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Abstract

Off-policy evaluation (OPE) is critical for ap-
plying contextual bandit algorithms to high-
stakes decision-making settings such as health-
care, where new treatment policies must be
evaluated prior to deployment. Unfortunately,
OPE techniques are inherently limited by the
breadth of the available data, which may not
be sufficient to evaluate the performance of a
new policy. Recent work attempts to improve
dataset coverage by adding expert-annotated
counterfactual samples. However, such annota-
tions are often imperfect and can lead to worse
estimator performance than using no annota-
tions at all. To better leverage imperfect anno-
tations, we propose a family of OPE estimators
grounded in the doubly robust (DR) framework,
which combines importance sampling (IS) with
a reward model (direct method, DM) for better
statistical guarantees. We study three ways of
incorporating counterfactual annotations. Un-
der mild assumptions, we prove that using an-
notations within just the DM component yields
the most desirable theoretical results. Exper-
iments on multiple healthcare tasks, includ-
ing real-world electronic health records (EHR)
data, show that this strategy is most robust
under misspecified reward models and inac-
curate annotations. By addressing the chal-
lenges posed by imperfect annotations, this
work broadens the applicability of OPE meth-
ods and facilitates safer deployment of decision-
making policies in healthcare.

Data and Code Availability We consider
three synthetic or semi-synthetic domains (Multi-
Armed Bandit (Tang and Wiens, 2023), Heart-
Steps (Mandyam et al., 2024), Sepsis (Oberst
and Sontag, 2019)) and data from the MIMIC-IV
dataset (Johnson et al., 2020). All data sources are
publicly available. We include the code for our ex-
periments on Github.

Institutional Review Board (IRB) This re-
search does not require IRB approval.

1. Introduction

Contextual bandit methods have been widely applied
to learn optimal sequential decision-making policies
across several domains. In healthcare, they have been
used for high-stakes tasks that directly affect patient
outcomes, such as personalized treatment design and
adaptive clinical decision support (Yao et al., 2021).
Given the nature of these applications, it is critical
for practitioners to assess the performance of a new
policy prior to deployment.

A common approach to assess policy performance
is off-policy evaluation (OPE) (Sutton and Barto
(2018), Chapter 5), which estimates the value of
a new policy (the target policy) using a behavior
dataset retrospectively collected from a different pol-
icy. For example, a hospital may wish to evaluate
a new potassium repletion policy that adjusts in-
travenous potassium dosing, using only retrospective
data from patients treated under the hospital’s exist-
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ing treatment protocol. OPE methods estimate how
the new policy would perform (e.g., its treatment ef-
fect on patient outcomes) without ever deploying it
on real patients. This makes these methods crucial
for safe policy deployment.

However, OPE is inherently limited by the qual-
ity and coverage of the behavior dataset. If the be-
havior dataset is collected from a hospital that has
never prescribed a recently developed drug, then no
OPE method can reliably evaluate a policy that rec-
ommends the new drug since there are no observed
outcomes for that treatment.

To address this issue, Tang and Wiens (2023) pro-
posed an importance sampling (IS)-based OPE esti-
mator called C-IS (referred to in this work as IST).
IST improves dataset coverage by augmenting the be-
havior dataset with expert-sourced annotations (i.e.,
predicted rewards) of counterfactual actions. How-
ever, IST relies on the strong assumption that coun-
terfactual annotations are free of errors. In prac-
tice, even expert-generated annotations are prone to
errors, and their accuracy is typically unknown a pri-
ori. For example, clinicians may systematically over-
or underestimate the effects of an uncommon treat-
ment, or disagree due to limited clinical experience.
Determining the optimal way to incorporate anno-
tations of unknown quality into an OPE estimator
remains an open challenge.

In light of this shortcoming, we propose a family
of OPE estimators based on the standard doubly ro-
bust (DR) estimator (Dudik et al., 2014). Compared
to IS estimators, DR estimators offer provable reduc-
tions in variance while remaining unbiased. How-
ever, incorporating potentially imperfect counterfac-
tual annotations into DR estimators without sacrific-
ing these desirable theoretical properties is nontrivial.

In this work, we study three ways of modifying
DR estimators to include counterfactual annotations,
each of which impacts the estimator performance in
a different way. We perform a theoretical analysis of
the bias-variance trade-off and an empirical robust-
ness analysis of the estimator performance. Under
imperfect annotations, we identify one estimator
that effectively leverages counterfactual annotations
to improve coverage without compounding error from
the annotations. In contrast, the other two estima-
tors accumulate error in proportion to the magnitude
of error in the annotations, resulting in policy value
estimates that are worse than simply ignoring the an-
notations altogether. In summary, our contributions
are the following:

e We propose a family of DR-inspired OPE
estimators that can leverage counterfactual an-
notations. We theoretically analyze our proposed
estimators, showing that the manner in which
annotations are incorporated into the estimator
substantially affects estimator performance (Sec-
tion 3). Among these estimators, one is robust
to both reward model misspecification and inac-
curate annotations.

¢ We evaluate our estimators using one syn-
thetic and two semi-synthetic healthcare
environments, as well as a real-world EHR
dataset. The synthetic and semi-synthetic set-
tings are used to empirically validate our theoret-
ical insights, while the EHR dataset demonstrates
the practical utility of our method in a high-stakes
clinical decision-making setting (Section 4).

e We conduct robustness analyses of the pro-
posed OPE estimators under realistic clinical con-
ditions, where both annotation quality and re-
ward model accuracy are unknown. We find
that one of the proposed estimators is more ro-
bust than the others, making it the most suitable
choice for reliable policy evaluation in healthcare
settings (Section 4).

2. Background

We consider a contextual bandit setting defined by
(8, A, R,dy), where S is the discrete context space,
A is the discrete action space, R Sx A —
A(R) is the reward function, and dy is the con-
text distribution. We observe a behavior dataset
D = {(s4,a;,7;)}X; collected under a behavior pol-
icy mp, with samples drawn i.i.d. from an underly-
ing data-generating distribution D. We aim to es-
timate the value of a target policy me, defined as

U(’/Te) = Es~d07a~we(~\s)7r~R(s,a) [T]

2.1. Off-Policy Evaluation

We briefly review three classes of OPE meth-
ods for contextual bandits. Importance sampling
(IS) (Horvitz and Thompson, 1952; Precup et al.,
2000) assigns an inverse propensity score (IPS),
ps(a) = :i&‘g’ to each sample (s;,a;,7;) in the be-
havior dataset and estimates the target policy value
as,
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Following prior work, we assume that the IPS p is
known (Farajtabar et al., 2018; Thomas and Brun-
skill, 2016).

Assumption 1 (Common support). m.(als) >0 —
mp(als) > 0.

Under a standard support assumption (Assump-
tion 1), IS yields an unbiased estimate of the target
policy value, v(rw.) (Precup et al., 2000). Under the
same assumption, the variance of the estimator is

N -V[VS] = Vg, [v7 (s)]
+ ]Eswdo [Varwrb(-\s) [ps (Q)R(S, a)”
+ Es~d0 []an‘n'b(-\s) [ps (a‘)QUR(s? a’)Q]L

where R(s,a) = E[R(s,a)] and or(s,a)? = V[R(s,a)]
are the mean and variance of the reward distribution,
respectively (Tang and Wiens, 2023).

Another approach to OPE is the direct method
(DM) (Li et al., 2010; Beygelzimer and Langford,
2009; van Seijen et al., 2009; Harutyunyan et al.,
2016; Le et al., 2019; Voloshin et al., 2021). DM
first uses the behavior dataset to fit a reward model,
R:8 x A— A(R), to predict the conditional mean
reward. It then uses R to directly compute the target
policy value as

VM — Zdo(s) Zﬂe(a\s)ﬁ(s,a).

(1)

The reward model R may range in complexity from
simple regression models to neural networks. When
the reward model is realizable and the behavior
dataset provides full coverage, the DM estimator has
zero bias and favorable variance. In practice, DM
estimators often have lower variance than IS (Dudik
et al., 2011) when the reward model is accurate.
The last category of OPE approaches consists of
doubly robust (DR) methods (Dudik et al., 2011;
Dudik et al., 2014; Farajtabar et al., 2018; Jiang and
Li, 2016). These methods are termed “doubly ro-
bust” because they maintain strong theoretical guar-
antees when either the IPS ratio p, or the estimated
reward function R, is inaccurate, thereby providing
robustness to both sources of error. In this work, we
aim to design an OPE estimator that is robust to mis-
specified reward models and inaccurate annotations.
The standard DR estimator is defined as

N
R 1 R A
VPR — — N R(sy, me) + ps, (@) (ri — R(s4,a1)),
NE ( )+ psi (ai)( (si, ai))

i=1

DM part IS part

(2)

where R(s,m.) = > aca Te(als)R(s,a) is the esti-
mated value of state s under the target policy
using the reward model R. We refer to the first and
second term in Eqn (2) as the DM part and the IS
part, respectively.

Under the common support assumption (Assump-
tion 1), the DR estimator produces an unbiased esti-
mate of v(m,) (if the reward model and OPE estimate
are learned using independent splits of the data). DR
methods often exhibit lower variance than IS-based
methods; the variance can be written as

N-V[VPR] =V, g [v™(s)]
+ Eody V(1) |6(@)(R(s,) = R(s,0))]|

+Es~d0 [EaNﬂ'b(-\s) [ps(a)QaR(saa)Q]] .

Comparing to Eqn (1), the variance reduction rel-
ative to the IS estimator rests in the second term:
the IPS p is scaled by the residual R(s,a) — R(s, a),
while the standard IS estimator scales p using R(s,a)
alone. When the reward model R is well-specified,
this residual approaches 0, shrinking the impact of

the IPS term and reducing overall variance.

Factual Sample
» Counterfactual Annotation

Figure 1: A counterfactual-annotated dataset
with two contexts and two actions. Two factual
samples, (s1,a1,71) (left) and (sq,a1,r2) (right), are
observed. The left sample has one counterfactual an-
notation, (s1,as, ¢7?), while the right one has none.

2.2. Counterfactual Annotations

In our work, we consider incorporating counterfac-
tual annotations to increase data coverage. Specifi-
cally, we assume that each factual sample (s;,a;) in

646



CANDOR

the behavior dataset D is associated with a set of
counterfactual annotations g; = {g% | a € A\ {a;}}.
Note that g; may be empty. We assume that the an-
notation of the counterfactual action a is drawn from
a distribution G : S x A — A(R), g% ~ G(s;,a).

Because counterfactual annotations are often ex-
pensive to obtain, we do not assume full annota-
tion coverage. We refer to the dataset that aug-
ments factual samples and counterfactual annota-
tions as the counterfactual-annotated dataset, de-
noted by DT ~ DT, where DT is the distribution over
such datasets. Figure 1 illustrates a simple exam-
ple of a counterfactual-annotated dataset with partial
coverage, where two factual samples are observed and
only one has an associated counterfactual annotation.

In Section 3.2, we study three scenarios for the an-
notation distribution G (perfect, biased, or noisy an-
notations). Additionally, for ease of notation, we use
¢} to refer to either the reward or the counterfactual
annotation of the factual sample (s;,a;), i.e., ¢ =1;
when a = a; and ¢ = ¢g¢ when a # a;.

2.3. The ISt Estimator

Naively incorporating counterfactual annotations
into IS estimators introduces bias, as the context dis-
tribution in DT may differ from that of the behavior
dataset D. To address this, Tang and Wiens (2023)
introduced IS, which reweights factual and counter-
factual samples to align these two distributions.
Specifically, let {w{} be a set of user-defined
weights for the i-th factual sample (s;,a;) and its as-
sociated counterfactual annotations {(s;,¢%)}, with
the constraint ) . 4 w{ = 1 for each sample 7 (i.e.,
the weights for all actions associated with a factual
sample s; must add up to 1). We set w? = 0 if the
annotation of the counterfactual action a for the i-th
sample’s state is unavailable. Define the augmented

IPS ratio as pi(a) = Zetels)

£ ale) and the augmented be-
7Tb a|s

havior policy as,
™ (als) = W(als, a)7r

p>

acA\{a}

(als)

W(als,a)mp(als),

where W (a|s,a) = E[w?] is the average weight of ac-
tion a for the factual context-action pair (s,a). The
IS* estimator is defined as,

+ 1 N a + o
:szwipsi(a)ci'

i=1acA

3. Methods

When the behavior dataset has limited coverage, IS
estimators are known to have high variance (Jiang
and Li, 2016). In contrast, DM estimators have
high bias when the reward model is misspecified.
We therefore explore how to introduce counterfac-
tual annotations into a DR estimator, which retains
beneficial theoretical properties even when the re-
ward model is misspecified, a common challenge in
healthcare settings. While DR estimators are well-
understood in a setting with only factual samples, we
seek to incorporate counterfactual annotations such
that we can improve behavior dataset coverage.

