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Abstract
Understanding the limitations of gradient methods, and stochastic gradient descent (SGD) in par-
ticular, is a central challenge in learning theory. To that end, a commonly used tool is the Statistical
Queries (SQ) framework, which studies performance limits of algorithms based on noisy interac-
tion with the data. However, it is known that the formal connection between the SQ framework
and SGD is tenuous: Existing results typically rely on adversarial or specially-structured gradient
noise that does not reflect the noise in standard SGD, and (as we point out here) can sometimes
lead to incorrect predictions. Moreover, many analyses of SGD for challenging problems rely on
non-trivial algorithmic modifications, such as restricting the SGD trajectory to the sphere or using
very small learning rates. To address these shortcomings, we develop a new, non-SQ framework
to study the limitations of standard vanilla SGD, for single-index and multi-index models (namely,
when the target function depends on a low-dimensional projection of the inputs). Our results apply
to a broad class of settings and architectures, including (potentially deep) neural networks.
Keywords: Multi-Index, Lower Bounds, SGD, Algorithm-specific Complexity

1. Introduction

Stochastic gradient descent (SGD) methods are the workhorse of modern machine learning algo-
rithms, and are very successful in many practical applications. However, SGD is not universally
effective, and it has long been recognized that there exist learning problems on which it can fail
(even on problems that are tractable with other methods; see for example Shalev-Shwartz et al.
(2017)). Rigorously understanding the complexity of gradient-based methods such as SGD remains
an important open question in learning theory.

For such algorithm-specific complexity results, a standard and increasingly popular tool is the
Statistical Query (SQ) framework (Kearns, 1998), which studies how certain problems are provably
intractable with noise-tolerant algorithms. In that framework, the algorithm can only receive noisy
estimates of various quantities associated with the data. This framework is frequently invoked as
a proxy for SGD methods, based on the intuition that a stochastic gradient step effectively serves
as a noisy estimate of the population gradient. As such, SQ bounds have been used in recent years
to suggest computational and statistical complexity of various learning tasks (Feldman et al., 2017;
Shamir, 2018; Chen and Meka, 2020; Song et al., 2021; Abbe et al., 2023; Diakonikolas and Kane,
2023; Damian et al., 2024b; Joshi et al., 2024; Damian et al., 2025; Diakonikolas et al., 2026).
Consequently, SQ-based lower bounds are often viewed as a heuristic indicator for the limitations
of gradient-based methods.

However, as noted in many of these works, the formal connection between SGD and the SQ
framework is tenuous, due to differences in the gradient noise model. In the SQ framework, it is as-
sumed that the noise can be adversarial (or at best, stochastic with a particular convenient structure,
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such as an isotropic Gaussian, see Yang (2005); Abbe and Boix-Adsera (2022); Abbe et al. (2025);
Shoshani and Shamir (2025)). In contrast, in actual SGD, this noise is the difference between the
stochastic gradient on a particular data sample (or mini-batch) and the population gradient. This
zero-mean noise vector is not adversarial, but also has a distribution that is data-dependent, gen-
erally anisotropic, and evolves throughout training. It is therefore notoriously difficult to analyze
SGD directly. Thus, existing complexity results often apply to stylized variants of SGD, where it is
assumed that some additional stochastic or adversarial noise is added to the gradient updates.

Moreover, although SQ-based lower bounds for SGD are believed to be indicative in many set-
tings, there do exist settings where these bounds do not fully explain the performance of actual SGD.
One interesting example is learning parities, namely functions of the form x 7→ fI(x) :=

∑
i∈I xi

mod 2 over the Boolean hypercube. Such functions are well-known to be efficiently learnable (via
Gaussian elimination), but provably not by any SQ-based algorithm (Kearns, 1998). This is consis-
tent with strong empirical evidence that parities are hard to learn using standard predictors trained
using SGD (e.g., Shalev-Shwartz et al. (2017); Barak et al. (2022); Nachum and Yehudayoff (2020)).
However, more recently, Abbe and Sandon (2020); Abbe et al. (2021) showed that parities can be
learned with SGD, at least when used to train a certain (highly synthetic) neural network. Thus,
the SQ-based explanation for the hardness of learning parities with SGD appears to be incomplete.
Moreover, as we discuss in more detail in Appendix A, there exist several other natural learning
problems, where the behavior of standard learning procedures is not correctly captured by the SQ
framework, due to its adversarial noise assumption being too pessimistic. These include situations
such as matrix mean estimation (Li et al., 2019), tensor PCA problems (Dudeja and Hsu, 2021),
sparse prediction, and more. This raises the concern that SQ-based predictions of the behavior of
SGD may sometimes be inaccurate.

Beyond these issues, existing analyses for SGD often make additional non-trivial assumptions
about the algorithm, such as restricting the parameter vector to a sphere, using a very small learning
rate so that SGD is approximated by gradient flow, layer-wise training, etc. (see (Bruna and Hsu,
2025) for a survey).

We also mention the low-degree polynomial methods and sum-of-squares lower frameworks,
which have been highly influential in predicting statistical-computational gaps for a range of prob-
lems, including planted clique and tensor PCA (Hopkins, 2018; Barak et al., 2019; Wein, 2025).
However, these frameworks generally do not apply to SGD-trained neural networks, and cannot
yield rigorous lower bounds in the settings that we consider.

Motivated by all this, we consider the following natural question:

Can we rigorously understand why standard SGD (without SQ-based or other algorith-
mic modifications) on natural predictors struggles to solve certain learning problems?

In this paper, we consider this question for a well-studied family of high-dimensional settings,
where the goal is to learn a single-index or a multi-index target function which depends on a low-
dimensional linear subspace of the inputs. This topic has received much attention in recent years,
including both upper and lower bounds for gradient-based methods, often invoking SQ machinery
(Ben Arous et al., 2021; Barak et al., 2022; Mousavi-Hosseini et al., 2023a; Abbe et al., 2023; Bietti
et al., 2023; Kou et al., 2024; Dandi et al., 2024; Simsek et al., 2025; Ren et al., 2025; Diakonikolas
et al., 2025; Bruna and Hsu, 2025). In such problems, achieving a small loss requires the predictor
parameters to align with a small number of task-relevant directions.
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Our main contribution is a new framework for deriving formal lower bounds for SGD in such
settings. Sidestepping SQ-based arguments, we directly show that vanilla SGD over individual
samples (without any modifications) can fail to build meaningful correlations with task-relevant
directions over a long time horizon, despite the absence of statistical or representational barriers.
This failure will, in turn, be used to provide lower bounds on the number of samples required by
SGD to achieve a non-trivial loss. In more detail, our contributions are as follows:

• In Section 4, we present a general lower bound for learning multi-index models with standard
SGD. The bound is based on formalizing the intuition that for difficult problems (where the
gradients carry a weak signal about the target function), SGD fails to align with any specific
task-relevant directions. To show this, we identify a concrete “gradient condition number”
quantity, which ensures that the martingale processes governing the alignment evolve simi-
larly to those of an isotropic random walk. The bound we obtain applies to a wide range of
architectures and problem settings, including neural networks with a linear first layer. We
precede this with an informal discussion of our approach, presented in Section 3.

• In Section 5, we provide several applications of our general result, yielding concrete lower
bounds for SGD in various settings. We begin in Section 5.2 with periodic target functions
(which can be seen as an extension of parity functions to continuous input distributions),
and show that standard SGD on 2-layer networks cannot learn these with samples/iterations
polynomial in the dimension d. Previous results of this kind relied on SQ arguments and did
not apply to standard SGD. We then consider single-index and multi-index target functions
in Section 5.3. We show that for a broad set of predictors, SGD requires Ω̃(dmax(k⋆−1,1))
samples/iterations, where k⋆ is the information-exponent of the target function. While such
lower bounds were previously shown in SQ-based frameworks or for stylized variants of
SGD, here we prove that such bounds apply to standard SGD.

Moreover, in Appendix A, we further discuss limitations of the SQ framework, presenting sev-
eral examples where SQ-based arguments provably lead to overly-pessimistic predictions about the
behavior of standard SGD.

Overall, we hope our results help to clarify when and why standard SGD struggles, and provide
insights that may guide the analysis and design of gradient-based algorithms.

2. Setting and Preliminaries

Predictor class. We study the use of SGD for training predictors that depend on inputs x ∈ Rd
through a linear map. Formally, such predictors take the form

fθ(x) := h
(
Wx ; θ̄

)
, (1)

where h is a differentiable function1, W is a learned linear map (a matrix of size m× d for a width
parameter m), θ̄ denotes optional additional parameters, and θ = (θ̄,W ). Crucially, all dependence
on the inputs is through Wx. In particular, fθ may be a neural network of any architecture with a
linear first layer (such as MLPs and transformers). Our general result does not depend explicitly on
the specific structure of h, only on regularity assumptions about its gradients (formalized later).

1. One may also consider neural networks with activations like ReLU, which have a well-defined sub-gradient.
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Low-dimensional target function. In many learning problems, the target function generating the
output depends on the input only through a small number of task-relevant directions. To capture this,
fix an integer p≪ d and an unknown matrix U ∈ Rp×d that defines the task-relevant directions. We
assume the target function depends on inputs x only through the p-dimensional representation Ux:

f⋆(x) = ϕ(Ux), (2)

for some function ϕ : Rp → R. We think of p as a small intrinsic dimension, while d is large.
Target functions of this form are often referred to as multi-index models, or single-index if p = 1.
Some examples include generalized linear models and single neurons (for p = 1); Intersection of
half-spaces (or signed sparse parities) f⋆(x) =

∏p
i=1 sign(u

⊤
i x) for {ui}pi=1 ∈ Rd; and neural

networks with a width-p first layer, e.g. Ukσ (Uk−1 (. . . , U1x)) for weight matrices Ui and depth k.

Sample and population losses. Let ℓ : R × R → R be a differentiable loss function, which
measures the discrepancy between a prediction and the target function’s output. Given an input
x ∈ Rd and parameters θ, this induces the sample loss

ℓ(θ;x) := ℓ (fθ(x), f
⋆(x)) ,

where in the above, we slightly abuse the ℓ notation to take two different types of arguments (the
meaning should be clear from context). Let D be a distribution over inputs x ∈ Rd. The population
loss is defined as

L(θ) := Ex∼D
[
ℓ(θ;x)

]
.

Standard SGD. Given a learning rate parameter η > 0 and initial parameters θ0, we consider
parameters updated by vanilla stochastic gradient descent (SGD) on individual samples:

θt = θt−1 − η∇θℓ(θt−1;xt), where xt
i.i.d.∼ D. (3)

While SGD updates all parameters of the predictor, our analysis focuses on tracking only the evolu-
tion of the first-layer weights Wt. Our lower bounds are based on the first layer weights Wt failing
to capture the relevant directions in U . All other parameters are treated as part of the function h,
and our theorems are applicable even if they are not updated using SGD, but rather via some other
method (as long as the required assumptions hold).

In this paper, we focus on a batch size of 1 for simplicity (namely, the update uses the stochastic
gradient w.r.t. a single sample xt, rather than the average of B > 1 such stochastic gradients).
However, we expect our results to extend naturally to the B > 1 regime at the cost of notational
overhead. In particular, i.i.d. minibatches naturally fit within the martingale concentration frame-
work that we employ in our proofs. In such a case, one should distinguish between the number of
iterations and the sample complexity. While using a batch size B > 1 may reduce the lower bounds
on the number of iterations needed, the bounds on the sample complexity should remain the same.

Additional notation. For d ∈ N, let [d] := {1, . . . , d}. For a matrix A ∈ Rm×d, we denote
by s1(A), . . . , smin(m,d)(A) its singular values in decreasing order, so si(A) ≥ si+1(A). We use
A† ∈ Rd×m to denote the (Moore-Penrose) pseudoinverse of A. We let Row(A) ⊆ Rd be the
row span of the matrix A. We denote by PA ∈ Rd×d the orthogonal projector onto Row(A),
or equivalently, PA = A†A. We use ∥·∥op for the operator norm, ∥·∥F for the Frobenius norm,
and unless specified otherwise, ⟨·, ·⟩ and ∥·∥ denote the standard (Frobenius) inner product and
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norm. Given filtrations (Ft)∞t=1, we write Prt(·) := Pr(· | Ft−1) and for any random variable Z,
Et[Z] := E[Z | Ft−1]. We use standard big-O notation, with O(·), Θ(·) and Ω(·) hiding constants,
and Õ(·),Θ̃(·) Ω̃(·) additionally hiding logarithmic factors.

3. Capturing Hardness for SGD

In this section, we informally describe the main ideas used to derive our results. We begin by noting
that there are several ways in which the population loss landscape may cause SGD to struggle. One
example is a landscape with many poor local minima that are difficult to avoid. However, empirical
and theoretical evidence suggests that either such landscapes do not arise naturally in many high-
dimensional cases, or that the local minima are not too bad (Choromanska et al., 2015; Li et al.,
2018; Safran and Shamir, 2018). Here, we focus on a different scenario, in which SGD struggles
because the population-loss landscape is too flat. In this scenario, optimization is hindered not by
spurious minima of the population objective, but by stochastic gradients whose signal is too weak
relative to their noise. More specifically, consider a case where the zero-mean SGD noise, defined
as ∇ℓ(θt−1;xt) − ∇L (θt−1), is large relative to the population gradients ∇L (θt−1). In this case,
the parameter updates are dominated by the SGD noise, and one may imagine that SGD behaves
approximately as a zero-mean random walk in parameter space. The main difficulty in formalizing
such intuition lies in the structure of the SGD noise, which is data-dependent, anisotropic, and
whose distribution evolves as the parameters change.

Alignment bounds the population gradient. A key feature of our setting, and the central source
of optimization complexity, is that the target depends on x only through a low-dimensional task
subspace given by the row-span of U , which we denote by Row(U) ⊆ Rd. In contrast, the predic-
tor we train accesses the input only through the learned subspace Row(W ) ⊆ Rd. Intuitively, if
Row(W ) has little overlap with Row(U), then for high-dimensional isotropic input distributions,
Wx is nearly uncorrelated with Ux. As we will later show, in this regime, both predictions and gra-
dients provide only a weak signal about the target, implying that SGD noise dominates the dynamics
for many iterations. We capture this phenomenon through the alignment

ρ(W,U) := ∥PWPU∥op ∈ [0, 1] ,

where PW and PU denote the orthogonal projection matrices onto Row(W ) and Row(U), respec-
tively. In particular, ρ(W,U) is the cosine of the smallest principal angle between the two subspaces,
and is negligible unless W is well aligned with U . When p = 1, the region where the alignment is
larger than some threshold reduces to a (double) cone centered at ±u. Thus, SGD fails as long as
the SGD trajectory does not enter this cone. We note that while alignment-based analyses have ap-
peared in many prior works (e.g. Ben Arous et al. (2021); Dandi et al. (2024); Ren and Lee (2024)),
they are typically tailored to spherical SGD, where the scale of the weights plays no role. In such a
case, the SGD dynamics depend entirely on the alignment, and the analysis reduces to analyzing the
one-dimensional dynamics of the alignment. For standard SGD, the situation is more complicated.

Connection between SGD and isotropic random walks. To explain the intuition of our ap-
proach, consider the case where the width parameter m equals 1. In that case, the predictor matrix
W reduces to a vector w, and at iteration t, the gradient w.r.t. the current iterate wt−1 is given by

∇wt−1ℓ (θt−1;xt) = atxt where at :=
∂

∂(⟨wt−1xt⟩)
ℓ (θt−1;xt) ∈ R . (4)
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Since the weights are updated by SGD (Eq. (3)), at time T they can be written as

wT = w0 +

T∑
t=1

(wt −wt−1) = w0 − η

T∑
t=1

atxt .

Now, suppose for simplicity that the inputs xt are standard Gaussians in Rd, and that the scalar
coefficients at are fixed constants. In this idealized scenario, the iterates wT would form a zero-
mean Gaussian random walk, the marginal distribution of wT would be isotropic, and as a result,
the alignment ρ(w⊤

T , U) would concentrate around
√
p/d. Since we assume p≪ d, it follows that

with high probability, there would be no significant alignment and the algorithm would fail.
However, with actual SGD, the situation is much more complicated (even for Gaussian inputs).

This is because the random variables at are generally non-constant, and very much depend on xt
as well as on the previous inputs. Our main technical contribution is to prove that, despite these
dependencies, the idealized scenario described above still roughly holds in many cases. In particular,
if Et[atxt] = Et[∇wtL(θt)] ≈ 0 (where Et denotes the expectation conditioned on past events) and

if at,xt are “sufficiently well-behaved” then we show that for any u ∈ Rd, |w
⊤
T u|

∥wT ∥ ≲ 1√
d

. In this
manner, if the alignment is small at initialization, then it remains small for many iterations, and the
loss remains nearly trivial.

Gradient condition number To quantify what “well-behaved” means, it turns out that it suffices
for the coefficients at in Eq. (4) to not be dominated by rare heavy-tailed events. Under this con-
dition, the martingale processes governing w⊤

T u and ∥wT ∥ resemble those of an isotropic random
walk as described earlier, so that the alignment remains small. In our width-1 setting, the norm
of the weights grows roughly as ∥wt∥ ≳

√
E[a2t ] · d, whereas high-probability upper bounds on∣∣w⊤

t u
∣∣ are on the order of sup |at| (or more generally, the sub-Gaussian norm). Thus, when the

ratio sup a2t /E[a2t ] is of constant order, wt cannot align strongly with u.
We identify a quantity κT (see Definition 10), which we call the gradient condition number, that

bounds the width-m analogue of this ratio. We then show that the intuition above holds as long as κT

does not scale strongly with the input dimension d, which is generally expected, since κT depends on
an m-dimensional projection of the inputs rather than directly on the input dimension. In practice,
many tricks such as batch normalization, skip-connections, and adaptive learning rates are used
to keep the stochastic gradients well-behaved. This allows us to capture a wide range of possible
architectures and predictors, where our dependence on the loss function ℓ and the architecture h is
only through κT .

4. General Lower Bound

We start by stating the assumptions under which we establish a general lower bound on the rate at
which SGD can discover task-relevant directions. Our goal here is to identify a small number of
structural conditions that isolate the source of optimization complexity described in Section 3. In
particular, the assumptions below are designed to (i) prevent rare pathological events from dominat-
ing the dynamics, and (ii) control the scale of the stochastic gradients, when the input dimension d
is large, and in a manner that reflects what is common in practice. We begin with our assumptions
on the input distribution:
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Assumption 1 (Sub-Gaussian inputs with norm concentration)

(A) The inputs x are mean-zero, and there exists some K1 > 0 such that for any unit vector v,

∀γ > 0, Pr
(
|v⊤x| ≥ γ

)
≤ 2 exp

(
− γ2

K2
1

)
.

