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Abstract

Motivated by real-world scenarios where malicious entities tamper with existing networks, we define
a model where an adversary seeks to hide a set of corrupted vertices inside a graph G*. To this end,
the adversary can add edges between the corrupted vertices, as well as edges between the corrupted
vertices and G*, and its power is then measured by the size of the neighborhood of the corrupted
vertices in G*. Our goal is to design an active learning algorithm that efficiently finds the subset
of corrupted vertices using a small number of label queries. We devise an efficient algorithm that
approximately recovers the corrupted vertices with a query complexity that depends polynomially
on both the power of the adversary and the vertex expansion of G*, a fundamental measure of
graph connectivity. At the heart of this result is a polynomial-time algorithm, obtained by carefully
adapting sum-of-squares algorithms for approximating minimum expansion, that finds a set with
small vertex expansion subject to cardinality constraints. To the best of our knowledge, this is the
first time that the vertex expansion is shown to play a key role in determining the query complexity
of active learning algorithms robust to structural adversarial attacks.
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1. Introduction

Graph-based machine learning is a powerful paradigm for analyzing relational data across diverse
domains such as social networks, bioinformatics, web analysis, and recommendation systems. A key
application is node classification, aiming to infer node labels or attributes from the graph structure
and any available node or edge features. While standard approaches typically depend on the integrity
of the observed graph structure, this presumption is often undermined by adversarial interventions.
Malicious actors can, in fact, manipulate the graph by creating deceptive nodes or engineering
spurious connections. This threat is especially pronounced in real-world applications like anti-abuse
systems, where adversaries strategically deploy fake entities and artificial links to propagate spam,
misinformation, or engage in fraudulent activities (Yu et al., 2008a,b; Danezis and Mittal, 2009; Tran
et al., 2011; Alvisi et al., 2013).

This paper addresses the problem of active learning on graphs in the presence of such structural
adversarial manipulations. Active learning in graphs aims to minimize the cost of data labeling
by exploiting the graph structure to select which nodes to query for their true labels (Guillory and
Bilmes, 2009). Most previous work focuses on adversaries who choose the node labeling, rather
than adversaries who modify the graph structure itself. In this paper, we focus instead on adversarial
structural changes and on algorithms with formal guarantees for general graphs.

Towards this end, we introduce an adversary that captures many practical safety scenarios. Given
an initial graph G*, the adversary can (1) introduce an arbitrary graph G with up to |V (G™)| vertices,
(2) arbitrarily connect at most b vertices of G* with arbitrarily many vertices in G , and (3) add
arbitrarily many edges in G*. The algorithm is then given access to the resulting graph (7, and has to
distinguish V (G*) from V (G).

The intuition behind this adversary is that a malicious actor can easily create new corrupted
vertices and connect them, but has to put a significant effort in order to corrupt an existing vertex of
G* and connect it to G. This captures real-world experimental observations where, for example, in
social networks attackers create arbitrary structures between malicious users and tend to connect only
to a smaller number of users that are more likely to accept friendship (Yang et al., 2014) or in link
farms on the Web where an arbitrary structure is generated between malicious pages but only a few
pages (often corrupted or acquired) have links to bad ones (Zhang et al., 2004; Becchetti et al., 2008).

In this model, the main goal of the adversary is to maximize the number of corrupted vertices
(the fake profiles) that remain unidentified by the learning algorithm. The algorithm, in turn, seeks to
identify a high fraction of corrupted nodes by querying the labels of a small number of nodes."

Our result. Our main contribution is an efficient active learning algorithm tailored to this adversar-
ial setting. We prove that the query complexity required by our algorithm to achieve a high accuracy
is fundamentally linked to the vertex expansion of the input graph and the adversary’s budget b.
Vertex expansion is a measure of connectivity of the graph, quantifying the minimum ratio of the

1. A similar model has also been studied in the security literature (Yu et al., 2008a,b; Danezis and Mittal, 2009; Tran
etal., 2011; Alvisi et al., 2013) where the budget of the adversary was linked to the number of edges that the adversary
would add to the corrupted nodes. The setting analyzed in this paper is more realistic and strictly harder as we allow
the adversary to add an unbounded number of edges to the corrupted nodes.
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frontier of a set to its size (appropriately normalized). Intuitively, graphs with low vertex expansion
allow adversaries to “hide” new nodes more easily within sparsely connected components. Our
analysis formally connects this structural property to the number of queries needed for detection. This
explicit link between vertex expansion and the query complexity of active learning under structural
attacks is, to the best of our knowledge, novel, and provides theoretical grounding for designing
algorithms robust to this class of adversarial behavior. We believe this connection may inspire further
research into leveraging graph expansion properties for robust learning on graphs.

Problem formulation. We can now define our model and our problem more formally. If G =
(V,E)isagraphand S C V, the frontier Oz (S) of S in G is the set of neighbors of S'in V' \ S. We
consider graphs GG constructed in the following way.

Definition 1 (Adversarial model) Ler G* = (V*, E*) be an arbitrary graph, and let b € N. An
adversary with budget b creates a graph G by manipulating G* in three steps:

(i) The adversary creates an arbitrary graph on a set I of fresh vertices, with |I| < |V*| = n. We
refer to I as the set of corrupted or malicious nodes.

(ii) The adversary adds an arbitrary set of edges between I and at most b vertices of V*, so that
|0c(I)| < b. Note that, save for this constraint, the adversary can place the edges arbitrarily.

(iii) The adversary adds an arbitrary number of edges within G*.

It shall be noted that (iii) is not intended to model the adversary’s behavior; we include it simply
because our algorithm is unaffected by this kind of perturbations. Given a graph G constructed as in
Definition 1, we seek to identify the corrupted vertices I with good accuracy. Note that this model
grants significant power to the adversary. For instance, already in the simplest settings in which G is
a stochastic block with communities V* and I (so that the starting graph G* is Erdds-Rényi, and the
edits introduced in (i), (ii) are random), the monotone perturbations introduced in (iii) are known to
make the task information-theoretically harder for an important range of parameters (Moitra et al.,
2016). In general, the original graph G* and the corrupted subgraph G[I] are both arbitrary, and the
connections between them adversarial. Therefore, the structural properties of the resulting graph G
we may rely on are significantly weaker than other common assumptions studied in the literature,
such as requiring I to be dense (e.g., a clique) or expanding.” Similarly, bounding the number of
neighbors of I in G*, rather than the number of edges between I and G, gives more power to the
adversary, since there are at least as many edges as the number of neighbors.

Clearly, without further assumptions, G* and G[] are indistinguishable and may even be iso-
morphic, thus in general there is little hope to recover I even approximately. In several concrete
scenarios, however, one can learn whether a given vertex v is malicious or not, for instance by
carefully observing the behavior of a profile in a social network. We model this assumption by
equipping the algorithm with a label oracle. A label oracle for I in G, denoted by Og 1, returns
I{v € I} oninput v € V. Clearly, label queries should be considered as expensive. The algorithm

2. See the discussion in Section 2 for a more in-depth comparison with the related literature.
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should then recover I efficiently, with good accuracy, and by making few queries to O¢, 7. This leads
to the following definition.

Definition 2 (Weak recovery with oracle) Let G* be a graph, and let G be generated from G* by
an adversary with budget b. For ,6 € (0,1] and q > 0, an algorithm achieves (v, 0, q, b)-weak
recovery of I in G if, given solely G,~, 9, and a label oracle Og j, the algorithm performs at most q
calls to Og,1 and with probability at least 1 —§ returns a set I C V(G) satisfying |IAI| < ~-|V(G)].

Importantly, note that |I| and b are unknown to the algorithm. It is immediate to see that, in general,
one cannot achieve (v, d, ¢, b)-weak recovery with a small query budget ¢, even given b = 0; for
instance, if G is edgeless, then one needs €2(n) queries to learn [ for any constant -, . Therefore
(7,9, q, b)-weak recovery must exploit some additional property of G. For 0 < m < n, the m-large
frontier of G is:

Om(G) == min [90g(9)]. (1.1

SCV
m<|S|<n—m

Our main result is:

Theorem 3 (Weak recovery) There exists a randomized polynomial-time algorithm® that achieves
(7,9, q,b)-weak recovery whenever:

. polylog% 1 )
(i) g =Q f(logg —i—b\/logn) ;

. 6 * J—
(i) b < O( iy - On(G7) ”‘O(logi>'
]

To appreciate the result, consider the case |I| = Q(n). By letting y = ¢ - o
rithmic factors in the parameters, Theorem 3 says that one can recover I with a constant multiplicative

, and ignoring polyloga-

accuracy of € by making roughly b/e queries, as long as b is significantly smaller than the smallest
frontier of subsets of G* of size comparable to I. Thus, the query budget of the algorithm is linear in
the budget of the adversary. Theorem 3 continues to hold even for |I| = O(n®), but, as a decreases,
the second constraint will degenerate to b = 0, requiring the corrupted graph G/[I] to be disconnected
from G*. Alternatively, one can tolerate a nontrivial budget b, accepting in exchange a larger mis-
classification rate. Similarly, one can consider v = o(1), and Theorem 3 gives nontrivial bounds
(i.e., admits b > 0) as long as v = ﬁ(n_l/ 6). In summary, Theorem 3 gives a tradeoff between the
accuracy +, the query budget ¢, and the adversary’s budget b. More generally, the theorem shows that
weak recovery remains possible even when +y is small, at the cost of proportionally increasing the
number of queries and considering adversaries with reduced budget.

