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Abstract

The study of tail behaviour of SGD-induced processes has been attracting a lot of interest, due
to offering strong guarantees with respect to individual runs of an algorithm. While many works
provide high-probability guarantees, quantifying the error rate for a fixed probability threshold, there
is a lack of work directly studying the probability of failure, i.e., quantifying the tail decay rate for a
fixed error threshold. Moreover, existing results are of finite-time nature, limiting their ability to
capture the true long-term tail decay which is more informative for modern learning models, typically
trained for millions of iterations. Our work closes these gaps, by studying the long-term tail decay
of SGD-based methods through the lens of large deviations theory, establishing several strong results
in the process. First, we provide an upper bound on the tails of the gradient norm-squared of the best
iterate produced by (vanilla) SGD, for non-convex costs and bounded noise, with long-term decay at
rate e 50 , Next, we relax the noise assumption by considering clipped SGD (c—SGD) under heavy-
tailed noise with bounded moment of order p € (1, 2], showing an upper bound with long-term decay

P
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atrate e =™, where (3, = 3p—2

bounds on the tail decay, at rate e~*, showing that our rates for both SGD and ¢—SGD are tight, up to
poly-logarithmic factors. Notably, our results demonstrate an order of magnitude faster long-term tail

forpe (1,2) ande TR0 for p = 2. Finally, we provide lower

decay compared to existing work based on finite-time bounds, which show rates e Vtand e’tﬂm,
p € (1,2], for SGD and e¢—SGD, respectively. As such, we uncover regimes where the tails decay
much faster than previously known, providing stronger long-term guarantees for individual runs.
Keywords: non-convex, sgd, clipping, heavy-tails, tail bounds, large deviations, lower bounds

1. Introduction

Non-convex optimization is an integral part of modern machine learning (ML), as many practical
settings, such as training large language models (LLMs), e.g., Zhang et al. (2022b), represent
instances of the general problem of minimizing a non-convex cost f : R — R, given by

min f(z). (D
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In practice, the problem (1) is solved using iterative methods, typically based on the stochastic
gradient descent (SGD) algorithm Robbins and Monro (1951), making the study of convergence
guarantees of SGD-based methods an integral part of ML theory. While classical guarantees, like
mean-squared error (MSE) convergence, e.g., Sayed (2023), offer important indicators of average
performance across many runs, the advent of large-scale models, such as transformers and LLMs,
has shifted the focus on guarantees with respect to an individual run of an algorithm, as even a
single training run of such models can be incredibly costly, both time- and resource-wise. This
has led to an increased interest in tail probabilities and results of type IP’(Ft > Et) < &, where
Fy = mingepy |V f () |? is the standard metric of interest for non-convex costs, {7 }sen is the
sequence of models generated by an iterative method, while ¢; > 0 and ¢; € (0, 1] are the error
and probability thresholds, respectively. Conventional results quantify the tail behaviour for a fixed
probability threshold and decaying error threshold, i.e., the goal is to show P(F; > ¢(8)/n¢) < 6,
for any fixed 6 € (0, 1), where n; — oo is the decay rate and ¢(¢) is a function of the probability
threshold. Of particular interest are high-probability (HP) convergence results, where ¢(0) = log(1/s),
e.g., Nemirovskii et al. (2009); Ghadimi and Lan (2013), which can be used to establish sharp fail
bounds, i.e., exponentially decaying probability threshold for a fixed error threshold, of the form
P(F; > €) < e ™€, for any fixed ¢ > 0 (obtained from HP bounds by solving % = ¢ for 9).
Tail bounds for fixed error thresholds are important, as in practice the goal is to reach a e-stationary
point, i.e., apoint z € RY that satisfies |V f(z)|| < e, e.g., Arjevani et al. (2022), hence tail bounds
quantify the probability of failure (i.e., not reaching an e-stationary point)' for an individual run.

Another important observation is that classical tail bounds are of finite-time nature, designed to
hold for every t € N. While useful for smaller models, trained for a moderate number of iterations
(e.g., t = 10*-10°), such results might not be too informative for modern large-scale models that
typically require a huge number of training iterations, e.g., AlexNet and ResNet-50 are both
trained for approximately ¢ = 5 x 10° iterations Krizhevsky et al. (2012); He et al. (2016), the
original BERT model is trained for ¢ = 109 iterations Devlin et al. (2019), while LLMs are estimated
to require many millions of training iterations, see, e.g., Hoffmann et al. (2022). As such, bounds
capturing the long-term tail behaviour, which holds for t sufficiently large, are more appropriate for
models requiring an enormous number of training iterations. Although finite-time results derived for
a fixed probability threshold, like HP guarantees, can imply exponentially decaying tail bounds, as
we show later, they do so in a conservative manner, resulting in very loose bounds in the regime of
large t. Motivated by these observations, we consider the following important question:

What is the sharpest long-term tail decay achievable for SGD-type methods in
non-convex optimization, for a given, fixed error threshold?

To answer this question, we take a large deviations principle (LDP) approach, e.g., Dembo and
Zeitouni (2009), by directly studying the long-term tail behaviour of F3, for a fixed error threshold. In
Table 1 we provide an overview of long-term tail decay rates for SGD-type methods, where it can be
seen that our results show an order of magnitude faster long-term tail decay rate of F} than implied
by prior results based on finite-time bounds, indicating that a strictly sharper tail decay, not properly
captured by existing works, is achievable in the long run. We next state our full contributions.

1. It can be easily seen that if mingepy ||V f(2r)|| > €, then an e-stationary point has not been reached up to time ¢.
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Table 1: Long-term tail decay of SGD-based methods in non-convex optimization. Method specifies the variant of SGD; Cost states the
assumptions on the cost function; Noise provides the noise assumptions; Decay rate is the largest positive sequence n¢ — oo such that,
for any € > 0 and some C > 0, we have lim sup,_, . n; ! log P(mingepy |V f(zx) |2 > €) < —C¢.8 The decay rates for Liu et al.
(2023a); Cutkosky and Mehta (2021); Nguyen et al. (2023) stem from their finite-time HP bounds, whereas the decay rates from Armacki
et al. (2026a,b)" and our work are obtained by establishing an LDP upper bound with a full rate function, see Section 2.2 for details.

WORK METHOD CosT NOISE DECAY RATE
LI1U ET AL. (2023A) SGD SMEROSII\{,[’ gé)&)l\{,?w SUB-GAUSSIAN Vit
THIS WORK (THEOREM 3) SGD BESL%%?E%’U%\,%%%%QAF&%%TS A.S. BOUNDED t/log(t)
Comosir o wsmms Co21) MORAET L SOTIAGAREDEY  otaney 210 S
NGUYEN ET AL. (2023) c-SGD S BUNPED gggggggyg%?g] 5= /10g3p2%2 (t)
ARMACKI ET AL. (2026A.B) N-SGD >N PROM BELOW POSITIVE AROUND ORIGIN vt/ log(t)
THIS WORK (THEOREM 6) c-SGD BESL%%%%’U}%%%D%A}E%TS OF ORDER 1134 (em?lzNg] . /log(t)¥

§ Although some works included in the table provide bounds on different quantities (e.g., % S IV f(xx)|[?), all of them imply a bound on
mingepy ||V f (k)| As discussed in Section 3 and Appendix H, our results can be equivalently stated in terms of % S IV @)
While Armacki et al. (2026a) provide HP bounds for N=SGD, their results can be used to get LDP upper bounds, see Armacki (2025) for details.
N-SGD is a general nonlinear SGD framework which, for state-dependent noise, among others includes clipping, normalization, smooth sign and
smooth component-wise clipping. If the noise is also independent, identically distributed (IID), in addition to the previous, the N=SGD framework
includes non-smooth component-wise nonlinearities, like standard sign and component-wise clipping.

9 For the special case p = 2, our decay rate incurs an additional log factor, i.e., is of the form n; = ¢ / logz(t), see Theorem 6 for details.

A —

1.1. Contributions

Motivated by the need for sharp bounds on the failure probability of individual runs in applications
like training modern large-scale models, we study the long-term tail behaviour of iterates induced by
SGD-type methods through the lens of large deviations (LD) theory. Our contributions are as follows.

* We provide a sharp characterization of the failure probability of SGD-type methods in non-convex
optimization, by studying the long-term tail behaviour for a fixed error threshold. First, we consider
vanilla SGD under almost surely (a.s.) bounded noise and establish an LDP upper bound on Fj,
with an exponential long-term tail decay, at rate n, = t/log(t). In Table 1 we summarize existing
long-term tail decay results. We can see that the decay rate for SGD in our work is an order of
magnitude faster than the n; = V/t rate resulting from finite-time HP result in Liu et al. (2023a).

