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Abstract

Margin-based learning, exemplified by linear and kernel methods, is one of the few classical settings where
generalization guarantees are independent of the number of parameters. This makes it a central case study
in modern highly over-parameterized learning. We ask what minimal mathematical structure underlies this
phenomenon.

We begin with a simple margin-based problem in arbitrary metric spaces: concepts are defined by a center
point and classify points according to whether their distance lies below r or above R. We show that whenever
R > 3r, this class is learnable in any metric space. Thus, sufficiently large margins make learnability rely only
on the triangle inequality, without any linear or analytic structure being necessary. Our first main result extends
this phenomenon to concepts defined by bounded linear combinations of distance functions, and reveals a sharp
threshold: there exists a universal constant such that whenever the margin is larger than this constant, the class
is learnable in every metric space, while below it there exist metric spaces where it is not learnable at all.

We then ask whether margin-based learnability can always be explained via an embedding into a linear
space — that is, reduced to linear classification in some Banach space through a kernel-type construction. We
answer this negatively by demonstrating a margin learnable class that cannot be embedded into any Banach
space in which linear classification with margins is learnable.

1. Introduction

Margin-based learning provides a canonical example of parametric learning in high dimensions due to it be-
ing one of the primary settings where generalization does not depend on the number of parameters. Certain
hypothesis classes, most notably linear functions, whose learning complexity typically grows with dimension-
ality, become markedly easier to learn when their effective domain is restricted to points lying a fixed distance
away from the decision boundary, i.e., when a margin condition is imposed. Due to the appealing nature of
dimensionality-independent generalization, margin assumptions have been a topic for extensive research in the
context of halfspaces and kernel methods in Euclidean and Hilbert spaces. Classic maximal margin algorithms,
such as the Support Vector Machines, enjoy dimension-independent generalization guarantees when the data
satisfies a margin condition. Namely, when some target function realizes the data with a sufficiently large
margin Vapnik (1998); Cristianini and Shawe-Taylor (2000); Bartlett and Mendelson (2002).

However, much of the existing work relies on strong geometric assumptions, typically those of Euclidean
or, more generally, Hilbert spaces (via kernel methods). This naturally raises the question:

Which basic mathematical properties underlie margin-based learnability, and when can it be reduced to
learning embeddings in linear spaces?

We begin by abstracting linear margin-based hypotheses to the minimal geometric setting of metric spaces,
and ask whether such weak structure suffices for learnability. Let X’ be an arbitrary metric space with distance
function d(-,-). A simple margin-based concept class in this setting is defined by points of the space: for a
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given center x € X and parameters 0 < r < R, the corresponding concept labels points within distance at
most  from x as positive, and points at distance greater than R from x as negative. Formally, we define

( /) 1 Cl(l"I/) <— T, (1)
dx xTr )=
-1 d(.%', :L'/> > R.

Points whose distance from x lies in the margin region (r, R] are left unlabeled, and the data distribution is
assumed to assign zero probability to this region.

This definition applies to arbitrary metric spaces and relies only on the distance structure. To illustrate how
it relates to classical linear classification with margin, consider the special case where X is the unit /2-sphere
in RY, scaled to have diameter 1. In this setting, the level sets of the distance function d(z, -) correspond to
intersections of affine hyperplanes with the sphere. In particular, a linear classifier with margin + induces a
distance-based labeling of the form above, with parameters r = % —vand R = % + . Thus, Equation (1) cor-
responds to the margin structure underlying standard linear classification, while extending naturally to general
metric spaces.

Figure 1: Distance based labeling on a sphere
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This simple concept class exhibits a sharp threshold behavior: for fixed values 7, R such that R > 37, the
class is learnable regardless of the underlying metric space. In this case, the VC dimension of the class is 1
and even a single pair of points cannot be shattered by it!. Indeed, assume by contradiction that there exists a
pair 2,2/ € X that are shattered. Then, 3x; € X such that d(z1,z) < r and d(x1,2) < r. By the triangle
inequality, we have d(z, 2") < 2r. On the other hand Jz9 € X such that d(z2,x) < rand d(z2,2’) > R > 3r.
By the triangle inequality, we get d(x,2’) > 2r, a contradiction.

On the other hand, when R < 37, the simple triangle-inequality-based argument no longer applies, and the
behavior changes qualitatively: depending on the underlying metric space, the class may be arbitrarily hard to
learn, or even unlearnable. Indeed, let X = A U B such that A = {a, },ecn is a countable set of points and
B = {bs}{sca||s|<oo} 18 @ set of points referencing finite subsets of A.

r+ R r+ R r a; €S8
p(aivaj) = ) p(aivb ) :{

) b57bw =
5 p(bs; bw) 5 R ads

For any R < 3r this is indeed a metric space, while any finite subset of A is shattered by concepts defined
by points in B. Hence the VC dimension of the class is infinite yielding an unlearnable setting.