(B) There exists some α2 > 0,K2 > 0 such that E
[
∥x∥2

]
= α2d, and

∀γ > 0, Pr
(∣∣∣∥x∥2 − α2d

∣∣∣ ≥ γ
)
≤ 2 exp

(
−min

(
γ2

K4
2d
,
γ

K2
2

))
.

Both conditions are satisfied, for example, for well-conditioned Gaussians and uniform distri-
butions on the cube {−1, 1}d or the (scaled) sphere

√
d · Sd−1. More generally, assumption 1.A is

standard in high-dimensional settings and ensures that all one-dimensional projections of the input
are of constant order with high probability. Assumption 1.B ensures that the overall scale of the
input remains stable across samples, so that SGD updates are not dominated by rare large-norm
inputs. In many common settings, this condition follows directly from Assumption 1.A via the
Hanson-Wright inequality (Vershynin, 2026). We state it separately to emphasize its role in con-
trolling the magnitude of stochastic gradients uniformly over time. Finally, we note that the precise
scaling of the inputs is not fundamental. Indeed, if we consider instead rescaled inputs of the form
c · x for some c > 0, then rescaling the learning rate to η/c for the weights Wt leads to the same
SGD dynamics, and our guarantees can be translated accordingly.

Our next assumption concerns the initialization of the first layer weights. In practice, the weights
are typically sampled i.i.d. from a Gaussian or a uniform distribution with variance roughly 1/d.
This ensures that fθ0 and its gradients are well-behaved at initialization, even when there are many
parameters. The following assumption indeed holds for such standard initializations.

Assumption 2 (Standard initialization) There exists some K3 > 0 such that the entries of W0

are i.i.d. random variables with zero mean, variance 1/d, and

Pr (|(W0)ij | ≥ γ) ≤ 2 exp

(
− γ2

dK2
3

)
.

Such initializations do not encode any prior information about the task subspace U . Consequently,
when d≫ m, p, the alignment ∥PW0PU∥op is small at initialization with high probability. Further-
more, we note that the exact scaling of the coordinates is not fundamental for our results.

The final assumption controls the maximal scale of gradients with respect to Wx:

Assumption 3 (Bounded gradients) There exists someG > 0 such that for any θ and for (almost-
surely) any x, ∥∇Wxℓ(θ;x)∥2 ≤ G.

We emphasize that the gradient here is with respect to Wx, not the parameters θ. Assumption 3 is
satisfied in many common settings. For example, consider the case of Lipschitz losses and neural
network predictors with activations that have bounded derivatives (such as ReLU or tanh). Then
Assumption 3 holds as long as the spectral norms of the weights in the deeper layer (i.e. θ̄) remain
bounded, which often occurs in practice.
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The exact value of G is not important for our results, as it can be absorbed into the learning
rate. What matters is that typical gradient magnitudes are not negligible compared to this bound. If
Ex[∥∇Wxℓ(θ;x)∥2] ≪ G, then gradients may effectively be heavy-tailed, meaning that occasional
rare events can have a significant impact on the SGD trajectory. As discussed in the previous section,
we therefore introduce the following quantity that will be used in our bounds:

Definition 1 Given any T ∈ N, the gradient condition number κT is defined as

κT :=
G2

infv∈Sm−1 mint≤T Et
[(
v⊤∇Wt−1xtℓ(θt−1;xt)

)2] .
As before, we emphasize that the gradient is with respect toWx, and is anm-dimensional vector. As
such, κT may depend on the width parameter m, but importantly, it should not depend on the input
dimension d. As we will see later, one can indeed show this occurs in many cases. Representing
the general result in terms of κT allows us to avoid specific assumptions about the predictor and the
target function.

As discussed previously, our bounds will be based on the fact that as long as the task-alignment
is small, then so is the population gradient. We capture this dependence through an increasing
function ψ : [0, 1] → [0,∞) such that

∥∇WL(θ)∥F ≤ ψ (∥PWPU∥op) for all θ.

In many structured learning problems, ψ(r) decays rapidly as r → 0, reflecting the fact that when
the learned representation is nearly orthogonal to the task subspace, the population gradient is very
small and provides only a weak signal. Concrete examples of such functions ψ will be provided in
the next section. We now state the main theorem, with the full proof appearing in appendix B.

Theorem 2 Under Assumptions 1-3, let δ > 0, κ̄ ≥ 1, and let ψ : [0, 1] → [0,∞) be an increasing
function such that ∥∇WL(θ)∥F ≤ ψ

(
∥PWPU∥op

)
for all θ. There exist constantsC, c, c′ > 0 (that

may depend on K1,K2,K3, α2, G), such that if d ≥ cκ̄2m2 log
(
Tdp
δ

)2
, η ≤ c′

κ̄2
√
md log(Tdp/δ)

and

T ≤ 1

ψ

(
C

√
κ̄mp log(Tdp/δ)

d

)2 ,

then conditioned on κT ≤ κ̄ it holds with probability at least 1− δ that

∀ t ∈ [T ] , ∥PWtPU∥op ≤ C

√
κ̄mp log (Tdp/δ)

d
.

The theorem shows that if the population gradient can be bounded using the alignment, SGD
fails to significantly increase alignment with the task subspace across many iterations. In particular,
until the alignment exceeds the scale Θ(

√
κTmp/d), the learned representation remains effectively

uncorrelated with the task directions. The appearance of the scale 1/
√
d reflects the typical align-

ment between random subspaces in high dimensions, while the square arises from the accumulation
of stochastic noise over time. The requirement that m ≤ d can in some cases be circumvented. For
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example, in the subsequent subsections, for two-layer networks trained with the correlation loss we
will allow m to be polynomially large in d. This is done by applying Theorem 2 to each neuron
individually, and using a union bound. Lastly, we note that the theorem is stated using a value κ̄ ≥ 1
which serves as an inferred upper bound on κT .

The proof formalizes the intuition presented earlier in Section 3. In the following sections, we
instantiate the function ψ for a variety of learning problems, yielding explicit lower bounds on the
samples/iterations required for SGD to begin discovering task-relevant features.

5. Applications

In this section, we instantiate our general theorem to concrete settings, leading to more explicit
bounds. In line with many recent works providing upper bounds for multi-index models, we focus
here on Gaussian inputs and the correlation loss, which allows for convenient formulas of the popu-
lation loss and its gradient (just for example, Damian et al. (2022); Bietti et al. (2023); Ren and Lee
(2024)). Nevertheless, the results are applicable to other distributions as well.

5.1. Hermite Polynomials

To study the efficiency of SGD with Gaussian inputs in various settings, it is often convenient to
study the Hermite expansion of f⋆. We provide here a brief exposition on Hermite polynomials, and
defer the reader to Appendix C for more details. To make our results applicable beyond single-index
models and two-layer networks, we will need to work with the high-dimensional version of Hermite
polynomials. Let µ(x) be the PDF of the standard Gaussian distribution in Rd, and L2 (or L2(µ))
be the space of functions with ∥f∥L2

:= Ex∼µ[∥f(x)∥2]1/2 < ∞. We define the normalized

(probabilist’s) Hermite polynomials by Hk(x) := (−1)k ∇kµ(x)√
k!µ(x)

. The first few polynomials are

given by H0(x) = 1, H1(x) = x, and H2(x) =
xx⊤−I√

2
. Importantly, the Hermite polynomials are

known to be an orthonormal basis for L2(µ), implying that any function g(x) : Rd → R can be
represented (with convergence in L2) as

g(x) =
∞∑
k=0

⟨Hk(x), Ck⟩ for Ck := Ex∼µ(x)[g(x)Hk(x)]. (5)

5.2. Failure to Learn Periodic Functions in Polynomial Time

The simplest setting we will consider involves a special type of single-index models, where the link
function is periodic. Concretely, we will consider a target function given by f⋆(x) := sin

(
u⊤x

)
where u ∈ Rd is an unknown vector with possibly large norm. Such target functions serve as a pro-
totypical example of functions difficult to learn under the SQ framework. In particular, paralleling
the situation with parity functions, they are known to be exponentially hard to learn with gradient
methods under (small) adversarial gradient noise (when ∥u∥2 is polynomially large in d), even
though they can be efficiently learned with non-SGD methods (Shamir, 2018; Song et al., 2021;
Damian et al., 2024b). We also note that such functions can be seen as a generalization of parities to
inputs in Rd, since a parity function on a subset I ⊆ d coincides with the function sin(γ

∑
i∈I xi)

on the Boolean hypercube, for an appropriate γ > 0.
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As to the class of predictors, we will consider here two-layer networks (more general predictors
will be considered later). Specifically, for any t let wt,1, . . . ,wt,m be the rows of Wt, and suppose
that fθt(x) =

∑m
i=1 σ(⟨wt,i , x⟩). The activation function σ is assumed to be well-behaved in the

following sense:

Assumption 4 σ : R → R is differentiable (or sub-differentiable) with (1) bounded derivative
σ′(x) ≤ G1 for G1 > 0, a.s any x, and (2) infs>0 Ex∼N (0,s2)[σ

′ (x)2] ≥ G2
1/Kσ for Kσ > 0.

As we discuss in Appendix D.1, standard activation functions such as ReLU, Leaky-ReLU, GeLU,
softplus, and the (logistic) sigmoid all satisfy Assumption 4.

Despite SQ-style results, to the best of our knowledge, it remains unknown whether periodic
functions are indeed hard to train with standard SGD. In the following theorem, we show uncon-
ditionally that it is impossible to learn such functions using SGD with polynomially (in d) many
iterations, on a predictor class of two-layer networks as described above.

Theorem 3 Let W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), η ≤ 1/d, ℓ be the correlation loss and

fθt(x) =
∑m

i=1 σ(⟨wt,i , x⟩) for σ satisfying Assumption 4. Let f⋆(x) := sin(u⊤x) for some
u ∈ Rd with ∥u∥ =

√
d. Then there exist d0, C > 0 which depend only on G1,Kσ, such that for

any d ≥ d0 it holds with probability at least 1− 2m exp
(
−d1/3

)
that

∀ t ≤ exp
(
d1/3

)
, |L(θt)− L(θ0)| ≤

∑m
i=1 ∥σ(⟨wt,i , x⟩)∥L2

+ ∥σ(⟨w0,i , x⟩)∥L2

exp (Cd)
.

The proof can be found in Appendix D.3, and follows from Theorem 2. For the proof intuition,
consider for simplicity the case of m = 1, so that fθ(x) = σ(w⊤x). We bound ∇L as

∥∇wL(wt)∥ ≤ ψ

(∥∥∥Pw⊤
t
Pu⊤

∥∥∥
op

)
where ψ(ρ) := (1 +

√
d) exp

(
−d
2

(
1− ρ2

))
.

Moreover, we show that in the above setting, κT ≲ Kσ. Theorem 2 then implies that the alignment
remains on the order of 1/

√
d for at least exp(d1/3) steps. This, in turn, implies the loss remains

exponentially close to the loss at initialization.
The choice of exponent 1/3 is not fundamental to the result; the theorem can be proven with a

lower bound of exp(dα) for any α < 1/2. Lastly, we note that the activation function can be taken
to be sin, which satisfies the assumption of the theorem, and the predictor may be

∑m
i=1 sin(w

⊤
i x).

In this case, each neuron matches the form of the target function, and learning is impossible in
polynomial time despite overparameterization (as long as the width is at most polynomial in d).

5.3. Information Exponent Based Bounds

We now turn to a different source of complexity, based on a quantity known as the information
exponent (Ben Arous et al., 2021; Bietti et al., 2022) defined as the first k ≥ 1 such that the Hermite
coefficients Ck of the target function f⋆ do not vanish:

Definition 4 (Information exponent) Let f⋆(x) ∈ L2(µ), the information exponent of f⋆ is

k⋆ := min{k ≥ 1 | Ex∼µ(x)[f
⋆(x)Hk(x)] ̸= 0}.

10
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The information exponent quantifies the lowest-order statistical interaction between the target
and the input distribution. When k⋆ > 1, all correlations between f⋆(x) and polynomials of degree
strictly smaller than k⋆ vanish. It is by now well-known that the information exponent governs
lower-bounds either for single-index models trained with spherical SGD, or in certain SQ-based
frameworks (CSQ in particular, see Ben Arous et al. (2021); Damian et al. (2022); Abbe et al.
(2023)). Here, we show that a Ω̃d(d

max(k⋆−1,1)) holds for standard SGD2. For most functions,
k⋆ ≤ 2, but there are nevertheless many cases where k⋆ > 2, and SGD provably struggles when the
dimension is large. For example, if f⋆(x) = ⟨u,x⟩2 exp(−⟨u,x⟩2) for some nonzero u ∈ Rd then
k⋆ = 4 (Damian et al., 2024b).

We note that this setting technically differs from that of periodic functions as studied in the
previous section. For periodic functions, the information exponent is k⋆ = 1, and the hardness
comes from the fact that the gradients are exponentially small in d when the target vector u is of
norm ≥

√
d. Here, in line with the existing literature on the information exponent, we will treat the

magnitude of u (or more generally U in the target function) as fixed independent of d, in which case
the complexity does depend on the information exponent.

5.3.1. SINGLE INDEX MODELS

We first consider here learning a single index model of the form f⋆(x) = ϕ(u⊤x) (for u ∈ Rd)
using two-layer networks fθt(x) =

∑m
i=1 σ(⟨wt,i , x⟩). In the subsequent Section 5.3.2, we will

consider the general multi-index model and more general predictors, such as deep networks.
Notably, Ben Arous et al. (2021) showed that for learning single index models with a small

learning rate and spherical SGD, the information exponent characterizes the rate of convergence.
However, their results require a small learning rate η ≲ d−max(k⋆/2,1), so that gradient descent be-
haves approximately like gradient flow (its continuous-time counterpart). It is well-known that the
dynamics of SGD can differ significantly from those of gradient flow in many practical settings (Co-
hen et al., 2021; Andriushchenko et al., 2023). Furthermore, as demonstrated in Mousavi-Hosseini
et al. (2023b), their simplification of spherical SGD can fail to capture the learning dynamics of
standard SGD in some settings. Recently, Braun et al. (2025) were able to extend single-index
upper bounds to standard SGD, highlighting that moving beyond spherical SGD is possible but en-
tails highly nontrivial complications. The following theorem, proved in Appendix D.5, provides the
desired lower bound for standard SGD.

Theorem 5 Let δ, ϵ ∈ (0, 1), W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), and ℓ be the correlation loss.

Let fθt(x) =
∑m

i=1 σ(⟨wt,i , x⟩) for σ satisfying Assumption 4. Let f⋆(x) := ϕ(u⊤x) for u ∈ Rd,
where ∥f⋆∥L∞

≤ G2, ϕ′ ∈ L2(µ) and f⋆ having information exponent k⋆. There exist d0 =

Θ̃
(
k2⋆ϵ

−2/k⋆
)
, η0 = Θ̃

(
(dk⋆)

−1/2
)

and

T =

(
d

Θ̃ (k⋆)

)k⋆−1

+Θ
(
dϵ2
)
,

2. With “pre-processing” labels or other algorithmic modifications such as batch reuse, one can obtain better bounds
(Damian et al., 2024a; Arnaboldi et al., 2024; Lee et al., 2024; Damian et al., 2025). However, as we focus here on
standard SGD with the correlation loss, this is a different setting. For bounds that are robust to such modifications,
the generative exponent or related quantities are more suitable (Damian et al., 2025; Diakonikolas et al., 2026)
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such that for any d ≥ d0 and η ≤ η0 it holds with probability at least 1− δ that

∀ t ≤ T , |L(θt)− L(θ0)| ≤ ∥f⋆∥L2

(
m∑
i=1

∥σ(⟨wt,i , x⟩)∥L2
+ ∥σ(⟨w0,i , x⟩)∥L2

)
· ϵ.

Here, Θ hides constants depending onG1, G2,Kσ, ∥f⋆∥L2
and ∥∇f⋆∥L2

, and Θ̃ additionally hides
polylogarithmic dependencies on the parameters (including 1/δ and m).

In words, for vanilla SGD, the sample complexity is governed by the information exponent,
where roughly Ω̃d(d

max(k⋆−1,1)) iterations are needed for SGD to converge. This matches the
bounds of Ben Arous et al. (2021) for spherical SGD and small learning rates. The proof fol-
lows from the more general Theorem 6 that will be presented in the next subsection. Compared
with more general architectures, here we leverage the fact that the dynamics of each neuron in the
predictor are uncorrelated, and that Assumption 4 causes κT to remain bounded.

5.3.2. MULTI-INDEX MODELS AND DEEP NETWORK PREDICTORS

In this section, we consider more generally learning target functions of the form f⋆(x) = ϕ(Ux) for
U ∈ Rp×d, p > 1, using general predictors of the form fθ(x) = h(Wx ; θ̄) (including potentially
deep neural networks). The formal theorem (proved in Appendix D.4) is the following:

Theorem 6 Let δ, ϵ ∈ (0, 1), κ̄ ≥ 1, W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), and ℓ be the correlation

loss. Let fθ(x) := h(Wx ; θ̄) be a predictor satisfying ∥∇Wxh∥L∞
≤ G1. Let f⋆(x) := ϕ(Ux)

for U ∈ Rp×d, where ∥f⋆∥L∞
≤ G2, ∇ϕ ∈ L2(µ), and f⋆ has information exponent k⋆. There

exist d0 = Θ̃
(
κ̄2m2p2k2⋆ ϵ

−2/k⋆
)
, η0 = Θ̃

(
κ̄−2(mdk⋆)

−1/2
)

such that for any d ≥ d0, η ≤ η0 and

T =

(
d

Θ̃ (κ̄mpk⋆)

)k⋆−1

+Θ

(
dϵ2

p

)
,

conditioned on κT ≤ κ̄ it holds with probability at least 1− δ that:

∀ t ≤ T , |L(θt)− L(θ0)| ≤ ∥f⋆∥L2

(
∥fθt∥L2

+ ∥fθ0∥L2

)
· ϵ.

