4.
Consensus ICNN policies show a clear advantage compared to baselines. FCNN can achieve a
moderate success rate at trained locations (Displacement Om) in the simpler placing task while the

2. https://github.com/navigator8972/consensus_invariant


https://github.com/navigator8972/consensus_invariant

LEARNING MULTI-ROBOT COORDINATION WITH INVARIANT CONSENSUS STABILIZATION

1 FrankalnsertionEnv-v0 I Vanilla FCNN @ Consensus ICNN
[N RidgebackFrankaPlacingEnv-v0 I Consensus Normflow

0-

0.2-

0.0- ! ! ! : :
0.0 0.05 0.1 0.2 0.5

Displacer‘hent (m)

-

=}
o

Success Rate
2

[N}

Figure 4: Success rates for robots that are displaced from their initial positions. FCNN and Con-
sensus Normflow completely fail at the last two distances so the bars are not visible.

performance quickly deteriorates as the testing locations are displaced. The Consensus Normflow
policies appear slightly more robust, which may again be attributed to the consensus inductive bias.
At distant perturbed locations (0.2m, 0.5m), however, neither of the baselines can succeed once,
while the Consensus ICNN policy maintains a perfect success rate. This addresses the second
research question. Consequently, the results highlight the benefit of translation-invariant consensus
stabilization. They also imply that the proposed policy structure would be practical for agents who
can only measure their pose relative to neighbors, since only x; — x; is needed for policy inference.
This is necessary for multi-robot systems free of a centralized positioning mechanism.

5. Related Works

Multi-robot consensus works typically design distributed algorithms to achieve synchronization
among the robot states (Olfati-Saber et al., 2007), potentially driven by a leader reference (Lin
et al., 2024), or formation to a predefined geometric shape (Ahn, 2020; Verginis et al., 2019a). Sev-
eral variations account for event-triggered computation (Li et al., 2020) or uncertain dynamics (Li
et al., 2018; Verginis, 2024). Recent works combine learning with consensus algorithms in order
to accelerate convergence (Kishida et al., 2020), account for data privacy (Carrascosa et al., 2022),
or optimal coordination problems (Liu et al., 2021). The aforementioned works, however, cannot
accommodate dexterous trajectories required by complex tasks while establishing robot safety. Our
previous work (Yin et al., 2022) achieved such properties without, however, generalizing to arbitrary
initial positions of the robots - a property that is guaranteed by the proposed algorithm.
Diffeomorphism is widely explored in geometric control, e.g. for applications in observer de-
sign (Mahony et al., 2022). In robot control, the properties of diffeomorphic transformations are
leveraged to preserve stability guarantees as manifested in the early work (Neumann and Steil,
2015), where the transformation was handcrafted. Learning diffeomorphism to model kinematic



YIN VERGINIS KRAGIC

trajectories was then investigated in imitation learning (Rana et al., 2020). The authors of (Khader
et al., 2021b) showed the feasibility of applying diffeomorphism to full robot dynamics and learning
forceful control policies. The application of diffeomorphism was also extended to the Lie group for
orientation trajectories, with transformations applied in tangential spaces excepting singularity at
a polar point (Urain et al., 2022). All these works concern the convergence towards the invariant
set of a single point. Recent work (Stolzle et al., 2025) reported the success of generating stable
periodic movements, exploiting the diffeomorphism of 2D canonical systems with a limit cycle.
Going beyond a single-robot system, (Yin et al., 2022) demonstrated the usage of diffeomorphism
in dual-arm coopperative manipulation. However, the control laws are either not preserving the co-
ordination under translation or limited to special Normalizing-Flow networks that are not applicable
to more than two robots. The presented work is closer to this piece while differs by allowing for
translation invariance and the applicability to an arbitrary number of robot agents. Our results show
a significant improvement on generalization performance due to the induced invariance.

Embedding symmetry in neural learning has been actively investigated to efficiently handle data
under transformations. Numerous machine learning works focus on graph neural networks (Cohen
and Welling, 2016), E(2) convolutions for image data (Weiler and Cesa, 2019) and E(n) graph
convolutions for N-body systems and molecular structures (Satorras et al., 2021). Our control law
resembles a similar equivariant graph neural network structure. The proposed method focuses on
translation symmetry rather than more general Euclidean transformations, but offers stability guar-
antees that are not inherent in the works reviewed above. Robot learning benefits from learning
equivariant observation or action spaces with improved generalization. Successes have been re-
ported in point-cloud-based recognition (Lin et al., 2023) and visuo-manipulation (Gao et al., 2025).
In object rearrangement, the spatial relations between scene keypoints were captured by local S FE(3)
transformations to construct a neural descriptor field that can generalize novel configurations (Sime-
onov et al., 2023). The authors of (Wang et al., 2022) proposed to learn value-action networks with
an inductive bias of SFE(2). This improved the efficiency of Q-learning for top-down grasping.
Relevant ideas have also been explored in navigation and offline reinforcement learning (Reichlin
et al., 2023). The above robotics works tend to enforce equivariance through auxiliary loss terms
or optimization. The presented work is distinct with an inherent invariant structure. The policy is
hence with provable guarantees which are lacked in peer works.

6. Conclusion

In this paper, we present consensus protocols that can be parameterized with structured neural net-
works. The networks exploit the diffeomorphism of the gradient of convex potentials and enable
consensus stabilization of multi-robot systems with an arbitrary number of robots. In particular, the
proposed structure admits learning policies that are invariant to location translation. System pas-
sivity is ensured throughout the coordination and hence provides safe guarantees. Our experiments
demonstrate its clear superiority in reinforcement learning with less data and stronger generaliza-
tion performance. Future works outlook improvements with more practical considerations. For
instance, the forceful policy (5) implies the necessity of accessing the neighbors’ information of an
ego-robot’s neighbors. This can be implemented by preserving and communicating the information
as internal states, while the impact of latency needs to be analyzed and addressed. We also envision
applying the idea to other forms of consensus protocols beyond stabilizing relative poses.

10
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