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Abstract

We study how neural emulators of partial differential equation solution operators learn
physical symmetries from data by introducing a hat-matrix diagnostic that quantifies the
alignment of parameter updates between symmetry related training examples. The diag-
nostic is a metric-weighted overlap of loss gradients evaluated across group orbits, giving a
proximal influence function for symmetry-related examples. Our measurements of gradient
alignment across both translations and rotations for models trained as autoregressive fluid-
flow emulators suggest that equivariance arises when training updates propagate gradients
coherently throughout symmetry orbits. This finding is based on an empirical correspon-
dence between equivariance error and cross-orbit influence. Both our UNet and ViT archi-
tectures exhibit approximate translation equivariance, yet their gradient alignment profiles
differ by uniform versus periodically concentrated influence over the orbit. On a Navier-
Stokes dataset, pronounced dihedral equivariance error coincides with suppressed cross-
influence, identifying the failure as due to decoupled learning of symmetry group elements.
Our diagnostic is architecture-agnostic and probes a mechanism for learning symmetries
from data, extending beyond forward-pass equivariance tests by directly assessing whether
learning updates share information across physically equivalent configurations. We iden-
tify symmetry generalization performance with symmetry-compatible gradient transport,
suggesting that evaluation of scientific machine learning models requires dynamical probes
of loss landscape geometry in addition to predictive accuracy.
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1. Introduction

Deep learning emulators for partial differential equation (PDE) solvers routinely achieve
impressive in-distribution accuracy (Brandstetter et al., 2023; Herde et al., 2024; Takamoto
et al., 2024; Lippe et al., 2023; Gupta and Brandstetter, 2022; Ohana et al., 2025), yet they
often fail to respect the fundamental symmetries of the governing equations (Akhound-
Sadegh et al., 2023; Gregory et al., 2024; Gruver et al., 2022). This limitation undermines
their ability to extrapolate and generalize, raising the question: are such models truly
learning physics, or merely fitting correlations present in the training data? Explaining this
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gap requires probing not just the outputs, but also the learning process (Fort et al., 2020;
Zhao et al., 2024).

Symmetries of the Navier-Stokes (NS) equations, namely translations, rotations, reflec-
tions, scalings, and Galilean boosts, organize the solution space into orbits whose members
are physically equivalent (Brandstetter et al., 2022). A model that has learned the solution
operator will share information across these orbits: gradients of the loss with respect to
parameters, evaluated on symmetry related inputs, should align, on account of equivari-
ance; without such coherence, the resulting loss differentials do not constructively influence
one another, rendering the orbit decoupled. When gradients constructively couple across
examples, the respective losses are reduced sympathetically. Measuring cross-influence thus
offers a diagnostic beyond standard forward-pass equivariance checks, exposing the degree
to which gradient signals reflect physical expectations.

If influence across group actions presents only weakly, the model is memorizing local-
ized patterns (Arpit et al., 2017; He and Su, 2020; Chatterjee, 2020) rather than learning
physical processes. Conversely, marked gradient alignment demonstrates that the network
has learned to couple symmetry related states, consistent with the behavior of a true so-
lution operator. Our symmetry-aware gradient diagnostic therefore probes a process by
which models learn to generalize across orbits, providing a principled tool to assess how
architectural choices, loss design, and inductive biases promote, or hinder, generalization.

We study models that have learned approximate translation equivariance, despite the
data distribution of initial conditions not being stationary under translations. This data-
driven attainment of generalization across the translation group is considered together with
a similar setup involving the square group; the NS dataset that we consider presents ini-
tial conditions that are invariant only under the Klein four-subgroup of the square group,
and it is only these symmetry transformations that are learned by our models. By consid-
ering the structural correspondence of influence profiles and equivariance error, our work
contributes to better understanding the underlying process by which physical symmetries
can be learned from data distributions that are not manifestly invariant to the associated
symmetry group. It is important to recognize that a test example can be both out of distri-
bution in the statistical sense and physically equivalent to an example represented by said
data distribution; we use the influence to measure if gradient update signals leverage this
physical equivalence.

