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Abstract

We introduce and study the problem of online omniprediction with long-term constraints. At each
round, a forecaster is tasked with generating predictions for an underlying (adaptively, adversarially
chosen) state that are broadcast to a collection of downstream agents, who must each choose an
action. Each of the downstream agents has both a utility function mapping actions and state to
utilities, and a vector-valued constraint function mapping actions and states to vector-valued costs.
The utility and constraint functions can arbitrarily differ across downstream agents. Their goal is
to choose actions that guarantee themselves no regret while simultaneously guaranteeing that they
do not cumulatively violate the constraints across time. We show how to make a single set of
predictions so that each of the downstream agents can guarantee this by acting as a simple function
of the predictions, guaranteeing each of them O(|.A|+/T) regret and O(|.A|) cumulative constraint
violation for a finite action space A. We also show how to extend our guarantees to arbitrary
intersecting contextually defined subsequences, guaranteeing each agent both regret and constraint
violation bounds not just marginally, but simultaneously on each subsequence, against a benchmark
set of actions simultaneously tailored to each subsequence.

Keywords: omniprediction, long-term constraints, online learning, swap regret, decision calibra-
tion

1. Introduction

The traditional problem of “online learning from expert advice” studies a sequential optimization
problem that is decoupled across time. At each iteration t € {1,...,T}, an adversary chooses
a “state” y; € ), and simultaneously, the learner/decision-maker chooses an action a; € A. The
learner/decision-maker then experiences utility u(a¢, y;) € [0, 1]'. The goal of the learner is to max-
imize Zle u(at, yt), and the standard “external regret benchmark” compares the realized utility to
the utility that could have been obtained in hindsight by the best -fixed- action:

T
Regext(l : T) = MaXgeA Zt:l (u(av yt) - u(atu yt)) .

In strategic settings, the stronger “swap regret” benchmark is often studied because it offers protec-
tion against manipulation (agents with no swap regret guarantees cannot be exploited in the same
ways that agents with standard no regret guarantees can be (Braverman et al., 2018; Deng et al.,
2019; Rubinstein and Zhao, 2024; Arunachaleswaran et al., 2024)):

Regswap(l : T) = MaxXg: A—A Zj:l (u(¢(at)’ yt) - U(Cbt, yt)) :

1. The formalism of choosing a “state” y € ) is fully general; for instance, in the experts problem we can take
Y = [0, 1] where y, represents the utility of action a.
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Swap regret compares the realized accumulated utility of the learner to the best utility they could
have obtained in hindsight by applying a “swap function” ¢ to their history of actions, consistently
mapping each action a to a different action ¢(a) € A. External regret is a special case of swap
regret in which the “swap functions” ¢ are restricted to be constant valued.

These are both “decoupled” optimization problems because they are linearly separable across
time — i.e. the ideal solution would always be (if it were possible) to separately optimize every
day, and play a; € arg max,¢c 4 u(a,y;). Regret minimization is a classical problem and there are
many algorithms for solving it, obtaining both external and swap regret bounds that scale as O(\/T )s
which is optimal (Hannan, 1957; Littlestone and Warmuth, 1994; Cesa-Bianchi et al., 1997; Arora
et al., 2012; Blum and Mansour, 2007).

We write “learner/decision-maker” above because there are really two problems to solve: pre-
dicting the value of the next y; € ) and choosing to act accordingly by choosing a; € A. Traditional
algorithmic approaches combine these two problems and directly learn distributions over actions.
But a recent line of work called “omniprediction”, beginning with Gopalan et al. (2022) (initially in
a batch/distributional learning setting) proposes to decouple these two problems by producing pre-
dictions p, that can be simultaneously consumed by many downstream decision makers who may
have different utility functions u, while providing all of them with corresponding guarantees. This
line of work has been extended to the online adversarial learning setting (Noarov et al., 2023; Garg
et al., 2024; Roth and Shi, 2024; Dwork et al., 2025; Okoroafor et al., 2025; Lu et al., 2025), in
which many downstream decision makers are explicitly promised regret bounds — sometimes ex-
ternal regret bounds (Kleinberg et al., 2023; Garg et al., 2024; Dwork et al., 2025; Okoroafor et al.,
2025) and sometimes stronger swap regret bounds (Noarov et al., 2023; Roth and Shi, 2024; Hu and
Wu, 2024; Lu et al., 2025). These works explicitly take advantage of the separable nature of the
problem: They give algorithms for making predictions p; (subject to various kinds of “calibration”
style constraints) such that downstream decision makers can be guaranteed strong regret bounds by
individually “best responding” to the predictions, each playing an action a; = arg maxge 4 u(a, py)
— i.e. locally optimizing for their own utility function on a day-by-day basis as if the predictions
were correct, ignoring the history of outcomes and actions played.

But many online optimization problems are not linearly separable in this way. Consider an en-
ergy management system where predictions correspond to electricity prices, and actions include:
purchasing electricity for immediate use, buying excess power to charge batteries, discharging
stored energy, or temporarily shutting down operations. Different downstream decision-makers
face distinct constraints: residential users might defer appliance usage to low-cost periods, manu-
facturers require minimum uptime to meet production quotas, and grant-funded operations must stay
within fixed budgets. These constraints couple decisions across time, making prior omniprediction
methods inapplicable. Our goal is to give omniprediction style bounds for decision makers like this
who are bound to satisfy constraints across time. To crystallize the tension, observe that the goal
of omniprediction is to decouple prediction from decision making — but decision makers facing
long term constraints must necessarily couple their decisions across time, and this coupling behaves
differently for differently constrained decision makers.

The literature on “learning with long-term constraints” has studied different variants of this
problem for a single, combined learner/decision-maker who directly learns in action space (Mannor
et al., 2009; Sun et al., 2017; Yu and Neely, 2020; Guo et al., 2022; Castiglioni et al., 2022; Qiu
et al., 2023; Sinha and Vaze, 2024). In the problem of learning with long-term constraints, not only
does a decision maker have a utility function v : A x Y — [0, 1], but they have a set of constraints
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{¢j}jels) each of the form ¢; : A x Y — [—1,1].7 The goal now is to maximize ST ulas, ye),
while satisfying each constraint globally: for each j € [J], satisfying: Z;‘FZI cj(ag,yy) < 0. It has
been known since Mannor et al. (2009) that in adversarial settings it is not possible to compete with
the best fixed action in hindsight that satisfies the constraints marginally. Instead, what has become
the standard benchmark is the set of actions that in hindsight satisfy the realized constraint every
round:

Al ={a€ A:cj(a,yr) <Oforeveryt € [T]and j € [J]}.

The goal in this literature is to minimize external regret with respect to this benchmark:

T

Regeyi(1: T) = maxaeas, »  (ula,ye) — u(as,y)) -

t=1

while simultaneously minimizing the maximum cumulative constraint violation:

T
CCV(1:T) = max; thl cjlat, yt)-

We introduce the omniprediction variant of this problem, in which a centralized provider of
“predictions as a service” publishes forecasts p; of the outcome 1;. Many different decision makers,
who differ both in their utility functions and constraint functions then consume these predictions
to choose actions. Our main result is an algorithm that can simultaneously guarantee each such
decision maker regret bounded as Reg(1 : T) € O(|.A|v/T) (matching the optimal dependence
on 7', even absent constraints, and defined with respect to the benchmark determined by their own
personal constraints) and cumulative constraint violation CCV(1 : T') € O(|.A|) —i.e. independent
of T'. In fact, our techniques yield stronger swap regret bounds at the same rate. In the constrained
setting, we define swap regret with respect to the benchmark as:

T

(u(p(ar), ye) — ulas, yt)) -

Regswap(l : T) = maX(ﬁ:AﬁAiT 1

We also show how these results can be extended to arbitrary collections of subsequences S,
where each S € S is a subset of the timesteps S C {1,...,7T'} that can be determined dynamically
by external context. For example, a subsequence .S might consist of “hot days” that might be corre-
lated with higher electricity prices; the subsequences may intersect arbitrarily. The set of benchmark
actions will be different for each subsequence, as some actions may satisfy the constraints at every
round in a subsequence S even if they do not satisfy the constraint on every round in {1,...,7T}:

S={aeA:cj(a,y) <Oforeveryt e Sandjc [J]}.

We can similarly define regret on a subsequence (to the benchmark A¢ particular to that subse-
quence) and cumulative constraint violation on a subsequence:

Regswap(s) = IaXe: 4— A, Z (u(d)(at)v yt) - u(at, yt)) )

tesS

CCV(S) = max; Zte < Cila,ye).

2. In the literature on learning with long-term constraints, incoming constraints are usually defined only as a function of
the action set. We instead define a fixed set of constraints for each decision-maker, but allow dependence on the label
set as well. Hence we can equivalently handle adversarial constraints by encoding adaptivity in the incoming labels.
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Given an arbitrary collection of subsequences S, we show how to obtain simultaneously for each
downstream agent, and simultaneously for each subsequence S € S regret and cumulative con-
straint violation bounds: Regg.p,(S5) € O(]A|\/]S]) where | S| is the length of subsequence S and
CCV(S) € O(|A|) — where the constant in the cumulative constraint violation bound now de-
pends linearly on |S| (the number of subsequences of interest), but the constant in the regret bound
depends only logarithmically on |S|. Crucially, the benchmark with which regret is measured is tai-
lored to the subsequence — we are able to compete with a richer set of actions on subsequences that
turn out, ex-post to be “easier” than others. A full discussion of related work appears in Appendix
A.

1.1. Our Results in More Detail

The outcome space ) = [0,1]%, and so outcomes y are d-dimensional vectors. At every round
t our algorithm produces predictions p, € ) that are also d-dimensional vectors. Our goal is
for downstream decision makers to be able to treat these predictions p; “as if” they were actual
outcomes y;. Each decision maker has an action space A and is parameterized by a utility function
u: A x )Y — [0,1] that we assume is linear in )V — i.e. such that for every a, u(a, -) is a linear
function. For a single downstream decision maker, this models the experts learning problem without
loss of generality by taking d = |.A| and letting u(a,y) = y,, but is more general, since we do not
restrict either the form of the utility function or d in this way. Each downstream decision maker
is also parameterized by a vector valued constraint function ¢ : A x Y — [—1,1]7. We assume
nothing about its functional form — e.g. ¢ need not be linear or even convex in ).

We work in the standard finite-action setting. There is a natural continuous-action reduction
in an important special case. Suppose actions are mixed strategies over k base actions and utili-
ties/constraints are evaluated in expectation. Then a constrained best response under J constraints
can be taken to be an extreme point supported on at most J + 1 actions. Discretizing this sparse
class gives an e-net of size roughly k/*1c~7, reducing the problem to the finite-action setting up
to the usual discretization error. This is practical when J is 1 or a small constant, as in much prior
work on long-term constraints, but becomes impractical as J grows.

Handling Constraints via Elimination In work studying online omniprediction for unconstrained
online learning problems (Kleinberg et al., 2023; Noarov et al., 2023; Roth and Shi, 2024; Garg
et al., 2024; Dwork et al., 2025; Okoroafor et al., 2025), downstream decision makers with utility
function u “best respond” to forecasts, playing action a; € BR"(p;) = argmax,c 4 u(a,pt). In
our problem of learning with long-term constraints, we similarly study decision makers who play
constrained best responses. Given a subset of the action space C C A, the constrained best response
to a prediction p; is CBR¢(py) = arg max,cc u(a,p;) — i.e. the action in the constrained set C
that would be utility maximizing were the prediction correct. The question is how decision makers
choose the constraint set C. We study two simple methods, corresponding to two different kinds
of benchmarks we can compete with. Most straightforwardly, we study decision makers who start
with C = A, and then eliminate actions that have been observed to violate any constraints on any
previous round — i.e. at round ¢,

C=A={a € A:cj(a,yp) <Oforallj € [J],¢' <t}

This is formalized in Algorithm 1. We show in Theorems 8 and 14 that (when paired with predic-
tions produced by our algorithm), this results in decision makers who cumulatively violate any con-
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straint at most |.4| times over the course of the interaction, and have diminishing external and swap
regret to the standard benchmark .A§,,.. We also consider decision makers who do not eliminate ac-
tions the first time they are observed to violate the constraint, but are more conservative, eliminating
them only after the action has been observed to have a cumulative constraint violation crossing a
well-chosen threshold. This is formalized in Algorithm 2. We show in Theorems 12 and 20 that this
lets us compete with a richer benchmark class, A]iz:[;] ={a:Ey,~y;[cj(a,y)] <0 foreveryt e [T]and j € [J]},
where here the expectation in the definition of the benchmark is taken over the distribution over out-
comes chosen by the adversary at each round — again both with external and swap regret bounds.
In other words, the benchmark allows us to compare to actions that sometimes violate constraints
in realization, so long as they do not in expectation over the adversary’s randomness. Compet-
ing with this richer benchmark class results in a cumulative constraint violation that now grows as

O(JAIVT).

