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Abstract

We theoretically justify the recent empirical finding of Teh et al. (2025) that a transformer pre-
trained on synthetically generated data achieves strong performance on empirical Bayes (EB) prob-
lems. We take an indirect approach to this question: rather than analyzing the model architecture
or training dynamics, we ask why a pretrained Bayes estimator, trained under a prespecified train-
ing distribution, can adapt to arbitrary test distributions. Focusing on Poisson EB problems, we
identify the existence of universal priors such that training under these priors yields a near-optimal

regret bound of 5(%) uniformly over all test distributions. Our analysis leverages the classical
phenomenon of posterior contraction in Bayesian statistics, showing that the pretrained Bayes esti-
mator adapts to unknown test distributions precisely through posterior contraction. This perspective
also explains the phenomenon of length generalization, in which the test sequence length exceeds

the training length, as the model performs Bayesian inference using a fractional posterior.
Keywords: Empirical Bayes, regret bound, transformer, length generalization.

1. Introduction

Consider the following empirical Bayes (EB) task in the Poisson model: let 601,...,6, be i.i.d.
drawn from some unknown prior Gy supported on [0, A], and the observations X" be conditionally
independent with X; ~ Poi(6;) given 6". Here we assume knowledge of A, but do not impose any
condition on the prior G (not even continuity or smoothness). The target of empirical Bayes is to
propose an estimator 0 = 6" (X™) that is nearly optimal on every problem instance, i.e., achieves
competitive performance compared to the Bayes estimator with the oracle knowledge of Gg. The
standard notion in empirical Bayes to quantify the estimator performance is the regret, defined as
the excess MSE over the Bayes risk:

nn 1 g yn n 1 * (YN n
Regret(§"; Go) = Eqy | 18" (X") — 6”13 — min - }6*(X") — 0" 3

1 n n
= Egy | 110" — 0, (X™) 3], (M
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where 0¢,(X;) = Eg,[0:|X;] is the Bayes estimator (posterior mean) with the knowledge of Gy,
and 0, (X") = (0, (X1), ..., 0c,(Xn)). A small regret Regret(gn) = o(1) means that the Bayes
risk can be asymptotically attained by the legal estimator on. Compared with classical statistical
estimators (like the MLE), empirical Bayes estimators usually enjoy a much better empirical per-
formance due to instance-wise guarantees and implicit adaptations to the prior structure (Robbins,
1951, 1956; Jiang and Zhang, 2009; Han et al., 2025).

There exist several ways to solve empirical Bayes problems in the literature. Specializing to the
Poisson empirical Bayes model, the earliest example is Robbins’ estimator based on f-modeling
(i.e., mimicking the form of the Bayes estimator 6, (X)). A numerically more stable approach is
the g-modeling, which learns a prior from data and uses the Bayes estimator under the learned prior.
A notable example for learning the prior is the nonparametric MLE (NPMLE), as well as a broader
class of minimum distance estimators (Vandegar et al., 2021; Jana et al., 2025). Finally, a modern
approach is to use empirical risk minimization (ERM), which minimizes a properly constructed loss
function evaluated on X" over a suitably chosen function class (Barbehenn and Zhao, 2022; Jana
et al., 2023). With the exception of Robbins’ estimator, all these estimators solve an optimization
program at test time, meaning that these programs depend on X",

The recent work (Teh et al., 2025) proposes to solve empirical Bayes problems via a different
strategy of using a pretrained estimator. Unlike the previous ERM approach which trains a separate
model for each sample X", a pretrained model learns a function on (+) from a large pool of properly
generated training data and enables extremely fast computation at test time (namely, applying 5"()
directly to X™). This strategy is inspired by recent successes of TabPFN (Hollmann et al., 2023,
2025), which similarly applies a single pretrained model across diverse categorical datasets. This
therefore achieves cost amortization in a similar spirit with amortized inference (see, e.g. Zammit-
Mangion et al. (2025)), where after pretraining with synthetic data, a transformer can perform quick
inference on millions of batches of new observations. As shown via experimental results in Teh
et al. (2025) for Poisson EB, a well-trained transformer indeed achieves a better performance than
the state-of-the-art NPMLE-based estimator at only a tiny fraction of inference time.

