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Abstract

The choice of data representation can affect what a model learns, motivating the need
for systematic methods to study this effect. Permutations and their statistics provide
a controlled setting in which the underlying object is fixed and only its input represen-
tation varies. In this paper, we train small transformers on multiple representations of
the same permutations and analyze them using linear probes, attention head ablations,
and representational similarity measures. We find that convergence across input represen-
tations is task-dependent: models trained to compute the length of the longest increas-
ing subsequence from different representations converge on similar internal computations,
while models trained to compute other statistics show more varied behavior, including
representation-specific algorithms. Beyond these specific findings, this work provides a
controlled testbed for future interpretability research studying when models trained on
different input representations learn the same mechanism.

Keywords: Permutations, Transformer, Mechanistic Interpretability, Representational
Similarity

1. Introduction

It is well-known that the choice of data representation, how an input is encoded and passed
to the model, can greatly influence learning outcomes. In natural language processing, the
choice between word-, subword-, byte-, and character-level encodings can substantially affect
downstream performance and robustness (2; 18; 25). The encoding scheme used to represent
real numbers affects how transformers learn arithmetic tasks and matrix operations (4; 20).
Other examples arise in molecular learning, where a molecule can be represented as a
SMILES string or graph (27), and in audio processing, where a signal can be represented
as a raw waveform or time-frequency features (23). Despite these observations, we lack
controlled settings for studying how different encodings of the same underlying object affect
task difficulty, model performance, and the algorithms that models discover.

In this paper, we use permutations and their statistics to study how data representation
affects learning. Permutations admit many natural representations, each making different
structural properties explicit. They also support numerous statistics, yielding a range of
potential classification tasks. Studying pairwise combinations of these representations and
tasks on the same mathematical objects gives a controlled way to examine how representa-
tional choices impact learning. In particular, we are interested in the following questions.
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e How does the data representation affect task difficulty and the number of examples it
takes for the model to learn?

e When models solve the same task from different representations, do they rely on
similar attention-head circuits or develop similar internal representations?

e For tasks natural in one data representation but not another, do models given a less
convenient representation reconstruct the task-natural representation internally, or
instead learn task-specific summaries or abstract permutation features?

To study these questions, we consider four permutation statistics and three data rep-
resentations, training a separate small transformer for each (representation, statistic) pair.
With sufficient data, models reach very high accuracy on nearly all pairs, with data rep-
resentation substantially affecting sample complexity. We therefore focus not on whether
models learn, but on how data representation affects sample complexity and the learned
computation.

The learned computations can be studied from several complementary perspectives.
Representational similarity measures compare how information is geometrically organized
by comparing the activations of intermediate layers (12). Linear probes test whether a
specific property is linearly decodable from those activations (1). Interventional methods
such as attention-head ablation test whether a model component contributes causally to
a model behavior, whereas circuit discovery additionally seeks to explain how components
interact to implement that behavior (8; 21). These approaches support different claims and
each have limitations. For example, some representational similarity metrics are sensitive
to outliers and model size (7; 9); high probe accuracy may reflect the expressive power of
the probe; and mechanistic interpretations depend on intervention choices and can admit
competing explanations (19; 35; 39). We therefore combine methods from each perspective
to support our claims about what the models have learned.

The extent to which models trained on different input data representations converge de-
pends on the task. We present examples in which models trained on different representations
develop similar internal computations, along with cases that show more representation-
specific or mixed behavior. Beyond discussing how small transformers compute specific
permutation statistics, this work provides a controlled testbed for future mechanistic inter-
pretability research on when models discover shared mechanisms, and when differences in
data representation lead to different internal algorithms.