Here, Θ hides constants depending on G1, G2 and ∥∇f⋆∥L2
, and Θ̃ additionally hides polyloga-

rithmic dependencies on the parameters (including 1/δ).

The theorem shows that standard SGD generally requires Ω̃d(d
max(k⋆−1,1)) iterations to con-

verge. For example, consider the target function f⋆(x) :=
∏p
i=1 φ(u

⊤
i x), where φ is some smooth,

bounded, zero-mean function, and u1, . . . ,up are unknown orthonormal vectors. As we show in
Appendix D.4, in such a case k⋆ = p, and thus SGD requires Ω̃d(d

max(p−1,1)) iterations to con-
verge.

Compared with the previous results, the price we pay for this added generality is twofold. First,
we require d ≫ m, as opposed to the d ≫ polylog(m) requirement of two-layer networks, reflect-
ing that in general deep networks, neurons can interact in highly non-trivial ways. Second, we can
no longer unconditionally bound the gradient condition number κT , as we did for two-layer net-
works. Nevertheless, as discussed in Section 3, it is reasonable to assume that this parameter (which
depends on the m-dimensional gradients w.r.t. Wx) does not scale with d, which is enough for our
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results. We also note that if the predictor is a two-layer network, κT can be explicitly bounded even
for general multi-index target functions. However, we omit this particular result, as many interesting
multi-index targets cannot be captured by small-width two-layer predictors.

To prove the theorem, we first show in Lemma 34 that

∥∇WL(θ)∥F ≤ ψ
(
∥PWPU∥op

)
where ψ(r) := G1 ∥∇f⋆(x)∥L2

(√
mr + 1

)
rk⋆−1 .

Intuitively, the SGD noise is larger than the “signal” given by ∥∇wL(θt)∥ by a factor depending on
k⋆. If we ignore all factors other than the dimension, Theorem 2 suggest that if T ≈ dk⋆−1 then
∥PWtPU∥op remains on the order of 1/

√
d for all t ∈ [T ]. This argument is, of course, made precise

in the proof. The small alignment then bounds the loss as L(θ) ≲ ∥f⋆∥L2
∥fθt∥L2

∥PWPU∥k⋆op.
Lastly, the above bound is vacuous when k⋆ = 1. To handle the case of k⋆ = 1, we use a small
variant of Theorem 2, which shows that Ω(ϵ2d) samples are needed in general.

6. Discussion and Some Open Questions

In this paper, we developed a framework for studying the complexity of standard vanilla SGD
when learning high-dimensional single-index and multi-index models. Unlike SQ-based results,
which rely on noise assumptions that may not hold in practice, our analysis directly addresses
the data-dependent, anisotropic noise of SGD, and contributes to the broader understanding of
computational-statistical gaps in high-dimensional learning.

A natural direction for future work is to extend these techniques beyond vanilla SGD, and pos-
sibly, identifying sources of hardness applicable to all gradient-based learning methods. Another
interesting direction is to explicitly bound the gradient condition number κT for more general ar-
chitectures, and to understand whether the gradients tend to be well-behaved (as captured by κT )
for “any” standard predictors. As a sanity check, we note that this does not seem to occur for the
synthetic neural network construction of Abbe and Sandon (2020); Abbe et al. (2021), discussed in
the introduction, which learns parities via SGD3. However, understanding whether κT is large only
for “pathological” constructions remains an open question. Finally, it would be interesting to extend
this framework to other classes of learning problems beyond multi-index models.
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3. Their construction involves data-memorization mechanisms, where gradients of certain neurons vanish at some time
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Appendix A. Limitations of the Statistical Queries Framework

In this appendix, we discuss in more depth some limitations of the SQ framework for analyzing
gradient-based learning methods, and SGD in particular.

As mentioned in the introduction, the Statistical Queries or SQ framework (Kearns, 1998) is a
well-established framework for studying noise-tolerant learning algorithms. In this model, rather
than directly receiving data samples, it is assumed that the algorithm can only receive (approxi-
mate) expectations of various quantities associated with the data. In a nutshell, given an underlying
data distribution D, the algorithm can iteratively choose a query function ϕt mapping to [0, 1], and
receive a value vt such that |Ez∼D(ϕt(z)) − vt| ≤ τ , where τ is a tolerance parameter. In this
framework, one can often provide information-theoretic lower bounds on the number of queries or
the required tolerance τ in order to succeed in learning.

Although originally designed to study noise-tolerant algorithms, the SQ framework has also
been increasingly used in recent years to provide evidence of computational and statistical com-
plexity for various learning and estimation tasks (as discussed in the introduction). The underlying
rationale is that a “natural” algorithm should be able to withstand some amount of noise. Thus,
if SQ lower bounds imply that many statistical queries or a very small tolerance are required, this
provides evidence that the runtime or sample complexity of “natural” algorithms will be large (to
execute many queries or estimate expectations to sufficiently high accuracy from an empirical sam-
ple). In particular, stochastic gradient descent (SGD) has often been viewed as a “noise-tolerant”
algorithm, in the sense that it iteratively descends along noisy approximations of the gradient of the
population loss.

In contrast, algorithms that can circumvent SQ lower bounds are considered to be necessarily
brittle and impractical. The classic example for this, as mentioned in the introduction, is learning
parity functions x 7→ fI(x) :=

∑
i∈I xi mod 2 for x in the Boolean hypercube and I ⊆ [d] (Kearns,

1998). Given Õ(d) i.i.d. samples (x, fI(x)), where x is sampled uniformly at random, fI can be
identified in polynomial time by reducing the problem to solving a set of linear equations over the
GF(2) field, using Gaussian elimination. However, such an algorithm is extremely noise-intolerant
and does not resemble any standard learning method. Moreover, it is well-known that noise-tolerant
algorithms (that can be simulated in the SQ framework) provably cannot solve this problem. More
recently, Abbe and Sandon (2020); Abbe et al. (2021) showed that parity learning can also be solved
with SGD on a certain neural network, but the architecture is extremely unnatural (causing SGD to
simulate arbitrary Turing machines, and Gaussian elimination in particular). So again, it seems that
SQ lower bounds can be circumvented only via “unnatural” methods.

However, as acknowledged in many papers on this topic, the connection between SQ lower
bounds and computational/statistical complexity is merely a heuristic: We have no formal theorem
establishing that SQ lower bounds necessarily apply to all “natural” algorithms commonly used
in practice, such as SGD. Moreover, SQ lower bounds rely on the noise being adversarial (or at
best, stochastic with some particular convenient structure). This generally differs from the noise
encountered by such algorithms on actual samples.

To further motivate our research question, we note that there are already a few examples in the
literature where SQ-based lower bounds provably mis-predict the complexity of various learning
and estimation problems when using standard gradient-based methods. In particular:

• Li et al. (2019) provides SQ lower bounds on the problem of estimating the mean of random
matrices, when the estimation error is measured in terms of Schatten-p norms. In particular,
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Theorem 19 in that paper implies that estimating the mean of a random d×dmatrix in the unit
ball up to some fixed error (all with respect to the operator norm), using statistical queries,
requires either exponentially many (in poly(d)) queries, or the error tolerance is 1/poly(d),
implying poly(d) predicted sample complexity. However, by the matrix Hoeffding bound
(Tropp, 2012), the average of only O(log(d)) samples suffices to approximate the mean (in
operator norm) up to any constant error. Moreover, SGD can easily simulate the computa-
tion of the average (say by applying it on the stochastic problem minW E[−trace(WX)] for
O(log(d)) iterations with an appropriate step size). Thus, we see that SQ lower bounds pre-
dict poly(d) sample complexity for this problem, whereas the actual sample complexity is
O(log(d)), easily attainable with SGD.

• Dudeja and Hsu (2021) discuss SQ lower bounds for tensor PCA problems. A specific instan-
tiation of their results is for the so-called spiked Wigner model: Namely, we are given i.i.d.
samples of a d× d random matrix, whose distribution is

vv⊤ + Ξ

for some unknown unit vector v and where Ξ has i.i.d. standard Gaussian entries. The paper
presents an SQ lower bound that implies a predicted sample complexity of order d2. How-
ever, the correct sample complexity, both information-theoretically and via gradient-based
methods, is only of order d. As the authors discuss in their paper, the issue appears to be the
adversarial nature of the noise assumed in SQ lower bounds, which does not correctly capture
the noise structure encountered by actual stochastic gradient methods for this problem. In
particular, by considering gradient-based methods on the empirical version of the problem,
maxw:∥w∥≤1w

⊤X̃w (where X̃ is the empirical matrix average), gradient-based methods will
generally initialize close to the saddle point at the origin, where the gradient tends to be small,
and hence can be zeroed out with adversarial perturbations, preventing any information about
v to leak. However, for analyzing actual gradient methods on the empirical average, the noise
has a more favorable structure, which leads to faster convergence

• In a somewhat different direction, recent literature on single-index and multi-index learning
used correlational statistical query (CSQ) arguments (a weaker variant of the SQ framework),
to argue about the tightness of the information exponent (Ben Arous et al., 2021) in char-
acterizing the complexity of learning such problems using gradient methods. However, as
noted in Dandi et al. (2024); Joshi et al. (2024); Lee et al. (2024); Arnaboldi et al. (2024),
these lower bounds can be easily circumvented by making small modifications to the gradient-
based learning procedure, leading to faster convergence. While only showing an issue with
the CSQ framework, which is weaker than SQ, it does show how lower bounds using SQ-
based arguments can be brittle and depend on the precise assumptions used.

In what follows, let us introduce yet another, self-contained example of how SQ-based lower
bounds can lead to incorrect predictions for simple supervised learning problems. To that end, it
will be convenient to slightly expand the SQ framework to vector-valued queries (so it can directly
capture, e.g., computation of stochastic gradients). Concretely, given some tolerance parameter τ ,
we assume that the algorithm can iteratively choose a query function ϕ, mapping training examples
(x, y) to the Euclidean unit ball, and get a vector v such that∥∥E(x,y)[ϕ(x, y)]− v

∥∥
2
≤ τ .
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Now, let us consider specifically the Boolean function class

F = {fi(x) = xi, i ∈ [d]} , x ∈ Xd := {−1,+1}d .

Moreover, let Di be the distribution of (x, y) = (x, fi(x)), where x is uniform on Xd.
Since our function class contains only d candidate target functions, it is easy to see that informa-

tion theoretically, only O(log(d)) samples from any Di are required to identify fi. Moreover, Amid
and Warmuth (2020, Theorem 9) show that using a simple sparsely-connected two-layer neural net-
work, SGD on the squared loss identifies i after O(log(d)) iterations. However, as the following
theorem shows, the SQ framework predicts poly(d) complexity, which is exponentially worse:

Theorem 7 For any τ ∈ (0, 1), there is an SQ oracle as above, such that any SQ algorithm with
tolerance τ will require at least 1

2τ
2d queries to identify fi ∈ F with probability ≥ 1

2 + 1
d .

In particular, any choice of τ will imply either poly(1/d) tolerance (leading to predicted sample
complexity polynomial in d, in order to estimate the expectation up to that tolerance), or poly(d)
queries (again leading to predicted sample complexity polynomial in d, for SGD methods). The
proof is based on standard SQ arguments and is presented in the following section of the appendix
(Appendix A.1).

Remark 8 A stronger oracle common in the SQ literature, namely the VSTAT oracle, requires
the tolerance to be smaller if the query tends to have small values, to capture the fact that the
expectation of random vectors with small moments can be estimated more accurately. In our vector-
valued setting, such a requirement can take the form ∥E[ϕ(x, y)]− v∥ ≤ τ ·

√
E[∥ϕ(x, y)2∥]. It

can be easily verified that the theorem and its proof apply directly, even to such a stronger oracle.

The reason that this SQ framework leads to a wrong prediction is that its Euclidean geometry
is not commensurate with the geometry of the stochastic noise in this particular problem. One
way to see this is to consider perhaps the most natural statistical query for this problem, namely
ϕ(x, y) = yx/

√
d. Assuming the target function is fi(x) = y = xi for some i, we observe that

ϕ(x, y) is a random vector, whose i-th coordinate is 1/
√
d with probability one, whereas all the

other coordinates are independent and uniform on {− 1√
d
,+ 1√

d
}d. Thus, averaging ϕ(x, y) over

O(log(d)) samples and picking the coordinate which equals 1 will identify i with high probability.
However, the SQ framework we use here views ϕ(x, y) as a random vector in the unit Euclidean
ball, where we need to identify its mean from several possible alternatives, each only O(1/

√
d)-far

from the origin (in Euclidean distance). In general, estimating the mean of a random vector in the
unit Euclidean ball up to accuracy O(1/

√
d), requires Ω(d) samples. However, this is tight only in

the worst-case over all such distributions, and ignores the fact that for our particular problem, the
random vector has a more specific structure, which leads to a much better sample complexity.

A.1. Proof of Theorem 7

The proof relies on well-known SQ techniques, but we present it in a self-contained way for com-
pleteness. In what follows, we let D0 denote a “reference distribution”, which is simply the uniform
distribution on (x, y) ∈ {−1,+1}d+1.
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Lemma 9 For any ϕ as above,

d∑
i=1

∥EDi [ϕ(x, y)]− ED0 [ϕ(x, y)]∥
2 ≤ ED0 [∥ϕ(x, y)∥

2] ≤ 1.

Proof It will suffice to prove the above in the case where ϕ(x, y) is scalar-valued, namely

d∑
i=1

(EDi [ϕ(x, y)]− ED0 [ϕ(x, y)])
2 ≤ ED0 [ϕ

2(x, y)] . (6)

The vector-valued case follows by applying and summing the inequality for each coordinate of
ϕ(x, y), and noting that by definition of ϕ, the overall squared norm of ϕ(x, y) is at most 1.

Let pi(x, y), p0(x, y) denote the probability density of Di,D0 respectively. Noting that the
marginal distribution of x is the same for Di,D0, we have

EDi [ϕ(x, y)]− ED0 [ϕ(x, y)] = Ex

[∑
y

ϕ(x, y) (pi(y|x)− p0(y|x))

]

= Ex

[
ϕ(x, 1)

(
1fi(x)=1 −

1

2

)
+ ϕ(x,−1)

(
1fi(x)=−1 −

1

2

)]
= Ex

[
fi(x) ·

ϕ(x, 1)− ϕ(x,−1)

2

]
.

Letting ψ(x) := ϕ(x,1)−ϕ(x,−1)
2 and plugging in the above, it follows that

d∑
i=1

(EDi [ϕ(x, y)]− ED0 [ϕ(x, y)])
2 =

d∑
i=1

(Ex[fi(x)ψ(x)])
2

(1)

≤ Ex[ψ
2(x)]

= Ex

[(
ϕ(x, 1)− ϕ(x,−1)

2

)2
]

(2)

≤ Ex

[
ϕ2(x, 1) + ϕ2(x,−1)

2

]
= ED0 [ϕ

2(x, y)] ,

where (1) is by Bessel’s inequality (observing that f1, . . . , fd are orthonormal functions in L2 space
equipped with the standard inner product ⟨fi, fj⟩ = Ex[fi(x)fj(x)] = E[xixj ] = 1i=j), and (2) is
by the elementary inequality

(
a−b
2

)2 ≤ a2+b2

2 . This implies Eq. (6), from which the lemma follows.

We now show how the lemma implies our theorem. Slightly rewriting the lemma, we have that

1

d

d∑
i=1

∥EDi [ϕ(x, y)]− ED0 [ϕ(x, y)]∥
2 ≤ 1

d
.

By Markov’s inequality, this implies that for any fixed ϕ, if we choose i ∈ [d] uniformly at random,
then

Pr
i

(
∥EDi [ϕ(x, y)]− ED0 [ϕ(x, y)]∥

2 ≥ τ2
)

≤ 1

τ2d
.

Now, let us consider how any SQ algorithm behaves when i and the target function fi are chosen
uniformly at random. Initially, the algorithm chooses a query ϕ1 that does not depend on i. By the
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inequality above, with probability at least, 1− 1
τ2d

, ϕ1 is such that its expectation EDi [ϕ1(x, y)] is τ -
close to the vectorED0 [ϕ1(x, y)], so the SQ oracle may return this vector. Crucially, this vector does
not depend on i, so the algorithm does not obtain any information about i. As a result, its next query
ϕ2 will also not depend on i, in which case (using the same reasoning), it may get ED0 [ϕ2(x, y)]
with probability at least 1− 1

τ2d
. By a union bound, after at most τ2d/2 queries, the algorithm still

receives no information on i, with probability at least 1
2 . Hence, its output will be independent of

i, so it will succeed with probability at most 1/d. Overall, again by a union bound, we get that the
algorithm cannot succeed with probability more than 1

2 + 1
d .

Appendix B. Proof of Theorem 2

B.1. Concentration Results

In what follows, we let (gt)∞t=1 denote a martingale difference sequence on Rd. We let Et,Prt
denote expectation and probability with respect to gt, conditioned on g1, . . . ,gt−1 (for example,
Et[gt] = 0 for all t by definition).

Definition 10 A martingale difference sequence (gt)Tt=1 on Rd (with corresponding filtration Ft =
σ(g1, . . . ,gt)), is said to be (λt)

∞
t=1 sub-Gaussian (for λt ∈ Ft−1) if for all t, γ > 0 and v ∈ Rd

with ∥v∥ = 1,

Prt

(
|v⊤gt| ≥ γ

)
≤ 2 exp

(
−γ

2

λ2t

)
.

Lemma 11 (Jin et al. (2019)) Let (zj)tj=1 be a martingale difference sequence on Rd (with corre-
sponding filtration Fj = σ(z1, . . . , zj)), such that for all γ > 0, Prj(∥zj∥ ≥ γ) ≤ 2 exp(−γ2/σ2j ),
for some fixed σj > 0. Then for any δ ∈ (0, 1), it holds with probability at least 1− δ that∥∥∥∥∥∥

t∑
j=1

zj

∥∥∥∥∥∥ ≤ c

√√√√ t∑
j=1

σ2j log

(
2d

δ

)

where c > 0 is a universal constant.

A straightforward corollary regarding one-dimensional projections of a sub-Gaussian MDS
(Definition 10) is the following.