* Next, we relax the noise condition, by considering clipped SGD (c—SGD) under heavy-tailed noise
with bounded moment of order p € (1, 2]. We provide an LDP upper bound on F}, for an appropri-
ately chosen clipping threshold, with long-term exponential tail decay at rate n; =t/ log? (t) for

4(p—1)
p=2andn =1 32 /log(t) for p € (1,2). We can again see in Table I that the long-

2(p—1)
term tail decay rate for c=SGD in our work is an order of magnitude faster than the n, = ¢ 3r-2

rate resulting from finite-time HP bounds in Cutkosky and Mehta (2021); Nguyen et al. (2023).

* Finally, we show that the long-term decay rates established in our LDP upper bounds are tight, by
providing matching finite-time (and asymptotic) lower bounds on the tail probability induced by
both vanilla SGD and ¢-SGD. To do so, we carefully construct an instance of cost, noise, model
initialization and error threshold, under which we show that the tails induced by both methods
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exhibit exponentially decaying lower bounds at rate n; = ¢, demonstrating that our long-term
upper bounds for SGD and ¢—SGD (when p = 2) are tight, up to poly-logarithmic factors.

As such, our results show that the long-term tail probability induced by SGD-type methods in
non-convex optimization decays at a rate that is both tight and significantly faster than previously
known, leading to much sharper bounds on the probability of failure in non-convex problems (i.e.,
not reaching an e-stationary point) and stronger guarantees for individual runs of an algorithm.

1.2. Literature Review

We next review the literature on finite-time high-probability (HP) and asymptotic LD results for
SGD-based methods. For an overview of other popular types of guarantees, see Appendix B.

High-probability guarantees. Initial HP results consider light-tailed noise and include Ne-
mirovskif et al. (2009); Lan (2012); Ghadimi and Lan (2013); Hazan et al. (2015); Harvey et al.
(2019); Li and Orabona (2020); Liu and Zhou (2024), with Liu et al. (2023a) providing HP con-

vergence of F; for vanilla SGD and non-convex costs, with order-optimal rate O (%) More

recently, HP convergence of nonlinear SGD methods (e.g., clipping, sign, normalization) under noise
with heavier tails has attracted attention, starting with Gorbunov et al. (2020); Parletta et al. (2024),
who consider noise with bounded variance, while Li and Liu (2022); Eldowa and Paudice (2024);
Madden et al. (2024) consider sub-Weibull noise. This is extended by Cutkosky and Mehta (2021);
Nguyen et al. (2023); Sadiev et al. (2023); Liu et al. (2023b); Hiibler et al. (2025); Kornilov et al.
(2025), who consider various nonlinear SGD methods under noise with bounded moment of order
p € (1,2], and Armacki et al. (2025, 2026a), who consider a unified nonlinear SGD framework
(dubbed N—-SGD) under noise with symmetric probability density function (PDF), positive around
zero and potentially unbounded moments. Among them, Cutkosky and Mehta (2021); Nguyen et al.

2(1-p)
(2023) show that F} achieves the optimal rate O ( log(1/5)t = ) using c—SGD,” while Armacki

et al. (2026a) show that N—SGD converges with rate O(log\%‘s)), matching the rate in Liu et al.

(2023a) established under light tails.® Translated into tail bounds, it follows that Liu et al. (2023a);
Armacki et al. (2026a) imply an asymptotic exponential tail decay for vanilla SGD under light-tailed
noise and general nonlinear SGD under noise with symmetric PDF, respectively, with decay rate
ny = V1. Similarly, Cutkosky and Mehta (2021); Nguyen et al. (2023) imply a long-term exponential

2(p—1)
tail decay of F} for c=SGD under bounded p-th moment noise, with decay rate n; =t 3r-2 .

Large deviations guarantees. LD studies have a long history, see, e.g., Varadhan (2008); Dembo
and Zeitouni (2009) and references therein, with a wide range of applications, including statistical
mechanics Ellis (2005); Touchette (2009), distributed detection Bajovi¢ et al. (2011, 2012); Braca
et al. (2014); Matta et al. (2016a,b), social learning Bordignon et al. (2021); Bajovi¢ (2024); Matta
et al. (2025) and general ML Braca et al. (2022); Lindhe (2023). In the context of SGD-type methods,

2. Technically, Cutkosky and Mehta (2021) consider a variant of momentum SGD, using both clipping and normalization.

3. Hiibler et al. (2025); Kornilov et al. (2025) show that normalized and sign SGD match the oracle complexity of clipped
SGD, using an increasing batch size. Since we study the long-term behaviour, this implies an infinite batch size as
t — oo, hence we focus our comparison on works that use a fixed batch size. Next, while the rate in Armacki et al.
(20264) is better than the one in Cutkosky and Mehta (2021); Nguyen et al. (2023) for any p < 2, it does not invalidate
the optimality of their rate, as the two are derived under different conditions on the noise.
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LDs are studied in Hu et al. (2019); Bajovic et al. (2023); Jongeneel et al. (2024); Azizian et al. (2024,
2025); Giirbiizbalaban et al. (2025); Armacki et al. (2026b). Hu et al. (2019); Azizian et al. (2024,
2025) use a LD approach to study the behaviour of SGD iterates with fixed step-size for non-convex
problems, in the limit as the step-size goes to zero. Hu et al. (2019) show that iterates can escape
local minimizers in a number of iterations exponentially depending on the inverse of the step-size,
while Azizian et al. (2024, 2025) show that the iterates concentrate around local minima and establish
a full LDP for the time it takes to reach a global minima, also exponentially depending on the inverse
of the step-size.* Bajovi¢ et al. (2023) provide an LDP upper bound for the last iterate of SGD and
strongly convex costs, while Jongeneel et al. (2024) extend this result to costs satisfying the PL.
condition, with applications to reinforcement learning. Giirbiizbalaban et al. (2025) study a class of
generalized momentum methods for strongly convex costs, establishing an LDP upper bound for the
average cost sub-optimality. Finally, Armacki et al. (2026b) consider non-convex costs and a general
nonlinear SGD framework dubbed N-SGD, under noise with symmetric PDF, positive around zero
and unbounded moments, showing an LDP upper bound for F}, with decay rate n; = v/t/log(t). As
mentioned, Hu et al. (2019); Azizian et al. (2024, 2025) study the tail behaviour of iterates of SGD
for non-convex costs using a fixed step-size, in the limit as the step-size goes to zero. On the other
hand, we study the tail behaviour of F} and consider the more natural variant of SGD-based methods
using a time-varying step-size, in the limit as the number of iterations goes to infinity.

Technical challenges and novelty. In order to establish our results, we needed to overcome a
number of challenges. First, to show LDP-type results and accelerated tail decay rates, we provide
tight bounds on the moment-generating function (MGF) of F; and use the Giértner-Ellis theorem
(see Proposition 9 in Appendix D). Next, in order to be able to apply the Gértner-Ellis theorem, we
needed to show that the MGF is finite everywhere, which is significantly stronger than the finite-time
HP analysis, where it suffices to show that the MGF is bounded locally, e.g., over a compact interval
or even at a single point (see Section 4 for a more detailed discussion). To resolve this challenge, we
consider uniformly bounded noise for SGD, while for c=SGD we show via a careful analysis and
tuning of the clipping threshold that the MGF is bounded everywhere, even under general heavy-
tailed noise. Finally, we provide a lower bound on the tail probability, by carefully constructing an
instance of cost, noise and model initialization for which the tails of F; decay at least exponentially
fast and which is of independent interest in HP-type studies.

Paper organization. Section 2 provides preliminaries, Section 3 presents the main results, Section
4 provides comparison with existing works, Section 5 concludes the paper, while Appendix contains
results omitted from the main body. The remainder of this section introduces some notation.

Notation. We denote by N, R and R? the sets of positive integers, real numbers and d-dimensional
real vectors. For any m € N, we denote by [m] the set [m] = {1,2,...,m}. The Euclidean inner
product and induced norm are denoted by (-, -) and || - ||. For a set B, we denote by B” and B its
topological interior and closure. We use o(-) and O(-) as the standard “little 0 and “big O, i.e.,
for two positive sequences {a; }ren, {bt ren, such that limy_, o0 a; = limy—,o by = 00, we say that
ar = o(by) (ar = O(by)), if limy_, o0 ‘g—: =0 (im sup,_, o, ‘g—tt < 00), unless stated otherwise.