2. Background

We begin by introducing permutations and their different input notations (see Stanley (29)
for a thorough introduction). For the remainder of this paper, we will use the term input
notation (rather than data representation) for the external encoding of a permutation,
reserving representation for a model’s internal activations. We then introduce the tasks:
the permutation statistics that transformers are trained to predict.
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2.1. Permutations: notations

A permutation o is a bijective function from the set [n] := {1,2,...,n} to itself. The set of
all permutations of [n], denoted S,,, forms the symmetric group, a central object in algebra,
combinatorics, and representation theory. The one-line notation of a permutation is the
vector (o(1),0(2),...,0(n)). For example, the permutation that maps 1 +— 2,2+ 5, 3 +— 3,
44, and 5 — 1 is represented in one-line notation by the sequence 25341.

While one-line notation is common, mathematicians also use several other notations that
encode different structural aspects of permutations. Each permutation can be written as a
product of disjoint cycles. In cycle notation, every integer in a cycle is mapped to the next
integer in that cycle, with the last integer mapped back to the first. The permutation 25341
is written using its cycle notation as (125) or (125)(3)(4). We will use the former, omitting
cycles of length one (called fized points).! Cycle notation is not unique; in our datasets,
each cycle is written starting with its smallest element and then cycles are ordered based
on their smallest elements. Cycle notation makes some group-theoretic quantities (such as
the order of the permutation as a group element) easy to compute.

An inversion of a permutation is a pair (i,j) where i < j but o(i) > o(j). In the
permutation 25341, (2,3) is one of six inversions. The (value-indezed) inversion vector is
the vector where v; = #{j > i : 07 !(j) < 071(9)}, so the ith entry counts how many
values larger than ¢ appear before it in one-line notation. For the permutation 25341, the
inversion vector is (4,0,1,1,0). Note that the one-line notation can be recovered from the
inversion vector. The sum of the entries of the inversion vector is the Coxeter length of the
permutation, important in the representation theory of the symmetric group.

2.2. Tasks

There are hundreds of permutation statistics that have been studied by mathematicians.
Our choice of statistics was motivated by our goal to study whether models given inconve-
nient notations reconstruct the task-natural notation. Apart from one control task (parity)
we chose statistics that are natural for at most one input notation, and therefore nontrivial
to compute from at least two of the three notations.

Parity. The parity of a permutation is the parity of its Coxeter length. It can be computed
from the inversion vector by summing its entries mod 2, from one-line notation by counting
the number of inversions mod 2, and from cycle notation by counting the number of even-
length cycles mod 2.

Why this task: This task serves as a control. Because parity has a straightforward
computation in each notation, success on this task does not require models trained on
different notations to learn a shared intermediate representation.

Length of the longest increasing subsequence (LIS). The length of the LIS of a
permutation is the largest k for which there exist indices i1 < i9 < -+ < 4; with o(i1) <
o(ig) < -+- < o(ix). For example, the length of the LIS of the permutation 25341 is 3. This
task is most readily computed from one-line notation, but it is not trivial. It can be solved
with dynamic programming or the patience sorting algorithm (Appendix B). From cycle
notation or the inversion vector, a natural first step is to recover the one-line notation.

1. In our experiments, n is fixed, so omitting fixed points does not make this notation ambiguous.
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Why this task: Computing the LIS is natural from one-line notation but not the other
two notations. Do models trained on the inversion vector and cycle notation convert to
one-line notation, or do they use a different strategy?

Number of cycles. We define the number of cycles as the count of cycles in the disjoint
cycle decomposition of the permutation, excluding fixed points (24; 31). In our canonical
cycle notation, this can be computed by simply counting the displayed cycles. This statistic
is not immediately visible from one-line notation or the inversion vector.

Why this task: This task is trivial from cycle notation, but not from the other notations.
Do the models trained on one-line notation and inversion vector build cycle-like features?

Number of topologically connected components of the chord diagram of a per-
mutation. The chord diagram of a permutation is obtained by placing the labels 1,... n
in order on a circle, and drawing a chord between ¢ and o(7) for each label i. We count
the connected components of the union of the chords and their endpoints, excluding the
arcs of the boundary circle (3). Two chords that cross are in the same component. A
fixed point ¢ = o(i) contributes a single component. When there are no crossings in the
chord diagram, the number of topologically connected components is equal to the number
of cycles including fixed points.