Lemma 12 Let g1, . . . ,gT ∈ Rd be a (λt)
∞
t=1 sub-Gaussian martingale difference sequence (Def-

inition 10) with fixed {λt}, and v ∈ Rd a fixed nonzero vector, then it holds with probability at least
1− δ that

∀t ∈ [T ] :

∣∣∣∣∣∣
t∑

j=1

g⊤
j v

∣∣∣∣∣∣ ≤ c

√√√√ t∑
j=1

λ2j ∥v∥
2 log

(
2T

δ

)
,

where c is an absolute constant.
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Proof Fix δ′ > 0 to be decided later. Since (gt)t is a sub-Gaussian MDS (Definition 10) it holds
that for any t ∈ [T ],

Prt

(∣∣∣g⊤
t v
∣∣∣ ≥ γ

)
= Prt

(∣∣∣∣g⊤
t

v

∥v∥

∣∣∣∣ ≥ γ

∥v∥

)
≤ 2 exp

(
− γ2

λ2t ∥v∥
2

)
.

For any t ∈ [T ], applying Lemma 11 (in dimension 1) up to time t, it holds with probability at least
1− δ′ that for some absolute constant c > 0,∣∣∣∣∣∣

t∑
j=1

g⊤
j v

∣∣∣∣∣∣ ≤ c

√√√√ t∑
j=1

λ2j ∥v∥
2 log

(
2

δ′

)
.

Taking δ′ = δ/T and applying a union bound over all t ∈ [T ] completes the proof

Lemma 13 (Jin et al. (2019)) Let (zj)tj=1 be a martingale difference sequence on Rd (with corre-
sponding filtration Fj = σ(z1, . . . , zj)), such that for all γ > 0, Prj(∥zj∥ ≥ γ) ≤ 2 exp(−γ2/σ2j )
for some possibly-random σj ∈ Fj−1. Then for any δ ∈ (0, 1) and B, b > 0 with B ≥ eb, it holds
with probability at least 1− δ that

either
t∑

j=1

σ2j ≥ B or

∥∥∥∥∥∥
t∑

j=1

zj

∥∥∥∥∥∥ ≤ c ·

√√√√√max


t∑

j=1

σ2j , b

 ·
(
log

(
2d

δ

)
+ log log

(
B

b

))
,

where c > 0 is a universal constant.

A straightforward corollary of this, in a form more suitable for our purposes, is the following:

Lemma 14 Let (zj)Tj=1 be a martingale difference sequence on Rd (with corresponding filtration
Fj = σ(z1, . . . , zj)), such that for all γ > 0, Prj(∥zj∥ ≥ γ) ≤ 2 exp(−γ2/σ2j ) for some possibly-
random σj ∈ Fj−1. For each j ∈ [T ] let βj > 0 be deterministic. Then for any δ ∈ (0, 1), it holds
with probability at least 1− δ that for all t ∈ [T ], either

∑t
j=1 σ

2
j ≥

∑t
j=1 β

2
j or∥∥∥∥∥∥

t∑
j=1

zj

∥∥∥∥∥∥ ≤ c ·

√√√√ t∑
j=1

β2j ·

(
log

(
2Td

δ

)
+ log log

(
e

∑t
j=1 β

2
j

β21

))
.

Proof Fix some t ∈ [T ] and δ′ > 0 to be decided later. Let B =
∑t

j=1 β
2
j and b = β21/e. It trivially

holds that B ≥ eb, so applying Lemma 13 with these choices, we get that with probability at least
1− δ′, either

∑t
j=1 σ

2
j ≥

∑t
j=1 β

2
j or∥∥∥∥∥∥

t∑
j=1

zj

∥∥∥∥∥∥ ≤ c ·

√√√√√max


t∑

j=1

σ2j ,
β21
e

 ·

(
log

(
2d

δ′

)
+ log log

(
e

∑t
j=1 β

2
j

β21

))
.

Note that in the event that
∑t

j=1 σ
2
j ≤

∑t
j=1 β

2
j , we may upper bound max

{∑t
j=1 σ

2
j ,

β2
1
e

}
≤∑t

j=1 β
2
j . Taking δ′ = δ/T and applying a union bound over all t ∈ [T ] finishes the proof.
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Lemma 15 (Structure at Initialization) Under Assumption 2, let w0 :=W⊤
0 v for some fixed unit

vector v. There exists an absolute constant c > 0 any δ > 0 such that

1. For all nonzero u ∈ Rd,

Pr (|⟨w0,u⟩| ≥ γ) ≤ 2 exp

(
− γ2d

c2K2
3 ∥u∥

2

)
.

Moreover, all of the following hold simultaneously with probability at least 1− δ:

2. For all u ∈ Rd, |⟨w0,u⟩| ≤ cK3 ∥u∥
√

log( 4
δ )

d ,

3. |∥w0∥ − 1| ≤ cK2
3

√
log( 4

δ )
d .

Proof (1) By Vershynin (2010)[Lemma 5.24], Assumption 2 implies that for some absolute constant
C > 0, any (W⊤

0 )i (where i ∈ [m]) and any γ > 0

Pr
(∣∣∣⟨(W⊤

0 )i,u⟩
∣∣∣ ≥ γ

)
≤ 2 exp

(
− γ2d

C2K2
3 ∥u∥

2

)
.

As such, by the sub-Gaussian Hoeffding inequality (Vershynin, 2026)[Theorem 2.7.3] it holds
that

Pr (|⟨w0,u⟩| ≥ γ) =Pr

(∣∣∣∣∣
m∑
i=1

vi⟨(W⊤
0 )i,u⟩

∣∣∣∣∣ ≥ γ

)
≤ 2 exp

(
− γ2d

C2K2
3 ∥u∥

2 ∥v∥2

)

=2 exp

(
− γ2d

C2K2
3 ∥u∥

2

)
,

where we replaced C by another absolute constant. Taking γ = CK3 ∥u∥
√

log( 4
δ )

d gives (2) with
probability at least 1− δ/2. For (3), first note that

√
dw0 has i.i.d. variance 1 coordinates since for

any j ∈ [d], Var(
∑

i(W0)i,jvi) =
∑

i Var((W0)i,j)v
2
i =

∑
i v

2
i = 1). Furthermore, (1) implies that√

dw0 is CK3 sub-Gaussian, in the sense that for any nonzero u ∈ Rd

Pr
(∣∣∣⟨√dw0,u⟩

∣∣∣ ≥ γ
)
≤ 2 exp

(
− γ2

C2K2
3 ∥u∥

2

)
.

As such, Vershynin (2026)[Theorem 3.1.1] implies that for any γ > 0

Pr

(
|∥w0∥ − 1| ≥ γ√

d

)
= Pr

(∣∣∣∥∥∥√dw0

∥∥∥−√
d
∣∣∣ ≥ γ

)
≤ 2 exp

(
− γ2

C ′K4
3

)
where C ′ is another universal constant. Taking γ = C ′K2

3

√
log
(
4
δ

)
gives (3) with probability at

least 1− δ/2.
As a final note, in the lemma formulation, the constant c is taken to be the maximum of all

constants that we need.

We will also use the following bound on the spectral norm of W0:
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Lemma 16 (Vershynin (2026) Theorem 4.6.1) Under Assumption 2, and assuming m ≤ d, there
exists an absolute constant C > 0, such that for any δ > 0 it holds with probability at least 1 − δ
that

1− CK2
3

√m

d
+

√
log
(
2
δ

)
d

 ≤ sm(W0) ≤ s1(W0) ≤ 1 + CK2
3

√m

d
+

√
log
(
2
δ

)
d

 ,

where si(W0) denote the singular values of W0 in decreasing order.

B.2. Norm Bounds

Throughout the proofs, xt will always denote i.i.d inputs as described in Section 2. Wt will denote
the parameters at time t. The lemmas in this subsection will provide bounds on the norm of the
weights throughout training.

Lemma 17 Under Assumption 1.B, for any δ > 0, with probability at least 1 − δ the following
holds for all t ∈ [T ]: ∣∣∣∥xt∥2 − α2d

∣∣∣ ≤ K2
2

(√
d log

(
2T

δ

)
+ log

(
2T

δ

))
.

In particular, if d ≥ max
(
16K4

2

α2
2
,
4K2

2
α2

)
log
(
2T
δ

)
, then the above event implies that for all t ∈ [T ],

α2d

2
≤ ∥xt∥2 ≤

3α2d

2
.

Proof By Assumption 1.B, for any t ∈ [T ], δ′ > 0

Pr

(∣∣∣∥xt∥2 − α2d
∣∣∣ ≥ max

(
K2

2

√
d log

(
2

δ′

)
, K2

2 log

(
2

δ′

)))
≤ δ′.

Taking δ′ = δ/T and applying a union bound over all t ∈ [T ], it follows that with probability at
least 1− δ, for all t ∈ [T ]∣∣∣∥xt∥2 − α2d

∣∣∣ ≤ K2
2

(√
d log

(
2T

δ

)
+ log

(
2T

δ

))
.

For the “moreover” part, assume d ≥ max
(
16K4

2

α2
2
,
4K2

2
α2

)
log
(
2T
δ

)
. Then

log

(
2T

δ

)
≤ α2

2d

16K4
2

and log

(
2T

δ

)
≤ α2d

4K2
2

.

Therefore,∣∣∣∥xt∥2 − α2d
∣∣∣ ≤ K2

2

(√
d log

(
2T

δ

)
+ log

(
2T

δ

))
≤ K2

2

(√
α2
2d

2

16K4
2

+
α2d

4K2
2

)
=
α2d

2
.
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Lemma 18 Let T ∈ N, and let (at)Tt=1 be a real-valued stochastic process adapted to a filtration
(Ft)t≥1. Assume that for all t ∈ [T ] there is some fixed βt > 0 such that |at| ≤ βt a.s. Then under

Assumption 1.B, for any δ > 0, if d ≥ max
(
16K4

2

α2
2
,
4K2

2
α2

)
log
(
2T
δ

)
, then with probability at least

1− δ it holds for all t ∈ [T ] that

t∑
j=1

a2j ∥xj∥
2 ≥ α2d

2

 t∑
j=1

Ej
[
a2j
]
− c

√√√√ t∑
j=1

β4j log

(
4T

δ

) ,

where c > 0 is a universal constant.

Proof Applying Lemma 17 with δ/2, it holds with probability at least 1− δ/2 that for all t ∈ [T ]

t∑
j=1

a2j ∥xj∥
2 ≥ α2d

2

t∑
j=1

a2j . (7)

Now zj := a2j−Ej [a2j ] is a real valued martingale difference sequence, and using that by assumption,
|aj |2 ≤ β2j for some βj > 0, we have |zj | ≤ 2β2j and thus the conditions of Lemma 11 are
satisfied (with σj = C ′β2j for a suitable universal constant C ′ > 0; see for example Vershynin
(2026)[Example 2.6.5]). So from Lemma 11 and a union bound over t ∈ [T ], it follows that for
some absolute constant c > 0, with probability at least 1− δ/2 it holds that for all t ∈ [T ],∣∣∣∣∣∣

t∑
j=1

a2j −
t∑

j=1

Ej [a2j ]

∣∣∣∣∣∣ ≤ c

√√√√ t∑
j=1

β4j log

(
4T

δ

)
.

Plugging this into Eq. (7) completes the proof.

Lemma 19 Let g1, . . . ,gT ∈ Rd be a (λt)
∞
t=1 sub-Gaussian martingale difference sequence (Def-

inition 10) with fixed {λt}, let wt :=
∑t

j=1 gj for all t ∈ [T ] and ∆t := w⊤
t−1gt for all t ≥ 2. Then

there exists some absolute constant c > 0, such that for any δ > 0 it holds with probability at least
1− δ that for all t ∈ [T ]∣∣∣∣∣∣

t∑
j=2

∆j

∣∣∣∣∣∣ ≤ c2
t∑

j=1

λ2j

√√√√d log

(
2dT

δ

)
·

(
log

(
2T

δ

)
+ log log

(
eT 2 max

i,j∈[T ]

λ2iλ
2
j

λ21λ
2
2

))
.

Proof Fix some δ′ > 0 to be decided later. By Definition 10 and Jin et al. (2019)[Lemma 1], there
exists an absolute constant c′ > 0 such that for any t ∈ [T ], γ > 0

Prt (∥gt∥ ≥ γ) ≤ 2 exp

(
− γ2

c′dλ2t

)
.

For any t ∈ [T ], applying Lemma 11 up to time t, it holds with probability at least 1 − δ′ that for
some absolute constant c > 0,

∥wt∥ =

∥∥∥∥∥∥
t∑

j=1

gj

∥∥∥∥∥∥ ≤ c

√√√√d
t∑

j=1

λ2j log

(
2d

δ′

)
. (8)
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Let E be the event for which Eq. (8) holds simultaneously for all t ∈ [T ]. By Eq. (8) and the union
bound, E holds with probability at least 1 − δ′T . Note that (∆t)

T
t=2 is a martingale difference se-

quence (since Et[w⊤
t−1gt] = w⊤

t−1Et[gt] = 0). We now wish to apply Lemma 14 on this sequence.
First, notice that by Definition 10, for any γ > 0 and any j,

Prj (|∆j | ≥ γ) = Prj

(
|w⊤

j−1gj | ≥ γ
)
= Prj

(∣∣∣∣∣ w⊤
j−1

∥wj−1∥
gj

∣∣∣∣∣ ≥ γ

∥wj−1∥

)

≤ 2 exp

(
− γ2

λ2j ∥wj−1∥2

)
.

As such, applying Lemma 14 with σj := λj ∥wj−1∥ and βj := 2cλj

√
d
∑j−1

i=1 λ
2
i log

(
2d
δ′

)
, (where

βj is deterministic since λj are deterministic), it holds with probability at least 1 − δ′ that for all
t ∈ [T ], either

∑t
j=1 σ

2
j ≥

∑t
j=1 β

2
j or∣∣∣∣∣∣

t∑
j=2

∆j

∣∣∣∣∣∣ ≤c2 ·
√√√√2d

t∑
j=2

λ2j

j−1∑
i=1

λ2i log

(
2d

δ′

)
·

(
log

(
2T

δ′

)
+ log log

(
e
∑t

j=2 λ
2
j

∑j−1
i=1 λ

2
i

λ21λ
2
2

))

≤c2
t∑

j=1

λ2j

√√√√2d log

(
2d

δ′

)
·

(
log

(
2T

δ′

)
+ log log

(
eT 2 max

i,j∈[T ]

λ2iλ
2
j

λ21λ
2
2

))
. (9)

Moreover, on the event E we have σj ≤ cλj

√
d
∑j−1

i=1 λ
2
i log

(
2d
δ′

)
= βj/2 for all j, and hence the

alternative
∑t

j=1 σ
2
j ≥

∑t
j=1 β

2
j cannot occur. As such, taking δ′ = δ/(T + 1) ensures that both E

and Eq. (9) hold for all t ∈ [T ] with probability at least 1 − δ. Adjusting the constant c completes
the proof.

Lemma 20 Let T ∈ N, and let (at)Tt=1 be a real-valued stochastic process adapted to a filtration
(Ft)t≥1. Let w0 := W⊤

0 v for some fixed unit vector v. Assume that for all t ∈ [T ] there is some
β > 0 such that |at| ≤ β a.s. Then under Assumptions 1.A, 1.B, 2, for any δ > 0, κ ≥ 1 there exist
constants C, c, c′, c′′ > 0 that may depend on K1,K2,K3, α2, β, such that if d ≥ cκ2 log

(
T
δ

)2
,

η ≤ c′/
√
d, then conditioned on minj≤T Ej [a2j ] ≥ β2/κ, with probability at least 1− δ it holds for

all t ∈
[
c′′κ2 log (T/δ) , T

]
that∥∥∥∥∥∥w0 + η

t∑
j=1

ajxj

∥∥∥∥∥∥ ≥ C

(
1 + η

√
dt

κ

)
− 2ηtmax

j≤t
∥Ej [ajxj ]∥ .

Proof Throughout the proof we use the convention that Ci, ci will denote constants that may depend
on K1,K2,K3, α2 and β (but importantly, not on d, t, η and κ). First, note that for any p, q ∈ R,
(p− q)2 ≥ p2/2− 2q2, and thus by the reverse triangle inequality, for any two vectors v1,v2,

∥v1 + v2∥2 ≥ (∥v1∥ − ∥v2∥)2 ≥
1

2
∥v1∥2 − 2 ∥v2∥2 . (10)
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Let a0 = 1/(
√
dη), x0 =

√
dw0, g0 := a0x0 = 1

ηw0, and for any t ≥ 1 let µt := Et[atxt],
gt := atxt − µt and wt :=

∑t
j=0 gj . We decompose the norm as∥∥∥∥∥∥

t∑
j=0

ajxj

∥∥∥∥∥∥
2

=

∥∥∥∥∥∥
t∑

j=0

gj +

t∑
j=1

µj

∥∥∥∥∥∥
2

≥(1)
1

2

∥∥∥∥∥∥
t∑

j=0

gj

∥∥∥∥∥∥
2

− 2

∥∥∥∥∥∥
t∑

j=1

µj

∥∥∥∥∥∥
2

≥1

2

t∑
j=0

∥gj∥2 +
∑

0≤i<j≤t
⟨gi,gj⟩ − 2t2max

j≤t

∥∥µj∥∥2
≥(3)

1

4

t∑
j=0

∥ajxj∥2 −
t∑

j=1

∥∥µj∥∥2 + ∑
0≤i<j≤t

⟨gi,gj⟩ − 2t2max
j≤t

∥∥µj∥∥2
≥ 1

4η2
∥w0∥2 +

1

4

t∑
j=1

∥ajxj∥2 +
t∑

j=1

⟨wj−1,gj⟩ − 3t2max
j≤t

∥∥µj∥∥2 , (11)

where (1) and (3) used Eq. (10).
We now proceed to bound Eq. (11) using the previous lemmas. First, for the initialization term,

Lemma 15 states that there exists some constant C0 (depending on K3) such that with probability
at least 1− δ/3

1

4η2
∥w0∥2 ≥

1

4η2

1− C0

√
log
(
12
δ

)
d

2

≥ 1

16η2
, (12)

where we used that d ≥ 4C2
0 log (12/δ).

Next, to bound
∑t

j=1 ∥ajxj∥
2, we use Lemma 18, so that for some constants C2, C

′
2 > 0

(depending on K2, α2, β) and any δ > 0, if d ≥ C ′
2 log

(
12T
δ

)
, then with probability at least

1− δ/3, it holds for all t ∈ [T ] that

t∑
j=1

∥ajxj∥2 ≥
α2d

2

 t∑
j=1

Ej
[
a2j
]
− C2β

2

√
t log

(
12T

δ

) .

