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Abstract
The impossibility of simultaneously cloning non-orthogonal states lies at the foundations of quan-
tum theory. Even when allowing for approximation errors, cloning an arbitrary unknown pure state
requires as many initial copies as needed to fully learn the state. Rather than arbitrary unknown
states, modern quantum learning theory often considers structured classes of states and exploits
such structure to develop learning algorithms that outperform general-state tomography. This raises
the question: How do the sample complexities of learning and cloning relate for such structured
classes?

We answer this question for an important class of states. Namely, for n-qubit stabilizer states,
we show that the optimal sample complexity of cloning is Θ(n). Thus, also for this structured class
of states, cloning is as hard as learning. To prove this result, we use representation-theoretic tools
in the recently proposed Abelian State Hidden Subgroup framework and a new structured version
of the recently introduced random purification channel to relate stabilizer state cloning to a variant
of the sample amplification problem for probability distributions that was recently introduced in
classical learning theory. This allows us to obtain our cloning lower bounds by proving new sample
amplification lower bounds for classes of distributions with an underlying linear structure. Our
results provide a more fine-grained perspective on No-Cloning theorems, opening up connections
from foundations to quantum learning theory and quantum cryptography.
Keywords: quantum cloning, quantum learning, stabilizer states, sample amplification

1. Introduction

The No-Cloning theorem (Wootters and Zurek, 1982; Dieks, 1982) is a foundational result in quan-
tum theory. It states: There is no one-fits-all cloning unitary U such that U(|ψ⟩ |0⟩) = |ψ⟩ |ψ⟩
holds simultaneously for non-orthogonal pure states |ψ⟩. We also have what one may call an ap-
proximate No-Cloning theorem (Werner, 1998; Keyl and Werner, 1999): Approximately cloning
arbitrary pure states requires as many copies as pure state tomography (Gross et al., 2010; Baldwin
et al., 2016; Haah et al., 2016; O’Donnell and Wright, 2016; Pelecanos et al., 2025b). While this
tells us cloning general pure states is exponentially costly, imposing sufficiently stringent structure
can make cloning easy. As a trivial example, any class of orthogonal states can be cloned (and
learned) perfectly from a single copy. Thus, there are two extremes: Approximate cloning and
learning are exponentially costly without structure, but even exact cloning and learning become
trivial with orthogonality structure.
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In many areas of quantum computation and information, and in particular in quantum learning
theory (Arunachalam and de Wolf, 2017; Anshu and Arunachalam, 2024), we often consider neither
of these extremes. Instead, we focus on classes of states that are structured yet sufficiently rich to
exhibit non-trivial quantum behavior. Prominent examples include stabilizer states (Montanaro,
2017), tensor network states (Landon-Cardinal et al., 2010; Cramer et al., 2010; Landau et al.,
2015; Arad et al., 2017; Bakshi et al., 2025), quantum example states (Bshouty and Jackson, 1995;
Arunachalam and de Wolf, 2017; Caro et al., 2024, 2026), and phase states (Arunachalam et al.,
2023). However, whereas questions of learning such structured classes of states are well-studied,
questions of (approximate) cloning under structural assumptions remain unexplored. This leads us
to our first central question:

Can approximate cloning be easier than learning for structured classes of states?

A computational version of this question was raised in Fefferman et al. (2026), and there is
evidence (Nehoran and Zhandry, 2024; Bostanci et al., 2025; Çakan et al., 2026) towards a positive
answer. We, however, interpret the question in terms of sample complexity: Are there structured
classes of states for which the sample complexity of approximate cloning is strictly smaller than
that of learning?

As classical information can be copied, “classical cloning” does not provide any insights useful
for the quantum case. However, classical learning theorists have recently introduced the task of
sample amplification (Axelrod et al., 2020, 2024): Given a dataset of random samples drawn from an
unknown distribution from some known class, produce a larger dataset that looks like it consists of
true samples. Notably, Axelrod et al. (2020) proved that sample amplification can be strictly easier
than learning. When thinking of states loosely as a quantum counterpart of classical probability
distributions, we see that the task of sample amplification is conceptually similar to approximate
quantum cloning. We posit that, via this analogy, new results in sample amplification can lead to
novel insights into quantum cloning.

To this end, we connect sample amplification with a prominent area in computational learn-
ing theory, the learnability of Boolean functions classes. Here, given i.i.d. samples of the form
(x, f(x)), with the input x drawn from some distribution V , and with the unknown function f
promised to lie in some known class F , we aim to learn f . If V is known, this can be viewed
as learning the distribution (V, f) from samples. Hence, from the perspective of computational
learning theory, the following question arises naturally:

Can sample amplification for structured classes of distributions {(V, f)}f∈F be easier than
learning?

In this work, we study the above two questions for specific kind of structures. First, we exhibit
function classes for which sample amplification is as hard as learning in terms of sample complexity.
Concretely, we show that amplifying parities is as hard as learning them, and we provide a coding-
theoretic interpretation of this result. Second, we draw on our classical no-go result for amplification
to show a no-go for structured quantum cloning: Stabilizer states are no easier to approximately
clone than to learn in terms of sample complexity. This serves as an approximate No-Cloning
Theorem for stabilizer states, the to our knowledge first No-Cloning Theorems for a practically
relevant class of structured quantum states.
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1.1. Framework

Our first contribution is to propose structured variants of sample amplification and quantum cloning.

Structured sample amplification. Informally, sample amplification as introduced by Axelrod
et al. (2020, 2024) is the following task: Let D be a known class of distributions. Given t samples
drawn i.i.d. from an unknown distribution D ∈ D, “amplify” them to t + m samples that are
indistinguishable from t + m true i.i.d samples drawn from D. Here, it is natural to formalise
indistinguishability in terms of small total variation (TV) distance. Thus, a distribution class D over
domain X admits a (t, t + m, ϵ) sample amplification scheme if there exists a (randomised) map
TD,t,m,ϵ : X t → X t+m such that,

sup
D∈D

dTV

(
D⊗t ◦ T−1D,t,m,ϵ, D

⊗t+m
)
≤ ϵ . (1)

As already highlighted in Axelrod et al. (2020), sample amplification can be viewed as a game
between an amplifier and a distinguisher. The amplifier tries to ampify t samples from an unknown
distribution D to t + m samples. The distinguisher, who knows the distribution D but not the
specific samples available to the amplifier, receives a set of t +m samples and aims to distinguish
whether it is true i.i.d. data or an output produced by the amplifier. The notion of distance originates
as the advantage over random guessing that the distinguisher can achieve. That is, equivalently to
the above, a distribution class D admits a (t, t+m, ϵ) sample amplification procedure if there exists
a (randomised) map TD,t,m,ϵ : X t → X t+m such that,

sup
D∈D

sup
A

∣∣∣∣ Pr
Xt+m←D⊗t+m

[
A(Xt+m) = 1

]
− Pr
Xt←D⊗t

[
A(TD,t,m,ϵ(X

t)) = 1
]∣∣∣∣ ≤ ϵ, (2)

where the second supremum is over all possible distinguishers.
Axelrod et al. (2020, 2024) studied sample amplification for different classes of discrete and

continuous distributions. For discrete distributions over a bounded support of size k, they gave
a (t, t + Θ(tϵ/

√
k), ϵ) sample amplification scheme whenever t = Ω(

√
k/ϵ). This in particular

implies that we can amplify by one sample to constant accuracy already from O(
√
k) samples,

which constitutes a quadratic improvement over the sample complexity of learning this class of
distributions to constant accuracy. So, for (unstructured) discrete distributions of bounded support,
sample amplification is strictly easier than learning.

While Axelrod et al. (2020, 2024) were motivated by distribution learning, we propose a vari-
ant of sample amplification that is inspired by the standard setting of computational probably ap-
proximate correct (PAC) learning theory (Valiant, 1984): Given i.i.d. samples {(xi, f(xi))}i of
some unknown function f : {0, 1}n → {0, 1} from some known class F , output a hypothesis f̂
s.t. Prx[f(x) ̸= f̂(x)] is small with high success probability. Often, the inputs {xi}i are assumed
to be i.i.d. uniformly random n-bit strings, so that the learning task can equivalently be formulated
as that of learning an unknown distribution from a known class DF = {(Un, f)}f∈F from samples
to good approximation in total variation distance. We thus propose the following structured version
of sample amplification for distributions described by Boolean functions:

Definition 1 (Sample amplification of functions – Informal) A class F of Boolean functions is
said to admit a (t, t + m, ϵ)-sample amplification scheme if the class DF = {(Un, f)}f∈F of
distributions does.
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We will study sample amplification for different Boolean function classes. This will then serve as a
tool for understanding approximate quantum cloning of structured classes of states.

Structured quantum cloning. Approximate quantum cloning1 (Werner, 1998) is the task of map-
ping t many i.i.d. copies of an n-qubit state to a ((t + m) · n)-qubit state that is close to t + m
i.i.d. copies of the original state. The natural notions of distance to consider are (in)fidelity and
trace distance. Werner (1998) studied the problem for pure state cloning with respect to infidelity,
so that the figure of merit for a linear completely positive and trace-preserving (CPTP) cloning map
Λ : B((C2n)⊗t) → B((C2n)⊗t+m) is given as

F(Λ) = inf
|ψ⟩

tr
(
|ψ⟩⟨ψ|⊗t+m Λ

(
|ψ⟩⟨ψ|⊗t

))
. (3)

Werner (1998) showed that the optimal cloning fidelity for pure state cloning from t copies to t+m
copies equals d[t]

d[t+m] , where d[t] =
(
2n+t−1

t

)
. This is achieved by projecting |ψ⟩⊗t ⊗ I2nm/2mn

onto the symmetric subspace of (C2n)⊗t+m. In particular, the optimal achievable fidelity for cloning
one extra copy (m = 1) is t+1

t+2n . Consequently, the sample complexity necessary and sufficient to
achieve 1 − ϵ fidelity when cloning one extra copy is t = Θ(2n/ϵ). This matches that of op-
timal pure state tomography with respect to infidelity (Bruß and Macchiavello, 1999; Gross et al.,
2010; Baldwin et al., 2016; Haah et al., 2016; O’Donnell and Wright, 2016; Pelecanos et al., 2025b).
While exact cloning is known to become impossible as soon as we allow for any two non-orthogonal
states, these bounds for approximate cloning are derived for the case of an arbitrary unknown state;
the analysis of approximate cloning in Werner (1998); Keyl and Werner (1999) relies on the repre-
sentation theory of the full unitary group and in particular on Schur-Weyl duality. Thus, it does not
carry over to structured classes of quantum states.

Quantum learning theory has recently focused on learning structured classes of states such as
stabilizer states (Montanaro, 2017) or states prepared using few non-Clifford gates (Leone et al.,
2024; Grewal et al., 2025), matrix-product states (Landon-Cardinal et al., 2010; Cramer et al.,
2010; Landau et al., 2015; Arad et al., 2017; Bakshi et al., 2025), states with bounded gate com-
plexity (Zhao et al., 2024), output states of shallow circuits (Huang et al., 2024; Vasconcelos and
Huang, 2025; Landau and Liu, 2025), Gibbs states (Anshu et al., 2021; Rouzé and Stilck França,
2024; Haah et al., 2024; Bakshi et al., 2024; Chen et al., 2025a; Bluhm et al., 2025; Arunachalam
et al., 2025), and more. This motivates us to connect the modern perspective of quantum learning
theory with the foundational question of cloning by proposing a structured version of approximate
cloning:

Definition 2 (Cloning of structured states – Informal) A class S of quantum states admits a
(t, t +m, ϵ)-quantum cloning scheme if there exists a linear CPTP map ΛS,t,m,ϵ : B((C2n)⊗t) →
B((C2n)⊗t+m) s.t.

sup
ρ∈S

dTD

(
ΛS,t,m,ϵ(ρ

⊗t), ρ⊗t+m
)
≤ ϵ . (4)

We call ϵ the error incurred by the cloning scheme.

We will study structured cloning of stabilizer states. While adapting the reasoning of Werner
(1998) to stabilizer state cloning may be achievable via the recently developed representation theory

1. From here on, we often omit the “approximate.” We always consider approximate cloning unless specified otherwise.
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Problem Instance Learning Sample Amplification/Cloning
(Classical/Quantum) (with small constant error) (with small constant error)

n-bit parities Θ(n) Ω(n) (Corollary 24)
kF -dimensional Θ(kF ) Ω(kF )

∗ (Theorem 28)
Boolean function subspace ( ∗depending on properties of the code CF )

n-qubit stabilizer states Θ(n) (Montanaro, 2017) Ω(n) (Theorem 47)

Table 1: Overview of our main results: A comparison between known sample complexity bounds
for learning (with small constant error) and our sample complexity lower bounds for amplifica-
tion/cloning.

of the Clifford group and the Clifford commutant (Gross et al., 2021; Bittel et al., 2025), we take
an alternative path that relies on more elementary representation theory and an argument based on
linear independence.

1.2. Overview of the Main Results

With the framework established, we can now study the two main questions highlighted above: First,
is structured sample amplification easier than learning? And second, is structured quantum cloning
easier than learning? In this work, we show that the two questions are related for specific structured
classes of functions and states, and for those classes we give negative answers to both questions. Our
results on sample amplification and cloning sample complexity lower bounds for different structured
classes are highlighted and compared with learning sample complexities in Table 1.

Structured sample amplification. On the classical side, we develop a general lower bound on
the optimal achievable error in structured sample amplification for any structured distribution class
of the form D = {(Un, f)}f∈F , with F a known Boolean function class. We then instantiate this
bound for parity functions, and more generally for function classes that form a linear space.

Theorem 3 (Structured Sample Amplification Lower Bounds – Informal)

1. General lower bound: Let F be a class of Boolean function on n bits. Let bF be the teach-
ing dimension (Goldman and Kearns, 1995) of F (see Section 2 for a definition). Sample
amplification for F from < bF samples incurs at least an error directly proportional to the
probability of exactly learning F from bF random samples.

2. Lower bound for parities: Sample amplification for the class Fpar = {x 7→ s·x mod 2}s∈Zn
2

of n-bit parity functions from < n samples incurs at least a constant error of 0.14.

3. Lower bounds from coding theory: Let F be some kF -dimensional linear subspace of all
Boolean functions on n bits. Sample amplification for F from < kF samples incurs at least
an error directly proportional to the probability that a certain corresponding linear code (see
Section 2 for a definition) corrects kF random erasure errors.

Whereas sample amplification is strictly easier than learning for the class of all Boolean func-
tions as a consequence of results from Axelrod et al. (2020, 2024) (see Section 2.4), Theorem 3,
proved in Section 2, shows that structured sample amplification to small constant error is as hard as
learning for particular structured classes of functions.
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Structured quantum cloning. On the quantum side, we make use of our lower bounds for struc-
tured sample amplification to derive optimal cloning lower bounds for different families of states.
We first prove a general lower bound on the optimal achievable error for cloning a set of (mixed)
states that “hide” unknown symmetry subgroups of a large (known) Abelian group. Here, we say
that a state ρ “hides” a subgroup H ≤ G under some fixed unitary representation µ if the elements
of H leave the state invariant, i.e., tr (ρµ(h)) = 1, ∀h ∈ H , and the elements not in H change the
state significantly, i.e., | tr (ρµ(g)) | is bounded away from 1 for all g ∈ G \H . We then instantiate
this bound for the class of stabilizer states.

Theorem 4 (Structured Quantum Cloning Lower Bounds – Informal)

1. General lower bound: Let G be a known Abelian group. Let Sα be a class of (mixed) n-qubit
states that “hide” unknown symmetry subgroups H ≤ G of order α. Let nH⊥ be the number
of generators of H⊥, the dual of H (see Section A for definitions). Cloning for Sα from
< nH⊥ samples incurs at least an error directly proportional to the probability of exactly
learning H from nH⊥ copies of the state.

2. Lower bound for stabilizer states: Cloning for the class of pure n-qubit stabilizer states from
< ⌊n/4⌋ copies incurs at least a constant error of 0.14.