Making Predictions Our algorithm for making predictions is parameterized by the collection of
utility/constraint functions (u, c), one for each downstream decision maker. It makes predictions
that are unbiased conditionally on the decisions of each downstream decision maker, in the sense
that for each (u, c):

|37 BCBRY, () = al(pe — wi)|, < O(VT).

This can be accomplished using an appropriate parameterization of the algorithm of Noarov et al.
(2023), with bias bounds that depend only logarithmically on the number of downstream decision
makers (u, c) of interest, and running time that depends linearly on the number of downstream
decision makers. Similar “decision calibration” conditions have been used to give regret bounds
in the unconstrained case (Noarov et al., 2023; Roth and Shi, 2024; Lu et al., 2025) — We show
that they continue to give regret bounds in the constrained case (Theorems 14, 20) because the
elimination method used to eliminate actions by the downstream decision makers maintains the
invariant that all of the actions that eventually end up in the benchmark set .A{.,» are contained in

the feasible set ,zl\f used by the downstream agents at every intermediate step ¢ < 7.

Extension to Subsequences Finally, in Section 5 and Appendix D we show how all of our results
can be extended to give regret and constraint violation bounds Reg(S), CCV(S) for arbitrary col-
lections of context-sensitive subsequences S € S. For the first and simpler benchmark, the idea
is simple and requires modifying both the elimination strategy used by the downstream decision
makers and the prediction strategy. The downstream decision makers must now maintain sets of
feasible actions /Tf g separately, one for each subsequence S € S, as before, eliminating actions
whenever they have been observed to violate constraints on previous rounds that are contained in
the subsequence S. Given a new round t, they then solve the constrained best response problem
over the set C = USES:tES-'Z{E g — 1.e. by taking the union of all actions that have not been elim-
inated on any of the subsequences that contain the current round. The predictions that we make
must now also satisfy a richer set of conditional bias conditions: informally speaking, they must be
unbiased conditionally both on the action chosen by each of the downstream decision makers, and
now also membership of the current round in each of the subsequences S € S. Once again this can
be accomplished via an instantiation of the algorithm of Noarov et al. (2023) at a cost in bias that
is only logarithmic in |S| and in running time that is linear in |S|, the number of subsequences of
interest. However, for the second, stronger benchmark, the simple approach described above does
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not suffice informally because we now don’t just count rounds at which constraints were violated,
but we sum quantitative constraint violations which can be negative (i.e. on some rounds we can
have slack). Consequently, an action can be feasible on a subsequence (and hence never eliminated
for that subsequence) while leading to large cumulative constraint violation on intersections of that
subsequence with other subsequences. This is problematic for the learner who must give guarantees
simultaneously for many intersecting subsequences. In Appendix D we present a more sophisticated
elimination algorithm that is able to bound the cumulative constraint violation on all subsequences,
despite their intersections.

2. Model and Preliminaries

Let X denote the feature space and ) denote the outcome/label space. Throughout, we consider
Y = [0, 1]%. We consider a set of agents A/ with an arbitrary action space .A. Each agent is equipped

with a tuple (u, cq,...,cs), which includes a utility function v : A x ) — [0, 1] and J constraint
functions {c¢; : AxY — [=1,1]} ;1. We also sometimes write the constraint functions as a single
vector valued function ¢ = (c¢1,...,cy). Since agents are uniquely defined by their corresponding

tuples, we treat agents and their tuples interchangeably. We assume that the utility functions are
linear and Lipschitz-continuous in .

Assumption 1 Fix a utility function u : A x Y — [0, 1]. We assume that for every action a € A,
u(a,y) is linear in y, i.e. u(a, k1y1 + kay2) = k1u(a, y1) + kau(a, y2) for all k1, ke € R, y1,y2 €
Y. Moreover, we assume that u(a,y) is L-Lipschitz in y in the s norm: for any yi,y2 € Y,
lu(a,y1) — u(a, y2)| < Lllyr — y2||oc-

Remark 1 For simplicity we assume that the utility functions are linear in y, but we can equally
well handle the case in which the utility functions are affine in y, as we can augment the label space
with an additional coordinate that takes constant value 1. This preserves the convexity of the label
space and allows for arbitrary constant offsets in the utility of each action.

Assuming linear/affine utility functions is only more general than the standard assumption that
decision makers are risk neutral in the sense that in the face of randomness, decision makers act to
maximize their expected utility. If ) represents the set of probability distributions over outcomes,
any risk neutral decision maker has a linear utility function by linearity of expectation.

Remark 2 Linearity and Lipschitzness enter the analysis when converting decision-calibration
conditions into utility guarantees, such as in Lemmas 15 and 16.

A natural extension would be to replace y by a feature map ¢(y) and require utilities to be
linear in ¢(y). This would change the prediction problem and the resulting bounds, and is therefore
outside the scope of this paper.

We take the role of an online/sequential forecaster producing predictions that will be consumed
by agents. We consider the following repeated interaction between a forecaster, agents, and an
adversary. In every round ¢t € [T

(1) The adversary selects a feature vector z; € X and a distribution over outcomes Y; € AY;

3. Sometimes online adversarial learning problems are described by an adversary choosing a different utility and/or con-
straint function at each step. This is equivalent to having a fixed state-dependent utility function/constraint functions,
and having an adversary choose state.
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(2) The forecaster observes the feature x;, produces a distribution over predictions 7y € AY, from
which a prediction p; € ) is sampled;

(3) Each agent chooses an action a; as a function of the prediction p; and the history;

(4) The adversary reveals an outcome y; ~ Y7, and the agent obtains utility u(as,y;) and the
constraint loss vector {c;(at, yt) }je[s-

Agents aim to maximize their cumulative utilities over the T rounds: > /., u(as, y;) while
minimizing their cumulative constraint violation (CCV) over 7' rounds:

T
CCV(1:T) = max;c|y thl cjlat,yr) < o(T).

We treat utility maximization as an objective and cumulative constraint violation as a requirement:
CCV must be sublinear in 7" for every constraint.

We compare the utility of actions chosen based on our predictions against the utility of actions
from different benchmark classes. A standard benchmark class from the literature on learning with
long term constraints is the set of actions that satisfy the realized constraints at every round, denoted:

Al ={a:¢j(a,y) <0 foreveryt € [T)and j € [J]}.

A somewhat more permissive benchmark class is the set of actions that satisfy the constraints in
expectation every round, denoted:

AIIE:[;] = {a:Ey,v,[cj(a,y)] <0 foreveryt € [T]and j € [J]}.

We note that these benchmark classes are agent-specific as they depend on agents’ constraint
functions. For a given benchmark class, we will compete with the best fixed action in hindsight
from the class. We measure our performance using a notion of regret, which we call constrained
external regret.

Definition 3 (5-Constrained External Regret) Fix an agent with action space A and utility func-
tion u. Let B C A be a benchmark class of actions. For a sequence of actions a1, ...,ar and
outcomes y1, . . ., Yy, the agent’s B-constrained external regret against the benchmark class B is:

T
Regoes (1, 5,1 T) := maxaen Y, (ula,) — ular.ur)).

We will also compete with a more demanding benchmark based on action modification rules.
For a given benchmark class B, an action modification rule is any function ¢ : A — B that consis-
tently maps an agent’s actions to alternatives within the benchmark class. Competing with the best
such rule in hindsight leads to the notion of constrained swap regret. This is a stronger notion than
constrained external regret, as constrained external regret can be viewed as a special case where the
action modification rule is restricted to being a constant function.

Definition 4 (3-Constrained Swap Regret) Fix an agent with action space A and utility function
u. Let B C A be a benchmark class of actions. For a sequence of actions a1, . . ., ap and outcomes
Yi,-- -, Y7, the agent’s B-constrained swap regret against the benchmark class B is:

ReBpyap (B, 12 T) = maxgass 3 (u(@(ar). ) — ular,vr)).

All guarantees we provide in this paper, such as regret bounds, will be stated under the assump-
tion that the corresponding benchmark class is non-empty.
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3. Elimination-Based Algorithms and Cumulative Constraint Violation Bounds

In the literature on unconstrained omniprediction, the typical decision rule is the best response to
the predictions, also known as the optimal post-processing of the predictions (Gopalan et al., 2022,
2023a,b; Globus-Harris et al., 2023; Garg et al., 2024; Gopalan et al., 2024; Okoroafor et al., 2025;
Hu et al., 2025; Lu et al., 2025). This decision rule treats the predictions as accurate and chooses
the action to maximize the agent’s utility.

Definition 5 (Best Response) Fix a utility function v : A x Y — [0,1] and a prediction p € ).
The best response to p according to w is the action BR"(p) = argmax,c 4 u(a, p).

In the constrained setting, one would hope to avoid actions that (significantly) violate the con-
straints, and choose only from the feasible actions. If the agent knew the benchmark class A,
they could play a constrained version of the best response, arg max, ¢ A u(a, p), i.e., the action
that maximizes the predicted utility among .A$.,.. But the agents do not know what this benchmark
class is during the interaction (it isn’t defined until the end of the interaction), and so we let each
agent maintain a candidate action set A\C, which is updated on every round ¢ € [T'] and serves as a
surrogate for the benchmark class Af,;. The agent will play arg max e u(a, p), the action that

maximizes the predicted utility among their maintained candidate action set /Tf Similarly, when

Elc] [c]

competing with the other benchmark class A;"7, agents will maintain a surrogate ﬁ? , and max-

imize the predicted utility over actions in EE <l 1n general, we say that agents constrained best
respond to our predictions.

Definition 6 (C-Constrained Best Response) Let C C A be an action set. Fix a utility u : A X
Y — [0,1] and a prediction p € Y. The C-constrained best response to p according to u is the
action CBR¢ (p) = arg max,cc u(a,p).

It is straightforward for an agent to identify non-members of the benchmark class A{.,, and
maintain the candidate action set A,Ztc At the beginning, there is no information about the benchmark
class Af.;- and the agent can set Af = A. Inevery round ¢ € [T, if any action a € A violates any of
the J constraints, a is known not to be in the benchmark class A, and hence can be permanently
eliminated from the candidate action set ﬁf This process is formally stated in Algorithm 1.

Algorithm 1 Elimination-Based Algorithm for Benchmark Class A.»
Initialize A = A
fort =1to7 do
Receive the prediction p;
Play the A¢-constrained best response to p;, a; = CBR% (pt)
t

Observe the outcome y;, receive utility u(at, y;) and constraint realizations (c;(at, yt)) je[J1
Let Af, = A7\ {a € A : 3 € [T],¢j(a,y) > 0}
end

By design, the elimination operation in Algorithm 1 is only triggered by actions that violate a
constraint. Since actions in the benchmark class Af. satisfy the constraints every round, they will
never be eliminated from the candidate action set Af by Algorithm 1.
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Proposition 7 Fix an agent in N with a utility function u : A x Y — [0,1] and J constraint
functions {c; : Ax Y — [=1,1]};¢(s). Suppose the agent runs Algorithm I to compete with the

benchmark class A$.p, then A§.. C A forany t € [T).

Because an action is permanently eliminated upon violating the constraints, each constraint vio-
lation of Algorithm 1 must be triggered by a distinct action. Consequently, the cumulative constraint
violation of Algorithm 1 can be upper bounded by the number of actions.

Theorem 8 Fix an agent in N with a utility function u : Ax )Y — [0, 1] and J constraint functions
{ej : AXY = [=1,1]}je1g]- Suppose the agent runs Algorithm I to compete with the benchmark
class AS.p, then the cumulative constraint violation of the agent is bounded by:

CCV(1:T) < | A

Remark 9 In fact, our proof of Theorem 8 leads to a stronger result, CCVT(1: T) == max;e|j] Z?:l c;r (at,y) <
|A| = |AS.7|, where ¢ (ar, yt) = max{0, ¢;(as, y:)}. The right-hand side can be strengthened be-
cause actions in the benchmark class AS., never trigger any constraint violation. The left-hand
side can be strengthened because our proof bounds any non-positive term cj(a, y;) by 0. CCV™T is

a common definition of cumulative constraint violation in the literature on learning with long-term
constraints (see e.g. Sinha and Vaze (2024); Lekeufack and Jordan (2024)).

