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Abstract

We introduce the problem of learning conditional averages in the PAC framework. The learner
receives a sample labeled by an unknown target concept from a known concept class, as in standard
PAC learning. However, instead of learning the target concept itself, the goal is to predict, for
each instance, the average label over its neighborhood—an arbitrary subset of points that contains
the instance. In the degenerate case where all neighborhoods are singletons, the problem reduces
exactly to classic PAC learning. More generally, it extends PAC learning to a setting that captures
learning tasks arising in several domains, including explainability, fairness, and recommendation
systems. Our main contribution is a complete characterization of when conditional averages are
learnable, together with sample complexity bounds that are tight up to logarithmic factors. The
characterization hinges on the joint finiteness of two novel combinatorial parameters, which depend
on both the concept class and the neighborhood system, and are closely related to the independence
number of the associated neighborhood graph.
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1. Introduction

We introduce the following problem of learning conditional averages over neighborhoods. We are
given an arbitrary domain X and a concept class C < {0, 1}*. Each point 2 € X in the domain
has an associated neighborhood N [z], an arbitrary subset of X’ containing z itself. For example, if
X is a metric space, then N[z] could be a ball centered on 2. We can think of the neighborhoods
as encoded by a directed graph G = (X, E), so that (x,y) € E whenever y € N[z]. Now, the
learner receives a labeled sample S = (z1, ¢(z1)),. .., (Tm, (2, )) from an unknown distribution
D, where ¢ € C is an unknown target concept. The goal of the learner is to predict good estimates
of the average label in the neighborhood of x,

c(x) = Eyplc(a’) | 2’ € N[z]] . (1)

More precisely, like in standard PAC learning, we want the learner to output a predictor that, with
probability 1 — §, has expected squared loss at most € over D.

This problem is interesting in that it captures tasks that appear in various settings related to
fairness and explainability. In fairness we want to learn classifiers whose average predictions (say,
whether a person is hired or not) are roughly equal across certain subgroups (Hardt et al., 2016;
Rothblum and Yona, 2021), or check whether a given classifier is fair (Chugg et al., 2023; Cherian
and Candes, 2024; Hsu et al., 2024). We can encode these subgroups as neighborhoods (e.g.,
cliques) in the graph G. In explainability, local explainers typically use neighborhoods around
data points to describe the local behavior of a complex global classifier (Ribeiro et al., 2018). Both
scenarios require good estimates of the average predictions in each neighborhood, i.e., to estimate
the conditional probabilities in (potentially small) regions. A different type of applications can be
envisioned in scenarios where classification is just an initial step in a pipeline of learning tasks
where the final goal is to predict various aggregate statistics of the given population. For example,
given a sample of people and their income, we might want to predict average incomes across certain
demographic subgroups, such as age, gender, or location. Moreover, a certain level of anonymity
might be required: while the machine learning system has access to the individual income data,
users should only see the predicted averages. Furthermore, in recommendation tasks such as col-
laborative filtering (Mnih and Salakhutdinov, 2007), systems provide recommendations based only
on partial knowledge of the user features. This corresponds to our learning problem of predict-
ing the average label over neighborhoods, which here correspond to all users with the same values
over a subset of features. Another related learning problem is learning from label proportions. An
important instantiation of this setting (Kiick and de Freitas, 2005; Busa-Fekete et al., 2023, 2025;
Brahmbhatt et al., 2023; Li et al., 2024) can be viewed as complementary to ours: there, the learner
only gets to see the average labels and must predict the true labels of the individual data points.

Our problem looks interesting from a technical perspective, too. To begin with, it encompasses
and generalizes other standard learning tasks. For instance, when all the neighborhoods are single-
tons, N[x] = {z}, we recover standard supervised PAC learning. When instead all neighborhoods
are the full domain, N|[z]| = X, the problem becomes estimating the average label under D. Inter-
estingly, we can also show that our problem is at least as expressive as learning with partial concept
classes (see Appendix D). On the other hand, the problem is interesting in that natural approaches
and standard combinatorial parameters seem to fail. For example, estimating ¢ via uniform conver-
gence leads to suboptimal bounds and additional dependencies; see, e.g., Grunewalder (2018) and
Balsubramani et al. (2019). Moreover, when learning conditional averages, neither the VC dimen-
sion of the concept class nor the VC dimension of the neighborhood system succeed in capturing
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learnability. In fact, they appear very far from doing so: there are cases where learning with the full
class C = {0, 1} is possible, and (perhaps more surprisingly) cases where ¢ is not learnable even
when the class consists of just a single known concept, C = {c}. The reason is that the average
labels ¢ depend both on the concept ¢ and the distribution D, and this intertwinement makes things
subtly different from other, more standard settings.

1.1. Main results

Our main result is a full combinatorial characterization of learnability of conditional averages, for
any concept class C and neighborhood graph G, as well as bounds on the required sample complexity
tight up to logarithmic factors. Interestingly, neither the class C nor the graph G alone provide any
meaningful characterizations. We introduce two novel combinatorial parameters that depend on
both C and G, and related to the independence number a(G) of G. The first one, a1 (G,C), is
the cardinality of the largest independent set in G that is shattered by C. In particular, a;(G,C)
specializes to the standard VC dimension of C when neighborhoods are singletons, i.e., G has no
edges. The second parameter, aio (G, C), is the cardinality of the largest independent set I for which
there exists a concept ¢ € C such that every = € I has a neighbor in G with opposite c-label.

We show that the finiteness of both these parameters is necessary and sufficient for learning.
Moreover, we prove lower and upper bounds on the sample complexity m(e, ) of any class C and
graph G, of the following form (we omit the dependency of a1, as on (G, C) for brevity):

0O <a1 + as/log as + log(1/5)> <m(e.8) <O (Oq + aglog(1/e) log 1) ’
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where ¢ is the accuracy (w.r.t. the square loss) and § the confidence parameter.

Our learning algorithm is as follows: if a test point z is adjacent to other points in the training
sample, we return the empirical average of their labels. Otherwise, we run the one-inclusion graph
algorithm (Haussler et al., 1994) on all isolated points in the graph induced by the training set and
the test point. This leads to an in-expectation guarantee, which we subsequently turn to a high-
probability guarantee by amplifying the confidence through a median-based argument.