Simply put, for sufficiently large margins, the learnability of these abstract margin-based classifiers relies
only on the triangle inequality and not on any additional linear or geometric structure. This threshold is sharp:
for every margin value below it, there exist metric spaces in which the class is not learnable. Thus, while
learnability is guaranteed uniformly above the threshold, below it the behavior becomes space-dependent and
may range from learnability to complete non-learnability.

1. Note that the VC dimension continues to characterize PAC learnability for such classes of partial concepts; this follows from
known extensions of PAC learning theory, which we discuss in more detail later
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Figure 2: Unlearnable metric space for R < 3r
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In Section 4.1 we extend these ideas to a much richer concept class and identify total boundedness as a
key structural property in this setting. When the margin is below the critical threshold, learnability remains
possible provided the underlying metric space is totally bounded®. Beyond the specific distance-based classes
considered here, we show that total boundedness in fact precisely characterizes the learnability of the entire
class of Lipschitz functions over the metric space.

Margin-Based Learning in Linear Spaces. Since our analysis of margin-based learning in general metric
spaces provides only a partial characterization of margin based learnability, we shift our focus to the more
structured setting of linear spaces. A well studied case of margin learning is the one of linear functionals on
Hilbert spaces. Although infinite dimensional Hilbert spaces are not totally bounded, linear classification with
margin in these spaces provide a canonical example for margin-based learning, a fact that cannot be accounted
for by the metric space perspective. This motivates our study of linear spaces, where additional geometric
structure plays a central role.

At the same time, linear spaces arise naturally even when dealing with abstract, non-linear learning prob-
lems. A central paradigm in learning theory is to embed a classification problem into a linear space, most
prominently via kernel methods, so that hypotheses are realized as linear functionals and margin-based gen-
eralization guarantees apply. This perspective raises the question of whether such linear embeddings merely
provide a convenient analytical framework, or whether they fundamentally characterize margin-based learn-
ability.

These considerations motivate a more focused study of margin problems in the context of Banach spaces,
in terms of their role as a potential universal model for margin-based learning via embeddings. We therefore
ask the following question:

To what extent is linear classification with margin universal in the context of margin-based learning?
For example, can every learnable margin-based class be realized as linear functionals over an
appropriate Banach space?

We answer this question negatively and show that margin-based learnability does not, in general, reduce to
linear embeddings into Banach spaces. To this end, we construct learnable margin-based classes with learning
rates that violate a key property of the sample complexity bounds of learning linear classifiers in Banach spaces:
that they must be polynomial in the inverse margin % This implies that the learnability of these classes cannot
be reduced to learning them linearly in any Banach space.

2. Background & Problem Setup

We begin by introducing several standard notions and the model of y-learnability which is the main focus of
investigation here. Throughout we consider a fixed domain X and a function class F of real valued functions
from X to R.

2. Recall that a space is totally bounded if for any v > 0 it can be covered by finitely many balls of radius .
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~v-learnability. For any real-valued function f : X — R, a binary labeled dataset S = {(z;,v;)}",, Where
z; € X and y; € {—1,1}, is said to be y-realized by f if f(x;) - y; > 7, forall (z;,y;) € S. A distribution
D is v-realizable by F if there exists an f € F that y-realizes almost surely any i.i.d. dataset sampled from
D. A function class F is said to be y-learnable if there exists a learning algorithm A, mapping a sample S
to a function A(S) : X — {£1}, and a sample-complexity bound mz, : (0,1) x (0,1) — N such that for
every £,0 € (0,1) and every distribution D that is y-realizable by F, the following holds: If S ~ D™ with
m > mgr (e, d) then with probability at least 1 — § over the draw of S,

P [(AS)@) y#£1] <e

z,y)~D

Partial concept classes We formulate the notion of margin concept class by using partial concept classes,
as defined in Long (2001); Alon et al. (2022). Given an input space X, a partial conceptisamap h : X —
{—1,1,x}, where we think of hA(z) = % as meaning that / is undefined on x. A partial concept class H is a
collection of partial concepts. A sample S = {(x;,y;)}}, is realizable by the partial concept H, if there is
some h € H such that h(x;) = y; # * forall 1 < i < n. A distribution D over X x {—1, 1} is realizable by
H if any sample drawn from D is realizable with probability 1. A set {z;}"_,, is said to be shattered by H if
for any y € {—1,1}" the labeled sample {(z;,y;)}", is realizable by , and VC(# ), the VC dimension of H
is the maximal size of a shattered set (or infinite if there are shattered sets of arbitrary size).

