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Abstract

Classical online optimization theory focuses on regret guarantees for convex Lipschitz func-
tions. However, online optimization problems motivated by machine learning for algorithm design
fall outside this regime, since typically an algorithm’s performance as a function of its hyperpa-
rameters is a highly volatile function. This has inspired recent work on online optimization of
piecewise-Lipschitz functions with complex transition boundaries. We provide open questions
in this direction. Resolving these questions would advance the learning-theoretic foundation for
adaptive algorithm design by clarifying when desirable sublinear regret guarantees are possible for
learning the algorithms from online problem instances.

1. Background and Motivation

Modern algorithms depend critically on tunable parameters whose optimal values vary across ap-
plications and over time. Traditionally, these parameters are selected via offline cross-validation
or fixed heuristics that can be brittle and fail to adapt to changing data distributions. Online data-
driven algorithm design instead adapts parameters on the fly with provable guarantees, but the key
obstacle is that an algorithm’s performance as a function of its parameters is highly non-smooth:
infinitesimal parameter changes can often affect combinatorial decisions—Ilike branching heuristics
or cluster merges—producing discontinuous, non-concave utility (or non-convex loss) landscapes
that place the problem outside classical online convex optimization. Typical algorithm design prob-
lems admit no sublinear regret guarantee against adversarial inputs without further structure (with
a few exceptions, e.g., Balcan and Beyhaghi 2024). The dispersion framework of Balcan et al.
(2018) and its extensions (Balcan et al., 2020b,c; Balcan and Sharma, 2021; Balcan et al., 2025a)
show that strong regret guarantees become possible once discontinuities are suitably well-behaved.
However, the current theory still relies on problem-specific structural arguments and often incurs
prohibitively large dependence on key parameters (e.g., exponential in the polynomial degree of
transition boundaries)—in sharp contrast to the statistical (i.i.d.) learning setting, where sample
complexity is typically polynomial in both input complexity and the number of algorithm parame-
ters (Balcan et al., 2021; Bartlett et al., 2022), even for complex settings like deep neural network
hyperparameters (Balcan et al., 2025b). Understanding when learning with good regret guaran-
tees is possible in the online setting remains a central challenge in the theory of online data-driven
algorithm design.
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Problem Setting. Let © C RP? be a compact parameter space. Ateachround ¢t = 1,...,T, the
adversary' chooses a function u; : © — [0, H] and the learner selects algorithm parameter 6; € O,
and experiences utility u;(6;) that measures the algorithm’s performance (e.g., optimization objec-
tive, running time, memory, converted from loss to utility if needed). In the static full information
setting, the learner then receives the feedback wu;(.) for all § € © in each round, and the perfor-
mance is measured after 7' rounds using regret against the best algorithm parameter in hindsight.
A common setting in data-driven algorithm design (Balcan, 2020) involves wu; that are piecewise-
Lipschitz, with discontinuities defined by threshold conditions Disc(u¢) C U, {0 : ¢,;(60) = 0},
where {¢; ; }; are a collection of m; boundary functions, e.g., multivariate polynomial functions.

This structure arises naturally in many algorithmic settings. For example, in hierarchical clus-
tering one first builds a binary tree by sequentially merging pairs of clusters using a linkage criterion
(single, complete, and average linkage induce different orderings of candidate cluster-pair merges
based on inter-cluster distances), and then prunes the tree using dynamic programming. Recent
work (Balcan et al., 2017, 2020a, 2025a) proposes several natural algorithm families that interpo-
late popular linkage algorithms and distance metrics, and the merge tree changes across polynomial
or exponential boundaries in the parameter space. Other examples include tuning regularization
parameters in regression (Balcan et al., 2022), graph algorithms in semi-supervised learning (Bal-
can and Sharma, 2021; Sharma and Jones, 2023; Du et al., 2025) and setting multi-armed bandit
algorithm hyperparameters (Sharma and Suggala, 2025; Blum et al., 2026).

In all these examples, the utility can be expressed as a piecewise function whose boundaries are
defined by multivariate polynomial equations. Classical online optimization theory fails to apply
in this setting, and in the worst-case, linear regret is typically unavoidable, even in one dimension.
Cohen-Addad and Kanade (2017) show sufficient conditions to overcome this in one-dimensional
piecewise constant functions (with perturbed discontinuities). Prior work (Balcan et al., 2018,
2020b,c, 2025a) gives a powerful recipe for online learning algorithm parameters with piecewise-
Lipschitz utility functions under sufficient “smoothness” conditions called dispersion (Definition 1).