1.2. Further related work

One motivation to study this particular learning problem comes from a line of work on the theory
of explainable machine learning. Local explainers are some of the main tools to study and explain
the local behavior of a complex machine learning system. One well-known approach is that of
anchors (Ribeiro et al., 2018): to explain the label of a point, a small region around the point is
used such that most points in the region have the same label. Many similar such local explanation
methods exist (Ribeiro et al., 2016; Ancona et al., 2018). This problem was formalized, among
others, by Dasgupta et al. (2022). In a follow-up work, Bhattacharjee and von Luxburg (2024)
studied the problem of auditing local explanations, i.e., verifying whether the given explanation—
the local classifier—has high accuracy in the chosen region. Our results are directly applicable to
this auditing problem in the case of constant local classifiers (i.e., anchors). We also provide further
support for their negative result: they state that typical local explainers require extremely small
regions (e.g., exponentially small in the dimension of X = RY) to be accurate, which leads to a
large sample complexity to audit them. This corresponds in our case to graphs with large or infinite
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independence number «(G). For example, many small disjoint regions in R lead to a graph with
large a(G) in our case.

Another related work is the smoothed analysis of PAC learning by Chandrasekaran et al. (2024).
Instead of having to predict averaged labels, their goal is to output a regular binary classifier that,
however, competes with the best possible loss averaged over Gaussian perturbations of the test
point, similar to our averages over neighborhoods. While they provide a novel (smoothed) analysis
of standard binary classification, we tackle a novel learning problem instead.

2. Learning average labels

We start with the graph-theoretic notation used in the rest of the paper. We denote by G = (V, E) a
simple directed graph with anti-parallel edges allowed. That is, for any distinct v, v € V, both (u, v)
and (v, u) may belong to E (but no parallel edges are allowed). We remark that ' can be infinite,
and it will also be convenient to think of F as a relation over V. The out-neighborhood of x € V' is
Nt (v) ={v' e V| (v,v') € E}, and the in-neighborhood is N~ (v) = {v' € V | (v/,v) € E}. We
may also use N (v) = N (v) for brevity. The closed out-neighborhood of v € V' is the set N[v] =
N7 (v) u{v}; we often refer to it simply as the neighborhood of v. A subset V' < V is independent
in G if for every distinct u,v € V' we have u ¢ N*(v) U N~ (v). The independence number a(G)
of G is the cardinality of its largest independent set (note that we may have a(G) = o).

We now define the setting of the learning problem. Let X’ be a non-empty instance space and
C < {0, 1} aconcept class. We assume a fixed neighborhood structure over X’ encoded by a simple
directed graph G = (X, E), with anti-parallel edges allowed. The learner does not need to know
G in advance; it is sufficient that it can access G through an edge oracle, i.e., an oracle that given
(u,v) € V2 tells whether (u,v) € E. As in realizable PAC learning, the learner receives a labeled
sample S = ((z1,¢(21)), ..., (Tm, c(xm))) with each z; i.i.d. from an unknown distribution D and
where ¢ € C is the unknown target concept. In contrast to standard PAC learning, our goal is to
predict the average labels over each (closed) neighborhood:1

&(z) = By [c(m') |2 € N[x]] , 3)

where we suppress the dependence of ¢ on both the underlying graph G and distribution D when
it is clear from context. In particular, the goal is to design a learning rule A that given a sample S
outputs a predictor h : X — [0, 1] such that with probability at least 1 — 0,

L(h) = Lp(h) = B | (h(z) — e(2))*] <c, 4)

which corresponds to the risk of h with respect to the square loss. For convenience, we will some-
times use the loss notation £, (h) = ¢, p(h) = (¢(z) — h(a:))2 for individual points z. We remark
that other natural loss functions are possible; see further discussion in Section 5.

Observe that, although the labels determined by the concept c are binary, rather than a classifi-
cation problem our learning problem is a regression task. We define it formally below.

Definition 1 (G, C)-learner) LetC < {0,1}* and let G = (X, E) be a directed graph. A learning
rule A is a (G, C)-learner if there exists a sample complexity m : (0,1)? — N such that for every

1. We assume throughout that the directed edge relation of the graph is measurable, as well as any additional measura-
bility assumptions that are required by the one-inclusion graph algorithm (Haussler et al., 1994).
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distribution D over X, every ¢ € C, and every £,6 € (0, 1), the following holds. When given a
multiset S of m = m(e,0) i.i.d. examples generated by D and labeled by c, then the learning rule
returns a predictor hg = A(S) such that L(hg) < € with probability at least 1 — § over S.

We now define two combinatorial parameters that characterize the learnability of our problem. The
first can be thought of as corresponding to a shattered independent set, and the second to a bichro-
matic independent set. Formally, these parameters are defined as follows.

Definition 2 (Parameters o and o) Let G = (X, E) be a directed graph, C < {0,1}* a class,
and c € C a concept.

* Largest shattered IS. Denote by a1 (G, C) the size of a largest independent set I < X of G that
is shattered by C, that is, |{c n' I : ce C}| = ol

* Largest bichromatic IS. Denote by ay(G,c) the size of a largest independent set I < X of
G such that each vertex in I has a neighbor in G with opposite label with respect to c. Define

OéQ(G, C) = SUPcec OQ(G7 C)'

We remark that we can equivalently define ao (G, ¢) in the following way. Let X, < X be the set of
vertices x that have a neighbor 2/ € N(z) in G such that ¢(x) # c(z’). Denote by G, the subgraph
of G induced by X.. Then, we have as(G, ¢) = a(G,).

Our main result is the following characterization of learnability.
Theorem 3 LetC < {0,1}* and let G = (X, E). Then:

There exists a (G,C)-learner <= o1(G,C) + az(G,C) < o .

3. Examples and special cases

Before turning to the proof of our main result, we discuss some special cases to illustrate the role
of the two parameters «r; and ao. Recall that, in the degenerate case where G has no edges, the
problem coincides with standard PAC learning. In particular, if G has no edges, then for every
concept class C we have ao(G,C) = 0, while a1 (G, C) becomes just the VC dimension of C.

The following are two extreme examples of concept classes and corresponding corollaries of
Theorem 3. In a nutshell, Corollaries 4 and 5 show that the VC dimension of C alone does not
determine learnability in our model. The first case we consider is the full concept class C = {0, 1}.
Since any independent set in the graph G is shattered by C, we have a1 (G,C) = «a(G). Moreover,
as az(G, C) < a(G) by definition, from Theorem 3 we obtain the following corollary.

Corollary 4 (Full class) Let G = (X, E). Thereis a (G, {0, 1}*)-learner if and only if o(G) < co.

Thus, even on the full class C = {0,1}%, one may still be able to learn conditional averages,
depending on the graph G. For a concrete example, take G to be the full graph, so that N[z] = X
for every x € X. In this case a(G) = 1, so by Corollary 4 a (C, G)-learner exists; and, indeed, in
this case ¢(x) = E,.pc(x) for every z, so the problem is just learning the average label under D.