A Partial concept class H is called learnable if there exists a learning algorithm .4 and a sample-complexity
bound my : (0,1) x (0,1) — N such that for every £,0 € (0,1) and every realizable distribution D the
following holds: If S ~ D" with m > my (e, §) then with probability at least 1 — § over the draw of .S,

P [(A(S)(@) #y] <e
(z,y)~D

A fundamental result in the theory of PAC learning is that the VC dimension governs the sample complexity

of a class. Indeed the results by Alon et al. (2022); Aden-Ali et al. (2023) imply the following characterization

Theorem (Characterization of optimal Sample complexity via VC dimension) Ler H C {—1,1,x}" be
some partial concept class. Then H is learnable if and only if VC(H) is finite, in which case we have the
following bound on its optimal sample complexity

VC(H) + log }

m(e,8) = O( .

).

For a v > 0, and a function f : X — R, the margin classifier defined by f is the partial concept class
hp: X — {~1,1 — x} defined by

+1  f(z) >,
hi(x)={ -1 f(z) < -7,
* f(x) € (=v,7)-

And given a set of functions 7 C R%, the induced partial concept class of classifiers is Hy={hs : feF}
By definition, the margin problem F is ~y-learnable if and only if 7—[} is learnable, and with the same sample
complexity.

~-fat shattering dimension. We recall the classic definition of the fat-shattering dimension as in Kearns and
Schapire (1994); Alon et al. (1997). A set X C X is ~y-shattered by a function class F if there exists a witness
threshold function  : X — R such that for any labeling b : X — {—1,1} there exists a function f, € F
satisfying:
folx) >r(x)+~ ifbx) =1, and fi(x) <r(z)—v ifblz)=—1,

for all z € X. The v-fat shattering dimension of 7, denoted by fat. (F), is the cardinality of the largest
~-shattered set X C A& (or infinite if there exist shattered sets of arbitrarily large size).

Several restrictive variants of fat., (F) exist in the literature. These include confining the threshold function
r to be a constant across X, strictly fixing it to O (denoted f at9y(.7-' )), and replacing the inequality with an
equality fy(z) = r(x) £ v (see, e.g. Simon (1997); Attias et al. (2023); Alon et al. (1997) for examples of
these variants). The following technical result reconciles the numerous definitions and establishes that for many
naturally structured function classes, these alternative formulations coincide.
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Proposition 2.1 (Characterization of shattering in margin spaces) Let X be a set, and let F be a convex
and symmetric class of functions from X to R; that is:

1. F is closed under convex combinations.
2. feF = —feF.

Let v > 0, and let S = {x1,...,2,} C X be a set of n distinct points. Then the following conditions are
equivalent:

(1) S is y-shattered by F: There exists a threshold function v : S — R such that for every s € {—1,1}",
there exists f € F satisfying

si(f(xi) —r(z) >~ V1l <i<n.

(2) S is ~y-shattered at 0 by F (~y-shattered with threshold r = 0): For every s € {—1,1}", there exists
f € F satisfying
sif(x)) >~  foralll <i<n.

(3) F contains an n-dimensional ~y-cube on S; that is, for every y € [—~,|", there exists f € F such that

f(x) =y foralll <i<n.

(4) For every A € R™ satisfying >, |\i| = 1, there exists f € F such that
n
D Nif (i) = .
i=1

Moreover, the equivalence of conditions (2)—(4) holds even without the symmetry assumption on F.

The proof is deferred to Section 5.2 while we turn our attention to the sample complexity of such classes.
A consequence of Long (2001); Alon et al. (2022); Aden-Ali et al. (2023) is that the fat-shattering condition
with threshold » = 0 (condition (2) of Proposition 2.1) precisely characterizes the optimal sample complexity
of learning a real-valued function class. Combining this with Proposition 2.1, we conclude that the learnability
of convex and symmetric function classes is characterized by fat. (F).

Corollary 2.2 Let F be a convex and symmetric class of functions from X to R; that is:

1. F is closed under convex combinations.

2. feF—>—-felF.
Then for any v > 0, the following conditions are equivalent
(1) Fis y-learnable.
(2) faty(F) < oo.
(3) fatd(F) < oc.
Moreover, for fat~(F) = d, the optimal sample complexity for learning F with margin vy satisfies:

d+log(1/5)> |

mr~(e,0) =© ( .