Approximate cloning is already known to be as hard as learning for the unstructured class of all
pure states (Werner, 1998; Keyl and Werner, 1999). Theorem 4, which is proved in Section 3, shows
that the same is true for stabilizer states. Thus, imposing such structure does not separate cloning
from learning in terms of sample complexity. In proving Theorem 4, we also show the optimality
of character POVMs for particular classes of Abelian StateHSPs (Bouland et al., 2025; Hinsche
et al., 2026) (with non-isomorphic irreps). This allows us to characterize the sample complexity of
solving such problems up to an additive rather than a multiplicative constant, which is needed in
our argument. For our proof, we also develop a structured random purification channel, a version
of the random purification channel introduced in Tang et al. (2025) that is tailored to the structured
classes of states relevant in Abelian StateHSPs. Together, these results allow us to derive sample
complexity lower bounds for different Abelian StateHSPs, and thereby cloning lower bounds.

1.3. Techniques

Structured sample amplification lower bound. Sample amplification schemes for discrete dis-
tributions (Axelrod et al., 2020, 2024) are based on repeating some observed samples since, by
birthday paradox, for a discrete distribution with support size k and for a sample size of Ω(

√
k),

repetitions are not overly suspicious. We show that for specific structured distributions, this ap-
proach fails. To understand why, consider a simple example: Take the class of distributions over
Z2n
2 that are uniform on some n-dimensional subspace. Learning such a distribution comes down to

seeing n linearly independent samples, which is reasonably likely from n samples but impossible
from n−1 samples. In this sense, n uniformly random samples hold significantly more information
about the unknown distribution than n− 1 samples do. As information cannot be created “for free,”
amplifying from n − 1 to n samples with small error becomes impossible. This reasoning can be
formalized via the “triangle inequality” (Axelrod et al., 2020, 2024)

ϵ⋆SA(D, t− 1, t) ≥ ϵ⋆L(D, t− 1)− ϵ⋆L(D, t) , (5)
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where ϵ⋆SA(D, t − 1, t) is the sample amplification error from t − 1 samples to t samples for the
distribution class D, and ϵ⋆L(D, t− 1) and ϵ⋆L(D, t) are the learning errors from t− 1 and t samples,
respectively, for the distribution class D. This triangle inequality arises from the following simple
algorithm for learning from t − 1 samples: First, optimally sample amplify to t samples, then run
an optimal learner from t samples. Clearly, this algorithm achieves a learning error of at most
ϵ⋆SA(D, t− 1, t) + ϵ⋆L(D, t).

An obstacle to using Equation (5) in proving sample amplification lower bounds is that sample
complexity upper and lower bounds in learning theory are often established only up to multiplicative
constants. In contrast, to obtain meaningful lower bounds from Equation (5), we require a detailed
understanding of the change in learning error when the sample size is increased by an additive
constant. Using a folklore argument based on the probability of randomly drawn bit strings being
linearly independent, we can obtain such understanding for parity learning. Namely, the sample
complexity of (exactly) learning n-bit parities with respect to uniformly random inputs (with some
high, constant probability 2/3) is > n− 1 and ≤ n+Θ(1). We combine this with Equation (5) to
prove a constant lower bound on the optimal error ϵ⋆SA(Dpar, n − 1, n) in amplifying from n − 1
to n samples for parity distributions Dpar = {(Un, f)}f∈Fpar . This shows that non-trivial sample
amplification of parity functions requires ≥ n samples, which matches the sample complexity of
parity learning up to an additive constant. We mention that a similar linear independence idea was
considered in Axelrod et al. (2024) while presenting a very different example of a distribution which
is as hard to sample amplify as to learn.

To repeat, the simple but crucial observation in the lower bound for parity amplification is as
follows: Seeing n − 1 samples do not suffice to uniquely specify the unknown parity function,
and guessing the wrong one incurs non-neglible error. In contrast, when seeing n+Θ(1) samples,
they contain a linearly independent subset of size n with high probability, thus uniquely specifying
the unknown parity function and allowing us to learn it with no error. Accordingly, only a small
(constant) increase in sample size leads to a sizeable improvement in learning. And as such an im-
provement cannot come“for free,” achieving such an increase in sample size is not possible without
incurring a large error. We demonstrate that this linear independence-based reasoning extends be-
yond parities to general linear spaces of Boolean functions, i.e., to function classes F that form a
linear subspace of the space of all Boolean functions on n bits. More precisely, starting from F we
construct a linear code CF , and we show that the properties of parities that we relied on above—any
two distinct parities are far from each other; and we likely obtain a maximal linearly independent set
when seeing a sample of size slightly larger than n, the dimension of the space of parity functions—
become properties of the code CF and its dual—relating to the distance of CF and to the ability of
its dual code to correct random erasures.

Bell sample amplification lower bound. The superficial similarity between quantum cloning and
sample amplification becomes immediate if we consider a restricted version of cloning in which
the goal is to generate additional outcomes obtained when performing a fixed measurement on an
unknown state. In particular, given the power of Bell sampling in extracting information from
stabilizer states (Montanaro, 2017; Gross et al., 2021; Hangleiter and Gullans, 2024; Grewal et al.,
2024), one may ask: Given the t outcomes obtained from performing Bell sampling on 2t copies
of an unknown n-qubit stabilizer state, can we generate an (approximate) additional Bell sampling
outcome? Relying on the by now well-developed understanding of Bell sampling, this question
is easily seen to be exactly one of sample amplifying a probability distribution uniform over an
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unknown n-dimensional subspace of Z2n
2 . By the linear independence argument explained above,

this sample amplification task requires at least n samples. That is, sample amplification of the
outcome distribution of Bell sampling performed on copies of an unknown stabilizer state requires
at least n samples.

Optimality of Bell sampling for mixed-phaseless-stabilizer StateHSP instance cloning. The
result of the previous paragraph in particular implies that one cannot clone stabilizer states from
< 2n copies when using only Bell sampling followed by classical post-processing and state prepa-
ration. However, a general stabilizer state cloner may process the initial copies differently, poten-
tially using a global measurement. Thus, to deduce general lower bounds for stabilizer state cloning
from the above, we show optimality of Bell sampling measurements for cloning instances of mixed-
phaseless-stabilizer StateHSP (See Section A for a definition), that is, for mixed (2n)-qubit states
that have a well-defined structure and phaseless stabilizer group. Then, we lift the resulting mixed-
phaseless-StateHSP instance cloning lower bound to pure stabilizer states via a novel structured
version of the recently introduced random purification channel (Tang et al., 2025) that we tailor to
mixed-phaseless-stabilizer StateHSP instances.

We take the special instances that are diagonal in the Bell basis. For such states, Bell sampling
measurement can be used as a generic pre-processing that does not affect the state, and after observ-
ing a Bell sampling outcome, no further information can be extracted from the post-measurement
state. This makes Bell sampling followed by classical post-processing optimal for such instances,
which then allows us to reduce to a linear independence-based sample amplification lower bounds as
above. This idea can be applied to more general mixed-state version of Abelian StateHSP. Namely,
we show the optimality of character POVMs in solving mixed Abelian StateHSP when all irre-
ducible representations are non-isomorphic. This allows us to argue that true copies hold strictly
more information about the hidden subgroup than cloned copies, leading us to our cloning lower
bound for the mixed state case.

From mixed to pure via structured random purification. As mentioned in the previous para-
graph, to obtain cloning lower bounds for pure stabilizer states from those for mixed-phaseless-
stabilizer StateHSP, we develop a structured version of the random quantum purification chan-
nel (Tang et al., 2025). Namely, we construct a channel that maps i.i.d. copies of our mixed-
phaseless-stabilizer StateHSP instances to i.i.d. copies of random purifications that are themselves
pure stabilizer states2. Thus, we can clone mixed-phaseless-stabilizer instances by first applying
the structured random purification channel, then applying a pure stabilizer state cloner, and finally
tracing out the auxiliary registers. Thereby, the lower bound from the mixed-phaseless-stabilizer
StateHSP implies a cloning lower bound also for pure stabilizer states.

1.4. Directions for Future Work

We have studied quantum cloning for particular classes of structured quantum states related to
Abelian StateHSP problems, with stabilizer states as a concrete example. For this class, we have
shown that the sample complexity of cloning essentially coincides with that of learning. We have
achieved this using representation theory and a structured version of random purification to relate

2. We also show that this random purification channel can be viewed as a concrete special case of Walter and Witteveen
(2025)’s random purification for general symmetries.
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quantum cloning to classical sample amplification. Here, we have established that sample amplifi-
cation is as hard as learning for parity functions, based on a simple linear independence argument.
Finally, we have highlighted some connections between sample amplification and coding theory.
Thus, our work raises several natural follow-up questions.

Sample amplification of Reed-Muller codes. As we have given a general recipe for obtaining
sample amplification lower bounds for linear spaces of Boolean functions from coding theory, a
clear challenge is to instantiate this recipe beyond our example of parities. A natural next example
to explore here is the space of low-degree polynomials over Z2 and the corresponding Reed-Muller
codes. Using our arguments, the structured sample amplification error for degree-d polynomials on
n bits can be lower bounded by the probability that a Reed-Muller (with suitable parameters) can
correct

(
n
≤d
)

random erasure errors. While the question of robustness to random erasures has been
studied extensively for Reed-Muller codes and they are known to achieve capacity for erasure noise
channels in a variety of regimes (Abbe et al., 2015; Bhandari et al., 2022), characterising the above
probability, to the best of our knowledge, remains open.

Combinatorial dimension for sample amplification. It has been a fruitful endeavour in com-
putational learning theory to characterize learnability of concept classes in different models via
combinatorial parameters such as the VC dimension (Vapnik and Chervonenkis, 1971), teaching
dimension (Goldman and Kearns, 1995), or Eluder dimension (Li et al., 2022), among many others.
Theorem 3 already shows that the teaching dimension plays a key role in lower bounds for sample
amplification. However, our results fall short of a full combinatorial characterization of the com-
plexity of sample amplification. Achieving such a characterization may require a new combinatorial
dimension and would constitute a significant advance over the current case-by-case understanding
of sample amplification.

Cloning hypergraph states. We have shown that stabilizer states are as hard to (approximately)
clone as to learn, an approximate No-Cloning theorem for stabilizer states. It is now natural to
consider the same question for other structured classes of states. An interesting example to explore
here is the class of hypergraph states of order d (Rossi et al., 2013), which also admit a description
in terms of stabilizer operators that include Toffoli gates in addition to Paulis. These hypergraph
states can alternatively be thought of as phase states

|ψf ⟩ =
1√
2n

∑
x

(−1)f(x)|x⟩ , (6)

with f a degree-d polynomial over Z2 (Arunachalam et al., 2023). It is an intriguing question
whether cloning hypergraph states can be related to sample amplification of low-degree polynomi-
als, and whether such a connection can give rise to lower bounds. Beyond hypergraph states, the
study of cloning for classes such as matrix product states, output states of QNC0 and QAC0 circuits
may be of interest.

Cloning against restricted distinguishers. In the distinguisher-based perspective on cloning, we
have not restricted the computational power of the distinguisher. As Axelrod et al. (2020) has
highlighted for sample amplification, we may obtain interesting variants of the amplification and
cloning tasks by considering restricted distinguishers. Concretely, it is natural to consider the task of
cloning structured classes of states against polynomial-time adversaries. This is naturally motivated
by quantum cryptography, with potential applications in quantum money (Wiesner, 1983; Ji et al.,
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2018; Molina et al., 2013), and related questions have been considered in Fefferman et al. (2026);
Nehoran and Zhandry (2024); Bostanci et al. (2025). While our lower bounds for stabilizer state
cloning immediately carry over to cloning against polynomial-time adversaries, since our proofs
of these bounds use computationally bounded distinguishers, it remains to explore the impact of
imposing computational restrictions on the adversary for cloning other classes of quantum states.
Specifically, it would be interesting to see whether cloning and learning can be separated for relevant
classes of states in this computational model of cloning.

Average-case quantum cloning. Finally, our formulation of quantum cloning as well as our
proven lower bounds are in a worst-case picture. In particular, our result on the optimality of
Bell sampling for phaseless stabilizer group learning holds for a worst-case notion of learning. In
contrast, Werner’s optimal cloning map for general pure states is optimal both in the worst case and
in the average case (Werner, 1998). We conjecture that our worst-case lower bounds for phaseless
stabilizer StateHSP and stabilizer state cloning similarly extend to the average case.
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Appendix A. Notation and Preliminaries

In this section, we introduce the notation and underlying notions used throughout the paper. A
familiarity with standard notions as well as Dirac bra-ket notation in quantum information theory is
assumed, for this the reader is referred to excellent textbooks such as Nielsen and Chuang (2010).

A.1. Representation Theory

In this subsection, we recall basic notions from representation theory. We refer the reader to the
excellent references: Mele (2025); Fulton and Harris (2013); Serre et al. (1977) for a detailed intro-
duction. Throughout, we will use V to denote a finite-dimensional vector space. We use GL(V ) to
denote the group of all bijective linear maps from V to itself.
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Definition 5 (Representation of finite groups) Let G be a finite group. Then a tuple (µ, V ) with
finite-dimensional vector space V and map µ : G→ GL(V ) is called a representation of the group
G over the vector space V if µ is a homomorphism. That is,

µ(gh) = µ(g)µ(h) ∀g, h ∈ G. (7)

At times, we will be abusing the terminology: We will not explicitly mention the vector space
V and simply call µ a representation, wherever the vector space is clear from the context.

Definition 6 (Sub-representation of finite Groups) Let G be a finite group and let (µ, V ) be a
representation of the group G. Furthermore, let W ⊆ V be a subspace such that W is G-invariant,
i.e.,

µ(g)|w⟩ ∈W ∀|w⟩ ∈W,∀g ∈ G . (8)

Then (µ|W ,W ) is called a sub-representation of the representation (µ, V ).

Definition 7 (Irreducible Representation) Let G be a group with a representation (µ, V ). Then
a sub-representation (µ|W ,W ) is called irreducible (or, an irrep) if there are no non-trivial sub-
representations of (µ|W ,W ).

Here, we say that a sub-representation is non-trivial if it is onto a strict but non-trivial (i.e., not
equal to {0}) subspace. It is trivial to see that any sub-representation onto a one-dimensional vector
space is irreducible.

Definition 8 (Unitary Representation) Let G be a finite group and let (V, ⟨·|·⟩) be a complex inner
product space. Then, a representation (µ, (V, ⟨·|·⟩)) is called a unitary representation with respect
to the inner product if,

⟨µ(g)v|µ(g)w⟩ = ⟨v|w⟩, ∀v, w ∈ V and ∀g ∈ G. (9)

In other words, a unitary representation is a representation µ such that µ(g) is unitary w.r.t. the
inner product space (V, ⟨·|·⟩) for all g ∈ G. For finite groups, any representation can be treated as a
unitary representation with respect to a suitably defined inner product. Thus, it is natural to restrict
our focus to unitary representations for finite groups.

The following is the natural notion of equivalence between representations:

Definition 9 (Isomorphic Representations) Two representations (µ1, V1) and (µ2, V2) are called
isomorphic if there exists an invertible linear map ϕ : V1 → V2 such that

µ2(g) = ϕµ1(g)ϕ
−1, ∀g ∈ G . (10)

If µ1 and µ2 are isormorphic, we write, µ1 ∼= µ2.

The following complex-valued map induced by a representation is useful.