The other extreme case is the class consisting of a single concept, i.e., C = {c} for some
c: X — {0,1}. Asin this case o1 (G, {c}) = 0, Theorem 3 yields the next corollary.
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Corollary 5 (Singleton class) Let G = (X, E) and ¢ : X — {0,1}. There exists a (G, {c})-
learner if and only if as(G, ¢) < 0.

Thus, learning conditional averages can be hard even when the learner knows the target concept c.
The reason is that, even with ¢ known, learning ¢ requires one to estimate the average labels in each
neighborhood, and those depend on the (unknown) distribution.

Special neighborhood graphs. We now turn to special cases of graphs that illustrate the role of
the graph structure in our task. If G = (X, E) is a complete graph, that is, N[z] = X for all
x € X, then our learning problem simply requires to estimate the average label E, .p[c(x)] under
the distribution D and ground truth c. In this case, a1 (G, C), a2(G,C) < a(G) = 1 as there are no
larger independent sets in (G. The problem is learnable—independently of the complexity of C—by
simply predicting the empirical mean of labels using a sample of size O(1/e).

Similarly, on tournament graphs, which are orientations of complete (undirected) graphs, learn-
ing is easy. By definition we again have o (G,C), a2(G,C) < «(G) = 1 and thus we only need
a sample of size O(1/¢) even for C = {0,1}*. This is somewhat surprising, since unlike the com-
plete graph case, neighborhoods in a tournament graph can overlap in complex ways. Specifically,
viewing neighborhoods as a set system, the VC dimension of the set system in tournament graphs
can be as large as log | X'|, whereas in the complete graph case it is exactly 1. These examples show
that neighborhood complexity does not determine learnability.

Independence of «; and a,. Finally, we show that the two parameters o1 and a9 are in general
not related to each other. We mentioned above that for the graph graph with no edges, a1 (G, C)
equals the VC dimension of C, while a3(G, C) = 0. A slightly less trivial example is the following.
Take k disjoint cliques and let the class C consists of all labelings that are monochromatic on each
clique. Here a1 (G,C) = k, while a(G,C) = 0.

An example of a graph G with a large avs is a star graph: a tree with one root node and all other
nodes as leaves. Let c be a concept that assigns the same label to all leaves, and the opposite label
to the root. In this case aa (G, ¢) will correspond to the number of leaves, while a1 (G, {c}) =0

4. Main results

In this section we describe our algorithmic approach to the conditional average learning problem,
followed by the analysis of upper and lower bounds on the sample complexity of a (G, C)-learner.

4.1. Upper bound

We first present our learning algorithm, described in Algorithm 1 below. Then, in Theorem 6 we
give a bound on the expected error of Algorithm 1, and in Theorem 10 we give the high-probability
bound. The following Algorithm 1 relies on the classic One-Inclusion Graph (OIG) algorithm as a
sub-routine (see Appendix B for the algorithm and further details).

Theorem 6 LetC < {0, 1} and let G = (X, E) be a directed graph with a1 (G, C) + a2(G,C) <
oo. Then, for every distribution D over X, every ¢ € C and every ¢ € (0,1), if S is an ii.d.
sample over D of size m = m(e) = O (al(G’C)+a2(G’c) log(l/a)) then Eg.pm|[L(hg)] < &, where

)

hs = A(S) is defined by applying Algorithm 1 over S and an input point x.



LEARNING CONDITIONAL AVERAGES

Algorithm 1 Conditional Average Learning Algorithm for Graphs

Input: Training set S = {(z;,y;)};" . test point z.

Let G be the subgraph of G induced by {z1,...,2m,x}.
if © has a neighbor in G then
| return the empirical fraction of neighbors with label 1 in Ng[x].
else
Let I be the set of all isolated nodes in é, 1.e., nodes with no out-going edges.
Run the OIG predictor (see Algorithm 2) on (I, C|;) and return its prediction.

The proof of this result relies on the following two technical lemmas. The first lemma controls the
loss of the predictor returned by Algorithm 1 over all points whose neighborhood has sufficiently
large mass. In turn, we use this result to determine the sample size required to guarantee that such
a loss is sufficiently small in expectation.

Lemma7 Let A€ (0,1], c: X — {0,1}, G = (X, E), D a distribution over X, and S a random
multiset of m € N, iid. samples from D and labeled by c. Let hg be the output of Algorithm 1
given input S. Then, all points © € X with D(N|[z]) = X satisfy Eg~pm [(z(hs)] < 5.

The proof of Lemma 7 is in Appendix A. We remark that the only part where we explicitly use
the squared loss is Lemma 7. The whole approach can easily be adapted to other loss functions,
by simply modifying this particular aspect; see Section 5 for an example. The second lemma,
while simple, is crucial in enabling our result. Lemma 8 bounds the total mass of points whose
neighborhoods are light.

Lemma 8 (Light-neighborhood nodes are light) Let G = (V| E) be a (possibly infinite) directed
graph and D a distribution over V' such that E is measurable. Then, for any X € [0, 1],

D({v:D(N[v]) < A}) <2X-a(G) .

Proof Let V), denote the subset of nodes v of G for which D(N[v]) < A, and consider the induced
subgraph over V), denoted G. We would like to bound D(V}) from above. To that end, we will
iteratively remove nodes from V), and bound the overall mass of removed points. By Proposition 9,
there must exist v € V) with D(N*(v)) > D (N~ (v)), where the neighborhoods N*, N~ are
with respect to G. Remove all nodes in N*(v) U N~ (v) and v itself from V). Observe that the
overall mass of nodes we have removed is at most 2\. We repeat this process until there are no more
vertices left in V). Let .S denote the set of nodes v we picked in each round. Observe that S forms
an independent set in Gy, and so |S| < a(G)) < a(G) bounds the total number of rounds in the
process. Overall, we obtain that D(V}) < 2\ - a(G) as claimed. [ |

We remark that in the undirected case, Lemma 8 is related to a weighted version of the Caro-Wei
inequality (Caro, 1979; Wei, 1981);> our analogous result, which applies more generally to possibly
uncountable domains and arbitrary (measurable) edge sets, might be of independent interest. Its
proof relies on the following result.

2. Interestingly, the Caro-Wei inequality is a key result in the line of work on online learning with feedback graphs,
where various weighted versions of it have been studied (Mannor and Shamir, 2011; Alon et al., 2015, 2017; Esposito
et al., 2022; Eldowa et al., 2023).
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Proposition 9 Let G = (V, E) be a (possibly infinite) directed graph and let D be a probability
distribution on V' such that the edge relation FE is measurable. Then, there exists a vertex v € V

such that D (N (v)) = D (N~ (v)).