2. Open Questions

A sufficient condition for online optimization of piecewise-structured functions is given by (-
dispersion (Balcan et al., 2018, 2020b,c). Informally, a sequence (uq,...,ur) is B-dispersed if
the number of discontinuities in any e-ball, for all ¢ > T~7, scales roughly as O(eT).

Definition 1 A deterministic sequence of utility functions (u;)¢>1 is S-dispersed for the Lipschitz
constant L if, for all T > 1 and for all € > TP, at most O(eT) functions® are not L-Lipschitz in
any la-ball B(0, ) of radius ¢ contained in the parameter domain ©.

max |{t | u¢ not L-Lipschitz in B(6,¢)}| < O(eT).
€

Further, the random process generating them is said to be B-dispersed if the expectation of the
displayed maximum satisfies the same bound.

Intuitively, dispersion requires that discontinuities are not overly concentrated in small regions of
the parameter space, and 3-dispersion implies existence of online learners with O(T"~#) expected

1. The adversary may not choose a fully adversarial sequence, but will have some mild “smoothness” restrictions in
order to make sublinear regret possible.

2. The soft-O notation is used to suppress logarithmic terms and dependence on parameters other than the time horizon
T and the dimension of the parameter space p.
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regret in the static full- 1nformat10n setting. Balcan et al. (2018) show several examples where dis-
persion holds with 8 = (Wthh corresponds to O(\/> ) regret). Balcan et al. (2020b) provide a
general methodology for proving dispersion for structured discontinuities, summarized below.

1. Characterize discontinuities. Show that discontinuities of each u; occur at solutions of equa-
tions {¢ j(#) = 0};, where each ¢, ; has a known functional form (e.g., linear or polynomial).

2. Smoothed instances imply random coefficients. Show that the coefficients of ¢; ; are random
variables with bounded range and probability density. Often this can be obtained by making rea-
sonable assumptions on the problem instances. For example, in the linkage clustering problem
described above, it is sufficient to assume that pairwise distances between points come from a
bounded-density distribution (Balcan et al. 2020a).

3. Anti-concentration bound. Prove that for any interval I of width € (or any axis-aligned line
segment of length ¢ in higher dimensions), Pr(30 € I : ¢, ;(#) = 0) < C - ¢, for C that is
independent of ¢, j (but may depend on other problem parameters). This implies that over T’
rounds, at most O (7" (max; m;)Ce) discontinuities fall in any interval of width ¢ in expectation.

4. Dispersion. Shattering and VC-dimension based arguments for the function class of ¢; ; (poly-
nomial, exponential, Pfaffian, etc.) to convert the anti-concentration results to dispersion bounds.

We present open questions around whether we can extend these results, with a focus on Step 3.

Anti-concentration bounds. Balcan et al. (2020b) show that for random degree-d polynomials
for which the coefficients are bounded and have a bounded joint density function, the desired anti-
concentration bound in step (3) holds. The following result is stated for p = 1 because there is a
known argument to convert the bound for one dimensional parameter 6 to one for high dimensional 8
(Balcan et al., 2020b) by incurring an additional O(p) factor. The key idea is that in order to establish
dispersion, it is sufficient to bound expected number of discontinuities along axis-aligned paths
between two parameter points, each segment of which is effectively the one-dimensional problem.

Theorem 2 (Balcan et al. 2020b, Theorem 18) For every random polynomial $(0) = 0% +ag_10% 1+
-+ g, with coefficients (ag_1, . ..,a0) € [~R, R]% and joint density bounded by r, and every

bounded interval I, Pr(30 € I : $(0) = 0) < k(2R)4! (d + B d D ) 1.

Another natural condition, namely if the coefficients (ay_1, . . . , o) are bounded and have bounded
marginal densities, is not a sufficient condition for any finite bound of this form. On the other hand,
if we additionally assume independence of coefficients (which is too strong an assumption for most
applications), bounded marginals also imply a bound on the joint density, and we can apply Theo-
rem 2 to get finite anti-concentration bounds. To understand when low-regret online optimization
is possible in this setting, it would be helpful to determine natural sufficient conditions that lead to
finite (and ideally polynomial in R and d) root anti-concentration bounds, as formalized below.