Why this task: This task differs from the other three because it requires constructing a
new intermediate object: the chord diagram. It is not immediately obvious which notation
makes this statistic easiest to compute: the chords are easily read off from one-line notation,
while cycle notation gives the connected components before crossings are taken into account.

3. Methods
3.1. Data and Model Architecture

We use all 8! = 40, 320 permutations in Sg, with a random 70/15/15 train/validation/test
split shared across all tasks and input notations. We train a decoder-only causal transformer,
implemented using the x-transformers library (34), to predict the answer as the next token
after an [ANS] delimiter. The loss is computed only on the answer token.

We use a symbolic tokenizer. Token IDs 0,...,4 are reserved for the padding token,
the [ANS] delimiter, and the punctuation symbols {(, ), ,}; each integer k is encoded as
k + 5. Inputs and answers share the same vocabulary. For all statistics considered here,
each answer is a single token, and no answer value exceeds 8. We use comma tokens to
separate integers in all input notations, while parentheses are used only in cycle notation.
We chose hyperparameters to keep models small enough for interpretability analyses while
still large enough to achieve high validation accuracy. This paper focuses on experiments
with a 4-layer, 4-head transformer (dpoge1 = 128). Appendix C contains further details on
the model architecture and hyperparameter choices.

We considered several alternative design choices, including separate input and output
vocabularies, classifier-head prediction instead of autoregressive next-token prediction, and
encoder-only rather than decoder-only architectures. Ultimately, we opted for an archi-
tecture and training methodology analogous to supervised fine-tuning of language models.
This choice reflects our goal of using a broadly applicable approach that can extend to other
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studies of how input representation affects learning, rather than a specialized architecture
tailored to permutation statistics.

3.2. Analysis

To understand what the trained models compute, we combine several analyses. Linear
probes ask when in the forward pass a statistic becomes linearly decodable, whereas centered
kernel alignment (CKA) and orothogonal Procrustes instead compare the geometry of the
activation spaces. Attention-pattern summaries describe which token types are attended to
at the answer-readout position. Ablations add a causal perspective, asking which attention
heads are behaviorally important. Finally, for models trained on cycle notation, we test
out-of-distribution generalization to alternative valid cycle-notation conventions.

Linear probing We train linear probes to test whether task statistics and auxiliary
permutation-structure variables are linearly decodable from the residual stream. For each
model, we save residual-stream activations at the answer-readout position across the held-
out test set after the input embedding and after each transformer layer. We use an 80,/20
stratified split of those activations to fit and evaluate an fo-regularized logistic regression
classifier for each target. We average probe accuracies over 10 model seeds for each (nota-
tion, task) pair.

Linear probes for one-line notation: We fit eight independent 8-class probes per (model,
layer), one for each (). Reported accuracy is the mean of the eight per-position accuracies.

Linear probes for characteristics of cycle notation: Training linear probes to predict the
cycle notation string directly is complicated by its encoding: it contains parentheses, and
the same permutation has multiple valid encodings. We instead probe two cycle-structure
summaries: (i) the partition class (also known as the cycle type), which is the integer
partition given by the cycle lengths, encoded as a single 22-class target; and (ii) the per-
integer cycle length, the vector where entry ¢ is the length of the cycle containing 1.

Representation similarity For each task, we compare residual stream activations at the
answer-readout position across models trained on different input notations using linear cen-
tered kernel alignment (CKA) (14) and orthogonal Procrustes (26). CKA compares centered
linear-kernel similarity structure across examples, while Procrustes measures alignment af-
ter an optimal orthogonal transformation; precise definitions are given in Appendix C.

Attention Pattern Analysis Forward hooks on each attention module capture post-
softmax attention weights over the held-out test set. We aggregate from the answer-readout
query row, reporting two summaries per (layer, head): (i) attention mass directed to each
input-token category (left/right parenthesis, comma, or integers) (ii) attention mass directed
to each individual token id.