Proof We start by showing that we have E,.p[D (Nt (v))] = Eyp[D (N~ (v))], which cor-
responds to a weighted version of the degree sum formula for directed graphs. Let x, 2 be in-
dependent random variables distributed according to D. Define the indicator random variable
Ig == T{(z,2") € E}. Conditioning on x, we have

E[lg | 2] =P((z,2') e E|z) =P(a' e N*(2) | 2) = D(N" (=) . 5)

By the law of total expectation (which applies since the edge relation is measurable), we have
E[Ig] = E[E[If | 2]] = Egop|[D(N T (z))]. Similarly, conditioning on z’, we have

Ellg | 2] =P((z,2') e E|2') =P(ze N~ (') | 2') = D(N () . (6)

Again by the law of total expectation, E[/g] = E[E[Ig | 2/]] = Epop[D(N~(x))]. Thus, we
have E,.p[D (N1 (v))] = Eyp[D (N (v))]. Next, if D(N*t(v)) < D (N (v)) held for all
v € V, then we would have E,p[D (Nt (v))] < Ey~p[D (N~ (v))], in contradiction with the
above. Hence, there must exist v € V such that D (N (v)) = D (N~ (v)). [ |

Finally, we have all the main tools to prove the upper bound on the sample complexity for achieving
the in-expectation guarantee on the loss.

Proof of Theorem 6 Let ¢ € C be the target concept. Let o1 = a1 (G, C) and ap = (G, C), and
let m = m _4(g) where the constants in the O(-) notation are large enough. We consider a learner .A
that gets a training set S as input and outputs a predictor hg : X — [0, 1] by applying Algorithm 1
over S and the input point x € X'. For any ¢ € C and distribution D over X denote by D, the joint
distribution over (z,y) € X x {0,1} determined by x ~ D and y = ¢(x). With some abuse of
notation, we will omit ¢ when it is clear from context. Then, note that rather than bounding the
expected error of A, we can instead analyze its leave-one-out error:

Esoon[LAS)] = E [LAS = E [ E [G@As)]]. @

S~Dm x~D S/ ~Dm L LinlU[py, 1)

That is, we consider the following process: (i) a sample S’ of m + 1 i.i.d. points is drawn from
D™*1, (i) an integer i is drawn uniformly from [m + 1], (iii) the algorithm A is ran with S =
S", = S"\{(xi, c(x;)} as (labeled) training sample, and = = z; as test point, incurring error ¢, (hg)
where hg = A(S) = A(S’;). Our goal is to show that: Eg ;[{,,(hs)] < €, where it is understood
that S” ~ D™*! and 7 is uniform over [m + 1]. We consider the following events (where N = N}):

El(i) : N[x;] is bichromatic, 8)
52(“ : N|[z;] is monochromatic and x; ¢ I, and 9)
Eéi) : N[x;] is monochromatic and z; € I. (10)

One can check that the three events are disjoint and that Sfi) U 82(i) U €§i) corresponds to the sample
space. Thus, by the law of total expectation,

3
Egi [la(hs)] = ) Psra(€) - B Cau(hs) [ €9 . an
r=1
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In what follows, we show that each term of the summation in the right-hand side is sufficiently

small; precisely, the terms corresponding to Sl(i) and Séi) are each bounded from above by 5, while
(4)

the one relative to &,
Loss under El(l). The idea is to bound the error by simultaneously applying Lemmas 7 and 8.
However, their respective guarantees have an inverse dependence on the range of possible values
that D(N[x;]) can take, and thus a straightforward application of these two technical results can
lead to a larger guarantee than desired, with a worse dependence on ay or m. We show this can
be avoided by carefully defining a partitioning of the range of possible values for D(N[x;]) into a
sufficiently small number of intervals determined by a geometric sequence.

Let n = [logy(m/ag)] + 1 and define 1 = by > --- = b, = 0 to be a non-increasing sequence
such that b; = 27971 o, for all j € [n]. Note that this sequence satisfies by = 1/az and b, < 1/m.
For every j € [n], denote by A; the event that D(N|[z;]) < bj;, and define B; = A;\A;;1. By a
further application of the law of total expectation, and using the fact that ¢, (h) € [0, 1] for every

is equal to zero.

x € X, we can bound the error conditioned on & @ a

B i[Le; (hs) | E7] Z Egri[le:(hs) | €Y B;] - Pgi(B; | ) (12)
+IP’5/7Z»( o | D) + Eg [ba(hs) | €7, A1] . (13)

For each j € [n — 1], by symmetrization and Lemma 7 we have that
Eg [t (hs) | €7, B)] (14)
— Eyp [Eswpm [¢2(hs)] | Nz] is bichromatic, D(N[z]) € (b; 1, bj]] (15)

7
< sup Egpm|l;(hg , (16)
IE:'D(N[CE])ij+1 [ ( )] 2b]+1m

where we rely on the fact that S and x; are independent, and both events Sl(i)
(4)

1 ,Zl] < ﬁ. Moreover, we have that

and B; only affect z;.

By a similar reasoning, it also holds that Eg: ;[ (s, (hs)
Ps ;(B;j | Sfi)) <Py (A El(i)) as B; < Aj;. These observations allow us to show that

n—1 (4)
0 7 Pgi(Aj | €7) (i) 7
Eg ;| < — = + Py (A, , 17
s1.i[lei(hs) | £Y] 2m; b +Pyri(An | £7) + 55— (17)
and consequently that
, 7 P i(A; 7
Py i (ENEg i[ln (hs) | EP] < =— Pgri(An 18
5i(E17)Egr i[la; (hs) | mg bt +S,( )+2b1m (18)
ML n (19)
b 2bncrz 2bim
2
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where the second step holds because Pgr ;(A;) < 2bjaq for each j € [n], as we show next, by ap-
plying Lemma 8. Using Lemma 8 over the entire G Would lead to a worse upper bound of 2b;a(G).
Instead, we apply it to the subgraph G, induced by all nodes with bichromatic neighborhoods N |[z]
with respect to c. As remarked before (after Definition 2), a(G.) = a2(G, ¢) < as.

Then, the right-hand side of Equation (21) is no larger than § given m > O(22 log(1/e)).

(i)

Loss under &, Here, the algorithm predicts the empirical average of the labels of S m N [zi],
which is the true label ¢(z;) = c(x;) since N[z;] is monochromatic. Thus Eg ;[ 45, ] = 0.
Loss under Séi). By non-negativity of the loss ¢, (h), we have

Py i(€5") - Esa bos() | &7 | < Poilas e 1) - Bgr| b, ()] €57 | 22)

We now proceed to show that Py ;(z; € I)-Egr ;[ s, (R) | 6(1 | < £ for every sequence 5" € X™ !
with m large enough. First, since ¢ is uniform over [m + 1], then

M

Py i(wi € 1) By fa () | €57 | = —E

Esi| fai(0) |67 23)
Note that in this case we have ¢(z;) = ¢(x;) as N[z;] is monochromatic. Thus, for all such x; the
learning task is a binary classification with the zero-one loss (instead of regression with the square
loss).