Next, we introduce our elimination algorithm for the benchmark class AI;::[;]. The identification
of non-members is straightforward for the benchmark class A, ;- but not for .AI;::[TC]. Since ¢;(at, yt)
and E,, v, [c;(at, y¢)] can have different signs, it is impossible to decide whether an action is in
AIEZ[;] based on its performance in a single round. Therefore, we will let agents eliminate actions
by assessing their performances over multiple rounds. To be specific, for each action a € A and
each constraint c;, we let v(fjg denote the total violation of ¢; accumulated by the agent from playing
action a up to round ¢, i.e.,

. t
o = YL s = el

As we will show in the proof of Theorem 10, vi’f will concentrate around its ‘expectation version’,
St 1[as = a]Ey,~v.[cj(a,ys)], which is non-positive for any benchmark action a € AIE:[Td and
is potentially positive for any non-benchmark action a ¢ AIE:[ZCJ. So, for each action a € A, we will
let agents monitor (v(ft] )jel) in every round and eliminate action a once any of (v’fi )jelJ) exceeds
a prefixed threshold 7. This process is formally stated in Algorithm 2. We will give guarantees for
Algorithm 2 that hold with high probability, where the probability is determined by 7.

Algorithm 2 never eliminates any benchmark action in Allg:[Tc} from the candidate action set AF[C]

across the T' rounds with high probability over the randomness of the outcomes y1, ..., yr.

Proposition 10 Fix an agent in N with a utility function w : Ax Y — [0, 1] and J constraint func-
tions {cj : Ax Y — [=1,1]}¢|s. Suppose the agent runs Algorithm 2 with threshold parameter

-2
T to compete with the benchmark class Ali[Td, then with probability at least 1 — 2| A|JTe™ 57 :

.AIE:[;] - .E;E[C] for everyt € [T.
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Algorithm 2 Elimination-Based Algorithm for Benchmark Class A]E[C]

Input: A threshold parameter 7
Initialize ElE = 4
Forevery a € Aand j € [J], setvy? =0

fort =1to7 do
Receive the prediction py

Play the .,Zt\ItE [l_constrained best response to p;, ay = CBR%E[C] (pt)
t

Observe the outcome Y, obtain utility u(ay, y¢) and constraint increments ¢;(a¢, y¢), j € [J]
Update v’ = vl Y71+ ¢jlag, ) forevery j € [J]
Let v/ = v% t | forevery a € A\ {a;} and j € [J]
if 3j € [J],v""7 > 7 then
| A )
end

else

| A -
end

end

Proposition 10 provides a guarantee for a single agent. To extend this to all agents in N, we
apply a union bound. By setting the threshold 7 = 4./T In(JA||N]JT/§) for a desired failure
probability § € (0,1), we arrive at the following corollary, which holds with probability at least
1-4.

Corollary 11 Let N be a set of agents, where each agent is equipped with a utility function u :
AxY — [0,1] and J constraint functions {cj : AxY — [=1,1]};¢(. Each agent runs Algorithm

2 with threshold parameter 4,/ T In(JA||[N'|JT/§) to compete with the benchmark class Al 7, then
with probability at least 1 — 0, for every agent:

A]IEZ[;] - le\iE[c] foreveryt e [T].

Suppose an action is eliminated by Algorithm 2 in round ¢. Its contribution to the cumulative
constraint violation of the agent must be smaller than 7 before round ¢, otherwise it would be
eliminated before round ¢. In round ¢, it violates the constraints by at most 1. Therefore, the agent
accumulates at most 7 + 1 constraint violation when playing a specific action. This fact leads to a
bound on the cumulative constraint violation of Algorithm 2.

Theorem 12 Let N be a set of agents, where each agent is equipped with a utility function u :
AxY — [0,1] and J constraint functions {c; : AxY — [~1,1]};¢| 5. Each agent runs Algorithm
2 with threshold parameter 4\/T In(JA||[N|JT/§) to compete with the benchmark class A, [T], then
with probability at least 1 — 0§, the cumulative constraint violation of every agent is bounded by:

CCV(1:T) < 4 AT Wn(lA|N|JT/6) + | Al

We remark that both Algorithms 1 and 2 are run by agents. While they take the prediction p, as
input in every round, their cumulative constraint violation bounds in Theorems 8 and 12 are proven

10
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without any assumptions on the predictions. These bounds are consequences of the elimination
rules and hold true for any arbitrary forecasters.

4. Conditionally Unbiased Predictions and Regret Bounds

In this section, we show how to produce predictions that lead to O(\A\ V/T) regret against the bench-
]

mark class A{.,. Guarantees for the benchmark class A;. [
T can be derived similarly and are relegated to Appendlx C

While the cumulative constraint violation bounds of Algorithms 1 and 2 do not rely on the
quality of the predictions, to obtain the regret bounds, we need the predictions to be unbiased —
conditionally on various subsequences. Notably, we define the following notion of conditional
unbiasedness.

with the same dependence on |.A| and

Definition 13 (N, a)-Decision Calibration) Let N be a set of agents, where each agent is
equipped with a utility function w : A x Y — [0,1] and J constraint functions {c] A x
Y — [=1,1]}jepn). Each agent runs Algorithm 1 to maintain a candidate action set At and At
constrained best respond to the prediction p; in every round t € [T]. Let oy : R — R. We say that
a sequence of predictions p1, . ..,pr is (N, a1)-decision calibrated with respect to a sequence of
outcomes yi, . .., yr if for every a € Aand (u,c) € N:

|3, HOBRY, () = al(p — )|, < en (T"(a)).
where T"%(a) = 32,_; 1[CBRY, (p1) = al.

Assumption 2 We assume that o1 : R — R is a concave function. This will be the case in all the
bounds we give; in general, this condition holds for any sublinear error bound T" for r < 1.

We now show that decision calibration implies no constrained swap regret, and hence no con-
strained external regret. At a high level, decision calibrated predictions allow agents to accurately
assess (on average) the utilities of their chosen actions and the counterfactual actions produced
by any action modification rule. Because agents choose optimally based on these accurate utility
estimates, their decisions are inherently competitive against any alternative benchmark.

Theorem 14 Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]}c1). The utility functions are
linear and L-Lipschitz in the second argument. Each agent runs Algorithm I to compete with the
benchmark class A§.p. If the sequence of predictions pi, ..., pr is (N, a1)-decision calibrated,
then the Af{.p-constrained swap regret of every agent is bounded by:

Regswap(uvAi::Ta 1: T) < 2L|.A|011(T/‘A|)

To prove the theorem, first note that for any action modification rule ¢ : A — Af., we can
decompose the regret against ¢ into three parts as:

S (ul6(ar). 9) — ular )
= Zthl (u(¢(ar), ye) = u((ar), pr)) + Zthl (u(@(ar), pr) — ular, pr)) + Zt (ulae py) — ular, yr))

11
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By Proposition 7 and the fact that ¢(a;) € A, we have that ¢(a;) € A€ for every t € [T).
Since agents Af-constrained best respond to the prediction p; inround ¢, a; = arg max, _ 7 u(b, pt).
t
This implies that:

u(@(ar),pr) < ulag, py).

So, the second part in the decomposition is upper bounded by 0.

Thus, it suffices to bound the other two parts, i.e., the difference in utility under our predictions
p¢ and the outcomes y; for both the chosen actions and the swapped-in actions. We show this in the
next two lemmas using decision calibration.

Lemma 15 If the sequence of predictions p, . .., pr is (N, aq)-decision calibrated, then for any

(u,c) € N:

!Z;w(at,pt) — u(ag,yp))| < LIAlon (T/|A]).

Lemma 16 If the sequence of predictions p1, . ..,pr is (N, a1)-decision calibrated, then for any

(u,c) e Nand ¢ : A — AS.p:

|37 (ulb(ar). pr) — u(élar), w)| < LIAlaa(T/|A)).

Applying Lemmas 15 and 16 to the decomposition of the regret against ¢ finishes the proof.

4.1. Algorithm for Calibration and Decision Calibration

We now address the algorithmic challenge of producing decision calibrated predictions. Our ap-
proach builds upon the UNBIASED-PREDICTION algorithm from Noarov et al. (2023), which makes
conditionally unbiased predictions in the online setting. The algorithm and its guarantees are pre-
sented in Appendix G; we refer interested readers to the original work for further details.

We will instantiate UNBIASED-PREDICTION to make decision calibrated predictions; we will
refer to this instantiation as DECISION-CALIBRATION-REALIZATION. Our guarantees will directly
inherit from the guarantees of UNBIASED-PREDICTION.

Theorem 17 Let N be a set of agents, where each agent is equipped with a utility function u :
Ax Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]};es. Each agent will run
Algorithm I to compete with the benchmark class A{.p. There is an instantiation of UNBIASED-
PREDICTION (Noarov et al., 2023) —which we call DECISION-CALIBRATION-REALIZATION—
producing predictions p1, ...,pr € Y satisfying that for any sequence of outcomes y1,...,yr € Y,
the following holds with probability at least 1 — 0 for any (u,c) € N and a € A:

T
137, UCBRY () = almi—p0)]|, < O(In(dlAINIT)+/m(dATNTT) - T (a)+/ I (dATIAT/8) - T).
Substituting the above bounds into Theorem 14 and combining with Theorem 8, we arrive at
the following corollary bounding the cumulative constraint violation and the .A$. .-constrained swap

regret.

12
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Corollary 18 Let N be a set of agents, where each agent is equipped with a utility function
u: AxY — [0,1] and J constraint functions {c; : A x Y — [=1,1]};e(- The utility func-
tions are linear and L-Lipschitz in the second argument. Each agent runs Algorithm I to compete
with the benchmark class AS.. The sequence of predictions p1, ..., pr outputted by DECISION-
CALIBRATION-REALIZATION ensures that with probability at least 1 — 6, the cumulative constraint
violation and the AS.-constrained swap regret of every agent are bounded by:

CCV(1:T) < |A|,
Regyap (U, Afir, 1: T) < O(LIA|y/T In(d|A[NT/3)).

Since constrained swap regret is stronger than constrained external regret, the same regret bound
also holds for Reggy (u, Af.p, 1 :T).

S. Simultaneous Guarantees for Multiple Subsequences

We now summarize how our framework extends to arbitrary, possibly intersecting, contextually
defined subsequences. The full details are deferred to Appendix D.

Let S be a collection of subsequences, where each subsequence S € S is a subset of [T]. We
denote the active subsequences in round ¢t € [T] as Sy = {S € S : t € S}. We assume that
UsesS = [T, so that S; is nonempty for every round ¢. These subsequences need not be fixed in
advance but can be defined dynamically based on contextual information.

For each subsequence S € S, the relevant benchmark classes are subsequence-specific:

AS ={a:cj(a,y;) <0 foreveryt € Sandj € [J]},

AE[C]:{a: E lcj(a,y)] <0 fOTCVCT}’tESE‘ndjE[J]}'

yr~Yy

Regret over a subsequence S € S with respect to a benchmark class B is defined as:

Regext(ua B7 S) = ICILIEaBXtEZS (U(CL, yt) - U(CLt7 yt)) )

Regswap(u’ B? S) = maXB (u(¢(at)> yt) - u(at) yt)) :

The cumulative constraint violation over S is:

CCV(S) ==max » cj(as,yt).
i€Vl {23

The goal is to obtain regret and cumulative-constraint-violation guarantees simultaneously for every
agent and every S € S, with the benchmark tailored to the particular subsequence.

For both benchmark classes, the forecaster enforces decision calibration not only conditional
on the agent’s chosen action, but also conditional on membership of the current round in each
subsequence S € S.

13
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Realization-based benchmark classes { A }scs. For the benchmark classes { Ag}ses, the ex-
tension is direct. Each agent runs separate instantiations of Algorithm 1 to maintain a candidate
action set ./Ztc g for each subsequence S. At round ¢, the agent aggregates the active candidate sets
by taking the union R

Ur = Uses, Al s

and plays the U;-constrained best response to the prediction.
This yields, with probability at least 1 — §, simultaneously for every agent and every S € S,

CCV(5) < |AllS],

Regyap (U AL, S) < O <LA|\/S|1D W) |

with the same regret bound for constrained external regret.