2. Related Work

Encoding symmetries as inductive biases has a long tradition in geometric deep learning.
Group-equivariant CNNs generalize convolution to arbitrary groups with weight sharing
across orbits (Cohen and Welling, 2016). Steerable CNNs make these ideas explicit by
parameterizing kernels in group-steerable bases, including variants for volumetric data (Co-
hen and Welling, 2017; Weiler et al., 2018). For non-grid domains, tensor field networks
(Thomas et al., 2018) and E(n)-equivariant graph neural networks (Garcia Satorras et al.,
2021) extend manifest symmetry compliance to point clouds and molecules. In practice, sci-
entific data rarely obey exact symmetries; boundary conditions, material inhomogeneities,
grid discretization, and measurement noise introduce systematic symmetry breaking. This
motivates research into approximate (Wang et al., 2022) and relaxed (Finzi et al., 2021)
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attainment of equivariance. Furthermore, many contemporary large-scale models (Nguyen
et al., 2023; Bodnar et al., 2024a) rely on data-driven learning of symmetry. Empirical
and theoretical results substantiate this strategy: softening hard constraints can improve
optimization and accuracy (Wang et al., 2022). Moreover, classic studies show that modern
CNNs can be brittle to small shifts and rotations (Azulay and Weiss, 2019; Zhang, 2019;
Kayhan and van Gemert, 2020).

While a constructive route for guaranteed equivariance exists, this is not the regime tar-
geted by modern large-scale scientific models. Indeed, contemporary state-of-the-art models
for PDE emulation and weather forecasting largely use architectures comprised of trans-
former and convolutional layers that are not equivariant by design (Takamoto et al., 2024;
Lippe et al., 2023; Gupta and Brandstetter, 2022; Ohana et al., 2025; Herde et al., 2024;
McCabe et al., 2026; Bodnar et al., 2024b; Nguyen et al., 2023). Our focus is therefore on
settings in which symmetry learning is data-driven and contingent on local update geom-
etry rather than guaranteed a-priori. The restriction to exactly equivariant models is not
necessarily optimal when realistic data and optimization difficulties are considered (Wang
et al., 2022). Moreover, for architectures that enforce exact equivariance by construction,
influence across symmetry orbits would be uniform by design. The purpose of this work
is expressly to better understand how models learn symmetry when the inductive bias is
not explicitly given to the model through, e.g., architecture design, training losses, or data
augmentation.

In cases where a model lacking manifest symmetry is selected, probes are needed to
both quantify and explain the degree of equivariance achieved after training. Several diag-
nostics test the extent to which a model has learned symmetry, e.g., forward-pass checks to
evaluate equivariance error under group actions (Canez et al., 2024; Xie and Smidt, 2025),
characterizations of internal representations (Godfrey et al., 2022), and the Lie derivative
metric, which quantifies infinitesimal equivariance with layerwise decomposition (Gruver
et al., 2022). Yet, spot tests with these metrics are insufficient to explain the mechanism
underlying symmetry learning. Such diagnostics characterize equivariance of the learned
map, but do not probe processes underlying data-driven symmetry-learning. In contrast,
our work relates observed equivariance behavior to architectural choices and training dy-
namics by measuring the propagation of information across symmetry related states.

A central approach in explainable artificial intelligence is to interrogate the loss and its
derivatives to connect predictive behavior with training signals. Related work on gradient
geometry links cross-example parameter update structure to out-of-sample performance:
stiffness and coherent gradients capture alignment, and local elasticity studies stability
under SGD updates on distant samples (Fort et al., 2020; Chatterjee, 2020; He and Su,
2020). Euclidean influence functions trace predictions to training data but are delicate in
deep, non-convex regimes, motivating curvature-aware variants (Koh and Liang, 2020; Basu
et al., 2020; Jacot et al., 2020; Fort and Ganguli, 2019).

