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Abstract

We study the problem of selecting the largest among n unknown values 1, . . ., x,, given only
a single unbiased estimate y; for each z;. We design strategies that are simultaneously admissible
(not uniformly dominated by any other strategy) and also never worse than a given baseline such as
uniform random selection. We provide an application to stochastic optimization, where we obtain
online-to-batch conversion bounds with a desirable “no-compromise” guarantee: they are never
worse than standard random iterate selection, and yet can be significantly better in benign settings.

1. Introduction

We consider a fundamental aggregation problem: given n unknown numbers = = (z1, ..., z,) and
a single unbiased estimate y; for each, how well can one identify the index of the maximum x;? This
problem and its solutions arise throughout learning theory, with links to analysis of empirical risk
minimization (Pollard, 2012; Vapnik, 2013), bandits (Bubeck et al., 2009; Audibert and Bubeck,
2010), experts, and stochastic optimization (Cesa-Bianchi et al., 2004; Cesa-Bianchi and Lugosi,
2006). We work with a standard generalization of this problem: rather than picking a specific index,
we choose a categorical distribution over the indices w € A,. Then, an intuitive measure of the
quality of such a w is the inner product (w, ).

Although this problem is simple to state, there are surprising nuances to consider when design-
ing a strategy. One intuitive approach is the simple Empirical Risk Minimization (ERM) rule that
chooses the index 7 with the highest value of y;. This is optimal in the sense of being “admissible”
(which we will define presently), but it is widely recognized that one usually obtains better results
by employing some form of regularization to move away from ERM. Alternatively, consider the
naive approach of simply choosing an index uniformly at random. On the surface, this method
might seem absurd: it completely ignores the estimates! Nevertheless, it is surprisingly effective
in some applications. For example, this is the method employed by the so-called “online-to-batch
conversion” that yields minimax optimal algorithms in many stochastic optimization problems.

1.1. No-compromise adaptivity

Given these two extremes, our focus is twofold: we attempt to build a method for choosing w that
is (i) never worse than any arbitrary baseline “prior” over the choice of index (such as uniform
sampling), and is (ii) also optimal in the sense that no other method can uniformly improve upon it.

By doing so, we are able to provide techniques that go beyond minimax optimality in certain
stochastic optimization problems. Specifically, we obtain estimates that are never worse than the
standard minimax optimal estimate, but provably obtain better loss in favorable settings. This goes
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beyond the standard “adaptivity” story in stochastic optimization. Typical adaptive methods may
do better in a benign setting, but sacrifice some performance in the worst-case setting. For example,
adaptive gradient descent methods like AdaGrad (Duchi et al., 2011) perform better when the gra-
dients are small, but their worst case performance is worse than the minimax rate. In contrast, we
do better in benign settings without sacrificing anything in the hard settings.

1.2. Problem setup

Let z = (z1,...,2,) € [0,1]™ be an unknown arbitrary vector and let y = (y1,...,y,) € [0,1]"
be an unbiased estimate of x; we assume that the y;’s are independent. We define a strategy .S as an
algorithm that uses the estimate y to output a distribution S(y) over the indices {1,...,n}.

The value of a strategy S is Eyp[(S(y), x)]. A strategy S dominates S’ if its value is always
at least that of S’ no matter the value of x or the distribution of y. S strictly dominates S’ if, in
addition, there is some setting of x and distribution y for which the value of .S is strictly larger than
the value of S’. S is said to be admissible if it is not strictly dominated by any other strategy. We
note that admissibility is a classic notion from Bayesian decision theory (e.g., see, (Robert, 2007)).

We also assume that we are given some benchmark strategy Sget, Where Sqet is a “constant”
strategy that does not make use of the observation y at all. For example, one might consider the uni-
form benchmark Syni¢(y) = (1/n,...,1/n). Our goal is to design a strategy that is simultaneously
admissible and also dominates any given Sget.

1.3. Contributions

The Spern Strategy. We first introduce a strategy Spern, derived via the multilinear extension of
a base strategy optimized for Bernoulli observations (Section 5). (In that simpler case, the base
strategy would select uniformly at random from among indices where y; = 1.) We prove that Sgern
is admissible and strictly dominates the uniform strategy. Specifically, we show that the value of
SBern improves over the mean g () by a term related to the variance of the means o2 (z):

n 2
value(Sgern; D) > p(x) + (1 - H(l - :ck)> g m)
k=1 K

Arbitrary benchmarks. Moving beyond uniform strategies, we next consider arbitrary fixed
deterministic strategies. For any such strategy Sqet, We construct a new strategy (Spee1) that is both
admissible and dominates Sg.; (Section 6).

Impossibility Results. We consider the harder setting where the observations y; are not inde-
pendent and in particular study the sequential setting where y; (and the mean x;) can depend on
previous observations y; for ¢ < j. In this case, we construct a simple counterexample (Section 8)
that shows uniform sampling is in fact admissible and cannot be dominated by any strategy. Even
when the observations are independent, we show that for any two fixed benchmark strategies, there
does not exist a strategy that simultaneously dominates both of them (Section 9).

Applications. We apply these results to stochastic optimization and establish a new online-to-
batch conversion bound that uniformly improves upon the standard techniques by a term depending
on amount of variation observed in the losses during the iteration of the online algorithm (Section 7).
This provides a rigorous way to take advantage of the intuition that one should not put much weight
on the early iterations of an optimization algorithm without sacrificing the worst-case optimality of
uniform averaging. We also discuss other applications to ensemble methods and federated learning.
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2. Related work

Optimal decision theory. Our setting can be precisely phrased in the language of Bayesian deci-
sion theory (see (Robert, 2007) for an excellent survey). In this language, our decision space is the
n-dimensional simplex, and we seek to maximize the utility (w, z) (equivalently, minimize the loss
—(w, z)). Our goal is to design an estimator that is not only admissible, but also uniformly domi-
nates any given benchmark strategy. This classical literature already suggests a natural approach for
finding admissible strategies: start with any prior over decisions and choose a maximum a-posteriori
strategy. This approach makes it fairly easy to see that the ERM rule is admissible. However, it is
unclear how to design priors for which this approach actually dominates a given benchmark. In fact,
it is surprisingly difficult to design a prior that does not simply yield the ERM strategy.

Prophet inequalities. Our setting has some conceptual similarity to the prophet-inequality liter-
ature, though the objectives differ. Prophet inequalities (Krengel and Sucheston, 1977; Hill and
Kertz, 1982) study online selection from a sequence of independent random variables with the goal
of approximating the expected maximum. Tight constant-factor bounds are known for i.i.d. and
non-i.i.d. settings (Correa et al., 2017; Lachish, 2021) and some recent works combine prior sam-
ples with online decisions (Rubinstein et al., 2020; Immorlica et al., 2020). Our problem, on the
other hand, does not involve online stopping or maximizing selection reward.

Statistical estimation. Our setting also has a loose relationship to standard statistical estimation
problems, e.g., empirical Bayes and shrinkage methods, which use information sharing across co-
ordinates to improve mean estimation or attempt to estimate rankings in high probability (Robbins,
1956; Efron, 2012; Bechhofer, 1954). Classical results such as Stein’s phenomenon (Stein, 1956;
James and Stein, 1961) typically assume Gaussian noise and seek to estimate the entire vector of
means under squared-error loss, whereas in our setting the distributions are arbitrary, only a single
sample is observed from each, and the target is a scalar that depends on the mean vector.