A naive approach is to apply a standard DR
estimator directly to the counterfactual-annotated
dataset DT, treating the counterfactual annotations
as additional samples. However, as we discuss in Sec-
tion C, this approach can produce arbitrarily biased
estimates of v(m.) because it alters the context dis-
tribution of the behavior dataset, an issue that arises
regardless of annotation quality. As such, we explore
three new estimators that incorporate counterfactual
annotations into the DR framework.

3.1. Proposed DR Estimators with
Counterfactual Annotations

The standard DR estimator (Eqn (2)) can be broken
down into two components: the direct method (DM)
part and the importance sampling (IS) part. We ob-
serve that counterfactual annotations can be incorpo-
rated independently into either component, or into
both. Based on this insight, we propose three new
DR-inspired estimators that can leverage counterfac-
tual annotations (Eqn (3) to (5)).

N
POMTIS _ % > (B (st7me) + @) (rs = R (s0,00)
(3)
povast _ 1 XN: ( sime) + Y wipl — R(s; a)))
N Qs e 1y

i=1 acA

pOMFIsT _ 1

M=

(ﬁ’,*(si,ﬂe) + Z U)?/)i (a

=1 acA

(et = R (siya)-
()
Here, RT(s,a) is the reward function esti-

mate learned using the counterfactual-annotated
dataset Dt (further discussion in Section E), and
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Rt (s,m.) = ZaeAﬁe(a\s)]Eﬁ(s,a). The first esti-
mator, DM*-IS (Eqn (3)), uses the counterfactual-
annotated dataset to estimate the reward model and
combines it with standard IS. The second estimator,
DM-IST (Eqn (4)), instead uses counterfactual an-
notations to augment the IS part (as in IST) and
combines it with a standard DM estimator. The third
estimator, DMT-IST (Eqn (5)) uses counterfactual
annotations in both the DM and IS parts.

3.2. Theoretical Analyses under Imperfect
Annotations

In our problem setting, there are three possible
sources of error: incorrect estimates of the behavior
policy m,, a misspecified reward model, and imper-
fect (biased or noisy) annotations. Much like prior
work (Farajtabar et al., 2018; Thomas and Brun-
skill, 2016), we assume that the IPS ratio p is known,
and instead focus on identifying an OPE estimator
that is robust to the last two sources of error. Ac-
cordingly, we analyze our proposed estimators under
reward model misspecification and imperfect anno-
tations, characterizing how these errors affect their
performance. This analysis also provides insight into
the robustness of the estimators, which we study em-
pirically in Section 4.

The novelty of our theoretical results is two-fold.
First, prior work on DR estimators typically treats
the reward model error as fixed. For example, Dudik
et al. (2011) assumed that R(s,a) = R(s,a) + (s, a)
without modeling how €(s,a) depends on the data
used to estimate R. In contrast, we treat R as a
random function whose distribution is induced by the
dataset used to fit the reward model. Specifically,
the reward model, R, is estimated from a separate
dataset, which we refer to as Dp ~ D or Dpy ~
DT, depending on if counterfactual annotations are
included. Importantly, we do not assume that the
reward model class is well specified.

Second, we derive the bias and variance of our pro-
posed DR estimators under imperfect annotations, a
setting that more closely reflects practical applica-
tions. We formalize the quality of counterfactual an-
notations through the following three assumptions.

Assumption 2 (Perfect annotations).

IEg‘LNG(s,a) [ga] :R(S7 a), Vg‘LNG(S,a) [ga] 2012%(& a).
Assumption 3 (Biased annotations).

EQQNG(S#I) [ga] = R(S? a) + €G<57CL), EG(S,G) 7é 0.

Assumption 4 (Noisy annotations).
Vg“NG’(s,a) [ga] = UR(Sa a)2 =+ AG(Sa a)7 AG(Sv a’) > 0.

In Assumptions 3 and 4, annotation bias and vari-
ance, quantified by the terms eg(s,a) and Ag(s,a)
respectively, are used to study the effect of biased
and noisy (i.e., higher variance) annotations. As-
sumption 2 represents the idealized setting of perfect
annotations and is mutually exclusive with Assump-
tions 3 and 4. Finally, following Tang and Wiens
(2023), we adopt a relaxed data coverage assumption
(Assumption 1) to analyze the properties of DM-IST
and DM*T-IST.

Assumption 5 (Common support with counterfac-
tual annotations). m.(als) > 0 — m; (als) > 0.

With these assumptions in place, we now summa-
rize the main theoretical implications for the bias and
variance of the proposed estimators under both ideal-
ized and realistic annotation regimes. First, we con-
sider the setting with perfect annotations (Assump-
tion 2). Under appropriate coverage assumptions
(Assumption 1 or 5), all three proposed estimators
are unbiased (Propositions S12, S14 and S17 in Sec-
tion G). Additionally, when all counterfactual actions
are annotated and uniform weights are used (i.e.,
w® = 1/|Al), both DM-IST and DM*-IS* are equiv-
alent to the IST estimator (Corollaries S20 and S21
in Section H). These results suggest that in the ab-
sence of annotation error, counterfactual annotations
can be viewed as an additional high-quality dataset
and yield unbiased OPE estimates.

We next analyze the more realistic setting in which
the annotations are imperfect (i.e., Assumption 2 is
violated). We begin by characterizing the bias of our
proposed estimators. Note that the bias derivations
only rely on Assumption 3, which captures annota-
tion bias and do not require Assumption 4, which
governs annotation noise.

Proposition 1 (Unbiasedness of DMT-IS under im-
perfect annotations). Under common support (As-
sumption 1) and biased annotations (Assumption 3):
E[VPM18] = y(r,).

Theorem 2 (Bias of DM-IST and DM*-IST under
imperfect annotations). Under common support (As-
sumption 5) and biased annotations (Assumption 3),
DM-ISt and DM*-IST have the same expectation:

7 ()
— o) +E vty [(1- Pl ) .

ar~me( WJ(CLIS)

]E[VDM-IS‘*'] _ E[VDM‘*‘-IS‘*‘]
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Remark. Proposition 1 establishes that when p is
known, DM™-IS is an unbiased estimator of the tar-
get policy value v(r.), even with biased annotations.
In contrast, Theorem 2 shows that both DM-IST
and DMT-IS™ will produce biased estimates of v(m.).
Note that the last term in Eqn (6) is identical to
the expectation derivation for IST (Tang and Wiens,
2023).

Having characterized the bias, we now study the
variance of our proposed estimators under imperfect
annotations. We begin with DM™-IS.

Theorem 3 (Variance of DMT-IS under imperfect
annotations). Under Assumptions 1, 3 and 4,

N-VVPMTI] = Vo 07 (s)]
+ EswdgEaN‘n’b(s) [ps (0’)20'}2%(57 CL)}
+ Eswdo]anﬂ'b |:(p9 (Cl)2 - ﬂ—b(t‘S) )VDﬁH [R+(57 a)]:|

+ By |Banr [05(0)% - (5,0)%] = €7, (%],

where €p,(s,a) = Ep,, [RT(s,a)] — R(s,a), and
571;1 (5) = Eanr, e+ (5,a)].

Remark. Theorem 3 characterizes the variance of
DM™-IS under imperfect counterfactual annotations,
showing that it depends on both the noise and the
bias of the counterfactual annotations as reflected in
the last two terms. The third term, which depends
on R*, can dominate the overall variance when anno-
tations are highly noisy. The last term emerges from
the systematic estimation error of the reward model
due to biased annotations.

We also derive the variance of DM-IST™ and
DM™-IST under imperfect annotations (Proposi-
tion S15 and Proposition S18). Despite their closed-
form analytical expressions, two key questions re-
main difficult to answer analytically: (1) whether the
proposed estimators reduce variance relative to the
standard DR estimator, and (2) how the three pro-
posed estimators compare to one another in terms
of variance. Answering these questions depends criti-
cally on how the annotation noise (Ag(s, a)) and bias
(ec(s,a)) vary across the state-action space; these
quantities are highly application-dependent and re-
sistant to general theoretical analysis. We therefore
turn to empirical studies in Section 4.

We summarize our theorems in Appendix Table 3,
with full proofs provided in Section G. In short, un-
der perfect annotations, all of our proposed DR es-
timators are unbiased. Under imperfect annotations,

DM*-IST and DM-IS* share the same bias, while
DM™-IS remains unbiased. We expect imperfect an-
notations to increase the variance of all three pro-
posed estimators due to the increased bias and vari-
ance of the estimated reward-model. Now, we turn
to empirical analysis to understand how these esti-
mators perform in practice.

4. Experiments

Our experiments seek to answer the following ques-
tions: 1) How do imperfect annotations alone empir-
ically affect the performance of the proposed meth-
ods? 2) How do the proposed methods perform under
compounding errors from imperfect annotations and
misspecified reward models? (3) Which estimator is
most robust when the quality of the annotations and
reward model is unknown?

4.1. Experimental Domains

To answer these questions, we investigate three
healthcare-inspired contextual bandit domains with
progressively increasing state and action space sizes.
The first two domains are semi-synthetic, thus en-
abling direct control over the data-generating pro-
cess. This allows us to validate hypotheses derived
from our theoretical analyses under controlled condi-
tions. The last domain uses real-world clinical data,
where counterfactual annotations are generated us-
ing a large language model (LLM), reflecting a more
realistic and noisy deployment setting. We addition-
ally verify our proofs in a fully synthetic environment
under idealized conditions, with results deferred to
Section A.1 and Section A.2.

Heartsteps (Mandyam et al., 2024): This semi-
synthetic mobile health simulator models the user’s
physical activities given mobile interventions based
on the Heartsteps study (Klasnja et al., 2019). The
context is a three-dimensional vector that includes a
treatment effect term and the step count of the pre-
vious day. At each decision time, the agent selects
between two actions (either send an intervention or
do nothing), and the reward is drawn from a normal
distribution with the mean being the square root of
the user’s observed step count.

Sepsis (Oberst and Sontag, 2019): We adapt the
semi-synthetic sepsis simulator used in prior work
(originally built for the sequential Markov decision
process (MDP) setting) to a contextual bandit set-
ting by interacting with the environment for only one
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step. The patient context is an 8-dimensional vector
that contains information about vitals and ongoing
treatments. There are 8 treatment options, and the
reward is an indicator function of whether the patient
is under treatment and has stable vitals.
MIMIC-IV (Johnson et al., 2020; Goldberger et al.,
2000): MIMIC-IV contains electronic health records
for over 65,000 admitted patients. We study a sub-
set of patients who received intravenous (IV) potas-
sium repletion. Potassium repletion is a common
task in critical care settings; imbalanced potassium
levels can have severe side effects including cardiac
arrest (Prasad et al., 2022).

We created two splits of the dataset based on
whether a patient has renal disease (we refer to these
splits as “renal” and “non-renal”). The behavior pol-
icy 7 and the target policy m. are defined by the
clinician treatment policies for non-renal and renal
patients, respectively. In Appendix Figure S6, we see
that the treatment policies for these subgroups are
different. Specifically, patients with renal disease are
administered lower dosages to account for their im-
paired kidney function (Shrimanker and Bhattarai,
2025). Our goal is to estimate the value of the tar-
get policy using data generated under the behavior
policy.

In this setting, the patient context is a 20-
dimensional vector that contains information about
vitals, administered medications, and static covari-
ates. The actions are five discretized potassium
dosage levels. The reward is an indicator function of
whether the patient’s lab potassium value is within
the reference range 2 hours after administering a
given dosage. We used linear regression to fit our
estimated reward model. Distinct from the prior set-
tings, neither 7, nor m. is known and both are in-
stead estimated using behavior cloning. While alter-
natives such as inverse reinforcement learning exist,
they are generally more computationally demanding
and require additional assumptions, making behavior
cloning the more practical choice.

4.2. Generating Counterfactual Annotations
and Misspecified Reward Models

For the semi-synthetic domains, to produce perfect
counterfactual annotations of state s and counterfac-
tual action a, we sample from the true reward model,
ie., G(s,a) = N(R(s,a),or(s,a)). To produce bi-
ased and noisy counterfactual annotation, we sample
from N (R(s,a) +eg(s,a),or(s,a)+Ag(s,a)), where

ec(s,a) and Ag(s,a) refer to the additional bias and
variance that compromise the quality of the annota-
tions.

For the MIMIC-IV data, we randomly selected a
subset of state-action pairs in the behavior dataset
and generated counterfactual annotations for those
samples using OpenAl’s “o1” model (OpenAl et al.,
2024) following prior work (Mandyam et al., 2024).
Specifically, “ol1” is prompted to predict a patient’s
blood potassium level after administering a counter-
factual dosage of IV potassium. This procedure mim-
ics a setting where counterfactual annotations may be
imperfect. Further details regarding the dataset and
annotation construction are in Section B.

In addition to imperfect annotations, we study the
compounding error of misspecified reward models in
the semi-synthetic settings. In our experiments, we
create misspecified reward models by either partially
observing the state or altering the state representa-
tion (Table 1 and Section B).