Now, under 5 (as x; € I), the point z; is distributed uniformly over I. Further, in this case
the algorithm returns the OIG prediction for z;;. This together implies that Eg: ;[ £y, (k) | &3 ® ] is the
expected leave-one-out error of the OIG predictor ran on . As the vertices in [ are isolated in G, I
is an independent set in CAJ, and so [ is independent in G too. Therefore, the projection Cj; of C on
I has VC dimension at most al, by definition of a;;. The OIG predictor (Haussler et al., 1994) thus
yields Eg ;[ €5, (h) | 5 ] | 71~ We remark that it may be that I contains x alone, in which case
the OIG may predict arbltrarlly Overall, we have that Equation (23) satisfies

. / (i) I o1 o
Py i(xi € 1) Egi| b, ()| €57 | < == Vg (24)

which, for m > 2%, is at most % This concludes the proof. [ |

As a final step, we adopt a confidence amplification approach to turn the in-expectation guaran-
tee of Theorem 6 into a high-probability one.

Theorem 10 LetC < {0,1}* and let G = (X, E) be a directed graph with a1 (G, C) +a2(G,C) <
o0. There exists a (G, C)-learner with overall sample complexity

a1(G,C) + az(G,C)log(1/e)
€

m(e,8) = O ( log(1/5)> .

Proof The proof follows by applying Theorem 6 to show that Algorithm 1 has a bounded expected
error, and then applying Lemma 11 to obtain a high-probability guarantee. |

10
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The high-probability guarantee is obtained by using the following lemma. The main idea is to
use Markov’s inequality to obtain a guarantee with probability strictly larger than 1/2 from the
in-expectation one provided by Theorem 6, and then take the pointwise median over O(log(1/4))
independently obtained predictors from Algorithm 1 to amplify the success probability.

Lemma 11 Ler A be an algorithm that satisfies an expected error Eg[L(A(S))] < € with sam-
ple size m(e). There exists a (G,C)-learner Aynp, with oracle access to A and overall sample

complexity m(e, 8) = O(m(e/100) log(1/9)).

Proof Let k € N and ¢/ € (0,1) to be determined later. Let S be an i.i.d. sample from D of size
k - m(e) and partition S into subsamples S1, . .., S each of size m(e). Let h; = A(S;) for each
i € [k] be the predictor satisfying Eg,[L(h;)] < €’. Denoting by A; the event L(h;) > 10¢’, we
have by Markov’s inequality Eg, [I{A;}] = Pg,(A4;) < 1/10. By a multiplicative Chernoff bound,
there is an absolute constant ¢ > 0 such that Pg (Zle {A;} = k/ 5) < e, The right-hand side

of the latter is at most & for k = [(1/c) log(1/6)]. Thus, with probability at least 1 — §, we have 3k
classifiers h; satisfying L(h;) < 10&’. We now apply Lemma 15 from Appendix A and see that the

pointwise median hp,eq = median(hy, ..., hy) satisfies L(hpeq) < 70’ < 100’ with probability
1 — 0. We define Ay, as an algorithm that takes a sample .S as described and returns fpeq. The
claim follows by choosing ¢’ = /100. |

We note that directly applying the online-to-batch conversion of, e.g., Aden-Ali et al. (2023) to our
setting seems not possible. They require a leave-one-out guarantee to hold for any sample, while
we only satisfy such a guarantee in expectation.

4.2. Lower bounds

We prove a separate lower bound for each parameter «v; (G, C) and ay(G, C), which together imply
tightness of our algorithmic result from Theorem 10 up to log-factors.

Lemma 12 Let C € {0,1}* and G = (X,E). If a1(G,C) > 2, then the sample complexity
achievable by any (G, C)-learner is m(e,§) = §2 (M>

)

Proof Let / < X with |I| > 2 be an independent set that is shattered by C and ¢ € C a target
concept. As the neighborhoods of the vertices in [ are disjoint, any distribution with support on I
has ¢(x) = ¢(z) for all z € I. Since I is shattered by C, we can apply PAC lower bounds to get a
Q(|I|/2) lower bound (Ehrenfeucht et al., 1989). Further, we get an additional ©2(log(1/6)/c) lower
bound. |

Before proving the second lower bound, we first provide some intuition. Take a set of pairwise
disjoint edges {a;, b;} on some node sets A and B, i.e., a matching. Assume that ¢ € C labels each
node in A by 0 and each node in B by 1. Even if the algorithm knows c there can be uncertainty
about the averaged labels ¢. In particular, let the distribution D be uniform over A with D(A) = 1/2
and uniform over an unknown subset C' € B of size |C| = |B|/2 with D(C) = 1/2. Under this
family of distributions (parameterized by the choice of C), we have ¢(a;) € {0,1/2}. For each
i, the learner can only distinguish between ¢(a;) = 0 and ¢(b;) = 1/2 by receiving b; in the
training sample. In some sense the averaged labels ¢(a;) on A are “shattered” by the choice of the
distribution on X (and not as is typically the case in PAC learning by the class C). The following
lemma generalizes this idea to arbitrary graphs and incorporates the required dependence on €.

11
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Lemma 13 Let C < {0,1}¥ and G = (X, E). Then, the sample complexity achievable by any

(G, C)-learner is m(e,1/2) = Q (%)

Proof If oy = (G, C) is finite then there exist such ¢, A with |A| = ay (and otherwise we can
let A be arbitrarily large). To simplify the proof we assume all points of A have the same c-label
(obviously, at least half of them have). For every = € A fix some z, € N(z) with ¢(z,) # ¢(z), and
let B = {z, : x € A}. Clearly |B| < |A|. Moreover, for every x € A let dg(x) = |[N(z) n B|. By
construction, 1 < dp(x) < |B| < |A|. By a binning argument, then, there exists a subset A’ < A
with [A’] > 1g|2A\|A\ and some d € {1,...,|B|/2} such that d < dp(z) < 2d for all x € A’. Let then
B' = B N |J,ex N(x). Note that for all z € A’ we have |[N(z) n B'| = [N(z) n B| = dp(x).

We now use A’ and B’ as support of a family of distributions. We then show that, when we pick
a distribution uniformly at random from this family, achieving expected error ¢ requires drawing
Q(]A’|/e) samples. By Yao’s minimax principle this implies that for every algorithm there exists
some distribution from the family that yields the same bound.