Expectation-based benchmark classes {AE[C] }ses. The benchmark classes {AEM }ses require
more care. Naively running independent copies of Algorithm 2 for each subsequence is not enough.
Because constraint violations are signed, slack on S'\ S’ can mask large positive violation on SN S’.
Thus an action may remain feasible from the perspective of one subsequence while causing large
cumulative violation on another intersecting subsequence.

Our solution has the same high-level structure as the solution for the realization-based bench-

mark classes {.A¢}scs. We maintain a candidate action set EE Eg} for each subsequence and gradu-

ally eliminate actions from it; the agent selects an action from the union set, U; = USEgtﬁ]f [;], in

each round. The key difference lies in a more sophisticated elimination rule.

To avoid the masking effect, we attribute each played action to a single responsible subsequence.
Index S = {S1,...,Sr}. When action a, is played at round ¢, we credit the subsequence S,, with
the smallest index that is active and for which q; is a candidate action:

rt:min{ie ] :tESi,atG./zl\]ﬂgcj}.

For every action a, constraint 7, and pair of subsequences S, S’ € S, we track the attributed violation
accumulated on S during rounds for which S’ is responsible,

t

wﬁ’i’}i’s = Z llas = a,s € S, S,, = S'|cj(a, ys)-

s=1
An action a; is eliminated from its responsible subsequence S,, once any of these attributed terms
exceeds a subsequence-specific threshold. This rule prevents double-counting while ensuring that
violations on intersections cannot be masked by slack elsewhere.
This yields, with probability at least 1 — §, simultaneously for every agent and every S € S,

SAN|ISEIIS
Cov(s) < Z4|A|\/|Sfyln 'A”N'('S BT g,
S'eS

c d|A||N||S|T
Regyap (1, 4G, 8) < O (L\A\\/ B ’”5”') ,

again with the same regret bound for constrained external regret.
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Appendix A. Related Work

Our work extends both past work on omniprediction and prediction for downstream regret as well
as past work on online learning with long term constraints. We discuss both strands of related work
below.

Omniprediction and Prediction for Downstream Regret Gopalan et al. (2022) introduced the
problem of omniprediction in the batch/distributional setting. In the traditional “omniprediction”
setting the label space is binary J = {0,1}, the “action space” is considered to be the set of
real valued predictions in [0, 1] and “decision makers” are modeled as optimizing a loss function
¢:]0,1] x {0,1} — R, such as squared or absolute loss. Gopalan et al. (2022) show that multi-
calibration (c.f. Hébert-Johnson et al. (2018) implies omniprediction. Subsequent work (Gopalan
et al., 2023a,b) studied both weaker and stronger conditions than multicalibration and the corre-
sponding variants of omniprediction that they imply. Garg et al. (2024) introduced the problem of
omniprediction in the online adversarial setting and gave oracle efficient algorithms for it; subse-
quent work derived optimal regret bounds for the problem (Okoroafor et al., 2025; Dwork et al.,
2025). All of the papers discussed so far study binary outcomes ()} = {0, 1}), but a notable ex-
ception is Gopalan et al. (2024) who study vector valued outcomes and decision makers with loss
functions that are convex in the outcome. Two papers (Globus-Harris et al., 2023; Hu et al., 2023)
study the problem of omniprediction with constraints. Like most of the rest of the literature, they
focus on binary outcomes ) = {0, 1} and real valued action spaces .A = [0, 1] in the batch setting.
As their focus is on machine learning, they both focus on specific kinds of constraints that arise as
“group fairness” constraints in binary classification.

A parallel literature Kleinberg et al. (2023); Noarov et al. (2023); Roth and Shi (2024); Hu
and Wu (2024) has focused on making sequential predictions of adversarially chosen outcomes
from some space ) so that downstream agents, who may have arbitrary discrete action spaces, can
optimize their own loss. Several papers from this literature Noarov et al. (2023); Roth and Shi
(2024) have gone beyond the binary label setting and have focused (as we do) on arbitrary loss
functions that for each action are linear in the state y € [0,1]¢ to be predicted. The goal is to
guarantee that all downstream decision makers have diminishing regret in the worst case. Motivated
by decision makers interacting in competitive environments, Noarov et al. (2023); Roth and Shi
(2024); Hu and Wu (2024) give results to guarantee downstream decision makers diminishing swap
regret at near optimal rates. Because calibration is known to be unobtainable in online adversarial
settings at O(ﬁ) rates (Qiao and Valiant, 2021; Dagan et al., 2024), this literature has from the
beginning used techniques (like “U-calibration” (Kleinberg et al., 2023) and extensions of decision
calibration Zhao et al. (2021); Noarov et al. (2023); Roth and Shi (2024)) that sidestep these lower
bounds while being strong enough to guarantee downstream decision makers no (swap) regret. Lu
et al. (2025) give a unifying view on both literatures. Our model and techniques derive mainly from
the “prediction for downstream regret literature” (arbitrary action space, high dimensional outcome
space, swap regret guarantees in an online adversarial setting) — one way to view our work is
as extending omniprediction with constraints (Hu et al., 2023; Globus-Harris et al., 2023) to this
setting.

Online Learning with Long-Term Constraints The problem of learning with long-term con-
straints first appeared in Mannor et al. (2009), who showed that even for simple utility functions
and a single adaptive constraint, it is impossible for the learner to get sublinear external regret with
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respect to the benchmark of actions that satisfy the constraint marginally. Instead, follow up work
(e.g. Sun et al. (2017); Guo et al. (2022); Anderson et al. (2022); Yi et al. (2023); Sinha and Vaze
(2024); Lekeufack and Jordan (2024)) adopted a stricter external regret benchmark, of actions that
satisfy the constraints on every round. Generally speaking, these works operate in the setting of on-
line convex optimization rather than considering a finite set of actions. Among these, Sinha and Vaze
(2024) obtained the fastest known convergence rates without additional assumptions, scaling with
O(\/T ) for each of the regret and the cumulative constraint violation. Lekeufack and Jordan (2024)
provided an algorithm for the experts setting with rates scaling each with O( T'In(d)) where d
is the number of experts, and regret is measured against the set of all probability vectors over the
experts that (in expectation) satisfy the constraints. This literature also explores benchmarks where
constraints are not violated in expectation (Neely and Yu, 2017; Wei et al., 2020), in cases where
there assumed to exist an underlying distribution incoming constraint functions. This can be viewed
analogously to AI;::[TC] in our formulation, for the case where the distribution over states also en-
codes a distribution over constraints that is fixed across the rounds of interaction. Our formulation,
however, is more permissive as it allows the distribution over constraints to vary across rounds.

Appendix B. Omitted Results from Section 3

Proof of Theorem 8. Fix any j € [J]. We will bound the cumulative violation against the j-th
constraint, i.e., Zthl cj(at, y¢). The final result follows by taking the maximum over all j € [J].

First, we partition the sum based on the action played. For each action a € A, let R, = {t €
[T] : a; = a} be the set of rounds when a is played. This gives:

T

ch(at,yt) = Z Z Cj(a7yt)‘

t=1 a€A:Ra#0 t€Rq

max R, corresponds to the last round when a is played. For any earlier round t € R, \
{max R, }, action a is played and is not eliminated, which implies that the constraint is satisfied,
ie., ¢j(a,y:) < 0. Therefore, only the final term, ¢;(a, Ymax R, ), can contribute positively to the
sum for each action. The sum is thus bounded by:

Z Z Cj(avyt) +Cj(aaymaxl’%a)

a€A:Rq#0 \t€Ry\{max Rq}

< Z Cj ((1, Ymax Ra)

a€A:Rq#D

Sy
a€A:R,#D
< |AJ.
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Proof of Proposition 10. Fix any a € AIE:[;] and j € [J]. By the definition of the benchmark class
.A];EZ[;], we have that for every t € [T

]~

Pr[vi’g > 7] =Pr

L[as = alcj(a,ys) > 7']

s=1

SPr[
S

We will adopt a martingale concentration inequality to bound the above probability. For this
purpose, we define the filtration F; = o ({(:ps, Ds, Ys) Horls Tet1, pt+1). Intuitively, F; represents
the complete history of information available to the agent before making their decision in round
t + 1, which is why z;41 and pyy; are included. We first show that {1jas = al(c¢j(a,ys) —
E,.~v.[cj(a,ys)])}1_; is a sequence of martingale differences with respect to this filtration.

We have that a; = CBR}E[C] (pe)- ./@E 'l is the candidate action set maintained by the agent
t

M)~

Las = al(ej(a,ys) = E_ lej(ays)]) > 7
. s~ Yo

based on the record of the actions up to round ¢ — 1, so /AQE el € Fi—1. pt € Fi—1 by the definition
of the filtration. Therefore, a; € Fi_1.
Consequently, for any ¢ € [T:

B 1o = alcs (o) — B, fes(a ) | Fica

Yt~ Xt
= 1ja; = a]E [cj(a,yt) —

=0.

E, foau)] | 7in

Yyt~

This implies that {1[as = a](c;(a,ys) — E,.~v.[c;(a,ys)])}._, is a sequence of martingale differ-
7 Ys sl s=1

ences. By Azuma-Hoeffding inequality (Lemma 47), we derive that for any a € Alf[ch] Jj € [J],

te[T):

Pr[v‘ll:’g > 7] <Pr

ZI[ as = al(cj(a,ys) — E_[cj(a,ys)]) > T]

ys~Ys

7_2

< 2e” 8t
2
< 2e” 8T,
Using the union bound over every a € Allg:[Tc}, j € [J], t € [T], we derive that:

Pr |da € Auf[;],j e [J],t € [T], such that v}/ > T} Z Z Z 2¢” ’T
ac AL [ J e[J] te[T)
<2/A|JT e~
By the elimination rule of Algorithm 2, this implies that the agent never eliminates any action

2
in Ali[;] across the 7" rounds with probability at least 1 — 2| A|JTe” 57. [ |
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Proof of Theorem 12. By Corollary 11, no agent in N eliminates any benchmark action in AI;::[;]
across the 7" rounds with probability at least 1 — §. We will condition on this event, which ensures
that the Algorithm 2 is well-behaved and avoids the risk of eliminating all actions in .A.

Fix any j € [J]. We will bound the cumulative violation against the j-th constraint, i.e.,
Zthl cj(at, y¢). The final result follows by taking the maximum over all j € [J].

Similarly to the proof of Theorem 8, we let 17, denote the set of rounds when a is played, i.e.,

R,={t:a;=a}

Then we have that:

T
ch(abyt) = Z Z cj(a, yt)
t=1

aEA:Ra #@ tERa

max Rg

= Z Z 1[t € Ra]cj(a, yt)

a€A:R,#D =1

max Rq

= Y Y = deaw)

a€A:R,#AD t=1

max Rq—1
— Z ( Z ]]_[at = a]cj(a, yt) + Cj(aa ymaxRa)>

a€A:Rq#0 t=1

= Z (v?r;;xRa—l + Cj(aaymaxRa))
a€A:Rq A0

< Y (m+1)

a€A:Rq#0

< 4|A|\/Tln’A’j}[uT + | Al

Proof of Lemma 15. Using the linearity of u, we can write:

Z(U(atapt) —u(ay, y))| =

T | T
t=1

(]

acA t=1 t=1
T
<> L Z ar = a)(pe = y1)
acA =1 oo

§LZ&1 T7“%(a)

acA
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where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of u, and the third inequality follows from (N, a; )-decision calibration. By concavity
of ay and the fact that ) | . T"(a) = > ,c4 S°7_, 1[ar = a] = T, this expression is at most:

L| Al (T/]A))-
u

Proof of Lemma 16. The proof is similar to the proof of Lemma 15. Using the linearity of u, we
can write:

T
Z(u(¢(at)7pt) - u(¢(at)7 yt))| = Z Z ]]'[at = CL] (U(¢(Q),pt) - u(¢(a), yt))‘
t=1

acA

D

acA

<D LD Tar = a)(pe — we)

aceA t=1
<L) a(T"%a))
acA
< L|AJay (T/|Al).