4.3. Baselines and Metrics

We compare our proposed estimators against two
classes of baselines. The first consists of common
OPE estimators that do not use counterfactual anno-
tations (IS, DM, and DR). The second includes esti-
mators that leverage counterfactual annotations (IS
and DMT). DMT is a direct method estimator that
estimates the reward model using the counterfactual-
annotated dataset, defined as

VPMY =3 dg(s) S me(als) R (5, a)

For the semi-synthetic domains, we consider var-
ious combinations of stochastic behavior and target
policies (details in Section B). Specifically, the be-
havior policies vary in their coverage of the action
space. We present results averaged across these com-
binations. We estimate the ground truth target pol-
icy value using Monte Carlo simulation in the syn-
thetic and semi-synthetic domains, and by averag-
ing observed rewards in the MIMIC-IV dataset. For
all settings, we report the root mean squared error
(RMSE) of estimated policy values.
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Figure 2: In Heartsteps, the bias of the coun-
terfactual annotations has a larger impact on
RMSE than the variance. The x, y-axis represents
the variance (Ag) and the bias (eg) of the annota-
tions respectively. We report mean RMSE, and error
metrics Section A.1. The RMSE remains nearly con-
stant as annotation variance increases, and instead
increases proportional to the magnitude of the abso-
lute annotation bias. This trend is particularly no-
ticeable in DM-IST and DM™-IST. The RMSE of
DMT-IS is far more consistent regardless of the an-
notation bias and variance.

4.4. Results

4.4.1. IMPERFECT ANNOTATIONS WITH A
WELL-SPECIFIED REWARD MODEL

First, we isolate the impact of imperfect annotations
by studying a setting with well-specified reward mod-
els, thereby eliminating confounding effects due to
reward model misspecification. In the Heartsteps
domain, we observe that annotation bias has a
greater effect on the RMSE of the proposed
estimators than annotation noise (Figure 2).
In particular, the RMSE remains nearly unchanged
as the annotation variance increases. From observing
the results in Figure 2 and Figure S1, we find that
this trend holds across all OPE methods that leverage
counterfactual annotations and across all synthetic
and semi-synthetic domains.

We also note that the effect of imperfect annota-
tions is especially pronounced in methods that in-
corporate annotations into the “IS” component (e.g.,
IST, DM-IST, DM*-IST). This observation is con-
sistent with our theoretical results (Proposition 1,
Theorem 2), which demonstrate that these estima-

tors are biased when the counterfactual annotations
are biased.

Furthermore, Figure 2 and Figure S1 also demon-
strate that DM™-IS exhibits greater robustness to
annotation quality than baseline approaches. The
RMSE of the estimator varies little across different
magnitudes of annotation bias and variance. Al-
though our theoretical analysis in Theorem 3 indi-
cates that noisier annotations can, in principle, in-
crease the variance of DM™-IS, we empirically ob-
serve that this increase is not substantial.

4.4.2. IMPERFECT ANNOTATIONS WITH A
MISSPECIFIED REWARD MODEL

In Section 4.4.1, we isolated the effect of imperfect an-
notations by assuming a well-specified reward model.
However, many realistic healthcare settings often in-
volve both reward model misspecification and imper-
fect annotations. In this section, we demonstrate
that DMT-IS is most robust to these combined
sources of error.

In Section 4.4.1, we observed that the annotation
noise has a limited effect on the RMSE of the pro-
posed estimators. We therefore shift our focus to an-
notation bias. We first examine the Heartsteps and
sepsis treatment domains, where the magnitude of
bias and noise can be controlled. Figure 3 shows that
DM™-IS is most resilient to the compounded errors
arising from biased annotations and misspecified re-
ward models. Across both semi-synthetic domains,
we see that DMT-IS consistently achieves the low-
est RMSE or performs comparably to the best per-
forming baseline. We attribute this robustness to the
fact that DM™-IS is the only proposed estimator that
is unbiased in the presence of imperfect annotations,
and retains beneficial theoretical properties even with
a misspecified reward model.

To further demonstrate the robustness of DM*-IS,
we compare it to the best-performing OPE estimator
under varying degrees of annotation imperfection in
the sepsis environment (Figure 4). Here, the best-
performing OPE estimator is given access to a well-
specified reward model and oracle knowledge of an-
notation quality; in particular, it uses counterfactual
annotations only when they are perfect.

Our results indicate that DM*-IS remains ro-
bust, achieving RMSE within a small margin
of the best achievable OPE performance de-
spite these informational disadvantages. In par-
ticular, A (the performance gap between DMT-IS and
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Figure 3: DMT-IS is robust to the joint ef-
fects of annotation bias and reward model mis-
specification. We report the mean RMSE across
the Heartsteps (Figure 3(a)) and Sepsis environ-
ments (Figure 3(b)) as a function of annotation bias
(z-axis, €g). Across all settings, DMT-IS consis-
tently matches or exceeds the performance of the
best baselines (further results in Section A). Notably,
among methods that use counterfactual annotations,
DMT-IS exhibits the lowest RMSE across all degrees
of annotation bias. When compared to OPE base-
lines without annotations, DM*-IS achieves a lower
or comparable RMSE. Error metrics are provided in
Section A.2.
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Figure 4: DM™-IS is a robust estimator across
annotations of various qualities. Here, we study
the performance of DMT-IS with a misspecified re-
ward model in comparison to the best-performing
OPE method in the sepsis domain. The z, y-axis rep-
resents the variance (Ag) and the bias (eg) of the
annotations, respectively. We report A = pPMF-IS _
pbest estimate| where the best estimate is identified by
observing prediction error from all baseline OPE es-
timators. The color of the dots represents the mag-
nitude of mean A, and the size of the dots is propor-
tional to the variance of A across 100 iterations. We
find that regardless of how imperfect the annotations
are, DMT-IS produces estimates with low mean A
relative to the range of reward in the sepsis environ-
ment (5.2). A increases in magnitude proportional to
the magnitude of the annotation bias, though even in
extreme cases, A is relatively small.

the best-performing OPE method) is small relative to
the reward range in the sepsis environment, indicat-
ing that DM*-IS produces estimates of v(r.) close to
those of the best-performing OPE method.

4.4.3. ROBUSTNESS ANALYSIS OF DM™-IS UNDER
REALISTIC CONDITIONS

In Section 4.4.2, we examined the robustness of
the proposed estimators under controlled conditions.
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(b) DMT-IS outperforms all estimators with
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represent 95% confidence intervals, and DM*-IS
outperforms baselines with no overlapping inter-
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Figure 5: DMT-IS outperforms baselines on
MIMIC-IV dataset. We first study how the es-
timator performance varies as more annotations are
added (Figure 5(a)) and study the RMSE of all esti-
mators given a small number of counterfactual anno-
tations (Figure 5(b)).

However, in many real-world settings, the reward
model and annotation quality are typically unknown.
To evaluate performance under realistic conditions,
we apply our proposed OPE estimators to potassium
administration using the MIMIC-IV database.

We first examine how the performance of key OPE
estimators varies as the number of counterfactual an-
notations increases (Figure 5(a)). While the RMSE
of DM-IST and DM*-IS* remains high as annotation
count increases, the RMSE of DM™-IS decreases
initially and then plateaus with no evidence of
degradation. This pattern suggests that DM™-IS
leverages the counterfactual annotations more effec-
tively than baseline estimators. These trends are con-
sistent with those observed in the synthetic or semi-
synthetic experiments (Figures 2 and 3).

We next examine all OPE estimators under a lim-
ited annotation budget (100 counterfactual annota-
tions). We find that DM*-IS achieves the lowest
RMSE across all baselines (Figure 5(b)). No-
tably, IST exhibits the highest error, which suggests
that the counterfactual annotations are imperfect.
The relatively small performance gap between DM™T
and DM ™-IS implies that the estimated reward model
is reasonably accurate in this setting. In summary,
these results demonstrate that DM™-IS is well suited
to realistic conditions in which the reward model and
annotation quality are unknown.

5. Conclusion

In this work, we address the open problem of incor-
porating imperfect counterfactual annotations into
an OPE estimator. This is a research question of
growing importance: as LLMs become increasingly
capable of generating realistic synthetic samples, a
broader challenge emerges of how to integrate such
samples into statistical estimators without inherit-
ing data biases. We systematically study a range
of design choices for integrating annotations into a
DR-style estimators. We find that imperfect coun-
terfactual annotations are most beneficial when in-
corporated into just the DM part of such an esti-
mator. Through theoretical and empirical analyses,
we find that the performance of an OPE estimator
relies most on two critical factors: (1) whether the
reward model is well-specified, and (2) the annota-
tion quality. We conclude that under the most real-
istic conditions, where the reward model and anno-
tation quality are unknown, our DM™-IS estimator
is most robust in comparison to baseline approaches.
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Overall, our approach relaxes restrictive assumptions
about annotation quality and facilitates more reliable
use of bandit algorithms in high-stakes applications
through improved off-policy evaluation.

Limitations and Future Work. This work fo-
cuses on the contextual bandit setting, with future
directions including extensions to the MDP setting.
Additionally, this work considers a subset of possible
reward function parameterizations. A promising av-
enue for future work includes optimizing the use of
a limited budget of counterfactual annotations, and
identifying which counterfactual actions to label, in
the spirit of Zrnic and Candes (2026). Furthermore,
future work can consider identifying practical ways
to pre-process a set of counterfactual annotations to
mitigate the effect of bias and noise.
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Appendix A. Additional Empirical Results

In the main text, we primarily focus on the case when the annotations are imperfect and the reward model is
misspecified. We characterize the performance of the baseline OPE methods and our proposed approaches in
four settings: either a well-specified or misspecified reward model, and either perfect or imperfect annotations.
Here, we report additional results for each setting including error metrics on plots reported in the main text.

A.1. Well-Specified Reward

In Figure 2, we note that the bias of the counterfactual annotation plays a larger role in affecting the RMSE
of the proposed methods than the variance of the counterfactual annotation. Here, we report the mean and
standard deviation of the RMSE across all datasets (Figure S1). Our results indicate that DMT-IS has the
least fluctuation in standard deviation across the range of counterfactual annotation bias and variance in
comparison to all methods that use counterfactual annotations.

A.2. Misspecified Reward

In Figure 3 we report mean RMSE across a variety of counterfactual annotation bias values in the Heartsteps
and sepsis settings. In Figure S2, we report the mean and standard deviation of RMSE across all three
datasets.

In Figure 4, we find that DM™-IS is robust to annotation quality and reward model misspecification. We
report the same plot for DM-IST and DM™-IST in Figure S5. Our conclusions remain identical to those
discussed in Section 4.

Finally, as discussed in Section 3, our goal is to define an estimator that is “doubly robust” to two sources
of error, namely the error of the annotation and the error of the reward model. As such, we do not account
for imperfect IPS ratios and assume that the estimates of IPS ratios are fairly accurate. In the case that
the IPS ratio is inaccurate, all proposed estimators will be biased. The estimation error of the IPS ratio
will thus propagate through the bias and variance reductions introduced in our work. To further illustrate
this, we report the performance of DM™-IS with varying degrees of incorrectly estimated behavior policies €
(Figure S3). We leave further evaluation of this setting to future work.

A.3. Additional MIMIC-IV Results

In Section 4.4, we compared the performance on MIMIC-IV data of all estimators with 100 counterfactual
annotations. Now, we demonstrate that DM™-IS has the most favorable performance across a wider range
of m, the number of counterfactual annotations available (Figure S4). In particular, we note that the
performance of DM™-IS stays consistently better in comparison to the other estimators across all values of
m and that the performance either improves or remains consistent, but does not degrade if you increase the
number of counterfactual annotations.

Appendix B. Simulator environments

In all of our experiments, we use a separate random seed to generate datasets. We report results across 50
runs, each of which is a sampled dataset. Our results across all experiments take approximately 100 hours of
compute, which was run on a local university cluster. Our code is attached as a portion of the supplement
material and will be made public upon acceptance via a Github link. Our code is covered under the MIT
license. Here we discuss the implementation details for the three simulator settings we use in our empirical
results. Key details of the settings can be observed in Table 1.

B.1. Two-context bandit

The two-context bandit setting contains two contexts, each with two actions. The bandit receives reward
for taking either action from the first context, and no reward for taking any action from the second context.
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Figure S1: Heatmap of mean and standard deviation of RMSE with a well-specified reward
model (lower mean/standard deviation is represented lighter): The mean and standard deviation
are reported with respect to the different combinations of behavior and target policies we consider. The
x, y-axis represents the variance (Ag) and the bias (e¢) of the annotations, respectively. In a well-specified
reward setting, DM and DR perform comparably and best. Of note, IS sometimes performs well in this
setting largely due to high coverage in the behavior policy for most pairings. In terms of standard deviation
of RMSE;, all methods that use counterfactual annotations with the exception of DR experience high standard
deviation for the most imperfect annotations.
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Figure S2: Heatmap of mean and standard deviation of RMSE with a misspecified reward model
(lower mean/standard deviation is represented lighter): The z, y-axis represents the variance (Ag)
and the bias (eg) of the annotations, respectively. In a misspecified reward setting, DM and DM* tend
to suffer. In comparison, DMT-IS outperforms all method or performs comparably to the best performing
methods for both RMSE mean and standard deviation.
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Figure S3: Analyzing the consequences of incorrect IPS ratios in DM*-IS in the Two-context
Bandit: The z,y axes correspond to the annotation variance and bias respectively. The heatmap color
corresponds to the mean RMSE of the DM™-IS estimator. We study three settings of €, where 7, = 7, + €
is the estimated behavior policy. As € increases, DMT-IS becomes a more biased estimator.
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Figure S4: Comparing the performance of all estimators in MIMIC-IV as we increase the
number of counterfactual annotations. The x-axis enumerates the possible estimators, and the y-axis
measures the RMSE of the learned policy estimate. Error bars represent standard deviation. Each plot
corresponds to the performance at different number of counterfactual annotations. We note that DM™-IS
has the most favorable performance across all settings.