In particular, if t ≥ 4C2
2κ

2 log (12T/δ) and if minj≤t Ej [a2j ] ≥ β2/κ, then there exists a constant
C3 > 0 such that

t∑
j=1

∥ajxj∥2 ≥
α2β

2d

2

(
t

κ
− C2

√
t log

(
12T

δ

))
= dt · α2β

2

2κ

1− C2

√
log
(
12T
δ

)
κ2

t


≥C3

dt

κ
. (13)

We now move to
∑t

j=1⟨wj−1,gj⟩. For any j ≥ 1, since |aj | ≤ β and xj is K1 sub-Gaussian
(Assumption 1.A), by Vershynin (2010)[Lemma 2.7.8], the centered gradients (gj)∞j=1 form a sub-
Gaussian MDS (Definition 10) with parameters λj := c1 for some constant c1 > 0 (depending on
β,K1). Furthermore by Lemma 15, g0 = 1

ηw0 is sub-Gaussian with parameter λ0 := c0/(
√
dη)

29



BARZILAI SHAMIR

(for some c0 depending onK3). We now wish to apply Lemma 19 for (gt)Tt=0 (note that the lemma is
stated with the first time being t = 1, this is equivalent up to re-indexing). It holds that

∑t
j=0 λ

2
j =

c20
dη2

+ c1t, and maxi,j≤T
λ2i λ

2
j

λ20λ
2
1

= max(λ21/λ
2
0, 1) ≤ max(

c21
c20
dη2, 1), which is equal to 1 when

η ≤ c0/(c1
√
d). As such, Lemma 19 states that with probability at least 1 − δ/3, it holds for all

t ∈ [T ] that for some constant c′ > 0,∣∣∣∣∣∣
t∑

j=1

⟨wj−1,gj⟩

∣∣∣∣∣∣ ≤c′
(

c0√
dη2

+ c1t
√
d

)√
log

(
6dT

δ

)
·
(
log

(
6T

δ

)
+ log log (eT 2)

)

≤C4

(
1√
dη2

+ t
√
d

)
log

(
6dT

δ

)
, (14)

where C4 is a suitable constant.
So plugging Eq. (12), Eq. (13), Eq. (14) back into Eq. (11), it holds that for a suitable c′′ > 0

that may depend on K1,K2,K3, α2, β, with probability at least 1 − δ it holds for any integer t ∈[
c′′κ2 log (T/δ) , T

]
, that if minj≤t Ej [a2j ] ≥ β2/κ then∥∥∥∥∥∥

t∑
j=0

ajxj

∥∥∥∥∥∥
2

≥ 1

16η2
+
C3

κ
dt− C4

(
1√
dη2

+ t
√
d

)
log

(
6dT

δ

)
− 3t2max

j≤t

∥∥µj∥∥2
=

1

16η2

(
1−

16C4 log
(
6dT
δ

)
√
d

)
+
C3

κ
dt

(
1−

C4κ log
(
6dT
δ

)
C3

√
d

)
− 3t2max

j≤t

∥∥µj∥∥2
≥C

(
1

η2
+
dt

κ

)
− 3t2max

j≤t

∥∥µj∥∥2 , (15)

where we used that d ≥ cκ2 log2
(
6dT
δ

)
and C, c > 0 are suitable constants that may depend on

K1,K2,K3, α2, β.
Finally, using the inequalities

√
u− v ≥

√
u−

√
v and u2 + v2 ≥ (u+ v)2/2 for any u, v ≥ 0

we obtain ∥∥∥∥∥∥
t∑

j=0

ajxj

∥∥∥∥∥∥ ≥

√
C

(
1

η2
+
dt

κ

)
−
√

3t2max
j≤t

∥∥µj∥∥2
≥
√
C

2

(
1

η
+

√
dt

κ

)
− 2tmax

j≤t
∥µj∥.

Recalling that
∑t

j=0 ajxj = 1
ηw0 +

∑t
j=1 ajxj and adjusting constants completes the proof.

Note that up to replacing c by a suitable larger constant, the condition on d is equivalent to d ≥
cκ2 log2

(
T
δ

)
(which is how it’s written in the lemma statement).

B.3. Covering Arguments

Our proof will utilize relatively standard covering arguments. Given ϵ ∈ (0, 1), an ϵ-net N of
Sm−1 is a finite subset of the unit sphere Sm−1 such that for every v ∈ Sm−1 there exists v′ ∈ N
satisfying ∥v − v′∥2 ≤ ϵ.
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A classical result in high-dimensional geometry (see, e.g., (Vershynin, 2026)[Corollary 4.2.11])
states that one can construct such a net with cardinality

|N | ≤
(
1 +

2

ϵ

)m
.

As a consequence, uniform control over all directions in Sm−1 can be reduced to control over the
finite set N , at the cost of an ϵ-dependent slack. So we can derive bounds that hold uniformly over
all directions by applying union bounds over the net N , and this will be used to extend the alignment
control results from the single-neuron case to high-width settings.

Lemma 21 For any ϵ ≥ 0, there exists a set N ⊆ Sm−1 of cardinality at most (3/ϵ)m such that
for any t ≥ 0, and nonzero vector u ∈ Rd,

∥PWtu∥
∥u∥

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
sm(Wt)

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
infv∈N

∥∥W⊤
t v
∥∥− ϵ ∥Wt∥op

,

where the last inequality assumes the denominator is non-negative.

Proof We will apply a covering argument. Let N be an ϵ-net of the sphere Sm−1 with ϵ ∈ (0, 1/2].
By (Vershynin, 2026)[Corollary 4.2.11], we may take N to have cardinality at most |N | ≤ (3/ϵ)m.

Fix any t ≥ 0, and note that ∥PWtu∥ / ∥u∥ can be rewritten as

∥PWtu∥ = sup
v∈Sm−1,v⊤Wt ̸=0

∣∣u⊤W⊤
t v
∣∣∥∥W⊤

t v
∥∥ ∥u∥ ≤ sup

v∈Sm−1

∣∣u⊤W⊤
t v
∣∣

sm(Wt) ∥u∥
, (16)

Now we may bound sm(Wt) as follows:

sm(Wt) = inf
v′∈Sm−1

∥∥∥W⊤
t v′

∥∥∥ ≥ inf
v′∈Sm−1

inf
v∈N

∥∥∥W⊤
t v
∥∥∥− ∥∥∥W⊤

t

∥∥∥
op

∥∥v − v′∥∥
≥ inf

v∈N

∥∥∥W⊤
t v
∥∥∥− ϵ ∥Wt∥op .

Similarly, we may bound supv∈Sm−1
|u⊤W⊤

t v|
∥u∥ as

sup
v∈Sm−1

∣∣u⊤W⊤
t v
∣∣

∥u∥
≤ sup

v′∈Sm−1

sup
v∈N

∣∣u⊤W⊤
t v
∣∣

∥u∥
+

∥∥u⊤W⊤
t

∥∥
∥u∥

∥∥v − v′∥∥
≤ sup

v∈N

∣∣u⊤W⊤
t v
∣∣

∥u∥
+ ϵ ∥Wt∥op .

Plugging these inequalities back into Eq. (16) completes the proof.
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B.4. Proof of the Theorem

We are now ready to prove the theorem. We begin with the following proposition, which combines
results from the previous lemmas and does most of the work:

Proposition 22 Under Assumptions 1, 2, 3, let δ > 0, κ ≥ 1, T ∈ N and u ∈ Rd \{0}. There exist
constants C, c, c′ > 0 that may depend on K1,K2,K3, α2, G, such that if d ≥ cκ2m2 log

(
Td
δ

)2
,

η ≤ c′

κ2
√
md log(Td/δ′)

then conditioned on κT ≤ κ, with probability at least 1 − δ, it holds for all

t ∈ [T ] ∪ {0} that

∥PWtu∥
∥u∥

≤ C

√
m log(Td

δ )
d +

ηtmaxj≤t∥∇WL(θj−1)∥F
1+η

√
dt

1
s
√
κ
− ηtmaxj≤t∥∇WL(θj−1)∥F

1+η
√
dt

,

as long as the denominator is positive.

Proof Fix ϵ > 0 and δ′ > 0 which will be specified later, by Lemma 21 there exists a set N ⊆ Sm−1

of cardinality at most (3/ϵ)m such that for any t ≥ 0,

∥PWtu∥
∥u∥

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
infv∈N

∥∥W⊤
t v
∥∥− ϵ ∥Wt∥op

. (17)

For any t ≥ 1, the SGD weight updates for Wt are given by

Wt −Wt−1 = −η∇Wt−1ℓ (θt−1;xt) = −η∇Wt−1xtℓ (θt−1;xt)x
⊤
t .

So for any unit vector v, letting at(v) :=
〈
∇Wt−1xtℓ (θt−1;xt) ,v

〉
∈ R it holds that

(Wt −Wt−1)
⊤ v = ηat(v)xt, and (Wt −W0)

⊤ v = η
t∑

j=1

aj(v)xj .

By Assumption 3, the random variables at(v) are uniformly bounded as supv∈Sm−1 |at(v)| ≤
β := G. To bound Eq. (17), we will need to bound a few different terms:

Upper bounding ∥Wt∥op . First note, that by Lemma 16, for some universal constant C0 > 0 it
holds with probability at least 1− δ′ that

∀i ∈ [m], |si (W0)− 1| ≤ C0K
2
3

√m

d
+

√
log
(
2
δ′

)
d

 ≤ 1

2
, (18)

where the last inequality holds whenever d ≥ (1 + 1
C2

0K
4
3
)max (m, log (2/δ′)). Moreover, by

applying Lemma 17 to bound ∥xt∥ for every t ∈ [T ], when d ≥ max
(
16K4

2

α2
2
,
4K2

2
α2

)
log
(
2T
δ′

)
it

follows that with probability at least 1− δ′, for all t ∈ [T ],

∥Wt −W0∥F ≤
√
mmax

i∈[m]

∥∥∥(Wt −W0)
⊤ ei

∥∥∥ = η
√
mmax

i∈[m]

∥∥∥∥∥∥
t∑

j=1

aj(ei)xj

∥∥∥∥∥∥
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≤η
√
mmax

i∈[m]

t∑
j=1

|aj(ei)| ∥xj∥ ≤ βηt

√
3α2dm

2
. (19)

Combining these and using that η ≤ 1/
√
md we obtain that for a suitable constant C1 > 0 (that

may depend on K3, β, α2) it holds with probability at least 1− 2δ′ that for all t ∈ [T ],

∥Wt∥op ≤ ∥W0∥op + ∥Wt −W0∥F ≤ C1t. (20)

Upper Bounding supv∈N
|u⊤W⊤

t v|
∥u∥ . Consider for now a fixed v ∈ N , and define the conditional

drift and centered increments

gt := at(v)xt, µt := Et[gt] = −∇WL(θt−1)
⊤v, ḡt := gt − µt.

To apply Lemma 12, first note that the centered gradients (ḡj)∞j=1 form a sub-Gaussian MDS (Def-
inition 10) with parameters λj ≤ c2βK1 for some universal constant c2 > 0 (since |aj | ≤ β and xj
is K1 sub-Gaussian). So it holds with probability at least 1− δ′/ |N | that for all t ∈ [T ],

η

∥u∥

∣∣∣⟨(Wt −W0)
⊤v,u⟩

∣∣∣ = η

∥u∥

∣∣∣∣∣∣
〈

t∑
j=1

gj ,u

〉∣∣∣∣∣∣ ≤ η

∥u∥

∣∣∣∣∣∣
t∑

j=1

⟨µj ,u⟩

∣∣∣∣∣∣+
∣∣∣∣∣∣
t∑

j=1

⟨ḡj ,u⟩

∣∣∣∣∣∣


≤η
t∑

j=1

∥∥µj∥∥+ η

∥u∥

∣∣∣∣∣∣
t∑

j=1

⟨ḡj ,u⟩

∣∣∣∣∣∣
≤ηtmax

j≤t

∥∥µj∥∥+ ηc3K1β

√
t log

(
2T |N |
δ′

)
. (21)

We will now extend the bound in Eq. (21), which holds for a fixed v, to all v ∈ N using a union
bound. Since |N | ≤ (3/ϵ)m we obtain that with probability at least 1− δ′

sup
v∈N

∣∣∣u⊤ (Wt −W0)
⊤ v
∣∣∣

∥u∥
≤ ηtmax

j≤t
∥∇WL(θj−1)∥F + ηc3K1β

√
tm log

(
6T

ϵδ′

)
.

Moreover, by Lemma 15, and the union bound for some constant c′3 > 0, it holds with proba-
bility at least 1− δ′ that for all v ∈ N ,

sup
v∈N

∣∣u⊤W⊤
0 v
∣∣

∥u∥
≤ c′3K3

√
m log

(
4
ϵδ′

)
d

.

So by combining the previous equations, we obtain that for a suitable constant C3 > 0, it holds
with probability at least 1− 2δ′ that for all t ∈ [T ],

sup
v∈N

∣∣u⊤W⊤
t v
∣∣

∥u∥
= sup

v∈N

∣∣u⊤W⊤
0 v
∣∣

∥u∥
+ sup

v∈N

∣∣u⊤(Wt −W0)
⊤v
∣∣

∥u∥

≤C3

√
m log

(
T

ϵδ′

)(
1√
d
+ η

√
t

)
+ ηtmax

j≤t
∥∇WL(θj−1)∥F . (22)
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Lower bounding infv∈N
∥∥W⊤

t v
∥∥ . We apply Lemma 20 to

∥∥W⊤
t v
∥∥ for every v ∈ N (in the

notation of the lemma, w0 =W⊤
0 v, and at are given by at(v)) and take a union bound. So for some

constants C4, c4, c
′
4, c

′′
4 > 0 that may depend on K1,K2,K3, α2, β, since d ≥ c4κ

2m2 log
(
T
ϵδ′

)2
, if

η ≤ c′4/
√
d and mint≤T Et[at(v)2] ≥ β2/κ for all v ∈ N , then with probability at least 1 − δ′ it

holds for all t ∈
[⌈
c′′4κ

2m log
(
T
ϵδ′

)⌉
, T
]

that

inf
v∈N

∥∥∥W⊤
t v
∥∥∥ ≥ C4

(
1 + η

√
dt

κ

)
− 2ηtmax

j≤t
∥∇WL(θj−1)∥F . (23)

Putting everything together. Let E be the event where all of the above hold (specifically, Eq. (20),
Eq. (22), Eq. (23)). Taking δ′ = δ/5 suffices to ensure that this occurs with probability at least
1 − δ. Also, take ϵ = 1

C1T
√
d

. We split the proof into the early iterations and the later iterations.
First, for the later iterations, when E indeed occurs, then Eq. (20), Eq. (22), Eq. (23) imply that for
all t ∈

[⌈
c′′4κ

2 log
(
C1T 2

√
d

δ′

)⌉
, T
]
,

∥PWtu∥
∥u∥

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
infv∈N

∥∥W⊤
t v
∥∥− ϵ ∥Wt∥op

≤
C3

√
m log

(
T
ϵδ′

) (
1√
d
+ η

√
t
)
+ ηtmaxj≤t ∥∇WL(θj−1)∥F + ϵ · C1t

C4

(
1 + η

√
dt
κ

)
− 2ηtmaxj≤t ∥∇WL(θj−1)∥F − ϵ · C1t

≤(∗)C

√
m log

(
Td
δ

) (
1√
d
+ η

√
t
)
+ ηtmaxj≤t ∥∇WL(θj−1)∥F

1
2
√
κ

(
1 + η

√
dt
)
− ηtmaxj≤t ∥∇WL(θj−1)∥F

=C

√
m log(Td

δ )
d +

ηtmaxj≤t∥∇WL(θj−1)∥F
1+η

√
dt

1
2
√
κ
− ηtmaxj≤t∥∇WL(θj−1)∥F

1+η
√
dt

, (24)

where C > 0 is a suitable constant, and in (*) we used that κ ≥ 1. We note that Eq. (24) assumes
that ηtmaxj≤t∥∇WL(θj−1)∥F

1+η
√
dt

< 1
2
√
κ

(so that the denominator is well defined).

We now prove the desired result for t ≤
⌈
c′′4κ

2 log
(
C1T 2

√
d

δ′

)⌉
. Taking η ≤ c′

κ2
√
md log(Td/δ′)

for a suitable constant c′ > 0 suffices to ensure that for such values of t, η
√
dt ≤ 1/8. Moreover,

under E , Eq. (19), ∥Wt −W0∥F ≤ 1/4. As such, by Eq. (18),

sm (Wt) ≥ sm (W0)− ∥Wt −W0∥F ≥ 1

4
≥ 1

8

(
1 + η

√
dt

κ

)
− 2ηtmax

j≤t
∥∇WL(θj−1)∥F .

So using the first inequality in of Lemma 21, under E it holds for all t ≤
⌈
c′′4κ

2 log
(
T
δ′

)⌉
that

∥PWtu∥
∥u∥

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
sm(Wt)

≤
supv∈N

|u⊤W⊤
t v|

∥u∥ + ϵ ∥Wt∥op
1
8

(
1 + η

√
dt
κ

)
− 2ηtmaxj≤t ∥∇WL(θj−1)∥F
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(∗)
≤ C

√
m log(Td

δ )
d +

ηtmaxj≤t∥∇WL(θj−1)∥F
1+η

√
dt

1
2
√
κ
− ηtmaxj≤t∥∇WL(θj−1)∥F

1+η
√
dt

,

where (*) is as in Eq. (24), and C is possibly replaced by a larger constant where needed.

Theorem 2 Under Assumptions 1-3, let δ > 0, κ̄ ≥ 1, and let ψ : [0, 1] → [0,∞) be an increasing
function such that ∥∇WL(θ)∥F ≤ ψ

(
∥PWPU∥op

)
for all θ. There exist constantsC, c, c′ > 0 (that

may depend on K1,K2,K3, α2, G), such that if d ≥ cκ̄2m2 log
(
Tdp
δ

)2
, η ≤ c′

κ̄2
√
md log(Tdp/δ)

and

T ≤ 1

ψ

(
C

√
κ̄mp log(Tdp/δ)

d

)2 ,

then conditioned on κT ≤ κ̄ it holds with probability at least 1− δ that

∀ t ∈ [T ] , ∥PWtPU∥op ≤ C

√
κ̄mp log (Tdp/δ)

d
.