Definition 10 (Character) For a representation µ of a finite group G, its character is the function

χµ : G→ C , χµ(g) = tr(µ(g)) . (11)
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Two representations are isomorphic if and only if their characters are same, i.e.,

µ1 ∼= µ2⇐⇒χµ1(g) = χµ2(g), ∀g ∈ G . (12)

Lemma 11 (Schur’s orthonormality condition) Let µ and ν be two irreducible representations of
a finite group G. Then,

E
g∈G

[χµ(g)χν(g)] = δµ∼=ν . (13)

In this work, we restrict our focus to Abelian groups, i.e., groupsG in which the group operation
satisfies gh = hg for all g, h ∈ G. For such Abelian groups, it is easy to fully characterize the
irreducible representations and characters. To this end, first notice that, if G is a Abelian and if
µ is a representation of G, then µ(g) and µ(h) commute for all g, h ∈ G, i.e., [µ(g), µ(h)] = 0.
If µ is additionally unitary, then in particular this implies that µ(g) is unitarily diagonalizable for
every g ∈ G, and together with the commutativity this implies that all µ(g) can be simultaneously
diagonalized. It thus makes sense to speak of the eigenvectors of the representation µ.

Lemma 12 For a unitary representation µ of an Abelian groupG, the irreducible sub-representations
of µ are exactly the one-dimensional spaces spanned by the eigenvectors of µ, and the correspond-
ing eigenvalues are the corresponding characters.

In the remainder of the paper, all representations will be unitary representation of an Abelian
group over some Hilbert space, unless stated otherwise. We can then write the eigenvectors as
|λ, vλ⟩, where λ indicates the eigenvalue and where vλ enumerates the eigenvectors with the same
eigenvalue χλ(g), ∀g ∈ G. Equivalently, the vλ enumerates the isomorphic irreducible represen-
tations with character χλ. The space spanned by isomorphic irreps, span{|λ, vλ⟩}vλ , is called
λ-isotypic component of the Hilbert space Now, we can define the projective measurement {Πλ}λ
via

Πλ =
∑
vλ

|λ, vλ⟩⟨λ, vλ| , (14)

which are projectors on the λ-isotypic subspaces of the Hilbert space. This measurement is called
the character POVM of the representation. The following alternative expression for the character
POVM elements will be useful:

Fact 13 (Hinsche et al. (2026)) The character POVM elements can be written as

Πλ =
1

|G|
∑
g∈G

χλ(g)µ(g). (15)

A.2. Abelian State Hidden Subgroup Problem

Symmetries are at the core of physics. It is thus a natural question to ask whether we can learn the
symmetries of an unknown quantum state given some form of access to the state. This serves as
a generalization of the Hidden Subgroup Problem (HSP) (Shor, 1994; Jozsa, 2001), which entails
finding the hidden symmetries of a Boolean function from (either classical or quantum) query ac-
cess. A restricted version of this problem for quantum states, the so-called Abelian State Hidden
Subgroup Problem (Abelian StateHSP) has recently been formalised (Bouland et al., 2025; Hinsche
et al., 2026). Formally, the problem is defined as follows:
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Definition 14 (Abelian StateHSP (G,µ,Ψϵ
H) Hinsche et al. (2026)) Let G be an Abelian group

and let H ≤ G be a subgroup. Further, let µ : G → U(H) be a unitary representation of G over
some Hilbert space H. Then, we say that a state ρ ∈ B(H) ϵ-hides the subgroup H ≤ G (for which
we write ρ ∈ Ψϵ

H ) if,

1. ∀h ∈ H , tr(µ(h)ρ) = 1, and

2. ∀g ∈ G \H , | tr(µ(g)ρ)| ≤ 1− ϵ.

The Abelian StateHSP forG is the following problem: Given i.i.d. copies of a state ρ that is promised
to ϵ-hide H , identify H . If we are additionally promised that ρ is pure, then we refer to this variant
of the problem as pure Abelian StateHSP.

In this formulation, we can also think of the Abelian StateHSP as a problem of discriminating
between sets Ψϵ

H of states, each of which ϵ-hides a symmetry subgroup H ≤ G of fixed order α.
The Abelian StateHSP problem can be solved usingO(log |G|/ϵ) copies of the state (Hinsche et al.,
2026). The main algorithmic step is to perform the character POVM {Πλ}λ and to then classically
post-process the observed measurement outcomes. Next, following Hinsche et al. (2026), we sketch
how the Abelian StateHSP algorithm works in a bit more detail.

Note that the outcome probabilities when performing the character POVM are

qρ(λ) = tr(ρΠλ). (16)

For a finite Abelian group G, we can define the dual group Ĝ as the group of all character functions
over G corresponding to irreducible representations. Then, for a subgroup H ≤ G, we can define
the dual subgroup H⊥ ≤ Ĝ

H⊥ = {λ ∈ Ĝ | χλ(h) = 1, ∀h ∈ H} . (17)

We also define

qρ(H
⊥) =

∑
λ∈H⊥

qρ(λ) = tr

ρ ∑
λ∈H⊥

Πλ

 . (18)

As in Hinsche et al. (2026), the probability can be shown to be equal to

qρ(H
⊥) =

1

|H|
∑
h∈H

tr(µ(h)ρ) . (19)

For an Abelian StateHSP instance, ρ ∈ Ψϵ
H , we have

qρ(H
⊥) = 1. (20)

Thus, if we use character POVMs {Πλ}λ, we will always sample a λ ∈ H⊥, and given enough
independent samples, we can determine H⊥ and hence its dual H .
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A.3. Stabilizer States and Phaseless Stabilizer StateHSP

Let Pn be the n-qubit Pauli group. The single-qubit Pauli group is generated byX andZ operators,
which act as

X|a⟩ = |a⊕ 1⟩,
Z|a⟩ = (−1)a|a⟩,

(21)

where a ∈ {0, 1}. The n-qubit Pauli group consists of tensor products of elements of the single-
qubit Pauli group. An n-qubit stabilizer state |ψ⟩ ∈ Stabn is defined to have a stabilizer group
S ⊂ Pn of order 2n such that

P |ψ⟩ = |ψ⟩, ∀P ∈ S. (22)

We define the following n-qubit operators

Vx =

n⊗
i=1

ZaiXbi , ∀x ∈ Z2n
2 , (23)

which are Weyl operators up to an imaginary phase. Moreover, these operators satisfy,

VxVy = (−1)[x,y]VyVx . (24)

and that,
VxVy = (−1)b·cVx⊕y . (25)

where x = (a, b), y = (c, d) and [x, y] = a ·d+ b · c mod 2. Now, define the (2n)-qubit Bell basis
states as,

|Φy⟩ = (Vy ⊗ I)|Φ0⟩, with |Φ0⟩ =
1√
2n

∑
x∈Z2n

2

|x⟩ ⊗ |x⟩ , (26)

for any y ∈ Z2n
2 . It is easy to see that these are orthonormal and forms a basis for the space of

(2n)-qubit states. Moreover,

V ⊗2x |Φy⟩ = (−1)[x,y]|Φy⟩, ∀x, y ∈ Z2n
2 . (27)

A.4. Mixed Phaseless Stabilizer StateHSP

We consider the following unitary representation,

µ : Z2n
2 → U(((C2)⊗n)⊗2) , x 7→ V ⊗2x . (28)

Then, we define the states σL as,

σL =
1√
2n

∑
y∈L⊥

|Φy⟩⟨Φy| , (29)

where L is an n-dimensional subspace of Z2n
2 and L⊥ is its dual subspace defined as,

L⊥ = {y ∈ Z2n
2 | (−1)[x,y] = 1,∀x ∈ L}. (30)
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Lemma 15 The states σL as defined above have the properties,

1. ∀x ∈ L, tr
(
V ⊗2x σL

)
= 1, and

2. ∀x /∈ L, tr
(
V ⊗2x σL

)
= 0.

Thus, using Theorem 15, we can define an Abelian StateHSP (Z2n
2 , µ,Ψ

1
L) where the unitary

representation µ is given by Equation (28) and,

Ψ1
L = {σL}. (31)

By Theorem 15, the state σL hides the subgroup L of Z2n
2 . Now, the irreducible representations

(eigenstates) of the unitary representation V ⊗2x are just the Bell basis defined in the previous section
{|Φy⟩}y∈Z2n

2
. Moreover, the character (eigenvalues) are given as,

χy(x) = (−1)[x,y] . (32)

From this, we in particular see that the characters for any two irreps y ̸= ỹ satisfy χy ̸= χỹ. Thus,
from the previous discussion, all irreps are non-isomorphic. And, the character POVM is given by,

Πy = |Φy⟩⟨Φy|. (33)

We call the Abelian StateHSP (Z2n
2 , µ,Ψ

1
L) as mixed-phaseless-stabilizer StateHSP because of the

similarity of the hidden group to the (phaseless) stabilizer group of the stabilizer states.

A.5. Random Purification

The random purification channel by Tang et al. (2025) allows one to transform t i.i.d. copies of an
arbitrary unknown mixed state to t i.i.d. copies of a randomly chosen purification of that state.

Lemma 16 ((Tang et al., 2025), Lemma 2.11) Let m, r ∈ N. There is a unitary circuit C(m) such
that, such that for all mixed states ρ ∈ Cd×d of rank at most r,

C(m)(ρ⊗m) = E
|ρ⟩

|ρ⟩⟨ρ|⊗m , (34)

where the expectation is over random purifications |ρ⟩ ∈ Cd ⊗ Cr of ρ. Additionally, the circuit
C(m) can be implemented to accuracy ϵ with poly(m, log d, log(1/ϵ)) gate complexity.

On a very high level, the approach in Tang et al. (2025) is to first perform weak Schur sampling on
them copies of the mixed input state, and to then prepare a specific state conditioned on the outcome
observed. The random purification channel has attracted considerable attention in the community
recently, evidenced by an alternate construction and proof (Girardi et al., 2025a),an extension to
bosonic or fermionic states (Mele et al., 2025; Walter and Witteveen, 2025), extensions to quan-
tum channels (Girardi et al., 2025b; Yoshida et al., 2025), and applications in quantum learning
theory (Pelecanos et al., 2025a; Mele and Bittel, 2025). Ideas similar to random purification have
been studied before (Soleimanifar and Wright, 2022; Chen et al., 2025a). Specifically, Chen et al.
(2025b) studies a notion of local testing, which can be thought of as dual to random purifications,
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and which has been employed to study property testing of states (Chen et al., 2025b) and quantum
channel tomography (Chen et al., 2026b,a).

We also highlight the more general random purification channel introduced recently for general
symmetries (Walter and Witteveen, 2025). We denote the Hilbert space on which our mixed state
lives in by H and the Hilbert space for the purifying register by H′.

Theorem 17 ((Walter and Witteveen, 2025, from Theorem 3.1 and its proof)) For any ∗-algebra
A, there is a quantum channel PA : B(H) → B(H⊗H′) with the following properties:

1. Random Purification of symmetric states: For any quantum state ρ ∈ S(H) that commutes
with A i.e. ρ ∈ A′, the commutant of algebra A, we have that

PA(ρ) =
∫
G
(I ⊗ gT )ψstd

ρ (I ⊗ ḡ)dg (35)

where G ⊆ U(H) is any closed subgroup with CG = A′, and ψstd
ρ = (

√
ρ ⊗ I)|Φ̃0⟩, with

|Φ̃0⟩ =
∑

x |x⟩|x′⟩ ∈ S(H⊗H′) the un-normalized maximally entangled state on H⊗H′.

2. Assume that the Hilbert space decomposes as H ∼=
⊕

λ∈Λ Lλ ⊗ Rλ (and H′ ∼=
⊕

λ∈Λ L
′
λ ⊗

R′λ) with finite index set Λ, such that

A ∼=
⊕
λ∈Λ

B(Lλ)⊗ IRλ
, and A′ ∼=

⊕
λ∈Λ

ILλ
⊗ B(Rλ), (36)

(which is always possible for ∗-algebras). Then, the channel PA is given by

PA(ρ) =
⊕
λ∈Λ

|Φ̃0⟩LλL
′
λ
⟨Φ̃0|LλL

′
λ

dim Lλ
⊗ trLλ

[PλρPλ]⊗
IR′

λ

dim R′λ
, (37)

where |Φ̃0⟩LλL
′
λ

is the un-normalised maximally entangled state on the Lλ ⊗ L′λ component,
Pλ be the projector on λ-component Lλ ⊗Rλ of H.

From Equation (37), we see that to implement the random purification channel PA, we first measure
the given state ρ using projectors {Pλ}λ∈Λ, obtaining outcome λ and the (un-normalised) post-
measurement state PλρPλ on Lλ ⊗ Rλ. Then, we discard the state on register Lλ, prepare the
maximally entangled state on Lλ ⊗ L′λ and the maximally mixed state on register R′λ.

2. Structured Sample Amplification

We now formally define the notion of sample amplification for distributions with a special structure
induced by a function class. Namely, we consider the distributions of the form (Vn, f) over Zn2 ×Z2,
where Vn is some fixed distribution over the n-bit input marginal, and where f is some Boolean
function.

Definition 18 (Structured Sample Amplification) Let F be a class of Boolean functions on n
bits and let Vn be some distribution over the domain Zn2 . We say that the class of distributions
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D = {Df}f∈F = {(Vn, f)}f∈F over the domain X = Zn2 × Z2 admits a (t, t + m, ϵ)-sample
amplification scheme if there exists a stochastic map TD,t,m,ϵ : X t → X t+m such that,

sup
f∈F

dTV

(
D⊗tf ◦ T−1D,t,m,ϵ, D

⊗t+m
f

)
≤ ϵ , (38)

where dTV denotes the total variation distance. The minimax sample amplification error for the
distribution class D is defined by minimising the sample amplification error over all stochastic maps
TSA : X t → X t+m,

ϵ⋆SA(D, t, t+m) := min
TSA

sup
f∈F

dTV

(
D⊗tf ◦ T−1SA, D

⊗t+m
f

)
. (39)

This definition of structured sample amplification is simply that of general sample amplification
as in Axelrod et al. (2020, 2024) with the additional assumption that the unknown distribution is
of the form (Vn, f), where Vn is known and where f ∈ F for some known function class F .
Structured sample amplification can alternatively be thought of as a game between two parties, an
amplifier and a distinguisher, where the distinguisher knows the distribution. Then, the minimax
sample amplification error is the maximum advantage achievable by an adversarial distinguisher A
in telling the true samples and amplified samples apart:

ϵ⋆SA(D, t, t+ 1) = min
TSA

sup
f∈F

max
A

Adv(A,Vn, f, TSA, t) , (40)

where

Adv(A, f, TSA, t) =
∣∣∣∣Pr
Zt+1

[Af (Zt+1) = 1]−Pr
Zt

[Af (TSA(Zt)) = 1]

∣∣∣∣ . (41)

We omit the superscript f from the distinguisher, but it is to be understood that the distinguisher has
knowledge of underlying Boolean function (and of the sample amplification procedure).

2.1. General Lower Bound

We denote the random sequence of t elements drawn independently from the distribution (Vn, f)
by Zt = (Z

(i)
t )ti=1 = (X

(i)
t , Y

(i)
t )ti=1. A realization of this random variable will be denoted by

zt = (z
(i)
t )ti=1 = (x

(i)
t , y

(i)
t )ti=1. For any function f ∈ F , define bF (f) as the minimum natural

number t such that there exists at least one training dataset of size t which uniquely determines f in
F . That is,

bF (f) = min{t ∈ N | ∃zt s.t. ∀f ′ ∈ F \ {f} ∃1 ≤ i ≤ t : y
(i)
t ̸= f ′(x

(i)
t )} . (42)

Next, let ptF (f) be the probability of the random sequence Zt determining f uniquely, i.e.,

ptF (f) =

∣∣{xt ∈ ({0, 1}n)t | zt = (xt, f(xt)) uniquely determines f}
∣∣

2nt
. (43)

Then, define

bF = max
f∈F

bF (f) , pF = min
f∈F

pbFF (f) . (44)
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We mention that bF (f) is the minimum size of a teaching sequence for the function f in F . Con-
sequently, bF equals the teaching dimension for the function class F (Goldman and Kearns, 1995).
Also, for uniform Vn we can understand ptF (f) as the fraction of sequence of length t that are teach-
ing sequences for the function f in F . Finally, we let nF (zt) be the number of hypotheses in F
consistent with the sample zt. That is,

nF (zt) = |{f ∈ F | f(x(i)t = y
(i)
t ∀1 ≤ i ≤ t}| . (45)

With this notation established, we can now state and proof our first main result.