Iterate averaging and online-to-batch conversions. Our setting is also closely connected to the
concept of iterate averaging in stochastic optimization. Formally, if F': R™ — R is some objective
function, one might run some algorithm like stochastic gradient descent for [V iterations to obtain

iterates 21, ..., 2y in R™, and then set Z to be a uniformly selected z;. This immediately implies:
N
_ 1 E[regret]|
— * — _ ) — * —_ = -
definition of Z 1=1

This is usually justified by observing that it yields minimax optimal algorithms in certain cases.
However, the worst case examples for minimax optimality often somewhat degenerate. For exam-
ple, the standard minimax adversary for non-smooth convex optimization forces F'(z;) = F(z;)
for all 7, 7 (Bubeck, 2015), so that there is no “information” available in the actual observed values
of the F'(z;). In practice, however, one expects some variation in the values. We would like an
alternative weighted iterate averaging approach that can take advantage of such variation.

Prior literature frequently employs some limited forms of non-uniform averaging: non-adaptive
polynomial weights are often used when the losses are known to have some additional smooth and
convex structure (Joulani et al., 2020; Kavis et al., 2019; Lacoste-Julien et al., 2012; Cutkosky,
2019), while more advanced “adaptive” weighting schemes attempt to improve on uniform aver-
aging more generally (Dekel, 2008; Levy, 2017; Defazio et al., 2023). However, these approaches
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are usually restricted to the causal regime, where the weight assigned to g is a function solely of
the historical sequence {y; f;} and they all under-perform uniform averaging in difficult settings in
expectation. In contrast, our framework relaxes the causality constraint, allowing weights for y; to
incorporate information from future iterates. Crucially, we also provide guarantees that our method
is never outperformed by uniform averaging.

3. Preliminaries

Let [n] = {1,...,n}. Let Dy,..., D, be distributions supported on [0, 1]. We observe a single
sample y; ~ D;, independently drawn, for each i € [n]. Let x; = E[y;]; we assume that z; is not
known to the algorithm. Let y = (y1,...,yn), ¢ = (x1,...,2,) = (E[y1],....Elys]) =: Ely],
and D = Dy x - -+ x D,. Let Bern(z) denote the Bernoulli distribution with mean x.

Let A,, denote the probability simplex in R™ and for a vector, its ¢th coordinate is accessed using
the subscript i. Let u(x) = £ 30 | 2; and let 0% (z) = (2 30 | 22) — pi®(2).

n n 7

Definition 1 (Strategy and value) A strategy is a function S : [0,1]" — A,,. The value of a strat-
egy S for a product distribution D is the expected value of the mean outcome, i.e., value(S; D) =

Ey~p[(S(y), ElyD] = Ey~p[3 iy zi - S(y)il-

Definition 2 (Benchmark strategy) A strategy S : [0,1]" — A, is called a benchmark if it maps
every outcome to a fixed probability distribution, i.e., S(y) = p,Yy € [0, 1]" for some fixed p € A,,.
For ease, we abuse notation and use S = p to denote a benchmark strategy.

We define Syif to be the benchmark strategy that places uniform mass on [n] regardless of its input,
i.e., Sunit(y) = (1/n,...,1/n). Clearly, value(Synir; D) = p(z).

Definition 3 (Dominance and admissibility) A strategy S dominates strategy S’, denoted S = S’,
iff value(S; D) > value(S’; D), for all product distributions D. S strictly dominates S’, de-
noted S = S', iff both S = S’ and there is a product distribution D such that value(S; D) >
value(S’; D). A strategy S is admissible iff i is not strictly dominated by any other strategy S', i.e.,
there is no S’ such that S’ ~ S.

3.1. Failure of simple approaches

Before describing our algorithms, we take a mo- 10
ment to appreciate how one intuitively reasonable
approach might fall short—even if we are satisfied
with simply dominating a benchmark without con-
sidering admissibility. The reader familiar with stan-
dard optimization and learning theory might imagine
that taking a single step of exponential weights with
an appropriately small learning rate 7, initialized at
a benchmark, would suffice. This strategy is essen- e T e e
tially taking one step of SGD on the value function.

However, this strategy fails to dominate the bench-
mark, even for very small learning rates n. Indeed,
we verify this numerically in Figure 1, where we

benchmark value - strategy value
S

Figure 1: Naive  single-step  exponential
weights based strategies fail to
dominate the benchmark.
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consider the case D = (Bern(z1), Bern(z2)). For any learning rate 1, we perform a grid search
over all tuples (z1,x2,p) where p € [0, 1] specifies a benchmark strategy Sgec = (p, 1 — p). We
plot the maximum over all such tuples of the benchmark value x1p + (1 — 22) - (1 — p) minus the

expected value obtained by taking one step of exponential weights with learning rate 7 initialized at
(91— ), iy Sexp = ( pexp(ny1) (1—p) exp(ny2)

’ T Eexp pexp(ny1)+(1—p) exp(ny2) > pexp(ny1)+(1—p) exp(nyz)’
matter the 7 value, there is always an (x1, x2, p) tuple for which Sexp has smaller value than Sgey.

). Figure 1 shows that, no

4. Warm up: Two items

We first consider a simple setup with just two items (i.e., n = 2) and further let D = D; X Dy
where D1 = Bern(z) and Dy = Bern(z2). Since D is completely characterized by x = (1, z2),
we define value(S;z) := value(S; D) for convenience. In this setting, value(Sunit; z) = 1522,
Our goal is to design a strategy that is admissible and strictly dominates S,y;s.

Since each y; € {0, 1}, we explicitly construct such a strategy Sp—2 as follows: Sy—2((0,0)) =
Sn=2((1,1)) = (3, 3), Su=2((0,1)) = (0,1) and Sh—2((1,0)) = (1,0). In other words, the
strategy deterministically chooses the item with the higher outcome, but reverts to the uniform
distribution when the outcomes are equal. We omit the proof that S,—2 is admissible here since we
prove a more general result in Section 5.2 but we observe that Sy,—o = Syunir as follows.

value(Sy—2; ) = Ply; = yo] - (xl ‘;‘3«"2> +Ply = (0,1)] - (x2) + Ply = (1,0)] - (x1)

T+ T2
2

= (z122 + (1 — z1)(1 — x2)) (

2

) -+ (1 — xl)x2($2) + 1‘1(1 — 332)(.%1)

(71 — 29)?

2

_n +xzo  (z1— x2)
2 2

= value(Sunif; ) +

4.1. Extension ton > 2

When D is a product of n Bernoulli distributions, where n > 2, one can extend the S,—» strategy to
dominate Synif. Let Spair be a strategy that first chooses two indices ¢ < j uniformly at random and
then uses the Sy—o strategy to pick among items ¢ and j. Formally, for any y, we have Spair(y) =

1
T ZK]. Sn=2((vi,y;)). Once again, we observe that Spair = Synir as follows.

(5) N

1 i . i —x)2
value(Spair; ) = m ] Z <CC 42-95] n (z 255]) >

2 i<j

ST 1 (zi — ;) L
=== 4 —. ———— = value(Synif; *) + o7 ().
TG IPVE ok

Thus, while Sp,ir shows that improvement over Syyir is possible for product of Bernoulli distribu-
tions, it is unclear if something better exists. We therefore turn our attention to designing a strategy
that is never worse than .Sy,;¢, is admissible, and works for all product distributions. This leads us
to a new general strategy, described in Section 5.
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5. An admissible strategy: Sge.,

We now consider the general setting when the distributions D; are arbitrary and hence we have y; €
[0, 1]. In this section, we design a new strategy Spern that dominates Sy,ir and is also admissible.