3. Method

We compare a UNet (13M parameters, 4 down-sampling blocks, 24 embedding channels) and
a Vision Transformer (ViT; 5M parameters, 6 layers, 256 channels) trained as emulators
for two-dimensional compressible Euler flows from PDEGym (Herde et al., 2024). For
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training data, we selected 3 classes of Riemann-type initial conditions (CE-RP, CE-RPUI,
CE-CRP), each with 6,500 trajectories of 16 time steps. Each state snapshot is a 128 x 128
grid of mass density, Cartesian momentum density, and energy density. Models were trained
autoregressively to emulate the Euler evolution operator; for more details see our companion
paper that considers time-translation symmetry, coherence over initial condition classes,
and influence across physics-informed objectives (Amarel et al., 2026). To complement the
compressible Euler results, we also apply our analysis to models trained on velocity fields
generated by the Navier-Stokes (NS) equations using, NS-BB, NS-Gauss, and NS-Sines
initial conditions. These flows occupy a qualitatively different feature space, characterized
by smoother, viscosity-regularized dynamics and vorticity-dominated structure.

Optimization trajectories for CE and NS are shown in Figure 8; training is halted in the
late-stage learning regime, so the hat-matrix diagnostics probe local gradient geometry after
the models have entered low-test-loss basins but before learning has completely saturated.
We used Adam with learning rate 5 x 10~ and weight decay A = 10~* on mini-batches of
N = 48 transitions. The cost function was a scaled mean-squared error (SMSE), that nor-
malizes errors by channel RMS to balance large and small-amplitude features, supporting
the capture of shocks and wavefronts while retaining sensitivity to quiescent flows, in addi-
tion to rendering dimensionless the influence matrix of interest. Both models were trained
in distributed mode on two 40GB A100 GPUs using Lux.jl (Pal, 2023b,a) and Zygote.jl
(Innes, 2018), with 3 seeds controlling initialization and dataset splits. Results are reported
with quantile range bars to capture variability across seeds.

To evaluate our models, we compute the influence function, which can be expressed
as the Lie derivative of the cost along gradient flow induced by individual test examples.
By formulating the influence through the Lie derivative, we elevate the diagnostic from
its traditional role as a static, final-state, measurement, to a dynamical quantity that can
be meaningfully observed during training. However, due to computational expense, the
present paper primarily measures influence at a single parameter point in the late-stage
learning regime [see Figure 8]; only Figure 7 tracks influence at checkpointed epochs. Let
VH = —x*0,C, denote the vector field generated by the loss evaluated on an example x.
The influence of this update on the loss evaluated at the group-transformed input gz is
given by!

—LyCya = (0uCoz) X" (0,Ca), (1)

where the regularized Gauss-Newton metric X, = 7u + Ady, is comprised of both an
isotropic regularization term of strength A and 7, the pullback of the Euclidean metric on
function space to parameter space. Einstein summation convention is implicit and we use
standard index raising notation from differential geometry; xy** denote the elements of x !
(Absil et al., 2008). Equation 1 recovers the familiar influence function definition as a metric-
weighted overlap between gradients derived from the cost evaluated on an example x and
the transformed counterpart g (Fort and Ganguli, 2019). Intuitively, the influence function
measures whether a gradient update induced by one example decreases (or increases) the loss
of another. When applied to symmetry related inputs, it quantifies whether learning signals

1. Programmatically, the translation group action is realized via cyclic permutation of array indices. For
scalar fields, the square group can be effected with standard commands for rotating and flipping images;
for the velocity field one must take care to appropriately mix vector indices in addition to rotating the
coordinate basis.
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propagate coherently along symmetry orbits. In regression, the Gauss-Newton matrix plays
the role of the Fisher-information by supplying the Jacobian-induced metric on parameter
space (Martens, 2020); sandwiching the metric between Jacobians yields the (A-regularized)
hat-matrix J,x*".J,, which reduces to the neural tangent kernel in the Euclidean limit
(Huber and Ronchetti, 2009; Jacot et al., 2020). The influence function (Equation 1) can
also be expressed by sandwiching the hat-matrix between prediction residuals (Amarel et al.,
2026).