On a more technical level, note that the second constraint of Theorem 3 only imposes a bound
on the vertex expansion of subsets of V' (G*) with size at least nn = O (ﬁ), that is, a
O(1/log(1/7)) fraction of the sought error yn. On smaller subsets, the theorem imposes no re-
striction whatsoever. That is, no structural assumption is required on those sets. This means that the

3. Here and unless otherwise specified, by randomized polynomial-time algorithm we mean a Monte Carlo algorithm.
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ground-truth graph G* may be far from being a (small-set) vertex expander; in fact, it may even
contain exponentially many vertex cuts that are significantly smaller than |0g(I)| < b.

Auxiliary result: unbalanced vertex expansion. A by-product of our analysis is a randomized
polynomial-time algorithm that finds a set with small vertex expansion and size within [m,n — m)].
We obtain this result by carefully modifying the algorithm of Feige et al. (2005). We believe this
statement may be of independent interest. The vertex expansion of S in G is:

106(5)]

9615 = v\ &)

For 0 < m(n) <n = |V(G)

, the m-large vertex expansion of G is:

G):=  min S).
9m(G) 0£SCV(G) ¢6(5)
m<|S|<n—m
Note that ¢,,,(G) is a generalization of the canonical notion of vertex expansion, which is in fact
¢1(G). For m # 1 we obtain the following theorem.

Theorem 4 ((m /n)-balanced vertex expansion) There exists a randomized polynomial-time al-
gorithm that, given an n-vertex graph G and 0 < m < n/2, returns S C V satisfying

(i) c(S) < ¢m(G) - O(VIogn + 2)
(ii) min{|S|,|V \ S|} = Q(m).

Observe that, for n/m = O(\/log n) the approximation factor of Theorem 4 remains /logn.
Interestingly, for the related but possibly more challenging problem of small-set vertex expansion,
known efficient algorithms (Louis and Makarychev, 2016) only achieve an approximation of the

order .- - log .- - log log = - v/log n.

2. Related work

The literature on active learning, spam, and abuse is vast. Here we focus on summarizing the
contributions closest to our work.

Sybil attacks. A very related area of research is the design of algorithms to protect social networks
under Sybil attack (Yu et al., 2008a,b; Danezis and Mittal, 2009; Tran et al., 2011; Alvisi et al., 2013).
Similarly to our setting, the attacker is able to add nodes to the networks. However, there are two
main differences with our approach. First, the budget of the adversary is based on the number of
edges added by the adversary between the malicious nodes and the good nodes, and not on the size
of the boundary like in our setting. Second, the good side of the graph is often assumed to be an
expander—a property that is not often true in practice (Leskovec et al., 2008; Mohaisen et al., 2010).
In comparison, our paper analyzes a harder and more realistic setting.
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Foundations of active learning. The seminal paper by Balcan et al. (2006) introduced the first
active learning algorithm, A2, with sample complexity bounds showing that active learning can
achieve exponential label savings over passive learning even in the non-realizable case. The thread
of work started by that work has later evolved into a complex theory of disagreement-based active
learning, nicely summarized in the monograph by Hanneke (2014). However, it seems not possible to
achieve our query bounds via general-purpose active learning algorithms, even ignoring computation.
To see why, given G* define the concept class C = {S C V : |0g«(S)| < b}; note that the
task of (weakly) recovering I with oracle queries can be cast as an active learning problem over
C. Now suppose G* is a 3-regular expander, let v,7 = €(1), and suppose g (I) = % for b =
Q0 (G*)/+/log n) = Q(n). Note that the assumptions of Theorem 3 are satisfied. However, for
almost all subsets U C V* with |U| < b/6, the set S = I U U has boundary 6(S) < b, and the
nn-large frontier of G* \ S is still Q(nn) = (n). As there are (;/6) = 292(") guch subsets U, we
get|C| = 24") Thus, the bound on the number of active learning queries is no better than the trivial

O(n).

Active learning on graphs. Previous theoretical work on active learning on graphs has mainly
explored query strategies for node classification based on minimizing prediction mistakes under label
smoothness assumptions, often relating performance to the graph’s cut size or related measures—Ilike
the (L) function introduced by Guillory and Bilmes (2009)—which quantify the difficulty of
separating unlabeled nodes from the labeled set L. The works by Cesa Bianchi et al. (2010); Cohen-
Addad et al. (2025) use W(L) to prove results related to the optimal placement of queries on trees and
general graphs. The performance of these algorithms scales linearly in the size of the cut between
infected and non-infected nodes which, in our setting, can be superlinear in the adversary’s budget.
The S? algorithm (Dasarathy et al., 2015) uses binary search to locate the nodes to query—see also
Afshani et al. (2007) for earlier results along these lines. Similarly to our analysis, the performance
of S? is affected by the relative size of the infected subset. However, the S? query budget scales
linearly with the size |0C| of the boundary of the cut set C', which, again, can be superlinear in the
adversary’s budget (in our asymmetric model, the adversary only pays the non-infected nodes in
the boundary of the cut set). More specifically, if the infected nodes have m connected components
each of size {2(n), and these connected components are well clustered, then the query budget for
exact recovery with probability 1 — ¢ is of order m logn + |0C| + log %. The work by Thiessen and
Girtner (2021) assumes that the sets of infected and non-infected nodes are geodesically convex
in G. Under this assumption, the query budget for exact recovery is h + log d + 2t, where h is the
hull number of GG (smallest number of vertices whose convex closure returns V), d is the diameter,
and ¢ is the treewidth. It is unclear how the convexity assumption can be related to the adversary’s
budget in our setting. Active learning under other notions of convexity for graphs have been also
investigated in Bressan et al. (2024, 2025). Wu and Yuan (2024) introduce a query strategy based on
spectral sparsification techniques achieving near-optimal query complexity while remaining robust
to noisy node labels. Gu and Han (2012) base their query selection strategy on a data-dependent
generalization bound derived via transductive Rademacher complexity.
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Data poisoning on graphs. In the area of adversarial machine learning, data poisoning in graph-
based learning is an established line of work—see the survey by Chen et al. (2020) (also Jin et al.
(2021) for applications to graph neural networks). The work by Liu et al. (2019) focuses on graphs
induced by datasets of feature vectors, where the adversary modifies the graph by flipping the labels
or perturbing the features. A more general model of active learning under poisoning attacks is studied
in Balcan et al. (2022), where they consider pool-based active learning in a traditional statistical
learning setting. Yang et al. (2024) prove robustness of classification in a train/test learning model
against a bounded number of edge additions or deletions. Their work is for graph classification,
but can also be applied to node classification. This line of work is further explored in Li et al.
(2025). These results are based on graph partitioning techniques combined with a majority vote. The
robustness against graph perturbations is established by comparing the number of perturbations with
the unbalance in the vote.

Graph partitioning. A substantial body of work has considered graph partitioning questions in
semi-random models (Makarychev et al., 2012; Buhai et al., 2023; Cohen-Addad et al., 2024; Btasiok
et al., 2024). For community detection, a celebrated line of research considered models in which the
input graph is first sampled from a known stochastic block model, then an adversarially corrupted
copy is received in input by the algorithm. The corruptions studied include monotone perturbations
(Moitra et al., 2016; Liu and Moitra, 2022), edge perturbations (Banks et al., 2021; Ding et al., 2022;
Mohanty et al., 2024) and node perturbations (Ding et al., 2023). As Definition 1 is significantly
more general and captures all these models, the algorithms introduced in these prior works cannot
recover the original graph in Definition 1. Indeed, our algorithm necessarily relies on access to a
label oracle to achieve weak recovery.

From an algorithmic perspective, related to our results are the the state-of-the-art algorithms for
the vertex expansion problem and its variants (Feige et al., 2005; Trevisan, 2009; Raghavendra et al.,
2010; Louis et al., 2013; Louis and Makarychev, 2016; Ghoshal and Louis, 2024; Kwok et al., 2022).
We discuss these results more in detail in Section 3.

Organization. The rest of the paper is organized as follows. In Section 3 we outline the main
ideas behind Theorem 3. The appendix contains deferred proofs and the necessary background. In
particular, Appendix A contains the proof of Theorem 3 and Appendix B contains the proof of
Theorem 4. Finally, Appendix C contains the notation and technical results about sum-of-squares
framework, which is the main algorithmic tool used to derive Theorem 4.

Notation. We write G* = (V*, E*) and G = (V, E)). When the context is clear, we use n to denote
the number of vertices in the graph at hand. We use the notation €(-), O(-) to hide polylogarithmic
factors in n plus the arguments of the notation. For a graph G and a set of vertices S C V(G),
we let G[S] be the induced subgraph of G on S. For two sets S,S5" C V(G), we denote by
SAS" = (S\S)U(S"\ S) their symmetric difference. When G is clear from the context we may
omit it from the subscripts, for instance by writing 0 in place of Jg.
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3. Techniques and main results

We present the main ideas behind Theorem 3. Let again G* = (V*, E*) be any graph, and let again
G = (V, E) be created from G* according to our adversarial model. Let m = |I| and n = |V|. Note
that, by querying the labels of ¢ = O (% log %) uniform random vertices of V', we can detect whether
m < -yn with probability 1 — § and return the empty set, which satisfies Theorem 3 regardless
of b. Let us then assume m > yn. For simplicity of exposition we assume v > €2(1) small enough,
b = |0¢(I)|, and that m is known (our algorithm needs only a constant-factor estimate, which takes
again O % log %) queries). Finally, again for simplicity of exposition, many of the inequalities and
constraints are presented below in a simplified form (for example, using yn in place of % for
some universal ¢ > 0). However, along the discussion we also provide the full formal statements,

with the correct parameterization.

3.1. A vertex expansion problem

As a starting point, we devise sufficient conditions on G so that we can recover a subset S that is
heavily correlated with the subset I C V of corrupted vertices. For the moment let us assume that
G* and G[I] are arbitrary; the only properties we have are therefore the bound |0¢(I)| < b on the
boundary of I and the bound m = |I| > ~n on the size of I. Now, suppose we can find efficiently
some subset S C V that has these properties (even approximately):

(i) 106(S)| = O(b).
(ii) 1] = ©(1]).