In particular, the reward is sampled from the normal distribution N'(1,0.5) for the first action in the first
context and the distribution A (2,0.5) for the second action in the first context. In this domain, we sample
a counterfactual annotation for every sample. Factual rewards are sampled from the reward distribution.
We use a uniform initial context distribution, and report results over 100 runs for all estimators. We use a
dataset of size N = 100 to fit the OPE estimate and M = 100 counterfactual annotations. The same dataset
size and distribution is used to learn a reward function estimate if necessary depending on the OPE method.
We equally weight all samples (0.5). The reward function is represented as a sample mean. A misspecified
reward function uses a partially observed context. In particular, for 50% of the samples, the context is
randomly selected. There are no hyperparameters to be tuned. We report results averaged across 9 possible
combinations of 7, .. We use all combinatorial combinations of the policies [0.1,0.9],[0.5,0.5],[0.9,0.1].

B.2. Heartsteps

The Heartsteps simulator is a step count simulator based off earlier work (Mandyam et al., 2024). All samples
are sampled randomly and independently from an initial context distribution dy where each context is the
square root of the prior day’s step count. There are two possible actions: send a notification, or do not
send a notification. The context and action are projected into R? using a function ¢(s,a), which outputs a
vector that contains a scalar to represent the eventual decrease in step count over time, the previous day’s
step count, and a treatment effect term that is nonzero when the action is nonzero. Then, the step count is
calculated as ¢(s, a) - 07 where 6 = [—0.04,0.9999, 0.3]. The well-specified reward model is a linear function
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Figure S5: Here we compare the consequences of choosing the other two proposed estimators (DM-IS™
and DMT-IS*). Note that across the range of possible annotation quality, DM-IST has a larger error
(darker color) in comparison to DMT-IS as displayed in Figure 4. While DMT-IST has smaller A when the
counterfactual annotations have low variance, A more rapidly increases as the annotations become more
imperfect.
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of ¢(s,a). The misspecified reward model is a linear function of only the first two indices of the vector ¢(s, a).
We report results averaged across 9 possible combinations of m,, .. We use all combinatorial combinations
of the policies [0.1,0.9], [0.5,0.5], [0.9,0.1].

B.3. Sepsis Treatment

The sepsis treatment simulator is based off prior work (Oberst and Sontag, 2019). While the original
simulator assumes a Markov Decision Process (MDP) setting, we adapt the simulator to accommodate a
contextual bandit setting. To do this, we sample one-step transitions rather than full trajectories. There are
1442 possible contexts and 8 possible actions in the environment. The initial context distribution dy samples
uniformly across the possible contexts. Each context is represented as a vector of length 8, where the features
describe patient heart rate, systolic blood pressure, blood glucose level, percentage oxygen, and the presence
of three treatments including antibiotics, vasopressors, and ventilation. The 8 possible actions represent
every combinatorial combination of three binary treatments: antibiotics, vasopressors, and ventilation. The
well-specified reward function is a linear function of the number of abnormal vitals, and whether the patient
is on treatment or not, with # = [—1, —1]. The misspecified reward model one-hot-encodes the context and
action and projects into a vector of length 168. The reward function is then a linear function of the vector
of length 168. In this setting, we use one target policy, 7. = [0.3,0.2,0,0,0.2,0.1,0.1,0.1]. We report results
averaged across the following behavior policies:

m1 = [0.1,0.1,0.4,0.3,0.1,0.0, 0.0, 0.0]
T2 = [0.1,0.1,0.4,0.2,0.1,0.1,0.0, 0.0]
T3 = [0.1,0.1,0.4,0.1,0.1,0.1,0.0, 0.1]
s = [0.1,0.1,0.3,0.1,0.1,0.1,0.1,0.1]
s = [0.2,0.1,0.2,0.1,0.1,0.1,0.1,0.1]
m6 = [0.3,0.1,0.2,0.0,0.1,0.1,0.1,0.1]

B.4. MIMIC-IV

Here, we use data from MIMIC-IV (Johnson et al., 2020), an electronic health records dataset sourced from
the Beth Israel Deaconess Medical Center in Boston, MA. We consider a subset of the patients who receive
potassium repletion. That is, we include all patients who have received at least one instance of potassium
administration through an IV. Furthermore, we treat this setting as a one-step contextual bandit setting.
A patient context is represented as a 20-dimensional vector containing information about static covariates
(e.g., age, gender), aggregated lab values observed in the previous four hour window, aggregated medicines
administered in the previous four hour window, and any indication of procedures that were undertaken (e.g.,
the patient was placed on a ventilator). There are five possible actions, each corresponding to a dosage
of potassium (units are mEq). After administering a dosage of potassium, we observe a reward that is a
function of the patient’s updated context.

In our other empirical results, we report RMSE as the key metric; this hinges on the fact that we know the
reward function for this setting. To emulate this in MIMIC-IV, a setting in which there is no reported reward
signal, we construct a specific reward function. In particular, this reward function is a binary indicator of
whether a patient’s potassium lab value observed after potassium administration is within the potassium
reference range (3.5-5 mmol/L). That is, the reward function R(s;+1) is a function of the patient’s next
observed context. It is reasonable to assume that the reward function is shared across all patients because
the potassium reference range is shared across all patients.

To emulate a setting in which we have a behavior policy and a target policy, we further split the cohort of
patients that receive potassium repletion into two sub-cohorts. In particular, one sub-cohort does not have
renal disease, and one sub-cohort does have renal disease. The repletion policies are different between these
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cohorts because the policy must consider the inability for the renal disease patients’ kidneys to properly
filter potassium. We treat the non-renal population as the behavior cohort and the renal population as the
target cohort. The value of the target policy can be calculated by treating the target samples as Monte-Carlo
samples. We estimate the policies from the data.

We expect the repletion policies between the two groups to differ since the policy for renal patients must
account for the inability of their kidneys to efficiently absorb potassium. This setup allows us to calculate the
ground-truth value of the target policy using the returns of the target trajectories. As shown in Figure S6,
patients with renal disease are administered a variety of dosages, including ones that are under-observed in
the behavior dataset (e.g., 10 mEq); as a result, this is a setting in which OPE can be useful. Finally, we

Target (Renal) Actions
0.2 Behavior (Non-renal) Actions
2
‘@
g
N 0.1
\\
0.0 —
0 10 20 30 40

Potassium Dosage (mEq/L)

Figure S6: Repletion policies differ between the behavior and target cohorts, making this a setting
in which OPE can be helpful. In particular, we note that the target dataset samples actions (e.g., 10 mEq
of potassium) that are under-observed in the behavior dataset.

construct annotations using LLMs for the behavior cohort. The annotations are sourced from a powerful
LLM, OpenAlI ‘ol’. LLMs have been successful in reasoning about medical domains, presenting a cheaper
alternative to soliciting an expert (i.e., doctor). To obtain annotations, we ask the LLM to complete two
tasks. The first is to summarize the patient context, highlighting covariates relevant for predicting blood
potassium level. Then, we ask the LLM to predict the patient’s blood potassium if they were administered
a given dosage. Note that we have ground truth lab values for the dosages administered in MIMIC-IV; in
our experiments we found ‘ol’ predictions to largely align with ground truth lab values. Annotations are
obtained by soliciting lab value predictions for unobserved dosages and feeding these values into the known
reward function.

Appendix C. Naive Doubly Robust Estimator

As discussed in Section 1, a naive doubly robust estimator uses the dataset D+ within the context of a
standard doubly robust estimator. The definition of the naive doubly robust estimator is

N+M
VNaive—DR = Z (R+(Si, 71'3) + Ps; (a’l)(c?l - R+(si’ ai))’

i=1

where ¢}’ is the factual reward or counterfactual annotation depending on if (s;,a;) is a factual or coun-
terfactual sample. We claim in the main text that this approach will always lead to an arbitrarily biased
estimate of v(w.) because it does not preserve the context distribution in D. To demonstrate this, we report
results (Table 2) for the naive doubly robust estimator in the 2-context bandit environment under a well-
specified reward model and a perfect annotation setting (Assumption 2). Note that the standard doubly
robust estimator (DR) is unbiased here, and in contrast, the naive doubly robust estimator is biased. This is
because the naive doubly robust estimator alters the context distribution dg, which is assumed to be constant
between the behavior dataset and the dataset used to calculate the target policy value v(w.).
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Dataset | N M % 4| S| # of Well-specified Misspecified
annotated T, Te reward reward
A random state is
observed 50% of the
2-context 100 1100 |100 9 9 9 Sample mean time, creating partial
Bandit P observability like Mod-
elFail in Thomas and
Brunskill (2016).
Heartstens| 200 | 200 100 9 80 9 Linear regression | Linear regression (2
p (3 features) features)
. Linear regression | Linear regression (168
Sepsis 700 1700 125 8 1442\ 6 (top 2 features) | least relevant features)
Indicator function of
MIMIC- . . > whether the lab is
v 652 | Varieg Varies ) 5 13000| * N/A within the reference
range

Table 1: Key characteristics of contextual bandits settings used in empirical results.

Table 2: Naive doubly robust estimator performance. We report mean 4 standard error for all values.

Method RMSE Bias Std
Naive DR | 0.317 £ 0.0007 | 0.3038 £+ 0.0922 | 0.092 £ 0.0001
DR 0.108 £ 0.0002 | -0.016+ 0.1066 | 0.1067 = 0.0001

Appendix D. Table of theoretical results

We provide a summary for our theoretical results to guide the reader to the appropriate proofs (Table 3).
Earlier work (Tang and Wiens, 2023) introduced an IS-based estimator that incorporates counterfactual an-
notations, and found that re-weighting the samples was required to maintain the context-action distribution
defined by the original factual dataset. In our work, we note that this re-weighting is not necessary when
building a reward function, which we discuss in Section E. On the journey to constructing a doubly robust
estimator, we derive the bias and variance of the standard direct method OPE estimator in Section F.
Our work identifies three opportunities to incorporate counterfactual annotations into a doubly robust es-
timator. In this work, we investigate the theoretical properties of these estimators under three annotation
settings: perfect annotations, biased annotations, and higher variance annotations. We prove expectation
and variance terms for each of our three estimators with and without assumptions on the annotation quality
in Section G. Note that we avoid deriving the variance for DM-IST and DMT-IST because these terms are
very complicated. Instead, we analyze these variance terms empirically in our simulated settings. Finally,
we establish an equivalence between two of our doubly robust approaches and IST (Tang and Wiens, 2023)
under an equal weighting scheme in Section H.

Appendix E. Weighted vs. unweighted reward function

In the main text, we claim that we do not need to re-weight samples when constructing a reward function to
produce an unbiased estimate, like earlier work had to do with IST (Tang and Wiens, 2023). To demonstrate
this, we first derive the expectation and variance of the weighted reward function, and identify that the
unweighted (or equally weighted) reward function is a special case. We then compare the variance terms
for the unweighted and weighted reward functions, and prove that the variance of the unweighted reward
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Table 3: Summary of theoretical results and associated proofs. Note that only Assumption 3 is required for
the corresponding bias proofs.

Method Assumpt.ion Assumption Bias Std
Annotation Coverage

DMT-IS 2 1 Proposition S12 | Proposition S13
DM-IS* 2 5 Proposition S14 | Proposition S16
DMT-IS* 2 5 Proposition S17 | Proposition S19
DM™-IS 3,4 1 Proposition 1 Theorem 3
DM-IS* 3.4 5 Theorem 2 Proposition S15
DMT-IS™ 3,4 5 Theorem 2 Proposition S18

function is lower. This result suggests that not weighting the samples when constructing the reward function
is a superior strategy in the case that the annotations are perfect.

E.1. Weighted Reward Function

The weighted reward function is

N M
. doimi U(si = s,a; = a) xwi x 1 + 3 5_, 1(sj = s,a; = a) * w§ * g;

R*(s,a) =
Zi]\il 1(s; = s,a; = a) *w + Zjle 1(s; = s,a; = a) x wf

where wf ~ W (s;,a;) is a known weight associated with the sample s;, a; that arises from some function W.