For each model seed, the influence function is evaluated across 18 test mini-batches
comprising 3 distinct initial conditions over 16 time-steps. As a first-order sensitivity of
a scalar loss to an example-induced update, the influence function has no canonical scale.
Common choices include normalization by gradient magnitude, yielding the cosine similar-
ity, normalization by trace or Frobenius norms, standardized influence functions Héritier
and Ronchetti (1994); Lu et al. (1997), or alternatively leaving the response unnormalized
altogether. In the experiments below, we use cosine normalization, reporting influence after
division by both the perturbation and response gradient magnitudes. This normalization
sets each self-response to unity, which removes the absolute scale of local sensitivities and
hence isolates the cross-response magnitude, a comparison appropriate when the effects of
influence are accumulated over many optimization steps.

For further discussion of data selection, model selection, an intuitive derivation of the
influence function, and details on its computation, see section A, section B, section C, and
section D, respectively.

4. Results

Our evaluation jointly considers equivariance error, which probes forward-pass consistency
under symmetry transformations, and influence function matrix elements. The influence
function reveals whether learning propagates information coherently across symmetry re-
lated states, exposing whether a model is genuinely learning symmetries or merely fitting
correlations in the data. Convergence to basins that respect the symmetries of the un-
derlying problem is both essential for generalization and a persistent challenge for current
architectures. Throughout this section, we test the central hypothesis that forward-pass
equivariance emerges when local update geometry propagates gradient information coher-
ently along symmetry orbits. We find that forward-pass equivariance error is in struc-
tural correspondence with the extent to which our models and training regimes support
symmetry-coherent gradients.

4.1. Translation Group

For the translation group, we first evaluate purely horizontal and vertical translations across
the periodic spatial domain. Because the governing PDE applies uniformly in space, the
learned dynamics should be equivariant under translations. In any given flow snapshot,
nonlinear interactions occupy only a small number of localized regions, yet these structures
may arise at arbitrary spatial locations. A model that learns translational equivariance
will therefore treat such interactions consistently wherever they occur, a prerequisite for
both capturing rare but dynamically significant events and enabling accurate long-time
extrapolation.
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Both architectures exhibit median relative equivariance error on the order of one percent
or less, indicating that training largely confers translational symmetry generalizing capa-
bilities. To capture the structure of those examples for which low equivariance error was
not obtained, we consider the third quartile error-profile. Notably, the relative equivariance
error attained by our models [see Figure 1] reflects genuine generalization over the trans-
lation group: we did not explicitly augment the training data with translated states, nor
was either architecture designed to enforce exact equivariance over the entire translation
group under consideration. In particular, translation stationarity is violated by the distri-
bution from which four quadrant initial conditions for both CE-RP and CE-RPUI flows
were drawn. Nevertheless, we observe nontrivial influence across translated states, indicat-
ing that training updates couple translation-related inputs, even without hard symmetry
constraints.

Inspection of forward-pass equivariance error together with influence profile [see Fig-
ure 1] provides an explanatory correspondence for symmetry learning: resonant minima
in the error profile coincide with structured extrema in the response, and vice-versa. Both
models support cross-influence reflective of response geometry that supports nontrivial prop-
agation across the translation orbit and thus generalization over translations is achieved,
even in the absence of explicit translation augmentation or exact equivariance constraints.
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Figure 1: Diagnostics under horizontal translations on CE data. Markers and rangebars
indicate the median and interquartile range over seeds. Lack of uniformity re-
flects horizontal symmetry breaking. For vertical translations, see Figure 3; for
analogous results with NS data, see Figure 5.

The translation response for our ViTs [see Figure 1 and Figure 3| exhibits a pronounced
axis-dependent resonance structure. Under horizontal (vertical) translations, the periodicity
of wavelength 16 (64) pixels indicates that the measured influence/equivariance observables
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couple anisotropically to the phase of the translation relative to the patch lattice, with
different group elements emphasized in different directions. This axis-dependent anisotropy
may be due to representational bias introduced by flattening the two-dimensional patch grid
into a one-dimensional token sequence. While the patch embedding itself is convolutional
of stride four, the subsequent permutation into tokens and channel mixing allows for a
preferred ordering on spatial degrees of freedom, thereby breaking the manifest equivalence
between horizontal and vertical directions, which impacts the learned response geometry.
In contrast, our UNets employ convolutional operators across contracting and expanding
resolutions, with four down-sampling stages. The coarsest representation has spatial extent
8 x 8, which promotes a comparatively smooth dependence of influence on translation,
with only low-amplitude variation at shorter 8 pixel wavelengths and their subharmonics.
Consistent with this architecture-level partial symmetry adherence, UNets exhibit similar
influence profiles across horizontal and vertical translations.