Theorem 19 (Formal Statement of Theorem 3, Point 1: Error Lower Bound) The minimax
sample amplification error for the distribution class D = {(Vn, f)}f∈F over the domain Zn2 ×Z2

in amplifying t samples to t+ 1 samples for any t ≤ bF − 1 satisfies

ϵ⋆SA(D, t, t+ 1) ≥ pF/2, ∀t ≤ bF − 1. (46)

Proof We can focus on the case t = bF − 1 for now due to monotonicity of sample amplification

ϵ⋆SA(D, t1, t1 + 1) ≥ ϵ⋆SA(D, t2, t2 + 1), ∀t1 ≤ t2. (47)

This can be understood by noting that if there is a sample amplification procedure by one sample
from t1 samples, than this implies sample amplification from any t2 ≥ t1 because we can use sample
amplification on first t1 samples out of t2 to produce an extra sample. We prove this theorem using
a distinguisher-based approach as mentioned in the Definition 18.

We use the simple distinguisher in Algorithm 1.

Algorithm 1 Distinguisher A
Input: t samples, description of f .
Output: Accept or Reject
1. Run a consistent learning algorithm that outputs a uniformly random consistent hypothesis f̂
from F using the t samples.
2. Accept (aka, output 1) if f̂ = f , else reject (aka, output 0).

Recall that the unknown distribution is of the form (Vn, f) for some f ∈ F . Now, we denote
by ZbF (f) the true bF (f) samples and by ZSAbF (f) = TSA(ZbF (f)−1) the amplified samples, starting
from ZbF (f)−1. Then

Pr
[
A(ZbF (f)) = 1

]
=
∑
zbF (f)

Pr
(
zbF (f)

) 1

nF (zbF (f))
, (48)

where nF (ZbF (f)) is the number of hypotheses consistent with the data ZbF (f). Moreover, we
mention that sample amplification cannot provide new information useful for learning which we
argue in Proposition 20. Thus,

Pr
[
A(ZSAbF (f)) = 1

] (a)

≤ Pr
[
A(ZbF (f)−1) = 1

]
=

∑
zbF (f)−1

Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)
. (49)
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where (a) is proven in Proposition 20 below. Thus, the advantage of the distinguisher satisfies

Adv(A) ≥
∑
zbF (f)

Pr
[
zbF (f)

] 1

nF (zbF (f))
−

∑
zbF (f)−1

Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)
, (50)

where we used that the difference is non-negative because bF (f) samples are at least as good
bF (f) − 1 samples for a learner that samples randomly from the set of consistent hypotheses.
Moreover, denote by pbF (f)

f (as mentioned earlier), the probability that ZbF (f) uniquely specifies
f , then

Adv(A) ≥ p
bF (f)
F (f) +

∑
zbF (f)

nF (zbF (f))≥2

Pr
[
zbF (f)

] 1

nF (zbF (f))
−

∑
zbF (f)−1

Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)
.

(51)

Now, we can group the two sums together as,

Adv(A) ≥ p
bF (f)
F (f) +

∑
zbF (f)−1

( ∑
zbF (f)

nF (zbF (f))≥2
zbF (f)|bF (f)−1=zbF (f)−1

Pr
[
zbF (f)

] 1

nF (zbF (f))

−Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)

)
.

(52)

It is easy to see that nF (zbF (f)) ≤ nF (zbF (f)−1) for zbF (f)|bF (f)−1 = zbF (f)−1. Thus,

Adv(A) ≥ p
bF (f)
F (f) +

∑
zbF (f)−1


∑
zbF (f)

nF (zbF (f))≥2
zbF (f)|bF (f)−1=zbF (f)−1

Pr
[
zbF (f)

]
−Pr

[
zbF (f)−1

]


1

nF (zbF (f)−1)
.

(53)

Now, note that∑
zbF (f)

nF (zbF (f))≥2
zbF (f)|bF (f)−1=zbF (f)−1

Pr
[
zbF (f)

]
= Pr

[
zbF (f)−1

]

×Pr
[
zbF (f) with zbF (f)|bF (f)−1 = zbF (f)−1, nF (zbF (f)) ≥ 2

]
.

(54)

Sightly abusing notation, we now denote by q(zbF (f)−1) the probability that zbF (f) with zbF (f)|bF (f)−1 =
zbF (f)−1, uniquely specifies f . It is easy to see that,∑

zbF (f)−1

q(zbF (f)−1) = p
bF (f)
F (f). (55)
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Thus, q(zbF (f)−1) ≤ pf and hence, the probability that zbF (f) with first bF (f)− 1 samples fixed as

zbF (f)−1 does not uniquely specify f is given as 1− q(zbF (f)−1) ≥ 1− p
bF (f)
F (f). Thus,∑

zbF (f)

nF (zbF (f))≥2
zbF (f)|bF (f)−1=zbF (f)−1

Pr
[
zbF (f)

]
≥ Pr

[
zbF (f)−1

]
× (1− p

bF (f)
F (f)). (56)

Hence, we get

Adv(A) ≥ p
bF (f)
F (f)−

∑
zbF (f)−1

Pr
[
zbF (f)−1

] (
1− 1 + p

bF (f)
F (f)

) 1

nF (zbF (f)−1)

= p
bF (f)
F (f)

1−
∑

zbF (f)−1

Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)

 .

(57)

Now, note that nF (zbF (f)−1) ≥ 2 by definition of bF (f), thus

Adv(A) ≥ p
bF (f)
F (f)/2. (58)

Thus, the sample amplification error for any unknown distribution (Vn, f) from bF (f)− 1 samples
is lower bounded by pbF (f)

f /2. Using Equation (40), we get that for any f ′ ∈ argmaxf∈F bF (f),

ϵ⋆SA(D, bF − 1, bF ) ≥ pbFF (f ′)/2 ≥ min
f∈F

pbFF (f)/2 = pF/2, (59)

where bF = maxf∈F bF (f). To argue the same for any t < bF − 1, we assume that there is a
sample amplification algorithm that, given t′ < bF − 1 samples, produce t′ + 1 samples with error
ϵ < pF/2. Then this would contradict the case for t = bF − 1, since one could use this sample
amplification algorithm on t′ samples and append the rest of the samples unchanged to obtain bF
samples with sample amplification error ϵ < pF/2. Thus,

ϵ⋆SA(D, t, t+ 1) ≥ pF
2
, t ≤ bF − 1. (60)

Proposition 20 The probability of acceptance by the distinguisher defined in Algorithm 1 for
ZSAbF (f) = TSA(ZbF (f)−1) is upper bounded as

Pr
[
A(ZSAbF (f)) = 1

]
≤ Pr

[
A(ZbF (f)−1) = 1

]
. (61)

Proof Take the realisation zbF (f)−1 of ZbF (f)−1, and write zSAbF (f) = TSA(zbF (f)−1). The consistent
learner in the distinguisher works by choosing a random consistent hypotheses for the given data
and the distinguisher compares it to the original function. We argue that for a consistent learner,
the amplified sample zSAbF (f) cannot perform better than on zbF (f)−1. To show this, we compare the
number of consistent hypotheses for both cases.
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The sample zbF (f)−1 admits nF (zbF (f)−1) consistent hypotheses, none of which is preferred.
Thus, if the sample amplifier tries to decrease the number of consistent hypotheses to nF (zSAbF (f))

by adding one sample, it can do so at best by choosing nF (zSAbF (f)) hypotheses out of nF (zbF (f)−1)

uniformly randomly. Then, the probability that the true hypothesis is among these nF (zSAbF (f))
hypotheses is

Pr
[
nF (Z

SA
bF (f))random consistent hypotheses contain f

]
≤

(nF (zbF (f)−1)−1
nF (zSA

bF (f)
)−1

)
(nF (zbF (f)−1)

nF (zSA
bF (f)

)

) =
nF (z

SA
bF (f))

nF (zbF (f)−1)
.

(62)

Thus, the probability of success in learning from the amplified sample zSAbF (f) by outputting a uni-
formly random consistent hypothesis is

Pr
[
A(ZSAbF (f)) = 1 | ZSAbF (f) = zSAbF (f) = TSA(zbF (f)−1)

]
≤

nF (z
SA
bF (f))

nF (zbF (f)−1)

1

nF (zSAbF (f))

=
1

nF (zbF (f)−1)
.

(63)

Now, to bound the overall acceptance probability of the distinguisher, we can take the sum over
conditioned value above to get

Pr
[
A(ZSAbF (f)) = 1

]
=
∑
zSA
bF (f)

Pr
[
zSAbF (f)

]
×Pr

[
A(ZSAbF (f)) = 1 | ZSAbF (f) = zSAbF (f)

]
(a)
=

∑
zbF (f)−1,TSA

Pr
[
TSA(zbF (f)−1)

]
×Pr

[
A(ZSAbF (f)) = 1 | ZSAbF (f) = zSAbF (f) = TSA(zbF (f)−1)

]
(b)

≤
∑

zbF (f)−1,TSA

Pr
[
TSA(zbF (f)−1)

] 1

nF (zbF (f)−1)

(c)
=

∑
zbF (f)−1

Pr
[
zbF (f)−1

] 1

nF (zbF (f)−1)

= Pr
[
A(ZbF (f)−1) = 1

]
(64)

where (a) follows by decomposing the randomness in zSAbF (f) into the randomness in zbF (f)−1 and
the intrinsic randomness of the sample amplifier; (b) follows from Equation (63); and (c) follows
by summing over randomness of the amplifier.

We now generalize the above bound for sample amplification from any general t samples.

Theorem 21 (General Lower Bound) Let d ∈ N. The minimax sample amplification error for the
distribution class, D = {(Vn, f)}f∈F over the domain Zn2 ×Z2 in amplifying t samples to t + 1
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samples for any t ≤ d− 1 satisfies

ϵ⋆SA(D, t, t+ 1) ≥ max
f∈F

[
pdF (f)

2
− pd−1F (f)

]
, ∀t ≤ d− 1. (65)

Proof The proof idea is the same as for Theorem 19 and uses the same distinguisher. We again start
with the case of sample amplification from d− 1 samples, and then we generalize to any t < d− 1.
In the case t = d− 1 case, the advantage of the distinguisher will be

Adv(A) ≥
∑
zd

Pr [zd]

nF (zd)
−
∑
zd−1

Pr [zd−1]

nF (zd−1)

(a)
=
∑
zd−1

−Pr [zd−1]

nF (zd−1)
+

∑
zd

zd|d−1=zd−1

Pr [zd]

nF (zd)

 (66)

(b)
=

∑
zd−1

nF (zd−1)=1

−Pr [zd−1] +
∑
zd

zd|d−1=zd−1

Pr [zd]



+
∑
zd−1

nF (zd−1)≥2

−Pr [zd−1]

nF (zd−1)
+

∑
zd

zd|d−1=zd−1

nF (zd)≥2

Pr [zd]

nF (zd)

+
∑
zd

nF (zd|d−1)≥2
nF (zd)=1

Pr [zd] .

where (a) follows by again grouping using first bF (f) − 1 samples as previously; (b) follows by
writing the sum over zd−1 in two parts, depending upon the value of nF (zd−1) and then subdividing
the case nF (zd−1) ≥ 2 according to whether adding an extra sample uniquely specifies f .

It is easy to see that the first term in the above expression is 0: if zd−1 specifies f uniquely, then
adding a sample does not change the number of consistent hypotheses, thus we can just take the
summation of probability over the last sample to obtain∑

zd
zd|d−1=zd−1

nF (zd)=1

Pr [zd] = Pr [zd−1] . (67)

Moreover, similarly to the previous case, if zd|d−1 = zd−1 then, nF (zd) ≤ nF (zd−1). Hence, we
can again bound the distinguishing advantage as,

Adv(A) ≥
∑
zd−1

nF (zd−1)≥2

−Pr [zd−1] +
∑
zd

zd|d−1=zd−1

nF (zd)≥2

Pr [zd]

 1

nF (zd−1)
+

∑
zd

nF (zd|d−1)≥2
nF (zd)=1

Pr [zd]

(a)

≥ −
∑
zd−1

nF (zd−1)≥2

Pr [zd−1]
(
1− 1 + pdF (f)

) 1

nF (zd−1)
+

∑
zd

nF (zd|d−1)≥2
nF (zd)=1

Pr [zd] (68)
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=
∑
zd

nF (zd|d−1)≥2
nF (zd)=1

Pr [zd]− pdF (f)
∑
zd−1

nF (zd−1)≥2

Pr [zd−1]
1

nF (zd−1)
.

where (a) follows in a similar fashion to the proof of Theorem 19 by noting that∑
zd

zd|d−1=zd−1

nF (zd)≥2

Pr [zd] ≥ Pr [zd−1] (1− pdF (f)). (69)

Now, note that ∑
zd

nF (zd|d−1)≥2
nF (zd)=1

Pr [zd] = pdF (f)− pd−1F (f) , (70)

because the sum on the left hand side is exactly the probability over d samples such that first d− 1
samples do not specify the function uniquely but adding an extra sample helps in uniquely specifying
the function. Plugging this back in, we get that the advantage of the distinguisher satisfies

Adv(A) ≥ pdF (f)

1−
∑
zd−1

nF (zd−1)≥2

Pr [zd−1]
1

nF (zd−1)

− pd−1F (f)

≥
pdF (f)

2
− pd−1F (f).

(71)

Hence, by Equation (40), the minimax sample amplification error satisfies

ϵ⋆SA(D, d− 1, d) ≥ max
f∈F

[
pdF (f)

2
− pd−1F (f)

]
. (72)

To go from d− 1 to any general t ≤ d− 1, we can argue just like in the proof of Theorem 19. Thus,

ϵ⋆SA(D, t, t+ 1) ≥ max
f∈F

[
pdF (f)

2
− pd−1F (f)

]
, ∀t ≤ d− 1. (73)

It is easy to see that the above bound generalizes the one provided in Theorem 19 by noticing that
for d = bF , pd−1f ′ = 0 for f ′ ∈ argmaxf∈F bF (f). Hence,

max
f∈F

[
pdF (f)

2
− pd−1F (f)

]
≥ pF

2
. (74)

We now apply the above lower bounds for structured sample amplification to the function class
of parities and more generally to linear spaces of functions. We will omit the distribution class from
the notation ϵ⋆SA(D, t, t+ 1) wherever it is clear from the context.

30



CLONING IS AS HARD AS LEARNING FOR STABILIZER STATES

2.2. Parity Lower Bound

We study the structured sample amplification for the n-bit parity distributions Dpar = {(Un, fa}a∈Zn
2

,
where

fa : Zn2 → Z2, fa(x) = a · x , (75)

and where Un is the uniform distribution on Zn2 . We first study the sample amplification error for
more general distributions which are uniformly supported over a n-dimensional subspace Zm2 . We
look at a useful lemma first.

Lemma 22 Given k uniformly random draws from the vector space Zn2 , the probability that exactly
1 ≤ α ≤ k of them are linearly independent is given as

Pr(k, α) =

∏α−1
i=0 (2

n − 2i)(2k − 2i)

2nk
∏α−1
i=0 (2

α − 2i)
. (76)

Thus, the probability of obtaining n linearly independent n-bit strings from n uniformly random
draws is

Pr(n, n) =
n∏
i=1

(1− 2−i) . (77)

The probability Pr(n, n) is lower bounded by the constant 0.28 for all n (Sloane, 1964; Finch,
2003). Using the techniques developed and lemma above, we provide the following constant lower
bound on minimax sample amplification error for the distribution class Dm,n.