In this paper, we study the statistical aspect of the approach in Teh et al. (2025). Specifically,
we ask the following question:

Why can a pretrained Bayes estimator trained under a prespecified training distribution
adapt to all possible test distributions?

For Poisson EB, a pretrained estimator is constructed as follows: Given a large number of training
batches {(6™(™), X™(M)}M_ oenerated from a training prior 6™(™ ~ G and Poisson model

X(m)|gn(m) ®?:1Poi(9§m)), the pretrained estimator is the following empirical risk minimizer:

M
= argmin — 3 (gm0 — (XY 2. (ERM)
TN 0,40 M A=
At the population level M — oo, and assuming that the global minimizer of (ERM) is attained, this
pretrained estimator 6" is the posterior mean vector Eq, 0" X"] = (Eqy[011X"], ..., Eqy[0n]| X™])
under an n-dimensional prior Gy for 8. We call such a training prior G universal if this Bayes
estimator achieves a vanishing regret over all test priors Gy, i.e.

sup  Regret(Eq,[0"|X"]; Go) = o(1). (2)
GoeP([0,A])
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Algorithm 1: A pretrained empirical Bayes estimator via transformers

Input: Dimension parameter n, support parameter A > 0, number of training batches M.
Output: A pretrained estimator 6™ : N* — [0, A]™.

Let k < (colog)ign]; // cg>0 is a properly chosen hyperparameter
for batchm =1,--- , M do // Generate training data

Sample prior locations Ap, ..., A\x ~ Unif([0, 4]);
Sample prior weights (w1, ..., wy) ~ Dir(1,...,1);
Sample training outputs 6™ (™) ~ (Z§:1 w;dy, )"
Sample training inputs X (") ~ ®?:1Poi(0§m));
end
[Train a transformer TE to minimize the training error, with parameter // Training

M
~ 1
C=argmin 3 3 070 T (X,

m=1

return The trained transformer as the final estimator: o = TZ(X ) for any test data X™.

One might expect that universal priors must be carefully engineered to achieve this ambitious
goal; interestingly, this turns out not to be the case. A natural way to construct Gy is through
a hierarchical prior or a prior-on-prior (PoP): Let I1 € P(P([0, A]))! be a PoP (i.e. prior over
probability distributions), we can generate G ~ II and 6"|G ~ G®". In other words, the high-
dimensional prior Gy = Ep[G®"] is an i.i.d. mixture induced by the PoP II. The resulting Bayes
estimator fj(X") := Eq, [0"|X"] will be called a hierarchical Bayes estimator, or a nonparamet-
ric Bayes estimator as the prior Gy is usually nonparametric. We will also call a PoP II universal
if the corresponding prior Gy is universal in the sense of (2). Under this hierarchical structure, it
turns out that there exists a remarkably simple choice of a universal PoP II.

Theorem 1.1 Let the PoP 11 be the distribution of a random prior G = Z;?:l wiox; With A1, ..., Mg ~
Unif([0, A]) and (w1, ..., wg) ~ Dir(1,...,1). Fork = [coact™_] with a large enough absolute

€0 loglogn
constant co > 0, it holds that
log®n

sup  Regret(0f1;Go) < C——>——,
cremtay e G0 = O g my?

where C' = C(A, cp) is an absolute constant depending only on A and cy.

The practical end-to-end implementation of 0} is displayed in Algorithm 1, where the class of
transformers is used to find the sequence-to-sequence map 7" in (ERM). Theorem 1.1 shows that,
if the approximation error of the pretrained transformer in Algorithm 1 to the Bayes estimator 67
turns out to be small, then this transformer achieves a vanishing regret for all test priors Gy.

1. Here and throughout, for a Polish space (i.e., a complete and separable metric space) (X, d), we write P(X) for the
set of Borel probability measures on (X, d) equipped with the topology of weak convergence; under this topology,
P(X) is itself a Polish space by Prokhorov’s theorem.
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We make some remarks on Theorem 1.1. First, the regret bound in Theorem 1.1 is near-optimal:
For A = ©(1), it was shown in Theorem 2 of Polyanskiy and Wu (2021) that the minimax regret
is ©(( lolgoﬁ) 7;71)2). Therefore, although the estimator €[} is constructed in a Bayesian framework, it
achieves near-optimal frequentist guarantees (off by a log n factor) even in the worst case.