It is easiest to describe the strategy Spern as a randomized process (although all strategies are
deterministic by nature). Let y = (y1,. .., yn) be a fixed outcome. First, for each item i, we sample
a new independent Bernoulli random variable z; with mean y;. Next, we choose an item uniformly
at random from the items that have z; = 1; if all z; = 0, then we choose a uniformly random item.
The strategy Spern is defined as the expectation of this process.

Let f : {O 1}” — A, be a function defined over vertices of the Boolean hypercube as f(z) =
(ﬁ, ey Z ) for z # 0 and f(0,...,0) = (%, ey %) Then formally, the strategy Spern iS
defined as the unlque multilinear extension of f over the domain [0, 1]”. Mathematically, we can
express SBern(¥) = (¢1(y), - - ., qn(y)) where we have:

n

qi(y)Z%H(l—yg) Z Hy] T[T =), 8]

j=1 S: zeS Jj€es k¢S

and, equivalently, using inclusion-exclusion', this can be expressed as:

1 2 |S|1
E H yj Z ’ H Yj- ()

S:eS JjES

It is easy to see that the strategy is valid, i.e., Spern(y) € A, forall y € [0, 1]™.

1. Value

First, notice that since g;(y) is linear in each y; and all the y’s are independent, we have E[¢;(y)] =
¢i(z). Hence, we have value(Sgern; D) = > iy @i - E[gi(y)] = Dy @i - ¢i(x). Next, we focus
on the properties of ¢;(x).

Lemma 1 For any two indices i and j, q;(z) — q;j(z) = (z; — x;) - K; j(x) where

1
Ki7j(a;)=/ [T @—tap) | dt.
=0 \wet{i.j}

Further, K; j(z) > 0, so z; > z; <= ¢;(x) > ¢;(x).
This immediately leads to a simple but loose lower bound on K ;(-).
Corollary 2 For any pair i, j # i of distinct indices and any vector x, we have K; j(x) > %1

Proof For any z, we have 1 — tzj, > 1 — t. So we have Kj (x) > ft 0 (1—t)"~ 24t = 1 |

We now obtain a stronger lower bound. Towards this, we define the multivariate auxiliary function:

. 1_Hk 1(1_3%)
o) = D k—1Tk

We first argue that F'(x) in non-increasing in each of its coordinates.

1. Lemma 13 in the Appendix contains a full proof of the equivalence.
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Lemma 3 (Monotonicity) F(x) = F(x1,...,x,) is a monotonically decreasing function of each
of its variables xy, € [0, 1].

We use this to show an improved lower bound on K ;(-).
Lemma 4 For any pair i, j # i of distinct indices and any vector x, we have K; j(x) > F(x).

Proof To simplify notation, let N; ; = [n] \ {4,7} and let P, ; = erNij(l — xp). We will first
show that ~ 7
1- HkENi’j(l - ‘Tk) 1-— -Pi,j

Zkzeﬁi,j Lk Zk‘GNi,j i

Kij(z) >
Observe that for ¢ € [0, 1], the function (1 — y)! is concave and hence it lies below its tangent, i.e.,
(1 —y)* <1 — ty. Applying this, we obtain

t

' ! ! pt PZ] —1
Kij(x) = t IT @ —tay) ) dt > I[I Q=a) | dt= [ Bl dt=2——

=0 \ yem, =0 \ 2N, t=0 log P; ;
_ 3)
Next we claim log P ; < — keN;,; Tk Indeed, by concavity as before, we have for all ¢ € [0, 1],
log(l —y) < M and hence log(1 — y) < lim;_, M = —y. The claim follows by

applying this inequality pointwise to each term in log P;, e
Using this claim in (3), we obtain

P.—-1 1—H *,,(l—afk)
Ki,j(w)z e = AL :F(.Zl:'l,...,.%'i:0,...,l'j:0,...,.%'n)
- ZkGNi,j Lk ZkENi,]’ Lk
> F(x1,...,y), using the monotonicity of F' (Lemma 3). |

Finally, we apply the lower bounds on K j(x) to bound the value of Sgern.

Theorem 5 We have the following two lower bounds:
o value(Sgem; D) > p(z) + -2 - 0?(z),

n

0'2 X
» value(Sperm; D) > p(x) + (1 - TTi_, (1 - ) - 55

Proof As before, let Sgern(y) = (¢1(y), - - -, gn(y)). Recall that

value(Sgem; D) = E, [Z Zi - Qi(y)] = Z% Elgi(y)] = Zfﬂz - ¢i().
We begin with the following identity

1 1
Zaibi = Zai sz‘ + o Z(&i —a;)(b; — bj).
1 4 [ 1<)
Substituting a; = ¢;(z) and b; = x;, using >, ¢;(x) = 1, and using Lemma 1,

S i@ = 3w+ Y ) (@) — 45(@)) = pla) + - (i — 3Ky ()

i<j i<j
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Now, lower bounding K j(x) using Corollary 2, we obtain:

n

o?(z).

S (o) 2 o) + s S — ) = ) +

n(n—1) < n—1
1<)

Instead, lower bounding K j(z) using Lemma 4, we obtain:

11" —z . o (x
- vaie) 2 ple)+E It U S ) (1 ~Tlo- m)- .

n
n T
D=1 Tk k=1

Theorem 5 shows that Sgern dominates the Spa;- strategy we discussed in Section 4. Note that the
two bounds in Theorem 5 are incomparable as they depend on the sparsity of . This trade-off can
be seen from the coefficient multiplying o%(z) in each bound. The first bound has a coefficient of
—1 ~ 1 while the second bound has a coefficient of (1 — [];_;(1 — zx))/u(z) > 1 (Lemma 14).

Indeed, consider the setting when /£ of the x;’s is = 1 and the others are ~ 0; hence, the product
[1.(1 —zx) =~ 0and p(x) =~ £/n. When £ = 1, the second coefficient ~ n, making the second
bound better than the first. When ¢ = n, the second coefficient ~ 1, making it slightly weaker than
the first bound’s coefficient of 5. Thus, while the second bound can be asymptotically better (by
a factor of n), it is never worse than the first bound by more than a small factor of =~ n/(n — 1).

5.2. Admissibility

In this section, we show that Spery is admissible. To this end, we define the notion of symmetric
strategies. Let S,, be the set of all permutations on [n]. A strategy S is symmetric if S(m(y)) =
m(S(y)) for any permutation 7 € S,; here for a vector y, 7(y) is the vector y with elements
permuted according to 7. By construction, Sgery, is a symmetric strategy. Note that for a symmetric
strategy S and for any 7 € S,,, we then have that value(S; D) = value(S; D o 7), where D o7
denotes the product distribution given by coordinates of D, permuted by 7.

Lemma 6 If S = Sgern, then there is a symmetric strategy S’ = SBern.