A few comments regarding the conditions in Proposition 2.1 are in order. Condition (3) is a natural geo-
metric property that connects the learnability of margin spaces to interpolation problems. It also closely relates
to the y-Natarajan dimension and y-Graph dimension studied by Attias et al. (2023), demonstrating that for
the classes under discussion, both are equivalent to the fat-shattering dimension. Condition (4), while less
intuitive in an abstract metric setting, turns out to be a useful tool whose geometric meaning becomes more
transparent in linear structures. We defer a detailed discussion of this connection to 2, following our Banach
space preliminaries.
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Metric Spaces. Recall that a domain X, together with a function d : X2 — R is a metric space if d is
symmetric, nonnegative with d(x,y) = 0 if and only if x = y, and satisfies the traingular inequality, i.e.,
d(xz,y) < d(z,z)+ d(z,y). For a metric space X, let Lip (or simply Lip) denote the class of all 1-Lipschitz
functions over the metric space. Namely, the set of all functions f : X — R satisfying

Ve,y e X, |f(z) — f(y)] < d(z,y).

Within this class we consider the following class of bounded linear combinations of point-distance functions:

00 o0
Dy := {Zaidzi ai €R, z; € &, Z’az‘\ﬁl}
=1

i=1
where each d, is defined by d,, (z) := d(x;, z). These bounded combinations of distance functions generalize

the notion of hyperplanes beyond the unit sphere. For example, consider a subset of Dy of functions which are
differences over n = 2 distance functions, i.e. f(z) = 3|z — z1|| — 3|z — 22| for z1, 22 € X. Each such

function encodes a half-space over the space X = R? while its O-level set corresponds to a hyperplane in R,

Banach Spaces. A well studied instance of metric spaces are Banach spaces which are the basis for high-
dimensional linear classification. Let X’ be a linear space, equipped with a norm || - ||. Recall that || - || is a norm
if it is non-negative and positive-definite (i.e. ||z|| = 0 iff x = 0), absolutely homogeneous (i.e. || Az|| = |Al||z|
and satisfies the triangular inequality:

[z +yll < llfl + llyll

The space X is called a Banach space if it is complete with respect to || -
{vn}22; C X converges to a limit in X

; that is, any Cauchy sequence

Let B be a Banach space. In the context of linear classification with margin over B, we assume that the
domain is the unit ball B; = {z € B : ||z| < 1}, and that the corresponding class F is the set of linear
functionals whose dual-norm is at most one. Recall that given a norm ||- || on B the dual norm is a norm over 5*,
the linear functionals over B, defined as [|w|| = supjj,j=; w(z). The class of 1-bounded linear functions is then
denote by Lg = {w € B* : ||w||, < 1}, where we consider each linear functional as a function over ;.

As noted in Theorem 2.1, Condition (4) finds a natural realization in linear spaces where 7 = L. In this
setting, a straightforward application of the Hahn-Banach theorem yields

y<sup Y Nif(wi) = ?elgf(z i) = HZ A

fer

This dual formulation yields two complementary perspectives. The first is through the geometric lens of the hy-
perplane separation theorem. A set {z;}}" ; is y-shattered (with witness 0) if for every possible binary labeling
y = {—1,1}", the convex hull of {y;z;}" ; is at least y far away from 0. This mirrors the classical intuition that
a shattered set must admit a linear margin from the origin for any arbitrary labeling (see, e.g., Gurvits, 2001).
The second perspective interprets shattering as a scale-sensitive generalization of linear independence. While a
set of vectors is linearly independent if every non-zero linear combination is non-trivial, Proposition 2.1 implies
that {x;}7_, is y-shattered® if and only if any (normalized) linear combination is -far from zero. We also note
that in this case, the linear map 7" : /7 — X defined by T'e; = x; shows the existence of a y-isomorphic copy
of /7 in X, thus relating fat-shattering to notions in local theory of Banach spaces as observed by Mendelson
(2002); Mendelson and Schechtman (2004).

3. Related Work

Our work intersects several foundational streams in statistical learning theory: dimension-independent general-
ization in normed spaces, metric-space classification, scale-sensitive dimensions, and the limits of kernel-type
linear embeddings. Below, we position our contributions within this landscape.

3. Recall that for a Banach space X', we assume the hypothesis class consists of all linear functionals on X’ of norm at most one.
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3.1. Large-Margin Generalization in Linear and Banach Spaces

The principle of margin-based generalization is a cornerstone of classical learning theory, providing a mecha-
nism for dimension-independent performance in highly over-parameterized models. In Euclidean and Hilbert
spaces, the generalization error of linear classifiers can be bounded purely in terms of the margin, bypassing
the nominal dimensionality of the space Vapnik (1998); Bartlett (1998); Bartlett and Mendelson (2002); Cortes
and Vapnik (1995).