Proof First, let U = OSV ⊤ be the SVD decomposition of U , where O and V are orthogonal
matrices, and S is a p× d rectangular diagonal matrix. Let q be the rank of U and note that S†S is
a d× d diagonal matrix whose first q diagonal entries are 1 and the rest are 0. Let ũ1, . . . , ũq be the
first q columns of the matrix V . Denoting by † the (Moore-Penrose) pseudoinverse of a matrix and
letting ρt := ∥PWtPU∥op, it holds that

ρt := ∥PWtPU∥op =
∥∥∥PWtU

†U
∥∥∥
op

=
∥∥∥PWtV S

†SV ⊤
∥∥∥
op

=
∥∥∥PWtV S

†S
∥∥∥
op

≤ √
qmax
i∈[q]

∥PWtũi∥

Let µj := ∥∇WL(θj−1)∥F , then by applying Proposition 22 (whose assumptions hold under the
assumptions of this theorem) to each ũi (who have unit norm) and applying a union bound, then
conditioned on κT ≤ κ̄, there is an event E that holds with probability at least 1 − δ, such that for
some C > 0 that may depend on K1,K2,K3, α2, G, it holds for all t ∈ [T ] ∪ {0}, that

ρt ≤
√
p ·max

i∈[q]

∥PWtũi∥
∥ũi∥

≤ 1

8
C
√
p

√
m log(Tdp

δ )
d +

ηtmaxj≤t µj

1+η
√
dt

1
2
√
κ̄
− ηtmaxj≤t µj

1+η
√
dt

, (25)

as long as the denominator is positive. The remainder of this proof assumes that this event E indeed
occurs. Now note that for any t such that maxj≤t µj ≤ 1+η

√
dt

ηt
√
d

it holds that

ρt ≤
1

8
C
√
p

√
m log(Tdp

δ )
d + 1√

d
1

2
√
κ̄
− 1√

d

≤(∗)
1

8
C
√
p ·

2

√
m log(Tdp

δ )
d

1
4
√
κ̄

≤ C

√√√√ κ̄mp log
(
Tdp
δ

)
d

, (26)
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where (∗) uses that d ≥ 16κ̄. Furthermore, by assumption we know that µt+1 ≤ ψ (ρt), so in such
a case,

µt+1 ≤ ψ

C
√√√√ κ̄mp log

(
Tdp
δ

)
d

 .

Now consider T ∈ N such that

T ≤ 1

ψ

(
C

√
κ̄mp log(Tdp/δ)

d

)2 ,

We now show that this directly implies by induction on t that for all t ≤ T ,

ρt ≤ C

√√√√ κ̄mp log
(
Tdp
δ

)
d

.

• The base case is trivial by plugging t = 0 into Eq. (25).

• Induction Step: consider t ≥ 1 so that by the induction assumption it holds that for all

j ≤ t− 1, ρj ≤ C

√
κ̄mp log(Tdp

δ )
d . Then

max
j≤t

µj ≤ max
j≤t−1

ψ (ρj) ≤ ψ

C
√√√√ κ̄mp log

(
Tdp
δ

)
d

 ,

where we used here that ψ is increasing. By the definition of T , and the fact that t ≤ T , this

implies that maxj≤t µj ≤ 1√
T

≤ 1+η
√
dt

ηt
√
d

and thus by Eq. (26), ρt+1 ≤ C

√
κ̄mp log(Tdp

δ )
d as

required.

B.5. Alternative Ω(d) Bound

The bound provided in Theorem 2 will be useful in cases where the population gradients are very
small. Nevertheless, in our setting, one can obtain an Ω(d) bound which is generally applicable.
Specifically, this will be used later in the proof of Theorem 6 to handle situations when ∥∇WL∥F
is on the order of a constant.

Proposition 23 Under Assumptions 1-3, let δ > 0, ϵ ∈ (0, 1/2), κ̄ ≥ 1. Then there exist constants

c, c′, C1 > 0 (that may depend on K1,K2,K3, α2, G), such that if d ≥ cκ̄2p2m2ϵ−2 log
(
d2

ϵ2δ

)2
,

η ≤ c′

κ̄2
√
md log(d2/ϵ2δ)

and T ≤ dϵ2

pC1
, the conditioned on κT ≤ κ̄ it holds with probability at least

1− δ (under the same event as Theorem 2), that for all t ∈ [T ]

∥PWtPU∥op ≤ ϵ .
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Proof Fix T ∈ N to be determined later and let µj := ∥∇WL(θj−1)∥F . We continue from
Eq. (25) within the proof of Theorem 2, which states that conditioned on κT ≤ κ̄, there is an
event E that holds with probability at least 1 − δ, such that for some C > 0 that may depend on
K1,K2,K3, α2, G, it holds for all t ∈ [T ] ∪ {0}, that

ρt := ∥PWtPU∥op ≤ C
√
p

√
m log(Tdp

δ )
d +

ηtmaxj≤t µj

1+η
√
dt

1
2
√
κ̄
− ηtmaxj≤t µj

1+η
√
dt

, (27)

as long as the denominator is positive. The remainder of this proof assumes that this event E indeed
occurs. We now upper bound µj . First, observe that

∥∇L(θj)∥2F =
∥∥∥Ex

[
∇Wj−1xℓ (θj−1;x)x

⊤
]∥∥∥2

F
=

m∑
i=1

∥∥Ex

[
∇Wj−1xℓ (θj−1;x)i x

]∥∥2
=

m∑
i=1

sup
vi∈Sd−1

(
Ex

[
∇Wj−1xℓ (θj−1;x)i x

⊤vi

])2
≤

m∑
i=1

sup
vi∈Sd−1

Ex

[(
∇Wj−1xℓ (θj−1;x)i

)2]E [(x⊤vi)
2
]

=

(
m∑
i=1

Ex

[(
∇Wj−1xℓ (θj−1;x)i

)2]) · sup
v∈Sd−1

Ex

[
(x⊤v)2

]
,

where (∗) follows from apply Cauchy-Schwarz to the expected value (not to the sum). Assumption
3 implies that the first term is upper bounded byG. Moreover, Assumption 2 implies that the second
term is upper bounded by C1K1 for some absolute constant C1 > 0 (since the sub-Gaussian norm
upper bounds the variance, see Vershynin (2026)). So overall, we obtain

µj ≤ C1K1G.

As such, Eq. (27) yields

ρt ≤ C
√
p

√
m log(Tdp

δ )
d + C1K1Gηt

1+η
√
dt

1
2
√
κ̄
− C1K1Gηt

1+η
√
dt

≤ C
√
p

√
m log(Tdp

δ )
d + C1K1G

√
T√

d

1
2
√
κ̄
− C1K1G

√
T√

d

,

where the last inequality follows by lower bounding 1 + η
√
dt with η

√
dt, and upper bounding

√
t

with
√
T . Now take T =

⌊
dϵ2

4pmax(κ̄(C1K1G)2,1)

⌋
, we obtain

ρt ≤ C
√
p

√
m log

(
d2

ϵ2δ

)
d + ϵ

2
√
κ̄p

1
2
√
κ̄
− ϵ

2
√
κ̄p

=
2C

√
p− ϵ


√√√√ κ̄p2m log

(
d2

ϵ2δ

)
d

+
ϵ

2

 .

By the assumed lower bound on d in the proposition statement, the square root term is at most ϵ/2.
Moreover, since ϵ ∈ (0, 1/2),

√
p− ϵ > 1/2. So the alignment is bounded as ρt ≤ 4Cϵ. If 4C > 1,

we may replace ϵ by ϵ/4C (and adjust the absolute constants in the proposition statement) to obtain
the desired result.
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Appendix C. Hermite Polynomials and the Structure of Gaussian Multi-Index
Models

Throughout this section, we assume that the inputs x are standard Gaussians N (0, Id). Let µ(x)
be the PDF of the standard Gaussian in d dimensions, and Hk(x) := (−1)k ∇kµ(x)√

k!µ(x)
denote the

normalized (probabilist’s) Hermite polynomials. We will not specify the dimension d, as the di-
mension should be inferred by the dimension of the inputs x. We refer the reader to Grad (1949) for
background on Hermite polynomials in high dimensions.

We let L2(µ) denote the space of square integrable functions, with ∥f∥L2
= Ex∼µ

[
f(x)2

]1/2.

We may also extend this to vector valued functions as ∥f∥L2
= Ex∼µ

[
∥f(x)∥2

]1/2. We denote the
L∞ norm by ∥f∥L∞

:= supx∈Rd |f(x)| (the sup can be taken with probability 1). To ease notation
in the proofs, we let

Fd := {f : Rd → R | f is weakly differentiable and E[f(x)2] <∞ , E[∥∇f(x)∥2] <∞}.

Tensors and basic operations. For k ≥ 1, we identify a (real) k-tensor over Rd with an array

A = (Ai1,...,ik)i1,...,ik∈[d] ∈ (Rd)⊗k.

We use the Frobenius inner product and norm:

⟨A,B⟩ :=
d∑

i1,...,ik=1

Ai1,...,ikBi1,...,ik , ∥A∥F :=
√
⟨A,A⟩ .

We denote by Sym(A) the symmetrization of a k−tensor, defined as Sym(A) := 1
k!

∑
π∈Sk

π(A)
where Sk is the group of all permutations on [k] and π(A) denotes the tensor obtained by permuting
indices of A according to π.

Tensor action of a matrix. Let M ∈ Rm×d and let A ∈ (Rd)⊗k. We define the tensor M⊗kA ∈
(Rm)⊗k by

(M⊗kA)i1,...,ik :=
d∑

j1,...,jk=1

Mi1j1 · · ·MikjkAj1,...,jk .

Intuitively, M⊗k applies the linear map v 7→ Mv to each index of the tensor. For k = 1 this is
just matrix-vector multiplication, and for k = 2 this is MAM⊤. This operation is linear in A, and
satisfies the composition rule

(MN)⊗kA =M⊗k(N⊗kA), ∀M ∈ Rm×p, N ∈ Rp×d.

When M ∈ Rd×d is square and symmetric, the operator M⊗k is self-adjoint with respect to the
Frobenius inner product on (Rd)⊗k, meaning that for all k-tensors A,B ∈ (Rd)⊗k,

⟨A,M⊗kB⟩ = ⟨M⊗kA,B⟩.

We also denote by
∥∥M⊗k∥∥

op
the induced operator norm with respect to the Frobenius norm. It is

well known that
∥∥M⊗k∥∥

op
= ∥M∥kop.
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Basic Facts for Hermite Polynomials. Some known facts include:

• Hermite Expansion: If f ∈ L2(µ), then

f(x) =

∞∑
k=0

⟨Hk(x), Ck⟩ for Ck := E[f(x)Hk(x)], (28)

where convergence is in L2(µ), and Ck are symmetric.

• Orthonormal Basis: Hk form a complete and orthonormal basis for L2(µ), in the sense that
for any j-tensor A and k-tensor B:

E[⟨Hj(x), A⟩⟨Hk(x), B⟩] = δjk⟨Sym(A),Sym(B)⟩. (29)

• Generating Function: If f ∈ L2(µ) then for any v,x ∈ Rd,

exp
(
⟨v,x⟩ − 1

2∥v∥
2
)
=

∞∑
j=0

1√
j!

〈
Hj(x),v

⊗j〉 . (30)

This is because the left-hand side is equal to µ(x− v)/µ(x), so Taylor expanding µ(x− v)
and using the definition of Hj gives the desired equality.

• Relation to Dimension one: Let v ∈ Rd be a vector with unit norm, then for any x ∈ Rd,
k ≥ 0,

Hk

(
v⊤x

)
=
〈
Hk(x),v

⊗k
〉
, (31)

where on the left-hand side we use the one-dimensional Hermite polynomial.

• Recurrence Relation: For any index i ∈ [d]:

xiHk(x)−
∂

∂xi
Hk(x) =

√
k + 1 (Hk+1(x))i , (32)

where (Hk+1(x))i denotes the slice of the tensor with the first index fixed to i.

• Derivative Formula: For a function smooth function f that is k times weakly-differentiable
and if E[

∥∥∇kf(x)
∥∥2
F
] <∞ with Hermite coefficient tensors Ck,

Ck =
1√
k!
E[∇kf(x)] (33)

We note that this property cannot be used for ReLU and Leaky ReLU. Hence, we will avoid
using it. Nevertheless, it helps conceptually to understand why some of the lemmas are true.
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Useful Lemmas. We note that while there is extensive literature on the Hermite polynomials in
dimension 1, there are far fewer sources for higher dimensions. It is possible that variants of a
couple of the following lemmas appear in the literature (especially Lemma 27). Nevertheless, for
completeness, we prove everything we need.

We begin with a lemma that relates to the Hermite expansion in d dimensions and one dimen-
sion:

Lemma 24 Let σ ∈ F1, and let bk(∥w∥) := Ex∼N (0,1)[σ(∥w∥x)Hk(x)] be the one dimensional
Hermite expansion of σ(∥w∥x). Then the d−dimensional Hermite expansion of fw(x) := σ(w⊤x)
is given by

fw(x) =
∞∑
k=0

⟨Hk(x), Bk(w)⟩ , where Bk(w) = bk(∥w∥)
(

w

∥w∥

)⊗k
.

Proof For any s > 0, consider the Hermite expansion of σ(sx), with coefficients given by bk(s) :=
Ex∼N (0,1)[σ(sx)Hk(x)]. Following Eq. (31), the one dimensional Hermite polynomials satisfy

Hk

(
w⊤

∥w∥x
)
=

〈
Hk (x) ,

(
w

∥w∥

)⊗k〉
. Using this and the one-dimensional Hermite expansion of

the function σ(sx),

fw(x) =σ

(
∥w∥ · w⊤

∥w∥
x

)
=

∞∑
k=0

bk(∥w∥)Hk

(
w⊤

∥w∥
x

)

=
∞∑
k=0

〈
Hk (x) , bk(∥w∥)

(
w

∥w∥

)⊗k
〉

At the same time, fw(x) has a Hermite expansion fw(x) =
∑∞

k=0 ⟨Hk (x) , Bk(w)⟩. By the
uniqueness of the Hermite expansion (since Hermite polynomials form a complete and orthonormal

basis), it follows that Bk(w) = bk(∥w∥)
(

w
∥w∥

)⊗k
which completes the proof.

We now show that the Hermite coefficients lie in a subspace determined by the span of the rows
of W .

Lemma 25 Let W ∈ Rm×d and fW (x) := σ(Wx) where σ : Rm → R and fW ∈ Fd. Let
Ak(W ) := E[fW (x)Hk(x)] ∈ (Rd)⊗k be the k-th Hermite coefficient tensor of fW , then

Ak(W ) = P⊗k
W Ak(W ).

Proof Let P := PW and Q := I − PW , and let r := rank(W ). We decompose x into Px and
Qx, which (because x is Gaussian) are independent Gaussians supported on orthogonal subspaces
of dimensions r and d− r respectively. Using this and that fW (x) = fW (Px),

Ak(W ) = Ex [fW (Px)Hk(Px+Qx)]

= EPx [fW (Px) · EQx [Hk(Px+Qx)]] .

We now show that for every fixed z ∈ Rd in the range of P (i.e., Pz = z),

Ey∼N (0,Q) [Hk(z+ y)] = P⊗kHk(Pz).
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To this end, fix v ∈ Rd and use Eq. (30) so that

exp
(
⟨v,x⟩ − 1

2∥v∥
2
)
=

∞∑
j=0

1√
j!

〈
Hj(x),v

⊗j〉 , ∀x ∈ Rd. (34)

Applying Eq. (34) with x = z+ y and taking expectation over y ∼ N (0, Q) yields

∞∑
j=0

1√
j!

〈
Ey [Hj(z+ y)] ,v⊗j〉 = Ey

[
exp

(
⟨v, z+ y⟩ − 1

2∥v∥
2
)]
.

Since Ey[e
⟨v,y⟩] = exp

(
1
2v

⊤Qv
)

for y ∼ N (0, Q), the right-hand side becomes

exp
(
⟨v, z⟩ − 1

2∥v∥
2
)
exp

(
1
2v

⊤Qv
)
= exp

(
⟨v, z⟩ − 1

2v
⊤Pv

)
= exp

(
⟨Pv, z⟩ − 1

2∥Pv∥
2
)
,

where the last equality uses that Pz = z. To recap, so far we have shown

exp
(
⟨Pv, z⟩ − 1

2∥Pv∥
2
)
=

∞∑
j=0

1√
j!

〈
Ey [Hj(z+ y)] ,v⊗j〉 . (35)

Now consider applying Eq. (34) again, but now with x = Pz and v replaced by Pv. Then

exp
(
⟨Pv, z⟩ − 1

2∥Pv∥
2
)
=

∞∑
j=0

1√
j!

〈
Hj(Pz), (Pv)

⊗j〉 = ∞∑
j=0

1√
j!

〈
P⊗jHj(Pz),v

⊗j〉 .
Comparing this series to the one in Eq. (35) and matching coefficients of v⊗k yields

Ey [Hk(z+ y)] = P⊗kHk(Pz). (36)

Returning to Ak(W ) and using Eq. (36) with z = Px, we obtain

Ak(W ) = EPx

[
fW (Px) · P⊗kHk(Px)

]
= P⊗kEPx [fW (Px)Hk(Px)] = P⊗kAk(W ),

completing the proof.

Lemma 26 Let W ∈ Rm×d, U ∈ Rp×d, and let fW (x) = σ(Wx), gU (x) = ϕ(Ux) where
σ : Rm → R, ϕ : Rp → R and fW , gU ∈ Fd. Let ρ := ∥PWPU∥op and let Bk(U) :=
E[gU (x)Hk(x)] ∈ (Rd)⊗k the k-th Hermite coefficient tensor of gU . Then

|E[fW (x)gU (x)]| ≤ ∥fW (x)∥L2

√√√√ ∞∑
k=0

∥Bk(U)∥2F · ρ2k.

Proof Let Ak := Ak(W ) := E[fW (x)Hk(x)] ∈ (Rd)⊗k be the k-th Hermite coefficient tensor of
fW and Bk := Bk(U) the k-th Hermite coefficient tensor of gU . By the Hermite expansion and the
fact that Ak, Bk are symmetric,

E[fW (x)gU (x)] =
∞∑
k=0

⟨Ak, Bk⟩.
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By Lemma 25, Ak = P⊗k
W Ak and similarly Bk = P⊗k

U Bk. Therefore,

E[fW (x)gU (x)] =

∞∑
k=0

⟨P⊗k
W Ak, P

⊗k
U Bk⟩ =

∞∑
k=0

⟨Ak, P⊗k
W P⊗k

U Bk⟩

=

∞∑
k=0

⟨Ak, (PWPU )⊗kBk⟩.