Attention head ablation We identify attention heads that are causally necessary for
the learned computation by systematically zeroing out each head’s contribution (8; 33). For
each ablated model, we compute the ablation effect, the test-accuracy drop relative to the
unablated baseline. Sorting heads within each layer by increasing ablation effect and aver-
aging across seeds yields one importance vector per (notation, task) pair. We then compute
the Spearman rank correlation (p) between importance vectors for each notation pair and
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target statistic, where high similarity suggests similar layer-wise localization of attention-
head importance. Full definitions and the seed-consistency analysis are in Appendix C.

Out-of-distribution generalization for cycle notation models As discussed in Sec-
tion 2.1, there are multiple equivalent ways to write a permutation in cycle notation. To
better understand how the models trained on the canonical cycle notation learn the tasks,
we evaluate each cycle notation model on the same held-out permutations encoded using
alternative valid conventions; details are given in Appendix C. This indicates whether model
performance generalizes to these notation variants.
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Figure 1: Sample Complexity: Curves show mean test accuracy over three random seeds.
Shaded regions show the minimum-to-maximum range across seeds.

4. Results

When trained on all permutations in Sg, small transformers achieved over 99% test accuracy
on each task, regardless of input notation, except for learning parity from one-line nota-
tion. Some (notation, task) pairs required substantially less data than others to achieve
this accuracy. Figure 1 shows test accuracy for each pair as training data increases on a
logarithmic scale. These results align with our intuition about task difficulty: for parity,
length of longest increasing subsequence, and number of cycles, models trained on one no-
tation required less data than the others, likely because the task is trivial or more naturally
computable from it. Computing the number of topologically connected components was
the only task requiring the construction of a new intermediate object, and it was also the
only task for which no notation required less data than the others.

We organize our analyses of the learned computations by task, recalling each task’s
motivating question before presenting results. Our methods were not equally informative.
CKA and orthogonal Procrustes increase (resp. decrease) sharply once the answer becomes
linearly decodable in both models, making high (resp. low) values difficult to attribute to
similar intermediate structure. We therefore rely primarily on linear probes, attention-head
ablation, and attention pattern analysis, leaving the representational similarity plots to the
Appendix.
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Figure 2: Linear probe accuracy by task (averages over 10 seeds).

4.1. Parity

The parity task serves as a control: a distinct algorithm is available from each notation,
so we did not expect models trained on different notations to converge on similar internal
representations or to develop features of the other notations. As noted above, models
trained on one-line notation never exceeded chance accuracy on the parity task. Parity is
known to be a difficult task for transformers (40), and we did not find different learning
outcomes in hyperparameter sweeps or with more training data (all permutations from Sg).

For the two notations from which the model did learn the task, the cycle notation and
inversion vector, our analyses indicate divergent, notation-specific computations. Attention
maps for the cycle-notation models support a notation-specific algorithm: these models
attend primarily to structural tokens. Specifically, a single head in layer 0 attends strongly
to right parentheses; while heads in layers 2 and 3 attend to left parentheses, suggesting
that an early head locates cycle ends, and later heads locate the corresponding cycle starts.
(Matched start and end positions give cycle lengths, and the parity of the number of even-
length cycles determines the parity of the permutation). The fact that accuracy was not
affected by the cycle convention used to encode the input (Figure 4 in Appendix D) fur-
ther supports reliance on structural tokens. Our methods do not reveal exactly what the
inversion-vector models compute, but cycle features were not linearly decodable from their
representations, suggesting they did not learn a cycle-based algorithm.
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Figure 3: Linear probes for target one-line notation (left) and cycle type (right) for models
trained to compute the length of the longest increasing subsequence.
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4.2. Length of longest increasing subsequence

The length of the LIS task is most natural, though still nontrivial, to compute from one-
line notation, so this task asked whether models trained on the inversion vector and cycle
notation convert to one-line notation. Our analyses suggest that LIS models converge toward
stmilar internal computations across the three input notations, with cycle-notation models
developing a one-line-like internal code.