The generalization of this paradigm to more abstract normed and Banach spaces has been explored through
the lens of structural functional analysis. Notably, Gurvits (2001) investigated scale-sensitive dimensions for
linear functionals, illustrating how margin requirements control capacity via the geometric properties of the un-
derlying space. Building on this, Mendelson (2002); Mendelson and Schechtman (2004) established profound
connections between the fat-shattering dimension of linear functionals on a Banach space and its structural
properties such as Rademacher type and cotype. Our work directly builds on these insights in our second main
result, leveraging Mendelson’s asymptotic capacity bounds to prove the impossibility of universally embedding
abstract metric margin spaces into learnable Banach structures.

3.2. The Lipschitz Paradigm in Metric Spaces and its Bottlenecks

Moving beyond vector spaces, classical extensions of margin learning to abstract metric spaces have predomi-
nantly adopted the framework introduced by von Luxburg and Bousquet (2004). In their setting, the hypothesis
class is defined as the entire class of bounded Lipschitz functions, where the inverse of the Lipschitz constant
behaves as the natural metric analog to a linear margin.

However, a fundamental bottleneck of this approach is that the full Lipschitz class is exceptionally expres-
sive. As studied in von Luxburg and Bousquet (2004); Gottlieb et al. (2014) and extended below, there is a
direct connection tying the dimensionality (total boundedness) of a space to the uniform learnability of the
class of Lipschitz functions defined on it. This requirement represents a severe restriction; indeed, learning the
full Lipschitz class is hard even in standard infinite-dimensional Hilbert or Banach spaces because the space
lacks total boundedness, restricting analysis to highly structured domains, such as metric spaces with a low
doubling dimension.

3.3. Generalizations of Linear Classifiers to Metric Spaces

In light of the hardness of learning the full Lipschitz class, an independent and highly active line of inquiry
has sought to identify and learn restricted sub-classes that act as true structural analogs to linear functions on
metric domains. Prior attempts to generalize linear classification to metric spaces predominantly include Kernel
Methods and implicit linearization Scholkopf and Smola (2002), learning with general similarity functions
Balcan et al. (2008) and nearest-prototype decision boundaries Anthony and Ratsaby (2018).

Rather than targeting the full, unlearnable Lipschitz class or relying on implicit algebraic structures, our
work focuses precisely on a well-defined structural generalization of hyperplanes. Our contribution reveals a
fundamentally different distribution-free learning landscape than prior work, bypassing requirements such as
total boundedness, doubling dimensions, or similarity-goodness axioms.

3.4. Scale-Sensitive Dimensions and Partial Concepts

Methodologically, our distribution-free analysis builds on the fundamental characterization of real-valued learn-
ability established by Kearns and Schapire (1994); Alon et al. (1997); Bartlett and Long (1998). To model
margin-based classifiers over abstract spaces rigorously, we formalize this setting using the framework of par-
tial concept classes Long (2001); Alon et al. (2022) and leverage the modern paradigm of optimal sample
complexity bounds for partial concepts established by Aden-Ali et al. (2023).

4. Main Results
4.1. Learnability in Metric Spaces

Let X be a metric space. We begin by studying the learnability of the class Dy of bounded linear combinations
of distance functions, which, as noted earlier, generalizes the notion of half-spaces to general metric spaces.
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We show that the class Dy fulfills a threshold-type phenomenon similar to the one exhibited in the introductory
example. When the margin v is sufficiently large, Dy is y-learnable in every metric space - hinging only on the
triangle inequality - while smaller margins admit the full spectrum of possibilities, including non-learnability.

Theorem 4.1: A Dichotomy for Distance Functions.

Let X be a metric space and let Dy denote the class

o0 o0
Dy = {Zaidm a; €R, z; € X, Z!ail < 1}7

i=1 =1

where d(-) := d(-, z). Then the following hold:
1. For every v > % and every space X’ with diam(&X’) < 1, the class Dy is y-learnable.

2. For every v < %, there exists a space X’ with diam(X’) < 1 such that Dy is not y-learnable.

By rescaling the metric, the threshold % corresponds to a normalized margin of v/diam(X).

The proof is similar to the one from the introduction which shows the dichotomy of the class from Equa-
tion (1), both in how learnability follows from the triangle inequality, and in the construction of the non learn-
able class. For the full proof see Section 5.1.

The proof of the lower bound relies on constructing a metric space that is not totally bounded. Recall that
a metric space is totally bounded if, for every v > 0, there exists a finite cover of X by balls of radius . It is
therefore natural to ask whether the dichotomy in the above theorem persists under a total boundedness assump-
tion. Our next result shows that if X is totally bounded, then Dy is y-learnable for every v > 0, and, moreover,
shows that total boundedness is an exact characterization of Lipschitz learnability. While the sufficiency of
total boundedness can be inferred from existing sample complexity bounds von Luxburg and Bousquet (2004);
Gottlieb et al. (2014), we show that it is also necessary, thereby establishing that total boundedness is equivalent
to the learnability of Lipschitz functions.