Proof Let " be a symmetrized version of S, i.e, S'(y) = (1/n!) > s, 7' (S(m(y))). For any
product distribution D, we have

1 1
value(S’; D) = ] Z value(S; Do) > ] Z value(SBern; D o m) = value(Sern; D),

" weSy, " weSy,

where the inequality follows since S > Spern and the last step used the symmetry of Spern. [ |

Lemma 7 IfS = Spem, then S(y) = SBern(y) for all binary outcomes y € {0,1}".

Proof By Lemma 6, we can assume that S is symmetric. For y = 0, any symmetric strategy must
have S(y) = SBern(y) = (1/n,...1/n). Now for any other binary outcome y € {0, 1}", consider
the distribution D, that is point mass at y in the binary hypercube; hence, value(Sgem; Dy) = 1.
Given S > SBern, it can only depend on indices ¢ such that y; = 1. But since .S is symmetric, it
must be uniform over the ones in y, i.e., identical to the ones strategy for binary outcomes, which
by construction coincides with Spery, for binary outcomes. |
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The proof proceeds by contradiction, assuming there is a strategy .S that strictly dominates
SBern- For an outcome vy, let #o(y) = [{i : yv; = 0}| (resp., #1(y) = |[{7 : y; = 1}|) denote the
number of zeroes (resp., ones) in y. Consider the ordering > of the y’s induced by the natural
lexicographic ordering of (#o(y),#1(y)). The main idea is a backward induction on this ordering
of the y’s; the base of the induction is Lemma 7. For the inductive step, we select an outcome y*
that is highest in the ordering among those where S and Spe,y, differ. We then construct a specific
product distribution D that exploits the difference at outcome y*. If S places less weight on an item
j compared to Spern Where y;-‘ = 1, we assign that item a high mean in D, making Sge,y, better than
S on D. Conversely, if S places less weight on an item j where y; = 0, we treat j as a “rare but
high-value” item, assigning it a small probability p of being 1 but a high value, in D. By carefully
choosing parameters, we can once again ensure that the gain from Sger correctly weighting item
J in the rare event y; = 1 is more than the loss that can arise in the common event y; = 0. Both
contradict that S dominates Sgery.

Theorem 8 If'S > Spern, then S = SBern-

Proof Suppose for the sake of contradiction that S > Speyy but S # Spern. Let y* be an outcome
such that S(y*) # Spern(y*) and y* is the highest in the ordering >. Inductively, for any outcome
y > y*, we know that S(y) = SBern (V).

For ease, let 0(y) = SBern(y) — S(y). Since S(y), Spem(y) € A, and since S(y*) #
SBern(y*), let j € [n] be an index such that §(y*); > 0. Let Z = {i | yf = 0} be the set of
zero indices in y*. We consider two cases depending on whether y7 is zero or non-zero.

Case 1: [j ¢ Z]. We construct a product distribution D, parametrized by a small €, over the
outcomes as follows:

* Dj is a point mass at y;; hence z; = y; > 0.

* Foreachi € Z, D; is a point mass at 0; hence z; =0, Vi € Z

* For every other index k, Dy, = yj - Bern(e); hence xy, = € -y, Vk € [n] \ Z \ {j}.
Note that under this distribution D, the only outcomes are either y* or y with #o(y) > #o(y*). For
the latter outcome, we have y > y* and by the inductive hypothesis, S(y) = Spem(y). Hence,
value(Spem; D) > value(S; D) if and only if z;0(y*); + > y.; k6(y")x > 0 which can be
ensured by choosing e small enough.

Case 2: [j € Z]. We construct a product distribution D, parametrized by small p € (0, 1), over
the outcomes as follows:

* D; = Bern(p); hence z; = p.

» Foreachi € Z\ {j}, D; is a point mass at 0; hence x; =0, Vi € Z \ {j}.

« For every other index k, Dy, = y; - Bern(q) for ¢ = p% hence zj, = ¢ -y}, Vk € [n] \ Z.
We first argue that y; < 1,Vk € [n] \ Z, so that §;(y*) = 0. Indeed, otherwise we’ll have y; = 1
and y; = 0, which implies that Sgern (y*); = 0 and contradicts the choice of j. Now, consider the
outcomes y from the distribution D. First, suppose y, = 0 for any k ¢ Z. Then since y; = 0 for
all k € Z \ {j}, we must have fio(y) > fo(y*). Moreover, the only way to have fo(y) = to(y*) is
for y; = 1, in which case #;(y) > 0 = #1(y*). In either case, we have y > y* and hence by the
inductive hypothesis, S(y) = Spern(y). Hence, the only class of outcomes y from D to consider is
when yi, =y}, Vk € Z.
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There are only two outcomes in this class: either when y; = 0 or y; = 1. When y; = 0, the
outcome is exactly y*; call the outcome z* when y; = 1. Letd = |[n] \ Z|.

value(SBern; D) — value(S; D)

=Prly =y (%’%’(y*) +> xkék(y*)> + Prly = 2] - <$j5j(2*) +> xkék(Z*)>

k¢ Z k¢Z
= (1-p)g*- <p5j(y*) +> qy;’;%(.v*)) +pqt- <p5j(z*) +> qy}i%(Z*))
k¢Z k¢Z

We want to show that the above expression is positive for some appropriate value of p and g. We
can loosely bound the term in the second parenthesis above by —p as in the worst case Spern gets
zero value and S gets value p.

> (1-p)g”- <p5j(y*) +) qy;’éék(y*)> - p*q’
k¢Z

Similarly > Kz qyiok(y*) > —q since again in the worst case Spern gets zero value but S gets the
best item in Z which has value at most q.

(1—p)g*- (p5;(y*) — q) —p*¢* = (1 —p)pg?s;(y*) — (1 — p)g** — p*¢*
= (1 —p)p**15;(y*) — (1 — p)p** 2 — p**2 > 0,

v

since 0;(y*) > 0 and for p small enough, contradicting the dominance of S. |

6. Arbitrary benchmarks

We now consider the general problem of designing strategies that dominate an arbitrary bench-
mark strategy rather than just the uniform strategy Synif. Let Sqet = (p1, - - ., Pn) be an arbitrary
benchmark strategy. We design a new strategy Sp,ec1 that dominates Sqet and is also admissible.

Analog of the uniform-on-ones strategy. Given a benchmark Sy, a natural way to extend the
uniform-on-ones strategy is the following: observe the values y, and let J be set of indices with
y; = 1. Then we output the vector p/||ps||1, where p; is the vector (p1, ..., p,) restricted to the
indices J (by setting the entries in [n] \ J to 0). As before, if J = (), we output (p1,...,Dpn).

Interestingly, this approach fails for non-uniform choices of Sget. Consider the following ex-
ample with n = 2: Sget = (%, %) Suppose (x1,z2) = (%, % + 9), for some 6 > 0. In this case, the
strategy above outputs:

(3.2) with prob. 3
(1,0) with prob. (1 —0)
(0,1) with prob. 1 (5 + ).

For a small value of § (e.g., in (0,0.1)), we can observe that in expectation, this strategy does not
dominate Sg.. Essentially, the last two cases create a move towards (%, %), which is worse for the
given (21, x2) than the baseline of (3, %).