Theorem 23 Let Dm,n withm ≥ n denote the uniform distribution supported on an n-dimensional
subspace of Zm2 . Then, the minimax sample amplification error for this class of distributions can be
lower bounded as

ϵ⋆SA(Dn,m, t− 1, t) ≥ 0.14, ∀1 ≤ t ≤ n . (78)

Proof The teaching dimension for this class of distributions is clearly n and the teaching sequence
is any sequence that contains n linearly independent elements. Thus, bF = n, Using Theorem 19,
we conclude that

ϵ⋆SA(Dm,n, t− 1, t) ≥ p/2, ∀1 ≤ t ≤ n , (79)

where p is the fraction of samples of size n that are teaching set for any fixed distribution, or
equivalently, the probability of learning the distribution given n samples with uniformly random
inputs. This is same as probability of obtaining n linearly independent samples in n uniformly
random draws, which according to Lemma 22 is given as

p = Pr(n, n) =
n∏
i=1

(1− 2−i) . (80)

Thus,

ϵ⋆SA(Dm,n, t− 1, t) ≥ p/2 =

∏n
i=1(1− 2−i)

2
, ∀1 ≤ t ≤ n , (81)

which is bounded from below by the constant 0.14 for any n according to the discussion after
Lemma 22.
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Now, we can view the parity distribution as a uniform distribution supported on a n dimensional
subspace of Zn+1

2 . Thus, we can obtain a minimax sample amplification error for class of n-bit
parity distribution by noticing that Dpar = Dn+1,n.

Corollary 24 (Formal Statement of Theorem 3, Point 2: Error Lower Bound for Sample Am-
plification of Parities) Let Dpar be the class of n-bit parity distribution as defined above. Then the
minimax sample amplification error for this class of distributions can be lower bounded as

ϵ⋆SA(Dpar, t− 1, t) ≥ 0.14, ∀1 ≤ t ≤ n . (82)

The above theorem rules out structured sample amplification of n-bit parity distributions to
arbitrary small error from t ≤ n− 1 samples. This can be formalised as follows:

Corollary 25 The class Dpar of n-bit parity distributions does not admit a (t − 1, t, ϵ) sample
amplification procedure for any t ≤ n and ϵ < 0.14.

Notice that, since the TV distance between any two distinct parity distributions is a constant
independent of n, the number of samples necessary and sufficient for learning an n-bit parity distri-
bution to arbitrarily small error equals that of exact parity learning from uniformly random inputs,
which is Θ(n). Thus, the above corollary shows that the sample complexity for sample amplifica-
tion of parity distributions with a sufficiently small constant accuracy aymptotically matches that
of learning the same class of distributions. In other words: Sample amplification is no easier than
learning for parity distributions. (And, clearly, exact parity learning suffices for sample amplifica-
tion, with an approximation error depending only on the failure probability of the exact learner.)

2.3. Coding Theory Lower Bounds

In this section, we highlight connections between structured sample amplification and coding theory.
We first recall that, in principle, for any Boolean function class, we can define an associated linear
codes (Definition 27). Then, we show that the minimax sample amplification error for structured
distributions {(Un, f)} with f ∈ F can be related to the ability of the corresponding dual code to
correct random erasures.

We start with the following relation between the rank of a submatrix obtained by choosing
random columns of parity check matrix of a code and the ability of the primal code to correct
random erasures:

Lemma 26 (Abbe et al. (2015), Lemma 2.8) For a parity check matrix H with N columns, take
S ⊆ [N ], and denote by

(
[N ]
s

)
the collection of all s-element subsets of [N ]. Let H[S] be the

restriction of H to columns indexed by elements in S, and let x[S] be the restriction of string x to
indices in S. Then, the set of bad s-erasure patterns is given as{

S ∈
(
[N ]

s

)
: ∃x, y ∈ ker(H), x ̸= y, x[Sc] = y[Sc]

}
=

{
S ∈

(
[N ]

s

)
: rank(H[S]) < s

}
.

(83)

Here, the set of bad s-erasures is the set of erasures at smany locations that cannot be corrected.
In particular, the above lemma says that the fraction of bad s-erasures equals the probability that
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the submatrix formed by randomly sampling s-columns of the parity check matrix is rank-deficient.
Thus, if a code can correct d random erasures with high probability, then any d uniformly sampled
columns from its parity check matrix are linearly independent with high probability. As in the parity
case above, a high (or at least constant) probability of linear independence will be crucial in proving
a sample amplification lower bound.

We first define the special class of codes that we will study in this subsection.

Definition 27 (Linear Function Codes) Let F be a linear space of Boolean functions with di-
mension kF and with a chosen basis BF = {eF ,i}kFi=1. We define the linear function code CF with
parameters [2n, kF ] via the encoding map

Enc : ZkF2 → Zn2 , Enc(a) = (fa(x))x∈Zn
2
, (84)

where we define fa =
∑kF

i=1 aieF ,i. That is, a kF -bit string is interpreted as a vector of basis
coefficients and is encoded into the vector of evaluations of the corresponding function in F .

The generator matrix G(CF ) of such a code is of size kF × 2n. Its columns are indexed by
elements in Zn2 , and its rows are indexed by basis functions in eF ,i. Then, G(i, j) = eF ,i(xj):

x0 · · · · · · x2n−1
eF ,1
eF ,2

...
eF ,i G(i, j) = eF ,i(xj)

...
eF ,kF

We will denote the parameters of the code as [2n, kF , d] with their usual meanings. Moreover,
we will denote the dual of the above code as C⊥F , which is given by the kernel of the generator
matrix G(CF ). A familiar example of linear function codes is the (n, d) Reed-Muller code, where
F is the class of degree-d polynomials over Zn2 , the basis BF consists of all monomials of degree
at most d, and the dimension is kF =

(
n
≤d
)
. We now show that a certain resistance to random

erasures in the code code C⊥F implies lower bounds for sample amplification of the distribution
class D = {(U , f)}f∈F .

Theorem 28 (Formal Statement of Theorem 3, Point 3: Sample Amplification Lower Bounds
From Coding Theory) Let CF be a [2n, kF , d] linear function code as defined above, and let C⊥F
be its dual code. Then, the following hold:

1. IfC⊥F can correct kF random erasures with probability p1 over the erasures, then the minimax
sample amplification error for the distribution class {(Un, f)}f∈F satisfies

ϵ⋆SA({(Un, f)}f∈F , t− 1, t) ≥ p1/2, ∀1 ≤ t ≤ kF . (85)

2. If C⊥F can correct kF − 1 random erasures with probability p2 over the erasures, then the
minimax sample amplification error for the distribution class {(Un, f)}f∈F satisfies

ϵ⋆SA({(Un, f)}f∈F , t− 1, t) ≥ p2 · d/2n+1, ∀1 ≤ t ≤ kF . (86)
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To prove Theorem 28, we first prove two simple technical lemmas.

Lemma 29 Let CF be a [2n, kF , d] linear function code. Then, we have

Pr
x∼Un

[f(x) = 0] ≤ 1− d

2n
, ∀f ∈ F , (87)

where Un is the uniform distribution.

Proof We will denote the functions by fa(x) = a · y(x), where a ∈ ZkF2 denotes the coefficient
vector and y(x) = eF ,1(x) . . . eF ,kF (x) denotes the evaluation vector of all basis elements at input
x. As the code has distance d by assumption, we have for any a ̸= b ∈ ZkF2 ,

Pr
x
[fa(x)− fb(x) ̸= 0] = Pr

x
[fa(x) ̸= fb(x)] ≥

d

2n
, (88)

where implicitly, the probability is over a uniform distribution. Now, notice that fa−fb = fa−b ∈ F
by linearity. Thus, the above implies that ∀a, b ∈ ZkF2 ,

Pr
x
[fa−b(x) ̸= 0] ≥ d

2n
. (89)

Now, since this is true for any arbitrary choice of a and b, we get that,

Pr
x
[fc(x) ̸= 0] ≥ d

2n
, ∀c ∈ ZkF2 , (90)

or,

Pr
x
[fc(x) = 0] = 1−Pr

x
[fc(x) ̸= 0] ≤ 1− d

2n
, (91)

as claimed.

Lemma 30 Let CF be a [2n, kF , d] linear function code with generator matrix denoted as G such
that,

Pr

[
S ∈

(
[2n]

kF − 1

)
: rank(G[S]) = kF − 1

]
= p . (92)

Then

Pr

[
S ∈

(
[2n]

kf

)
: rank(G[S]) = kF

]
≥ p · d

2n
. (93)

Proof We define an indicator random variable Xm which takes the value 1 if the first m sampled
columns are linearly independent. Then, the probability of interest is P (XkF = 1) which can be
written as,

Pr [XkF = 1] = Pr [XkF−1 = 1]×Pr [new linearly independent sample | XkF−1 = 1] . (94)

Now, notice that given kF − 1 linearly independent samples {x1, . . . xkF−1}, we can define the
orthogonal direction to these samples as a with a · xi = 0, ∀i. Now, the next sample is linearly
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dependent iff it is orthogonal to a. We can consider function fa(x) = a · x, since a ∈ ZkF2 , and
using Theorem 29, we have that

Pr
x
[fa(x) = 0] ≤ 1− d

2n
. (95)

Hence, the probability that the new sample will be linearly dependent is at most 1− d/2n. Thus

Pr

[
S ∈

(
[2n]

kf

)
: rank(G[S]) ≥ kF

]
≥ p · d

2n
= Pr [XkF = 1] ≥ p · d

2n
. (96)

We are not well-equipped to prove Theorem 28.
Proof [Proof of Theorem 28] We first prove bullet point 1. Note that if C⊥F can correct kF random
erasures with probability p1, then from Lemma 26 we have

Pr
S

[
S ∈

(
[2n]

kF

)
: rank(G[S]) = kF

]
= p1, (97)

whereG is the parity check matrix ofC⊥F , i.e., the generator matrix ofCF . So, if we sample columns
of G uniformly at random, then with probability p1, they are linearly independent. Interpreting
functions in F as computing parities of vectors of basis function evaluations, we see that to uniquely
identify any function in F , it is necessary and sufficient to see its values on inputs that index kF
many linearly independent columns of G. Hence, we can reinterpret the above as bF = kF and
pF = p1. We can now appeal to Theorem 19 and obtain

ϵ⋆SA({(Un, f)}f∈F , t− 1, t) ≥ p1/2, ∀1 ≤ t ≤ kF . (98)

For the second part, again using Lemma 26, we first note that if C⊥F can correct kF − 1 random
erasures with probability p2, then

Pr
S

[
S ∈

(
[2n]

kF − 1

)
: rank(G[S]) = kF − 1

]
= p2. (99)

Then, using Lemma 30, we get that the probability

Pr
S

[
S ∈

(
[2n]

kF

)
: rank(G[S]) = kF

]
≥ p2 ·

d

2n
, (100)

So, using Theorem 19, we have

ϵ⋆SA({(Un, f)}f∈F , t− 1, t) ≥ p2 · d/2n+1, ∀1 ≤ t ≤ kF . (101)

The above theorem has two consequences, one for coding theory and one for the problem of
sample amplification. On one hand, if there exists a linear function code CF with parameters
[2n, kF , d] with constant fractional distance d/2n = Θ(1) which can correct kF − 1 erasures with
very high probability, the corresponding distribution class {(Un, f)}f∈F cannot be sample amplified
with error less than a constant threshold, starting with less than kF samples. On the other hand, if
there exists a function class for which {(Un, f)}f∈F distribution is easy to sample amplify even for
t ≤ kF , say the error being bounded from above by δ which decays with n, then the corresponding
code can correct kF erasures only with probability at most 2δ.
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Corollary 31 Let {(Un, f)}f∈F be a distribution class such that the minimax sample amplification
error,

ϵ⋆SA({(Un, f)}f∈F , kF − 1, kF ) ≤ δ(n) (102)

where δ is some function of n. Then, the linear function code CF can correct kF erasure only with
probability atmost 2δ(n) or can correct kF − 1 erasures with probability at most 2n+1δ(n)/d.

Proof The proof is immediate from Theorem 28.

2.4. Sample Amplification for the Class of all Boolean Functions

In the previous sections, we saw examples function classes which structured sample amplification
(with small error) is hard as learning. This provides evidence that when enough structure is present,
the best strategy is to learn. In this section we provide a simple example of class of distributions
based on Boolean functions for which sample amplification is strictly easier than learning in the
sample complexity sense.

We consider the distribution class D = {(Un, f)}f∈Fall
where Fall is the class of all Boolean

functions over Zn2 . Note that our lower bound technique fails to provide a meaningful lower bound
in this case because the teaching dimension for Fall is 2n and because pF is exponentially small.
In fact, we can use the result for sample amplification of any discrete distribution (Axelrod et al.,
2020) to sample amplify Fall.

Corollary 32 Let F be the class of all Boolean functions f : Zn2 → Z2. Then, the class of distribu-

tions {(Un, f)}f∈F admits a (t, t+ 1, ϵ) sample amplification scheme with t = Θ
(√

2n

ϵ

)
.

Proof As the class of distributions D = {(Un, f)}f∈Fall
consists of distributions with support size

2n, this immediately follows from (Axelrod et al., 2020, Theorem 1).

In particular, the complexity of sample amplification for Fall is quadratically better than the
complexity of learning the same class, which by coupon collector is Θ̃(2n).

3. Structured Cloning

We can define structured quantum cloning analogously as structured sample amplification.

Definition 33 (Structured Quantum Cloning) Let S be a class of n-qubit states. Then, S is said
to admit (t, t+m, ϵ)-quantum cloning scheme if there exists a CPTP map ΛS,t,m,ϵ : B((C2n)⊗t) →
B((C2n)⊗t+m) such that,

sup
ρ∈S

dTD

(
ΛS,t,m,ϵ(ρ

⊗t), ρ⊗t+m
)
≤ ϵ, (103)

and the optimal cloning error for the class of states S is defined by minimisung the cloning error
over all CPTP maps,

ϵ⋆Cl(S, t, t+m) := min
Λ

sup
ρ∈S

dTD

(
Λ(ρ⊗t), ρ⊗t+m

)
. (104)
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We consider classes of states that have symmetries. Let G be an Abelian group, and let Ψϵ
H

be the set of states that ϵ-hides the subgroup H ≤ G. Then we consider the cloning of Sα =⋃
H,|H|=αΨ

ϵ
H , i.e., states that are promised to hide an unknown hidden subgroup of fixed order.

Here, we do not make any assumptions about the purity of the states. Thus, Sα also contains
mixed states, which is relevant for our lower bound proof below. As mentioned earlier, our cloning
lower bound technique is based on learning error and requires sample complexity lower bounds for
learning that are tight up to additive constants. We show that for Sα, the sample complexity of
learning can be determined up to additive constants by considering the task of learning the hidden
subgroup. To argue this, we identify the optimal measurement for the Abelian state hidden subgroup
problem in the next section.

3.1. Optimality of Character POVMs for a Class of Abelian StateHSPs

We show that in the worst case sense, character POVMs are optimal up to classical post-processing
for solving a class of Abelian StateHSP. We show this optimality for Abelian StateHSPs with non-
isomorphic irreducible representations. To show this, we use the following result (Wright, 2016).

Proposition 34 (Wright (2016), Proposition 1.2.7) Suppose ρ is block diagonal with blocks cor-
responding to the (known) orthogonal projectors {Πi}i. Then,

• One can without loss of generality pre-process any quantum algorithm that acts on ρ by
measuring {Πi}i on ρ.

• If ρ is a multiple of the identity in each block, then {Πi}i is an optimal measurement for
extracting information from ρ.

The proof of this result is simple. It is easy to see that, assuming a block diagonal structure,
we can always perform the projective measurement onto the blocks without losing any information.
Moreover, if the state is proportional to the maximally mixed state within each block then we cannot
get any more information after identifying the block.