IN

T

o0

where the first inequality follows from the triangle inequality, the second inequality follows from
L-Lipschitzness of u, the third inequality follows from (N, a1 )-decision calibration, and the fourth
inequality follows from concavity of «;. |

Appendix C. Omitted Results from Section 4

In this section, we show how to produce predictions that lead to O(\A\ V/T) regret against the bench-
mark class .AllE:[;]. By Corollary 11, with probability at least 1 — & over the randomness of the out-

comes Y1, - .., YT, Allg:[;} - ,ZQE <l for every agent and every ¢t € [T']. We will condition on this event
throughout this section. Therefore, all the guarantees we give in this section hold with probability
at least 1 — 6.

Similarly to Definition 13, we will need the following notion of conditional unbiasedness.

Definition 19 ((\V, 51)-Decision Calibration) Letr N be a set of agents, where each agent is
equipped with a utility function u : A x Y — [0,1] and J constraint functions {c; : A x Y —

[—1,1]}je(s)- Each agent runs Algorithm 2 with threshold parameter 41/ T In W to maintain

a candidate action set jf‘ <l ana .,Zlf‘ ©l_constrained best respond to the prediction p; in every round
t € [T]. Let 1 : R — R. We say that a sequence of predictions px,...,pr is (N, B1)-decision
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calibrated with respect to a sequence of outcomes y1, . . .,y if for every a € A and (u,c) € N:

T
3 1[CBRY e () =l — )| < B(TFl (a))

t=1

[e.e]

where T"%Il(a) = 3717, LCBR Zece (pr) = al

Both Definitions 13 and 19 require the predictions to be unbiased conditional on the actions
chosen by agents. They differ only in agents’ decision rules. In Definition 13, agents .Af-constrained
best respond to the predictions to compete with the benchmark class Af.;,, whereas in Definition

19, agents ﬁ? l°l_constrained best respond to the predictions to compete with the benchmark class
AT [C] . For simplicity, we refer to both conditions as decision calibration.

Slmilarly to Theorem 14, decision calibration implies no AIE[Td -constrained swap regret.
Theorem 20 Let N be a set of agents, where each agent is equipped with a utility function

u: Ax Y —[0,1] and J constraint functions {c; : A x Y — [=1,1]} (). The utility functions
are linear and L-Lipschitz in the second argument. Each agent runs Algorithm 2 with threshold pa-

rameter 44/ T In M to compete with the benchmark class AIE:[;]. If the sequence of predictions
P1, .-, 01 is (N, B1)-decision calibrated, then with probability at least 1 — 0, the AI;::[;] -constrained
swap regret of every agent is bounded by:
E
Rogawap (1, A 1 T) < 2LIA|B1 (T/|A])
The proof is similar to the proof of Theorem 14. For any action modification rule ¢ : A — AIE:[TC] ,
we can write:

T
Z (u(o(ar), ye) — ular, ye))
t=1

T

T
—u($ar),pe) + Y (w(dlar),pe) — w(ae, pr)) + > (ulae, pr) — ulas, ye))
=1

t=1 t=1

|
B
£

Conditioning on the event in Corollary 11 and using the fact that ¢(a;) € Allg:[TC], we have that

o(ay) € thE I for every t € [T]. Since agents .,@E °l_constrained best response to the prediction p;

in round ¢, a; = arg max, _zsie u(b, pt). This implies that:
t

u(d(at), pe) < ulag,py).

So, the second part in the decomposition is bounded by 0.
Thus, it suffices to bound the other two parts using decision calibration.

Lemma 21 If the sequence of predictions p1, . .., pr is (N, B1)-decision calibrated, then for any
(u,c) e N:

T

Z ulat, pr) — ulag, yi))| < LIA|BL(T/|Al)

24



OMNIPREDICTION WITH LONG-TERM CONSTRAINTS

Proof The proof is similar to the proof of Lemma 15. Using the linearity of u, we can write:

_ ZZ @ = apt)—U(%yt))‘

Z(U(at,pt) — u(ag, yt))

) ‘
t=1

M

acA t=1 t=1
T
<D LD e = al(p — w)
acA t=1 o0
< LY By(T"E) a))
acA

where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of u, and the third inequality follows from (N, 31 )-decision calibration. By concavity
of 3 and the fact that >~ , T“Elcl(a) = 3", 4 ST, 1[as = a] = T, this expression is at most:

LIA|BL(T/]A])
|
Lemma 22 If the sequence of predictions p1, . .., pr is (N, B1)-decision calibrated, then for any
(u,c) e Nand ¢ : A — AIE:[Td.'
T
> (u(dlar), pr) — ulelar), ve)| < LIAIBL(T/|A)).
t=1
Proof Using the linearity of u, we can write:
T T
Z(U(¢(at),pt) - U(¢(at)7yt))‘ = Z Z L[ay = al(u((a),pr) — u(¢(a),yt))‘
t=1 acA t=1
) T T
= (u (¢(a)a > i = ah%) —u <¢(G)a > = a]%)) ‘
acA t=1 t=1
<3S <¢<a>,2 T, = a}pt> —u (¢><a>,2 a, = 1y>‘
acA t=1 t=1
T
< Z L Z a; = al(pr — Yt)
acA t=1 0o

<L pu(T"Ee(a))

acA
< LIA|Z(T/]A])
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where the first inequality follows from the triangle inequality, the second inequality follows from
L-Lipschitzness of u, the third inequality follows from (N, 81)-decision calibration, and the fourth
inequality follows from concavity of ;. |

We can now complete the proof of Theorem 20.

Proof Fix any (u,c) € N and ¢ : A — A]lEZ[;]. Applying Lemmas 21 and 22 to the decomposition
of the regret against ¢, we have that:

T
Z (u(o(ar), ye) — ular, ye))

t=1

T T
(u(o(ar), ye) — uld(ar),pr)) + Z (w(e(ar), pr) — ulas, pr)) + Z (w(at, pt) — ulas, yt))

1 t=1 t=1

< 2L|A|B(T/]Al)

I
W

4~
Il

We will instantiate UNBIASED-PREDICTION to make decision calibrated predictions as defined
in Definition 19. We will refer to this instantiation as DECISION-CALIBRATION-EXPECTATION. It
has the following guarantees.

Theorem 23 Let N be a set of agents, where each agent is equipped with a utility function
u: AxY — [0,1] and J constraint functions {c; : A x Y — [=1,1]}c[y). Each agent will

run Algorithm 2 with threshold parameter 44/ T In M to compete with the benchmark class

.AllE:[;]. There is an instantiation of UNBIASED-PREDICTION (Noarov et al., 2023) —which we
call DECISION-CALIBRATION-EXPECTATION— producing predictions p1,...,pr € A)Y satisfy-
ing, with probability at least 1 — 0, for any (u,c) € N and a € A:

<0 <ln<d\AIW 1)+ /(@ AWIT) - Tl (0) 4 /i BA -T>

Substituting the above bounds into Theorem 20 and combining with Theorem 12, we arrive

T
> LCBRY%eq (p1) = al(pe — ye)
t=1 ‘

at the following corollary bounding the cumulative constraint violation and the .AIIE:[TC} -constrained
swap regret. To obtain an overall failure probability of at most J, we instantiate the regret guarantee
and the cumulative-constraint-violation guarantee each with failure probability ¢ /2, and then apply
a union bound.

Corollary 24 Let N be a set of agents, where each agent is equipped with a utility function
u: AxY — [0,1] and J constraint functions {c; : A x Y — [=1,1]} 1. The utility functions
are linear and L-Lipschitz in the second argument. Each agent runs Algorithm 2 with threshold pa-

rameter 44/ T In w to compete with the benchmark class .A]i[;]. The sequence of predictions

P1,- - ., pr outputted by DECISION-CALIBRATION-EXPECTATION ensures that with probability at
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least 1 — 6, the cumulative constraint violation and the Ali[;]-constmined swap regret of every agent
are bounded by:

CCV(1:T) < 4)A|\/TIn(2lA||N]JT/8) + | Al

¢ d T
Regqyap (1 AL 1: T) < O <L]AM /T1n ‘A'(|5N‘> .

Since constrained swap regret is stronger than constrained external regret, the same regret bound

also holds for Reg (u, AIE:[TC]? 1:7).

Appendix D. Simultaneous Guarantees for Multiple Subsequences: Details

Our analysis so far has focused on achieving low regret against the best single benchmark action in
hindsight, evaluated over all T rounds. We now extend this framework to a more demanding and
general setting by considering performance over multiple, arbitrary subsequences of rounds. We
will compete with different benchmarks over different subsequences, and provide more granular
guarantees that hold simultaneously across all subsequences.

Let S be a collection of subsequences, where each subsequence S € S is a subset of [T']. We
assume that the union of these subsequences covers the entire time horizon, i.e., UsesS = [T].
This ensures that every round belongs to at least one subsequence, and thus has a benchmark for us
to compete with. We denote the active subsequences inround ¢ € [T as Sy = {S € S:t € S},
which is non-empty by our assumption. These subsequences need not be fixed in advance but
can be defined dynamically based on contextual information. A subsequence S € S is generally
characterized by an indicator function hg : [T] x X — {0,1}. For any round ¢ € [T] with an
observed feature x;, the round is part of the subsequence S if and only if hg(¢,z;) = 1. This
flexible definition allows subsequences to be based on the round index ¢, the feature x;, or both. We
could also generalize the definition of subsequence to let it depend arbitrarily on the history.

We now extend our benchmark definitions to the multi-subsequence setting. Fix a subsequence
S € &, one benchmark class of interest is the set of actions that satisfy the realized constraints over
the entire subsequence, denoted as:

AS ={a:c¢j(a,y:) <0 foreveryt € Sand j € [J]}.

Another benchmark class is the set of actions that satisfy the constraints in expectation over the
entire subsequence, denoted as:

AE[C] — {a : ytINEn[Cj(a,yt)] <0 foreveryt € Sandj € [J]} :

Previously, our notions of constrained external regret and constrained swap regret were defined
over the entire time horizon of 7' rounds. We now extend these definitions to handle arbitrary
subsequences. Note that the “best action in hindsight” can be different on each subsequence, so
regret bounds that hold simultaneously on many subsequences are comparing to a substantially
richer benchmark class than regret bounds that hold marginally over a single subsequence.

Definition 25 (B-Constrained External Regret over Subsequence S) Fix an agent with action space
A and utility function u. Let B be a benchmark class of actions. Fix a subsequence S C [T']. For a
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sequence of actions aq, . . . ,ar and outcomes y1, . . ., yr, the agent’s B-constrained external regret
against the benchmark class B over the subsequence S is:

Regext(u B S) - maxz a, yt - u(atayt)) .
tes

Definition 26 (5-Constrained Swap Regret over Subsequence S) Fix an agent with action space
A and utility function u. Let B be a benchmark class of actions. Fix a subsequence S C [T)]. For
a sequence of actions a1, . .., ar and outcomes y1, . . ., yr, the agent’s B-constrained swap regret
against the benchmark class B over the subsequence S is:

Regswap(uu 87 S) = max (u((b(at)?yt) - u(at7yt)) :

¢ A—B Py

Similarly, we define the cumulative constraint violation over a subsequence:

CCV(S) = maxz cjlat, yr)-
1€l ies

Agents aim to achieve low regret and satisfy the long-term constraints simultaneously over every
subsequence in S. The latter requires that CCV(.S) < o(]S|) for any S € S, where | S| is the length
of subsequence S.

To compete with the benchmark classes {A¢}gcs, we use Algorithm 1 as the fundamental
building block for our multi-subsequence setting. We will let each agent instantiate a copy of
Algorithm 1 for every subsequence. In each round ¢ € [T], these parallel instantiations provide
the agent with a candidate action set A g for every active subsequence S € S;. The agent then

aggregates these candidate action sets by taking their union, Uy = Uges, At g» and U;-constrained
best respond to our prediction p;. This procedure is formally stated in Algorithm 3.

Algorithm 3 Elimination-Based Algorithm for Benchmark Classes { A }ses

Initialize "41, g = A for every subsequence S € S

fort =1to 7T do

Receive the prediction p;

Aggregate candidate action sets from active subsequences, U; = Uges, ﬁf g

Play the U;-constrained best response to p;, a; = CBR{, (pt) 7

Observe the outcome ;, obtain utility u(a, y¢) and constraint increments c;(a¢, y¢), j € [J]
Obtain .At 11,5 by executing one step of Algorithm 1 for every active subsequence S € S

Let At 115 = At ¢ for every non-active subsequence S € S\ S;
end

Since each instantiation of Algorithm 1 is guaranteed not to eliminate the benchmark actions
corresponding to its subsequence (Proposition 7), the union set U at each round ¢t € [T will
therefore contain the benchmark actions for every active subsequence S € S;.