That our UNets exhibit nearly uniform gradient coherence, while our ViTs distribute in-
fluence non-uniformly yet support larger influence on privileged group elements, suggests a
trade-off between inductive bias and optimization flexibility. Non-uniform coupling over the
group allows our ViTs to concentrate each learning signal on a subset of translation phases,
producing stronger local responses at the cost of more heterogeneous orbit-wise coupling.
Less rigid coupling between translation elements for the ViT may be advantageous when
paired with an overall larger peak response, as its updates are flexibly dispersed throughout
the group. Indeed, low cross-influence in the Gauss-Newton geometry indicates that a gra-
dient update derived from a given example does not appreciably change the function over
a mini-batch. Hence the model can specialize on a per-example basis. Enforcing uniform
coupling across all group elements may constrain the space of admissible update directions
and, in some settings, impede optimization (Zhang, 2019; Azulay and Weiss, 2019; Kayhan
and van Gemert, 2020) by inducing a mean gradient direction that is inconsistent with
individual update directions (Wang et al., 2025). In our translation group related experi-
ments, we observe exclusively positive median influence values, suggesting that optimization
is not frustrated by conflicting updates; instead, the distinction lies in how learning signal
is distributed: architectures with weaker inductive bias are free to concentrate influence on
a subset of symmetry transformations, enabling rapid training loss reduction via a strong
gradient response, but limiting generalization capabilities across the group.

4.2. Dihedral Group

Next, we analyze symmetry learning with respect to the dihedral group Dy, the set of dis-
crete rotations and reflections admissible under the datasets used for training. Our models
generalize on those group transformations for which gradients are propagated coherently
through the loss landscape. Where generalization fails, we show that the local update geom-
etry does not support full orbit-wise coupling and visualize how data-induced anisotropies
are absorbed into the learned loss landscape geometry.

Our Navier-Stokes trained models fail to learn the dihedral group Dy, a breakdown
that presents across random seeds and mini-batches despite otherwise excellent pointwise
accuracy and low untransformed test loss [see Figure 2]. Both architectures achieve com-
petitive performance on the identity element e, 180 degree rotations r2, 90 degree rotations
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followed by a reflection about the vertical axis sr, and 270 degree rotations followed by such
a reflection sr3, yet their response under the remaining group actions reveals a sharp and
systematic lack of symmetry adherence. In this case, the relative SMSE increases catas-
trophically, by nearly 10%, indicating that the learned predictors are not even approximately
equivariant when all group actions are considered. Such behavior is not entirely unexpected.
The Navier-Stokes dataset carries a pronounced directional bias in feature space, inherited
from the choice of initial conditions and the anisotropic, vorticity-dominated structure of
the flows that is not invariant under reflections or 90 degree rotations; the directional bias
renders the data distribution (our models) invariant (equivariant) only under the Klein
four-subgroup Vj of the square group.? What is striking, however, is that the symmetry
breaking is not merely a property of the forward map. The influence structure associated
with these unlearned group actions is distinguished in Figure 2: the group elements with
catastrophic equivariance error are precisely those with suppressed cross-influence.
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Figure 2: Diagnostics under D4 symmetry on Navier-Stokes (NS) data. Markers and range-
bars indicate the median and interquartile range over seeds. Nonuniformity across
group elements reflects dihedral symmetry breaking; group actions with large
equivariance error exhibit suppressed gradient alignment. For the corresponding
CE diagnostics, see Figure 6.