Lipschitz Functions. Recall that a function f : X — R is I-Lipschitz if |f(z) — f(y)| < d(z,y) for all
x,y € X, and let Lip, denote the class of all such functions. Note that Dy C Lip,, since every distance
function is 1-Lipschitz.

Theorem 4.2: Learnability of Lipschitz Functions.

Let X be a metric space and let Lip denote the class of all 1-Lipschitz functions over X'. Then, the
following are equivalent.

1. Lip is y-learnable for every v > 0.
2. X is totally bounded.

Moreover, fat, (Lip) is exactly the 2y-packing number of X’ (i.e., the maximum size of a subset of X’
with pairwise distances at least 27).

The main insight underlying the proof is that a dataset S = {(z;,y;)}7_; is y-realizable by Lip if and only
if the minimum distance between positively and negatively labeled examples is at least 2. The full proof is
given in Section 5.1.

Previous works mentioned have established learnability guarantees for Lipschitz function classes in terms
of covering numbers of the underlying metric space. In particular, von Luxburg and Bousquet (2004); Gottlieb
et al. (2014) derived sample complexity bounds for learning Lip , that depend on the covering numbers of X
Since finite covering numbers imply that X is totally bounded, these works show that total boundedness is a
sufficient condition for learnability. Our contribution therefore is showing that total boundedness is not merely
sufficient but also necessary. That is, total boundedness exactly characterizes when the class Lip, is learnable
under a margin assumption. Moreover, our characterization via packing numbers yields tight bounds on the
optimal sample complexity.
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4.2. Learnability in Banach spaces

We now turn to the question of the universality of linear classification with margin. Linear classifiers play
a central role in learning theory, both due to their favorable sample complexity properties and because many
abstract learning problems are approached via linear embeddings, for instance through kernel methods.

A notable feature of linear classification is that, unlike the general metric-space setting, margin-based learn-
ing in Hilbert spaces is possible for every v > 0, despite the fact that such spaces are infinite-dimensional and
not totally bounded. This naturally leads to the question of whether general margin-based learning problems
can always be reduced to linear classification in normed spaces. More precisely, we ask whether every -
learnable margin-based concept class can be embedded - possibly via an appropriate kernel - into a Banach
space in which linear classification with margin is learnable.

We show that this universality does not hold in general: there exist concept classes that are learnable
for every v > 0, yet cannot be embedded into any Banach space admitting learnable linear classification
with margin. Our argument relies on a characterization of the possible asymptotic dependence of the sample
complexity on the margin in Banach spaces, given in the following result by Mendelson (2002); Mendelson
and Schechtman (2004):

Theorem 4.3 (Fat-Shattering Dimension Bound for Linear Classifiers) Mendelson (2002); Mendelson and
Schechtman (2004)

Let B be a Banach space and assume that fat.(Lg) < oo for some v € (0,1). Then fat,(Lg) < oo for all
v € (0, 1) and there is some p > 2 such that

1

fatW(LB) = O(%

It is interesting to note that the converse is also true. That is, for every p > 2 there exists a Banach space for

which fat,(Lg) = @(Wip) Combining the two, we get a taxonomy of Banach spaces based on the learnability
rates of their linear functionals with margins.

4.2.1. EMBEDDING MARGIN PROBLEMS INTO BANACH SPACES

Embedding learning problems into linear spaces is a classical technique that has played a particularly influential
role in machine learning, most notably through kernel methods. In this framework, nonlinear concept classes
are analyzed via linear predictors in a suitable feature space. Given the central role of kernel methods in
explaining margin-based generalization, it is natural to ask to what extent margin-based learnability can - or
must - be understood through such linear embeddings.

To formalize this idea, we define an embedding of a margin problem F over a domain X into a Banach
space 3 as a pair of maps ® : X — B; and ¥ : 7 — Bj, where B; and B7 denote the closed unit balls of 3 and
its dual B*, respectively. We require that there exist constants ¢y, co > 0 such that for all z € X and f € F,

a¥(f)(2(x) < flz) < 2 ¥(f)(2(x)).
When ¢; = ¢3 = 1, this condition reduces to U(f)(®(z)) = f(x), i.e., the class F is realized exactly as the
unit ball of linear functionals on some Banach space B. Allowing ¢; and ¢; to differ relaxes this requirement,
permitting controlled distortion when representing F as a family of linear functionals.

The guiding principle behind this definition is that of reduction of learning problems: an embedding of a
margin problem F into a Banach space 3 reduces the task of learning F to that of learning linear classifiers in B.
Indeed, if a labeled sample {(z;, y;)}!_; is vy-realizable by F, then the transformed sample {(®(z;), y;)}1-, is
(Cry)-realizable in B, where C' = 1/ max(cy, ¢2), S0

fat,(F) < dime,(Lg).