Proposition 27 Let S be a collection of subsequences. Fix an agent in N with a utility function
u: AxY — [0,1] and J constraint functions {cj : A x Y — [=1,1]};e(s). Suppose the agent
runs Algorithm 3 to compete with the benchmark class AS over every subsequence S € S, then

AS C ﬁfs C U foranyt € [T)and S € S;.
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Fix any subsequence S € S. Since the agent chooses actions from the union sets, an action’s
selection can be sourced from the candidate action set of any subsequence in S. As a result, each
action can contribute at most |S| times to the cumulative constraint violation over S before it is fully
eliminated. Consequently, the cumulative constraint violation of Algorithm 3 over any subsequence
can be upper bounded by |A||S].

Theorem 28 Let S be a collection of subsequences. Fix an agent in N with a utility function
u: AxY — [0,1] and J constraint functions {c; : A x Y — [~1,1]};c(s). Suppose the agent
runs Algorithm 3 to compete with the benchmark class A$, over every subsequence S € S, then the
cumulative constraint violation of the agent over any subsequence S € S is bounded by:

CCV(S) < |A|IS].

Proof Fix any j € [J] and S € S. We will bound the cumulative violation against the j-th
constraint over S, i.e., > ,.¢ cj(at,yt). The final result follows by taking the maximum over all
j el

Similarly to the proof of Theorem 8, we first partition the sum based on the action played. For
each actiona € A, let Rg, = {t : t € S,a; = a}. This gives:

ch(auyt) = Z Z cjla, yr).
tes a€A:Rg o A0 tERg 4

For an action a to be played in round ¢, it must be a candidate action for at least one active
subsequence S’. As a result, the above equation can be upper bounded by:

SN MateSae Lglelam) = > > > ci(a,y)-

a€A:Rg #DtERs o S'ES a€A:Rg #0 S'€S tERg aﬂS’:aE.Z? o
For notational convenience, we define Rg, s = {t € Rgq N S':a € Af S/}. For any

t € Rsgqs \ {max Rg, s }, action a is played and is not eliminated from the candidate action set
corresponding to .S/, which implies that the constraint is satisfied, i.e., ¢j(a,y:) < 0. Therefore,
only the final term, ¢;(a, Ymax Rs. «)» can contribute positively to the sum for each action. The
sum is thus bounded by:

Z Z Z Cj(a?yt) + Cj((l, ymaXRS,a,S’)

a€A:Rg o #05'€S \t€Rg , o/ \{maxRg , o}

< Z Z Cj(a, ymastya’S/)

a€A:Rg #0 S'€S

> 2!
a€A:Rg #0 S'€S
|A[IS].

IN

IN

Handling the expectation-based benchmarks {AE[C] }ses, in contrast, requires a more sophisti-
cated approach than simply running parallel copies of Algorithm 2. The challenge arises because
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each instantiation of the algorithm has only a local view of an action’s performance. An action
could appear feasible from the perspective of a subsequence S, but within a smaller, overlapping
portion of another subsequence S’, that same action could be highly problematic. Low (i.e. very
negative) constraint violation over the difference S \ S’ can mask the high constraint violation on
the intersection S N S’, preventing S from eliminating the action. This action would then remain
in the union set U; and continue to harm the performance of subsequence S’, even if S’ has already
eliminated it.

Our solution has the same high-level structure as Algorithm 3. We maintain a candidate action

set ﬁE I for each subsequence and gradually eliminate actions from it; the agent selects an action

from the union set, Uy = Ugeg, .At Eg}, in each round. The key difference lies in a more sophisticated
elimination rule.

We will monitor each action’s constraint violations more granularly by tracking their perfor-
mance over the intersections of pairs of subsequence. However, since these intersections overlap,
simply summing constraint violations across them would lead to double-counting. To resolve this,
we will attribute the action a; played in each round ¢ € [T] to a single, uniquely responsible subse-
quence. This responsible subsequence can be selected in any arbitrary way. To be concrete, we let
the collection of subsequences be indexed as S = {S1,52,...,S7} where I = |S|. We credit the
subsequence .S, with the smallest index that is active and for which a; is a candidate action:

re :min{i ell]:te S ac ,ZE[C]}.

For each action a € A, constraint j € [J], and pair of subsequences (S, ") € S2, we define the
a?j?Sl

[1,tnS
j-th constraint during the rounds of S up to round ¢ for which subsequence S’ is responsible:

attributed constraint violation w that tracks the cumulative violation of action a against the

w[f]tis Z llas = a,s € S, S, S/]Cj(aayS)‘

Our new elimination rule is based on monitoring these terms against subsequence-specific
thresholds, {7g'}s/cs. An action a; is eliminated from the candidate action set of its responsi-
ble subsequence, S;,, if its attributed constraint violations exceed a subsequence-specific threshold

7s,,- Specifically, we eliminate a; from .Ef g’r]t if for any constraint j € [J] and any subsequence
S € S, the term w[l’] g]f% surpasses Tg,, . This entire procedure is formally detailed in Algorithm 4.

Algorithm 4 never eliminates any benchmark action in ABle g ) from the candidate action set A, [C]
across the 7" rounds for any subsequence S € S with high probability over the randomness of the
outcomes yi, . . ., YT

Proposition 29 Fix an agent in N with a utility function v : A x Y — [0,1] and J constraint
functions {cj : A x Y — [~1,1]}es)- Suppose the agent runs Algorithm 4 with threshold param-

eters {75} ses to compete with the benchmark class .AS[ ° over every subsequence S € S, then with

-2
probability at least 1 — 2| A||S|J D g s |S|e_W§\;
AE[C] - .EE[;] C Uy foreveryt € [T and S € S;.
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Algorithm 4 Elimination-Based Algorithm for Benchmark Classes {AE[C} }ses

Input: Threshold parameters {75} secs
Initialize .Zifv[g] = AforeachS €S
Forevery a € A, j € [J],and § € S, set wj?® =0

fort=1to T do

Receive the prediction p;
Aggregate candidate action sets from active subsequences, U; = U Sest./zl\]f Eg]
Play the U;-constrained best response to p;, a; = CBRy, (pt)
Determine the responsible subsequence with index r; = min{i € [I]: ¢t € S;,a; € EE [gj}
Observe the outcome ¥, obtain utility u(at, y¢) and constraint increments ¢;(a¢, y¢), j € [J]
. '7Sl . '7Sl y
Update wﬁft}ms = wﬁft_l]ms + lar = a,t € 5,5, = S'|cj(a,y:) forevery a € A, j € [J],
and 5,5 € S
3 . ) '757‘
if 37 6[[17], S e S,{u})ﬁit]]mst > 75 then
71E[c 71E[c
A, = TS\ e
end
else
ABlel  _ ZE[]
‘ ‘At—&-l,Srt = At,sm
end
Let ﬁﬂcl] g = ﬁiE [SC] for any non-responsible subsequence S € S\ {S,, }
end

Proof Fix any j € [J], (S,5") € S?,and a € AE[C], we have that for every ¢ € [T:

t
Pr wﬁ’fgﬁs > Ts] = Pr !Z llas = a,s € S, S, = S'|cj(a,ys) > 7'5]

s=1

M)~

< Pr [ llas = a,s € S, S, = S'|(cj(a,ys) — E_[cj(a,ys)]) > TS] )

ysNYs

s=1

Similarly to the proof of Proposition 10, we define the filtration F; = o ({ (zs, s, Ys) Fory, Tet1, pt+1)
and first show that {1[as = a,s € S, S, = 5')(cj(a,ys) — Ey.~v. [cj(a, ys)]) }1_, is a sequence of
martingale differences.

We have that a; = CBR}}t (pt). Uy is the union of some candidate action set maintained by the
agent based on the record of the actions up to round t — 1, so U; € F,_1. py € F;—1 by definition
of the filtration. So a; € F;—1 and hence 1[a; = a] € F;_;.

We have that 1t € S| = 1[hg, (t,z;) = 1], where z; € F;_1. As aresult, 1[t € S] € F_.

The responsible subsequence at round ¢ has index 7, = min{i € [I] : t € S;,a; € /E/E [;Z]} =

min{i € [I] : hg,(t,z:) = 1l,a; € fliEEL]} where z; € Fi_1, a; € Fi_1, and ﬁ?[scj € Fi_1.
Therefore, 1[S,, = 5'] € Fi_1.
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Consequently, for any ¢ € [T:

E |1[a; = a,t € S,S,, = S")(cj(a,y) — IEY [ci(a,y)]) | .7-}1}

ye~Yy
=1fas =a,t €5,5,, = S5|E |c;j(a,yt) — , IEY [ci(a,ye)] | ]:,51]
t~ It

=0.

This implies that {1[a; = a,s € S,S,, = 5'](¢j(a,ys) — Ey,~v,[cj(a, ys)]) i, is a sequence
of martingale differences. The subsequence of these terms corresponding to rounds s € 9, i.e.,
{llas =a,s € S,S,, = 5)(¢j(a,ys) — Ey,~v,[cj(a,ys)]) } ses:s<t. is also a martingale difference
sequence, because the selection rule is predictable with respect to the filtration F;_;. By Azuma-
Hoeffding inequality (Lemma 47), we derive that for any j € [J], (S,5") € 8%, a € AE[C], and
tesS:

t

a,j,S’ _ — . .
Pr [w[lft]ms > Ts} < Pr Zl llas =a,s € S,S,, = S’](c] (a,ys) — ySIEYS[c] (a,ys)]) > 7s

= Pr e;q Uas = a5 € 5,8, = S(es(a,95) = B [ej(a,95)]) > 7s

2

__S
< 2e” ST,

Using the union bound over every j € [J], (S,5') € S?,a € A]i[Tc}, and t € S, we derive that:

T

Pr|3j € [J],(S,5) € §%,a € AE[C],t € S, such that wﬁft’]ils > T5:| < Z Z Z 226_8\5
GE[T] (5,5)€8? g 4lle) teS

o

2
s
< 2JA||S|T ) [S|e” IS,
Ses
By the elimination rule of Algorithm 4, this implies that the agent never eliminates any action in

7_2
AE[C] across the 7" rounds for any subsequence S € S with probability at least 1—-2[A[|S|J Y g5 |S ]e_Wg‘l.
|

Proposition 29 provides a guarantee for a single agent. To extend this to all agents in N, we

apply a union bound. By setting the thresholds 75 = 4\/ |S] In w for a desired failure
probability § € (0,1), we arrive at the following corollary, which holds with probability at least
1-9.

Corollary 30 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function w : A x Y — [0,1] and J constraint functions {c; : A x
Y = [=1,1]}jes. Each agent runs Algorithm 4 to compete with the benchmark class AE[C]
over every subsequence S € S, where the threshold parameter for each subsequence S is set to

4\/ |S] In w. Then with probability at least 1 — 0, for every agent:

A € TS C U for every t € [T)and S € &,
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We now bound the cumulative constraint violation of Algorithm 4. The reasoning is a granular
extension of the argument for Theorem 12. In Algorithm 4, an action a is eliminated from the

candidate action set of the responsible subsequence S’ only when one of its attributed constraint
a,j,Sl

violations, W inss

surpasses the threshold 7g/. This implies that each attributed constraint violation
a7j7S/

[1,4]NS?
subsequences S’ € S and all actions a € A gives the final bound on CCV(S).

term, w is bounded by at most 7g» + 1. Summing this bound over all possible responsible

Theorem 31 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function u : A x Y — [0,1] and J constraint functions {c; : A x
Y = [=1,1]}jes. Each agent runs Algorithm 4 to compete with the benchmark class AE[C]
over every subsequence S € S, where the threshold parameter for each subsequence S is set to

4\/ |S| In w. Then with probability at least 1 — 6, the cumulative constraint violation of
any agent over any subsequence S € S is bounded by:

2 !
cev(s) < 3 4\A\\/\S’|ln 'A”M‘? NS L)
S'eS

Proof By Corollary 30, no agent in N eliminates any benchmark action in AE[C] across the T'
rounds for any subsequence S € S with probability at least 1 — §. We will condition on this event,
which ensures that the Algorithm 4 is well-behaved and avoids the risk of eliminating all actions in
A.

Fix any j € [J] and S € S. We will bound the cumulative violation against the j-th constraint
over S,i.e., > g cj(at, yt). The final result follows by taking the maximum over all j € [.J].