To begin with, define p(z2) = m forevery z € B',and p(z) = m forevery x € A'.
Note that p(z) = %f) forevery z € B'andx € A’. Let A’ = {x; : i = 1,..., K}. For simplicity,
and without loss of generality, we assume K is even. Now, for every string s € {—1, +1}¥ that
sums to zero, define the distribution Dy as follows: Dg(z) = p(z), for z € B’ and Dg(x;) =
p(z)(1 + s; - 4/€) for i € [K]. One can check that D; is indeed a distribution. Denote the average
label of x under the distribution Dg by ¢5. Now let s be chosen uniformly at random (again so that
it sums to zero).

Since Ds(A’) > 1, for any estimate & of the average labels then
1 1 &
Es[lp,(h)] > JEsEs~pp [K;%,Ds(h)] ' (25)

Now, without loss of generality, we may assume the learner knows the concept ¢ € C, the sets A’
and B’, as well as the function p(-), see above; it only ignores s. We may also assume the predictor’s
output on z; € A’ is a function only of the number of times M, that z; appears in the training set.?
Clearly, M, ~ Bin(m, Ds(x;)). The Kullback-Leibler divefgence and Pinsker’s inequality then
yield, for any two s, s” as above:

m m m me
HMs,i - MS’JHTVD <0 (M Dy (z;) | Ds(i) — Ds’(l"i)|> <O ( K) . (26)

Moreover, if s, s’ differ on the ¢-th coordinate, then

3. Formally, the conditional mutual information I(c(x;); M | M;) between the true label c¢(z;) of 2; and the sample
M is zero when conditioned on the random variable M.”;.

12
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- p@)(1 + V) P)(1 - V)
(o) = Ea @) > ST Ve + d@p(s) P — ve) + dp@p(e) @D
_ 14 4/e B 1—4/e (28)
[+ Ve+dp(@)jd 11—z +dp(@)/d
(14 V)1~ V& + dp(@)/d) — (1 - VE)(1+ & + dp(x)/d)

- L+ V2 + dp(@)/d)(1 — vz + dp(2)/d) 29

S Q\Edg@)/d > O(VE)., (30)

using that 1 < dp(x)/d < 2. Since s is uniformly random, the expected square loss at z; is

therefore at least
\TVD) — Q(e) <1 _0 (4 /”}f)) . G1)

By averaging over all x; (see right hand side of Equation (25)), to have total expected loss at most

£, one needs a sample of size m = Q (£) = (71525, ) Which concludes the proof. [ |

Q(e) (1 - || Mz - My,

Note that the lower bound in Lemma 13 applies even if the target concept c is known. The uncer-
tainty comes from the marginal distribution D that determines the averaged labels c.

5. Discussion

We provide some comments and discuss multiple interesting extensions of our learning problem.

First note that, despite speaking of a graph G in our exposition, our results also apply on infinite
domains which may even be uncountable. In particular, they are applicable in standard geometric
settings such as in Euclidean spaces. For example, the neighborhoods can be hyperrectangles in R?
or balls in a general metric space. In this case, the independence number of the graph a(G) becomes
the packing number of the metric space. Further note that we can easily extend our analysis to other
loss functions, which typically only requires an alternative of Lemma 7. For example, if we care
about the absolute loss instead of the squared loss, we have to use O(1/¢2) samples to estimate
the average label in each neighborhood instead of O(1/¢) as before. The remaining arguments are
otherwise independent of the particular loss adopted.

Beyond just predicting averaged labels, there can be situations where also the input sample con-
sists of averaged labels instead of the original labels of the instances. In particular, there could be
a second graph Gi, = (X, Ei,) that models how the labels are averaged for the training set: the
training set S = X contains points z labeled by cin(z) = Eyp[c(z’) | 2’ € N, [2]] or alterna-
tively by the empirical average ¢, (x) = W D e Ne,, [£]nS c(2'). Studying the learnability
of (Gin, G,C)—with input labels ¢, and target labels c—is a promising research direction. Our
studied learning problem corresponds to the case Ej, = (J but arbitrary E, while different variants
of the learning from label proportions problem correspond to either £ = ¢ but arbitrary Ey, (see
the mentioned references in Section 1) or to £ = Ej, (Iyer et al., 2016; Fish and Reyzin, 2017).

Moreover, as noted in Section 1.2, extending our analysis from estimating E[c(z’) | 2’ € N[x]]
to E[I{g.(z") # c(2')} | ' € N[z]] would be interesting. In this case, g, : N[z] — {0,1} is

13
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a local classifier from a known (partial) hypothesis class # (say linear classifiers) defined on each
neighborhood. This setup would encompass our learning problem here (with g, being constant
functions) as well as the auditing framework of Bhattacharjee and von Luxburg (2024).

Also, extensions to a regression setting with target labels in [0, 1] are possible. This would allow
to formulate estimation problems like “what is the average income of all people with at least my
age?”, where income is the target label and the directed neighborhoods are given by age.

Additionally, there might be cases where we want to assign similarities to each neighbor. Instead
of E./[c(2”) | N[x]] we want to estimate E ./ [w(z, z')c(z’) | N[z]] for a given similarity function
w: X x X — [0,1], e.g., Gaussian. Our results correspond to the uniform similarity w(x, 2’) = 1.
Learning such weighted averages in the special case of N[x] = X would bring our setup closer to
the smoothed analysis of Chandrasekaran et al. (2024).

Finally, in Appendix C we discuss how empirical risk minimization (ERM) can be applied to
our problem. In Appendix D we discuss a generalization of our results to a setting where instead of
a fixed graph G, graphs GG and concepts ¢ come as pairs from a known class F < G x C.
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Appendix A. Missing proofs

This section contains the missing proofs and details which enable our main results from Section 4.
We use the following simple estimation lemma for the squared loss.

Lemma7 Let A€ (0,1], c: X — {0,1}, G = (X, E), D a distribution over X, and S a random
multiset of m € N, i.id. samples from D and labeled by c. Let hg be the output of Algorithm 1
given input S. Then, all points z € X with D(N|[z]) > X satisfy Eg.pm [(z(hs)] < 5.

Proof For any fixed z € X, define f(z) to be the empirical mean of c-labels over points in N[z]n.S;
that is for any x € X we can write

f(z) = — Z c(x)l{x; € N[z]} , (32)

where M, = > I{z; € N[x]} is the number of sampled points in S that belong to N[z]. Given
this, we know that hg(x) = f(x) whenever M, > 0, and otherwise hg(z) is the output returned by
the OIG predictor.