For all three notations, LIS probes are near chance at early layers and become accurate
only later in the forward pass (Figure 2); so the answer is not available as an early-layer lin-
ear readout at the answer position. After the second layer, the LIS-probe trajectories for the
one-line and inversion-vector models are nearly identical, as are their one-line probe accu-
racies, including when resolved by position rather than averaged (Figure 9 in Appendix D).

The strongest evidence that the cycle-notation models develop a one-line like code comes
from linear probing: one-line notation probes decode the values (i) with high accuracy at
later layers (shown in Figure 3). In contrast, cycle-notation models trained on other tasks
reach only 40% one-line probe accuracy (Figure 10 in Appendix D). Cycle-type probe ac-
curacy also decreases after the first layer, in contrast to the other tasks, where it increases.
The cycle-notation models thus appear to transform away from an explicit cycle-type rep-
resentation. Sorted ablation profiles are likewise highly correlated across input notations
(0.97 between cycle notation and one-line models; 0.93-0.94 for the other pairs).

Cycle-notation LIS models do not generalize to alternative valid cycle conventions. Our
canonical form orders cycles and their elements by smallest element. A model can re-
construct ¢ while relying on that convention, so this failure is consistent with either a
convention-dependent conversion to a one-line-like code or a convention-specific algorithm.

4.3. Number of cycles

The number of cycles is trivially readable from cycle notation, so this task tested whether
models trained on one-line notation and inversion vectors develop cycle-like internal features.
Our analyses suggest that cycle-notation models solve this task directly by counting structural
tokens, while one-line and inversion-vector models develop some cycle-relevant features but
likely do not fully convert to a cycle-notation-like representation.

From cycle notation, the number of cycles can be obtained by counting left (or right)
parentheses. Consistent with this strategy, in cycle-notation models the number of cycles
becomes linearly decodable after one layer (Figure 2), attention concentrates on structural
tokens, and accuracy is unaffected by the cycle convention used to encode the input.

For the models trained on the other two notations, the number of cycles becomes linearly
decodable after three layers (one-line) and four layers (inversion vector). Partition class
(cycle-type) probes reach ~74% accuracy for one-line models, and ~65% for inversion-vector
models, well above the 14.3% majority-class baseline, consistent with the development of
cycle-structure-like features. However, this does not establish that either model literally
converts to cycle notation. One-line information remains linearly decodable in the one-
line model, and one-line probe trajectories are similar for one-line and inversion-vector
models (Figure 10), suggesting that position-value information is retained or reconstructed
while cycle-relevant summaries are added. This task therefore provides a contrast with the



EFFECT OF DATA REPRESENTATIONS ON LEARNING

LIS task, where cycle-notation models converged toward a one-line-like code; here neither
notation converges toward a cycle-like one.

4.4. Number of topologically connected components

This task requires constructing a new intermediate object, the chord diagram, and it is
not obvious a priori which input notation makes this construction easiest. We found little
evidence that models trained on all three notations converge to a common computation.

Partition class (cycle type) probes are highly accurate in cycle-notation models, but
much less so in the one-line and inversion-vector models, though still above the majority
baseline (Figure 12). This suggests that the inversion-vector and one-line models learn some
cycle-relevant information without making the full cycle structure linearly available. This
is unsurprising since cycle structure is relevant to the task (when the chord diagram has no
crossings, the number of components equals the number of cycles including fixed points).
The ablation profiles show that the inversion-vector model consistently relies on a high-
impact late-layer head, distinguishing it from the other two models. The cycle-notation
and one-line models have highly similar ablation profiles despite their divergent cycle-probe
accuracies, but more analysis would be needed to understand whether they have a similar
learned computation.

5. Conclusion

Using permutations and their statistics as a testbed, we trained small transformers and
applied a collection of interpretability tools to study how input notation affects learning.
Because the underlying mathematical object is fixed and only the notation varies, we could
isolate the effect of input notation on sample complexity and the learned computation.