Second, the universal prior Gy, albeit remarkably simple, is a high-dimensional mixture of
i.i.d. priors. Consequently, the posterior mean Ey[f;|X ™| depends on the entire X, not only Xj.
In other words, the pretrained Bayes estimator is not separable, and this dependence turns out to be
essential for Theorem 1.1 to hold. Since such expectations are difficult to compute classically, we
employ transformers to approximate this sequence-to-sequence map.

Third, rather than analyzing the training dynamics or architecture-specific details of transform-
ers, we adopt the key assumption that the transformers can approximate the Bayes estimator 67,
which we numerically verify in Section 4. We choose transformers (without positional encoding or
masking) for their expressive power for sequence-to-sequence maps (Teh et al., 2025, Theorem 4.1,
4.2); (Furuya et al., 2025), ability to incorporate any sequence length, and permutation equivariance
(see Section 3.1 for definition; 0} is also permutation-equivariant).

Finally, for approximate Bayes estimators close to 87, Section 3.1 develops regret bounds that
depend on the approximation error. In particular, such analysis shows that the same regret bound
of Theorem 1.1 can be attained by the ERM with a finite number of batches M, though our current
sufficient condition on M grows super-polynomially in n. This is consistent with the large data
requirements observed in practical pretraining.

In the sequel, we present an in-depth analysis of the hierarchical Bayes estimator ¢f} and uni-
versal PoPs II. First, we establish basic statistical results such as the existence of the least favorable
PoP via the minimax theorem, and admissibility of hierarchical Bayes estimators while classical
estimators (such as the NPMLE-based estimator) could be inadmissible. Second, based on the clas-
sical phenomenon of posterior contraction in Bayesian statistics, we will show the central result in
our paper that a broad class of prior-on-priors turns out to be universal. Finally, drawing on the
transformer structure, we explain why the pretrained transformer enjoys length generalization.

1.1. Least favorable PoP and admissibility

We establish basic properties of 67} in this section. Recall that 0f; is the Bayes estimator (under the
quadratic loss) in the following hierarchical Bayes model:
G ~ 11,
0, |GG, i=1,...,n 3)

X; | 6",G " Poi(6;), i=1,...,n.

Although the induced high-dimensional prior G; = Ep[G®"] on 6" is constrained to be an i.i.d.
mixture, the following result shows that there exists a least favorable PoP 11* such that the hierar-
chical Bayes estimator 61}, attains the minimax optimal regret.

Proposition 1.1 Forany A > 0 and n > 1, we have the following identity:

inf  sup Regret(gn; G)= sup inf ]EGNH[Regret(QA”; G)].
0™ GeP([0,A]) IIeP(P([0,4])) 6™

Consequently, the saddle point gives a least favorable PoP 11* such that the corresponding Bayes
estimator 07, achieves the minimax regret.
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Proposition 1.1 is a minimax theorem; its proof verifies the compactness and continuity condi-
tions, and is deferred to Section A.1. By the characterization of the minimax regret ©( (log’fgo gn )?)
for Poisson EB (Polyanskiy and Wu, 2021), Proposition 1.1 immediately implies the existence of
a universal PoP II that attains (2). In addition, it justifies the i.i.d. mixture form of the high-
dimensional prior Gy used in pretraining, so the only task is to construct the PoP II.

The next result concerns the admissibility of the hierarchical Bayes estimator 67, with the clas-

sical notion of admissibility defined below for Poisson EB.

Definition 1 (Admissibility) An estimator gn . N — [0, A]™ is called inadmissible if there ex-
ists another estimator " such that Regret(0™; G) < Regret(60";G) for all G € P([0, A]), and
Regret(6™; Go) < Regret(t9”7 Go) for some Gy € P([0, A]). If an estimator is not inadmissible, it
is called admissible.

We note that this definition remains equivalent if we replace the regret by the MSE E¢, [% Hgn —

6™ ||3], since the Bayes risk is independent of 6", In the next result, we will compare the hierarchical
Bayes estimator 0f; with the NPMLE-based estimator

n

gNPMLE(Xn) — (96(X1)7 - ,ea(Xn)), @ = argmax H fG(Xz)a
GeP([0,4]) ;=1

where we recall that () = E[0| X = z] is the 1-D Bayes estimator, and f¢(x) = Egq[Poi(z; 0)]
is a shorthand for the marginal pmf of X ~ Poi(f) when § ~ G. Note that the support of the
NPMLE G is restricted to be [0, A], since otherwise it is clearly inadmissible by truncating the out-
put to [0, A]". The next result shows that while the hierarchical Bayes estimator 67, is admissible
for most PoPs, the NPMLE-based estimator is not.