E.1.1. Bias

Proposition S4 (Unbiqsedness of weighted reward function). Under Assumption 2, the weighted reward
function is unbiased. E[R'(s,a)] = R(s,a).

Proof: Let N(s,a) = Ef\i'le(sl = s,a; = a) be the number of times the sample s,a appears in
the counterfactual-annotated dataset DT. We can re-write the weighted reward function as a function of

N(s,a). Let ¢; = r; if the sample is in the factual dataset, and ¢; = g; if the sample is a counterfactual
annotation.

N (s,a)

w C;
zf“f‘” w? Z

To calculate expectation, we first use the law of total expectation and the expectation of the scalar reward
or annotation.

R*(s,a) =

N(s,a)

A 1 a
ED+~D+[R+(S7CL)}:ENs,aND+,Ci~R(Si,ai)y N(s,a), a Z Wi Ci (7)
wi~W (s;,a) Dot Wi I

i 1 N(s,a)

:]ENS,GNDJr Ec’iNR(Sivai)vngW(s'iva) N(s,a) Z U}?Ci (8)
| Do Wi i
i [ N(s,a)

:]ENSYGNDJr waNW(si,a) N(ea) Z w; ECZNR(S“G,Z)[C'I] (9)
L Zz 1 i
i [ 1 N(s,a) -

=Ey, .~pt |Botawiin) | onea s Do wiB(s.a) (10)
i _Zi:l Wi =1
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Let W2 = % Because each w{ is normalized by the sum of all the weights across all the samples,
’LU

the sum of all Welghts is 1. Now, we can write the sum as a weighted mean:

(s,a)

=En, ot | Bwiaw(sia) Z W R(s,a) (11)

(12)

Because R(s;,a;) is a constant, we can pull it out of the expectation.
N(s,a)

= IENS,a~D‘*' EW?NW(‘%G) R(sva) Z W (13)
=By, ,ont [Bugnw(s,0) [R(s; )] (14)
= R(s,a) (15)

E.1.2. VARIANCE
Proposition S5. Under Assumption 2, the weighted reward function has variance, V[RT(s,a)] =
Ex, .o+ | Sy (W)2oh(s,0)].

Proof: We use the law of total variance and the definition of W.

N(s,a)

. wy'c;
Vpimpt[RY(5,0)] =V p+, Z N(s,a) (16)
ci~R(si,a:) i=1 Zz 1 wz
i N (s,a) w“c
= ]ENS,LINDJr VC'iNR(Sivai) Z N(s, a) (17)
L =1 27, 1 Z
+ VNS,(:,ND+ ECiNR(Si,ai) Z N : a (18)
=1 :1 7,
i _N(s7a) wac
= ]ENS,,INDJr VCz’NR(Siaai) Z N (s, a) (19)
L L =1 Zl 1 Z
= ]ENS,(,,NDJr VciNR(si,ai) Z Wiaci (20)
_N(s,a)
=Ey, ,~D+ Z (Wz‘achwR(&a) [ci] (21)
1=1
N(s,a)
=Ey, ,p+ Z (W22 (s, a) (22)
=1
(23)

E.2. Unweighted Reward Function

Here the unweighted reward function is identical to the weighted one, except without weights. This can
also be seen as a special case of the weighted reward function with equal weights. The unweighted reward
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function is :

. 7Zij\ilﬂ(sizs,ai:a)*ri—kzjﬂil]l(sj:s,aj:a)*gj
S L(si=s.a;=a)+ Y10, L(s; = s,0; = a)

E.2.1. Bias

Proposition S6. Under Assumption 3, the unweighted reward function has expectation E[R“‘(&a)] =
En, ..M., R(sl,al) + ﬁ where N q, M, o are the number of factual and counterfactual samples

with context-action equivalent to s, a in the counterfactual augmented dataset.

M

Proof: Define N, , = Zfil 1(s; = s,a; = a) and M, = > ;_, 1(s; = s,a; = a) where N is the number

of total factual samples and M is the total number of counterfactual annotations.
S A g
Ns,at+Ms,a )
We calculate the expectation of this reward function under the dataset distribution, which is the joint
distribution across Ny, ~ DV, My o, ~ DT, r ~ R(s,a),g ~ G(s,a).

Now, we can re-write the reward function as Rt (s,a) =

A Z’L T + Z g
ED+~D+ [R+(S7 a)] = ENﬁ,a,JWS,QND‘*'7T~R(s,a),g~G(s,a) [ ]1\[57@ T MZ al ! (25)
We can use the law of total expectation to separate out the joint distribution:
[ Z it Z i 9j
=K E ~ ~R(s,a),9~G(s,a . = 2
i\fBi _ Moo~ D+ reR(s,a),g~G (s,a) [ Now M,y (26)
[ Z i+ Z i 9j
=K E ~ ETN s,a),g~G(s,a = = 27
1 Il e I AP V) )
[ 1 Nea M,
= ]Eivfj‘l En, o~pt Now+ M, o ; R(si, a;) + ; R(sj,a;) + e (28)
T 1 Noa M;,q
= ]ENS,QND"' EMs,a~D+ m ; R(Si; ai) + ]zz:l R(Sj, a]‘) + €a (29)
- ) . .
= ENS,U,ND+ _EMS,QAJD* [MNs,a X R(Si,ai) + Ms,a X (R(Sj,aj) + 6G):|:| (30)
[ B MS a
:]ENS,G~D+ _EMS,Q~D+ [R(Si,av) ]\Wj\(/;w” (31)
_ M q€
=EnN, . .M, .~D+ [R(Si, a;) + NMS_:]\ZJ (32)
(33)

Proposition S7. Under Assumption 2, the unweighted reward function is unbiased, E[R* (s, a)] = R(s,a).

Proof: If we set eg = 0 in Proposition S6, the expected value of the unweighted reward function is R(s,a),
which means that it is an unbiased estimator.
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E.2.2. VARIANCE
Proposition S8. Under Assumption 2, the unweighted reward function has variance, V[R+(5,a)} =

oh(s,a)En, , |:N1,a ] .

Proof: Let s, denote how many samples in the total dataset have the same state-action as s,a. We now
use the law of total variance, the earlier bias result, and the expectation of ¢;.

NS a
A 1 .
Vp+apt [R+(Sva)] =V N Ci (34)
CiNR(S7G) $a ;1
[ ; Nes
=En,, |Veur ci (35)
L Ns7a 1=1
[ Noa
1 ,
+ VN Benh(sa) |5 D C (36)
S =1
[ ;| Neo
= ENS a VciNR(s,a) N Ci (37)
s,a ;4
[ ; Nes
= ENs,a ~ 2 Z V01'~R(s,a) [CZ] (38)
Ns.q -
[ 1 oo
=Bn.. | ok (39)
r 1
=En,, N 2 X Ng g X a%(s,a)} (40)
r.2
=En,. U?és’a)} (41)
1
= oh(s5, 0B, . |+ (42)
(43)

E.3. Comparing variance terms

Proposition S9. The variance of the unweighted reward function is less than or equal to the variance of
the weighted reward function.

Proof: We can prove that the variance of the weighted reward function is higher than that of the unweighted
reward function using Jensen’s inequality. Since both the variance terms for the weighted and unweighted
reward function have a 0%(s,a), we consider only the coefficient. We start with the coefficient for the
weighted reward function on the LHS of the first line. We know by Jensen’s inequality that:

2

Ns o Ns.a
1 - a\2 1 : a
N Z(Wi )= Nz Z Wi (44)
=1 5,0 =1
1 . 1
N > W) > Nz <1 (45)
s,a s,a
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Ns a 1
W2 > 46
2V (46)

Note that the coefficient of the variance term for the unweighted reward function is N . This result suggests
that the variance of the randomly weighted reward function is always at least as hlgh as the variance of the
uniformly weighted reward function. As a result, we recommend using a uniformly weighted (or unweighted)
reward function estimator when we have perfect annotations.

In the case that we know the annotations are imperfect, we recommend using a weighted reward function
that down-weights the imperfect annotation (and consequently up-weights the corresponding factual sample).
We hypothesize that this procedure will result in an improved estimator in both the misspecified and well-
specified reward function scenarios because it limits the effect of the imperfect annotation.

We include a bafeline which augments the standard DM estimator using counterfactual annotations. This
estimator is VPM" =3 dy(s) >, m(als)RT (s, a).

Appendix F. Bias and variance of the standard direct method (DM) OPE
estimator

In the main text, we reference the variance term for the standard direct method (DM) estimator. Here, we
derive the expectation and variance of the DM estimator, which is defined as:

VoM — N Z Zﬂ'e als;)R(si, a) (47)

s;€DpacA

For the purposes of the expectation and variance derivations below, we assume that the reward model is
fully realizable according to Assumption 6.

Assumption 6 (Realizability). R* € F.
We derive the expectation and variance with respect to two datasets. Dy is used to estimate the OPE
value, and Dy, is used to estimate the reward function.

Proposition S10 (Unbiasedness of VDM). Under Assumption 6, EDOND,DRND[VDM] = v(me) if N5 >0
for all (s,a) where d(s) > 0 and m.(a|s) > 0 in the dataset Dp,.

Proof:

]EDOND,DR~D[VDM] =Epy,py~p [ Z Z 7e(alsi) R(si,a )] (48)

s;€DgacA

:EDRND [ Zzﬂ'e a|5 IED ND[ (Sla )]] (49)

i=1a€A

N
— %ZEDRND [Z WE(a|si)EDé~D[R(S“ )]‘| (50)
i=1

acA
(51)

Now, because we consider every sample as independent, we consider just the term inside the summation
i 1
without %-.

=> > ds) (Z me(al$)Ep [ R(s, a)]) (52)

i=1s€S acA
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=" d(s) (Z 7e(als)R(s, a)> (53)
] seS

a€cA

i=1 seS

N
= Z v(me) (55)
= v(m,) (56)

where we apply linearity of expectation, definition of expectation over Dy, substitute the expectation of

R(s,a) where d(s) > 0 and 7m.(als) > 0, definition of value function and policy value.
Proposition S11 (Variance of VPM). Under Assumption 6, VDND’DRND[VDM] = Vg, [V™(s)] +
EsmdoEqmor, [(% +(1- %)d(s)) 7e(als) ok(s,a) Ep, ~p [m” .

Proof: By law of total variance, we can decompose the variance into two terms:

VDRND,DR~D[VDM} =Vp,~pEp D [VDM} +Ep.~pVD D [VDM} (57)

(€] 1)

We can substitute the intermediate result from the proof of Proposition S10 into (1):
(1) = VDRND [EDRND [VDM:I:| == VDRN'D |:R<d7 7T€):| (58)

For (1’), we first consider the inner variance with respect to Dy assuming R is given:

N
% Z Z 7Te(CL|S¢)]%(Si, a)] (59)

VDRN'D [VDM} = VDEN’D

i=1 a€A
1N
= N2 ZVslwdo {R(Siﬂre)} var of sum of iid (60)
i=1
1 » .o
= NVSN% [R(s, ﬂ'e)] iid sample average (61)

Substituting this into (1):

(1) = Ep 4pVp o [VPM] (62)
=Ep,~p {;deo {é(svﬂe)ﬂ (63)
_ %EDRND {EsNdo [R(s,we)ﬂ By [R(s,we)r] definition of var  (64)
_ &(EDRNDESN% [R(s,7)%] B m {ESN% [R(s,we)r} ) (65)
@ @)
(2) = Ep,~DEsnd, [R(S»We)z} (66)
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— EonatyEp o [R(s, we)ﬂ (67)
=Esq, [vﬂe (5)? + VDRND[R(S, We)]} substitute corollary (68)
=Esd, [U”C(S)Q} +Esd, {VDRND[R(S,TFe)]] linearity of expectation (69)
= Fsmd, [v’re(s)]2 + Vondo [07¢(8)] + Esd, [VDRND [R(s, We)]:| definition of variance (70)
= v(we)Q + Vi [v7(5)] + Esmd, [VDRND[]%(S,WG)]} definition of value function (71)
(72)
, 2
(2) = Epgnp [Eaty [R(5m0)] | 73)
:]ED»N'D[ d 7Te :| (74)
=w(m)? +Vp, ~D[R(d7 7e)] (75)
Thus,
(2) = (2) = Vo [0 (5)] + Eonay [VDmn [R5, 7)]| = Vigon | R(d, )] (76)
Putting everything together, we have:
Vpoop,0 e [VEM] = (1) + (1) (77)
= VDRND {R(d, 7Te):| (78)
e (Voo [07 ()] + Bty [V [R5, 7)) | = Vi g [R(d, 7)) (79)
N 0 S 0 R ?
1 B 1 . .
= Vot )] Bty [V, 70)]] 4+ (1= 1)V [0, )] (80)
1 _ 1 1
= Vet 07 O] Bty B, 10 [7e(al5) (5, B o [ DR)}H (51)
1
+ (1 - N)]ESNdo]EaN‘ﬂ'e( |s) |:d(8) Te (a|s) O—R(Sﬂ a’) ]ED ~D |:N57Q<DR)]:| (82)
1 s
= 5 Vandy [07 (5)] (83)
1 1 , 1
+ EodoEarr. (15 [(N + (1= )d(s)) melals) o(s,0) Ep,o [WH (84)

Appendix G. Expectation and variance of doubly robust estimators under
different annotation conditions

Now we derive the expectation and variance of the introduced doubly robust estimators under different an-
notation conditions. In the main text, we note that the annotations can be perfect (i.e. E[g;] = E[r;], V[g;] =
Viri]), biased (i.e. Elg;] = E[r;] + €c(si,a;)), and have higher variance (i.e. V[g;] = V[r;] + Ag(si,a;)). In
our proofs, we first derive the expectation and variance under the imperfect annotations condition. Then,
we show that the perfect annotation condition is a special case of these derivations.
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G.1. Expectation and variance of DM*-IS

The DR estimator is defined as

N
z:: e) b(ai|8i)( ( )

G.1.1. EXPECTATION

We now prove Proposition 1, which is restated below.