Applying Cauchy-Schwarz,∣∣∣⟨Ak, (PWPU )⊗kBk⟩∣∣∣ ≤∥Ak∥F
∥∥∥(PWPU )⊗kBk∥∥∥

F
≤ ∥Ak∥F

∥∥∥(PWPU )⊗k∥∥∥
op

∥Bk∥F

=(∗) ∥Ak∥F ρ
k ∥Bk∥F ,

where (*) uses that
∥∥M⊗k∥∥

op
= ∥M∥kop for any matrix M .

Summing over k and applying Cauchy-Schwarz again yields

|E[fW (x)gU (x)]| ≤
∞∑
k=0

∥Ak∥F ∥(PWPU )∥kop ∥Bk∥F ≤

√√√√ ∞∑
k=0

∥Ak∥2F

√√√√ ∞∑
k=0

∥Bk∥2F ρ2k.

Finally, using that
∑

k ∥Ak∥2F = ∥fW (x)∥22 completes the proof.

Lemma 27 (Gradient shifts Hermite coefficients) Let g ∈ Fd with Hermite coefficient tensors
Bk ∈ (Rd)⊗k. LetDk := E[∇g(x)⊗Hk(x)] ∈ Rd⊗ (Rd)⊗k be the k-th Hermite coefficient tensor
of ∇g(x). Then:

∥Dk∥2F = (k + 1)∥Bk+1∥2F .

Proof We compute the i-th slice of this tensor, denoted (Dk)i, which corresponds to the Hermite
coefficients of the partial derivative ∂

∂xi
g(x). Applying Stein’s identity (Gaussian integration by

parts), we obtain:

(Dk)i = E
[
∂

∂xi
g(x) ·Hk(x)

]
= E

[
g(x)

(
xiHk(x)−

∂

∂xi
Hk(x)

)]
.

Using the recurrence relation Eq. (32):

(Dk)i =
√
k + 1E [g(x)(Hk+1(x))i] =

√
k + 1(Bk+1)i.

Squaring the Frobenius norm and summing over i yields the result.

Lemma 28 Let W ∈ Rm×d, U ∈ Rp×d, and let fW (x) = σ(Wx), gU (x) = ϕ(Ux) where
σ : Rm → R, ϕ : Rp → R and fW , gU ∈ Fd. Let ρ := ∥PWPU∥op and let Bk(U) :=
E[gU (x)Hk(x)] ∈ (Rd)⊗k the k-th Hermite coefficient tensor of gU . Then

∥∥∥E [∇W fW (x)gU (x)]
∥∥∥
F
≤

√√√√ m∑
i=1

d∑
j=1

∥∥∥(∇σ(Wx))i (PWx)j

∥∥∥2
L2

·

√√√√ ∞∑
k=0

∥Bk(U)∥2F · ρ2k

+

√√√√ m∑
i=1

∥(∇σ(Wx))i∥
2
L2

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1(U)∥2F ρ2k.
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Proof By the chain rule,

E [∇W fW (x)gU (x)] = E
[
gU (x)∇σ(Wx)x⊤

]
.

We decompose x into its projection onto W and its orthogonal complement, so that:

E [∇W fW (x)gU (x)] =E
[
gU (x)∇σ(Wx)x⊤PW

]
︸ ︷︷ ︸

=:M1

+ E
[
gU (x)∇σ(Wx)x⊤(I − PW )

]
︸ ︷︷ ︸

=:M2

. (37)

To bound M1, first note that

∥M1∥F =

√√√√ m∑
i=1

d∑
j=1

(
E
[
gU (x) (∇σ(Wx))i (PWx)j

])2
.

Applying Lemma 26 to the functions (∇σ(Wx))i (PWx)j and gU (x), it holds that

∥M1∥F ≤

√√√√ m∑
i=1

d∑
j=1

∥∥∥(∇σ(Wx))i (PWx)j

∥∥∥2
L2

·

√√√√ ∞∑
k=0

∥Bk(U)∥2F · ρ2k.

To bound M2, first we will use Stein’s lemma, which states that for any function ψ and ma-
trix A, E[ψ(x)x⊤A] = E

[
∇xψ(x)

⊤]A. Applying this to gU (x) (∇σ(Wx))i and using that
∇x (∇σ(Wx))i (I − PW ) = 0, we obtain

∥M2∥2F =

m∑
i=1

∥∥∥E [gU (x) (∇σ(Wx))i x
⊤(I − PW )

]∥∥∥2
=

m∑
i=1

∥∥∥E [(∇σ(Wx))i∇gU (x)
⊤
]
(I − PW )

∥∥∥2
≤

m∑
i=1

d∑
j=1

(
E
[
(∇σ(Wx))i (∇gU (x))j

])2
∥(I − PW )∥2op .

Define the (vector-valued) Hermite coefficient tensors for ∇ϕ(Ux) by

Dk(U) := E[(∇gU (x))⊗Hk(x)] ∈ Rd ⊗ (Rd)⊗k.

Note that by Lemma 27, ∥Dk(U)∥F =
√
k + 1 ∥Bk+1(U)∥F . Applying Lemma 26 for the correla-

tion between (∇σ(Wx))i and (∇gU (x))j yields

∥M2∥ ≤∥(I − PW )∥op

√√√√ m∑
i=1

∥(∇σ(Wx))i∥
2
L2

√√√√ ∞∑
k=0

∥Dk(U)∥2F ρ2k

≤

√√√√ m∑
i=1

∥(∇σ(Wx))i∥
2
L2

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1(U)∥2F ρ2k.

Plugging our bounds on M1 and M2 back into Eq. (37) completes the proof.

So far, we have not used much information on fW . We now show that if σ has bounded gradients
(analogously to Assumption 3), then the bounds from the previous lemma simplify as follows:
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Lemma 29 Under the setting and notation of Lemma 28, assume further that there exists some
G1 > 0 such that for a.s. any x, ∥∇σ(Wx)∥ ≤ G1. Then

∥∥∥E [∇W fW (x)gU (x)]
∥∥∥
F
≤G1

√√√√m
∞∑
k=0

∥Bk(U)∥2F ρ2k +G1

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1(U)∥2F ρ2k.

Proof Starting from Lemma 28, it holds that

∥∥∥E [∇W fW (x)gU (x)]
∥∥∥
F
≤

√√√√ m∑
i=1

d∑
j=1

∥∥∥(∇σ(Wx))i (PWx)j

∥∥∥2
L2

·

√√√√ ∞∑
k=0

∥Bk(U)∥2F · ρ2k

+

√√√√ m∑
i=1

∥(∇σ(Wx))i∥
2
L2

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1(U)∥2F ρ2k. (38)

For the first term, the boundedness assumption of ∇σ implies that√√√√ m∑
i=1

d∑
j=1

∥∥∥(∇σ(Wx))i (PWx)j

∥∥∥2
L2

=

√√√√√∫
x

(
m∑
i=1

∇σ(Wx)2i

) d∑
j=1

(PWx)2j

 µ(x)dx

≤G1

√
E
[
∥PWx∥2

]
= G1

√
rank(W ) ≤ G1

√
m.

For the second summand in Eq. (38), the boundedness assumption implies that√√√√ m∑
i=1

∥(∇σ(Wx))i∥
2
L2

≤ G1.

Substituting these bounds back into Eq. (38) yields the desired bound.

The following lower bound on the variance will be useful for lower-bounding the gradient con-
dition number.

Lemma 30 Let σ, ϕ ∈ F1, w,u ∈ Rd, let f(x) := σ(w⊤x), g(x) := ϕ(u⊤x) and assume that
∥f∥L∞

< G1, ∥g∥L∞
< G2 for G1, G2 > 0. Then for ρ := ∥Pw⊤Pu⊤∥op,∣∣E [f(x)2g(x)2]∣∣ ≥ ∥f∥2L2

∥g∥2L2
− 4G2

1G
2
2ρ.

Proof First, note that

E
[
f(x)2g(x)2

]
=E

[
f(x)2

]
E
[
g(x)2

]
+
(
E
[
f(x)2g(x)2

]
− E

[
f(x)2

]
E
[
g(x)2

])
= ∥f∥2L2

∥g∥2L2
+ E

[(
f(x)2 − E[f(x)2]

) (
g(x)2 − E[g(x)2]

)]
Now consider the functions f̂(x) := f(x)2 − E[f(x)2] and ĝ(x) := g(x)2 − E[g(x)2], then∣∣E [f(x)2g(x)2]∣∣ ≥ ∥f∥2L2

∥g∥2L2
−
∣∣∣E[f̂(x)ĝ(x)]∣∣∣ .
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Let bk denote the Hermite coefficients of ĝ. Lemma 26 implies that

∣∣E [f(x)2g(x)2]∣∣ ≥∥f∥2L2
∥g∥2L2

−
∥∥∥f̂∥∥∥

L2

√√√√ ∞∑
k=0

b2kρ
2k

≥∥f∥2L2
∥g∥2L2

−
∥∥∥f̂∥∥∥

L2

√√√√ ∞∑
k=1

b2k · ρ

= ∥f∥2L2
∥g∥2L2

−
∥∥∥f̂∥∥∥

L2

∥ĝ∥L2
ρ,

where we used that b0 = 0 (since E[ĝ(x)] = 0), that ρ ∈ [0, 1] and that ∥ĝ∥2L2
=
∑∞

k=1 b
2
k. Using

that f(x)2 ≤ G2
1 and g(x)2 ≤ G2

2 completes the proof.

Appendix D. Applications: Proofs for Section 5

D.1. Remark on Assumption 4

As discussed in the paper, many natural non-linearities satisfy Assumption 4. The only non trivial
property in the assumption is that Ex∼N (0,s2)[σ

′(x)2] ≥ G2
1/κ for some κ > 0 and any s > 0

(where G1 = ∥σ′∥L∞
. Let us demonstrate this for a few different choices of σ:

• ReLU / Leaky ReLU (σ(x) = max(x, αx) for α ∈ [0, 1)). Then G1 = 1 and σ′(x) is 1 for
x > 0 and α for x ≤ 0. So Ex∼N (0,s2)[σ

′(x)2] = 1+α2

2 .

• Softplus (σ(x) = ln(1 + ex)). The derivative is the sigmoid function σ′(x) = 1
1+e−x . Here,

σ′(x) ∈ (0, 1) and specifically σ′(x) ≥ 1/2 for all x ≥ 0. Thus, Ex∼N (0,s2)[σ
′(x)2] ≥

Pr(x ≥ 0) · (1/2)2 = 1/8, satisfying the assumption with κ = 8.

• GeLU (σ(x) = xΦ(x) where Φ is the standard Gaussian CDF). The derivative is σ′(x) =
Φ(x)+xϕ(x), where ϕ is the standard Gaussian PDF. It holds that σ′(x) > 1/2 for any x ≥ 0
and |σ′(x)| ≤ 3/2. Similar to the sigmoid case, one can take κ = 12.

• sin(x). The derivative is cos(x) and by Song et al. (2021)[Lemma I.10],

Ex∼N (0,s2)[cos(x)
2] =

1

2

(
1 + exp

(
−2s2

))
≥ 1

2
,

D.2. Additional Lemmas for Single Index Models

We provide a “bootstrapping” lemma that ensures that κT are indeed well bounded. We will use the
fact that the gradient condition is small when the predictor is relatively uncorrelated with the target
function. We will prove this in the case of p = m = 1.

Lemma 31 Let m = p = 1, ℓ be the correlation loss and fθt(x) = σ(⟨wt , x⟩) for σ (sub-
)differentiable. Let f⋆(x) := ϕ(u⊤x) for u ∈ Rd, where ϕ′ ∈ L2(µ). Under Assumptions 1-3, let
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δ > 0, T ∈ N, and let ψ : [0, 1] → [0,∞) be an increasing function such that ∥∇WL(θ)∥F ≤
ψ
(
∥PWPU∥op

)
for all θ.Fix R ∈ (0, 1] and for any r ≥ 0 let

κ̄(r) :=
G2

infw :∥Pw⊤Pu⊤∥op
≤r Ex [σ′(w⊤x)2f⋆(x)2]

.

There exist constants C, c, c′ > 0 (that may depend on K1,K2,K3, α2, G), such that if d ≥
c κ̄(R)2

R2 log
(
Td
δ

)2
, η ≤ c′

κ̄(R)2
√
d log(Td/δ)

and T ≤ 1

ψ

(
C
√

κ̄(R) log(Td/δ)
d

)2 , it holds with probabil-

ity at least 1− δ that for all t ∈ [T ]
κT ≤ κ̄(R) .

Proof For all t let ρt :=
∥∥∥Pw⊤

t
Pu⊤

∥∥∥
op

. First, by Lemma 15, for some absolute constant c1 ≥ 0 it

holds with probability at least 1− δ/2 that

ρ0 ≤
c1K3

√
log( 8

δ )
d

1− c1K2
3

√
log( 8

δ )
d

≤ R, (39)

where the last inequality used the lower bound on d from the lemma statement (up to a choice of
constants). Since ℓ is the correlation loss and m = 1, by definition (and using that xt is independent
of the prior history), for any τ ∈ [T ],

κτ =
G2

mint≤τ Ex

[
σ′(w⊤

t−1x)
2f⋆(x)2

] ,
In particular, by the definition of κ̄, under the above event, it holds that κ1 ≤ κ̄(R). Now we apply
Theorem 2 to every τ ∈ [T ] (meaning that the value of T in Theorem 2 is taken to be τ ), with failure
probability δ/2T and with κ̄ taken to be κ̄(R). Let E be the event that Eq. (39) holds as well as all
instantiations of Theorem 2. E holds with probability at least 1 − δ by the union bound, which we
will assume is the case in the remainder of the proof. Note that for every τ such that κτ ≤ κ̄(R),
Theorem 2 implies that for some C > 0 (that may depend on K1,K2,K3, α2, G),

ρτ+1 ≤ C

√
κ̄(R) log(2T 2d/δ)

d
≤ R,

where the last inequality uses the lower bound on d (and possibly an adjustment of c). This in turn
implies κt+1 ≤ κ̄(R) and the proof follows from induction.

We now provide an upper bound for the condition number when learning with two-layer periodic
functions.

Lemma 32 Let W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), m = p = 1, ℓ be the correlation loss and

fθt(x) = σ(⟨wt , x⟩) for σ satisfying Assumption 4. Let f⋆(x) := ϕ(u⊤x) for u ∈ Rd, where
∥f⋆∥L∞

≤ G2, ϕ′ ∈ L2(µ). Under Assumptions 1-2, let δ > 0, T ∈ N, and let ψ : [0, 1] → [0,∞)

be an increasing function such that ∥∇WL(θ)∥F ≤ ψ
(
∥PWPU∥op

)
for all θ. There exist constants
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C, c, c′ > 0 (that may depend onG1, G2, κ, ∥f⋆∥L2
), such that if d ≥ c log

(
Td
δ

)2
, η ≤ c′√

d log(Td/δ)

and T ≤ 1

ψ

(
C
√

log(Td/δ)
d

)2 , it holds with probability at least 1− δ that

κT ≤ 2KσG
2
2

∥f⋆∥2L2

,

where κ is the value in Assumption 4.

Proof First, note that the inputs and initialization satisfy Assumptions 1.A, 1.B, 2 with constants
K1,K2,K3, α2 = Θ(1). Moreover, by the choice of the correlation loss, by Assumption 4 and by
the assumption that ∥f⋆∥L∞

≤ G2, it follows that Assumption 3 is satisfied with G = G1G2. For
any r ≥ 0 let

κ̄(r) :=
G2

1G
2
2

inf{θ | ∥Pw⊤Pu⊤∥op
≤r} Ex [σ′(w⊤x)2f⋆(x)2]

.

By applying Lemma 30 (to the functions σ′ and ϕ) whose conditions are satisfied by the conditions
of this lemma, it holds for any w that

Ex

[
σ′(w⊤x)2f⋆(x)2

]
≥
∥∥∥σ′(w⊤x)

∥∥∥2
L2

∥f⋆∥2L2
− 4G2

1G
2
2 ∥Pw⊤Pu⊤∥op

≥G2
1

Kσ
∥f⋆∥2L2

− 4G2
1G

2
2 ∥Pw⊤Pu⊤∥op ,

where the last inequality follows from Assumption 4. Using this and the definition of κ̄, it follows

that for R :=
∥f⋆∥2L2

8KσG2
2

,

κ̄(R) ≤ G2
1G

2
2

G2
1G

2
2

(
∥f⋆∥2L2

KσG2
2
− 4R

) =
1

∥f⋆∥2L2

2KσG2
2

=
2KσG

2
2

∥f⋆∥2L2

.

Applying Lemma 31 completes the proof.

D.3. Periodic Functions: Proof of Theorem 3

We now prove our bound on the correlation loss and the gradient with sinusoidal target functions.

Lemma 33 Let σ ∈ F1 be differentiable and satisfy |σ′(x)| ≤ G1 for G1 > 0 and a.s. any x. Let
fw(x) := σ(w⊤x), then for any w ∈ Rd and ρ := ∥Pw⊤Pu⊤∥op,

∣∣∣E [fw(x) sin(u⊤x
)]∣∣∣ ≤∥fw(x)∥L2

exp

(
−∥u∥2

2

(
1− ρ2

))
.

and ∥∥∥E [∇wfw(x) sin
(
u⊤x

)]∥∥∥ ≤G1 (1 + ∥u∥) exp

(
−∥u∥2

2

(
1− ρ2

))
.
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Proof Let g(x) := sin(u⊤x) with corresponding Hermite coefficients Bk, then Lemma 26 and
Lemma 29 imply that

|E[fw(x)g(x)]| ≤ ∥fw(x)∥L2

√√√√ ∞∑
k=0

∥Bk∥2F · ρ2k, (40)

and

∥∥∥E [∇wfw(x)g(x)]
∥∥∥
F
≤G1

√√√√ ∞∑
k=0

∥Bk∥2F ρ2k +G1

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1∥2F ρ2k. (41)

By Lemma 24, Bk = bk

(
u

∥u∥

)⊗k
with bk := Ex∼N (0,1) [sin(∥u∥x)Hk(x)]. Song et al. (2021,

Lemma I.10) provide the Hermite coefficients for cosines, which together with Lemma 27 (that
relates the expansion of a function to that of its derivative) implies,

b2k =

0 k even
∥u∥2k
k! exp

(
−∥u∥2

)
k odd.