4. A full LDP means that matching lower and upper bounds are provided, see Section 2.2 for details.
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Algorithm 1 Vanilla and clipped SGD

Require: Model initialization 1 € R?, step-size {a }sen, clipping threshold {7; }sen:
1: fort=1,2,...do

2:  Query the SFO with input x; and obtain g;

3:  Perform the following model update:

4: Option 1: 211 = ¢ — augy; (Vanilla SGD)
5 Option 2: 411 = Ty — oy min{l, ”Z—’:H} gt (Clipped SGD)
6: end for

2. Preliminaries

In this section we provide the preliminaries. Subsection 2.1 specifies the oracle model and reviews
the vanilla and clipped SGD methods, while Subsection 2.2 provides a primer on LD theory.

2.1. The Oracle Model and SGD-based Methods

We assume access to a Stochastic First-order Oracle (SF ), which, when queried with input x,
returns a stochastic estimate g of the gradient V f (). The SFQO subsumes the following paradigms.

1. Batch (i.e., offline) learning: for a finite dataset {§i},~e[m] and loss £ : R? x = ~ R, the cost is
givenby f(z) = L 3 iepm) U(@; €%). When queried, the SFO chooses a sample of indices S C [m]
uniformly at random and outputs g = \qul > jes V(s ¢7), where 1 < |S| < m.

2. Streaming (i.e., online) learning: for a random variable £ following an unknown distribution
D, the cost is given by f(z) = Eeop[l(z;€)]. When queried, the SFO generates a mini-batch
{€7}jes of IID copies of ¢ and outputs g = ﬁ > jes Vs ¢7), where |S| > 1.

Next, we describe the two methods considered in our work, namely (vanilla) SGD and c—SGD.
The general update rule for iterative SGD-based methods can be represented as

Tip1 = 2 — oy We(ge), ()

where a; > 0 is the step-size, while ¥; : R? — R? is a (possibly) nonlinear mapping. The first
method considered in our work, SGD, where U, is the linear identity map W;(z) = =z, is perhaps
the most well-known and widely used algorithm, lauded for its ease of implementation and strong
performance. However, the advent of deep learning and LLMs resulted in exponentially increas-
ing model complexity and phenomena such as heavy-tailed noise and exploding gradients, e.g.,
Pascanu et al. (2013); Simsekli et al. (2019); Zhang et al. (2020c); Gurbuzbalaban et al. (2021),
requiring nonlinear modifications to SGD, with clipping being a very popular choice. It is known to
bring many benefits, like stabilizing and accelerating training Zhang et al. (2020b), ensuring conver-
gence under heavy-tailed noise Sadiev et al. (2023) and providing differential privacy Zhang et al.
(2022c). The resulting method, ¢=SGD, is widely used for LLM training Zhang et al. (2022b); Tou-

vron et al. (2023); Liu et al. (2024), and represents an instance of (2) with ¥;(z) = min {1, ”WTt”}x,
for a user-specified clipping threshold ; > 0. The two methods are summarized in Algorithm 1.
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2.2. Large Deviations Principle: a Background

The goal of LD studies is to quantify the long-term probability of (rare) events, by providing sharp,
exponentially decaying long-term tail bounds. In particular, for a process of interest { F} },cn, the
LDP aims to find a lower semi-continuous function / : R — [0, co] and a positive sequence {n }ien
satisfying lim; ., ny = oo, such that, for any (Borel) measurable B C R

— inf I(z) <liminf 1 logP(F; € B) < limsup 1 logP(F; € B) < —inf I(z). (3)
€ B° t—oo T t—oo Ny zeB

If (3) holds, the process { F} }ten is said to satisfy the (full) LDP, with decay rate n; and rate function
1, see, e.g., Dembo and Zeitouni (2009). The relation (3) provides a tight characterization of the
asymptotic, long-term behaviour of F;. While the full LDP is desirable, the lower bound in (3) is
often difficult to obtain. Instead, one typically aims to establish (only) the upper bound, in which
case {F} }1en is said to satisfy the LDP upper bound. Note that the upper bound in (3) implies

P(F, € B) < et ifeep I@)4o(ne) o o—neinf, 5 1(z), 4)

where the second relation holds for all ¢ sufficiently large, hence the LDP upper bound alone is a very
strong indicator of the long-term behaviour of F}, establishing exponentially decaying long-term
probability of F} ending up in any set 53, such that inf__5 I(x) > 0.

3. Main Results

In this section we provide the main results. Subsection 3.1 states the assumptions, Subsection 3.2
provides results for SGD, Subsection 3.3 presents results for c=SGD under heavy-tailed noise, while
Subsection 3.4 establishes a (nearly) matching lower bound on the tail probability.

3.1. Assumptions

We start by stating a technical condition on the model initialization, used for analysis purposes.
Assumption 1 The model initialization 1 € R is selected in a deterministic manner:
Assumption 1 allows the initialization to be any real vector, as long as it is a deterministic quantity.

Assumption 2 The cost is bounded from below, has uniformly bounded gradients and is L-smooth,
i.e., it holds that f, := inf cpa f(z) > —o0 and for some G > 0 and any x,y € R, we have

IVf(x)|l <G and f(z) < fy) +(VI(y),z —y) + gllﬂ? —yl*.

Assumption 2 specifies conditions on the cost. Boundedness from below and L-smoothness
are standard for general non-convex costs, e.g., Ghadimi and Lan (2013). The bounded gradient
condition is also widely used for non-convex costs, e.g., Berkenkamp et al. (2017); Mertikopoulos
et al. (2020); Cutkosky and Mehta (2021) and is satisfied, e.g., by any G-Lipschitz continuous cost,
which includes a wide class of convolutional and deep neural networks, e.g., Fazlyab et al. (2019);
Zou et al. (2020); Combettes and Pesquet (2020); Zhang et al. (2022a), as well as transformer-based
models, e.g., Kim et al. (2021). For ease of notation, let z; :== g; — V f(z;) denote the gradient
noise and let 7 := o ({x1, ..., x}) be the natural filtration, with 71 := o ({0, 2}) being the trivial
o-algebra. The next two assumptions state the noise regimes considered in our work.



ARMACKI BAJOVIC JAKOVETIC KAR SAYED

Assumption 3 The gradient estimator is unbiased and the noise is uniformly bounded, i.e., for all
t > 1 and some M > 0, it holds that E[g; | F;| = V f(x¢) and ||z|| < M, a.s.

Assumption 4 The gradient estimator is unbiased and the noise has bounded moment of order
p € (1,2] ie, E[g | Fi] = Vf(x¢) and E[||2||P | 2] < 0P, a.s., forall t > 1 and some o > 0.

Assumption 3 is often used in the context of adaptive methods and relaxed smoothness, e.g.,
Harvey et al. (2019); Zhang et al. (2020b,a); Li et al. (2023b); Carmon and Hinder (2024). For
example, in batch learning, where f(z) = L 2icpm) U@ ¢%), the SFO estimator automatically
satisfies Assumption 3 if £ has bounded gradients (see Appendix C for details). Assumption 4 is the
standard heavy-tailed noise condition, e.g., Nguyen et al. (2023); Sadiev et al. (2023); Hiibler et al.
(2025). Moreover, many works empirically show that noise satisfying Assumption 4 frequently arises
during training of neural networks and transformers, across a wide range of model architectures and
datasets, see, e.g., Simsekli et al. (2019); Zhang et al. (2020c) and references therein.

3.2. Large Deviations Principle Upper Bound for SGD

In this subsection, we establish an LDP upper bound on F; = minycp ||V f(21)||*. Before stating

the main theorem, we define an important concept and provide a useful technical result.
2
Definition 1 A random vector z € R% is said to be o-sub-Gaussian if E [ exp (%)} < exp(1).

Sub-Gaussian (i.e., light-tailed) noise is widely used for deriving HP convergence, e.g., Ghadimi
and Lan (2013); Li and Orabona (2020); Liu et al. (2023a). We then have the following result.

Lemma 2 Let Assumption 3 hold. Then the following are true, for any t > 1.

1. The noise is M -sub-Gaussian, i.e., we have E[exp (”%f) } .7-}} < exp(1).

2. For any F;-measurable vector x € R%, we have E [exp ((:U, zt)) | ft} < exp (W)

Lemma 2 provides some useful bounds on the MGF of the noise. We next state the main result.

Theorem 3 Let Assumptions 1-3 hold and let {x;},cn be the sequence generated by SGD, using the

a

step-size oy = NSt where a < % Then the sequence { F;}icn satisfies an LDP upper bound, with

decay rate ny = @ and rate function I, : R — [0, 0], i.e., for any measurable set B C R
log(t
lim sup log(t) logP(F; € B) < — inf I,(z),
t—o0 zeEB

. . . 24]\?[226*2) x Z 0
where the rate function is given by I,(z) = .
400, x <0
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For the special case B = (¢, 00), where € > 0, we immediately have the following corollary.