From Theorem 4.3 we know that if a Banach space is 7y-learnable for some v € (0, 1), then it is learnable for
all v € (0,1). Thus, if 7 admits an embedding into a learnable (for any or all 7v) Banach space B, then F itself
is y-learnable for all margins v € (0, 1).

This naturally raises the converse question: can every margin problem F that is learnable for all v € (0, 1)
be embedded into a margin-learnable Banach space? Unfortunately, the answer is negative, as shown by the
following result.
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Theorem 4.4: Learnable class with no learnable Banach embedding

There exists a symmetric and convex set of functions F C R that is -learnable for all y € (0, 1), yet
admits no embedding into any learnable Banach space.

The full proof of theorem 4.4, is given in 5.2. The main argument is an application of theorem 4.3, with
a construction of a set of functions F for which dimz(7y), is not polynomial. Specifically, given a decreasing

sequence of positive numbers {ay, }22 ;, define a class F of functions on the natural numbers by

F={fe0,)" : |f(n)| < an}.

Clearly F is symmetric and convex. Additionally, fat. (F) is the largest integer n for which a,, < . Conse-
quently, if a,, decreases to 0 slowly enough we have that fat., () is not bound by any polynomial of % Hence
F cannot be embedded into any learnable Banach space B3, since by theorem 4.3, any such embedding would
enforce a polynomial upper bound on fat. (F).

5. Proofs

5.1. Proof of learnability of metric classes

Proof [Proof of Theorem 4.1] First, notice that Dy is symmetric and closed under convex combinations. Hence
by Theorem 2.2 it suffices to show that £ atg (Dx) < oo. Observe that Dy can be partitioned into two classes
Dy = D3 WD such that

DX —{ZaldeGDX| Z al_%}, DX —{ZazdeD/\f’ Z a; < f}.

i:a;>0 i:a;>0

Since the property fat?Y < oo is closed under finite unions (a direct consequence of the scale-sensitive
Sauer—Shelah lemma), it suffices to show that both D3, and D have finite ~-fat-shattering dimension at 0.
We show this for D3. By the symmetric nature of the partition, the bound for D follows immediately from
that of D7,. Specifically, we show that if fatg(D}() > 2then~y < %

Assume there are some x,z’ € X, which are ~-shattered at 0 by Dx~. Then there is some f € D; such
that f(z) < —vand f(2") < —y. By definition, there are points {z;}} ; C X and scalars {a;}!" ; C R, with
> ]a;] <1, and Empo a; > % such that f(x) = """ | aidg, () < —vyand f(a') = > 7" aidy, (2) < —7.
Denote ] ={1<i<n : a >0}andJ ={1<j<n : a; <0} sowehave

Zaid(x,:ci) — Z laj|d(x, x;) Zakd z, k) < —7.

iel jeJ

Which implies

Zaid(x,xi) < Z lajld(z,z5) —

icl jed

And the same holds if we replace = with z’. Together with )", ; a; > % and the triangle inequality, this implies

d(z,2') < Z a; d(x, z")

el

< Z a; [d($, x;) + d(x;, 1:’)]
el

< (Z\aﬂ (z,x;) +d(zj,x )]) — 2
jeJ

< 0+ -2y=1-2

Where in the last inequality we used the assumption that Diam(X') < 1.

10
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Additionally, from ~-fat shattering at 0, we have some {z;}”, C X and {a,}”, C R such that f'(z) =
Yoty akd(xl,x) > yand f'(2') =" aid(x}, 2") < —v. From this we get

d(w,a’) > ) did(z,2") > ) ajld(z,2}) — d(’,2))] > 2v.
=1 =1

So our two inequalities gives
2y < d(z,2') <2 —4y.

Which implies v < % Define a metric space (X', d) as follows: Let X = AU B such that A = {ay, }nen is a
countable set of points and B = B; U By where B; = {bi}{sg Alls|<oo} are a pair of sets of points referencing
finite subsets of A.

-7 a; €8, j=1
+ v ai¢87j:1
+v a;€s8,5=2
- ai¢57j:2

2 PR 2
p(aiaaj) = §7 p(bsabzu) = ga p( i

S
S
s
S~—
|
IR oI oI Lol

For any v < 1/3 this is indeed a metric space with Diam(X) < 1. For any finite A" C A, let 04/ :=
- db,14/ ~- 1. dbiv € D). Then 6|4 = —7y - 14/ + 7 - 14\ &. Therefore fat,(Dx) > n for all n, concluding
our proof. |

Proof [Proof of Theorem 4.2 - Learnability of Lipschitz functions] First, notice that Lip is symmetric and
closed under convex combinations. Hence by Theorem 2.2, y-learnability of Lip is equivalent to the finiteness
of fat)(Lip).