We will partition the sum based on the action played and the responsible subsequence. For each
action a € A and subsequence S’ € S, we define Rg, s = {t € [T] : a; = a,t € S,5,, = 5'}.
Then we have that:

T
ch(atayt) = Z 1[t € S]e;j(at, yr)
tes t=1
T
= Z Z Zﬂ[at =a,t€ 8,8, =5ci(a,y)
acAS'eS t=1

max Rg a,8’

= Z Z Z lla; = a,t € S, S,, = S']Cj(a,yt)

acAS'eS t=1
max RS,a,S’_l

= Z Z Z ]l[at =a,t €S, Srt = S/]Cj(aayt) + Cj(avymaxRS’mS/)

acAS'eS t=1
7A7S/
= Z Z <will‘,]maXRS a’S/fl}ﬂS + Cj (0/7 ymaXRS,a,S/))
a€AS’eS 7
<2 ) (s +])
acAS'eS
SJ2J|S’
_y 4|AM|S,ID AWVISEIIST, |y,
S'eS
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Next, we focus on the regret against the benchmark class A$ over every subsequence S € S.

Similarly to Section 4, we will obtain the same regret bounds for the benchmark class AEM and
relegate the results to Appendix F.

To obtain the regret bounds, we will need the predictions to be decision calibrated, conditional
on every subsequence in S.

Definition 32 (N, S, ay)-Decision Calibration) Ler S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a utility function v : A x Y — [0, 1] and
J constraint functions {c; : A x Y — [=1,1]};¢|s. Each agent will run Algorithm 3 to compete
with the benchmark class AS over every subsequence S € S. Each agent will maintain a can-

didate action set {Ut}te[T]- Let as : R — R. We say that a sequence of predictions p1, ...,pr
is (N, S, ag)-decision calibrated with respect to a sequence of outcomes iy, .. .,yr if for every
SeS ae A and(u,c) e N:
T
S 1t € 5, CBRY, (n) = al(pe — w)|| < 0a(T"* ()
t=1 o)

where T%“%5(a) = Z?:l 1[t € 5,CBRE, (pt) = a].

Similarly to Theorem 14 in the single-sequence case, decision calibration leads to the con-
strained swap regret bound.

Theorem 33 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0, 1] and J constraint functions {c; : A x Y —
[—1,1]}je(s)- The utility functions are linear and L-Lipschitz in the second argument. Each agent
runs Algorithm 3 to compete with the benchmark class AS over every subsequence S € S. If
the sequence of predictions p1, . ..,pr is (N, S, az)-decision calibrated, then the A$-constrained
swap regret of any agent over any subsequence S € S is bounded by:

Regguap (u, AS, S) < 2L|Alaz(]S]/|Al).
We will again instantiate UNBIASED-PREDICTION to make decision calibrated predictions.

Theorem 34 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0, 1] and J constraint functions {c; : A x Y —
[—1,1]}jels). Each agent will run Algorithm 3 to compete with the benchmark class A over ev-
ery subsequence S € S. Each agent will maintain a candidate action set {Ut}te[T]- There is
an instantiation of UNBIASED-PREDICTION (Noarov et al., 2023) —which we call DECISION-
CALIBRATION-SUBSEQUENCE— producing predictions p1,...,pr € Y satisfying, for any se-
quence of outcomes y1,...,yr € Y, the following holds with probability at least 1 — § for any
(u,c)eN,a€ A and S € S:

T
Z 1[t € S,CBRy, (p:) = al(pt — yt)
t=1

o0

<0 <ln(d]A|NHS|T) + /I AINISIT) - T (a) + \/ In ‘”A|5N”5| : \s) .
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Substituting the above bounds into Theorem 33 and combining with Theorem 28, we arrive at
the following corollary bounding the cumulative constraint violation and the A$-constrained swap
regret over every subsequence S € S.

Corollary 35 Let N be a set of agents, where each agent is equipped with a utility function u :
A x Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]} 1) The utility functions are
linear and L-Lipschitz in the second argument. Each agent will run Algorithm 3 to compete with
the benchmark class AS over every subsequence S € S. The sequence of predictions p1, ..., pr
outputted by DECISION-CALIBRATION-SUBSEQUENCE ensures that with probability at least 1 —
0, the cumulative constraint violation and the A%-constrained swap regret of any agent over any
subsequence S € S are bounded by:

CCV(5) < |Alls],

Regyap (1, A5 5) < O (LAM sundlAHNw) .

d

Since constrained swap regret is stronger than constrained external regret, the same regret bound
also holds for Regg, (u, Ag, S).

Appendix E. Proof of Theorem 33

Similarly to the proof of Theorem 14, for any subsequence S € & and action modification rule
¢ : A — A%, we can decompose the regret against ¢ into three parts as:

Z (u(o(ar), ye) — ular, ye))

tesS

=D (u(@(ar) ye) —u(@(ar),pe)) + ) (ullar), pe) —ular,pe)) + ) (ular, pr) — ulaz, yr))

tes tes tes
By Proposition 27 and the fact that ¢(a;) € AS, ¢(ay) € Uy forevery t € S. Since agents Uy-

constrained best response to the prediction p; in round ¢, a; = arg maxcy, u(b, p¢). This implies
that:

w(p(ar), pr) < ulag, pr).

So, the second part in the decomposition is upper bounded by 0.
Thus, it suffices to bound the other two parts using decision calibration.

Lemma 36 [f the sequence of predictions p1,...,pr is (N, S, as)-decision calibrated, then for
any (u,c) € Nand S € S:

> (ular, pe) — ular, ye))| < LIAJaz(|S]/|A]).

tesS
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Proof Using the linearity of u, we can write:

T
Z(U(anpt) - u(at,yt))‘ = Z Z 1[t € S5, ar = al(u(a, pt) — u(a, yt))‘

tesS acA t=1

acA t=1 t=1
T

< Z u (a,Z]l[t €S, a; = a]pt> —u (a,Z]l[t €S, a= a]yt>‘

acA t=1 t=1

T

<Y L) 1t e S a=al(p—u)

acA t=1 00
<L) ax(T"%%(a)).

acA

where the first inequality follows from the triangle inequality, the second inequality follows from
L-Lipschitzness of u, and the third inequality follows from (N, S, as)-decision calibration. By
concavity of v and the fact that >, . T%%%(a) = > ,c 4 Zle 1}t € S,a; = a] = |S|, this
expression is at most:

L AJea(]S]/1A))-
|

Lemma 37 [f the sequence of predictions p1,...,pr is (N, S, as)-decision calibrated, then for
any (u,c) € Nand S € S:

> (u(g(ar), pr) — ule(ar), ve)

tesS

< L|Alax(|S|/|A)).

Proof Using the linearity of u, we can write:

T
S (ul(é(ar). pr) - u<¢<at>,yt>>‘ = 3" 1l € Soar = al(u(éla). pr) - u<¢<a>7yt>>‘

teS ac A t=1

acA t=1 t=1
< Z u <¢(a), Z 1t € S, ar = a]pt> —u (¢(a), Z 1t € S,a; = aly,
acA t=1 t=1
T
< ST L|> 1 e Soar = al(pi - )
acA t=1 00
<L) ay(T"%5(a))

acA
< L|Alaa(|S]/]Al)

36

= Z (u (a,Z]l[tE S, ay :a]pt> —u (a,Zﬂ[tE S,at:a]yt>>|

= Z (u (d)(a), Z 1t € S,a; = a]pt> —u (d)(a), Z 1t € S,a; = aly:

)

))
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where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of u, the third inequality follows from (N, S, as)-decision calibration, and the fourth
inequality follows from concavity of as. |

We can now complete the proof of Theorem 33.
Proof Fix any (u,c) € N, S € S, and ¢ : A — A§. Applying Lemmas 36 and 37 to the
decomposition of the regret against ¢, we have that:

Z (u(a,ye) — ulas, yt)) = Z (u(a,yt) — ula,ps)) + Z u(a,ps) — ulag, py)) + Z (at,pt) — u(as, yt))

teS tesS tesS tesS

< 2L| Al (|S]/]Al).

Appendix F. Omitted Results from Appendix D

In this section, we derive regret bounds for the benchmark classes {AEM}SGS- By Corollary 30,

with probability at least 1 — § over the randomness of the outcomes y1, . . ., yr, .AIE[C] - E;E Eg] CU;

for every agent, every ¢t € [T, and every S € S;. We will condition on this event througflout this

section. Therefore, all the guarantees we give in this section hold with probability at least 1 — .
Similarly to Definition 32, we will need the following notion of conditional unbiasedness.

Definition 38 (N, S, 32)-Decision Calibration) Ler S be a collection of subsequences. Let N
be a set of agents, where each agent is equipped with a utility function u : A x Y — [0,1] and
J constraint functions {c; : A x Y — [~1,1]};¢(5. Each agent will run Algorithm 4 to compete
with the benchmark class AE[C] over every subsequence S € S, where the threshold parameter for
IAIIN\\S?IZJ\S\

each subsequence S is set to 4\/ |S| In . Each agent will maintain a candidate action
set {Ui}ier) Let B2 : R — R. We say that a sequence of predictions p1, . ..,pr is (N, S, Ba)-

decision calibrated with respect to a sequence of outcomes 1, ...,y if for every S € S, a € A,
and (u,c) € N:
T
> 1t € S, CBRY, (p) = al(pr — )| < Aa(T"FH5(a)),
t=1 o0

where T“’E[C]’S(a) = Z?:l 1t € S, CBRZILJt (pe) = al.

Similarly to Theorem 20 in the single-sequence case, decision calibration leads to the con-
strained swap regret bound.

Theorem 39 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function v : A x Y — [0, 1] and J constraint functions {c; : A x Y —

[(—1,1]}¢ (7). The utility functions are linear and L-Lipschitz in the second argument. Each agent
E[c]

runs Algorithm 4 to compete with the benchmark class .AS over every subsequence S € S, where

the threshold parameter for each subsequence S is set to 4\/ |S] In w If the sequence of
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predictions p1, . .., pr is (N, S, B2)-decision calibrated, then the Ag[c]-constrained swap regret of
any agent over any subsequence S € S is bounded by:

Regyap (1, AG, S) < 2LIA|B(|S|/]A]).

Similarly to the proof of Theorem 20, for any subsequence S € S and action modification rule
¢o:A— Ag[c], we can decompose the regret against ¢ into three parts as:

Z (w(o(ar), ye) — ular, yt))

tes

:Z(UW(%)JJ ¢(at), pr) +Z ¢(ar), pe) — u(ar, pr)) +Z (a, pe) — ular, y)) -

tesS tesS tesS

Conditioning on the event in Corollary 30 and the fact that ¢(a;) € Ag[c], ¢(ar) € Uy for
every t € S. Since agents U;-constrained best response to the prediction p; in round ¢, a; =
arg maxye s, u(b, p). This implies that:

u(o(ar), pr) < u(ag, pr).

So, the second part in the decomposition is upper bounded by 0.
Thus, it suffices to bound the other two parts using decision calibration.

Lemma 40 [f the sequence of predictions p1, . ..,pr is (N, S, B2)-decision calibrated, then for
any (u,c) € N and S € S:

> (ular, pe) — w(ar, vr))

tesS

< LIA|Ba(|S]/IA])-

Proof Using the linearity of u, we can write:

T
Z(U(atapt) - u(atvyt))‘ = Z Z 1[t € S, a¢ = al(u(a, p) — u(a, yt))‘

tes acAt=1

T T
= Z (u (a,Z]l[te S, ay —a]pt> —u (a,Zﬂ[tE S,at—a]yt>>‘

acA

T T
§Z (a,Z]ltESat—a )u(a,ZﬂtES,at:a]yt>|
acA t=1 t=1
T
< ZL Zl[t € S,ar = a)(pt — 1)
a€A t=1 00
<L Z Bz(TU,E[C],S(a))

acA
< L|A|B2(|5]/|Al)-

where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of u, the third inequality follows from (N, S, 82)-decision calibration, and the fourth
inequality follows from concavity of 5. |
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Lemma 41 [f the sequence of predictions p1, . ..,pr is (N, S, B2)-decision calibrated, then for
any (u,c) e Nand S € S:

Z(U(¢(at)7pt) —u(¢(ar), yt))

tesS

< L|A[Ba(IS]/]Al)-

Proof Using the linearity of u, we can write:

> (u(d(ar), pr) — u(¢lar), y»)‘ =YD 1t e S a = a(u(é(a),p) — u(g(a), ym‘

tesS acA t=1

T
— Z <u (qS(a), Z 1t e S, ar = a]pt> - (¢(a), Z 1t € S, ar = a]yt>> ‘
acA t=1 t=1

T T
Z u (qb(a), Z 1t € S,a, = a]pt> —u ((b(a), Z 1t e S,a = a]yt>

acA t=1

<> L

acA

<L Z ﬁQ(TU’E[C]’S(a))

acA
< LIA[B2(|S|/|Al).