Corollary 4 Let conditions of Theorem 3 hold. We then have, for any € > 0

. log(t) €?
] N g P(Fy > €) < ———
im sup ——+= log (Fy >€) < YNVl

Theorem 3 and Corollary 4 establish the long-term tail decay for SGD under bounded noise, at
t

rate e =), We next discuss several different aspects of our results.

On the rate function. Note that the rate function [, has two distinct regimes: for x > 0, it is of the
form I,,(x) = %, while for any = < 0, it takes the value I,,(z) = +o0. In practice, this means
that for any set B C R whose closure contains a non-negative value, there is a probability that F; visits
the set, but it decays exponentially at rate ¢/ log(¢). On the other hand, for any set B C (—o0, —a),

for a > 0, we can see that inf _5 I(x) = +o0, hence limsup,_, , logt(t) logP(F; € B) = —o0,

implying that P(F}; € B) = 0 in the long run, which is expected, as F; > 0.

Dependence on problem parameters. We can see that the rate function depends on two problem
parameters, the noise and gradient bounds M and (G, decreasing as either grows. This is again
expected, as the convergence of SGD slows down with more noise (measured by M) and a more
complex cost (measured by (7), resulting in a smaller leading constant in the tail decay rate, meaning
that it takes more time for F} to escape a set B. Finally, while the leading term in finite-time bounds
depends on parameters like the initial optimality gap f(z1) — f. and smoothness L (see Section 4
for details), our results indicate that these parameters do not affect the asymptotic decay.

1%,

On the metric. While our results are presented in terms of Fy = mingepy |V f(2)||%, they

continue to hold for the average norm-squared, i.e., A, = 1 S i1 IV f(xx)]|?, which is more
general, as F} < A;. In our proofs, the results are first established in terms of A;, which then implies
the same bounds on F}, while the choice of presenting the results in terms of F} stems from it being
standard in non-convex optimization and its ease of interpretability, see Appendix H for details.

On the noise. Compared to existing HP results for vanilla SGD, e.g., Liu et al. (2023a), which
consider sub-Gaussian noise, we impose a slightly stronger condition of a.s. bounded noise. As
discussed in the introduction, this is a byproduct of the fact that we need to bound the MGF
E[exp(AF})] over the entire domain, i.e., for every A € R, while HP results only require bounding
the MGF locally, e.g., over a compact domain, or at A = 1 (see the discussion in Section 4 for
details). As we show in the next subsection, this condition can be significantly relaxed, by applying a
(bounded) nonlinear operator to SGD, ensuring that the effective noise remains bounded.

3.3. Large Deviations Principle Upper Bound Under Heavy-Tailed Noise

In this subsection, we relax the noise assumption by considering the c—=SGD method and provide
an LDP upper bound under heavy-tailed noise. For ease of notation, let g; := min {1, Hg—z”} gt
denote the clipped stochastic gradient and let 0} := g; — E [ﬁt | .7-}] and ° =E [ﬁt | ]:t] — V()
respectively be the unbiased and biased components of the difference of the clipped stochastic
gradient and the true gradient (i.e., clipping bias), noting that g; — V f(2;) = 0% 4 2. Decomposing
the clipping bias into an unbiased and biased component is standard when analyzing c—SGD, see,
e.g., Sadiev et al. (2023); Nguyen et al. (2023). We then have the following important result.
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Lemma 5 Let Assumptions 2 and 4 hold and let the clipping threshold be chosen as

2-p
2G(t+1)ev—4,  pe(1,2) )
t =
2G/log(t +1), p=2.

Then the following are true, for any t > 1.

18] < 407,

2. For any Fy-measurable v € RY, we have E | exp ((z,0}")) | Ft] < exp (3+7(|]|?).

Lemma 5 provides a bound on the biased component and establishes sub-Gaussian concentration
of the unbiased one, facilitating the rest of our analysis. We note that «; can be tuned without

requiring knowledge of G, with the choice in (5) simplifying the exposition (see the discussion after
Theorem 6 and Appendix I for more details). We next state the main result.

Theorem 6 Let Assumptions 1, 2 and 4 hold and let {x,}1cn be the sequence generated by c—SGD
using the step-size ay = (t + 1)_3!%2 and clipping threshold ~y, given in (5). Then the sequence
{Fi}ien satisfies an LDP upper bound, with the following decay rate and rate function.

a(p-1) Sz x>0
. _ ts—z . . . _ )7sgir 2

1. Ifp € (1,2), the decay rate is n, = Tog(?) , with rate function given by I.(x) = {+oo, < 0.
x>0

_a?
2. If p = 2, the decay rate is n; = with rate function given by 1.(x) = { 384G

t
log™ (1)’ oo, z<0.

Similarly to the previous section, if B = (¢, 00), where € > 0, we have the following result.
Corollary 7 Let conditions of Theorem 6 hold. Then the following are true, for any € > 0.

4(p—1)
3p—2

log(t)
tPp

1. Ifp € (1,2), then limsup,_, logP(F; > ¢€) < —%, where 3, =

e
384G7 -

2. If p = 2, then limsup,_, ., logj(t) logP(F; > ¢€) <

Theorem 6 and Corollary 7 establish the long-term tail decay for c=SGD under heavy-tailed noise,
. 2 . . . .
notably showing the rate e ~*/1°8°(*) for noise with bounded variance. We next discuss the results.

On the decay rate. We can see that the decay rate in Theorem 6 has two distinct regimes: for
—tPr / log(t — 4p-1)
/1og(t) where Bp = 32
additional log(t) factor, showing the decay rate e~/108”(t)  This is consistent with MSE and HP
convergence results established under Assumption 4, in the sense that the convergence rate exponent

explicitly depends on the noise moment p, see, e.g., Zhang et al. (2020c); Nguyen et al. (2023).

p € (1,2), the decay rate is of order e while for p = 2, we incur an

On the rate function and dependence on problem parameters. Similarly to the discussion in
the previous subsection, the rate function /. has two distinct regimes for negative and non-negative
values. On the other hand, while it exhibits dependence on problem parameters, it does so only
through the gradient bound G. We note that this stems from our choice of clipping threshold in (5)
and the fact that the unbiased component of the clipping bias is 7;-sub-Gaussian (recall Lemma 5).

10
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On the metric. Similarly to the previous subsection, our results can be equally stated in terms of
the average norm-squared of the gradients, * "1, ||V f(x1)||? see Appendix H for details.

On the clipping threshold. We use an increasing clipping threshold in (5), which is consistent
with existing works Cutkosky and Mehta (2021); Nguyen et al. (2023). However, compared to
Cutkosky and Mehta (2021); Nguyen et al. (2023), who use the clipping threshold ~; = O (t3p%2> 2
our clipping threshold increases at a strictly slower rate (e.g., for p = 2 our threshold increases at rate

log(t), while in the said works it increases at rate /4, making the likelihood of clipping higher,
further closing the gap on how clipping is used in practice.® Next, we assume knowledge of noise
moment p and gradient bound G to tune the clipping threshold in (5), which is on par with Cutkosky
and Mehta (2021), while Nguyen et al. (2023) relax the bounded gradient condition, at the expense
of require knowledge of noise moment p and parameter o, the initial optimality gap f(x1) — fx and
smoothness constant L. Finally, we note that knowledge of G is not necessary in (5) for our results
to hold. In particular, our results continue to hold if the clipping threshold is selected as

B {C<t+ ors, pe(1,2)
L
— 27

Cy/log(t+1), p

where C > 0 is any value. Using this threshold, it can be shown that the resulting rate function will
2

be of the form I.(z) = O(%) for x > 0, and I,(x) = 400 otherwise, where O(-) hides global

constants. The reader is referred to Appendix I for a formal statement and derivations.

3.4. A Lower Bound on the Tail Probability

In this subsection, we show that the results in Theorems 3 and 6 are tight, by establishing a lower
bound on the tail probability induced by SGD/c—SGD. To that end, we have the following result.

Theorem 8 There exist a cost, initialization and SFO obeying Assumptions 1-3, as well as a
problem dependent constant b > 0 and global constants ay,ay > 0, such that, for any € € (0,b) and
all t > 1, the tail probability induced by either SGD or c—SGD, satisfies P(F; > €) > aje™ %!

It readily follows that Theorem 8 implies the following asymptotic lower bound, for any € € (0,b)
lim inf ! log P(F, >
im inf - log (Fy > €) > —axs.

Theorem 8 shows that there exist hard problem instances for which the tail probability of both SGD
and ¢—=SGD can not decay faster than e~*. We next discuss the result from several perspectives.