This work provides a controlled setting for future mechanistic interpretability research.
For example, circuit discovery methods could test whether learned circuits are stable across
random seeds and hyperparameter choices, and whether this stability depends on input
notation. Another direction is to examine how learned internal representations transfer
across tasks, either through model stitching (15) or by finetuning a model trained on one
permutation statistic to predict another. The discussion of task difficulty could also be
complemented by a more formal analysis: for each (notation, task) pair one could ask
whether the computation is expressible in C-RASP (36) (a programming language used to
describe computations implementable by transformer-like architectures), and if so, what
depth and program complexity are required. More broadly, this setup could be extended
to other mathematical objects with multiple natural representations and statistics, such
as graphs or Dyck paths. Such extensions could help identify the conditions under which
different input notations lead models to learn similar internal mechanisms.
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Appendix A. Related work

A.1. Universality of representations

Related to our work is the study of universality of representations. The platonic representa-
tion hypothesis posits that as models scale, representations converge, even across modalities
(11). This hypothesis is debated: Groger et al. (9), for example, points out that some
similarity measures are inflated by increasing model depth and width, and proposes ways
to calibrate these scores. We ask a more narrow question: do models converge to the same
hidden representation when given different input representations of the same data?

A.2. Learning on permutation data

Permutation composition has been used to study grokking (22) and in mechanistic inter-
pretability studies (38; 16; 6; 28; 35). Chau et al. (5) trained small transformer models to
predict Schubert structure constants from permutation data, a task motivated by an open
problem in algebraic combinatorics. In contrast, we train models to predict known permu-
tation statistics, where our focus is on varying the notation used to encode the underlying
permutation.

A.3. Mechanistic interpretability

Mechanistic interpretability aims to understand ML models by reverse engineering the al-
gorithms they learn. A central goal in mechanistic interpretability is circuit discovery:
identifying a sparse subnetwork, or circuit, of important model components and their in-
teractions. A variety of tools aim to identify and describe these small subgraphs which
preserve some target behavior, notably inspection of activations (21), causal intervention
and (edge) attribution patching (10; 30; 32; 37). Our goal is not to recover complete circuits
for each (notation, task) combination. Instead, we use head ablation and linear probing as
lightweight circuit-analysis tools to compare where and in what form task-relevant informa-
tion appears when models are trained on different input notations.

Appendix B. Permutation representations and statistics

B.1. Converting from inversion vector to one-line notation

Given the inversion vector (vi,ve,...,v,) notation that represents a permutation in S,
convert to one-line notation as follows: for i = 1,2,... n, place ¢ so that exactly v; larger
values precede it.
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B.2. Converting from cycle notation to one-line notation

For each i = 1,2,...,n find ¢ in the cycle notation (aj---ag)(by---bg)---. If i = a,, then
03 = Gm+1, Or ay if a,, is the last element of the cycle.

B.3. Computing the length of the longest increasing subsequence from
one-line notation

The length of the longest increasing subsequence can be computed from one-line notation
in a few different ways, including but not limited to dynamic programming, converting to
Standard Young Tableaux via the Robinson-Schensted-Knuth algorithm (13), and using
patience sorting, which was originally introduced as a card sorting algorithm (17).

Given a shuffled deck of cards ¢ = cica---¢, € Sy, patience sorting has two steps:
(1) Form a new pile r; using the card ¢;. (2) For each i = 2,...,n consider the cards
dy,dg,...,d, on top of the existing piles (r1,...,7). If ¢; is greater than all of the top
cards, start a new pile. Otherwise, place it on top of the leftmost pile whose top card is
larger. When complete, the number of piles left will be the length of the longest increasing
subsequence.

Appendix C. Methods

C.1. Model architecture and hyperparameters

Tokenizer While one-line notation and inversion vector notation produce sequences of
the same length (), permutations written in cycle notation range from length 2 (the
identity, encoded as ( )) to N +2* |4 ]. We pad shorter sequences with [PAD] tokens to
the maximum length observed in the dataset, and construct a boolean attention mask that
marks padding positions as invalid.