Proposition (Expectation of DMT-IS under imperfect annotations). Under Assumptions 1 and 3,
E[VPM18] = y(r,).

Proof: The expectation is taken over the dataset Dy, which is used to fit the OPE estimate, and Dy,
which is used to learn the reward function estimate. We first use the linearity of expectation.

Epo.,p,~p[VPM 15 (85)

N
“E by H > (Rt + T - R am)] (50
(
(

ar~my(+|s),r~R(s,a)

)
)
==Y E  Dyado |:(R+(Si77re> - w(ri - RJ”(Si’ai)))} (87)

i=1 a~mp(|s),r~R(s,a)

We now split the expectation into two terms:

1 .
- N ZEDRvSNdO [R*(si, )] + E Dp.s~do

arvmy(-|s),r~R(s,a)

| At
E ~ 1y e E s~ 7 — 7 1 N\ iy Ug
Z Dot 5]+ B [l T 0~ R o) (59)
1 N R
=N ZEswlo [RT (si,me)] + Esndyanm,(-|s),r~R(s,a) [(m — R" (s, ai))] (90)
= =~ ZEDR,SNdO (517 7Te)] + IEDR s~doar~e(+]s) [(R(Sh ai) - R+(Si7 ai))} (91)
1 _
= N ZESNdoGNWe [R(Sia ai)] (92)
=1
= v(m.) (93)

The expectation of DMT-IS when the annotations are biased is the value of the target policy. The variance
of the annotation has no effect on the expectation of this estimator.

Proposition S12 (Unbiasedness of DM*-IS). If both Assumptions 2 and 5 hold, the DMT-IS estimator is
unbiased, E[VPM 18] = y(,).

Proof: Under imperfect annotations, the estimator is an unbiased estimator of the value of the target
policy. If we have additional assumptions about perfect annotations, this estimator is also unbiased.
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G.1.2. VARIANCE
We now prove Theorem 3, which is restated below.

Theorem (Variance of DMT-IS under annotations with higher variance). Under Assumption 4 and As-
sumption 1,

N VIVPMIS]) = Vg [07 (5)] + Eodg Eamm, ) [05(0) 20 (5, )]
+ Eswdo |:ECLN7Tb [ps (a)2€f{+ (57 a)Q] - 67}%1 (5)2 + EswdoEanb [(ps (CL)2 - m,(a\s) )VD [RJF (57 CL)]]

where EE(S, a)=Ep,, [R*(s,a)] — R(s,a) and epy () = Eanr, e+ (s, a)]-

We use the law of total variance, the earlier expectation term, independence of samples, and the law of
total variance.

N
VDO,DI%Ar [VDM _IS] Vo, Dp+ Nz_: (8i5Te) + ps, (i) (ri — R+(sivai)] (94)
AR .
=Epg. Vool ; R (si,me) + ps, (i) (rs — R (i, a5)]] (95)
N
Vo [Epy =S R (s, ) (i — R (s4, a4 96
+ sz+[ DU[N ; (8ime) + ps; (ai)(ri — (si,a)]] (96)
N
Z si~doa;~mp,ri~R(si,a 1)[R+(si7 7Te) + Ps; (ai)(ri - R+(si7 al)” (97)
R
= ED Z s,~do a1~7rb,ri~R(Si,ai) [R+(Sia 7T€) + Ps; (ai)(ri - R+(Si’ al)]] (98)
+ VSiNdo[ a;~my,ri~R(s;,a;) [R+(5i’ 776) =+ Ps; (ai)(ri - R+ (Si’ al)]]] (99)
RS A+ At
=Ep,, [N > Eaimdo [VaimmyrimR(sian BT (si,7e) + ps, (ai) (ri — R (s1,0;)]] (100)
i=1
1
+ Vo [v(7e) ] (101)

N
1 .
Term 1=Ep,, [+ > Eoindo [Basmmy [VrimR(si a0 [RY (55, 7e) + ps, (a3) (ri = B (55, @1)]] (102)
1=1

+ Baymdo [Vasom By s an) [RT (81, 7e) + ps, (ai) (ri = BY (4, a:)]] (103)
1
=Ep,. [N Z Es;mdo[Ea; oy [ps; (ai)2012%]] (104)
i=1
+ ]Esi""d(l [Vai""ﬂ'b [pSz‘ (a‘l)(R - é+)“ (105)
The total variance term is now:
1 N
= N ZVSiNdo [v(,ﬂe)]] + ESiN(io [Eai""ﬂ'b [psi (ai)20]2%H (106)
i=1
+Ep,, [Esimdy [Vasmm, [0, (ai) (R — RT)]]] (107)
We simplify the last term, the only term that involves Dy, .
]EDR+ [ESiNdO [Vai""ﬂ'b [psi (a‘l)(R - R+)}H (108)
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If the DM estimate is biased, let’s say R(s, a)
cancel and we get additional terms as follows:

CANDOR

= IEng+ [ESiNdO []Eaf,wm, [pSi (al)Q(R - R+)2] —Eqinm, [psi (al)(R - R+)]2]]

= IEDf3+ ESiNdOE(liN‘ﬂ'b [pSri (al)Q(R - R+)2] - EDR-%— Esi'\’do [Eaz‘Nﬂ'b [psi (al)(R - R+)]2}
Term 1 = Eqg,Eqmn, [05(0)*Ep,, [(R — BT)?]

= EsndoEanm, (s (a)Q]EDm— [R(S’ a)2 - QR(S, a)RJr(Sv a) + R(S’ a)QH

=EodyEamm, |:ps(a)2(R(S7 a)® — 2R(s,a)R(s,a) + R(s,a)* + Vp_, [RT (s, a)])}

where R(s,a) = Ep., [R*(s,0a)]

Term 2 =Ep_, Esvdy [Eanr, [R R(s,a) — ( a))’]
=EsndoEp, [(Vﬂ'j( ) — RT (s, 7)) }
=EsndoEp, [Vﬂe( )2 — 2V ()R (s, 7 R* (s, 776)2}

= By [V (5)? = 2V () R(s, m) + R(s, 7o)+ Vg, (R (s, 7))
where R(smre) =Ep,, []:2+(8,7Te)]

Term 1 - Term 2 =
Es~doEarom, [ps(a)Q(R(s, a)? — 2R(s,a)R(s,a) + R(s,a)* + Vb, [R* (s, a)])}

—Esnd, [V”e (5)2 —2V™(s)R(s,me) + R(s,m.)? + Voo, [R* (s, ﬂ_e)]:|
IEs~d0 |:Ea~m, [ps (a)QVDRJr [R+ (5’ CL)]] - VDRJr [R+(57 71—6)]}
=Esd, [Z we(a|s)2%as)VDm [}?*(s, a)] — Z 7re(a|s)2V/:>RJr [RJr(s, a)]]
= Ead, [Z m.(als) | 7= DV (R, a)]]

= EyodoEan, {(ps(a) - m)%é+ [R* (s, a)]}

EovdyBanr, | ps(0)* (R(s,0)* = 2R(s,0) R(s,0) + R(s,0)%)]
By [V () 4+ 2V ()2 R (s, 7) + R(s, 7.)?]
= By [Bamr, [ps(@)22(5,0)%] = ™ (5)?]

where €™ (s) =Ep,, [R(s,me)] — V™(s)

[T = (E ot )

= By [ (D melals) ) — 1)
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If the DM estimate is unbiased, we have R(s,a) = Ep,, [RT(s,a)] = R(s,a). Substituting into the
expression above results in cancellations and the expression becomes:

(123)

(124)
(125)

(126)

=Ep,, [R*(s,a)] = R(s,a)+er(s,a), those terms no longer

)
)
(129)
)
)

If we assume the bias of DM is constant across all (s,a) such that (s, a) = ¢, then the above expression

(132)
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> 0 by Sedrakyan’s lemma, a special case of Cauchy-Schwarz inequality (133)

The whole variance term is now:

N VIV PM ) = Vo o7 ()] Bt By o [0s (0)°0 (5. )] (134)
+ Eaniy [Eacem [p2(0)e(5,0)%) = 7 (s’ (135)
+ EyoayEan, [(ps(a)2 — ) Vb R (s, a)]} (136)

In the case that the annotations are perfect, the whole variance term is altered to reflect the fact that
e=0.

Proposition S13 (Variance of DMT-IS). If Assumptions 2 and 5 hold, and the reward model is well-specified,
N -VVPMT = Vg, [07 (3)] + B By () [0(@)* 0 (s, a)] (137)
+ Bty B [ (05(0)° = 5 Vi, (R (5, 0)] (138)

G.2. Expectation and variance of DM-ISt
The DR estimator is defined as

N

N 1 i a ®

[DMAIST _ N§ : < Si,Te) + E SS (c§ —R(Sua)))
i=1 o

7T
acA b+

G.2.1. EXPECTATION

The expectation of the estimator assuming biased annotations is summarized in Theorem 2 which is restated
below.

Theorem (Expectation of DM-IST and DM™-IS* under imperfect annotations). Under Assumptions 3
and 5, the two estimators have the same expectation:

BTN ] = BTN = () + BB, o1 — T I
b 1

Proof: We use the linearity of expectation, and the definition of the expectation.

Epo,pg~p[VPM1S] (139)
1 & Te(alsi)
=K D 4,si~doai~mp(s;), Y suﬂ-e + w - C? - R(sua)) (140)
rwlg(s,-,ai)o,wNVV?((si,)ai) [N ; ( aEZA Tp+ a|51
1 & Te(as|s:)
=E D sindoasomy(s), oo R(si,me) + w =" (r; — R(sy, a4 141
Dot Oy 2 Rloome) w2 g o = R ed) ”
97 ~G(si,a)
Te a\sl) .
+ w o — R(s;, 142
> wi Sl = Risi ) (142)
aGA\{a
ZEDR,Swdo (si,7me)] (143)
+ ]ED si~vdoai~my(si),ri~R(s,a4),w~W (s4,a )[ %M(ri - R(si; az))] (144)
RSt 04 b\Si i i,Qq i (2 7rb+(a/i|5i)

2
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a TelQ|S; a ~
+ ED§7$iNd0aiN7Tb(Si)7wNW($i»ai)»ggNG(si7a)[ Z wy M(gz — R(s;,a))] (145)
aeA{a;} VT (als:)

3

Now we simplify term 2 using the expectation of the weights and the expectation of scalar reward, and the
definition of expectation:

o Telails;) -
T 2=FE a,Ss~vdoa; ~TE T~ Riwe T~ l_R iy Wg 146
€rm Dg,s~doa;~mp,r~R, W[wz Tyt (a1|57,) (7" (S a ))] ( )
aiq Telailsi) A
= Ep,, s~doai~my,rm R Ew~w [0 ]W(ETNR[W] — R(si, ai))] (147)
- We(ai|8i) = ~
= Ep, s~doai~m, r~RIW (3] 8, ai) ———5 (R(8i, ai) — R(si, ai 148
Do e (W (sl 00) T (Rl 00) = R ) (148)
(149)
Now we simplify term 3 using a similar procedure:
o Te(alsi) ;
Term 3 = EDR,swdoaNﬂb,wNW,gNG[ Z w; m( R(‘S“ ))] (150)
acA\{a;} ‘
me(als; N
— Eppodoreml 3 Buewlwf] ZE D 5 [g0) — R(si,a)) (151)
" Wb+ ™y (als)
a€A\{a;}
7re als;) = .
=Ep, s~doarm,| Z W (a|s;, a) (( |5)) (R(si,a) + ec — R(si,a))] (152)
a€A\{a;} ¢
(153)
Putting together the terms:
5 = me(ailsi) = 5
Bty [R50 )]+ Baty oW (a5, 00) 2 E 0 (R ) = R )] (154
7re als;) = .
+ Esmdoarms | Z W (a|s;, a) ((J|S)) (R(s4,a) +eq — R(s4,a))] (155)
a€A\{a;} ¢
(156)
Note that we can simplify the terms:
=Ep, s~do [R(si, )] (157)
= me(ailsi) A
+ EDR,SNdOainb,rwR[g W(ai|5u ai)m(R(Siy ai) - R(Sia ai))] (158)
7re als;
+ EDR,swdoamﬂrb Z W CL|S“ p ((cl|5)) (Gg)] (]_59)
a€A\{a;} bt
The sum of the first two terms becomes the value of the target policy:
A = me(ailsi) | o A
Ep, smdo [R50, 7e)] + Epy smdoaiomyrnr] Y Wlaisi, ai)m(R(su a;) — R(si, a;))] (160)
GEA 3 3
=Ep, sndo [R(5i,7c)] (161)
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By sl 3 molaslss) 3 Warlss, a0) "S5 (R(s, ag) — R(si,an)] (162)

aicA acA i+ (as]5:)