On the tightness of decay rates. Combining the results of Theorem 8 with Corollary 4, it follows
that for any e € (0, b), the tails induced by SGD satisfy

1 log(t 2
—ag < litm inf n logP(F; > €) and limsup log(t) logP(F; > ¢€) < <
—00

P T 24M2G2T ©)

5. Here, we use O (+) to hide problem related constants and terms poly-logarithmic in .
6. Contrary to the increasing threshold used in theory, in practice clipping is used with a small, constant threshold, see,
e.g., Zhang et al. (2022b); Touvron et al. (2023); Liu et al. (2024).

11
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Equation (6) demonstrates that the long-term tail decay rate of SGD in Theorem 3 is tight up to a
log(t) factor. Similarly, combined with Corollary 7 for p = 2, it can be seen that for any € € (0, b)

) log?(t ’
—ay < liminf 5 logP(F; > ¢) and lim sup Ogt( ) log P(F} > €) < _381W’

(N

underlining the tightness of the asymptotic tail decay rate of e=SGD for p = 2, up to a log? (t) factor.

On the rate function optimality. While (6) and (7) indicate the the tightness of the decay rates,
they are weaker than a full LDP of the form in (3), in the sense that they do not establish matching
upper and lower bounds on the asymptotic probability of failure. As such, it is unclear if the rate
functions in Theorems 3 and 6 depend optimally on the problem parameters. However, as we discuss
in the next section, our rate functions exhibit dependence on similar problem parameters as the
corresponding decay constants obtained from finite-time high-probability bounds.

4. Comparison with State-Of-The-Art

In this section, we provide detailed comparison with state-of-the-art (SOTA) long-term tail decay re-
sults for SGD-type methods in non-convex optimization stemming from either HP or LDP guarantees,
as well as a further discussion on the differences in the assumptions.

SOTA results for SGD. Liu et al. (2023a) provide SOTA finite-time HP convergence guarantees of
SGD, for a L-smooth, bounded from below cost, and B-sub-Gaussian noise. Using the time-varying
step-size ay = %ﬁ’ they show the following result, for any § € (0,1) and any ¢ > 1

2 2 1
P(ﬂ _ 2L +3B(1 + log(t)) + 125 log( /5)) <

Vit

where A := f(x1) — f, is the optimality gap of the initial model. The above bound leads to the

following tail result IP’(Ft > e) < exp ( — 152];2 + ??LQ + %g(t)), for any € > 0 and any ¢t > 1.

Taking the logarithm, dividing everything by v/# and taking the lim sup, we get

logIP’(Ft > e) < ¢

S~ ope (®)

) 1

RNV
Comparing (8) to the bound in Corollary 4, we can see that both results depend on the noise (via B
and M), with our result further depending on G. More importantly, the long-term decay rate in (8) is
of the order v/t, while the one in Corollary 4 is of the order @, an order of magnitude faster. This
improvement stems from the different approach taken in our work, focusing directly on long-term
tail bounds, while on the other hand, Liu et al. (2023a) focus on finite-time HP results, that hold for
any ¢, but result in loose long-term bounds. Finally, we note that while our rate function depends on
the gradient bound (&, which can be large in some applications, this becomes negligible relative to

the gain in the decay rate, especially in the long-term regime ¢ — oo considered in our work.

SOTA results for c-SGD. Nguyen et al. (2023) provide SOTA finite-time HP convergence guaran-
tees of ¢=SGD, for a L-smooth, bounded from below cost, and noise with bounded p-th moment.

12
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Using the time varying step-size oy = O (t_?ﬂ%?) and clipping threshold v, = O <t 3p— 2) 7 they
show the following result, for any 6 € (0,1/e) andt > 1

2p
- 1
IP><Ft . 7200v/ALlog3-2 (t)log( /6)> <4,

tﬁp/z
where we recall that 8, = 4§§ :;) 8 The above bound leads to the following tail result IP’(Ft >

e) <exp ( ~ 200 \/T;iggj Y= (t)), for any € > 0 and any ¢ > 1. Taking the logarithm, dividing

>,
everything by t%/2/ log?ﬂ?if2 (t) and taking the lim sup, we get

2p

logP(Ft > e) ©

. log3r
msup

€
= 7200vVAL

Comparing (9) to the bound in Corollary 7, we can see that our result depends on G, while the result
in (9) depends on the noise, initial optimality gap and smoothness (with the latter two stemming
from the choice of the clipping threshold in Nguyen et al. (2023)). Ignoring the log factors, we can
again see that the long-term decay rate in (9) is of order tPr/2 with the one in Corollary 7 being of
order t%», an order of magnitude faster. Similarly, Nguyen et al. (2023) provide bounds that hold for
any t and do not require bounded gradients, however, the resulting long-term tail bounds are very
loose. Importantly, the finite-time HP bound established in Nguyen et al. (2023) matches that of
c—-SGD from Cutkosky and Mehta (2021), who additionally require bounded gradients. As such,
the assumptions used in Cutkosky and Mehta (2021) are the same as in our work, while their tail
decay rate is the same as in Nguyen et al. (2023) and an order of magnitude slower than ours. This
further highlights that the improved decay rates shown in our work are not simply a result of stronger
assumptions, but of a fundamentally different approach in studying the long-term tail decay.
Finally, Armacki et al. (2026b) provide an LDP upper bound for a family of nonlinear SGD
methods, which, among others, includes clipping. Under L-smooth, lower bounded cost, noise with

a symmetric PDF that is strictly positive around the origin, using the step-size oy = \/tl+71 and a

constant threshold v, = C|, the authors show that

lim su log(t)
t%oop \/E
Vit

implying a long-term tail decay rate Tou(D)’ which is strictly worse than the rate in Corollary 7 for

any p > 6/5. Crucially, the LDP upper bound in Armacki et al. (2026b) is derived for a black-box
nonlinear framework, under very different noise conditions, namely IID noise with symmetric PDF.

min{e, e}
16C4L2

logIP(Fy > €) < — (10)

On the assumptions. As was already mentioned, we require uniformly bounded noise for vanilla
SGD, which is stronger than the sub-Gaussian condition used in Liu et al. (2023a). This stronger
requirement stems from the fact that, in order to invoke the Gértner-Ellis theorem, we need to show
that the scaled MGF is bounded everywhere, i.e., that lim sup,_, ., ni log Elexp(n:AFy)] < oo, for

all A € Rand n; = This is much stronger than the bound for HP results, where it typically

log(t)

7. Here 5() hides global and problem related constants, as well as terms poly-logarithmic in ¢ and 1/s.
8. The bound from Nguyen et al. (2023) is simplified, for ease of presentation. It can be shown that the tail decay rate
stemming from their bounds actually deteriorates to a slower one as p — 1, which we omit and present the faster rate.

13
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suffices to show E[exp(F})] < exp (O(3)._; a2)), i.e., for n; = A = 1, making it much easier
to control the MGF. This stronger requirement necessitates uniformly bounded noise for vanilla
SGD, for the following reason. Starting from (17) in the Appendix, pushing M? inside the sum
and replacing it by | z;.||%, we have F; = A; + C 35 _; a?||2||>. Ignoring the term A; and assum-
ing that the noise is sub-Gaussian, we then get E[exp(n:AF;)] < Elexp(n A Yh_; allz]?)] =
Elexp(neAM? 35, a?||2||?/M?)]. To control this term, we need Ay » = n;a? AM? < 1 to hold
forall A € Rand ¢ > k > 1. Recalling that n; = @ and A can be arbitrarily large, one can see
that /; » is unbounded, necessitating uniformly bounded noise. This is not required in the analysis of
c—SGD, as the resulting operator is bounded, facilitating heavy-tailed noise. Similarly, the gradient
bound is required to control the terms (V f(x), z;) and (V f(z;), 0}) for SGD and ¢—SGD, respec-
tively. While we believe that it might be possible to fully remove the bounded gradient condition for

c—SGD, it is beyond the scope of the current work and represents an important future direction.

5. Conclusion

We studied the long-term tail decay and probability of failure of SGD-type methods in non-convex
optimization, demonstrating that, in the long run, the tails decay at an order of magnitude faster rate
than suggested by existing works. Further, we show that our results are tight, by establishing lower
bounds on the tail probability, which match our upper bounds up to poly-logarithmic factors. As such,
our results provide much sharper bounds on the probability of failure in non-convex optimization,
implying stronger guarantees for individual runs of SGD-based methods in applications that require
an enormous number of iterations, such as training of deep learning models and LLMs. Future
work includes removing assumptions like the uniformly bounded gradients for c=SGD, as well as
establishing a full LDP with matching lower tail decay rate and rate function.
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Appendix A. Introduction

The appendix contains results omitted from the main body. Appendix B reviews the literature on
other useful performance guarantees, Appendix C discusses when noise satisfying Assumption 3
arises naturally, Appendix D provides some important intermediary results, Appendix E contains the
proof of Theorem 3, Appendix F provides the proof of Theorem 6, Appendix G contains the proof of
Theorem 8, Appendix H discusses the choice of metric, while Appendix I gives results for c=SGD
with a clipping threshold that does not requiring knowledge of the gradient bound.