Positional embedding We use scaled sinusoidal embeddings for the positional embed-
ding.

Hyperparameters All models were trained using the AdamW optimizer with learning
rate 3 x 1074, weight decay 0.01, and batch size 128. Models were trained for 200 epochs,
with the exception of the model training for the sample complexity results in Appendix D.1,
where the numbers of epochs was adjusted so that each model had approximately the same
number of updates.

C.2. Representational similarity
C.2.1. CKA
We computed Linear CKA as follows:

IYE X%
CKA(X,Y) = ¢
(X,Y) | XTI Xe||lp||Y Y || m

where X, Y, are the column-centered feature matrices.
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C.2.2. PROCRUSTES

As in the linear probing experiments, we split the test set into a Procrustes set and a
held-out evaluation set. On the fitting set with means ux, py, we solve

(@, 0") = argmin [o(Xg — px)Q — (Yae — s
QTQ=I, acR
We compute this using the singular value decomposition of the cross-covariance matrix
between the centered fitting activations. We then compute the relative Frobenius recon-
struction error,
o (Xeval — x)Q" — (Yeval — 1iv)||
||Yéval - MYHF

Ex_y =

)

so lower values indicate more similar representations.

C.3. Attention head ablation

Each experiment removes a single head’s contribution to the residual stream while leaving
all other components unchanged. A single head (I,h) is ablated by zeroing the columns

of the output projection matrix Wg) that correspond to head h. If each head occupies
dhead = dmodel/H input channels of Wg) € R%mode1 X dmodel e set,

W, b dneaa : (h+1) - dyeaa)] = 0

during the forward pass, then restore the original weights afterward.

. I,h I,h
We define the ablation effect as Agc’c) = aCChaseline — acc;{)l;t od-

C.4. OOD generalization for cycle-notation models

Our main dataset uses the common convention of starting each cycle with the smallest
number in that cycle, and then ordering cycles based on their starting element, in increasing
order from left to right. But the numbers within a cycle can be cyclically permuted and the
cycles can be permuted without changing the underlying cycle. We evaluate our trained
models on (i) cycles where the numbers within the cycle have been cyclically rotated to the
right by 1 position (ii) cycles rotated so that their largest element is first (iii) cycles that
have been randomly rotated.

Appendix D. Additional results

Table 1 summarizes the results of training 4-layer, 4-head transformers as described in
Appendix C on each (notation, task) pair.

D.1. Sample complexity

In the experiments that created Figure 1, we train each model on a subset of Sg, increasing
the size of training data on a logarithmic scale while keeping the validation set and test
set constant. We vary the number of epochs so that the total number of training steps is
approximately fixed.
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Cycle notation models tested under distribution shifts
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Figure 4: Accuracy of models trained on cycle notation under various distribution shifts.
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Figure 5: Per head attention from answer position to different structural tokens for models
trained on cycle notation.
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Figure 6: Per head attention from answer position to different integer tokens for models
trained on cycle notation.
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Task one-line cycle notation inversion vector
parity 0.497 £ 0.000  1.000 % 0.000 0.999 £ 0.003
number of cycles 1.000 £ 0.000  1.000 £ 0.000 0.991 + 0.004
length of LIS 1.000 £ 0.000  0.999 £ 0.001 1.000 £ 0.000

# topologically conn comps 1.000 £ 0.000 1.000 £ 0.000 1.000 £+ 0.000

Table 1: Test accuracy (dmodel = 128, 4 heads, 4 layers) transformers; mean + one standard
deviation across 10 seeds per (task, representation) cell. Full-data runs only.