10
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6.1. Peeling decomposition

Without loss of generality, let py < -+ < p,,. Letwy, = (n — k + 1)(pr — pr—1),V1 < k < n
(where py is defined to be zero). We note that w € A,, and observe that the benchmark strategy Sqet
can be decomposed into a weighted combination of uniform strategies on nested subsets of items.
Formally, let Sumf denote the strategy that places equal probability mass on items k or higher, i.e.,
for any outcome y we have, S* ..(y); = if j € {k,...,n} and zero otherwise. Then,

n— k:+1
n
Sdet = .Sk
det = Wk unif
k=1

This decomposition suggests a natural way to construct a dominating strategy since each of the
uniform strategies in the decomposition can be replaced with a strategy that dominates it. Let SE_
denote the strategy defined in Section 5 that is restricted to items k or higher. Formally we have

SBern( ) (QI(y>7 ce 7Qn(y>) where:

0, ifi < k
—1)l8I-1

4(y) n7i+1 Hj:k(l —y;) + ZSC{k,é.7n} ( |)5| HjeS yj, ifi>k. )
€

Then, we define the strategy Spee1 as:

peel Z Wk - SBern

6.2. Value and admissibility
The following theorem specifies the gain of S;ce1 over the benchmark strategy Sqet-
Theorem 9 We have the following two lower bounds:
o value(Speel; D) > value(Sget; D) + Y pq wi - = k‘H o?(z; k),
2 -k
* value(Speel; D) > value(Sqet; D) + > g wy - (1 — [T (1 = x])) : Z((;i}f)),

where u(x; k) = %J_:k’fﬁ] and o®(z; k) = (n%m DI %) — p(x; k)? are defined 1o be the mean

and variance of the components of x with indices k or higher.

We also show that Spee1 is admissible. The proof again proceeds by induction and relies on
carefully constructing product distributions that guarantee that any strategy that dominates Spec
must in fact be identical to Speel.

Theorem 10 If S = Speel, then S = Speel. Hence Speer is admissible.

7. Application: Improved online-to-batch conversions

The classical online-to-batch conversion provides a simple technique for converting regret bounds in
online optimization into stochastic optimization guarantees (Cesa-Bianchi et al., 2004). We briefly
recapitulate the classical argument here: suppose that f(x,z) € R is some loss function taking

11
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as input a parameter = to be optimized and a data point z. Our goal is to minimize the function

F(z) = Ez[f(z,Z)] where Z follows some unknown distribution. Let z1,...,zy be an i.i.d.
data set. Then we run an online learning algorithm to obtain iterates x1, ...,z such that x; is
independent of z; for j > 4. Then if 7 is chosen uniformly at random from x1, ..., xy, we have for

any x, (usually x, € argmin F):

N iy %i) — J\Tx, 24

The numerator of this quantity is exactly the regret that an online learning algorithm keeps under
control (typically growing as v/N). Thus, E[F(Z)] approaches the optimal value.

However, with our techniques we can do better: suppose that f(z,z) € [0,1]. Now, fori <
N/2, Define X; = 1— F(x;) and Y; = 1 — f(x;, 2j1 n/2). Forall i < N/2, we have z; and z;4 n/9
are independent. Therefore, Y; and Y; are independent given (X1,..., Xy/) for all 4, j < N/2.
Now, let wy, ..., wy/o be the weighting obtained by our algorithm applied to Y7, . .., Yy Clearly,

N/2 9 N/2
E ZwiXi >E NZXi
=1 i=1

Set & = x; with probability w; /2 if i < N/2 and 2/N if i > N/2. Then, we will have a value
that is never worse than the standard “random iterate selection”, but may be better in the reasonable
case that the X; values are not all equal to each other. Thus, by Lemma 5, we have (with formal
statement in Theorem 16):

POAD R (ZZNZ/E Xz')2
(vaz/f Xi)

Essentially, we obtain a significant gain if there is a large variance in the population loss values in
the first half of the online learning procedure. Intuitively, this is exactly where we should expect the
largest change in population loss. However, one seemingly lossy step in the above is the partitioning
of data and the use of some points twice, once to generate iterates and once to generate our adaptive
weighting. In Section 8 we show that in general, a natural single-pass alternative is impossible.

E[F(#) - F(x.)] < E[F(2) - F(2.)] ~ E

8. Sequentially dependent s

As discussed, in Section 7, we use many of the data points in our training sample twice: once
to generate iterates for the online algorithm, and once to generate our adaptive weighting. One
might wonder if this is necessary: can we simply use the single-pass of observations generated
during the online optimization procedure to also set the averaging weights? In this section we see
that without some further assumptions or relaxation, the deterministic uniform random strategy is
already admissible.

To formalize the situation, we consider the case that the x; are not fixed up-front, but are in
fact dependent on the y; in a sequential manner. That is, the x; are random variables satisfying
x; = Fi(y1,...,y;—1). This models certain sequential problems in which the x; represent decisions
that are themselves generated via some adaptive process. This might be the case if the z; are

12
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iterates of some online optimization procedure, for which x;,; depends on the previously observed
loss value y;. In this case, we show that it is impossible to dominate the uniform strategy.

Theorem 11 Let N = 2 and let S : [0,1]Y — Ay, and suppose S is not equal to (1/2,1/2) for
all inputs. Then there is a x1 € [0, 1] and a function x5 : {0,1} — [0, 1] such that with random
variables y; ~ Bern(x1) and yo2 ~ Bern(z2(y1)), we have:

E[(S(y1,42), 2)] <E[((1/2,1/2),z)].

At first glance, this suggests that our adaptive weighting schemes cannot be extended to improve
the classical online-to-batch conversion. However, in Section 7 we already showed that in fact the
stochastic optimization setup has slightly more structure, which does enable us to improve.

9. Impossibility of Simultaneous Dominance

In this section, we show that it is not possible to design a strategy that simultaneously dominates
more than one benchmark strategy.

Theorem 12 Let n = 2 and let S1 = (p,1 — p) and Sy = (p', 1 — p') be two distinct benchmark
strategies. There exists no strategy S : [0,1]2 — Ay that simultaneously dominates Sy and So.

Proof Suppose for contradiction that there exists S : [0,1]> — Ay that dominates Sy and S3. By
definition, we must have value(S; D) > value(St; D), for all product distributions D = Dq x Ds.
We restrict our attention to Bernoulli distributions, D; = Bern(x;) for arbitrary z1, 22 € [0, 1].
Under this restriction, the samples y; and y, only take values in {0,1}. So the strategy S is only
evaluated at four points. For i,j € {0,1}, let a; ; := S(i,7)1 € [0, 1] be the four constants that
fully determine strategy S.

Let g(x1,x2) be the expected probability that S chooses item 1. Because the distributions are
Bernoulli, this is exactly:

q(z1,22) = app(l — z1)(1 — x2) + ap1 (1 — z1)(x2) + a1,0(z1)(1 — z2) + a1,1(z1)(x2).