Then, we would like these two properties to imply that .S is a good proxy for /—that is, that S is
heavily correlated with 7, in the sense that:

1IN s
S|

21-0(y). 3.1

This means that almost all vertices of .S are in I, and moreover, together with (ii) above, .S contains a
constant fraction of points of 1. We could then add S to our approximate set I of corrupted vertices,
delete S from G, and repeat.

A natural way to rule out the existence of subsets S satisfying (i) and (ii) but violating
Eq. (3.1) is to require G* to satisfy a boundary condition. Suppose indeed that every S C V*
with min{|S|, |[V* \ S|} > yn has in G* an outer boundary much larger than the outer boundary of
I in G. More precisely, suppose:

0 (1)]

’8@*(5)’ > ,}/2

VS C V* min{|S],|V*\ S|} = yn. (3.2)

Then it is possible to show that every set S C V satisfying (i) and (ii) satisfies:

. [1INS] umsq
min , T >1-0(y). 3.3)
{ 5] |5 )
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where S = V' \ S. Thus the idea is that, if every bipartition (S, V* \ S) of G* which is not too
unbalanced has boundaries significantly larger than the one of I, as given by Eq. (3.2), then every
bipartition (S, V \ S) of G satisfying (i) and (ii) above is strongly correlated with (I, V*) in the
sense of Eq. (3.3). We now use Eq. (3.2) to devise a constraint on the vertex expansion of G*. In
particular, suppose:

¢G(I) < '73 : ¢'yn(G*) . (34)

Then, using the definition of ¢, we obtain:

min |G+ (S)| = ¢yn(G*) - yn(n* —yn) (3.5)
min{|S|,[V*\S[}>yn
1
> e ~pa(I) - yn(n* — yn) (3.6)
1 |0c(1)] .
— ? . (rC:— ) ~yn(n* — yn) 3.7
_ 196(1) 58
Y

where in the last inequality we used yn < m < § < n* and y small enough to ensure % > 1.
What we obtained, however, is precisely Eq. (3.2). Thus Eq. (3.4) is a sufficient condition to ensure,
again, that every set satisfying (i) and (ii) above satisfies Eq. (3.3) too. Let us then turn Eq. (3.4) into

a formal definition.

Definition 5 (Poorly expanding set) Ler G be an n-vertex graph. Let 0 < m < n/2,0 < t < n,
and 0 < & < 1. We say that a set U C V is (¢,t,m)-expanding in G if m < |U| < § and

¢a(U) <e-du(GIVA\U]).

In words, the definition says that U has vertex expansion significantly smaller than the one of
G[V \ U], when the latter is measured only over “balanced” subsets (i.e., with size at least ¢ and at
most |V \ U| — t). Applying this definition to the set I of corrupted vertices, we obtain that if [ is
(73, yn, m)-expanding in G then Eq. (3.4) holds. We now see how, starting from the assumption that
I is (v3,yn, m)-expanding in G, we can actually compute an S C V that satisfies Eq. (3.3).

3.2. Computing approximations to poorly expanding sets

The above discussion suggests that we shall compute a set S C V that satisfies (i) and (ii), that
is, S has small outer boundary and relatively large size compared to /. This problem is a variation
of vertex expansion and thus, unfortunately, NP-hard in general. In particular, existing efficient
algorithms for vertex expansion fall short of finding the desired solution in two ways. First, they
return sets whose vertex expansion can be a factor O(y/logn) (Feige et al., 2005) or O(y/¢log d)
(Louis et al., 2013) larger than the minimum vertex expansion, where d is the maximum degree of
the graph. Second, they offer no guarantees on the size of returned sets. The algorithm of Louis et al.
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(2013) relies on a connection between vertex expansion and a spectral profile parameter, called A\,
studied in Raghavendra et al. (2010). As this connection breaks down upon restricting the cardinality
of admissible sets as in Eq. (3.4), our approach more closely resembles that of Feige et al. (2005).
Note that variations of algorithms for small-set vertex expansion (Raghavendra et al., 2010; Louis
and Makarychev, 2016; Ghoshal and Louis, 2024) could also be explored in principle. Ghoshal
and Louis (2024) ensures the returned set is of size ©(m) but requires time O(n"™/™) . Louis and
Makarychev (2016) does not guarantee a lower bound on the size of the returned set and ultimately
has a dependency on the ratio - that is O(+/log n) times worse compared to Theorem 4. Because of
these drawbacks, we do not directly build on these works.

To circumvent these computational hardness barriers, we strengthen the constraint of Eq. (3.4)
by increasing the gap between the vertex expansion of I and the vertex expansion of G*, to obtain a
constraint in the form:

3

$a(I) < cJTW (G (3.9)
where C' > 0 is a sufficiently large constant. Note that on could view the difference between Eq. (3.4)
and Eq. (3.9) as an information-computation gap for the weak recovery of /. Indeed, under hardness
assumptions such as the Small Set Expansion Hypothesis (SSEH), it seems plausible that our variant
of vertex expansion is as hard as the original problem. In terms of Theorem 5, we require [ to be
<C+\/%, yn, m) -expanding in G. At this point, we are able to compute a set S with outer boundary
size |0q(S)| close to b = |0g(I)|. To this end, we describe a sum-of-squares program based on
the semidefinite relaxation for vertex expansion of Feige et al. (2005).* The crucial adaptation we
make is the introduction of a novel, delicate rounding algorithm which ensures that the output set
S satisfies min{|S/|, |V \ S|} = Q(|I]); this is where the gap of Eq. (3.9) is exploited. Overall, we
obtain a set S which satisfies both (i) and (ii) above, and thus, as argued, Eq. (3.3) as well. At this
point we know that one among S and S = V' \ S strongly overlaps with [ in the sense of Eq. (3.1).
To find this out, we simply query the oracle for the labels of M uniformly random points from
S and from V' \ S, and this correctly tells us which set to pick with probability 1 — p. Formally, we

prove the following result.

Lemma 6 (Simplified version of Lemma 10) There exists a randomized polynomial-time algo-
rithm with the following guarantees. Suppose I C V is (%, nm, m> -expanding in G = (V| E),
where m = |I| and a = O(\/loﬂ + %) is large enough and n € (0, 1) is small enough. Then,
given G and i € [m/2, m], access to a label oracle Og  for I, and p € (0, 1), the algorithm makes
at most « - |0g(I)| + O (log %) oracle queries and returns S C V(G) that with probability 1 — p

satisfies:
(i) 19c(S)| = O(a- [0c(I)
(ii) |S|=©(|1]),

4. More accurately, we use a degree-4 sum-of-squares relaxation and analyze its performance in a way similar to the SDP
relaxation considered in Feige et al. (2005).

).

10
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(iii) S\ 1] = O(n-|S]).

3
To employ Lemma 6, recall from above that we assume [ is (CJT@’ yn, m) -expanding in G. It
is not hard to check that [ then satisfies the assumptions of the lemma with » = ~ - >. Hence, the
lemma ensures we can compute a set S that satisfies (i)-(iii). In particular, the outer boundary of S

satisfies’
00(5)| = O(a- () = O L5 o) (.10)
where we used m > yn. Moreover, S satisfies
S\ 1| =0(n-[5]) =O(yn), 3.11)

as 1) = 7 - 1=, and since it must be |S| = O(m), for otherwise we would not have |S\ I| = O(7 - |S]).
We use these results to analyze the other iterations of the algorithm, in the next section.

3.3. Refining the partition via recursion

The algorithm introduced in Lemma 6 in the previous section (with more precise details in Lemma 10
from Appendix A) allows us to find a set S of size ©(|I|) strongly correlated with I in the sense
of Eq. (3.1), that is, with |S'\ I| = O(yn). This is not yet sufficient to get weak recovery, which
requires the stronger condition |[SAT| < «n; see Definition 2. One obvious way to proceed, however,
is to remove S from G and apply again the algorithm of Lemma 6 to the resulting graph G \ S. The
difficulty is that it is not immediately clear that G \ S still satisfies the assumptions of Lemma 6. For
example, since we are removing vertices from G* (those in S \ I), the vertex expansion of small
subsets of G* may increase, failing the assumption of poor expansion of I \ S in G[V \ S]. More
in general, Lemma 6 needs several hypotheses (which is made clearer in Lemma 10), and it is not
straightforward to show that, if we iterate several times the procedure of finding a set S and removing
it from G, those hypotheses are still satisfied for values of the parameters that do not yield vacuous
guarantees. We will now show that this is indeed the case; that is, if the initial set of corrupted vertices
I is “poorly expanding” enough in G, then Lemma 6 can be applied iteratively several times, each
time removing the newly found set .S from the remaining graph G without an excessive degradation
of the relevant parameters.