Appendix B. Other Performance Guarantees

In this section we provide a brief overview of other useful performance guarantees encountered in the
literature on SGD-type methods. Perhaps the most frequent among them are MSE guarantees, which
characterize the average behaviour across many runs, with classical results establishing convergence
under the bounded variance assumption (i.e., p = 2 in Assumption 4), e.g., Rakhlin et al. (2012);
Ghadimi and Lan (2012, 2013); Liu et al. (2020); Liu and Zhou (2024), with works like Chen and
Sayed (2013); Khaled and Richtarik (2023) allowing the second noise moment to grow with the
gradient norm and/or optimality gap, while Zhang et al. (2020c); Jakoveti¢ et al. (2023); Hiibler
et al. (2025); Liu and Zhou (2025); Sun et al. (2025) study MSE guarantees under heavy-tailed
noise. Another popular guarantee is almost sure convergence, where the goal is to show convergence
with probability one, e.g., Bertsekas and Tsitsiklis (2000); Li and Orabona (2019); Mertikopoulos
et al. (2020); Sebbouh et al. (2021); Jakoveti¢ et al. (2023); Armacki et al. (2026b). Finally, some
recent works focus on low-probability convergence, i.e., guarantees of the form IP’(Ft > 571”) <4,
encountered in the context of convergence of adaptive methods or generalized smoothness, see, e.g.,
Li et al. (2023a,b). While important in their own rights, none of the said guarantees provide tight
bounds on the tail probability, with decay at exponential scale, as is the case with HP and LD-style
guarantees.

Appendix C. When Assumption 3 Arises Naturally

In this section, we elaborate on when the noise induced by the SFO satisfies Assumption 3. As
mentioned in Section 3.1, we consider the batch setting, where the cost f is of the form f(x) =
1 D icpm) U ¢%), for some finite dataset {§i}i6[m] and the loss ¢ has G-bounded gradients, i.e.,
|Ve(x; )| < G, forall z € R and every i € [m] (e.g., satisfied by any G-Lipschitz loss, which,
as discussed in Section 3.1, contains for a broad class of Lipschitz continuous deep neural networks
and transformers Fazlyab et al. (2019); Zou et al. (2020); Combettes and Pesquet (2020); Zhang et al.
(2022a); Kim et al. (2021)). It follows that the gradient of f is given by

Vi) = - 3 Vi) (i

1€[m]
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As discussed in Section 2.1, when queried in iteration ¢ with input x;, the SF O returns the estimator
Sl Z V(&) (12)

JESt
where S; C [m)] is a set of indices drawn uniformly at random. We now want to verify that g, satisfies

Assumption 3. By the definition of the SFO, we have

Elg: | Fi] = 15| D Vil PG € Sy | Fi) = V), (13)

1€[m]

where the last equality follows from the fact that P(i € S; | F;) = |St| and (11). Moreover, using
(11)-(12) and the triangle inequality, it can be seen that the noise z; = gt V f(zy) satisfies

lzall < llgell + IV (2l < \5| S IVt &)+ = 3 IV €] <26, (4
JESt ze[ ]

where the last inequality follows from the fact that the loss £ has G-bounded gradients. Equations
(13) and (14) readily imply that Assumption 3 holds for the noise induced by the SFO, as claimed.

Appendix D. Intermediate Results

We start by stating an important result, crucial to establishing LDP-style bounds, known as the
Girnter-Ellis theorem, see, e.g., Dembo and Zeitouni (2009).

Proposition 9 Let A; : R — R be a sequence of log moment-generating functions induced by
a sequence of measures ji; : B(R) — [0,1], t € N. If for some {n:}ien, such that ny > 0 and
lim;_yoo ¢ = 00, and each A € R, we have

lim sup Ar(ned)

t—o00 n

< p(A) < oo,

then { i }1en satisfies the LDP upper bound with decay rate n; and rate function I : R — [0, 0o],
given by the Fenchel-Legendre transform of o, i.e., I(x) = ¢*(z) = supycgr {2A — @A) }.

Next, we prove Lemma 2. For completeness, we restate it below.
Lemma 2 Let Assumption 3 hold. Then the following are true, for any t > 1.
1. The noise is M -sub-Gaussian, i.e., we have E[exp ( |Zt” ) } }'t} < exp(1).

2. For any Fy-measurable vector © € R?, we have E [exp ((:U, zt)) | ]-'t} < exp (w)

Proof The first claim follows directly from Assumption 3 and Definition 1. To prove the second

claim, we follow a similar approach to, e.g., Li and Orabona (2020, Lemma 1). For ease of notation,
let y; == 7% and note that from the first claim we have

E[exp(|lye]l®) | F¢] < exp(1). (15)

24
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Next, let z € R? be F;-measurable and assume first that ||z < %. Using the inequality exp(a) <
a + exp(94*/16), which holds for any a € R, we then have

Efexp (0,00)) | 7] < B | (o,31) + exp (9<16) 7] 9E |ex (9“1;’) 7]

(b) 9 2 2 © g
n [exp <H$H16Hyt||> ‘ft} < (E [exp (Iwl?) | 7))

(d) 2 2
2 exp (M2 < o (321,

where (a) follows from the facts that x is F;-measurable and the noise is unbiased, (b) follows from

9||96H

the Cauchy-Schwartz inequality, in (¢) we use the fact that < 1 and Jensen’s inequality, while

(d) follows from (15). On the other hand, if [|z|| > 3, we use Young’s inequality, i.e., ab < a -+ Eg ,
with € = %, to get

Blexp((o.0) | 7] < exp (L2 ) B fenp (22 | 5]

o (2 812 (Bl
< exp 3+ 3 < exp 1 ,

where the second inequality follows from Jensen’s inequality and (15), while the third inequality

follows from the fact that % < %, since ||z|| > %. Combining both cases, we get
3]
Elexp ((z, 1)) | F¢] < exp 1) (16)
The claim follows by noting that (z, z;) = (Mx,y;) and applying (16). [ |

Prior to proving Lemma 5, we provide a known technical result on the behaviour of the clipping
operator, see, e.g., Sadiev et al. (2023, Lemma 5.1).

Proposition 11 Let X € RY be a random vector and let X = min {1 T }X be its clipped
version. If B[X]| = z, B|lz — X||P < o? for some p € (1,2] and ||z|| < 3, then

HE[)Z'] -z < 4oPylP.
We are now ready to prove Lemma 5, which we restate below, for the reader’s convenience.

Lemma 5 Let Assumptions 2 and 4 hold and let the clipping threshold be chosen as

2—p
2G(t + 1)1,
%_{ (t+1) 2)

2G/log(t + 1),

Then the following are true, for any t > 1.

e (1,
2.

1—
L (|67 < 4oy, .
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2. For any Fy-measurable v € RY, we have E | exp ((z,0})) | Ft] < exp (3+7(|]|?).
Proof To prove the first claim, we use Assumption 2 and the fact that, for any £ > 1
Vi)l <6< 3
where the second inequality follows from the choice of clipping threshold in (5). The claim now

follows by applying Proposition 11 to g;. To prove the second claim, note that, by the definition of
0}, we have

1071 = [1ge — Eelgell < M1gell + Eel|gel] < 2.