Proposition 1.2 For all II € P(P([0, A]))\{ds, }. the hierarchical Bayes estimator 0f; is admissi-
ble. However, if A > 3 is an integer, then the NPMLE-based estimator @\IPMLE is inadmissible.

1.2. Universal PoPs

While Proposition 1.1 justifies the pretrained approach in Algorithm 1, it still remains to identify
PoPs that are approximately least favorable. This motivates the following definition of thick PoPs,
which provide a sufficient condition for attaining a small worst-case regret.

Definition 2 (Thick PoP) We call a PoP 11 thick with rate function E(0,r) if for every prior Gy
supported on [0, A, there exists some G such that TV (fg,, fa) < 6, and

I({G :X*(felfer) < r?}) > e O, 4)

The term “thick” is motivated by the use of “thick priors” in Bickel and Kleijn (2012), referring
to priors with continuous and strictly positive Lebesgue densities. Taking G = G, the main condi-
tion (4) states that the PoP II puts a sufficient amount of mass near the true prior G. For technical
reasons, “near” is measured through the y? divergence between the marginal pmfs, and we include

2. Here TV(P,Q) = 1 [|dP — dQ| and x*(P||Q) = [ ' <dP> — 1 denote the total variation distance and chi-squared
divergence, respectively.
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an additional prior G for an intermediate coupling. We note that the intuition behind (4) is standard
in the literature of posterior contraction (Ghosal et al., 2000), commonly with x? replaced by KL.

Our next result shows that thick PoPs (with proper rate function F) are universal, and establishes
a regret bound on the hierarchical Bayes estimator under a thick PoP.

Theorem 1.2 Let the PoP 11 be thick with rate E, and r,, > 0 satisfy E(n=2,1,) < nr2. Then for
an absolute constant C' = C(A) > 0, the hierarchical Bayes estimator 0f; satisfies

sup  Regret(0f;; Go) <

Clogn ( logn n 2)
GoeP((0,A)) ~ nloglogn

loglogn ")
Theorem 1.1 is then a special case of Theorem 1.2 in conjunction with the following lemma.
Lemma 1.1 For a large enough hyperparameter cq > 0, the PoP used in Algorithm 1 is thick with

_9 B log?n 2 1 . 2 log?n
E(n™=,1) = O(i5g15e 5 ) for v = 5. In particular, we can choose r;; = O (7721507 )-

We sketch the proof idea of Theorem 1.2 via posterior contraction in Bayesian statistics (Ghosal
et al., 2000; Shen and Wasserman, 2001). By Lemma 2.3, the i-th coordinate of 0} equals 6, (X5),
the one-dimensional Bayes estimator under the posterior mean G; = Egn~ig, X\ [G]. For the true

data X™ ~ gon, posterior contraction implies that GG; concentrates around the test distribution
G, so that the pretrained estimator 6, (X;) adapts to the true Bayes estimator 6, (X;) under the
unknown prior GGp. These intuitions will be made precise in Section 2.

1.3. Length generalization

The hierarchical Bayes estimator 07} is a map from N to R", but a transformer can take variable-
length inputs and gives a map from N to R™ for every m € N. Therefore, if we use a transformer
to represent the hierarchical Bayes estimator 6f; on length n, it can also take input sequence X" of
a longer length m > n. This is length generalization of transformers: for Poisson EB, the empirical
evidence in Teh et al. (2025) shows that even if the transformer is solely trained on training length
n, it achieves small regret on larger test lengths niest > n. Our perspective of Bayesian inference
and posterior contraction framework provides a theoretical explanation for this phenomenon.