Then, suppose we have found S through the algorithm of Lemma 6. The first observation we
make is that, since S is almost entirely contained in I, the subgraph G* \ S has roughly the same
properties of G*. More precisely, we show (see Lemma 13 in Appendix A.3) that, for all ¢ > 0,

0(G*\ S) > 0,(G") — |0 (S5)] . (3.12)

Together with the guarantees of Lemma 6 on |0g(.S)|, we obtain:

Viogn
Y

G\ S) > (G — 0( ) Joa(D)]. (3.13)

5. Note that the bound on |9 (.5)| finally shows a multiplicative O(%\/log n) factor, while « = O(v/Iogn + 1/7).
While one may try to improve the guarantees we provide by being more careful, we opted for this slightly looser bound
to simplify the overall presentation.
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Thus, after deleting S, the outer boundaries of all relevant subsets of G* remain roughly as large as
before. Moreover, the outer boundary of I \ S in G \ S cannot be larger than the one of I in G. Now
the same inequality can be propagated if we repeat the process multiple times. Let then Gg = G
be the initial graph, and let £ = O(log %) large enough. Foreach ¢ = 0,1,...,k — 1, let G; be
the remaining graph after ¢ steps. At each step ¢, by using the algorithm from Lemma 6 on G;, we
compute a subset S; C V(G;) that is heavily correlated with I; = I N V(G;) in the sense above,
and we then remove S; from G;, obtaining G;+1 = G; \ S;. Let Gj, be the resulting graph after k
steps, and let G5 = G, \ I be the subgraph of G, consisting of non-corrupted vertices. By iterating
Eq. (3.13), we get:

oGi) > 016 - o PELLNVIEL ) gy, (3.14)
Thus, if
10(I)] < 0(G) =l (3.15)

“log(1/7) - Viogn

for a sufficiently small constant ¢ > 0, then 9;(G%) = €(9;(G™)), and therefore G}, is essentially the
same as G* as far as the expansion guarantees are concerned. (To be precise, one must consider the
vertex expansion ¢;(G7 ), and this changes things by some additional -y factor due to the normalization
by sizes as small as yn). Formally, we prove the following result:

Lemma 7 (Simplified version of Lemma 11) Suppose G and I satisfy the hypotheses of Lemma 6

with parameters
520(7;), 77:0(7%), a:O(i' ( 10gn+;>>

for some ~y > 0 sufficiently small, where ¢ essentially replaces n* /v in the poorly expanding assump-
tion on I in G from Lemma 6. Moreover, let k = O (log %) and suppose the first k applications of
Lemma 6 are successful. Then Gy, and Iy, satisfy again the hypotheses of Lemma 6 with parameters

e |V I
L/ R R

B A
The proof of the more detailed version of this key lemma (Lemma 11) is in Appendix A.3.

In short, Lemma 7 says that the parameters in the hypotheses of Lemma 6 degrade gracefully as
we find and remove the sets S, Sa, . . . iteratively as previously described. Since after k = O (log %
successful applications of the lemma we will have removed a fraction (1 — ) of I, this yields the
desired weak recovery guarantee. The only remaining tweak is that, using the claims above, we
will obtain a total error of yn - k = yn - O (log %) , rather than just yn. To fix this, we decrease the
parameter 77 in Lemma 7 by a further log % This essentially concludes the description of our weak
recovery algorithm. Technically speaking, we obtain an algorithm for finding poorly expanding sets

up to error yn. Formally, we prove (note that, compared to Lemma 7, now o = O (7% log n) is
absorbed in €):

12
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Theorem 8 (Simplified version of Theorem 9) Suppose I is (¢,nm, m)-expanding in G, where
m = |I| and

=) 1~ Oletimn)

log®(1/7) vlogn )’ log(1/~) m

Then, given G, v, a label oracle Og 1 for I, and p = p(n) € (0, 1), in polynomial time and by
making 6(%) . O(ln% + logn - }80(1')0 oracle queries one can compute a set I such that
|IAI| = O(~n) with probability 1 — p.

The proof of the full result (Theorem 9) can be found in Appendix A.2.

It is not hard to see that Theorem 8 yields our main result, Theorem 3. The only difference is
a factor of -y between the expression of the budget b and the parameter € above; this is due to the
fact that Theorem 8 talks about vertex expansion, and Theorem 3 about boundary size, and in the
conversion between the two, one loses the ratio % > .
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Appendix A. Algorithm for weak recovery

This section presents the main technical result behind Theorem 3. This result says that weak recovery
is possible for a wide class of graphs and adversaries—all those where the subsets of corrupted
vertices created by the adversary satisfy a small-expansion hypothesis akin to the one described in
the overview above. We recall the definition of poorly expanding set (Theorem 5). Our main result is
that, whenever the set I is poorly expanding, it is possible to achieve weak recovery.

Theorem 9 (Weak recovery for poorly expanding sets) There is a universal co € (0, 1) such that
what follows holds. Suppose I is (e, ym, m)-expanding in G, where m = |I| and

3.5
Co Y 2y 1N

= S/ viogn " 1T g m

for some v € (0,1) small enough. Given G, ~, a label oracle for I, and p = p(n) € (0,1), in
polynomial time and by making 9] <%> -0 (ln % + vlogn - ‘6@([ ) D queries one can compute a set
I such that |IAI| = O(vyn) with probability 1 — p.

The constant cg is the one from Lemma 10 below. The rest of the section proves Theorem 9 and
Theorem 3.

A.1. Proof of Theorem 3

Let G be the input graph, and let n = |V(G)|, m = |I|, and n* = n — m. First, note that by
querying the labels of O (% In %) uniform random vertices of G we can detect with probability 1 — p
if m < ~yn, in which case returning () satisfies the guarantees. Suppose then m > ~yn, and recall
that m < 5 by the assumption of the model. Using assumption (ii) of Theorem 3 and the relations
between ¢ and || and between 0y, and ¢y, We get:

pc(I) = m (A.1)
< 72;’2 (A2)
(i)
(i)

By making the constants small enough we obtain ¢ (1) < € - ¢y (G*), where ¢ is as in Theorem 9.
This proves that [ is (&, 7m, m)-expanding in G. Hence we may apply Theorem 9, which yields the
result.
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A.2. Proof of Theorem 9

Even though our statements are self-contained, we fix the following notation throughout the section
to ease readability: let G* be a graph, let G be the input graph and let I := V(G) \ V(G*) be the
set of malicious nodes. As outlined in Section 3, our algorithm consists of multiple iterations. In
each iteration we seek to remove a large fraction of the corrupted nodes I while removing only a
few vertices from V' (G*). The procedure then ends when sufficiently many vertices in I have been
removed. At the beginning of round ¢ = 0, 1, ..., let GG; be the remaining subgraph with vertices
Vi = V(Gy), let I; = V; N I be the subset of I in G, that is the set malicious vertices in G, and let
G be the subgraph of G; induced by V; \ I. Notice that Go = G, G = G* , Iy = 1.

A.2.1. SINGLE ITERATION

At a high level, at each iteration 7 = 0, 1, .. ., the algorithm performs the following steps.

1. Query the oracle Og to approximately determine the size of I;. If the estimate is smaller than
v - |I| then return G;.

2. Otherwise, find a set S; of size 2(|;|) with small vertex expansion and large intersection
with I;.

3. Set Gi+1 = G;[V; \ S;] and repeat.

Step 1 is achieved performing sufficiently many random queries to the oracle O and analyzing
their outcome via standard concentration bounds. The crucial step (step 2) of finding the set S; at
each iteration is captured by the following lemma. It states that, given a graph GG containing an
(e,mm, m)-expanding set I, there exists a polynomial-time algorithm that, for a good choice of the
parameters, finds a large set .S almost entirely contained in / making only few queries to the oracle.
Because at each iteration ¢ the remaining subset of corrupted nodes I; will be poorly expanding, this
will allow us to remove a large fraction of corrupted nodes.

Lemma 10 There exist universal constants c1, ¢z, c3, ¢4, ¢5 € (0,1) and a randomized polynomial-
time algorithm with the following guarantees. Let G = (V, E') be any n-vertex graph and I C V.
Suppose m, o, satisfy:

(1) 0<m<n
(2) a> =(Viogn + )

772

«

(5) Iis (e,nm,m)-expanding in G for some ¢ <

Given G, access to a label oracle for I, m, and p € (0, 1), the algorithm makes at most o - |0g(I)| +
O <log %) oracle queries and returns S C V (G) that with probability 1 — p satisfies:

(i) 10c(S)| < Z; - 10c (1)

19



BRESSAN CESA-BIANCHI D’ ORSI ESPOSITO LATTANZI

(ii) min{|S],[V(G) \ S|} = e3 - 1]
(iii) [S\I| < 2 -]S].

We prove Lemma 10 in Appendix B and directly use it here.

A.2.2. MULTIPLE ITERATIONS

Lemma 10 suggests that if [ is (¢, pm, m)-expanding, then we should expect at the first iteration
to find a set S with small external boundary that is heavily correlated with . Call the i-th iteration
successful if the high-probability claim of Lemma 10 holds. The next statement shows that if a
sequence of ¢ — 1 iterations is successful, then we should expect the premises of Lemma 10 to be
satisfied also at the i-th iteration.

Lemma 11 Let ¢ € (0,1) be the universal constant of Lemma 10, and suppose Iy satisfies the
hypotheses of Lemma 10 with parameters

3
Y No c2 Y 1
mo = |lo|, no = [V(Go)|, no = -—+7———, €0 = <> — ap=a

log(1/7) mo’ 2log(1/7)) o
for some vy € (0, 2 ) and o > cll (x/logn + 2 ) Then, forall 1 <1 < M , if the first i
iterations are successful and |I | = v|Io| then I; satlsﬁes again the hypotheses of Lemma 10.

We defer the proof of Lemma 11 to Appendix A.3. We are now ready to prove Theorem 9.

Proof of Theorem 9 First, observe that if I = I satisfies the hypotheses of Theorem 9 then it
satisfies the hypotheses of Lemma 11 as well, with € = ¢, n = 79 and so on. To apply Lemma 11
we shall thus see how to make the first ¢ iterations successful. Finally, we will bound the total error
|\ I| as well as the number of queries.