Crucially, note that ¢(z1, z2) is a polynomial in (z1, z2) and is thus continuous with respect to
(21, 2). We now compute the value of strategy S and the two benchmark strategies S and Ss.

value(S; D) = xg + (21 — x2)q(x1, 22)
value(S1; D) = xo + (x1 — x2)p
value(Se; D) = 29 + (21 — 302)27/-

Since value(S; D) > value(S;; D) for all product distributions, we have for all (21, x2) € [0,1]%
(21— 22)(q(w1,22) —p) >0, and  (z1 — z2)(q(21,22) —p') > 0.
Since ¢(x1,x2) is continuous, taking the limit x; — o requires that ¢;(x,z) = p to satisfy the

first inequality, and similarly requires that ¢; (z, z) = p’ to satisfy the second inequality. But since
p # p/, this is a contradiction. [ |

13
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10. Conclusion

The problem we study in this paper is both fundamental and pleasingly simple: given a single
observation for each of n values, how well can you pick the largest value? Simply selecting a value
at random is minimax optimal, but is intuitively unsatisfying because it does not depend on the data.
On the other hand, the ERM rule, which is admissible, may be too brittle. We take a principled
approach to resolve this issue: we ask for admissibility subject to the constraint that our strategy
must dominate a benchmark.

While we study perhaps the simplest and most basic setting, our work raises natural follow-up
questions. For example, what should be done if more than one sample is available? What if the
observations are not bounded? What is an admissible strategy for stochastic convex optimization
that dominates SGD with iterate averaging? In general, we hope our dual focus on admissibility and
dominating a given benchmark may inspire further work in the machine learning theory community.
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Appendix A. Equivalence is not equality
In this section, we study the notions of equivalence for strategies.

Definition 4 (Equivalence) Strategies S and S’ are equivalent, denoted S = S’, if value(S; D) =
value(S’; D) for all product distributions D.

In this section we show that S = S’ does not imply S = S’. We will construct an explicit example;
let n = 3. Let S be the uniform strategy, i.e., S(y) = (1/3,1/3,1/3) forall y € {0,1}® and D be
the product of Bernoulli distributions. Define S’ via the following table for any ¢ € (0, 1/3]:

Y PrYNBern(x) [Y - y] s’

000 | (1—21)(1 —m2)(1—x3) (1/3,1/3,1/3)

001 (1—2)(1—z2)es (1/3—¢,1/3+¢,1/3)
010 (1 —z1)z2(l —2x3) (1/3+¢,1/3,1/3 —¢)
011 (1 —x1)xoxs (1/3,1/3+¢,1/3 —¢)
100 (1 —x2)(1—x3) (1/3,1/3—¢,1/3+¢)
101 x1(1 —xz9)zs (1/3—1¢,1/3,1/3 +¢)
110 riza(l —23) (1/3+4¢,1/3—1¢,1/3)
11 vizoxs  (1/3,1/3,1/3)

Clearly S and S’ are different strategies. Now we only need to check S = 5’, i.e., we need to
check if Vo € (0,1)3, it holds that

S P Y=y ((Sy) - 5'),z) =0. )

e (01} Y ~Bern(x)

Indeed, since S’ and S agree on two of the 1’s we only focus on the six where they differ and
dropping c for simplicity, the left-hand side of (5) evaluates to

(1 —21)(1 —x9)zs - (—x1 +22) + (1 — 21)22(1 — 23) - (X1 — 3)
+ (1 —x1)wox3 - (2 — 23) + 21 (1 — 22)(1 — 23) - (—22 + 23)
+x1(1 —x9)zy - (—x1 + 23) + 2122(1 — 233) - (1 — X2)

=(1—z1)(z122 — x173) + 21 (23 — T2 — T1T3 + T1X2)

=0.

Appendix B. Missing proofs
B.1. Proofs from Section 5
Lemma 13 Equations (1) and (2) used to define the Spern Strategy are equivalent.
Proof Since the first term in both the equations is identical, we need to prove the identity
1 (-1 |S]—1
> g uTlo-w- ¥

)
|S] 114
S:ies ' jes k¢S S:es jes

First, the term [ | - 5(1 — yg) can be expanded using standard binomial expansion:

[[a-w)= > )" ]we

k¢S TC[n)\S LeT

16
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Substituting this into the left-hand side and simplifying yields:
ws= > Y LR ] w
S:eS TC[n]\S LesuT

Since S and 7" are disjoint, the union U = S U T  is a set that contains ¢. We can rewrite the double
summation by first summing over the combined set U.

LHS= > Y

U:ieU S:ieS,SCU

(=plv=isi DIVI=Is|

’ 1T v

eu

Let k = |S|and m = |U|. Since i must be in S, the number of such sets S is exactly (7). So the
inner sum simplifies as:

S:ie%,;a‘CU 5] ; <k - 1> k

m—l)

Using the binomial identity m - (") = k- ('), the expression simplifies to:

(o)

From the binomial theorem, we know that >_;* o (W)(=1)™"% = (1 — 1)™ = 0. Therefore
S (M (D™ =0— () (=)™ = —(=1)™ = (—1)™". Substituting back into the LHS:

1
Nt

vt

LHS = y¢ = RHS. |
> ST

UweU e
Lemma 1 For any two indices i and j, ¢;(x) — qj(x) = (z; — x;) - K; j(x) where

1
Ki’j(:v):/ I @ —tax) | at.
=0 \kg i)

Further, K; j(z) > 0, so z; > z; <= ¢;(x) > ¢;(x).

Proof From the definition of ¢;(-), ¢;(-), we obtain

1)I81-1 1)IsI=1

ai(x) — g;(x) = Z E Z I E2

SueS kesS S:jes kesS

after eliminating sets that contain both 7 and j since they cancel out,

1)I8-1 1)I81=

-y O e xS

S:ieS,j¢s kes S:jeS,i¢S kes

17
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splitting the set S in the first term as S = U U {i} and then factoring out x; (and doing similarly for
the second term),

_ (- (-
=i | D |U\+1Hwk —ai | D |U|+1ka

U:{ij}eU keU U:{ij}¢U keU

—_1)ul
B S I(U|)+1 1]

U:{ij}¢U kel
= (z; — ;) - Ki (),

where we define

—_1IUI
Kisw= 3 y(U\Zrl 11+

U:{i,j}¢U

To complete the proof, we further simplify it. Using the identity k%q = fol tkdt to get rid of the
denominator term, we obtain

1
Kijw)= Y (-0 [ % T o

U:{i,j}¢U t=0 kel
1

:/ ST (=)L | dt
=0 \vfij¢U keU

1
:/to S T (—taw) | at

U-{i,j}¢U keU

simplifying the sum over all subsets via binomial expansion: [, (1 + ax) = >y [T @k

:/1 I] @ —tay) | dt.

=0 \ket{ig}
But for any ¢ € [0, 1], we have 1 — txy > 0, so the integral is always non-negative as desired and
we have the lemma. |
Lemma 3 (Monotonicity) F(z) = F(x1,...,z,) is a monotonically decreasing function of each

of its variables x, € [0, 1].