=Ep, s~do [R(si, 7)) + Ep,, s~dor~rlTe(ailsi)(R(ss,a:) — R(si,a))] (163)
= EDR’SNdo [R(Si7 7"6)] + ESNdoaiNﬂ'E,r~R[(R(5i7 a;) — R(Su az))] (164)
= Eodyaimr, [(R(si,01)] (165)
= v(me) (166)
The final term can be simplified as follows:
me(alsi)
Ep, smdoanm | Y W(alsi,a) e (167)
seatan) Tpt (a|s )

=Eppseald mlals) [ Y Wialsi,a) Tells) N (168)

acA acA\{a:} my+ (alsq)

=Ep, s~do [Z((Z my(als)W (als, a))ii(?;s) ea))] (169)
acA a€cA b

By o [(3 molals) W (als, ) ;Ti((‘;i)) )] (170)
a€A b

=Ep, sndo[ Y me(dls)eq))] (171)
acA

B e, (3 melals) W (als, ) ji((j'é)) o) a72)
a€A b

W (a|s, a)my(als
= Esndy [Eanr, [(1 - W) ec]] (173)

Thus, the final term for the expectation is:

() + iy [Ban, [ (1= T (174)

™, (als)

Proposition S14 (Unbiasedness of DM-IST). If both Assumptions 2 and 5 hold, the DM-IST estimator is
unbiased, E[VOMIST] = y(x,).

Proof: If e¢ = 0, then, the expectation term for the imperfect annotations case reduces to the value of
the expert policy v(me).
G.2.2. VARIANCE
We first study the variance of the DM-IST estimator under imperfect annotations.

Proposition S15 (Variance of DM-IST under imperfect annotations). In the case that Assumptions 3 to 5
hold,

W(a\& a)my(als;)

Vpp[VPM1S7] Vs TR - 1— o . 175

Dol N2Z ity |V +E iy e eetsal| A

4 Euty | Varmm(io) {*”i(si‘“i) W (aslsi. ) (R(se.ar) — (s, a0) (176)
my (silaq)
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V_V(a|s,,al)(R(si,a)—|—6R(sz, a) — R(sl, a))

_p>

al}
aeA\{ai} |

2
+ Esirwdo [ a;~Ty [Z Z G|SZ, az 2 T‘-e((a| Z)) (si7a) (178)
c€AacA i

S;| (177)

a|52)

2

Y Waksna)? T A s, 0)
a€A\{a;} my (als:)
me(ails;)

) (ailsi)

s” (179)
+ ]ESiNdO lEaiNﬂb('Si) { V'W?NW(Si,a) [w;ll] (180)

X (a%(si,a) + (R(s4,a) — R(si,a))2> (181)

2

+ Z Cl|8 ) w a~W(s;i,a) [w;l] (182)
GEA\{%} !

X (aé(si,a) + Ag(si,a) + (R(si, a) + er(si,a) — IA%(si, a))2> (183)

+ 2¢Rr(si, a;) Z Ya(siya5) X Covye nw (s,,a) (wfﬂw?) (184)
a; 70,

+ > S Yalsiyag)balsi, ar) (185)

&j;éai &k#ai,&k;é&j
a; . ag
X COUw?wW(si,a) (wl ,W; ) ai]

Proof: We start by moving the variance inside the summation because the variance of each term that
the summation is over is independent. This is a similar strategy proposed in the Let ¢ ~ C(s;,a;) be
r ~ R(s;,a) if ¢ is a factual reward and g ~ G(s;,a) if ¢f is a counterfactual annotation.

sil (186)

Vpop[VPMIST) (187)
1 & me(alsi)
=V si~vdoa;~m N 327776 + - C;‘l R(Sl’a’)) (188)
c NC(?,(ja),w bf\zW(97,a) [N Lzzl < [;A Tp+ a’|51
1 N
= — vV . .,
2 Z si~vdoai~my(]si),
N2 conCisna)uw?nW(si0)

Risiyme) + 3wt “'S c$R<si,a>>] (189)

7T+ a|Ss
acA b |z

Now, we use the law of total variance to separate the joint distribution that the variance is over:

517776 + Z a|s ?_R(Siaa))
acA Z)

N
1
= ﬁ ZEsiNdo Vai/\/ﬂ'h(-‘Si), S;| (190)
i=1 ci~C(sy,a),

wi~W(s;,a)

2
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+ Vs,ndo Eaz‘Nﬂb('\Sz‘),
cinC(si,0),
wi~W(s;,a)

R(si, me) + Zw @ — R(si,a))

acA )

si] (191)

1

Note that Term 1 is just the value of the target policy conditioned on a specific s;. We have already proved
the bias of the estimator under imperfect annotations. This makes the whole variance now:

R(si,me) +Zw “'S — R(si,a))

N
1
= WZESide VflaﬁNTrb('\Si% Si‘| (192)

c¢~C(sy,a), a€A
w§~W(si,a)
2
W (als;, i
+ VsiNdo |:U(7T€) +E si~do |:(1 - (a|8+ a)ﬂ’b(a‘s )) GG(Si7 (l):|:| (193)
aroro(-{55) m, (als:)

Now we decompose term 2 using the law of total variance:

R(s4,7e) +Zw (¢% — R(s,a))

a€A 1

Term 2 = Es;~dy [ Va,mmy()ss), |2
ci~C(sq,a),
wi~W(s;,a)

s] (194)

4

= Es;~do [Eai~wb(-si) Veamc(sia), |R(5i,me) + Z wy — R(si,a))

s] (195)

wi~W(si,a) acA b )
3
=+ Vai~7rb(~|si) ]ECELNC(si,aL 57,7 7Te + Z w - E(Sl, a)) ai‘| Si] ] (196)
wi~W(s;,a) acA )
4

Now we decompose term 4 by distributing the inner-most expectation. Note that the inner-most expectation
only depends on the distribution over ¢; and w;, which is not in many of the terms:
Si] ] (197)

alsi)
5177Te +Z ‘ C; R(527a)>

Vaimmy(-15:) lEc%cm,a),

Term 4 = Eg, w4, a;
wi~W(s;,a) acA (G|S ) ]

= ESiNdo Vai'\/ﬂ'b("Si) R(S% Tre) + EC"NC (si,a) Z w; ﬂi(a‘SZ) C - ]A%(S“ CL)) Qi | |Si (198)
WS NW(sl,a) acA U (a|81) ]

Applying linearity of expectation and the fact that ¢, w are conditionally independent given s, a:

= Esing Vaiwﬂb(~\s7¢) 3“776 + Z c ¢~C(si,a), [wg(c? - R(sl,a)) az} S; ‘| (199)
acA b 7«) wi~W(s;,a) i
7Te(6L|81) a(,a »
= Es;~do VaiNﬂb(-\si) 7EC?~C(S¢,CL), [wz (cf — R(si,a)) ai} 8 (200)
acA U ( ‘sl) wi~W(s;,a)
(201)
Now, separating into factual and counterfactual:
TelSi|Q;) = — ~
=Esindo | Vasmmy(s:) [ﬁw(aﬂ% ai)(R(si, a;) — R(si, a;)) (202)
7y (silai)
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+ Y mv‘mpi,ai)(}‘z(si,@+6R(sl, a) — R(sq, a))
acA\{a;} Ty (@S5

ai, S:|‘| (203)

(204)

We cannot decompose this term any further because each weight is dependent on a;, and the variance is over
the distribution of a;. Now we decompose term 3 using the law of total variance:

Torm 3 = Eqna, [Ew,us» Ve, | Rsme) + 3wt T (s, a) ] H (205)
wi~W(si,a) acA a’|8Z
= Esiwdo Eaiwwb(~|si) ]Ec,‘ilNC(si,a) [wa'NW(si,u) |: Siy '/Te + Z U) 7, R(Sia a)) Ci:| ai] (206)
acA
5
+ Vc,‘;’NC(si,a) Ew;"NW(si,a) [ Si, 7Te + Z w ) R(sza a)) Ci} az} sz‘|‘| (207)
acA

6

Now we decompose term 6 by distributing the inner-most expectation. Most terms do not have a weight in
them:

Term 6 = (208)
a|s @ »
Esirwdo Eaiwwb('\si) VCgNC(si,a) Ew?NW(s“a) S'Lvﬂ_e + Z C; R(sl,a)) Ci| |@i||Si
a€A
(209)
~ TelQ|S; a ~
= Eoindo |Bammy(ls) |Vernr(snan) |B(sime) + Y Bugaw (s;,a) 0] #(Ci — R(si,a))|ai| |s;
I I by ™y (alsi)
(210)

R(si,me) + Z W (als;, az‘)%

i (alsg) ¢ o)

:Esw\/do EaiNTl'b('ISi) Vc‘i’NC(si,a)

Notice that the inner-most variance term now is over ¢, so all terms that do not consider ¢{ are considered
constants.

2
als;
= Es;~do [ a;~7p (|8 [ZW a|5,,al ( 51 (VC?NC(Sua) [Ci|ai])|5i]] (212)

ich ' (alsi)

Now, because the annotations are assumed to be imperfect, we must split the variance term into a factual
sample and several possible counterfactual annotations.

2 me(ails;) 2 2

= ESiNdo Eai~”b('|si) [W(aisivai) W;(ailsi) UR(Sivai) (213)
2 me(als;) ? 2

+ Z a|5uaz N (0 (81, )+AG(817 )) Si (214)

acA\{a;} r (GISZ')
2

. melals)® 5

= By |Easomy (51) ZW als;, a;)? = o%(s;,a) (215)
G.GA b ( |s )
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2
Y Walsna? = A s )
a€A\{a;} Gy (CLISZ')

SH (216)

(217)

Now we decompose term 5. Because the weights are not independent (they need to sum to 1 across all the
actions/annotations for a given context), we need to consider the covariance between them. First, we move
the variance term outside the summation because R(s;,7.) is considered a constant.

Term 5 = Eq; g, |E Ec;?NC(si,a) waNW(s,-,a) R(Siaﬂc) (218)

Ec;’NC(si,a) w~W(sq,a) [Zw R(Siaa)) C;| CL;| S,]] (220)

a€A l
When we move the variance inside the summation if we also consider the covariance of each term in the
summation. Then, we simplify and consider all terms that don’t contain a weight as constant.

Te(@|s .
2 Vg aw(sa) lw +( o) (¢ — R(si,a))

acA 7Tb (G‘S)

a;~my(+si)(+|sq)

3w (¢t — R(s;,a))

acA a|81

= Es;ndo |Eaimmy (150 (150

=Es;~do

]Eai~7rb(~|si) lEcgNC(si,a)

ci] (221)

8970 a We(d-\si) G ~ s We(&k|si) G ~
+2 Z Covyanw (s;,a) wi? ==L (e — R(siya5)), wit ————= | ¢I* — R(s;, ax))

) (az]s:) my (ak|si)

aj,ak

2
TelQ|S; a A a
= Eqind |Bagmrmy([53) |Betn(on.a) ﬁ (c2 = R(55,0))V s (o1 ) {w} (223)
aea T (alsi)
G @ils) A me(@nlss) &
+2 ) (e = R(siydy)) = (e — R(si, ax)) (224)
a;.ak Ty aJ|51 7, (akls:)

X COVye W (s;,0) (w?ﬂwf’“) ai] SZH (225)

Now, we separate the terms to account for different distributions of the factual rewards and counterfactual

annotations. Let v(s;,a) = %(cf — R(s4,a)). Then, we can re-write the expression as:
m, (als;
e (als;) ? 5 2 a
EsiNdo Eaiwﬁb(-\si) Ec?wC(si,a) PSS ( R(S’H )) waNW(Si,a) [wz} (226)
™y (alsi)
acA
+2 Z V(si, @)Y (s, ax) (227)
aj#ay

x COVwa W (s;,0) <w?j,wa ) azl |s,H (228)

Now, splitting into factual and counterfactual:

me(a;]s;) 2

) (ag]s;)

Esi Ndo

) l . R(sian) [(7“? = R(s1,0))° IVapaw (ss.0) [wg } (229)
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2
+ ( |s}) Egonci(sna) |0 = R5:0)%| Vap oo, )] (230)
aeA\{al} ’
+ Q]Er:'iNR(si,ai)[ Si, Q4 :| Z Eg anG s“a)[ (Si,&j)} X COUwwa(si,a) (w?-77u)?i> (231)

G Fa;

+2 X ]EQ?NG(Si,a){w(shaj)"r/)(siyak)] (232)

aj#a; Gp#a;,ar#a;

X COVye W (s;,0) (wf’,wf’“) ai] SZH (233)
Recall that e (s, 0 [¥(50,0)] = ¥r(sia) = %(R(si,a) — R(si,a)) and Egsogs,a)t(si,a)] =
Vg (si,a) = me(a]s:) (R(ss,a) + €r(si,a) — R(si,a)). Also recall that the product of expectation of two

+
m, (als:)
independent terms is the expectation of the product. Thus:

me(ails:) ? - 2 a;
Es,~d, [EaiNWb(.si) [ﬁ*(aﬂsi) ET?i’NR(S“a,;) [(Ti — R(si,a)) }ngww(si’a) [wi ] (234)
2
me(alsi) 2
+ ~G(s;,a ( - R(Slv )) Vw‘FNW Si,a U},ZL (235)
ae[%{:a s (G|Sz) 9; ( ) [ } i ( ) [ }
+ 21/}3(81'7 ai) E wG(sia d]) X Covw;‘NW(si,a) (w?j 5 w?l) (236)

a;7Fa;

+ ) Y Yalsiag)valsia) (237)

ajFa; axFai,ar#a;
ai‘|

Now we use the definition of variance to simplify the first two expectation squared terms.