Let r = ©(vyn) sufficiently small. The idea is to repeatedly check if the current graph contains
more than r vertices of I; if not, then stop, otherwise perform one iteration of the algorithm in
Lemma 10. Formally, let Go = G and Iy = I and Iy = 0. Before starting, sample and query

the label of O <% In %) uniform random vertices of G to obtain an estimate || of ||. By standard

Chernoff bounds we can make the following claims hold with probability 1-— B . First, if |/I\| <3

then |I| < r. In this case we stop and return (). Otherwise, |I| < |] | <2/I].In th1s case we compute

a sufficiently large &k = O <log |I> =0 (log %) Then, for ¢« = 0,1,... perform the following

procedure. First, we obtain an estimate \I/?| by sampling and querying O (% In %) uniform random
vertices of G, as described above (for ¢ = 0 we can just reuse that very estimate). By the same
Chernoff bound arguments as above, with probablhty at least 1 — 5 we have that if \I | < 5 then
|I| < r, and otherwise |I;| < \I | < 2|L)]. If |I | < 5, then return I Otherw1se run one 1terat10n
of the algorlthm of Lemma 10 to obtain .S;, using the parameter p; = k for the failure probability.
Compute IH-I = I US; and G;1+1 = G; \ S;, and move to the next iteration. By a union bound, and
by Lemma 11, the estimate as well the (at most) & iterations are successful with overall probability at
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least 1 — p. If that is the case, as by point (ii) of Lemma 10 we have |I41] < [1;](1 — c3), then for
some i < k we have |I;| < r, at which point the algorithm stops and returns I= I

Now let us show that [TAI| = |I\ I| + |I\ I| = O(yn). On the one hand, |1 \ I| < |I;| =
O(r) = O(yn). It remains to show that |1 \ I| < O(yn), too; choosing the constants small enough
yields the result. First, note that the choice of our parameters satisfies Lemma 11. Now:

I\ 1| = US\I (A.5)
=0
k—1
1S\ Ti| (A.6)
=0
k—1
<3 Ty by (iii) of Lemma 10 (A7)
i—0
k—1 m m
<y 1 asn; =1 - — and |Sj| = m; (A.8)
=0 €2 mi
<y asn < L2 (A.9)
km

Therefore |1\ I| = O(vyn).
Finally, let us analyze the number of queries. First, note that, if m = o(r), then the algorithm
immediately detects that |I| < r and stops, making only O(% In 1%) queries, see above. We can

therefore turn to the case m = Q(r) = Q(yn). In this case, using the bounds of Lemma 10, the total
number of queries performed is at most:

k
ZO(mlnl +a |0, (I;)| + log pl> (A.10)
i NP '
Y1 3k
= ZO(ln ta- |OGZ.(Ii)|> (A.11)
i—0 Y P
k
1. /1), Inl/y
=0 —-In{ =] In + a - |0g, (1; (A.12)
(,Y (D)m™ >l >|>
B 1 1 In1/y n m
_0<71n<7> = +( logn—i—E) -1n(r).|ag(1)|> (A.13)
1
= O(lln(1> In In i/ + ( logn + 1) -ln(1> . ]8@([)]) (A.14)
Y Y p Y Y
:6<i> O(ln;—l—\/logn |0c:(1 |> (A.15)
This concludes the proof. |
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A.3. Expansion parameters gracefully degrade: proof of Lemma 11

In this section we prove Lemma 11, thus showing that throughout subsequent successful iterations
the degradation of our parameters of interest is tolerable. Our proof requires three ingredients. The
first is monotonicity of the external boundary of any set throughout the iterations.

Lemma 12 (Monotonicity of 9) For any graph G = (V,E) and A, B C V we have:
9c\p(A\ B) € 9g(4).
Proof Letv € 0g\p(A \ B). Then, by definition,
ve (VAB)\(A\B) = (V\B)\ACV\ A (A16)

and moreover there exists u € A\ B C A such that {u,v} € E(G\ B) C E(G). Hence v € dg(A).
|

The second ingredient is a statement that shows how given a graph G, if we remove a set S, the
external boundary of other sets decreases at most by a factor comparable to the frontier of .S. For a
graph G and any positive ¢ < |V (H)|, define

0 (t) = min oq(Y)| . A.17
o= min  |6(Y) (A17)
<Y ISIV(G)| -t
Lemma 13 (Bounding the change in the frontier) Let G = (V| E) be any graph. For every
V* S CVandt >0, writing G* = G[V*],

e\ s(t) = Og+(t) — [0a(S)]. (A.18)
Proof Let G* = (V*, E*)and S* = SNV*. Forany X C VV*\ S*let Yx = X US*. Now observe:

Og+(t) = min  |0g=(Y)] by definition of 0 (A.19)
yCv*
<Y |<IV* |~

N

i O+ (Y- by taki in(- bset A.20
XQI{I/I*I{S* |0+ (Yx)| y taking min(-) over a subse (A.20)
1<IX|<IV* |t 57|
- min |9 (Yy)| as §* C V*. (A21)
XCV*\S*
t<IX|<|VA\S* |t

Notice moreover that
10+ (Yx )| < [Oge\ s+ (X)] + [0\ x (57)| < [0g=\5+(X)| + [0c(5)], (A.22)

where the second inequality holds by applying Lemma 12 to [0g+\ x (S*)| with A = S and B =
V(G)\(V(G*) \ X), and noting that S\ B = S*\ X = S*. Applying this bound to Equation (A.21),
using V*\ S* = V(G* \ S*), and noting that G* \ S* = G* \ S yields:

e (1) < min (\8@\5* (X)] + \8g(S)]> (A.23)

XCV(G*)\S*
I<IXISV(G\S™ |-t
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= Og=\s+(t) +106(5)| = dgn\s(t) + [0a(5)] - (A24)
This completes the proof. |

The third ingredient is a lemma showing that the poor-expansion properties of the residual
corrupted set I; degrade gracefully with ¢, provided the initial set [y is sufficiently poorly expanding
in G and the application of Lemma 10 is successful at every iteration.

Lemma 14 (Poor expansion of I;) Suppose Iy = I is (¢,nm, m)-expanding in Gy = G, where
m=mg = |I| > yn > 3andn = ng = |V(Go)|, for somen < 3 and v < G < %
Suppose moreover that we perform i successful iterations, where « satisfies Lemma 10 at every

see Lemma 10.

iteration, and that |I;| > yn. Then |I;| < % and I; is (¢;, nym, m;)-expanding, where m; = |I;| and:
g < <5> (A.25)
n — 2icx

Proof To see that |I;| < %, observe that, by Lemma 10, at every successful iteration the vertices
removed from /; 1 are no less than those removed from V;_1 \ I;_1. As [Io| = m < § this proves
the claim. To prove that [; is (&, nm, m;)-expanding, it suffices to show:

> .
o, (Li) — n
First, by definition of ¢, and since nm < n;, we have:

106 (S)] 9g: (nm)
min >
o£scvay) [SI-VEN S| T (nf/2)?

nm<|S|<n; —nm

da;(mm) _ m; <g_2m) (A.26)

pcz(nm) = (A.27)

Note that the min is over a nonempty domain. Indeed, nj > m; > yn, and together with 7 < 3 this

implies:
(nz-fnm)fnm:ni72nm>nif§’ym2mif§7n>§n>l (A.28)
Moreover, again by definition of ¢:
Oa, (1;
¢, (1i) = _Oolh) (A.29)
Overall we thus obtain:
pax(nm) _ dgx(nm)  my(n; —m;) (A30)

20 and in every successful iteration the majority of removed vertices are from I, then

2
m; < 5. Since moreover n; < n;:

Since ng =

g (pm) —my(n; — m;) N Oc;(mm) m; (ni/2) _ Oa;(om)  m;
9c;, (1) (n;/2)2 7 Oa, (L) n?/4 Oq(L) T

(A31)
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(nm)

D
We shall now bound the ratio 5;17([2) More precisely, we bound d¢: (nm) from below using

O, (I;). To begin with, iterate Lemma 13 to obtain:

i—1
gz (nm) = Dz (nm) — Y |0, ()] (A.32)
§=0
i—1
> Oz (nm) =Y _ o+ [0a, (1)) by Lemma 10 (A.33)
j=0
> Oy (1) — iev- |06, (o) - (A.34)
The last inequality holds since for every j = 1,...,7 we have dg, (I;) € Og,(lo), as given by an

application of Lemma 12 to dg, (Ip) using B = Sp U - - - U S;_;. Next, we shall bound the two terms
of Equation (A.34) in terms of ¢, (;). For the first term:

dgs (nm) = gz (nm) - (nm)(n™ — nm) (A.35)
> ey (nm) - (rm) asn® > 2 and g < Sm (A36)
= 60 (mm) - m(n —m) (A.37)
> o, (Lo) - %m(n —m) as Iy is (¢, ym, m)-expanding in Gy . (A.38)
For the second term:
10, (10)| = ¢c, (o) - m(n —m) (A.39)

We can then use Equation (A.34) to obtain:

B (1m) > b, (Lo) - m(n —m) - (ﬂ - m) by Equations (A.38) and (A.39)  (A.40)

2e
= 96y (Io) - (2% - m) definition of ¢, (o) (A41)
> 96, (L) - (2% - m) as da, (Io) 2 O, (1) (A42)

Finally, by using Equation (A.42) in Equation (A.31), we obtain:

oa:(nm) m; (n
e T (f — 2m) (A43)
ba; (1;) n; \€
which yields Equation (A.27) and concludes the proof. |

Taken together, these results allow us to prove Lemma 11.

Proof of Lemma 11 We show that, if the hypotheses hold, then I; satisfies the assumptions of
Lemma 10 with m, n, 7, a respectively replaced by:

™m
m:ummzwwmmzmﬁiwzw. (A.44)

)

Let us verify each assumption in turn.
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(1) Trivially m; < n,.

(2) Since n; < ng and m; = yng = ymy, and by the assumptions on «; = «,

11 1 ;
ai—ao>< logno+no> 2( logn¢+m> . (A.45)
Y €1 mo C1 m;

(3) By the definition of 7;, the choice of 7o, the fact that mo > yno, and the assumption v < %,

mo €270 n C2 (&) 1
— = — < < =< -, (A.46)
mi  Alg(L/y0)m ~ 4lg(l/y) 2 2

=1

(4) Trivially m; < |I;| < T’—Z since m; = |I;| and ¢4 < 1.