Let us now sketch how we will use Theorem 34 before presenting the detailed proof. For an
Abelian StateHSP (G,µ,Ψϵ

H) and for any ρ ∈ Ψϵ
H , we consider the state

σ =
1

|G|
∑
g∈G

µ(g)ρµ(g)† . (105)

We will argue that this state is block-diagonal with respect to the character POVM {Πλ}λ. Then,
using the non-isomorphic property of irreducible representations, we will argue that each block
is one-dimensional and hence the above state is also maximally mixed in each block. We can
combine this with Proposition 34 to obtain the optimality of character POVMs on σ. However, this
optimality result is limited, it only applies to algorithms that process single copies of σ at a time,
but it does not account for general multi-copy measurements. To show this optimality among this
more general class of algorithms, we consider σ⊗t, which is block diagonal with respect to tensor
powers of single-copy character POVMs. As each block is still one-dimensional, this will lead to
the optimality of single-copy character POVMs even when multi-copy measurements are allowed.
Intuitively, the optimality can be understood by noting that allowing for multiple i.i.d. copies of

37



BANSAL CARO MAHAJAN

σ is equivalent to allowing non-i.i.d. states from Ψϵ
H , and in this scenario it is easy to see that

single-copy character POVMs are optimal.
The rest of this subsection makes the above reasoning precise to establish the following result:

Theorem 35 (Optimality of Character POVMs for Abelian StateHSP) Let (G,µ,Ψϵ
H) be an

Abelian StateHSP problem such that the unitary representation µ has non-isomorphic irreducible
representations. Then, the character POVM {Πλ}λ is the optimal procedure to solve the Abelian
StateHSP in the worst-case sense.

Proof Let t be the number of copies provided. We assume that we are allowed any arbitrary t-copy
measurements on instances of Ψϵ

H , i.e., we are allowed to make measurements on ρ⊗t with ρ ∈ Ψϵ
H .

Now, for any ρ ∈ Ψϵ
H , define

σ =
1

|G|
∑
g∈G

µ(g)ρµ(g)†. (106)

Claim 36 Let ρ ∈ Ψϵ
H , for an underlying Abelian Group G with the unitary representation µ and

let

σ =
1

|G|
∑
g∈G

µ(g)ρµ(g)†, (107)

then,

1. σ ∈ Ψϵ
H ,

2. [σ, µ(g)] = 0, ∀g ∈ G.

Proof See Section 4.

As a consequence of bullet point 1 in Claim 36, σ is also a valid instance of the Abelian
StateHSP. So, for the purposes of a worst-case analysis, we can assume that we are given σ⊗t.
As a consequence of bullet point 2 of Claim 36, σ has the same eigenvectors as µ(g), i.e., σ is
diagonal in the basis {|λi, vλi⟩ = |λi⟩}i, where we can drop the vλi because the irreducible repre-
sentations are by assumption non-isomorphic. Now, we define the t-copy POVM {

⊗t
i Πλi}, with

character POVM elements Πλi = |λi⟩⟨λi|, which because of the assumption on non-isomorphic
irreducible representations are rank-one projections. Note that:

1. σ⊗t is diagonal with respect to the basis projected on by the POVM elements {
⊗t

i=1Πλi}.

2. As σ⊗t is block-diagonal with blocks of size 1, it is proportional to the identity in each block.

Hence, by Theorem 34, the POVM {
⊗t

i=1Πλi} is optimal to solve the Abelian StateHSP in the
worst case sense.

In the case of the phaseless stabilizer StateHSP, we have non-isomorphic irreducible represen-
tations. This yields the optimality of Bell sampling for phaseless stabilizer StateHSP.

38



CLONING IS AS HARD AS LEARNING FOR STABILIZER STATES

3.2. Structured Random Purification

The random purification channel allows to transform t i.i.d. copies of a mixed states into t i.i.d. copies
of a random purification of the mixed state (Tang et al., 2025; Girardi et al., 2025a) .Below, we pro-
vide a structured version of the random purification map for a class of Abelian StateHSP problems
with non-isomorphic irreducible representations. Namely, we give a CPTP map that transforms
i.i.d. copies of any mixed state that is diagonal with respect to the character POVMs to i.i.d. copies
of a random purification.

Theorem 37 (Structured Random Purification) Let σ ∈ Ψϵ
H be a mixed state instance of an

Abelian StateHSP (G,µ,Ψϵ
H) with non-isomorphic irreducible representations. Assume that σ =∑

λ aλ|λ⟩⟨λ| is diagonal with respect to the character POVM {Πλ = |λ⟩⟨λ|}λ. Then, for any t,
there is a CPTP map Ct such that

Ct(σ⊗t) = E
g
|σg⟩⟨σg|⊗t , (108)

where |σg⟩ = (I ⊗ µ(g))|σ⟩ with |σ⟩ =
∑

λ

√
aλ|λ⟩ ⊗ |λ⟩ is a purification of σ for any g ∈ G. We

call |σg⟩ the g-purification of σ.

Theorem 37 will allow us to map copies of the worst case instance for Abelian StateHSP con-
structed in the proof of Theorem 35 to copies of a random purification. This will enable us to
infer pure Abelian StateHSP lower bounds from the mixed Abelian StateHSP lower bound of The-
orem 37.
Proof We begin by rewriting our target state:

E
g
|σg⟩⟨σg|⊗t (109)

= E
g

∑
λ1...λt
η1,...ηt

√
aλ1 . . . aλt

√
aη1 . . . aηt |λ1 . . . λt⟩⟨η1 . . . ηt| ⊗ µ(g)⊗t|λ1 . . . λt⟩⟨η1 . . . ηt|(µ(g)†)⊗t

(110)

=
∑
λ1...λt
η1,...ηt

√
aλ1 . . . aλt

√
aη1 . . . aηt |λ1 . . . λt⟩⟨η1 . . . ηt| ⊗E

g
µ(g)⊗t|λ1 . . . λt⟩⟨η1 . . . ηt|(µ(g)†)⊗t

(111)

=
∑
λ̄,η̄

√
aλ̄aη̄|λ̄⟩⟨η̄| ⊗E

g
µ(g)⊗t|λ̄⟩⟨η̄|(µ(g)†)⊗t . (112)

Now, observe that
E
g
µ(g)⊗t|λ̄⟩⟨η̄|(µ(g)†)⊗t = δλ̄∼=η̄|λ̄⟩⟨η̄| . (113)

This can be seen by noticing that µ(g)⊗t|λ̄⟩ = χλ̄(g)|λ̄⟩ and thus we can use Schur’s orthonormality
condition (Lemma 11) to obtain

E
g
µ(g)⊗t|λ̄⟩⟨η̄|µ(g)⊗t,† = E

g
χλ̄(g)χη̄(g)|λ̄⟩⟨η̄| = δλ̄∼=η̄|λ̄⟩⟨η̄| . (114)

Thus, we obtain
E
g
|σg⟩⟨σg|⊗t =

∑
λ̄,η̄
λ̄∼=η̄

√
aλ̄aη̄|λ̄⟩⟨η̄| ⊗ |λ̄⟩⟨η̄| . (115)
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The character of the representation λ̄ = λ1 . . . λt is χλ̄ = χλ1 . . . χλt . Hence, because we assumed
the irreducible representations of µ to be non-isomorphic, and using that two representations are
isomorphic if and only if they have the same characters, we see that λ̄ ∼= η̄ holds if and only if λ̄
and η̄ are equal up to a permutation, i.e., η̄ = πλ̄ for some π ∈ St. In this case, clearly aλ̄ = aη̄.
Hence, we can write

E
g
|σg⟩⟨σg|⊗t =

∑
{λ̄}

f({λ̄})
a{λ̄}

f({λ̄})
∑
η̄,η̄′

η̄∼=λ̄
η̄′∼=λ̄

|η̄η̄⟩⟨η̄′η̄′| =
∑
{λ̄}

f({λ̄})a{λ̄}ρ{λ̄} , (116)

where we have used {λ̄} to denote a representative for each equivalence class of isomorphic tensor
product irreps, where f({λ̄}) denotes the number of distinct permutations of the tuple λ̄, and where
we have defined the state

ρ{λ̄} =
1

f({λ̄})
∑
η̄,η̄′

η̄∼=λ̄
η̄′∼=λ̄

|η̄η̄⟩⟨η̄′η̄′| . (117)

We define the POVM {Π{λ̄}}{λ̄}, where

Π{λ̄} =
∑
η̄

η̄∼=λ̄

|η̄⟩⟨η̄|. (118)

With this, we can describe our structured random purification procedure

Algorithm 2 Structured Random Purification Channel Ct

Input: σ⊗t, where σ is a mixed state instance of the Abelian StateHSP (G,µ,Ψϵ
H)

Assumption: The Abelian StateHSP (G,µ,Ψϵ
H) has non-isomorphic irreducible representations,

and σ is block diagonal with respect to these irreducible representations.
Output: Eg |σg⟩⟨σg|⊗t
1. Measure σ⊗t in the basis {Π{λ̄}}{λ̄}.
2. Then, based on the observed outcome {λ̄}, prepare the state ρ{λ̄}.

We now verify that indeed Ct(σ⊗t) = Eg |σg⟩⟨σg|⊗t. First, notice that the measurement out-
come in first step is {λ̄} with probability a{λ̄}f({λ̄}) because

tr
(
Π{λ̄}σ

⊗t
)
= tr

(
Π{λ̄}

∑
η̄

aη̄|η̄⟩⟨η̄|

)

= tr

∑
η̄i∼=λ̄

∑
η̄′

aη̄′δη̄η̄′ |η̄′⟩⟨η̄|


=
∑
η̄∼=λ̄

aη̄

= f({λ̄})a{λ̄} .

(119)
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Thus, when applying our structured random purification procedure to σ⊗t, in Step 1 we observe the
outcome {λ̄} with probability f({λ̄})a{λ̄}, and then in Step 2 prepare the state ρ{λ̄}. Thus, we have
shown

Ct(σ⊗t) =
∑
{λ̄}

f({λ̄})a{λ̄}ρ{λ̄}
(a)
= E

g
|σg⟩⟨σg|⊗t, (120)

where (a) used Equation (116).

Remark 38 Our structured random purification channel can also be obtained from Walter and
Witteveen (2025)’s random purification channel for general symmetries. Namely, for a particular
choice of block diagonal states and corresponding symmetries, the random purification channel of
Walter and Witteveen (2025) gives exactly our structured random purification channel. For any
Abelian StateHSP (G,µ,Ψϵ

H) and any t (copies), we take the algebras,

A ∼=
⊕
{λ̄}∈Λt

b{λ̄}I{λ̄} and A′ ∼=
⊕
{λ̄}∈Λt

σ{λ̄}, (121)

where λ̄ = λ1 . . . λt with each λi being the irreducible representation of the unitary representation
µ, {λ̄} being the equivalence class of λ̄ under any t-permutations, and b{λ̄} being any complex
numbers. Essentially, we are looking at states that are block diagonal with each block characterised
by {λ̄} and basis states {|π̄λ̄⟩}π∈St . Then, t copies of the diagonal state σ =

∑
λ aλ|λ⟩⟨λ| satisfy

σ⊗t ∈ A′. Thus, using Theorem 17, we get that there is a channel PA such that

PA(σ⊗t) =
⊕
{λ̄}∈Λt

|Φ̃0⟩L{λ̄}L
′
{λ̄}

⟨Φ̃0|L{λ̄}L
′
{λ̄}

dim L{λ̄}
⊗ trL{λ̄}

[
P{λ̄}σ

⊗tP{λ̄}

]
⊗

IR′
{λ̄}

dim R′{λ̄}
. (122)

We now recognise that P{λ̄} is the projection on block {λ̄} and thus corresponds to Π{λ̄} in Equa-
tion (118), dimL{λ̄} = f({λ̄}) is the number of distinct permutations of λ̄, and

|Φ̃0⟩L{λ̄}L
′
{λ̄}

⟨Φ̃0|L{λ̄}L
′
{λ̄}

dim L{λ̄}
=

1

f({λ̄})
∑
η̄,η̄′

η̄∼=λ̄
η̄′∼=λ̄

|η̄η̄⟩⟨η̄′η̄′| = ρ{λ̄}. (123)

Moreover, R{λ̄} and R′{λ̄} are just one-dimensional spaces. Thus, using Equation (119) and Equa-
tion (123), we get that

PA(σ⊗t) =
⊕
{λ̄}∈Λt

f({λ̄})a{λ̄}ρ{λ̄}. (124)

Comparing it with Equation (120), we get that

PA(σ⊗t) = E
g
|σg⟩⟨σg|⊗t = Ct(σ⊗t). (125)

Therefore, the Algorithm 2 gives exactly the channel output PA(σ⊗t). This completes the remark.
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We now define the states
σH =

1

|H⊥|
∑
λ∈H⊥

|λ⟩⟨λ| . (126)

where H ≤ G is a subgroup of G with the dual H⊥. It is easy to see that these states hide the
subgroup H with ϵ = 1.

Lemma 39 For σH states defined above,

1. if g ∈ H , tr (µ(g)σH) = 1, and

2. if g ∈ G \H , tr (µ(g)σH) = 0.

Proof The proof is provided in Section 4.

Next, we show that all g-purifications corresponding to σH as defined above for any H are
instances of a suitably constructed Abelian StateHSP. To this end, we consider the Abelian group
G×G, and we consider the unitary representation

µ′ : G×G→ GL(V ⊗ V ⊗ V ⊗ V ) ,

µ′(g, h) = µ(g)⊗ µ(h)† ⊗ µ(g)† ⊗ µ(h).
(127)

Lemma 40 The two-copy g-purifications |σH,g⟩⊗2, where

|σH,g⟩ = (I ⊗ µ(g))

 1√
|H⊥|

∑
λ∈H⊥

|λ⟩ ⊗ |λ⟩

 (128)

(as defined in Theorem 37) purifies the mixed state σH for some H , are instances of the Abelian
StateHSP (G×G,µ′,Ψϵ′

H′) for a suitable ϵ′ > 0, where the hidden subgroup H ′ is given by

H ′ = {(g1, g2) | χλ1(g1)χλ2(g1)χλ1(g2)χλ2(g2) = 1,∀λ1, λ2 ∈ H⊥} , (129)

and with
Ψϵ′
H′ =

⋃
g∈G

{|σH,g⟩} . (130)

Proof We note that µ′(g1, g2) acting on some g-purification gives

µ′(g1, g2)|σH,g⟩⊗2

= (µ(g1)⊗ µ(g2)
†|σH,g⟩)⊗ (µ(g1)

† ⊗ µ(g2)|σH,g⟩)
(a)
= ((I ⊗ µ(g))(µ(g1)⊗ µ(g2)

†)|σH⟩)⊗ ((I ⊗ µ(g))(µ(g1)
† ⊗ µ(g2))|σH⟩)

= (I ⊗ µ(g))⊗2

∑
λ1

1√
|H⊥|

µ(g1)|λ1⟩ ⊗ µ(g2)
†|λ1⟩ ⊗

∑
λ2

1√
|H⊥|

µ(g1)
†|λ2⟩ ⊗ µ(g2)|λ2⟩


(b)
= (I ⊗ µ(g))⊗2

∑
λ1,λ2

1

|H⊥|
χλ1(g1)|λ1⟩ ⊗ χλ1(g2)|λ1⟩ ⊗ χλ2(g1)|λ2⟩ ⊗ χλ2(g2)|λ2⟩

 ,

(131)
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where (a) follows from Abelianity ofG, and where (b) follows from noting that the |λ⟩ are eigenvec-
tors of the representation µ(g) with the eigenvalues given by characters. From this, if (g1, g2) ∈ H ′,
we see directly from the definition of H ′ that

µ′(g1, g2)|σH,g⟩⊗2 = |σH,g⟩⊗2, ∀g, g1, g2 ∈ G. (132)

In contrast, if (g1, g2) /∈ H ′, we get∣∣⟨σH,g|⊗2µ′(g1, g2)|σH,g⟩⊗2∣∣ = ∣∣⟨σH |⊗2µ′(g1, g2)|σH⟩⊗2∣∣
=

∣∣∣∣∣∣
∑
λ1,λ2

1

|H⊥|2
χλ1(g1)χλ2(g1)χλ1(g2)χλ2(g2)

∣∣∣∣∣∣
(a)
< 1.