IN

T

D 1t € S ar = al(pr — y)

t=1

[e.9]

where the first inequality follows from the triangle inequality, the second inequality follows from L-
Lipschitzness of u, the third inequality follows from (N, S, 82)-decision calibration, and the fourth
inequality follows from concavity of (5. |

We can now complete the proof of Theorem 39.

Proof Fix any (u,c) € N, S € S,and ¢ : A — AE[C]. Applying Lemmas 40 and 41 to the
decomposition of the regret against ¢, we have that:

Z (u(a,y) —u(at, yt)) = Z (w(a, y) — ula, pr)) + Z u(a, pr) — u(as, pr)) + Z (at, pt) — ulat, yt))

tesS tesS tesS tesS

< 2L|A|B2(|S|/]Al).

We will again instantiate UNBIASED-PREDICTION to make decision calibrated predictions.

Theorem 42 Let S be a collection of subsequences. Let N be a set of agents, where each agent
is equipped with a utility function w : A x Y — [0,1] and J constraint functions {c; : A x

Y = [=1,1]}jey)- Each agent will run Algorithm 4 to compete with the benchmark class AE[C]
over every subsequence S € S, where the threshold parameter for each subsequence S is set

to 4\/]S| In w Each agent will maintain a candidate action set {Uy}ycir). There is
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an instantiation of UNBIASED-PREDICTION (Noarov et al., 2023) —which we call DECISION-
CALIBRATION-SUBSEQUENCE— producing predictions pi, ..., pr € Y satisfying, with probability
at least 1 — 6, for any (u,c) e N,a € A, and S € S:

T
> 1t € S,CBRY, (pe) = al(p — 1)
t=1

(e}

<0 <1n(d|A]|N|8|T) + /(A NISIT) - TEIES (a) + \/m d‘““”g\/”s’ : |S\> .

Substituting the above bounds into Theorem 39 and combining with Theorem 31, we arrive
at the following corollary bounding the cumulative constraint violation and the .Alg[c}—constrained
swap regret over every subsequence S € S. To obtain an overall failure probability of at most J, we
instantiate the regret guarantee and the cumulative-constraint-violation guarantee each with failure
probability 0/2, and then apply a union bound.

Corollary 43 Let N be a set of agents, where each agent is equipped with a utility function u :
Ax Y — [0,1] and J constraint functions {c; : A x Y — [=1,1]};c(s. The utility functions
are linear and L-Lipschitz in the second argument. Each agent will run Algorithm 4 to compete
with the benchmark class .AEM over every subsequence S € S, where the threshold parameter
S| In 2\AIWI[|$S\2JISI

for each subsequence S is set to 4\/ . The sequence of predictions p1,...,pr
outputted by DECISION-CALIBRATION-SUBSEQUENCE ensures that with probability at least 1 — 6,
the cumulative constraint violation and the AE[C}—constmined swap regret of any agent over any
subsequence S € S are bounded by:

2 S|2J|S’
cov(s) < X aanism ZANISEAST |y,
S'eS

¢ T
Regyyap (1, Ag, $) < O <L|A|\/ 5] In W) |

Since constrained swap regret is stronger than constrained external regret, the same regret bound

E
also holds for Regg. (u, AS[C] ,S).

Appendix G. Unbiased Prediction Algorithm

In this section we present the UNBIASED-PREDICTION algorithm of Noarov et al. (2023), from
which our guarantees in Theorems 17, 34, 23, and 42 follow.

We first introduce several notations and concepts from Noarov et al. (2023). Let IT = {(z, p,y) €
X x Y x YV} denote the set of possible realized triples at each round. An interaction over 7" rounds
produces a transcript 7 € II7. We write W;t as the prefix of the first ¢ — 1 triples in 77, for any
t < T. We write IT* = US?_, TI” for the space of all transcripts. An event E € £ is a mapping from
transcripts, contexts and predictions to [0, 1] ,i.e. B : II* x X x Y — [0, 1].

The UNBIASED-PREDICTION algorithm makes predictions that are unbiased conditional on a
collection of events £. The algorithm’s conditional bias guarantee depends logarithmically on the
number of events:
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Theorem 44 (Noarov et al., 2023) For a collection of events £ and convex prediction/outcome
space Y C |0, 1]d, Algorithm 5 produces predictions i1, ..., vp € AY such that for any sequence
of outcomes y1, ...,yr € Y chosen by the adversary:

T

<0 (1n(dye|T) + /I(dE[T) - nT(E)) .

[e.9]

E [BE(r5t 2, pe)(pr — vt
1 Pt~

t

where np(E) = Zthl E(r5t, x4, pt). The algorithm can be implemented with per-round running
time scaling polynomially in d and |E|.

Algorithm 5 UNBIASED-PREDICTION

fort =1to T do
Observe x;

Define the distribution ¢; € A[2d|€|] such that for E € £, € [d],0 € {£1},

t—1
E, n ‘ '
q; "7 o exp (2 ZO‘ . IE¢ [E(m5°, x5, ps) (P — y;)]) ;

s=1

Output the solution to the minmax problem:

77th — argminmax E , Z qt(E7i>G) * 0 E(T(‘;S,ws’ps) : (pfs - ?Jz) )
YLeEAY YEY pi~ Fio

end

Theorem 44 is stated as expected error bounds over randomized predictions ¢ € A)Y. In the
following Corollary 45, we state the guarantees based on realized predictions p; that are sampled
from ;. Our guarantees in Theorems 17 and 34 directly follow from Corollary 45.

Corollary 45 For a collection of events £ and convex prediction/outcome space )) C [0, 1}‘1, Algo-
rithm 5 produces predictions p1, ..., pr € Y such that for any sequence of outcomes y1,...,yr € Y
chosen by the adversary, with probability at least 1 — §:

T

Z E(m5t, @, pe) (pr — i)
t=1

<0 <1n(d|5|T) + VI(dET) - nr(E) + /I(dE]/3) -T) :

o0

where np(E) = Z;le E(n5', x4, pt). The algorithm can be implemented with per-round running
time scaling polynomially in d and |E]|.

Proof Fix any m € [d] and E € &. Consider the sequence {E(m5, ¢, pt)(Dtm — Ytom) —
Ep, ~ap [E(ﬂ';t, Tt, ) (Ptm — Ye.m )| o1, Where g, and Yy, are the m-th coordinate of p; and yy,
respectively. It is a sequence of martingale differences, since for any ¢t € [T']:

E |E(75 2, pe) (Peom — Yem) — ) Ew [E(n58 26, 0t) Dtm — Yem)] | o(758) | = 0.
t~ Pt
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By Azuma-Hoeffding inequality (Lemma 47), we have that with probability at least 1 — %'

T

ZE(WT 7xt7pt)(ptm ytm E E(W;tﬁnpt)(pt,m —ynm)]
P} P} Pt~

!

< 2v/2In(2d|€|/5) - T

Using the union bound over all m € [d] and E € £, we have that with probability at least 1 — 4,
forany m € [d] and any E € &:

T T
> Bt wep) (P — r) E [B(n'z,p)(pe—w)l|| < 2v2W(2d|E]/5) - T
=1 =1 PV 0
As aresult,
T T
Z (w5, e, p) (Pt — i) Z E [E(rg', 2t p) (P — ye)]
_— - =1 pr~dt -
T T
<t <t
> Bt anp) (o —y) — E [E(r3' 2, p0) (e — yr)]
Pt —1 Pt~ -

0 (m(dyg\T) + /In(d|€]T) - T(E)) +2,/2In(2d[E]/3) - T
- ( n(d|E|T) + /In(d|€|T) - nT(E)+\/ln(d|5|/5)~T).

We further extend the guarantee to the multi-subsequence setting in Corollary 46. Our guaran-
tees in Theorems 23 and 42 directly follow from Corollary 46.

Corollary 46 Let S be a collection of subsequences. For a collection of events £ and con-
vex prediction/outcome space )) C [0, 1]d, Algorithm 5 instantiated with the collection of events
{1[t € S]- E}ses,Ece produces predictions p1, ...,pr € Y such that for any sequence of outcomes
Y1, -, YT € Y chosen by the adversary, with probability at least 1 — 6, forany S € S:

> Bt e p) - w)|| < O (WENSIT) + VI dENST) - ns(E) + v/In(dIE]IS1/3) - 18] ) -

tes

o0

where ng(E) = >",cq E(n5", 24, p¢). The algorithm can be implemented with per-round running
time scaling polynomially in d, |E|, and |S)|.

Proof Fixany m € [d], E € £, and S € S. Consider the sequence {E(ﬂ';t, xt, t) (Ptm — Yem) —
Epy e [E (755, 24, ) (Ptm — Yt.m )]} 1. Where pyp, and Yt are the m-th coordinate of p; and y;,
respectively. It is a sequence of martingale differences, since for any ¢ € [T]:

E | E(r5t, 2, pt) (Ptm — Ytm) — ) Eu] [E(m5t, 24, pt) (Prm — Yem)] | o(75t,24) | = 0.
t~YPt
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The subsequence of these terms corresponding to rounds s € S, i.e., {E(75°, s, ps) (Ps,m —
Ys;m) — Epyrnps [E(T5°, 25, D5) (Ps,m — Ys,m)|}ses:s<t, is also a martingale difference sequence,
because the selection rule is predictable with respect to the filtration o (7%, z).

By Azuma-Hoeffding inequality (Lemma 47), we have that with probability at least 1 — m:

ZE(W;tﬂ Cct’pt)(pt,m - yt,m) - E [E(ﬂ—;tva:t?pt)(pt,m - yt,m)] < 2\/2 ln(2d|5HS|/5) ’ ’S’
tes tes P

Using the union bound over all m € [d], E € £, and S € S, we have that with probability at
least 1 — ¢, forany m € [d],any E € £, and any S € S:

Yo Bt wnp)pe—y) =Y E B zop) - w)l|| < 2¢/2W(2dE[IS/9) - [S]-

tes tes P o
By Theorem 44, forany ¥ € £ and any S € S:
T
E [E(rg', 2t pe) (pr Z L[t € SIE(m5", xt, i) (P — yt)]
e~ PtMJJz
tesS 00 =1 0
< O (Wn(dlE]|SIT) + v/ In(dIEST) - ns(E))
Therefore,

Z E(nst ae,p)(pe— )| < Z 2 [E(m5', 26, pe) (e — ye)]
tes - teS pe~th ~
<t <t
> Byt anp) (e —v) — Y E (B z,pe) (e — )
pye Py Pt~y -

0 (m(dygusyT) + /In(d|€]|S|T) -nS(E)> +24/21n(2d|E]S]/3) - |S]

= 0 (n(dIE]|S|T) + VI(dENSIT) - ns(B) + /(dIENISI/3) - 1S])
|

Theorem 17 instantiates Algorithm 5 with the collection of events £ = {]l[CBRJ“ZC (pe) =
t
al}(u,c)en aca- Thus, |E] = |A||N], from which our guarantees follow.
Similarly, Theorem 23 instantiates Algorithm 5 with the collection of events £ = {1 [CBRZAE[C] (pt) =
t

al} (ue)eN aca- Thus, [E] = [A||N] as well.
In the multi-subsequence setting, Theorems 34 and 42 instantiate Algorithm 5 with the collec-
tion of events & = {1[CBR{}, (pt) = a]} (u,c)enaca- Thus, [€] =

We note that At, AE[C] , and U, are constructed based on the actions’ performances in the first
t — 1 rounds. Therefore Il[CBR“ (pt) = al, [CBR“ 1(p¢) = a], and 1[CBR{, (p:) = a are

indeed functions of 7 tand py, hence they qualify for the events in Theorem 44.
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Appendix H. Azuma-Hoeffding’s Inequality

Lemma 47 If X,,..., X is a martingale difference sequence, and for every t, with probability
E2

1,|X;| < M,. Then with probability at least 1 — 2e 2Xi=1Mi

T
S
t=1

<e.
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