(5) Theorem 14 shows that, if the first 7 iterations are successful, then I; is (g, nomo, m;)-expanding
in G; for the value:

g =1 (50 > (A.47)

- my; o — Qie’:‘oao

Before dealing with ¢;, note that nomo = n;m;, thus I; is (g;, n;m;, m;)-expanding in G;. To
2

satisfy the hypothesis it then remains to show that g; < Z—’;, that is,

2
i <€o) < 773<mo> (A48)
m;  \ Mo — 2i€0 ag  ag \m;

First, let us simplify the right-hand side. To this end observe that, by the assumption on ¢ and the
choice of g, ag and 7g:

41g%(1 3 3 1
% - oy < g(z/v)_ @7 __%r 1 (A49)
g 8lg’(1/7)  2lg(1/v) ~ 2
Hence, 1y — 2iegap > 19/2, and to prove Equation (A.48) it suffices to show:
) 2 2
2nico M <m0> (A.50)
mgno Qg \ My
which, by rearranging terms, is equivalent to:
m2
2e000 < Mo —2- . (A.51)
ming

By further substituting the values of £g and 79, and cancelling out terms, we need to show:
200® et nd
81g°(1/y) ~ 1g°(1/~) mom}

which always holds since mg, m; < ng.

(A.52)

The proof is complete. |
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Appendix B. Unbalanced vertex expansion

In this section we prove Theorem 4. We then use it to obtain Lemma 10 in Appendix B.3.

Theorem [Restatement of Theorem 4] There exists a randomized polynomial-time algorithm that,
given an n-vertex graph G and 0 < m < n/2, returns S C V satisfying

(i) ¢a(S) < ¢m(G) - O(Viogn + %),
(i) min{|S], |V \ S|} = Q(m).

Theorem 4 can be seen as an extension of Feige et al. (2005) and relies on the sum-of-squares
framework. We devote most of the section to it. Necessary background on sum-of-squares can
be found in Appendix C. The algorithm behind Theorem 4 consists of two steps. In the first, we
obtain a degree-4 pseudo-distribution that is consistent with a specific, natural relaxation of our
vertex expansion problem. In the second, we carefully round this pseudo-distribution into an integral
solution.

Relaxation for vertex expansion. Let G = (V, E) be an n-vertex graph and let 0 < m < n/2 be
an integer. A vertex separator U C V' is a set such that V'\ U results into two non-empty disconnected
pieces S C V\Uand V' \ (SUU). We adopt the convention that |S| < |V \ (U U S)|. Notice that
by construction
__ U]

»(S) : EEAE (B.1)
We consider the system of polynomial inequalities P (G) below, which captures the problem of
finding a set of minimum vertex expansion with a given fixed size. For every ¢ € V' we introduce two
variables z;, y; ; these should be understood as indicators of whether 7 isin S orin V' \ (U U S), or
none of the two. We also assume m < m < n/2 to be the size of the set—or of its complement—
with minimum vertex expansion among all sets of size in [m,n — m]. Since guessing the at most
n possible values for m and picking the best one can increase the running time by at most a linear
multiplicative factor, this assumption can be made without loss of generality.

(VieV, a7 = ;)
VieV, vi = yi
minz 1— a2 —y? s.t. Viev, ziyi =0 =:  (Pa(G))
eV Vig € E, TiY; = 0
> (@i —a5)? = m(n—m)
ijeVv

The constraints {27 = z; } and {y? = y;} enforce feasible solutions to be Boolean. The con-
straint {x;y; = 0} is used to enforce that no vertex is both in S and V' \ (U U S). As for every
edge ij € E we have the constraint {z;y;} = 0, in any feasible solution the set of vertices ¢ with
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x; = y; = 0 must be a vertex separator in G. Finally, the last constraint controls the size of S and its
complement.

Crucially, any degree-4 pseudo-distribution 4 satisfying P, (G) defines a pseudo-metric d,, of
negative type over V' such that d,, (4, j) = IEM [(:cz — xj)z] (see Appendix C). Hence, our rounding
algorithm leverages the structure of this pseudo-metric, building on previous work of Feige et al.
(2005) and on the celebrated structure theorem of Arora et al. (2009).

B.1. Large sets with small vertex expansion

As remarked above, any degree-4 pseudo-distribution 4 satisfying P, (G) defines a pseudo-metric d,,
of negative type over V' such that d, (i, j) = IEM [(z; — x;)?] (see Appendix C). For sets X, Y C V
we let d,,(X,Y) = minjex jey INEH [(z; — x;)?] by a slight abuse of notation.

We introduce a notion of well-separated sets in a metric space, which we will use for the
pseudo-metric defined by 1 .

Definition 15 (Well-separated sets) Given a finite pseudo-metric space (V,d). We say that
X,Y CV are A-separated w.rt. dif A < d(X,Y) < 2.

Weletr, = =5 3. ey du(j, ') and we also wnte : V' xV — R for the pseudo-metric obtained
rescaling d,, by 1/r, . We let B, (i, ¢) be the ball of radlus g around ¢ € V induced by d,, . From this
point forward, we drop the subscripts from d,, and r,, when the context is clear.

Our first ingredient is the following generalization of (Feige et al., 2005, Proposition 3.10), which
relates the distance in the pseudo-metric with the objective value of the solution.

Lemma 16 Let i be a degree-4 pseudo-distribution consistent with Py, (G). Then, for everyij € E
d(i,j) < 2E[1 — 27 — 23] + 2E[1 — y7 — 7] .

Proof Observe that

d(i,j) = IE[(:C, - acj)ﬂ (B.2)
=E|((@i+yi— 1) = (& + 5 — )] (B3)
< QE[(a:Z oy — 1)+ (2 + oy — 1)2} (B.4)
= 9E[2? +y? + 1 — 22y — 2y; + 22 +y? + 1 — 225 — 2y, (B.5)
=2E[2 — a? — 2% — 2y?]. (B.6)
Similarly we have

d(i,j) < IE[ —z? - l‘? - 2y]2] . (B.7)

Combining the two we get
d(i,j) <E[4— 227 — 2y? — 227 — 2] = 2E[2 — 27 — y? — 2? — /7] (B.8)
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as desired. ]

Our second ingredient is a characterization of pseudo-distributions consistent with P, (G), which
relies on the following notion of well-spreadness.

Definition 17 (Well-spread) Let 1 be a degree-4 pseudo-distribution consistent with Py, (G). We
say 1 is well-spread if there exists © € V' such that,

T n? s 465
g7 7 27" ne )

J3,4'€B(i,2r) 3.J'ev

Whenever p is well-spread, after an appropriate rescaling of the pseudo-metric induced by i, we can
use it to find sets X, Y that are O(1/+/log n)-separated.

Lemma 18 Let y be a degree-4 pseudo-distribution consistent with Py, (G). If u is well-spread then
there exists X, Y C V satisfying:
(i) min{|X|, |Y|} = ¢ n, for some universal constant ¢ > 0,

(ii) 2> 4(X,Y) > ¢ /\/logn, for some universal constant ¢’ > 0.

Moreover, there exists a Las Vegas polynomial-time algorithm that finds X,Y .

Lemma 18 is a consequence of the structure theorem of Arora et al. (2009). We present a proof in
Appendix B.2 and directly use it here. Whenever the given pseudo-distribution is not well-spread, its
induced pseudo-metric must have a small ball containing a large fraction of the elements in V.

Lemma 19 Let u be a degree-4 pseudo-distribution consistent with Py, (G). If ju is not well-spread
then there exists i € V such that |B(i,r/4)| > n/4.

Proof Suppose that no such i exists. Pick k € V' such that 1 3~ jev d(j, k) < r. Such k must exists
by definition of r . By Markov’s inequality then |B(k, 2r)| > n/2. It follows that

r-n?

o r ) ron
Y dg)z Y GBGR2\BGr> Y LU B9
i,j€B(k,2r) i€B(k,2r) i€B(k,2r)

which is a contradiction since p is not well-spread. |

Our third ingredient is the rounding algorithm (Algorithm 1) below.
Our last ingredient is the following classic theorem on vertex connectivity.

Theorem 20 (Menger, 1927) A graph G contains at least k vertex-disjoint paths between two
non-adjacent vertices i, j € V(G) if and only if every vertex cut that separates i from j has size at

least k.
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Algorithm 1 Rounding
Input: Graph G, degree-4 pseudo-distribution y consistent with Py, (G).
Output: Set S.

if p is well-spread then
Let X,Y be the (¢'r/logn)-separated sets found by the algorithm of Lemma 18.

Let A = r//logn.
else

Let ¢* = argmax;|B(i,r/4)| and X = B(i*,r/4).
Let A = 1.
end
for i € V withd(i, X) < A do
Find the minimum vertex separator U; between Xand V \ X.
Let (S;, U;, R;) be the resulting partition where |S;| < | R;|.
if |S;| < cm/4 then
‘ Let S; be the largest set between X and V \ X.

end
Return the .S; minimizing the vertex expansion among all candidates.

Finally, we are ready to prove Theorem 4 by combining the technical results presented thus far.

Proof of Theorem 4 Given our input graph G, we may assume we know /n since there are less than
n possible values to try. Then we can compute in polynomial time a degree-4 pseudo-distribution x
of minimum cost consistent with Py, (G).

It remains to analyze the rounding. To this end suppose step (a) of Algorithm 1 is replaced as
follows: pick ¢ be chosen uniformly at random from the interval [0, A), where A is defined at step (1),
and let X := {j € V|d(j, X) < t}. Let S be the set returned at step (c). We will then relate the
analysis under this modification with that of Algorithm 1.