Rather than facilitating a democratic sharing of coupling across the dihedral orbit,
optimization drove our models into a region of the loss landscape that displays a clear de-

2. We thank Reviewer q6u2 for naming the Klein four-subgroup and sharpening our discussion on the role
of the initial condition invariance group. Our results show that the invariance group is not the sole
factor in determining generalization capabilities. Indeed, while our models fail to generalize across Dy,
they attain approximate equivariance over translations. In both cases the initial condition distribution
is not invariant to respective symmetry group; a distinguishing observable across these two scenarios is
the cross-influence profile.
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marcation between well-learned and challenging group elements, with the latter receiving
subdominant influence. These challenging group elements receive near-zero cross-influence,
indicating that training has converged to a basin with symmetry-incompatible local geom-
etry. The checkpointed influence profiles in Figure 7 reveal how this orbit-wise separation
develops throughout optimization. Although the two sectors begin with comparable cross-
influence, both UNet and ViT rapidly establish and maintain stronger transfer within V; \ e
than into Dy \ V4, yielding training dynamics that support coherent gradient propagation
over the learned Klein four-subgroup but not the full dihedral orbit.

We emphasize that although the dihedral symmetry is physically valid, gradient signals
do not accumulate coherently over symmetry operations. Instead, data-induced anisotropies
are absorbed into the local loss geometry, inducing local updates that reinforce symmetry-
breaking. Such rotations are in-distribution under reasonable deployment assumptions,
meaning that the observed decoupling reflects a generalization gap between model per-
formance on the training distribution and the operational distribution, indicating limited
ability to generalize over the full data manifold. Our influence probe interrogates direc-
tions that are poorly aligned with the primary drift direction traced by the training flow.
Hence, symmetry related gradient signals enter only as subleading perturbations and do not
accumulate coherently, explaining how models achieve excellent pointwise accuracy on in-
training-distribution data while converging to basins whose local geometry explicitly breaks
dihedral symmetry. Indeed, Figure 2 explains the apparent tension between low in-training-
distribution test error and severe dihedral failure: under symmetry-agnostic training, the
induced local update geometry does not propagate information coherently across the full D,
orbit, so neither model class learns the Dy-equivariant extension expected of the underlying
solution operator.

5. Conclusion

Our analysis sharpens recent insights on the interplay between inductive bias, optimiza-
tion, and symmetry learning (Canez et al., 2024). We show that test time equivariance
error tracks how the local update geometry distributes influence across group orbits. While
symmetry-agnostic architectures can attain low test error, producing solutions that inter-
polate accurately, such models need not allocate cross-influence across symmetry groups,
which inhibits their ability to learn the underlying solution operator.

By explicitly measuring cross-influence between symmetry related states, our frame-
work reveals whether learning propagates information coherently along an orbit or instead
distribute influence in a way that precludes convergence to generalizing solutions. This
provides a novel diagnostic for distinguishing models that learn to exploit shared structure
from those that effectively assemble collections of local estimators. Tying symmetry gen-
eralization directly to the geometry of the learned loss landscape complements standard
equivariance accuracy metrics and provides a clearer criterion for when apparent perfor-
mance reflects genuine physics learning. Such diagnostics are essential for building trust in
scientific machine learning systems, particularly in applications requiring robustness under
symmetry transformations. Looking forward, this perspective motivates the development
of approximate or relaxed symmetry mechanisms that retain sufficient structure to guide
generalization while preserving the flexibility needed for efficient optimization.
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Software and Data

The code used in this work is available at https://github.com/lanl/PDEHats. We trained
our models on the openly available dataset PDEGym Herde et al. (2024) using Lux.jl Pal
(2023b,a), with Zygote.jl as our auto-differentiation backend Innes (2018). Plots in this
manuscript were generated using Makie.jl Danisch and Krumbiegel (2021).

Appendix A. Data Selection.