Let S = {(i,v;)}!_,, be some sample ~y-realizable by Lip, denote the positive and negative labeled
examples by ST = {(z,y) € S : y=1}L S ={(z,y) € S : y = —1}, and note that d(ST,S7) > 2.
Conversely, any such sample S for which d(S*, S™) > 2+, is y-realizable by Lip. Indeed define f € Lip by

d(S™,z) —d(ST, )

fla) = ; ,

and note that if € S* then f(z) = 3 - d(S™, z) > v, and similarly if z € S~ then f(z) < —7. We can also
see that f € Lip since d(A,y) < d(A,x) + d(z,y) for any set A C X and points z,y € X. Thus for any
sample S:

S is y-realizable by Lip <= d(S*,57) > 2y

1 — 2 Assume to the contrary that X" is not totally bounded, i.e. that for every n, there exists a set S C X
of cardinality n such that d(z;, x;) > 2+ for any pair of different points x;,2; € S. Then for any sign pattern
y € {£1}" we have that d(S—,S*) > 2y, where S = {2, € S :y; = —1},and ST ={z; € S : y; = 1}.
Hence {(z;,y;)}", is y-realized by f € Lip given by

d(S~,z)—d(St,x)

f@) = 5

Implying that fatpy (Lip) > n for all n.

2 — 1 For the other direction, assume by negation that there exists v > 0 such that Lip is not y-learnable.
Let S be a sample y-shattered at 0 by Lip. Then for any x;, z; € S there is some f € Lip such that f(z;) > ~,
f(z;) < —~, hence we have

2y < f@:) — f(z5) < d(i, ).

Since this is true for sets .S of arbitrary size, we conclude that & is not totally bounded. |

11
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5.2. Proofs for margin embedding and characterization of shattering results

Proof [Proof for Theorem 4.4 - non embeddability of margin spaces] Define 7 C (—1,1)" by
1
F={fe(=L,D" :[f(n)| < ¥

~ logn
Clearly F is symmetric and convex. It is also clear that .S is vy-shattered by F if and only if v < loéx for all

xz € S. Hence we deduce that fat.(F) = Le%J, and in particular F is y-learnable for all 7. Note that any
embedding of F into a Banach space I will imply that there is some constant C' > 0 such that

[e7] = fat,(F) < fatc. (Lp).

By Theorem 4.3, this implies that B is not v learnable for any v > 0, as any learnable Banach space will obey
the bound fat,(Lg) = O(Vip) for some p > 0. [ |

Proof [Proof of Proposition 2.1 - Characterization of shattering in margin spaces]
(4) = (3) : Assume toward contradiction that (4) holds but (3) does not hold, so there is some
y € [—,7]™ such that for every f € F there is some i € [n] such that f(xz;) # y;. Consider the set

Fls ={(f(z1), f(22) ... f(zn)) : fE€F}.

Since F is convex so is F|g C R"™, and by assumption y ¢ F|s. Hence by the Hahn-Banach theorem there is
some vector A € R"™, and scalar a € R such that

n
Z Aiyi = a.
i=1
But for any f € F|g we have
n
Z )\ifi <a.
i=1

By normalization we may assume » ., |\;] = 1. Hence, since we assumed (3), we get that there is some

f € F such that
n n n
Z)\z’f(iﬁi) >y = Z |Aily > Z)\iyi =a
i=1 i=1 i=1
In contradiction.

(3) = (2) : Obvious.

(2) = (4) :Let A € R”, be such that > ; |\;| = 1. Since we assume that S is shattered by F, for any
sign pattern s € {—1,1}", there is some f € F such that s; f(x;) > v forall 1 < i < n. In particular we may
find such f for the sign pattern s; = sign()\;) (choosing arbitrarily in the cases where \; = 0). Then for this f
wegetforalll <i<n

Aif (i) = |Ailsign(Ne) f (i) > |l

o Xif(@i) =) Nl =7
=1 =1

Which gives the desired result. Finally we show that if (1) and (2) are equivalent when F is also symmetric.
Clearly (2) = (1) so we only need to show the converse. Assume we have some r : .S — R such that
for any s € {—1,1}" there is fs such that (fs(z;) — r(z;))s; > v forall 1 < i < n. Then for any such
s € {—1,1} define

From which we deduce

¢S _ fS _2f—8 .
Where f_; is the function corresponding the labeling —s € {—1,1}". Since F' symmetric we have that

—f—s € F, and since it is convex we have that ¢5 € F. To conclude the proof we note that forall 1 <: <n

sifs — sif- +
¢S(ﬂfZ)SZ: 1821 82727:7
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