Fix z € X to be any point satisfying D(N[x]) = A. Defining p, = Py op(z’ € N[z]) =
D(N|[z]), we can notice that M,, ~ Bin(m, p,,) is a binomial random variable with mean Eg[M,,] =
mp. Consequently, a multiplicative Chernoff bound for binomials shows that

Pg (Mx < mpx/Q) < e Pa/8 L TN (33)

where the last inequality is due to the assumption that p, = D(NN[z]) = A. On the other hand, we
will now bound the expected error, conditioned on the event that M, is not small. Specifically, for
a fixed z and a fixed integer M > mp,/2, let §(S) = & Zf\il c(x;) given a sample S of size M,
and y = ¢(x). Observe that

Es[(f(z) — &(x))? | My = M| = Eg,_pu[(5(S2) — v)?] , (34)

where D, is the distribution D conditioned on N[x]. Then, notice that the quantity we are consid-
ering here is the variance of an empirical mean estimator over i.i.d. random variables bounded in
[0, 1], and so by Proposition 14 we have Eg__pu [ (9(Sz) — y)?] < 1/(4M). It follows that
1 1 1
Es[t.(hs) | My = M| =F —ex)? | My = M| < — < < —.
s[tahs) | My = M] = Es[(f(x) — e(2))” | Mo = M] < 7 < 5o < oo
By then taking the law of total expectation for all possible values M > mp, /2, we also get that,

1
Es[ﬁx(hs) ‘ M, > mpx/Z] < m . (36)
Lastly, combining all these observations together, and using the fact that ¢, (hg) € [0, 1], we finally
derive that

(35)

Es[lx(hs)] < Es[(f(2) — &(x))* | My = mpy/2] + Ps (M < mps/2) 37)
1 —m\/8 7
< < —
2mA Te 2mA (38)
which concludes the proof. |

The proof of the above lemma relies on this standard result about the variance of the empirical
mean of bounded random variables.
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Proposition 14 For a positive integer M € N_, let ay,...,ap be iid. [0,1]-valued random
variables with E[ai] = u, and define a to be their average. Then,
1
El(@—p)?] < — .
(@'l <137
Proof Since ay, . .., ays are i.i.d. with mean p, we have E[a] = p and hence E[(a— p)?| =
Moreover, by independence of the a;’s we also have Var(a) = Var(a)/M. Since a € [0, ]
have Var(a) < 1/4 by Popoviciu’s inequality. Combining the above yields the claim. I

For the high-probability upper bound in Theorem 10, we rely on the following lemma showing how
the expected squared distance of the median of bounded random variables from a target random
variable improves whenever more than half of them are sufficiently close in expectation.

Lemma 15 Let y1,. .., Yk, y be random variables and let ¢ = 0. If p > k/2 of the i € [k] satisfy
E[(y; — y)?] < ¢ then the median ymeq = median(y1, . . ., yi) satisfies E[(Ymeqd — v)?*] < 1;/162%1/2.

Proof We use the notation (-)4+ = max(0, -) and (-)— = min(0, -). Note that

Wi—y)?=(wi—y)+)?+ (i —y)-) (39)

holds for all 7 and the same holds for y,,eq instead of y;. Let us first assume that ¥y < ypeq. By
definition of a median half of the i € [k] satisfy ¥; < Ymed and half y; = ymeq. Call an i good
if E[(y; — y)?] < ¢ and denote the set of all good indices by P < [k]. As we have p good s,
there must be p — k/2 > 0 good ¢’s such that y; = ymeq = y. Denote the good indices 7 satisfying
Yi = Ymed by P+ S P. By the choice of P, we have

((Ymed — Z (40)
zeP
1 2
. - 41
|P+| ’L; |P | ie};P+((y y)-‘r) ( )
“PIZ- “@

From Equation (39) we also have that ((y; — y)+ )2 < (y; — y)?. Taking expectations, we see that

E[((4mea — < B P+| D E[( )7 (43)
ieP

Z E[( (44)
zeP

- slP] ek 45)

< < .
Pl S p—hp2

By a symmetric argument the same holds for the case y = ymeq (and correspondingly (Ymed —y)—)-
Overall we get

E[(ymed — )] = E[((ymea — ¥)+)*] + E[((Ymea — ¥)-)*] < =

pk—3

(46)
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Appendix B. The One-Inclusion Graph algorithm

In this section we describe the classic One-Inclusion Graph algorithm (OIG), that is used in our
Algorithm 1. We start by defining the one-inclusion graph of a concept (or hypothesis) class C,
where the idea is to translate a classification learning problem to the language of graphs.

Definition 16 (One-inclusion graph; Haussler et al., 1994) The one-inclusion graph of C < {0, 1}"
is a graph G(C) = (V, E) defined as follows. The vertex set is V = C, and the edge set E corre-
sponds to all pairs (v,v") € V such that the Hamming distance between v,v' is exactly 1; that is,
there exists i € [n] such that v(i) # V(i) and for all j # i, v(j) = V'(j).

We now define an orientation of the graph in the standard way.

Definition 17 An orientation of the graph (V, E) is a mapping o : E — V such that o(e) € e for
each edge e € E.

The OIG captures a model for transduction in machine learning. A key observation of Haussler
et al. (1994) is that this model captures an essential ingredient of general PAC learnability; see also
Rubinstein et al. (2006); Daniely and Shalev-Shwartz (2014); Brukhim et al. (2022); Bressan et al.
(2025). The OIG algorithm is presented in Algorithm 2 below.

Algorithm 2 The one-inclusion algorithm A¢ for C < Y*

Input: A C-realizable sample S = ((z1,y1), ..., (ZTm, Ym))-
Output: A hypothesis A¢(S) = fg: X — V.
For each x € X, the value fg(x) is computed as follows.

: Consider the class of all patterns over the unlabeled data C|(x1 = yml,

1 . N
2: Find an orientation o of G(C| (4, ... 4,,,)) that minimizes the maximum out-degree.

3: Lete = ey, 4, denote the edge determined by the labels in S over the first m coordinates.

4: Set fs(x) = o(€e)m+1. Thatis, the label fg(z) is determined by the label in the last coordinate

of the node points to by the orientation o.

The algorithm gets as input a realizable training sample S = ((z1,41), - - ., (Tm, Ym)) as well as
an additional test point x. Its goal is to provide a good prediction for the label of x. An orientation
of the graph provides the prediction for the label of z.

Appendix C. VC classes allow ERM

We briefly note that under stronger assumptions than required by our main theorem (Theorem 6), we
can instead use (an appropriate variant of) Empirical Risk Minimization (ERM) to design a (G, C)-
learner. In particular, since the analysis of ERM leverages uniform convergence for VC classes, we
additionally require that C has finite VC dimension d = VC(C).