X CO’l}w?Nw(si@) (wfj , w?k) sz] (238)

Telails;) _
Eoimdo | Eavmmy(50) | o Vo gy (o0, | 00 239
sivdo | Ba, b(|1)[7rb+(ai|si) W (s, )[w ] (239)
a B a » 2
% (Voo oo [ = R0 )| + oo o (78 = Rls1,0))] (240)
2
+ Y ( |s) Vi o (o) | 0] (241)
aeA\fai} " !
a » a > 2
% Vosnaionm (9 = Rls1,0))] + Egs oo (97 = Rlsiva))] (242)
+2QZR(S7;,G,Z') Z &G(Si,aj) X COUU);"NW(Si,a) (w?jvwzqi) (243)

ajFa;

+ 3 Y dalsiag)dalsian) (244)

ajFa; apFai,ar#a;
a;|
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e(ails;)

Ea;~my(-ls:) [ T

SN Vw‘?NW Si,Q [w;h]
Ty (agls;) e

]Esi Nd()

) (U?%(Siva) + (R(si,a) — R(s;, a))2>
+ 2

) w W (s4,a) [wﬂ
acA\{a;}

X (0%(&7(1)+Ag(si,a)+(R(si,a)—i—eR(sl, a) — ]%(SZ, ))2>

als;

+ 2’(53(81',0,1') Z &G(si,&j) X COUwf’wW(s,-,a) (w?j7wgi)
ajFa;

+ Z Z Y (si, a5)va(si, ar)

ajFa; apFa;,ar7#a;
aj . a
X COUngW(s,-,a) (wZ ,W; ) ai] si]

Putting together the variance term:

VDNDWDM-IS+] _

N —
37 2 Voo [vw)m ot [(1W(“S““)”(“'S%ec;(si,a)]]
i=1

arme(-]s;) ﬂ'zj_(a|51)

e (si]a;)

T ‘W(ai|si,ai)(R(si,ai)—R(si,ai))
7, (sila;)

+ ESVLNdo

VaiN”b('lsi)[

(als;) ~ _ .
+ Z [5:) ———=W(alsi, a;)(R(si,a) + er(si,a) — R(si,a)) al} S
(a\sz)
a€A\{a;}
me(alsi) ? 2
+E51~d0 a;~T |:Z Z a|517az +7 UR(Siaa)
ey my (alsi)

2
+ Z W (als;, a;)? i(a|sl) Ac(s;,a) sl]]
aEA\{aZ} b (CL‘S)

]E |:7T€(ai|si) 2V [ ai]
a;~1p(+|s; X, | N won~ S;.a wz‘
i b(+[s4) 772_(@”51') i W(si,a)

+ Esqywdo

X <aé(si,a)+(R(Sz, a) — R(Su ))2>

+ Z ( ‘81) w NW(si,a)[wi]

aeA\{ai} "

X (o%(si,a)—l—Ag(si,a)—i—(R(si,a)—|—eR(sl, a) — R(sl, ))2>
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(252)

(253)

(254)

(255)

(256)
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(259)

(260)

(261)
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+ 21&]{(8“ ai) Z ng(si, dj) X CO”w‘;~W(si,a) (w?j , w;li) (263)

a;#a;

+ Z Z ba(si, a5)Va(si, ar) (264)

ajFa; ApFaq,arF#a;
ai]

x Covya iy (s;,a) (wfj , wf’“)
The variance of DM-IS™ under perfect annotations is a slight variant to the expression derived under
imperfect annotations.

s] (265)

Proposition S16 (Variance of DM-IST under perfect annotations). If Assumptions 2 and 5 hold,

Mz

Vpup [ V7PM- st Voo [V (5)] (266)

si] ] (267)

7

a1~7rb( |si) [Z j— a|slaa2)(R(5iva) ]:2(5270'))
A b

+ ]ES7 Nd()

2
- me(als
+Es,ndy |Eaimom, X:V[/(cds,',ai)2 i( l5) or(si,a)?|s; (268)
aeA Trb (a|8)
+ Eg. ~d [E ) ¢l )[Z MQV @ T (s .)[wq} (269)
i~ ao i b i = 71';(0,|81) i iy @i 7
% (onlsi,0)? + (R(si,a) = R(si,a)?) (270)
YT e (@g]si) e(anss)
oy Tl na (271)
i S (@z]si) ) (axs:)
X COVyg iy (s,.a) (Wi W) (R(sq, a5) — R(si,a))(R(si,ax) — R(si, ax))lail|sq]) (272)

Proof. The expression follows from the prior proof for DM-IST under imperfect annotations, except with
Ag,eq = 0. O

G.3. Expectation and variance of DMt-IS+
The DR estimator is defined as

pPMFIst 1

i

N Y
(R Szaﬂ-e + Z 7Tb+ a|s C? -R (Szaa))>

a€A

G.3.1. EXPECTATION

The expectation without making any assumptions about the quality of the counterfactual annotations is
summarized in Theorem 2 which is restated below.

Theorem (Expectation of DM-IST and DM™-IS* under imperfect annotations). Under Assumptions 3
and 5, the two estimators have the same expectation:

BIVPM) = BTN = o) + Bt Bar, (1 = TS e 5, )
b i
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The proof is nearly identical to the one for the DM-IST estimator, except that the reward function R is
replaced by RT.

Proposition S17 (Unbiasedness of DM1-IS™). If both Assumptions 2 and 5 hold, the DMT-IS™ estimator

is unbiased, E[VPM 18] = y(r,).

Proof: The proof is identical to the unbiasedness proof for the DM-IST estimator.

G.3.2. VARIANCE

We first discuss the variance under imperfect annotations.

Proposition S18 (Variance of DMT-IST under imperfect annotations).

Vo [VDM*-ISW - (273)
N —
1 W(alsi, a)ms(alsi)
=Y Vg |v(me) +E gma, |(1— ea(si,a) (274)
N2 ; 0 [ awﬂe(.‘osi) [ 7r2'(a|si) }
Te\Si|Gi) 7 7 5
Bty Va0 | SV ) (R0 00) — B (s1,01) (275)
7, (sila;)
+ Z W (alsi, ai)(R(si,a) + €r(si,a) — RY (s4,a)) al} S (276)
‘Sz)
ac€A\{a; }
6(a|52)2 2 (..
+ Es,ndo | Eayorm, Z Z (alsi, a;)? —Flals o (si,a) (277)
cAacA Tp (a‘81>
me(als;) ?
+ Z W(als;, a;)? T (als) Ag(si,a) sl} (278)
a€A\{a;} 4D
+Eg,a, |E \ {”e(“”s") V.. [w®] (279)
s;~do a;~my(+]si) W;'(ai\si) wi~W(si,a) Wi

X <0§z(si,a) + (R(s4,a) — R+(si,a))2> (280)

2

+ Z ( ‘S ) w NW(SnU«) [w;l] (281)
ac€A\{a; } v

X <0%(si, a) + Ag(si,a) + (R(s;,a) + er(si,a) — R+(si, a))2> (282)

+ 21[)1{(81‘, ai) Z QZJC;(SZ', &j) X COUngw(Si,a) (wfj , w:“) (283)

aj#a;

+ Z Z V(i a5)0a(si, ar) (284)

aj7#a; G Fa;,ar#a;
ail

X CO’l)ngw(si_’a) (w?j , wfh)
The proof is identical to that of Proposition S15, except the reward model R is replaced with RY.
Now, we derive the variance under the perfect annotation setting.

si] (285)
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Proposition S19 (Variance of DM*-IST under perfect annotations). If Assumptions 2 and 5 holds,

+ +
Vpup VPN = = ZVSMO “(s1)] (286)

me(als) - _ .
+ Esindo | Vaimm, (15:) +( | )W(a|si,ai)(R(sz, a) — Rt (s;,a))|s; (287)

7, (als)

a€cA
me(als) ® ,
+Esindy |Eaymm, Z W ‘Szaal o O'R(Sma) S5 (288)
=y ™, (als)
e (alsi) ? a
+ ESiNdo [Eﬂq,'\/ﬁb('\sq‘,)[ PRSI VU}?’\‘W(SL'»%) [wz ] (289)
acA T (CL‘S )
% (oh(sia) + (R(sia) = R (s1.0)?) (290)
s Qi melglsi) (s 01
2 T s, ()

X Covye iy (ss,0) (W7 Wi ) (R(si, ;) — R (50,a5)) (R(s1,an) — B (sq, ax))ladlls:]] (292)

The proof is identical to the one used to derive variance under perfect conditions for the DM-IS™ estimator,
except with BT replacing R.

Appendix H. Equivalence of IST, DM-IST, DM*-IST under equal weights

Corollary S20 (Equivalence of IST, DMT-IS, DMT-IS* under equal weights). If we assume that all the

wezghts are equal and that all OPE methods have access to the same set of counterfactual annotations, VIS
{/DM-IS* VDM ST gre equivalent by definition.

Proof: First we re-state the definition of the three methods for a single sample s;, a;, r;, and all counter-

factual annotations ¢, under the assumption that all weights are equal. Under this assumption, each weight

is ﬁ:

1.

Vst — wzqmcg 293
2l o
VIS*’* _ Z 7Te((1|Si)C;;1 (294)

acA
VOMIST _ Rs, ) + Z Te(alsi)(c! — R(si,a)) (295)

acA
VOMTISTS = B (siyme) o+ 3 melalsi) (e — R (51, a) (296)
a€A

V18T is VIST under equal weights. The following is a derivation of how we can reach VIS™* under equal
weights using the definition of the augmented behavior policy:

P15 3 g Telalsi) o (207)

"y (alsg)

acA
= Z W (als;,a;) e (als:) — ¢ (298)
2 o (afs)
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= Z me(alsi)cd (299)
acA
— ‘A/C*ffs (300)

2. Now, we write the definition for R(s;,m.) and R¥ (s, 7).

R(si,ﬂ'e) = Z me(als;)R (sl,a) (301)

a€cA
Rt (si,me) = Z Te(als;) R (s;, a) (302)
a€cA
3. Let us start by re-writing the definition of VPM-IS" uging the definition of R(s;,m.):

[/DM-IST _ Zﬂe(am (s5,a) + Zwe (alsi)(cf — R(si,a)) (303)

acA a€cA
=Y melalsi)R(si,a) + > melalsi)ef — > me(als:)R(si, a) (304)
a€A acA a€A

(305)

4. Note that the second term is the definition of AuglS for a single sample. Also note that subtracting
term 3 from term 1 is equal to 0 by definition.

This shows that IST is equivalent to DM-IST. Note that we can replace the estimate of the reward function
with Rt and produce the same derivation for DM™-IST. Thus, we have shown that the three estimators
IST, DM-IST™ DM™-IS™ are equivalent when the weights are equal and all three methods have access to the
same counterfactual annotations.

Corollary S21 (Equivalence of Variance of IST).
Now, we want to verify that our variance decomposition for VIS+ [/DM-IS VDM+ 18T+ are equivalent to

that of IST. Recall that we are in the setting where the weights are equal Here we also assume that R Rt
are constant and have been learned already.

1. First we note that the variance decomposition for DM-IST and DM*-IS* each have 7 terms. The last
4 terms reason about the covariance of the weights. Because our weights are constant and equal, the
last four terms become 0.

2. Next, we note that the first term is identical in all of the variance decompositions. Namely, this is
VSiNdo [Vﬂe (SZ)]

3. Now, we note that if R, R are constants, the second term in the variance of DM-IS* and DM*-IS+
becomes 0.

4. All we need to do is establish that that the third term is equivalent to the third term for the variance
decomposition. This is true by definition.

Thus, all three variance decompositions are the same under this setting.
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