The claim now readily follows from Lemma 2, setting M = 2. |

Appendix E. Proof of Theorem 3

Using the L-smoothness and the SGD update rule (2) with U, (z) = =, we get

Flonsr) < Flan) + (VHr), ouss — ) + 5 i — el

2
< ) o (1= 857 ) IS @O~ L~ a9 5.0 +
2 2
< flaw) - %va(ﬁk)HQ —ag(l — apL)(V f(xk), 2x) + akI;M ,

where the third inequality follows from Assumption 3 and the choice a < % Rearranging, summing
up the first ¢ iterates and using the fact that the step-sizes are non-increasing, we have

t t

t 2
BSITA@RI? < flan) — fu D anlanl — (VS (), ) + T2 Yok (1)
k=1

k=1 k=1

Multiplying both sides in (17) by O%t and using the fact that mingc () ||V f () [|* < 2 S IV F)?,
we get

2 i LM? ¢
m.{ﬁnvf(xk)y\? < = (f(xl) — fo > an(onl = 1)(V f(r), 2) + Za%) . (18)
k=1

oyt 2
ke t =1

Recall that we use the shorthand F; = mingc [|V f (k) 2 let A := f(x1) — f and denote by
At = ng A, where A € R and {n, };c is a positive sequence to be specified later. We now want to
bound the log MGF of F}, denoted by Ay, i.e., A¢(A) := log E [exp (AF})], for any A € R. First, note
that for any A < 0, we have A;(\;) < 0 (since ny, F; > 0), hence

lim sup A(e)

t—00 T

<0. (19)
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Next, consider any A > 0. For ease of notation, let b, :== 2Ai . From the definition of A\; and (18), we
have

E[exp (\F)] < E[exp <bt (A + iak(akL — V() k) + L];/Iz iai))}

k=1 k=1

= exp (bt <A + Lfg iai))]}i[exp <btzt:ak(akl} - 1)<Vf(xk),zk>)].

k=1 k=1

We now proceed to bound the last term. For ease of notation, let Zj = ap(arL — 1){(V f(zk), zk)
and Eg[-] := E[:|F]. Using Lemma 2, we then get

o (z)kgzk)] — 5| ex (b 3z Ve (autent = 107 (21,0

k=1
t—1

<E [GXP <bt Z Zk) exp < bioi(1 - atL)42M2va(xt)\2>]
k=1

IN

b202 M2G2 -1
exp <3tat4G>E[exp <bt Z Zkﬂ
k=1

362 M2G2 <
S §exp <t420(%>,
k=1

where the second inequality follows from Assumption 2 and the fact that (1 — oy, L)? < 1, for all
k > 1. Combining everything, we get

INA 3N M2G? INLM? &
¢ t 2 + i il Z a%).
1

Elexp(A\¢F})] < exp ( " T 2 aj

Taking the logarithm, dividing by n; and recalling that oy, = \/Tﬁ’ we have

A(h) _ 2V2AA 6nt)\2M2G2 i 1 2\faALM2 i 0)
k k41

e o a\/> t + ].

Using the Darboux sum approximation, we then get

— 1 1).
/ k+1dk og(t+1)

Plugging in (20), it follows that

A(Ae) _ 2v/2)A Gnt/\2M2G2 log(t+1)  2v2aALM?log(t+ 1)
< + :
ng av/t t Vit

Choosing n; = @ and taking the lim sup, we finally get

lim sup Amd) _azazae. Q1)

t—00 nt
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Define the continuous function ¢ : R — [0, c0), given by

6AZM2G?, A>0
e(A) =
0, A <0.
From (19) and (21), it follows that, for any A € R
Ay (ng A
lim sup () < p(A) < +oo.
t—00 i

The proof is then completed by invoking Proposition 9 and noting that the Fenchel-Legendre
transform of ¢ is given by

1.2
YRy oTard > 0
(P*(CU) _ {24M2G2 Tz
400, z < 0.

Appendix F. Proof of Theorem 6

Recall that the clipping bias is decomposed as g, — V f(x) = 0} + 6%, where 0y = gr — Ex[gx]
and 00 = Ex[gx] — Vf(z)). Using L-smoothness and the c—SGD update rule (2), with ¥;(z) =

min {1, II%H }:17, we then have

~ azL ~ 19
Flawr) < flaw) = ar(V F(@r), gr) + =5~ 119kl

2 by, ORNRL

< flax) = arl[Vf (@) I” = aw(V fan), O +05) + =5
2 2L
< fan) = anl| VF @)l = (T (o). 0F) + SENV Flan) |2 + S0 + =k
2.2

< f(ar) — BNTH @RI — an(9 £ (o), 68) + Bapo o207 4+ HEIRE,

2 2
where the third inequality follows from (a, b) < @ + @, while in the fourth inequality we use
Lemma 5. Rearranging, summing up the first ¢ iterates and using the fact that the step-sizes are
non-increasing, we have

t t t 2 9
o - a;vi L
WSSV < Fo) = £ Y nlV ), )+ Y (S04 ).
k=1 k=1 k=1
Multiplying both sides in (22) by -2 and using the fact that F, < %Zzzl IV f(zx)|?, with

poves
Fy = mingep |V f (21)]|%, we get

2 : t 2 20-p) | CRIEL
Fp s — | fla) = fio - D ar(V(xn), 00) + <8ak0 Py U+ ) - (23)

2
t k=1 k=1

Let A := f(x1) — f« and denote by A\; := m; A, where A € R and {n; };cn is a positive sequence to
be specified later. We again want to bound the log MGF of F; evaluated at A\;. First, if A < 0, it
follows that E[exp(\:F})] < 1, which readily implies

lim sup AlniA)

t—00 T

<0. (24)
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Next, let A > 0 and denote by b; := i—’t\; From the definition of \; and (23), we have

t
- 2L
E[exp (AeF})] < exp <bt <A + Z <8ak02p%3(1 P 4 Oék;’k >>)

k=1
t
X E[exp<—bt2ak(Vf(3:k),9};‘>)]. (25)
k=1
To bound the last term, we successively apply Lemma 5 and use Assumption 2, to get
t t
E[exp ( Y Zam(xk),e@ﬂ < oxp (3b§GQ Zai%?)- 26)
k=1 k=1

Combining (25) and (26), we get

2\ a2~2L 12)\2G2 :
Elexp(A:F})] < exp (att (A + Z (80%021)%6(1 —P) 4 kgk )) Z it

k=1

Taking the logarithm and dividing by n¢, we have

t 2.2 202 ¢
_ L
M) _ 20 ( A+Y (8%02%3(1 » il )) 12”“ ¢ Z NCYS

g att 2 P

We now consider two cases with respect to the noise moment condition. First, if p € (1,2), we

_ 2-p 2(p=1)
setay, = (K+1) 3 e = 2G(k + 1)61’321 and note that oyt > ¢ = /2. Moreover, using the
Darboux sum approximation, it follows that

t

t
B —pt2-p)(1-p) 2
Y P =GN (b 1) e <4l rGE p>§ (h+1)

k=1 k=1
< 41-pG20-p) / TR < opBE g = (28)
1
where C] = V2(3p 72;1__1267'2(1_1)), as well as
Za,ﬂk — 432 Z (k+1) 32" = 4G2 Z D < 4G? log(t + 1). (29)
4(P 1)

Plugging (28) and (29) in (27) and choosing n; = it then follows that

log(t) ’
Ae(N)  4XNA 32C10%N SALGZ?log(t+1)  192X2G*log(t + 1)

+ +
= To(p—1 —1)(2— 2(p—1
Uz t 95572) t(p 313£2 2 t 3(7';72) log(t)

Noting that (p — 1)(2 — p) > 0 for any p € (1, 2) and taking the lim sup, we get

lim sup A(ned)

t—00 nt

< 192X%2G. (30)
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Next, if p = 2, we set a, = \/ﬁ, Yk = 2G+/log(k + 1) and note that oyt > \/g Moreover, using
Darboux sum approximation, it follows that

t
A .
;yg_ GQZlogkﬁLl\/ 1 G2Zlogk+1\/ 1
t+1 Vi+T :
§C2+12/ dk Oyt 12/ ds SC,Z_i_ll(\/t—;—l)’ 31)
4G log(k)Vk 4G? Jy log(s) 4G

where Cy = 7 S m, the fourth (in)equality follows by introducing the substitution

s = vk, while li : (0,00) — R is the logarithmic integral function, given by li(x
Moreover, we have

010

t

1 1

Za,ﬂ _4G22 ng(’f; ) < 4G%log(t + 1 Z <4G%log?(t+1). (32
k=1 k=1

Plugging (31) and (32) in (27), using the fact that li(z) = O(log( )) for z sufficiently large, see, e.g.,

Chapter 6 in DLMF, and choosing n; = it then follows that for ¢ sufficiently large

t
log?(t)”
1 4
Ar(Ne) Szﬁm N 6v20 )\<02+O< NESY >>
ny Vit Vit log(t +1)
N 4V2ALG? log?(t + 1) N 96A2G* log?(t + 1)
Vi log?(t)

Taking the lim sup, we finally get

lim sup 22N < ggp2t. (33)

t—o00 n

Define the function ), : [0, 00) — [0, 00), given by

962G, p=2
QOP()‘) = 2 ~4
1920°G*, pe€ (1,2),

and consider the continuous function ¢ : R x (1, 2] + [0, c0)

@P(A)a )‘ Z 0
A, p) =
#(Ap) {0, A <0.

From (24), (30) and (33), it follows that, for any A € R and p € (1, 2]

lim sup M

t—00 T

< (A, p) < +oo.