PDEGym data is particularly valuable for studying the progression from a linear wave
regime with discontinuities to fully developed turbulence, a crossover that poses compu-
tational and analytical challenges due to the presence of sharp wave-fronts and emergent
nonlinear interactions. While the CE flows exhibit comparable large-scale structures, they
also display qualitatively distinct behaviors. In particular, CE-RPUI initial configurations
give rise to complex finger-like instabilities in the flow field that are absent or less pro-
nounced in both CE-RP and CE-CRP. In total, we used 6, 500 trajectories for each of the 3
classes of initial conditions; for each trajectory, we used the first 16 time steps, for total of
104, 000 training pairs per initial condition class, requiring greater than 150 GB memory.

Appendix B. Model Selection.

We focus on UNet and ViT backbones because they represent the dominant scalable image-
to-image paradigms currently used in neural PDE emulation and PDE foundation modeling.
Convolutional backbones derived from UNets remain standard architectures for grid-based
surrogate modeling and large-scale benchmarking efforts (Takamoto et al., 2024; Gupta and
Brandstetter, 2022). Likewise, transformer-based backbones now underpin many recent
PDE foundation models and large-scale operator learners, including Poseidon and PDE-
former (Herde et al., 2024; Ye et al., 2024), in addition to several contemporary multi-physics
(Rautela et al., 2026) and shifting window transformer (Liu et al., 2021) architectures.
Fourier neural operators provide an important complementary class of operator-learning
models (Li et al., 2021; Subramanian et al., 2023); however, because their representations
are constructed from truncated Fourier modes, the resulting plane-wave basis is less natu-
rally suited to the spatially localized discontinuities and sharp shock fronts characteristic
of compressible flow evolution (Ohana et al., 2025). Consistent with this expectation, we
found FNO variants to be noncompetitive with both UNet and ViT backbones on the flows
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considered in this work, which is consistent with recent results by the PDEGym authors
(Mousavi et al., 2025). DeepONets provide a foundational operator-learning formalism (Lu
et al., 2021), but are not the prevailing architecture for contemporary large-scale PDE so-
lution operator emulation; this assertion is consistent with the present lack of competitive
DeepONet models on PDEGym.

Appendix C. Loss Sensitivity as Gradient Overlap

The influence diagnostic admits a simple interpretation as a first-order sensitivity of the
loss function. Let C), denote the cost associated with a perturbing example p, and let the
induced parameter displacement be §6, = —n~1V,C,, where 7 is the Gauss-Newton metric.
The corresponding first-order change in the cost of a response example r is C,.(0 + §6,) —
Cr(0) =~ — <V9Cr, 77*1V90P>. Thus, gradient alignment measures the first-order sensitivity
of example r to an update generated by example p. Positive alignment indicates that
the perturbing update acts coherently on the response example, whereas weak or negative
alignment indicates that the corresponding learning signals are decoupled or conflicting.

Appendix D. Determination of n!

Influence-function computations in deep learning are commonly performed either through
iterative matrix-free solvers, such as conjugate-gradient methods (Orban and Arioli, 2017;
Montoison and Orban, 2023), or through scalable approximations to the curvature operator
(George, 2021; TransferLab, 2024). While such approaches are often necessary in high-
dimensional parameter spaces, iterative methods require repeated Hessian-vector products
and convergence tolerances, whereas low-rank or diagonal approximations generically do
not provide controlled error estimates.

In the present setting, however, the influence observable depends only on metric-weighted
overlaps between example gradients. Let G, = 9,C™ denote the gradient associated with
mini-batch example n. Performing a QR decomposition on G yields an orthonormal basis
Q@ that projects onto the gradient subspace. Hence, the Gauss-Newton metric can be effi-
ciently inverted. Since the dimension of the gradient-spanned subspace is bounded by the
mini-batch size rather than the total number of trainable parameters, the resulting inversion
is both exact and computationally efficient, eliminating the need for uncontrolled curvature
approximations or iterative parameter-space solves.

For CE and NS data, hat-matrix elements were determined for 18 different mini-batches,
each of which contained 3 trajectories corresponding to distinct initial conditions over 16
time-steps, for each seed of each model architecture trained. In practice, we additionally
include an fo-type regularizer corresponding to the weight-decay term used during AdamW
optimization (Kingma and Ba, 2017), 1, — 7w + A0y, with A weakly lifting the zero
modes of 1. Our results are not sensitive to choosing either 1076 or 10~ for A strength.