D.2. OOD generalization results

We hypothesize that the models trained on cycle notation primarily rely on structural tokens
for the parity and number of cycles tasks. Figure 4 shows the results from testing on OOD
data. We see that performance on the parity and number of cycles task is not affected by
the convention chosen for cycle notation. This is expected, since the parity of a permutation
is the parity of the number of even-length cycles and the number of cycles is the number of
left or right parentheses in the cycle. The attention patterns support the hypothesis that
the models rely primarily on the structural tokens. For the number of cycles task, we see
that the model uses the cycle structure tokens more than the integer tokens (see Figure 5)
and that attention from ANS is nearly uniform across tokens 1-8 (see Figure 6).

D.3. Attention head ablation

Ablation drop profiles by representation are plotted in Figure 7. Spearman correlation
of ablation profiles are shown in Figure 8. The bootstrapped standard error is reported
for each, computed by resampling model seeds with replacement and recomputing each
notations mean ablation vector and p, 500 times. There are no within-notation results
reported for one-line notation on parity task because the model failed to learn, so the
correlation of ablation profiles is not well defined.

D.4. Additional linear probe results

Figures 9 and 10 show additional linear probe results for one-line notation. Figures 11 and
12 show additional linear probe results for characteristics of cycle notation.

D.5. Representation similarity results

Figures 13-16 show the CKA results for the four tasks. Each plot shows three heatmaps,
one for each pair of input notations. Figures 17-20 show the orthogonal Procrustes results
for the four tasks.
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Ablation drop profiles by representation
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Figure 7: For each task, the mean accuracy drops as a function of the layer index. Within
each layer, heads are sorted so the head with smallest drop has the lowest rank
index, to account for the fact that heads within each layer are arbitrarily labeled.
Shaded regions show +1 standard deviation across 10 seeds.
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showing the similarity of ablation profiles on the various tasks.
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Probing for: one-line

Task: length of LIS
LO L1 L2 L3

o o o g
I ) © o
f 1 A "

probe accuracy

o
N
)

o
=)

12345678 12345678 12345678 12345678
output position output position output position output position

—e— cycle notation —eo— inversion vector =~ —e— one-line

Figure 9: Linear probe with target one-line notation for models trained on the length of
the LIS task, as shown in Figure 3. This figure shows the accuracy by token.
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Figure 10: Linear probe with target one-line notation for models trained to learn parity,
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Probing for: per-integer cycle length Probing for: per-integer cycle length
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Probing for: partition class
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Figure 12: Partition class linear probe accuracy for the four tasks.
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Linear CKA: length of LIS
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Figure 14: Cross-representational CKA for the longest increasing subsequence length task.
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Figure 15: Cross-representational linear CKA for the number of cycles task.
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Figure 16: Cross-representational CKA for the number of topologically connected compo-
nents task.
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cycle notation - inversion vector

resid_post_1

resid_post_2

resid_post_3

resid_post_0
sid_post_1
esid_post_2
esid_post_3
resid_final

4 4 4
inversion vector layer

error on the holdout test set.

cycle notation - one-line

resid_post_0

resid_post_1

resid_post_2

resid_post_3

cycle notation layer

resid_final

D v T
3 3 3 3 £
g g 8 8 ]
& & & & =
2 2 2 2 4
14 14 14 14
one-line layer

Figure 18: Cross-representational Procrustes for the longest increasing subsequence
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Figure 20: Cross-representational Procrustes for the number of topologically connected
components task. The plot shows the relative error on the holdout test set.

25



	Introduction
	Background
	Permutations: notations
	Tasks

	Methods
	Data and Model Architecture
	Analysis

	Results
	Parity
	Length of longest increasing subsequence
	Number of cycles
	Number of topologically connected components

	Conclusion
	Related work
	Universality of representations
	Learning on permutation data
	Mechanistic interpretability

	Permutation representations and statistics
	Converting from inversion vector to one-line notation
	Converting from cycle notation to one-line notation
	Computing the length of the longest increasing subsequence from one-line notation

	Methods
	Model architecture and hyperparameters
	Representational similarity
	CKA
	Procrustes

	Attention head ablation
	OOD generalization for cycle-notation models

	Additional results
	Sample complexity
	OOD generalization results
	Attention head ablation
	Additional linear probe results
	Representation similarity results