It follows that
∞∑
k=0

∥Bk∥2F · ρ2k =
∑
k odd

∥u∥2k

k!
exp

(
−∥u∥2

)
ρ2k = sinh

(
∥u∥2 ρ2

)
exp

(
−∥u∥2

)
≤ exp

(
−∥u∥2

(
1− ρ2

))
,

where we used that sinh(x) ≤ exp(x). Likewise,

∞∑
k=0

(k + 1) ∥Bk+1∥2F · ρ2k =
∑

k+1 odd

∥u∥2(k+1)

k!
exp

(
−∥u∥2

)
ρ2k

= ∥u∥2
∑
k even

∥u∥2k

k!
exp

(
−∥u∥2

)
ρ2k

= ∥u∥2 cosh
(
∥u∥2 ρ2

)
exp

(
−∥u∥2

)
≤∥u∥2 exp

(
−∥u∥2

(
1− ρ2

))
,

Plugging these back into Eq. (40) and Eq. (41) (and taking square roots) completes the proof.

Theorem 3 Let W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), η ≤ 1/d, ℓ be the correlation loss and

fθt(x) =
∑m

i=1 σ(⟨wt,i , x⟩) for σ satisfying Assumption 4. Let f⋆(x) := sin(u⊤x) for some
u ∈ Rd with ∥u∥ =

√
d. Then there exist d0, C > 0 which depend only on G1,Kσ, such that for

any d ≥ d0 it holds with probability at least 1− 2m exp
(
−d1/3

)
that

∀ t ≤ exp
(
d1/3

)
, |L(θt)− L(θ0)| ≤

∑m
i=1 ∥σ(⟨wt,i , x⟩)∥L2

+ ∥σ(⟨w0,i , x⟩)∥L2

exp (Cd)
.
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Proof First, notice that the correlation loss decomposes into individual neurons as

ℓ(θt−1 ; xt) =
m∑
i=1

[
−σ(w⊤

t,i xt)f
⋆(xt)

]
=

m∑
i=1

ℓ (wt,i ; xt) ,

where ℓ (wt,i ; xt) denotes the loss with respect to the predictor σ(w⊤
t,i xt). As such, consider some

arbitrary i ∈ [m] and let wt := wt,i for all t. Naturally, we let L(wt) := E[ℓ (wt ; xt)]. We will
prove that with probability at least 1− 2 exp

(
−d1/3

)
,

∀ t ≤ exp
(
d1/3

)
, |L(wt)− L(w0)| ≤

(∥∥∥σ(w⊤
t,i xt)

∥∥∥
L2

+
∥∥∥σ(w⊤

0,i xt)
∥∥∥
L2

)
exp (−Cd) .

The theorem follows by taking a union bound over all i ∈ [m].
We now show that the conditions of Theorem 2 are satisfied. First, note that the inputs and

initialization satisfy Assumptions 1.A, 1.B, 2 with K1,K2,K3, α2 = Θ(1). Next,
∣∣sin(u⊤x)

∣∣ ≤ 1,
so 4 implies that Assumption 3 is also satisfied with G = G1. Furthermore,

∥f⋆∥L2
= E[sin(u⊤x)2] =

1

2

(
1− exp(−2 ∥u∥2)

)
>

1

4
,

where the last inequality uses that ∥u∥2 = d ≥ 1. Next, let

ρt :=
∥∥∥Pw⊤

t
Pu⊤

∥∥∥ .
Lemma 33 together with the choice of ∥u∥ =

√
d imply that

∥∇wL(wt)∥ ≤ ψ (ρt) where ψ(ρ) := 2G1

√
d exp

(
−d
2

(
1− ρ2

))
.

Fix 0 < α < 1 to be decided later. Let T := exp (dα) and δ := exp (−dα). For some constants
c, c′ > 0 that will be determined later (that may depend on Kσ, G1), in order to apply Lemma 32
and Theorem 2, we need d ≥ c log

(
Td
δ

)2
= c (log(d) + 2dα)2 and η ≤ c′√

d log(T/δ)
= c′

2dα+1/2 .

So as a minimal requirement, we will pick α to be smaller than 1/2. We also need the following
inequality to hold for some constant C > 0 that will be determined later (that may depend on Kσ,
G1; where we plugged in that in this particular problem setup m = p = 1),

T ≤ 1

ψ

(
C

√
log(Td

δ )
d

)2 . (42)

With our choice of T , δ and ψ

(⋆) :=
1

T


 1

ψ

(
C

√
log(Td

δ )
d

)


2 =
1

exp(dα)
·
exp

(
d
2

(
1− C2 log(d)+2dα

d

))
4G2

1d
.
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When α < 1, limd→∞

(
1− C2 log(d)+2dα

d

)
= 1, and thus for sufficiently large d it holds that the

value in (⋆) is at least 1 (meaning that Eq. (42) is satisfied, as needed). So take α = 1/3. We have
shown that the conditions of Lemma 32 are satisfied (for suitable constants), and with probability
at least 1− δ it follows that κT ≤ 8Kσ (where we used the bounds on the norms of sin(u⊤x)). As
such, the conditions of Theorem 2 are also satisfied (again, up to possibly adjusting the constants),
and thus Theorem 2 implies that with probability at least 1− exp(−dα), for all t ≤ T

ρt ≤ C

√
log(Td/δ)

d
≤ C

√
log(d) + 2dα

d
.

Note that for α < 1 this vanishes for large d. As such, by Lemma 33 (also slightly adjusting the
constant C and using that

∥∥sin(u⊤x)
∥∥
L2

≤ 1), this implies the desired bound on L(wt).

D.4. Multi-Index Bounds via the Information Exponent: Proof of Theorem 6

Lemma 34 Let W ∈ Rm×d, U ∈ Rp×d, and let fW (x) = σ(Wx), gU (x) = ϕ(Ux) where
fW , gU ∈ Fd, σ : Rm → R, ϕ : Rp → R, gU has information exponent k⋆, and ∥∇σ(Wx)∥L∞

≤
G1. Let ρ := ∥PWPU∥op, then

|E [fW (x)gU (x)]| ≤ ∥fW (x)∥L2
∥gU (x)∥L2

ρk⋆ .

and ∥∥∥E [∇W fW (x)gU (x)]
∥∥∥
F
≤G1 ∥∇gU (x)∥L2

(√
mρ+ 1

)
ρk⋆−1.

Proof First, by the definition of k⋆, for all k < k⋆ it holds that Bk(U) = 0. So by Lemma 26 and
using that ρ ∈ [0, 1],

|E[fw(x)g(x)]| ≤ ∥fw(x)∥L2

√√√√ ∞∑
k=0

∥Bk∥2F · ρ2k ≤ ∥fW (x)∥L2
∥gU (x)∥L2

ρk⋆ . (43)

For the second part of the theorem, by Lemma 29 and the fact that ρ ∈ [0, 1],

∥∥∥E [∇W fW (x)gU (x)]
∥∥∥
F
≤G1

√√√√m

∞∑
k=0

∥Bk(U)∥2F ρ2k +G1

√√√√ ∞∑
k=0

(k + 1) ∥Bk+1(U)∥2F ρ2k

=G1

√√√√m
∞∑

k=k⋆

∥Bk(U)∥2F ρ2k +G1

√√√√ ∞∑
k=k⋆−1

(k + 1) ∥Bk+1(U)∥2F ρ2k

≤G1

√√√√m

∞∑
k=k⋆

∥Bk(U)∥2F · ρk⋆ +G1

√√√√ ∞∑
k=k⋆

k ∥Bk(U)∥2F · ρk⋆−1

≤G1

(√
mρ+ 1

)√√√√ ∞∑
k=k⋆

k ∥Bk(U)∥2F · ρk⋆−1.
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Using that by Lemma 27
∑∞

k=1 k∥Bk(U)∥2F = ∥∇gU (x)∥2L2
, we conclude∥∥∥E [∇W fW (x)gU (x)]

∥∥∥
F
≤ G1

(√
mρ+ 1

)
∥∇gU (x)∥L2 ρ

k⋆−1.

Theorem 6 Let δ, ϵ ∈ (0, 1), κ̄ ≥ 1, W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), and ℓ be the correlation

loss. Let fθ(x) := h(Wx ; θ̄) be a predictor satisfying ∥∇Wxh∥L∞
≤ G1. Let f⋆(x) := ϕ(Ux)

for U ∈ Rp×d, where ∥f⋆∥L∞
≤ G2, ∇ϕ ∈ L2(µ), and f⋆ has information exponent k⋆. There

exist d0 = Θ̃
(
κ̄2m2p2k2⋆ ϵ

−2/k⋆
)
, η0 = Θ̃

(
κ̄−2(mdk⋆)

−1/2
)

such that for any d ≥ d0, η ≤ η0 and

T =

(
d

Θ̃ (κ̄mpk⋆)

)k⋆−1

+Θ

(
dϵ2

p

)
,

conditioned on κT ≤ κ̄ it holds with probability at least 1− δ that:

∀ t ≤ T , |L(θt)− L(θ0)| ≤ ∥f⋆∥L2

(
∥fθt∥L2

+ ∥fθ0∥L2

)
· ϵ.

Here, Θ hides constants depending on G1, G2 and ∥∇f⋆∥L2
, and Θ̃ additionally hides polyloga-

rithmic dependencies on the parameters (including 1/δ).

Proof First, we verify the assumptions needed for Theorem 2. Assumptions 1 and 2 for the assumed
Gaussian init and inputs with constants K1,K2,K3, α2 = Θ(1). For Assumption 3, we note that
∇Wxℓ = −∇Wxh(Wx; θ̄) · f⋆(x). Thus ∥∇Wxℓ∥2 ≤ G1G2. We set G := G1G2.

Next, we apply Lemma 34. It implies that for any θ,

∥∇WL(θ)∥F ≤ ψ
(
∥PWPU∥op

)
where ψ(r) := G1 ∥∇f⋆∥L2

(√
mr + 1

)
rk⋆−1. (44)

We divide the analysis into two cases.

Case 1: k⋆ > 1. Let

d0 :=C1κ̄m
2p2k2⋆ϵ

−2/k⋆ log

(
C1κ̄mpk⋆

ϵδ

)2

,

T :=
c1

1 +G2
1 ∥∇f⋆(x)∥

2
L2

 d

Cκ̄mpk⋆ log
(
dp
δ

)
k⋆−1

,

η0 =
c2

κ̄2
√
mdk⋆ log

(
C1dp
δ

) ,
where 0 < c1, c2 < 1 are small constants and C,C1 > 1 are large constants that will be determined
throughout the proof, all of which may depend on G. Note that

log(T ) ≤ log(dk⋆−1) ≤ k⋆ log(d). (45)
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To apply, Theorem 2 we need to ensure for some constants C ′, c′ > 0 that may depend on G,

that d ≥ C ′κ̄2m2 log
(
Tdp
δ

)2
and η ≤ c′

κ̄2
√
md log(Tdp/δ)

. Using Eq. (45) and the choice of d0 and

η0, these are satisfied for suitable c1, c2, C, C1 (again, these only depend on G). Another condition
of Theorem 2 is that for some C2 > 0 that may depend on G,

1 ≤ 1

T
· 1

ψ

(
C2

√
κ̄mp log(Tdp

δ )
d

)2 (46)

=
1

T
· dk⋆−1

G2
1 ∥∇f⋆(x)∥

2
L2

(
1 + C2

√
κ̄m2p log(Tdp

δ )
d

)2 (
C2
2 κ̄mp log

(
Tdp
δ

))k⋆−1
.

By the choice of d0 it holds that
√

κ̄m2p log(Tdp
δ )

d ≤ 1. Using this, Eq. (45) and our choice of T ,

1

T
· 1

ψ

(
C2

√
κ̄mp log(Tdp

δ )
d

)2 ≥ 1

G2
1 ∥∇f⋆(x)∥

2
L2

(1 + C2)
2 · 1

T

 d

2C2
2 κ̄mpk⋆ log

(
dp
δ

)
k⋆−1

≥(∗)
Ck⋆−1

c1 (1 + C2)
2 (2C2)k⋆−1

≥(∗∗) 1,

For (∗), T , and for (∗∗), we took c1 sufficiently small and C sufficiently large, and we note that
they only need to depend on C2 for this to hold (and thus on G).

We have shown that all the conditions for Theorem 2 hold, and as such, it implies that for some
constant C3 > 0, conditioned on κT ≤ κ̄, with probability at least 1− δ it holds that

∀t ≤ T, , ∥PWtPU∥op ≤ C3

√
κ̄mp log (dp)

d
≤ ϵ1/k⋆ ,

where the last inequality follows from the choice of d0. Plugging this into Lemma 34 implies the
desired bound on L(θt).

Case 2: k⋆ = 1. Note that the choice of T is suboptimal when k⋆ = 1. If k⋆ = 1, we instead
use Proposition 23, so that under the same event and probability as Theorem 2, and under the same
choice of d0, η0 for T ′ =

⌊
c1dϵ2

p

⌋
where c1 > 0 is sufficiently small and may depend on G, it holds

that

∀t ≤ T ′, , ∥PWtPU∥op ≤ C

√
κ̄mp log (dp)

d
≤ ϵ = ϵ1/k⋆ .

Once again, the theorem is complete by applying Lemma 34.
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Example: Product of Functions Let ϕ be a smooth, bounded and mean-zero function (e.g. tanh)
and {ui}pi=1 be orthonormal vectors. Consider the function f⋆(x) :=

∏p
i=1 ϕ(u

⊤
i x). Then using

the fact that u⊤
i x are i.i.d. Gaussian, it holds for any k ≤ p

E
[
∇kf⋆(x)

]
=E

 ∑
{j1,...,jk}⊆[p]

 ∏
i/∈{j1,...,jk}

ϕ(u⊤
i x)

 ∏
i∈{j1,...,jk}

ϕ′(u⊤
i x)

uj1 ⊗ . . .⊗ ujk


=

∑
{j1,...,jk}⊆[p]

 ∏
i/∈{j1,...,jk}

E
[
ϕ(u⊤

i x)
] ∏

i∈{j1,...,jk}

E
[
ϕ′(u⊤

i x)
]uj1 ⊗ . . .⊗ ujk

=

{
0 k ̸= p(
EG∼N (0,1)[ϕ

′(G)]
)p∑

π∈Sp
uπ(1) ⊗ . . .⊗ uπ(p) k = p

.

So the first p− 1 Hermite tensors vanish.

D.5. Single-Index Bounds via the Information Exponent: Proof of Theorem 5

Theorem 5 Let δ, ϵ ∈ (0, 1), W0 ∼ N
(
0, 1dImd

)
, x ∼ N (0, Id), and ℓ be the correlation loss. Let

fθt(x) =
∑m

i=1 σ(⟨wt,i , x⟩) for σ satisfying Assumption 4. Let f⋆(x) := ϕ(u⊤x) for u ∈ Rd,
where ∥f⋆∥L∞

≤ G2, ϕ′ ∈ L2(µ) and f⋆ having information exponent k⋆. There exist d0 =

Θ̃
(
k2⋆ϵ

−2/k⋆
)
, η0 = Θ̃

(
(dk⋆)

−1/2
)

and

T =

(
d

Θ̃ (k⋆)

)k⋆−1

+Θ
(
dϵ2
)
,

such that for any d ≥ d0 and η ≤ η0 it holds with probability at least 1− δ that

∀ t ≤ T , |L(θt)− L(θ0)| ≤ ∥f⋆∥L2

(
m∑
i=1

∥σ(⟨wt,i , x⟩)∥L2
+ ∥σ(⟨w0,i , x⟩)∥L2

)
· ϵ.

Here, Θ hides constants depending onG1, G2,Kσ, ∥f⋆∥L2
and ∥∇f⋆∥L2

, and Θ̃ additionally hides
polylogarithmic dependencies on the parameters (including 1/δ and m).

Proof As in the proof of Theorem 3, notice that the correlation loss decomposes into individual
neurons as

ℓ(θt−1 ; xt) =

m∑
i=1

[
−σ(w⊤

t,i xt)f
⋆(xt)

]
=

m∑
i=1

ℓ (wt,i ; xt) ,

where ℓ (wt,i ; xt) denotes the loss with respect to the predictor σ(w⊤
t,i xt). As such, consider for

now some arbitrary i ∈ [m] and let wt := wt,i for all t. Naturally, we let L(wt) := E[ℓ (wt ; xt)].
We will now apply Theorem 6 to the predictor σ(w⊤

t x), and afterwards take a union bound over
all m. Following Theorem 6, the k⋆ = 1 case is trivial, so it suffices to consider k⋆ > 1.
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Throughout the proof, Θ hides constants related toG1, G2, ∥f⋆∥L2
and ∥∇f⋆∥L2

. Unlike in the

theorem statement, we will make here explicit the role of Kσ. Let κ̄ :=
2KσG2

2

∥f⋆∥2L2

and consider the

values of d0, η0 and T as in Theorem 6, where d0 = Θ̃
(
κ̄2k2⋆ϵ

−2/k⋆
)
, η0 = Θ̃

(
κ̄−2(dk⋆)

−1/2
)

and

T =

(
d

Θ̃ (κ̄k⋆)

)k⋆−1

+Θ
(
dϵ2
)
.

Up to possibly increasing the constants, under these choices, the conditions of Lemma 32 are satis-
fied, implying that with probability at least 1 − δ/2, κT ≤ κ̄. As such, by Theorem 6 (with p = 1,
the value of m in that theorem being 1), for any d ≥ d′0 and η ≤ η′0 it holds with probability at least
1− δ/2 that

∀ t ≤ T , |L(wt)− L(w0)| ≤ ∥f⋆∥L2

(
∥σ(⟨wt,i , x⟩)∥L2

+ ∥σ(⟨w0,i , x⟩)∥L2

)
· ϵ. (47)

Since

|L(θt)− L(θ0)| ≤
m∑
i=1

|L(wt,i)− L(w0,i)| ,

applying Eq. (47) to every i ∈ [m] and taking a union bound completes the proof (where the
polylogarithmic dependence on 1/δ in Eq. (47) implies a polylogarithmic dependence on m).
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