(133)

Here, (a) follows by Cauchy-Schwarz inequality ⟨v, w⟩ ≤ ∥v∥ · ∥w∥ being strict unless v and
w are linearly dependent. In our case, the vectors are v = (χλ1(g1)χλ2(g1))λ1,λ2∈H⊥ and w =

(χλ1(g2)χλ2(g2))λ1,λ2∈H⊥ . They have norm 1 because |χλ(g)| = 1 for all g and λ, and they are
not linearly dependent if (g1, g2) /∈ H ′ because, by definition of H ′, there exists at least one pair
(λ1, λ2) ∈ H⊥ such that

χλ1(g1)χλ2(g1)χλ1(g2)χλ2(g2) ̸= 1. (134)

We can thus define

ϵ′H = 1− max
g1,g2∈(G×G)\H′

∣∣⟨σH |⊗2µ′(g1, g2)|σH⟩⊗2∣∣ > 0 , (135)

and (since we consider only finitely many H) also

ϵ′ = min
H

ϵ′H > 0 , (136)

so that for any arbitraryH , the g-purifications are instances of the Abelian StateHSP (G×G,µ′,Ψϵ′
H′).

3.3. Cloning Lower Bounds for Abelian StateHSPs

We are now well-equipped to prove cloning lower bounds for particular classes of mixed and pure
Abelian StateHSP. Our approach is similar to the one that led to the lower bound for structured sam-
ple amplification (Theorem 19): Solving an Abelian StateHSP problem is equivalent to collecting
independent generators of the dual group H⊥ of the hidden subgroup H . By Theorem 35, for an
Abelian StateHSP (assuming non-isomorphic irreps), the optimal way to collect these generators is
via character POVM measurements. Hence, nH⊥ − 1 copies do not suffice to obtain n⊥H indepen-
dent generators of H⊥. However, if we had a quantum cloner for that generates an extra copy from
initially nH⊥ − 1 copies of an arbitrary instance of the Abelian StateHSP, then we could measure
the character POVM on the extra copy to obtain a new independent generator with not-too-small
probability. Thus no such cloner can exist.
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To formalise the above argument, we consider the set of states

Sα =
⋃

H≤G:|H|=α

Ψϵ
H , (137)

for some fixed α. That is, we consider the (mixed and pure) state instances of an Abelian StateHSP
with Abelian group G, representation µ, and some hidden subgroup H ≤ G of order α. For a given
state ρ with hidden subgroup H ≤ G, we refer to nH⊥ as the number of independent generators of
H , and we let pρ be the success probability of learning H given nH⊥ copies of the state ρ. Also, we
define

tG,α = max
H≤G:|H|=α

nH⊥ . (138)

Moreover, we take the states σH as defined in Equation (126). Then, we define

Sσα =
⋃

H≤G,|H|=α

{σH}. (139)

It is easy to see that Sσα ⊆ Sα.

Theorem 41 (Formal Statement of Theorem 4, Point 1: Error Lower Bounds for Cloning of
Abelian StateHSP) LetG be an Abelian group, let µ be a representation ofG with non-isomorphic
irreps. Then, for any t ≤ tG,α, the optimal error in cloning from t − 1 copies to t copies for the
class of states Sα is lower bounded as

ϵ⋆Cl(Sα, t− 1, t) ≥ ϵ⋆Cl(Sσα , t− 1, t) ≥ min
σH∈Sσα

pσH/2 , ∀t ≤ tG,α , (140)

where the maximum is over all states σH defined in Equation (126) for H ≤ G with |H| = α.

Proof Let Λ be any quantum cloning map for the states Sα. We first consider cloning from t− 1 =
tG,α−1 copies, which we can later generalize to any t−1 ≤ tG,α−1 copies. Notice that Sσα ⊆ Sα,
thus

ϵ⋆Cl(Sα, t− 1, t)≥ ϵ⋆Cl(Sσα , t− 1, t). (141)

Then, given a σH ∈ Sσα , we compare

1. true copies, σ⊗tG,α

H , and

2. cloned copies, Λ(σ⊗(tG,α−1)
H ).

We define two probability distribution over (H⊥)×tG,α as

q
Λ(σ

⊗(tG,α−1)

H )
(λ1, . . . , λtG,α) = Tr

Λ(σ
⊗(tG,α−1)
H )

tG,α⊗
i=1

Πλi

 , (142)

and

q
σ
⊗tG,α
H

(λ1, . . . , λtG,α) = Tr

σ⊗tG,α

H

tG,α⊗
i=1

Πλi

 , (143)
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where {Πλ}λ is the character POVM. We now again use a distinguisher based-approach, noting that
the optimal cloning error can be rewritten as

ϵ⋆Cl(Sσα , tG,α − 1, tG,α) = min
Λ

sup
ρ∈Sσα

max
A

Adv(A,H,Λ, tG,α) . (144)

We consider the following distinguisher:

Algorithm 3 Distinguisher A
Input: An n · t qubit state σ⊗tH , classical description of H
Output: Accept or Reject
1. Measure the character POVM {Πλ}λ on every copy of σH .
2. Run a consistent learning algorithm that outputs one of the consistent subgroups Ĥ uniformly at
random using the t measurement samples from the first step.
2. Accept if Ĥ = H , else Reject.

For the distinguisher defined above, the distinguishing advantage is

Adv(A) =

∣∣∣∣∣∣ Pr
q
σ
⊗tG,α
H

[
A
(
λ1, . . . λtG,α

)
= 1
]
− Pr
q
Λ(σ

⊗(tG,α−1)

H
)

[
A
(
λ1, . . . λtG,α

)
= 1
]∣∣∣∣∣∣ , (145)

where the λi are sampled from the respective distributions. We argue that since the single copy
character POVMs are optimal for learning H correctly, the probability for specifying H correctly
from cloned tG,α copies can be upper-bounded by the probability for specifying the hidden subgroup
from tG,α − 1 copies analogous to Proposition 20:

Pr
q
Λ(σ

⊗tG,α−1

H
)

[
A
(
λ1, . . . λtG,α

)
= 1
]
≤ Pr

q
σ
⊗(tG,α−1)

H

[
A
(
λ1, . . . λtG,α

)
= 1
]
. (146)

Then, the advantage of the distinguisher in distinguishing the true and cloned copies is lower
bounded as

Adv(A) ≥ Pr
q
σ
⊗tG,α
H

[
A
(
λ1, . . . λtG,α

)
= 1
]
− Pr
q
σ
⊗(tG,α−1)

H

[
A
(
λ1, . . . λtG,α

)
= 1
]
. (147)

Notice that the above difference on the right hand side can alternatively be thought of as the differ-
ence in probability of specifying a function f uniquely from tG,α samples with that of from tG,α−1
samples. Thus, we can use similar calculation as used in the proof of Theorem 19 to lower bound
this by pσH/2. Using Equation (144), we get that for any H ′ ∈ argmaxH≤G,|H|=α nH⊥ ,

ϵ⋆Cl(Sσα , tG,α − 1, tG,α) ≥ pσH/2 ≥ min
σH∈Sσα

pσH/2 , (148)

where pσH is the probability of learning the hidden subgroup H from tG,α copies of the state. This
gives

ϵ⋆Cl(Sα, tG,α − 1, tG,α) ≥ ϵ⋆Cl(Sσα , tG,α − 1, tG,α) ≥ min
σH∈Sσα

pσH/2. (149)

We can then extend this to a lower bound for cloning from t−1 ≤ tG,α−1 to t copies via Lemma 42
below.
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Lemma 42 If a family of states S does not admit a (k− 1, k, δ)-quantum cloning scheme for some
ϵ, then it also does not admit a (t− 1, t, ϵ)-quantum cloning scheme for any t ≤ k.

Proof We prove this by contradiction. Assume that Λ is a (t− 1, t, ϵ) cloner for the family of states
S with error ϵ for some t ≤ k. This means that, for any ρ ∈ S,

dTD(Λ(ρ
⊗t−1), ρ⊗t) ≤ ϵ. (150)

Define Λ′ as Λ′ = Λ⊗ I⊗k−t. Then,

dTD

(
Λ′(ρ⊗k−1), ρ⊗k

)
= dTD

(
Λ(ρ⊗t−1)⊗ ρ⊗k−t, ρ⊗t ⊗ ρ⊗k−t

)
(a)
= dTD(Λ(ρ

⊗t−1), ρ⊗t) ≤ ϵ .

(151)

Thus, Λ′ is a (k − 1, k, ϵ)-cloner for the family of states S, contradicting our assumption that no
such cloner exists.

The proof of Theorem 41 works for mixed state Abelian StateHSP, more precisely when we
allow Sα to contain the mixed states Sσα . We can lift the cloning lower bound to the pure Abelian
StateHSP (G×G,µ′,Ψϵ′

H′) as defined in the previous section. Here, we consider the set of states

S ′α =
⋃
H′

Ψϵ′
H′ , (152)

where the union is over all subgroups of G × G of the form H ′ as in Equation (129) for some
subgroup H ≤ G of order α.

Corollary 43 Let G be an Abelian group, let µ be a representation of G with non-isomorphic
irreps. Then, for any t ≤ tG,α, the optimal error in cloning from t − 1 copies to t copies for the
class of states S ′α is lower bounded as

ϵ⋆Cl(S ′α, t− 1, t) ≥ min
σH∈Sσα

pσH/2 , ∀t ≤ tG,α . (153)

The intuition for obtaining this lower bound from the lower bound for cloning Sα is easy to
understand: One way of cloning a mixed state from Sσα is to first apply the structured random
purification channel, yielding a pure state from S ′α, then to apply a cloner for S ′α, and finally to trace
out the auxiliary systems.
Proof We prove this by contradiction. Suppose there exists a (t− 1, t, ϵ)-quantum cloning scheme
Λ for S ′α for some t ≤ tG,α and ϵ < maxσH∈Sσα pσH/2. Then, for the g-purifications of any states
in Sσα , the cloner satisfies

dTD(Λ(|σH,g⟩⟨σH,g|⊗t−1), |σH,g⟩⟨σH,g|⊗t) ≤ ϵ, ∀g,H . (154)

Define the map Λ′ = trPR Λ◦Ct−1, where trPR is the partial trace over the purifying registers, and
where Ct−1 is the structured random purification channel for t− 1 copies from Theorem 37. Then,

dTD

(
Λ′(σ⊗t−1H ), σ⊗tH

)
≤ dTD

(
Λ ◦ Ct−1(σ⊗t−1H ),E

g
|σH,g⟩⟨σH,g|⊗t

)
, (155)
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since the partial trace is a CPTP map and thus cannot increase trace distance. We can further upper
bound the trace distance as

dTD

(
Λ ◦ Ct−1(σ⊗t−1H ),E

g
|σH,g⟩⟨σH,g|⊗t

)
= dTD

(
Λ(E

g
|σH,g⟩⟨σH,g|⊗t−1),E

g
|σH,g⟩⟨σH,g|⊗t

)
(a)
= dTD

(
E
g
Λ(|σH,g⟩⟨σH,g|⊗t−1),E

g
|σH,g⟩⟨σH,g|⊗t

)
(b)

≤ E
g

(
Λ(|σH,g⟩⟨σH,g|⊗t−1), |σH,g⟩⟨σH,g|⊗t

)
≤ ϵ ,

(156)

where (a) follows from linearity of Λ, (b) follows by triangle inequality, and the final inequality is
Equation (154). Thus, Λ′ is a (t−1, t, ϵ)-cloner for states in Sσα , which contradicts the cloning error
lower bound in Theorem 41.

The above results provide a lower bound on sample complexity for cloning the states in Sα and
S ′α with arbitrarily small error.

Corollary 44 LetG be an Abelian group, let µ be a representation ofGwith non-isomorphic irreps.
Then, the sets of states Sα and S ′α defined above do not admit (t, t+1, ϵ)-quantum cloning schemes
for t ≤ tG,α and ϵ < pσ/2.

3.4. Cloning Lower Bound for Stabilizer States

We now turn our attention from the general setting of cloning Abelian StateHSP instances to the
concrete question of cloning stabilizer states. We consider the following kind of (2n)-qubit mixed
states,

σL =
1√
2n

∑
y∈L⊥

|Φy⟩⟨Φy|, (157)

where |Φx⟩ are Bell states as defined earlier, L as some n-dimensional subspace of Z2n
2 . Then, as

mentioned previously, we consider the mixed phaseless stabilizer StateHSP as (Z2n
2 , µ,Ψ

1
L), where

Ψ1
L is the singleton set

Ψ1
L = {σL}, (158)

and with the unitary representation x 7→ V ⊗2x , with Vx as defined in Equation (23). Then, we
consider the class states Sn defined as

Sn =
⋃

L≤Z2n
2 ,|L|=2n

Ψ1
L = {σL}L≤Z2n

2 ,|L|=2n . (159)

Note that
tG,n = n . (160)

Since the states σL are block-diagonal with respect to irreps (Bell basis), and since the represen-
tation has non-isomorphic irreps, measuring in the Bell basis is optimal from Theorem 35. As a

47



BANSAL CARO MAHAJAN

consequence of this optimality, the probability of learning the hidden subspace L and hence the
hidden subgroup is given by Lemma 22 as,

pσ =
n∏
i=1

(1− 2−i) ≥ 0.28. (161)

The following corollary is now immediate from Theorem 41 when noting that Sn = Sσn in this case.

Corollary 45 The set of states Sn does not admit a (t− 1, t, ϵ)-quantum cloning scheme for t ≤ n
and ϵ ≤ 0.14.

We now show our cloning lower bound for stabilizer states. To obtain this from Theorem 45,
we prove that for states in Sn, the g-purifications are (4n)-qubit stabilizer states. This allows us to
“lift” the cloning lower bound for Sn to a cloning lower bound for (4n)-qubit stabilizer states.

Lemma 46 Suppose σ = σL as in Equation (157) for some n-dimensional subspace L. Then, the
g-purifications |σg⟩ of σ (defined using Theorem 37) are (4n)-qubit stabilizer states.

Proof Let L be an n-dimensional subspace of Z2n
2 . As σ = σL is diagonal in the Bell basis and

supported uniformly on 2n elements, the corresponding base-purification takes the form

|σ⟩ = 1√
2n

∑
x∈L⊥

|Φx⟩ ⊗ |Φx⟩ . (162)

We first show that this base purification |σ⟩ is a (4n)-qubit stabilizer state. From the discussion in
Section A.3, we can obtain,

(Vx ⊗ I)|Φy⟩ = (−1)b·c|Φx⊕y⟩. (163)

where x = (a, b) and y = (c, d). Thus, on the level of two copies,

(Vx ⊗ I)⊗2|Φy⟩⊗2 = |Φx⊕y⟩⊗2. (164)

Now, we make a choice of n basis vectors for L⊥ as {ui}ni , and of n basis vectors of L, {hi}ni . We
then extend the basis {hi}ni to a basis for Z2n

2 , {hi}ni ∪ {si}ni . Then, we define four sets

U = {Vu ⊗ I ⊗ Vu ⊗ I | u ∈ {ui}ni } , (165)

W1 = {Vh ⊗ Vh ⊗ I⊗2 | h ∈ {hi}ni } , (166)

W2 = {I⊗2 ⊗ Vh ⊗ Vh | h ∈ {hi}ni } , (167)

and
S = {V ⊗4s | s ∈ {si}ni } . (168)

Then, notice that for any V ∈ U described by u′ ∈ {ui}ni=1,

V |σ⟩ = (Vu′ ⊗ I ⊗ Vu′ ⊗ I)|σ⟩

=
1√
2n

∑
u∈L⊥

(Vu′ ⊗ I)|Φu⟩ ⊗ (Vu′ ⊗ I)|Φu⟩

(a)
=

1√
2n

∑
u∈L⊥

|Φu⊕u′⟩ ⊗ |Φu⊕u′⟩

(b)
=

1√
2n

∑
u∈L⊥

|Φu⟩ ⊗ |Φu⟩ = |σ⟩ ,

(169)
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where for (a) follows from Equation (164), and where (b) is a simple reindexing of the summation
by noting that L⊥ is closed under addition. Thus, elements of U stabilize |σ⟩.