Open Question 1. Consider parameter dimension p = 1. Suppose the discontinuities of wu; are
given by roots of a polynomial equation ¢ () = 6% + ag_109" + - + ag = 0 with degree d
and random coefficients o := (ag_1, ..., ag) supported on [— R, R]¢. For a coefficient distribution
class 3, define the root anti-concentration constant C'y as
Co = sup sup Pro~p[30 € I: ¢a(0) = 0]'
HED interval ICO,|I|>0 |I|
Under what natural necessary and sufficient conditions on the coefficient distribution class ® can
we guarantee that C'y is (a) finite, or (b) polynomial in d and R? Partial progress would include
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interesting sufficient conditions that improve or give new regret bounds via the above recipe for one
of the applications previously studied in the literature, e.g., linear regression (Balcan et al., 2022),
linkage clustering (Balcan et al., 2017), semi-supervised learning (Balcan and Sharma, 2021), or
low-rank approximation (Bartlett et al., 2022). Theorem 2 gives a finite upper bound for the class
of distributions ® supported on [— R, R]? with joint density at most .

2.1. Beyond polynomials: Pfaffian transition boundaries

The polynomial anti-concentration question above concerns transition boundaries of the form ¢(0) =
0, where ¢ is a random polynomial with bounded-density coefficients. A natural next step is to ask
for analogous guarantees for natural, richer function classes, such as Pfaffians (Khovanskii, 1991),
which include exponential, logarithmic, and polynomial functions. Consider a one-dimensional pa-
rameter interval J, and let ¢, (0) = sz\il a; F;(0) = (a, F(0)), where F' = (Fy,...,Fn)isa
vector of Pfaffian functions on .J, and a € [~R, R]" is drawn from a distribution with bounded
density. One might hope for a uniform anti-concentration bound (similar to Theorem 2) of the form
Pr(30 € I : ¢o(#) =0) < CP*(q,A,M,N, R, A)|I|, where ¢, A, M are the Pfaffian complexity
parameters (see Balcan et al. 2025a for definitions), / C J is bounded, and A = (2R)N K 1s the
normalized joint density bound on the coefficients .. However, such a bound cannot hold with C**
polynomial in these formal complexity parameters alone.

Counter-example 1. Fix § € (0, 1], set J = [—1,1], and take F(0) = 1, F5(0) = 6/4. These
are degree-one polynomials, hence Pfaffian with constant complexity, regardless of J. Let o, aa
be independent uniform random variables on [—1, 1]. For I = [0,¢]| with ¢ € (0, ¢], the equation
¢a(0) = a1+a20/6 = 0 has aroot in I exactly when a1, ap have opposite signs and 6|av | < e|aa,
giving Pr(30 € [0,¢] : ¢o(9) = 0) = 5. Since § can be taken arbitrarily small while the
formal Pfaffian degrees and the coefficient distribution of o remain fixed, any bound of the form
Pr(30 € I: ¢o(h) = 0) < CP!|I| must have CTf > 1/(46), so no bound polynomial in the formal

complexity parameters and the coefficient distribution alone is possible.

Open Question 2. Theorem 2 shows that for random polynomials, after normalizing so that the
leading coefficient is fixed to 1, anti-concentration holds with a constant that is finite in d, R, and k.
What is the analogous normalization condition for a Pfaffian vector F' = (F1, ..., Fy) on a domain
O©—replacing the role played by “fixing the leading coefficient”—under which one can guarantee,
for the coefficient distribution class ® over [ R, R]" consisting of distributions with bounded joint
density, that the Pfaffian root anti-concentration constant

Proy|30 € 1: F(0)) =
CP — sup sup Tarpu[30 € 1 : (o, F(0)) 0].
HED interval ICO,|I|>0 ‘I|

is finite? In particular, if F; are all polynomials, then we should recover the bound in Theorem 2.

We conjecture that a simple condition—e.g., bounding the Lipschitz constant of the normalized
function F'(6)/||F(0)||>—may suffice to play the role that fixing the leading coefficient plays for
polynomials. Resolving this open question, however, requires understanding when this normalized
Lipschitz constant (or some other natural conditioning parameter) is itself polynomially bounded in
the relevant instance-complexity parameters, since the counter-example above shows that bounded-
ness cannot be taken for granted.

More generally, it would be interesting to give other sufficient conditions beyond dispersion (Bal-
can et al., 2018, 2020b) for online optimization of piecewise-Lipschitz functions wuy.
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