The proof is complete by invoking Proposition 9 and noting that the Fenchel-Legendre transform of

©p 18 given by
, pe(L2)
pp(r) = {76894

wic P =2
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Appendix G. Proof of Theorem 8

To prove Theorem 8, we construct a specific instance of (1), which obeys our assumptions and show
that there exists a problem related constant b > 0 and global constants a1, as > 0, such that, if the
iterates {x }+cn are generated by either SGD or ¢—SGD, then for any € € (0,b) and ¢ > 1

P(F; > €) > aje” 2", (34)
To that end, consider the Huber cost, e.g., Huber (1964), which is given by
Sh ol <G
f(x)—{ . 2 P (35
Glall =% |l > G

for a user-specified threshold G > 0. It can be readily seen from the definition in (35) that f is lower
bounded by zero and continuously differentiable, with the gradient given by

_Ju o kel <G
Vﬂm—{®;,m>G' (36)

llzll”

It is easy to see from (36) that |V f(x)|| < G, for all z € R?. Moreover, it can be shown that
the gradient of f is Lipschitz continuous, with constant L = 2, see, e.g., Lemma B.2 in Armacki
et al. (2022). As such, the Huber cost given in (35) satisfies Assumption 2. Next, let 1 € R? be a
deterministic initialization (hence satisfying Assumption 1), such that

0 < ]l < G. (37)

Finally, consider a SFO which, when queried with z;, returns g; = V f(z¢) + 2, where at each
time ¢ > 1, the noise instances z; are independent and identically distributed, according to the rule

x1,  with probability 1
2 = . LT (38)

—x1, with probability 5
By definition, the noise is zero-mean. Moreover, using (37), it follows that ||z || = ||z1]| < G almost
surely, for all ¢ > 1, hence the noise satisfies Assumption 3. Consider first the vanilla SGD method,

with step-size a; = 7 \/tﬁ =3 \/;_71 From (36)-(38), it can be readily verified that

T, with probability 1

ro=w1 —o191 = (1 —aq)ry —ar21 = '
2 1 191 = ( )71 121 {(1_\%>x1, with probability 1

Repeating the argument, using the independence of noise, (38), the SGD update and Bayes’s rule, it
can be inferred that, for any ¢ > 1

Ploy =24 1=...=21) = any 39)
Denote by By the event By := {w : 24(w) = ... = z2(w) = z1} and note that P(B;) D 91—t Next,
using (36)-(37), we have, for any ¢ > 1, conditioned on B,

Fy = min|[Vf(z) 1> = [V f(@)]* = [la1]*. (40)
ke(t]
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Finally, using (39) and (40), it follows that, for any € € (0, ||21]?)

P(Ft > 6) > ]P’({w : Ft(W) > 6} N Bt) = P(Ft > € ‘ Bt)]P)(Bt)
2Py > = 267002,
—_——

=1

which proves (34), with b = ||z1 %, a1 = 2 and az = In 2. Consider next the c-SGD method, using
the same step-size oy = 2\/% with any clipping threshold satisfying v > 2G, for all ¢ > 1 (note
that this is clearly satisfied for the clipping threshold specified in (5)). We now want to show, by
induction, that for every ¢t > 1

|z || < G, 41

which, together with the choice of oracle, cost and clipping threshold, would imply
lgell < IV F @l + [[ze]] < llwell + G < 2G < s 42)

Equations (41) and (42) indicate that clipping is never performed and ¢—SGD reverts to vanilla SGD,
implying that the same lower bound shown above holds for c=SGD. Condition (41) clearly holds
for the case ¢t = 1, by the design of the initialization in (37). Therefore, assume that (41) holds for
some t > 1. As shown in (42), we then know that clipping will not be performed, i.e., g: = ¢+, and
clipping reverts to SGD in iteration ¢ 4 1, which implies that

lzell = llze — audill = [l — angell 2 (1 = @)z — oz
(44)
< (1= ag)lloell + aellze]l < (1= )G + el || < G,

where (i) follows from (36) and the induction hypothesis (41), while (iz) follows from (37). There-
fore, we have shown that (41) holds for every ¢ > 1. Therefore, c—SGD reverts to SGD and the lower
bound established above holds for c=SGD as well, completing the proof.

Appendix H. On the Metric

As discussed in the main body, while we use the metric F; = mingey ||V f ()|, our results

continue to hold for the metric A; = 1 St IV £(zy)||?, which is stronger, seeing that F; < A;.
To see why this is the case, note that in both the proof of Theorem 3 (recall (17)-(18)) and that
of Theorem 6 (recall (22)-(23)), we start with a bound on A; (in (17) and (22), respectively) and
use the fact that F; < A; to switch to the desired metric F} (in (18) and (23), respectively). It can
then be readily seen that skipping the inequality F; < A;, while using the exact same steps in the
respective proofs, we would get the same results on the more general metric A;. Similarly, the results
of Theorem 8 hold for A;, which can be seen by noting that, conditioned on the event B; defined
in the proof of Theorem 8, we have 4; = S IV (@) )? = [V £(x1)]]? = [|21]|% matching
the value of F; in (40). As mentioned in the main body, the reason for presenting our results in
terms of the metric F} instead of A; stems from the fact that tail bounds on F} have a more direct
interpretation, as F; > € readily implies that an e-stationary point has not been reached in any of the
first ¢ iterations. On the other hand, A; > €2 does not necessarily imply that an e-stationary point has
not been reached, as it is possible that A; > €2 > F}, hence an e-stationary point can be reached,
while having A; > €2.
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Appendix I. Clipping With a General Threshold

In this section, we discuss how our results for c—SGD can be extended when using a clipping
threshold which does not requiring knowledge of the gradient bound G. In particular, we consider a
clipping threshold of the form

Clt+ 1)1, pe(1,2
%z{ E+1) p_(2 ) (43)

Cy/log(t+1), p

where C' > 0 is any user-specified constant. We now want to establish a counterpart of Lemma 5, for
the general clipping threshold in (43). To that end, we have the following result.

Lemma 13 Let Assumptions 2 and 4 hold and let the clipping threshold be chosen as in (43). Then,
the following are true.

6p—4
26 2
1. Forallt > By, we have ||0?|| < 40P~} 7P, where B, = c  pe(l2)
2%/ 1, p=2

2. Forallt > 1and any Fy-measurable z € RY, we have E[ exp ((z, 0}))| 7] < exp (3v7||z[?).

Proof To prove the first part, note that from Assumption 2, the choice of clipping threshold in (43)
and the definition of B, we have, forany t > B,

V@l <6< 3.
The claim now readily follows by applying Proposition 11. The second part is proved in the same
way as in the proof of Lemma 5. |

Lemma 13 shows that the bound on the unbiased component established in Lemma 5 remains
valid for all times ¢, while the bound on the biased component also becomes active, after a certain
number of iterations. We then have the following result.

Theorem 14 Let Assumptions 1, 2 and 4 hold and let {x;}icn be the sequence generated by c—SGD

using the step-size oy = (t + 1),31%2 and clipping threshold ~y; given in (43). Then the sequence
{F} }1en satisfies an LDP upper bound, with the following decay rate and rate function.

4(p—1) 22
=p—2 R >0
1. Ifp € (1,2), the decay rate is n; = % with rate function given by I.(x) = { 19207G* =
s 00, z < 0.
CU2
= isny = —b ; on i _ Joscrgzr 20
2. Ifp =2, the decay rate is ny = —, with rate function given by I.(x) =
og (1) 00, z < 0.

Proof Recall that we showed the following inequality in Appendix F, for all £ > 1

N o a2 2
F@s1) < fGon) = EIVI @R = oV 1 n), 03 + IO + S,
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Rearranging, summing up the first ¢ iterations and using the fact that the step-sizes are non-increasing,
we have

t t
SO NVE@I? < Flan) = fo = D2 an(V (), Zakuek||2+2“”k . @
k=1 k=1

We can see that the only difference between (44) and the corresponding equation (22) in the proof of
Theorem 6 is the presence of Y"}_, a||0%||?. Therefore, we our aim is to bound this expression. To
that end, let ¢ > B, (this is fine, since we are interested in the limit behaviour ¢t — o0), and notice
that

t
> algil® = ZakHekH2+ Z arllOx]* < Z%H%HQJr 16 Z aro ™y,
k=1

k=B, k=B,

where in the last inequality we used Lemma 13. What is left now is to show that the remaining term
Zfﬁl v [|0% | stays bounded. Recalling that 69 = E[gy, | 7] — V f(2%), where gy, is the clipped
stochastic gradient, and using the fact that ap, < 1, we get

B, By By
D wllRl® <2 (IE[gk [ Fi] 17+ IVF(@i)I®) <2} (7 + G?) <1067 By,
k=1 k=1 k=1

where the last inequality follows by noting that v, < 2G, for all £ < B,,. The rest of the proof now
follows the same steps as in Theorem 6, with 2G replaced by C', and is omitted, for brevity. |
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