Next, any V ∈W1 ∪W2 can be written as V = V ⊗2hi
⊗ V ⊗2hj

for hi, hj ∈ {hk}nk=1, and thus

V |σ⟩ = (V ⊗2hi
⊗ V ⊗2hj

)|σ⟩

=
1√
2n

∑
u∈L⊥

V ⊗2hi
|Φu⟩ ⊗ V ⊗2hj

|Φu⟩

(c)
=

1√
2n

∑
u∈L⊥

χu(hi)|Φu⟩ ⊗ χu(hj)|Φu⟩

(d)
=

1√
2n

∑
u∈L⊥

|Φu⟩ ⊗ |Φu⟩ = |σ⟩ ,

(170)

where (c) follows by noting that V ⊗2hi
= µ(hi) is the underlying unitary representation and thus

V ⊗2hi
|Φu⟩ = χu(hi)|Φu⟩ since |Φu⟩ are one-dimensional irreps of the representation (eigenstates)

with character (eigenvalue) given by χu(hi) = (−1)[h1,u], and where (d) follows by noting that for
h ∈ L, we have χu(h) = 1 for any u ∈ L⊥ by assumption.

Finally, take V ∈ S described by s ∈ {si}ni=1. Then

V |σ⟩ = V ⊗4s |σ⟩

=
1√
2n

∑
u∈L⊥

V ⊗2s |Φu⟩ ⊗ V ⊗2s |Φu⟩

(e)
=

1√
2n

∑
u∈L⊥

χu(s)|Φu⟩ ⊗ χu(s)|Φu⟩

(f)
=

1√
2n

∑
u∈L⊥

|Φu⟩ ⊗ |Φu⟩ = |σ⟩ ,

(171)

where (e) follows similarly to (c) above, and (f) follows by noting that χu(s) = (−1)[s,u] and thus
the square of the character equals 1.

These calculations show that the sets U,W1,W2, S all stabilize |σ⟩. Moreover, each of these
sets has cardinality n. Hence, it remains to show that they are also independent, then we have 4n
independent stabilizers for the state |σ⟩, thus making it a (4n)-qubit stabilizer state. Firstly, note
that these operators all commute pairwise. To see this, note that the operators Vx either commute or
anti-commute. As two anti-commuting operators cannot simultaneously stabilize the same state, by
the above calculations we conclude that the operators from U,W1,W2, S commute. Now, to show
independence, we need to show that any non-trivial multiplication of elements of A = U ∪W1 ∪
W2 ∪ S does not equal the identity. So, we consider a product∏

i
ui∈{ui}i

((Vui ⊗ I)⊗2)ai
∏
j

hj∈{hi}i

(V ⊗2hj
⊗ I⊗2)bj

∏
k

hk∈{hi}i

(I⊗2 ⊗ V ⊗2hk
)ck

∏
l

sl∈{si}i

V ⊗4,dlsl

(g)
= ±(V∑

i aiui
⊗ I)⊗2(V ⊗2∑

j hjbj
⊗ V ⊗2∑

k hkck
)(V∑

l dlsl
)⊗4

(h)
= ±

(
V∑

i aiui+
∑

j hjbj+
∑

l dlsl
⊗ V∑

j hjbj+
∑

l dlsl
⊗ V∑

i aiui+
∑

k hkck+
∑

l dlsl
⊗ V∑

k hkck+
∑

l dlsl

)
,

(172)
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where (g) and (h) follows by using the fact that VxVy = Vx⊕y up to a negative sign. Now, for the
above term to equal the identity, it has to equal the identity on each factor of the tensor product. For
it to be identity on the second register,∑

j

bjhj +
∑
l

dlsl = 0. (173)

As {hj}nj=1 ∪ {sl}nl=1 is a basis and thus linearly independent by assumption, the above equation
can only hold for bj = 0, dl = 0, ∀j, l. Then, for the fourth register to be identity, it is immediate
that ck = 0,∀k due to linear independence of {hj}j . Finally, we see that for the first register to be
identity as well, ai = 0, ∀i due to linear independence of ui. Thus, the only product of elements in
A that yields the identity is the trivial product. We have thus shown the desired independence.

The above arguments show that elements in A are 4n stabilizers for the state |σ⟩ and are inde-
pendent, thus they generate the stabilizer group for |σ⟩. So, |σ⟩ is a (4n)-qubit stabilizer state. To
argue that each of g-purification,

|σg⟩ = (I ⊗ V ⊗2g )|σ⟩ (174)

is also an (4n)-qubit stabilizer state, we simply define their stabilizer group using the stabilizer
group of the state |σ⟩: We take the stabilizer generators of state |σ⟩ and then conjugate by the Pauli
(I⊗2 ⊗ V ⊗2g ). Thus, all g-purifications |σg⟩ of σ are (4n)-qubit stabilizer state.

The above tells us that we can use our structured random purification to map any σL to a random
purification, which is a (4n)-qubit stabilizer state. Thus, we can define a cloner for Sn by first using
structured random purification, then applying a cloner for pure (4n)-qubit stabilizer states, and
finally tracing out the environment registers. This allows us to carry the cloning lower bound from
Sn over to pure (4n)-qubit stabilizer states. Then, by noting that a (4n)-qubit stabilizer states can
be trivially be embedded into (4n+1)-qubit stabilizer states (by fixing the last qubit to |0⟩), we can
lift the lower bounds to (4n+1)-qubit stabilizer states. This allows us to set up the following result
for cloning of any n-qubit stabilizer states.

Theorem 47 (Formal Statement of Theorem 4, Point 2: Cloning Lower Bound for Stabilizer
States) Let Stabn be the set of pure n-qubit stabilizer states. Then Stabn does not admit a (t −
1, t, ϵ)-quantum cloning scheme for

t ≤ ⌊n/4⌋ and ϵ ≤ 0.14. (175)

To prove this, we first present some useful lemmas.

Lemma 48 Let Stab4n be the set of pure (4n)-qubit stabilizer states for n ≥ 1. Then, Stab4n does
not admit an (n− 1, n, ϵ) quantum cloning scheme with ϵ ≤ 0.14.

Proof The proof is identical to that of Theorem 43 and follows by lifting the cloning lower bound of
Sn = {σL}L≤Z2n

2 ,|L|=2n from Theorem 45 to the random purification states, which we have shown
to be stabilizer states in Theorem 46. For completeness, the proof is provided in Section 4.

So far, we discussed stabilizer states with this peculiar (4n)-qubit number, which is an artifact
of the proof technique that we used. A simple observation allows us to extend the result to any
number of qubits.
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Lemma 49 Let Stabn be the class of n-qubit stabilizer states. Suppose that Stabn does not admit
a (t−1, t, ϵ) quantum cloning scheme, then the class of states Stabn+1 (the (n+1)-qubit stabilizer
states) does not admit a (t− 1, t, ϵ) quantum cloning scheme.

Proof The proof is provided in Section 4 and follows by noting that for a (4n)-qubit stabilizer state
|ψ⟩, |ψ⟩ ⊗ |0⟩ is a (4n + 1)-qubit stabilizer state and thus any cloning scheme for (4n + 1)-qubit
stabilizer would be a cloning scheme for (4n)-qubit stabilizer states.

We are now well-equipped to provide the proof of Theorem 47.
Proof [Proof of Theorem 47] To show this, we start with Lemma 48, which says that there is no
(t−1, t, ϵ) cloner for n-qubit stabilizer states with n = 4awith integer a ≥ 1 and with t = n/4 = a,
Next, we use Lemma 42 to lift this result to any t ≤ n/4. Finally, we lift this using Lemma 49 to
stabilizer states on a number of qubits that is not an integer multiple of 4. We use the notation
∄Λ(S, t, t + 1, ϵ) to mean that S does not admit a (t, t + 1, ϵ)-quantum cloning scheme. Take
ϵ ≤ 0.14, then

Lemma 48=⇒∄Λ(Stabn, n/4− 1, n/4, ϵ)
Lemma 42−−−−−−→ ∄Λ(Stabn, t− 1, t, ϵ), ∀t ≤ n/4

Lemma 49−−−−−−→ ∄Λ(Stabn+1, t− 1, t, ϵ), ∀t ≤ n/4 =

⌊
n+ 1

4

⌋
.

(176)

Similarly, we can argue about (n+2) and (n+3)-qubit stabilizer states. When we arrive at (n+4)-
qubit states, we can again use Lemma 48 since it is also a multiple of 4.

Thus, we have shown that cloning pure n-qubit stabilizer states to a small constant accuracy
requires linearly-in-n many copies. This matches the sample complexity of exactly learning the
same class of states up to constant factors; stabilizer state cloning is no easier than stabilizer state
learning.

4. Deferred Proofs

Proof [Proof of Theorem 36] Notice that, for any g′ ∈ G,

tr
(
µ(g′)σ

)
= tr

µ(g′) 1

|G|
∑
g∈G

µ(g)ρµ(g)†


=

1

|G|
∑
g∈G

tr
(
µ(g′)µ(g)ρµ(g)†

)
(177)

(a)
=

1

|G|
∑
g∈G

tr
(
µ(g)µ(g′)ρµ(g)†

)
(b)
=

1

|G|
∑
g∈G

tr
(
µ(g′)ρ

)
= tr

(
µ(g′)ρ

)
,

where (a) follows because the group is Abelian, and (b) follows from cyclic property of trace.
Hence, ρ ∈ Ψϵ

H if and only if σ ∈ Ψϵ
H .
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Now, to show the second part, take any g′ ∈ G, then,

µ(g′)σ =
1

|G|
∑
g∈G

µ(g′)µ(g)ρµ(g)†

=
1

|G|
∑
g∈G

µ(g′g)ρµ(g)†

(c)
=

1

|G|
∑
g′′∈G

µ(g′′)ρµ(g′′(g′)−1)†

(d)
=

1

|G|
∑
g′′∈G

µ(g′′)ρµ(g′′)†µ(g′) = σµ(g′) ,

(178)

where (c) follows by redefining g′′ = g′g = gg′, and (d) follows by Abelianity and noticing that
µ((g′)−1)† = µ(g′).

Proof [Proof of Theorem 39] To show this, we use the property of characters that,∑
λ∈H⊥

χλ(g) =

{
|H⊥| if g ∈ H,

0 otherwise.
(179)

Now,

tr (µ(g)σH) = tr

 1

|H⊥|
∑
λ∈H⊥

µ(g)|λ⟩⟨λ|


=

1

|H⊥|
∑
λ∈H⊥

χλ(g) = 1

(180)

Thus, using the above equations,

tr (µ(g)σH) =

{
1 if g ∈ H,

0 otherwise .
(181)

Proof [Proof of Theorem 15] As mentioned previously,

V ⊗2x |Φy⟩ = (−1)[x,y]|Φy⟩, (182)

where [x, y] = a · d+ b · c mod 2 with x = (a, b) and y = (c, d). Now, by definition,

L⊥ = {y ∈ Z2n
2 | (−1)[x,y] = 1,∀x ∈ L}. (183)

Thus, for any x ∈ L,

tr
(
V ⊗2x σ

)
=

1

2n

∑
y∈L⊥

tr
(
V ⊗2x |Φy⟩⟨Φy|

)
=

1

2n

∑
y∈L⊥

(−1)[x,y] = 1.

(184)
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Now, for any x /∈ L, there exists y ∈ L⊥ such that,

(−1)[x,y] = −1=⇒[x, y] ̸= 0. (185)

If we choose a basis {li}ni=1 for L⊥, then y =
∑

i aili for some ai ∈ {0, 1}, ∀i. Then,∑
i

ai[x, li] ̸= 0. (186)

So, there exists at least one li such that [x, li] ̸= 0. Then,

tr
(
V ⊗2x σ

)
=

1

2n

∑
y∈L⊥

(−1)[x,y]

=
1

2n

∑
a1...an

(−1)
∑

i ai[x,li]

=
1

2n

n∏
i=1

(
1 + (−1)[x,li]

)
.

(187)

Since, there exists atleast one li such that [x, li] ̸= 0, above quantity is 0.

Proof [Proof of Theorem 48] We prove this by contradiction. Assume that there exist a (n−1, n, ϵ)
cloner Λ for pure (4n)-qubit stabilizer states with error ϵ. Then, we consider the mixed states {σL}L

σL =
1

2n

∑
u∈L⊥

|Φu⟩⟨Φu|, (188)

where L is some n dimensional subspace of Z2n
2 and their g-purifications |σL,g⟩. As g-purifications

are pure (4n)-qubit stabilizer states,

dTD(Λ(|σL,g⟩⟨σL,g|⊗n−1), |σL,g⟩⟨σL,g|⊗n) ≤ ϵ, ∀g, L. (189)

Define the map Λ′ = trPR Λ ◦ Cn−1, where trPR is the partial trace on purifying registers, and
where Cn−1 is the structured random purification channel for n−1 copies from Theorem 37. Then,

dTD

(
Λ′(σ⊗n−1), σ⊗n

)
≤ dTD(Λ ◦ Cn−1(σ⊗n−1),E

g
|σL,g⟩⟨σL,g|⊗n), (190)

since the partial trace is a CPTP map and thus cannot increase trace distance. We can further upper
bound the trace distance as

dTD

(
Λ ◦ Cn−1(σ⊗n−1),E

g
|σL,g⟩⟨σL,g|⊗n

)
= dTD

(
Λ(E

g
|σL,g⟩⟨σL,g|⊗n−1),E

g
|σL,g⟩⟨σL,g|⊗n

)
(a)
= dTD

(
E
g
Λ(|σL,g⟩⟨σL,g|⊗n−1),E

g
|σL,g⟩⟨σL,g|⊗n

)
(b)

≤ E
g

(
Λ(|σL,g⟩⟨σL,g|⊗n−1), |σL,g⟩⟨σL,g|⊗n

)
≤ ϵ ,

(191)
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where (a) follows from linearity of Λ and (b) follows by triangle inequality. Thus, Λ′ is an (n −
1, n, ϵ)-cloner for {σL}L. If ϵ < 0.14, this contradicts Theorem 45.

Proof [Proof of Theorem 49] We show this by using contradiction. Assume that there exist a
(t − 1, t, ϵ) quantum cloner Λ for Stabn+1. Then, we simply define a new cloner Λ′ for n-qubit
stabilizer states as

Λ′ = tr1 Λ ◦ V ⊗t−1, (192)

where V is an isometry from 2n dimensions to 2n+1 dimensions such that for any n-qubit stabilizer
state |ψ⟩, V |ψ⟩ = |ψ⟩ ⊗ |0⟩ which is (n+ 1)-qubit stabilizer state from Claim 50, and tr1 is partial
trace on all copies of this single qubit register. Now, notice that for any n-qubit stabilizer state |ψ⟩,

dTD

(
Λ′(|ψ⟩⊗t−1), |ψ⟩⊗t

)
≤ dTD

(
Λ ◦ V ⊗t−1(|ψ⟩⊗t−1), |ψ0⟩⊗t

)
, (193)

which follows again by using the contraction property of trace distance under CPTP maps. Now,

dTD

(
Λ ◦ V ⊗t−1(|ψ⟩⊗t−1), |ψ0⟩⊗t

)
= dTD

(
Λ(|ψ0⟩⊗t−1), |ψ0⟩⊗t

)
≤ ϵ. (194)

This gives a (t− 1, t, ϵ) cloner for n-qubit stabilizer states by using the (t− 1, t, ϵ) cloner for n+1
qubit stabilizer states, but this contradicts the assumption.

Claim 50 For any n-qubit stabilizer state |ψ⟩, |ψ0⟩ is a (n+ 1)-qubit stabilizer state.

Proof To show this, we create stabilizer generators of |ψ0⟩. Let g1, . . . gm be stabilizer generators
of |ψ⟩, then we take the set,

A = {g1 ⊗ I, . . . gm ⊗ I, I⊗m ⊗ Z}. (195)

Notice that the elements of A stabilizes |ψ0⟩. Moreover, they can be shown to be independent by
leveraging the independence of gi, and they also commute. Hence, the above n+1 elements would
be stabilizer generators for |ψ0⟩, and so it is an (n+ 1)-qubit stabilizer state.
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