Appendix E. Limitations

Certain physically relevant symmetries remain outside the scope of the present study.
Galilean boosts, in particular, impose a highly restrictive constraint: exact equivariance
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can be achieved only by affine transformations, while generic nonlinear architectures can
at best satisfy this symmetry approximately (Wang et al., 2022). It would be interesting
to extend our influence-based analysis to probe the response under small Galilean boosts.
We did not examine the scaling symmetry of the continuum Navier-Stokes equations. In
practical settings this symmetry is generically broken by spatial discretization, numerical
regularization, and coarse graining of the data, rendering its faithful assessment ambiguous
within the present framework. Finally, our analysis is restricted to two widely used archi-
tectural backbones, namely UNets and Vision Transformers. While these models represent
dominant paradigms in contemporary large-scale PDE emulation, they do not exhaust the
space of operator-learning methods. Consequently, the degree to which our measured gradi-
ent coherence properties depend on the chosen backbone rather than on the autoregressive
training paradigm itself remains only partially resolved.

Finally, the reported influence profiles aggregate over multiple trajectory times and
initial-condition classes, so their variability reflects not only estimator noise but also the
intrinsic heterogeneity of the operator-learning problem: different flow regimes present dis-
tinct local loss geometries, and symmetry-compatible gradient transport need not be equally
expressed across shocks, smooth advective structures, and vorticity-dominated states.

Appendix F. Supplementary Figures
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Figure 3: Diagnostics under vertical translations on CE data. Markers and rangebars in-
dicate the median and interquartile range over seeds. Nonuniform dependence
on translation distance reflects vertical symmetry breaking and complements the
horizontal response in Figure 1.
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Figure 4: Diagnostics under vertical translations on Navier-Stokes (NS) data. Markers and
rangebars indicate the median and interquartile range over seeds. Nonuniform
dependence on translation distance reflects vertical symmetry breaking; for hori-
zontal translations, see Figure 5.
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Figure 5: Diagnostics under horizontal translations on Navier-Stokes (NS) data. Markers
and rangebars indicate the median and interquartile range over seeds. Nonuniform
dependence on translation distance reflects horizontal symmetry breaking; for
vertical translations, see Figure 4.
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Figure 6: Diagnostics under Dy symmetry on CE data. Markers and rangebars indicate

the median and interquartile range over seeds. This error-wise uniformity is con-
sistent with the broadly uniform cross-influence profile, indicating that gradient
updates couple across the sampled D4 actions. The CE case therefore contrasts
with the NS diagnostics in Figure 2, where equivariance error and influence vary
strongly across group elements. Since our models are evaluated in the late-stage
learning regime [see Figure 8], the observed off-identity gradient alignment sup-
ports continued symmetry-coherent gradient transfer across the Dy orbit. Pear-
son correlations, computed over all measurements across batches, time steps,
initial-condition classes, and D, elements, except the identity, between relative
equivariance error and cross-influence normalized by self-influence on the identity
element are —0.17 £ 0.01 for both UNet and ViT, where + denotes the standard
deviation about the mean over model seeds.
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Figure 7: Evolution of cross-influence within the residual Klein four-subgroup V;, =
{e,r?, sr,sr3} and its complement in D, for Navier-Stokes models. Influence is
aggregated over the nonidentity learned transformations Vj \ e and the unlearned
transformations Dy \ V4. The two classes exhibit comparable cross-influence at
initialization, but separate rapidly during training: transformations in Dy \ Vj
receive systematically less cross-influence than those in Vj \ e across subsequent
epochs. This separation persists for both architectures. Markers and rangebars
indicate the median and interquartile range over seeds.
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Figure 8: Optimization trajectories for the CE and NS tasks. Test scaled mean squared er-
ror (SMSE) is shown as a function of training epoch for UNets and ViTs. Markers
denote median performance across seeds, and rangebars indicate variability across
seeds at each epoch. The curves establish that the subsequent symmetry diagnos-
tics are evaluated after both model classes have reached the late-stage learning

regime.
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