Proof We show that 3712 < 0. By symmetry, we only need to check for x,,. Let S;,_1 = Zz;ll Tk
and P,_; = [[?Z{(1 — x1). Then

F— 1-— Pn_l(l — .%'n)
Sp—1+ Tp

18
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The partial derivative is:

(‘9F _ Pn—l(Sn—l + :Un) - (1 - Pn_l(l — :L‘n)) -1 N Pn—l(Sn—l + 1) -1

axn (Sn—l + xn)z B (Sn—l + xn)Q

The sign is determined by the numerator. The lemma is true if P,,_1(S,—1 + 1) < 1, which holds if

(1+Zxk)nn 1—ap) <1

k=1

This is a known inequality; we provide the proof by induction for completeness. The base case
(i.e., n = 2) clearly holds since (1 + z1)(1 — z1) = 1 — 2% < 1. Inductively, let S = Zle Ti,
P, = Hl 1(1 — z;), and by the induction hypothesis, P(1 4+ Si) < 1. Then, forn =k + 1,

(1 + S + xk+1)Pk;(1 — $k+1) = Pk(l + Sk — Skxpr1 — :L‘i_’_l)
= Pp(1+ Sk) — Prapy1(Sk + 2pg1)
<1 — Perpy1(Sk + wpp1) < 1,

where the last step follows because Py, 1, Sy are all non-negative. |

Lemma 14 Forany x1,...,x, € [0,1], we have (1 — [[7_,(1 — xy)) > p(z).

Proof Let z; = 1 — z; and note that z; € [0, 1]. Hence, z; > [[,_, 2, for all i € [n]. Averaging
this inequality over all i € [n], we obtain:

;zziz;z(nzk):nzk. ©
=1 =1 \k=1 k=1

Now,
n
1*H(1*$k):1*H2k>1**ZZz— Zlfzz— Zml— ),
k=1 k=1
where the inequality follows from rearranging (6). |

B.2. Proofs from Section 6

Theorem 9 We have the following two lower bounds:
o value(Speel; D) > value(Sget; D) + Y pq wi - = k‘H o?(z; k),

0'2 X,
* value(Speel; D) > value(Sget; D) + Zk:l wy, - (1 — Hj:k(l — :c])) . u((m;}f))’

where (x5 k) = %i:ki? and o?(z; k) = (n%kﬂ D ik x?) — u(x; k)? are defined to be the mean

and variance of the components of x with indices k or higher.
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Proof Since S, is defined to be a linear combination of n different Sgery strategies, we can again
use the multilinearity of Spe, to easily compute its value. Lemma 5 gives us the following two
bounds.

n—k+1

— k: o?(z; k), and

value(Sfie; D) > p(; k) +

2 -k
value(SE...; D) > p(z; k) + (1 — H (1—xj)) (; )
j=k

We can now compute the value of Sj,cc as follows:

value(Speel; D) = Zwk . value(Sgem; D)
k=1

Using just the first bound gives:

- n—k+1
> ;wk <M($%k¢) T Tk o (a3 k‘))

:Zpkxk+2wk-ﬁ-a (x;k)

+1

= value(Sget; D) + ; W, - % o?(z; k).
Similarly, using the second bound gives:
- - x; k)
value(Speel; D) > value(Sqet; D Zwk ]l—Ik (1—zy)) k:) . [ |

Lemma 15 Consider the outcome y = (0,...,0). If S = Speel, then S(y) = Speel(Y)-

Proof Let y = (0,...,0). Suppose for contradiction that S(y) 7# Speel(y). Then since both S(y)
and Speel(y) are in Ay, 35 € [n] such that S(y); < Spee1(y);. For convenience, let §(j) =
Spee1(y); — S(y); > 0. We construct a product distribution D, parametrized by a small € > 0, as
follows:

* D; = Bern(p); hence z; = p.

* For each k # j, Dy, is a point mass at 0; hence x; = 0,Vk # j.
Under this distribution D, the only outcomes are y = (0,...,0) or the outcome z that has z; = 1
and all other z; = 0, Vk # j.

value(Speel; D) — value(S; D) = Pry; = 0] - (z;0(j)) + Prly; = 1] - ((Spee1(2); — S(2)5))
> (1 =p)pé(j) + p(—p) > 0,

for small enough p since d(j) > 0, contradicting the dominance of S. [ |
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Theorem 10 If S = Spcel, then S = Speel. Hence Speel is admissible.

Proof Suppose for the sake of contradiction that S = Speel but S # Speel. Let o(y) = [{i : ys =
0}| be the number of zero coordinates in a vector y, let #1(y) = |{i : y; = 1}| be the number of one
coordinates in a vector y, and let ipax(y) = max{i|y; = 1} be the index of last one coordinate if
any and zero otherwise. Let y* be an outcome such that S(y*) # Spee1(y*) that lexicographically
maximizes (£0(y), #1(¥), imax(v)). Thus for any outcome y with fo(y) > #o(y*), we can assume
that S(y) = Speel(y). Similarly, for any outcome y with fio(y) = f#o(y*) and #1(y) = #1(y*) but
imax(y) > imax(y”), we have S(y) = Speel ().

Since S(y), Spee1(y) € A, and since S(y*) # Speel(y*), let j € [n] be an index such that
S(y*); < Spee1(y*);. For convenience, let d(y) = Spee1(y) — S(y); thus §(y*); > 0. Let Z =
{ily; = 0} be the set of zero indices in y*. We consider two cases depending on whether y is zero
or not.

Case 1: [j ¢ Z]. We construct a product distribution D, parametrized by small €, over the
outcomes as follows:

* Dj is a point mass at y;; hence z; = y; > 0.

» Foreachi € Z, D; is a point mass at 0; hence z; =0, Vi € Z

* For every other index k, Dy, = y; - Bern(e); hence x;, = € -y, Vk € [n] \ Z \ {j}.

Note that under this distribution D, the only outcomes are either y* or y with fo(y) > fo(y*) (Where
we know S(y) = Speel(y) by maximality). By choosing e small enough, we can ensure that item j
has the largest mean, i.e., x; > x;, Vi # j. And for y*, we know that S;,cc] puts more mass on item
J» and so value(Spee1; D) > value(S; D), contradicting the dominance of S.

Case 2: [j € Z] We construct a product distribution D, parametrized by small p € (0, 1), over
the outcomes as follows:

* D; = Bern(p); hence z; = p.

» Foreachi € Z\ {j}, D; is a point mass at 0; hence x; = 0, Vi € Z \ {j}.

« For every other index k, Dy, = y; - Bern(q) for ¢ = p% hence 2, = ¢ -y}, Vk € [n] \ Z.
We first argue that yx;, < 1,Vk > j. Indeed, otherwise by definition we’ll have that Spee1(y*); = 0,
which contradicts the choice of j. Now, let us consider the outcomes ¥ in the support of distribution
D. First, suppose yi, = 0 for any k ¢ Z. Then either (i) we have #o(y) > #0(y*) (if y; = 0), or (ii)
we have fio(y) > fo(y*) and #1(y) > #1(y*) (if y; = 1 and y; < 1), or (iii) we have #o(y) > fo(y*)
and #1(y) = #1(y*) and imax(y) > imax(y*) (fy; = land y; = 1) sincey; =1 = k < j. In
either of the three cases, by the choice of 3*, we have S(y) = Speel(y). Hence, the only class of
outcomes y from D to consider is when y;, = y;,Vk ¢ Z.

There are only two outcomes in this class: either when y; = 0 or y; = 1. When y; = 0, the
outcome is exactly y*; call the outcome z* when y; = 1. Let d = |[n] \ Z]|.

value(Speel; D) — value(S; D)

= Prly =y']- (xj5j(y*) > xkék(y*)> +Prly = 27] - (%‘%(Z*) +> kaék(Z*)>

k¢Z k¢ Z
= (1-p)g*- (p5j(y*) +y qyzék(y*)> +pg?- <p5j(2*) +y qy}iék(Z*)>
k¢Z k¢Z
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We want to show that the above expression is positive for some appropriate value of p and q. We
can loosely bound the term in the second parenthesis above by —p as in the worst case Speel gets
zero value and S gets value p.