Suppose first that p is well-spread. By Lemma 18, we only need to show that Algorithm 1 finds a
set S of size m < |S| < n — m and with vertex expansion O(1/A),,(G) . Since min{|X |, |Y|} >
¢ - m for some constant 0 < ¢ < 1 and since the two sets are A = (¢'r/+/log n)-separated w.r.t.
the pseudo-metric d we must have min{|X|, |V \ X|} > ¢-m. So let (S,U, R) be the partition
obtained in step (b). If | S| < em/4 then |U| > 3¢ /4 and it follows that the largest between X and
V\ X has expansion bounded from above by

_4ul o _oqul) (B.10)
em(n —cm) ~ m(n—m)
Else, we have
U] o(ul)
S) < — < L B.11
YOS ) S ) EAD

To conclude the proof under the well-spreadness assumption, it remains to argue that E;[|U]|] <
O(1) Y ey E [1 — 2?2 — yf] . So order the vertices in increasing distance from X , breaking ties arbi-
trarily. Let &; be the event that d(¢, X)) <t < d(i+ 1, X) and let U; be the vertex separator found by
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the algorithm when &; is verified. We show that for all i € V', P(&;)-|Us| < 43 ;e E[1 — 27 — 7]
which implies the desired bound in expectation.

Suppose &; is verified. Because U; is a minimum vertex-separator, by Theorem 20 there must
exist exactly |U| ordered pairs (7, ') such that j < j/ and j € X but j’ ¢ X . Moreover, we must
have d(j, X) < d(i,X) < d(i+1,X) <d(j/,X) . Let P, be the set of such pairs. We have

)-lUil= ) P(E (B.12)
(4,5 )EP;
S Z %Id(iaX)—d(Hl,X)\ (B.13)
(4,5)EP;
1
< — ] _ ./
S Z A 140, X) —d(j', X)) (B.14)
(4,5)EP;
d(j,5")
<
h Z A (B.15)
(4,5 EP;
4 ~
<KD E[-af -], (B.16)
JjeV

where we used Theorem 16 in the last step. The claim for the original algorithm follows since there
must be a choice of ¢ for which |U;| < E[|U|].
Consider now the case in which p is not well-spread. A similar analysis as before shows that

E U] < 42]6‘/1[-3[1 x — Y3 } Hence if |S| > c¢m/4 for some constant ¢ > 0 then the
argument is identical to the previous case.

Conversely, suppose the algorithm finds a partition (S, U, R) with |S| < em/4. By Lemma 19
we must have |X| > |X| > Q(n) and hence we only need to argue that [V \ X| > Q(m) since

then the analysis may proceed as above. To this end notice that for any j ,IP’( jé¢ X ) =d(j,X).
Therefore it holds

E|X|(n—|X]) > X[ d(j,X). (B.17)
jev

By triangle inequality

\%Z d(j, X) +d(j', X)) + Zde. (B.18)

j'ev ]EV

l\')\%

This implies [ X| >y d(j, X) > %‘X' > Q(r-n?) = Q(m(n —m)). To conclude the proof, it is
enough to observe that by Markov’s inequality P(|U| < z-E|U|] - Viogn) > 1 —1/(z - /logn)

and by the Paley-Zygmund inequality ]P’(W \ X| > ) > m/n which means the two events
have non-empty intersection for z > n/(m - /logn) as des1red [ |
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B.2. Well-spread sets must be well-separated: proof of Lemma 18

Lemma 18 appears implicitly in Arora et al. (2009) and can be seen as a corollary of the following
structure theorem. We direct the unfamiliar reader to Appendix C.

Lemma 21 (Arora et al., 2009) Let d be a pseudo-metric of negative type over V satisfying:

1. 3j € V such thatVi € V ,d(i,j) < 2,
2. Zijev d(i7j) = Q(nz) .
Then there exists X, Y C 'V satisfying:

(i) min{|X|,[Y]} = Q(n),
(ii) X,Y are A-separated for A > O(1/+/logn).

Moreover, there exists a Las Vegas polynomial time algorithm that finds X,Y .

We present next a proof of Lemma 18.

Proof of Lemma 18 For any degree-4 pseudo-distribution p consistent with {:cf =uz;,Vi € V} the

pseudo-metric induced by %ﬁj) = iﬁu [(; — x;)?] is of negative type by Corollary 27. If 11 is
well-spread, then there exists i € V' suchthat 3, .rc p(; 2y d(j?jj/) > n?/16 and | B(i,2r)| = Q(n).
Hence the metric space (B (3, 2r), g) satisfies the hypotheses of Lemma 21. [

B.3. Poorly expanding sets must have large intersection: proof of Lemma 10
To prove Lemma 10 we use the following key consequence of Theorem 4.
Lemma 22 Let G be an n-vertex graph, let 0 < m(n) < 5 and 0 <n(n) < 1. Let0 <&'(n) <1

and a(n) > 1 such that €' (n)a(n) < 1. Let I C V(G) be an (g',nym,m)-expanding set and let
S C [n] be a set satisfying

(i) min{[S], [V'\ 5[} > Q(m)
(ii) ¢G(5) < om(G) - a

Then max{%,%} >1 —max{\/s’ : a,O(n)}.

Proof Let G* = G[V \ I]. Furthermore, let ¢ > 0 be such that min{|S|, |V \ S|} > m/c. By
definition of I we have ¢ (I) < ¢pm(G*) - €. We consider two cases.

First, suppose min{% , KY&@}I'} < cn. Then the claim immediately follows as
SN !(V\S)ﬂfl} , {\S\I! I(V\S)\I!}
max , =1 — min , >1—cn. (B.19)
{ 5] VA S| 5] VA S|
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Second, suppose min{% , KY&%TI' } = cn . In particular, it holds that

nm < en|S| < [S\I| = [V(G)[ = [(VAS)NI| < [V(GF)| =en|VAS| < [V(GF)[—nm , (B.20)
where we used the fact that min{|S|, |V \ S|} > m/c. Thus |V(G*)| > 2nm, implying that
¢nm (G*) is well defined. Since [S'\ I| > cn|S| and |S| > m/c, we get that ¢+ (S\ 1) = dpm (G™).
We can then show the following key inequality:

. . * . . /
pc(S) < Pom(G) - a < ¢c(I) - a < Gy (G*) - € <a-d B21)
pa-(S\I) = ¢a+(S\1I) = ¢g+(S\ 1) pa-(S\1)
where the second and third steps follows because I is (¢',ym, m)-expanding, and the last step
follows from the fact that nm < |S'\ I| < |[V(G*)| — nm. Then,

L 06 L Be\D e(S\DI IS\ [V AS)\T]
?6(8) = SV 2 B VAS] - NI \SNT e s B
e SIS T
= da-(S\ 1) EBAY (B.23)
Applying Eq. (B.21) we obtain
o 0a(S)  _IS\ILIWASNI L (IS\ ] (VA $)\ 1)
e \D I8 VS|~ {|5| VS } (B2
which concludes the proof. |

We are now ready to prove Lemma 10.

Proof of Lemma 10 Let S be the subset of V(&) found by Algorithm 1. By Theorem 4, S satisfies
(ii) and

0c(S)| < apm(G) - O(m - (n —m)) < agg(l) - O(m - (n —m)) < O(a)|da(I)],  (B.25)

where we used the assumption that m < |I| < n/2. So S also satisfies (i). Now, by Lemma 22
either |[S\ I| < O(n)|S|or [V \ (SUI)| <O(n)|V\ S|. We may assume now that C' - n < 1/10
for a sufficiently large universal constant, since otherwise (iii) is trivially satisfied and the result
follows by simply returning S. If min{|S], |V \ S|} < 10log p then we can deterministically check
which side of the partition satisfies (iii). Otherwise, notice that because || < n/2, we cannot have
min{ |5"Q|I | , |(‘\/\>€ng| } > 1_30 "I, Hence it suffices to distinguish between these two cases. For any
subset S* C S chosen uniformly at random from S, we have by standard concentration bounds, for

any p < 1/2,

. snI SN
P(\w 1l - 57! a | >\/3|s*|’ 5 '1og<1/2p>> <p. (B.26)

Hence picking some random subset of .S of size 10 log p we have that with probability 1 — p/2 we

can correctly decide whether | SN I| > (1 — C - n)|S|/2. We may do the same for V' \ S and we can

then correctly find the side maximizing { I‘S‘Q‘I‘ , |(“/‘>”\q39?1| } with probability 1 — p.
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If such set is S, the proof follows by simply returning S. Otherwise, let S = S U
{v € di(S)|v ¢ I}. Notice that we can construct S’ in linear time by asking |0 (S)| < a|dg(I)]
queries to O¢. We claim that V' \ S’ now satisfies (i), (ii),(iii). Indeed, by construction

106(V\ S| < 106(9)] + |0c(D)] < (o + 1)[0a(1)) (B.27)

and
VASTZ (VS NI = (1-0m)[V\S|>Qm). (B.28)
Finally, (iii) follows since (V \ $)NI = (V\ S)N 1. |

Appendix C. Sum-of-squares background

We present here necessary background about the sum-of-squares framework. See Fleming et al.
(2019) for proofs and more details.

Let x = (z1,x2,...,2,) be a tuple of n indeterminates and let R[x] be the set of polynomials
with real coefficients and indeterminates x1, ..., x,. In a polynomial feasibility problem, we are
given a system of polynomial inequalities A = {f1 > 0,..., f;, > 0}, and we would like to know

if there exists a point x € R" satisfying f;(z) > 0 for all i € [m]. This task is easily seen to be
NP-hard.

Given a polynomial system A, the sum-of-squares (sos) algorithm computes a pseudo-distribution
of solutions to A if one exists. Pseudo-distributions are generalizations of probability distributions,
therefore the sos algorithm solves a relaxed version of the feasibility problem. The search for a
pseudo-distribution can be formulated as a semidefinite program (SDP).