The alternative ERM-based algorithm performs what follows. Using an i.i.d. sample S from
D of size O(w) labeled by any fixed concept ¢ € C, use ERM over S to obtain a
predictor hepny that satisfies Pyop(herm () # c(x)) < £/2 with probability at least 1 — §/2; this
follows from standard results on realizable PAC learning for VC classes (Blumer et al., 1989).
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We now use a second sample S’ of size O (w) to compute the empirical mean labels

over the neighborhood of a test point 2 ~ D using both the sampled points within N[z] as well as
the label heym () predicted by the ERM classifier. Now let M, = |N[z] n S’| be the number of
examples from S’. Then, the resulting predictor hg outputs

_ L /
hs () = M1 <herm(x) + e c(x )> 47

for any x € X. While we can show that this predictor provides the desired guarantee in expectation,
by a confidence amplification argument as in Theorem 10, given the success of herp,, We can extend
the loss guarantee to one that holds with probability 1—4/2. We can show that the learning algorithm
we just described yields the following sample complexity.

Proposition 18 Let C < {0,1}* be a class with VC dimension d = VC(C) and G = (X, E) a
directed graph. There exists an ERM-based (G, C)-learner with sample complexity

(d + a2(G,C) log(1/9)) 10g(1/5)> |

£

Merm (£,0) = O (

Proof Fix ¢ € C to be the ground-truth labeling. As already mentioned, we know that the ERM

predictor heppy, guarantees Py p(herm () # c(x)) < /2 with probability 1 — §/2. By standard

dlog(1/e)+log(1/6) )

realizable PAC learning results, as mentioned above, this can be done using (9( -

i.i.d. samples. We condition on this event in what follows.

On a mass of at most £/2 of the points, her, errs. For these points we can simply assume the
worst-case upper bound of 1 on the loss, and condition now on the event that he,y, predicts the true
label ¢(x) on the test point .

Next define hg: as in Equation (47) using the second sample S’. The proof of Theorem 6 goes
through almost exactly as before. In particular, the cases El(i) and 52(1‘) remain valid and we can
choose the constants in the sample complexity such that the expected error is at most /2 in case

51(1') (and 0 in case SQ(i)). The only difference is here that we average over M, + 1 labels in N[x].
This is valid due to the following two reasons. First, as we get the correct label her, = ¢(x) for the
test point z € N|[z]. Second, as z is i.i.d. from D averaging over (N[z] nS”") U {z} is equivalent to
sampling M, + 1 points from N[z] and the analysis proceeds as before (with one additional labeled
point). In case S?Ei) , where M, = 0, it simply holds that ¢(z) = ¢(2) = herm () and thus we predict
correctly.

Finally, we again apply Lemma 11 to turn the in-expectation guarantee of hgs into one with
probability 1 — §/2 instead of just in expectation, always given that hery, succeeds. We recall it
suffices to independently construct O(log(1/4)) predictors hg as described above, where each one
of them requires O (w) i.i.d. samples to provide its individual guarantee.

A union bound over the failure of he;y, and that of the median-based predictor from Lemma 11
concludes the proof. |

Note that d > «1(G,C) by definition, and indeed the gap can be arbitrarily large; e.g., if G is a

clique then d = VC(C) grows arbitrarily as the class C becomes more complex while a3 (G,C) < 1
for any C. This shows that this simpler ERM-based approach is sufficient for learning if C is a
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VC class, but can lead to a significantly worse sample complexity than the one achieved by our
Algorithm 1, and proved in Theorem 10.

We remark that the question of whether ERM also works with a sample complexity depending
on (G, C) instead of d = VC(C) remains open. The next section shows that at least in a more
general setting, such ERM-based approaches are not sufficient for learnability.

Appendix D. Extension to multiple graphs

In a possible generalization of our problem, instead of having a single fixed graph, we can imagine
that the concept ¢ and graph G come as a pair (G, ¢) € F from a known joint class F < G x C. Here
G is a family of graphs all with the same node set X'. The target graph G itself is fixed yet unknown
by the learner and only accessible through a neighborhood oracle on the sample, which allows to
check whether any two points in the sample are adjacent in the graph. This clearly generalizes our
setting as it can be recovered by G = {G}. We denote by L (h) the averaged loss of a classifier h
as in Equation (4) with neighborhoods and averaged labels ¢(-) given by the graph G.

Definition 19 Let C < {0,1}%, let G be a family of directed graphs on X, and let F < G x C. A
learning rule A is an F-learner if there exists a sample complexity m : (0,1)2 — N such that for
every distribution D over X, every (G, c) € F, and every €,§ € (0, 1) the following holds. When
given a set S of m = m(g,0) i.i.d. examples generated by D and labeled by c, then the learning
rule returns a predictor hg = A(S) such that Lg(hg) < € with probability at least 1 — 6 over S.

Our lower bounds apply also in this setting after a small modification. In particular, o1 (F) is the
maximal size of a set I < X that is shattered by a set S < C (in the usual sense) with the additional
requirement that each ¢ € S can be extended to a tuple (G, ¢) € F where [ is independent in G. That
is, a1 (F) is the size of a largest subset I < X such that |[{cn 1 : (G, c) € F, I independent in G}| =
21l We also adapt ap(F) = Sup(q e @2(G, ¢). We see that we can replace oy and o in the
previous lower bounds with these modifications.

Also our algorithmic upper bound remains valid. Indeed, one can check that Theorem 6 goes
through exactly as before when we replace the fixed graph G with the chosen (G,c¢) € F. The
reason is that already for the original problem we had no dependence on the full graph and only
used neighborhood oracle access.

We thus get the following sample complexity bounds for this generalized problem:

a1 (F) + ao(F)log(1/e) logl
€ )

(48)
Note that this problem generalizes not only standard PAC learning but also learning with partial
concept classes (Alon et al., 2022). In particular, let C = {0,1,*}¥ be a partial concept class. We
can encode any partial concept ¢ € c by a pair (G, ¢) where ¢ agrees with ¢ on the support of ¢ and
outside of the support we set ¢ to 1. The graph G is given by isolated vertices on the support of ¢
and a clique on the rest. Call the collection of all these pairs F. It is easy to verify that there exists
an F-learner if and only if the partial class C is PAC learnable.
As uniform convergence (and thus ERM and proper learning) does not succeed for general
partial concept classes, this shows that uniform convergence will fail for the more general problem
of learning with pairs 7 < G x C too.

0 (am + as(F)/ log(as(F)) + log(1/0)

3

> <mg(e,d) < (’)(
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