> (1-p)g”- <p5j(y*) +) qy}Z(Sk(y*)) —p*q’

k¢Z

Similarly K¢z qyi0k(y*) > —q since again in the worst case Speel gets zero value but S gets the
best item in Z which has value at most q.

> (1—p)g*- (p6;(y*) — q) —p*¢* = (1 —p)pg?s;(y*) — (1 — p)g®™ — p*¢*
= (1 - p)p*16,(y*) — (1 — p)p*¥t2 — p2i+2 > 0,

since 0;(y*) > 0 and for p small enough, contradicting the dominance of S. |

B.3. Proofs from Section 7

Theorem 16 Suppose that f : X x Z — |0, 1] is an arbitrary function. Let Dy be an arbitrary
distribution supported on Z and define F(x) = E..p,|[f(z,z)]. Suppose that N is even, and let
21,...,2N beani.i.d. sample from (DZ)N andlet x1, ..., x N be arbitrary random variables values
in X subject to x,, being independent of z,,...,zN (i.e., x is adapted to the filtration associated
with z;). For i < N/2, define y; = 1 — f(xi,2i4n/2). Then let w1, ..., wy/y be the result of
applying our strategy (5) with uniform benchmark to y1, . . ., yn/2. Define w; = w;/2 fori < N/2
and W; = %fori > N/2. Select & at random from x1,...,xN with P(Z = x;) = w;. Then we
have for any x, € X:

N Zi]\i E[f(xi,21) — (s, 2i)]
E[F(2) - F(a,)] € ===

N2 SN2 = Fan)? — (SV21 - Fla)
—E|[1-]] Fa) : = (=5 )
i=1 2 <Zi:1 1- F(%))

< Zi]\; E[f (2, z;) — f(@s, Zi)]_

- N

Proof By definition, we have that y; is independent from y; given z1, ...,z /o for all ¢, j. More-
over, E[y;] = 1 — F'(x;). Therefore by Lemma 5, we have (conditioned on 1, ..., xx/2)

N/2 0

Zw,-u — F2:) > Z 1 — F(x;)

i=1 i=1

2
N/2 N/2
N2 SR - F@))? - (S - Fa)

+ 11— H1 F(x;) (Zf-vz/f - F(xi))
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Therefore, taking expectation with respect to also z1, .. ., 22!
N/2 5 N
E Z; wiF(z;)| <E [N z; F(z;)
w2\ SR P - (S - Fa)

—E|[1- }_[1 F(x;) 5 (Zivz/f - F(y;l)>

B.4. Proofs from Section 8

Theorem 11 Let N = 2 and let S : [0,1]Y — Ao, and suppose S is not equal to (1/2,1/2) for
all inputs. Then there is a x1 € [0, 1] and a function x5 : {0,1} — [0, 1] such that with random
variables y; ~ Bern(x1) and yo2 ~ Bern(z2(y1)), we have:

E[(S(y1,92), 2)] <E[((1/2,1/2), z)].

Proof Write S(i, j) = (w;j, 1 — w;j) and z2(i) = 2 for i, j € {0,1}. Then, consider the quantity
E[(S(y1,y2), )] —E[{(1/2,1/2),2)] = E[(S(y1,y2) — (1/2,1/2),z)]. A little calculation shows:

E[(S(y1,y2) — (1/2,1/2),z)]
= (21— 23)(woo — 3)(1 — 21)(1 = 23) + (21 — 23) (wor — 3)(1 — z1)a}

+ (21— 3) (w10 — Ha1(1 — x3) + (21 — 23)(wi1 — 3)a123

= (w1 — 29)(1 — 1) ((woo — $)(1 — 29) + (wor — )5)
+ (21 — 23)z1 (w10 — 3)(1 — b)) + (w11 — §)3)

= (21— a3)(1 = 21) - g(ah) + (21 — 2p)z1 - h(x3),
where
9(z) = (woo — 3)(1 = 2) + (wo1 — 3)z and h(z) = (w10 — 3)(1 — 2) + (w11 — 3)=.

Our goal is to identify a setting for 21,23, 73 such that the above expression is negative.

By assumption, at least one of the w;; is different from 1/2. Without loss of generality, let us
assume it is either wog or wo1; thus g(x9) # 0 (the argument is completely symmetric if instead it
is one of the other two). Now, set x3 = z1; thus (z; — x3)z; - h(z) = 0. Let 29 = 2 be such that
g(z) # 0. Then it suffices to exhibit z1 such that (x; — 2)(1 — x1) - g(2) is negative.

We do a case analysis on the sign of g(z). Pick any z; such that

(0,2) ifg(z) >0,
T € { (2,1) ifg(z) <O0.

With this choice, it is easy to see that (1 — z)(1 — x1) - g(z) < 0. [ |
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Appendix C. Applications

We now describe a few ML applications where adaptive weighted averaging arises naturally. Recall
that our results show that our adaptive algorithms provably outperform any (non-adaptive) baseline,
in expectation. The bounds show that our method is especially effective in the setting where the
underlying means are sufficiently different from one another.

Online-to-batch conversion (Iterate averaging). Our original motivation for studying the prob-
lem is iterate averaging. In stochastic convex optimization, an online learning algorithm generates
a sequence 01, . .., 07 of iterates. The standard approach to convert these online iterates into a final
solution is to output the uniform average 0. (E.g., see, (Bubeck, 2015)). However, later iterates are
often superior to earlier ones, suggesting that uniform averaging is suboptimal (in practice; in the
worst case, it is well known that uniform averaging obtains the min-max optimal results).

This setting fits into our framework with n = T': the x; values correspond to the utility (negative
loss) of the iterate #;. To obtain an estimate of x;, we can use a small set/mini-batch of examples for
each 7, to obtain y;. Using these values, we can use our results to obtain a new weighted average.

Re-weighting an ensemble of models under distribution shifts. Model ensembles are ubiqui-
tous in modern ML applications. To solve a task, we train a collection M, ..., M,, of models, with
the intuition that (i) different M; may perform better on different “regions” of the input space, and
(ii) for uncertain inputs, a weighted average prediction can provide a more reliable output. For the
training distribution D, the training process ensures that the average of the model outputs yields the
best prediction for an input z ~ D.

Now suppose we have a shift in the distribution, obtaining D’ (some regions of the space are
now more/less important than before). It is natural to ask if there is a better weighting of the models.
Once again, this falls into our framework, where the x; values correspond to the negated loss of M;
on D’. We can estimate x; as before, using a small number of samples from D’ to obtain a better
method for combining the models.

Aggregation in federated learning. Our framework can also be applied when aggregating up-
dates that have varying impacts on a model. For example, in the federated learning setting (McMa-
han et al., 2017), we have n clients each providing a candidate update to a model. The loss reduction
(to a global objective of interest) provided by each update is now the x;. The server can obtain an
estimate y; of this quantity using a minibatch as before; our framework then gives new weights for
aggregation that can improve upon the simple average.
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