There is strong duality between pseudo-distributions and sum-of-squares proofs: the sos algorithm
will either find a pseudo-distribution satisfying .A, or a refutation of .4 inside the sum-of-squares
proof system. When using sos for algorithm design as we do here, we work in the former case and
our goal is to design a rounding algorithm that transforms a pseudo-distribution into an actual point
x that satisfies or nearly satisfies A.

The side of the sum-of-squares algorithm which computes a pseudo-distribution is summarized
into the following theorem (we will not need the side that computes a sum-of-squares refutation).
The full definitions of these objects will be presented momentarily.

Theorem 23 Fix a parameter { € N. There exists an (n + m)o(g)—time algorithm that, given an
explicitly bounded and satisfiable polynomial system A = {f1 > 0,..., fi, = 0} in n variables with
bit complexity (n + m)o(l), outputs a degree-{ pseudo-distribution that satisfies A approximately.

Pseudo-distributions. We can represent a discrete (i.e., finitely supported) probability distribution
over R by its probability mass function y: R™ — R such that > 0 and ExESupp( ) u(x) =1. A
pseudo-distribution relaxes the constraint 1 > 0 and only requires that i passes certain low-degree
non-negativity tests.

33



BRESSAN CESA-BIANCHI D’ ORSI ESPOSITO LATTANZI

Concretely, a degree-£ pseudo-distribution is a finitely-supported function p : R™ — R such that
D wesupp(uy M@) =land 30 o0 (@ )f(z)? > 0 for every polynomial f of degree at most /2.
A straightforward polynomial interpolation argument shows that every degree-oo pseudo-distribution
satisfies ¢ > 0 and is thus an actual probability distribution.

A pseudo-distribution p can be equivalently represented through its pseudo-expectation operator
IE For a function f on R™ we define the pseudo-expectation E wf () as

Efx)= > wa)f(). (e

x€supp(p)

We are interested in pseudo-distributions which satisfy a given system of polynomials 4.

Definition 24 (Satisfying constraints) Let j1 be a degree-{ pseudo-distribution over R™. Let A =
{f1=20,fa>0,...,fm = 0} be a system of polynomial inequalities. We say that y is consistent
with A at level r, denoted p If A, if for every S C [m] and every polynomial h with 2degh +

> icgmax{deg fi, r} <4,
Iiluh2 . H fi =0

€S

We say u satisfies A and write |= A if the case r = 0 holds.

We remark that |= {1 > 0} is equivalent to x being a valid pseudo-distribution, and if u is
an actual (discrete) probability distribution, then we have u |= A if and only if y is supported on
solutions to the constraints 4.

The pseudo-expectations of all polynomials in the variables = with degree at most ¢ can be
packaged into the list of pseudo-moments Euxs for all monomials 2, |S| < /. Since we will be
entirely concerned with polynomials up to degree ¢, as in Definition 24, we can treat a degree-/
pseudo-distribution as being equivalently specified by the list of pseudo-moments up to degree /.
Thus we will view the output of the degree-¢ sos algorithm as being the list of all pseudo-moments
up to degree ¢ which has size O(n).

To design an algorithm based on sos, our task is to utilize the pseudo-moments in order to find a
solution point x. The sos framework extends linear programming and semidefinite programming,
which conceptually use only the degree-1 or degree-2 moments respectively. Taking sos to higher
degree enforces additional constraints on all of the moments, coming from higher-degree sum-of-
squares proofs as we will see next.

Sum-of-squares proofs. We say that a polynomial p € R[z] is a sum-of-squares (sos) if there
are polynomials q1, ..., q- € R[z] such thatp = ¢ + --- + ¢2. Let f1, fa, ..., fm,g € R[z]. A
sum-of-squares proof that the constraints {f; > 0,..., fm > 0} imply the constraint {g > 0}
consists of sum-of-squares polynomials (pg) 5C[m] such that

9= ps-Mesf;. (C2)

SC[m]
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We say that this proof has degree ¢ if for every set S C [m], the polynomial psIl;cg f; has degree at
most £. When a set of inequalities .A implies {g > 0} with a degree ¢ SoS proof, we write:

Al {g > 0}. (C.3)
A sum-of-squares refutation of A is a proof A |7 {-1>0}.

Duality. Degree-¢ pseudo-distributions and degree-¢ sum-of-squares proofs exhibit strong duality.
In proof theoretic terms, degree-¢ sum-of-squares proofs are sound and complete when degree-/¢
pseudo-distributions are taken as models.

Soundness, or weak duality, states that every sum-of-squares proof enforces a constraint on every
valid pseudo-distribution.

Fact 25 (Weak duality/soundness) If If A for a degree-{ pseudo-distribution . and there exists
a sum-of-squares proof A |7 B, then Iﬁ B

There is a degree-4 proof of the £2 triangle inequality, which implies that every degree-4 pseudo-
distribution satisfies the ¢2 triangle inequality.

Lemma 26 (/3 triangle inequality) It holds that

{%2 = xi}ie[n] lT {(% - «Tj)z < (zi — xk)2 + (wk — xj)Q}i,j,ke[n] '
Proof

2 2

— (z; — a:j)2 = 233% + 2z — 2wja) — 220 (C4)
= 2(xp — x)(z — x5) (C.5)
= 2x + Qxixj — 2£L'j.1‘k — 2z + 2(53% — .%'k) . (C.6)

(z; —x)” + (x5 — x1)

One can verify by truth table that (z3, — x;)(x; — ;) takes values in {0, 1} for Boolean z;, z;, xj, €

0, 1}. Therefore its multilinear interpolation f(x) := zp + x;x; — x;x, — x;xk 1S the same as
J J

that of its square i.e., f(x) = f(x)* +p; - (22 — x;) + pj - (a:j2 — xj) + pi - (¥3 — zy) for some

polynomials p;, p;, pr, with degree < 2. This is a degree-4 sos proof of f(z) > 0. |

Corollary 27 For any degree-4 pseudo-expectation IEM satisfying the constraints {x? = xi}ie[n}:
foralli,j, k € [n],

Ey(w; — 7)” < By(wi —ox)” + Bz — ) .

Although we will not need it in our analysis, strong duality a.k.a (refutational) completeness
conversely shows that for a given set of axioms, there always exists either a degree-¢ pseudo-
distribution or a degree-¢ sos refutation.

Fact 28 (Strong duality/refutational completeness) Suppose A is a collection of polynomial con-
straints such that A lﬁ {3°F 22 < B} for some finite B. If there is no degree-{ pseudo-

distribution | such that | I% A, then there is a sum-of-squares refutation A lﬁ {-1>0}.
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Negative type metrics. Let (1, d) be a finite pseudo-metric space. (V, d) is of negative type if and
only if (V, ﬂ) is an Euclidean pseudo-metric. More precisely, for any negative-type metric, there
isamap v : V — R” such that [|¢(i) — ¢(5)||> = d(i, ), for every i, j € V. Let 11 be degree-4
pseudo-distribution consistent with {JJZQ =ux;,Vi € V} and consider the functiond : V x V — R
given by d(i,j) = IE[(Q:Z — x;)?] for all i,j € V. By Corollary 27 (V,d) is a pseudo-metric.
Furthermore, the mapping ¢ : V' — R can be constructed taking the Gram vectors of the matrix
E,[z27].

Implementation of sos. The sum-of-squares algorithm can be implemented as a semidefinite
program (SDP) which can then be solved using, for example, the ellipsoid method. Associated with
a degree-¢ pseudo-distribution y is the moment tensor which is the tensor IEM(L T1, 29, ..., 2,)%%
When / is even, this tensor can be flattened into the moment matrix, which has rows and columns
indexed by multisets of [n] with size at most £/2 and whose (/, .J) entry is IEHmI 27, Moment matrices
can now be characterized as positive semidefinite matrices with simple symmetry constraints from
flattening.

Fact 29 A matrix A with rows and columns indexed by multisets of [n| with size at most { is a
moment matrix of a degree-2{ pseudo-distribution if and only if:

(i) A= 0
(ii) A1y = Ap_y whenever I U J =1"U J" as multisets

(iii) Ay =1

The above characterization of pseudo-distributions in terms of the cone of positive semidefinite
matrices is a formulation of the sos algorithm as an SDP.

We can deduce Theorem 23 from the general theory of convex optimization Grotschel et al.
(2012). The above fact leads to an nP®_time weak separation oracle for the convex set of all moment
tensors of degree-¢ pseudo-distributions over R™. By the results of Grotschel et al. (1981), we can

optimize over the set of pseudo-distributions in time n© ()

, assuming numerical conditions.

The first numerical condition is that the bit complexity of the input to the sos algorithm is
polynomial. The second numerical condition is that we assume an upper bound on the norm of
feasible solutions. This is guaranteed if the input polynomial system A is explicitly bounded, meaning
that it contains a constraint of the form ||z||> < M for some M > 0 with polynomial bit length, or if

A |7 {||z||*> < M?}. For example, Boolean constraints satisfy this since

{0? = 2:}icp b {2l < n} . (C.7)

Due to finite numerical precision, the output of the sos algorithm can only be computed approx-
imately, not exactly. For a pseudo-distribution x, we say that u If A holds approximately if the
inequalities in Definition 24 are satisfied up to an error of 2~ - ||| - [Lics| fill, where [|-|| denotes
the Euclidean norm of the coefficients of a polynomial in the monomial basis.® In our analysis,

. . . _nt .
6. The choice of norm is not important here because the factor 27" swamps the effect of choosing another norm.
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the approximation error is so minuscule that it can be ignored and we will simply assume that the
pseudo-distribution p computed by the sos algorithm satisfies .4 without error.
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