To this end, we need to generalize our definition of the hierarchical Bayes estimator 7 : N —
R™ into a map that can incorporate any input sequence length. We use the following observa-
tions on length generalization for transformers (Furuya et al., 2025, Section 2.2). If a transformer
architecture only consists of softmax attention and token-wise operations® (e.g. input embed-
ding, MLP, residual connection, and layer normalization), then it is permutation equivariant, i.e.
moT(X"™) = T(moX") forall m € S,. As a result of permutation equivariance, its i-th output
takes the form T;(X") = f,(X;, py) for some f,, : X x P(X) — Y and the empirical distribution
1, of all inputs X ™. Furthermore, under this length generalization model for transformers with soft-
max attention and token-wise operations, the induced map can be represented by a single function
fn = f independent of n. Therefore, a single function f : X x P(X) — ) encodes the transformer
map for general input length: given input X ™=, the i-th output is T;(X™et) = f( X, finy, ). FOr
example, this implies that if T(X™) = Y™, then T(X",..., X") = (Y",...,Y").

Applying the above length generalization model to 67, we have the following theorem.

3. Crucially, this transformer does not contain positional encoding, causal masking, or the final softmax layer to convert
logits into a probability distribution.
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Theorem 1.3 For any PoP 11 and training length n, the hierarchical Bayes estimator 0f; is permu-
tation equivariant, so that there exists a map fri, : N x P(N) — R, determined solely by 11 and
n, such that 011 ;(X"™) = frin(Xi, pn) for every input X™ € N", with p, = % Yoy 0x,.

Next, suppose that 11 is thick with rate E. For any test sequence length niest > n, let 7 > 0
satisfy E(nge,7) V 1 < nr?. The following regret bound holds for the estimator flys(Xmest) 1=
(frin (X1 tngest)s - - - ST (Xingest» Hngesr)) With an absolute constant C' = C(A): 7

< C log nest ( log Ntest + 7“2> .

Regret(fiet: G
v & (fH,n 0) Ntest 10g 10g Nitest

GoeP([0,A]) ~ loglog ntest

The first part of Theorem 1.3 shows that the hierarchical Bayes estimator 0f; under every PoP can
be represented by some function fi,. The second part illustrates both strengths and weaknesses
of length generalization for a pretrained transformer that learns the map fr7,: it still achieves a
vanishing regret on longer lengths as the training length n — oo, but the regret remains 9] (r?) =
5(%) rather than 5(&) This result conforms to the empirical finding in Teh et al. (2025) that the
pretrained transformer enjoys a low regret for all ni.st > n, but the regret stops decreasing when
Ntest > n; see Figure 1 for an illustration. Intuitively, this is because the map fr7,, depends on the
training length n, and is thus not fully adaptive to a longer sequence length ni.s¢ > n at test time.

The proof of Theorem 1.3 again relies on posterior contraction, but now for fractional/general-
ized posteriors. For niest > n, the new estimator fgfjjt is no longer a hierarchical Bayes estimator,
but it performs Bayesian inference using an a-posterior, i.e. with posterior update

Ttest

17 (d61xX") o 1(d6) (| fG(Xi))a, witha = " < 1. )
=1

Ttest

In Section 2, we develop posterior contraction results such that the a-posterior I1¢(dG| X ™) still
concentrates around Gy for X"™est ~ fg(?te“, with a rate depending now on a.. We note that such
fractional posteriors have appeared previously in the Bayesian literature on model misspecification
(Bhattacharya et al., 2019; Medina et al., 2022). Moreover, although (5) only holds for the ideal es-
timator fj;**, for a pretrained transformer with training length n and test length e, our numerical
experimen7ts in Section 4.2 demonstrate that its output is indeed close to a hierarchical Bayes model

performing - *—-posterior inference.
es’

1.4. Related work

Empirical Bayes. EB was introduced alongside compound decision theory (Robbins, 1951, 1956),
motivated by the idea that estimating a sequence of parameters can achieve lower risk when each
component is allowed to depend on the entire sequence, a phenomenon classically illustrated by the
James—Stein estimator (Stein, 1956; James and Stein, 1961). For the Poisson model, known estima-
tors are based either on the Tweedie’s formula (Robbins, 1956), posterior density estimation (Kiefer
and Wolfowitz, 1956; Lindsay, 1983; Shen and Wu, 2026; Jana et al., 2025; Han et al., 2025), or
ERM (Jana et al., 2023). The former two approaches are also dubbed f-modeling and g-modeling,
respectively (Efron, 2019). Neural approaches have also been explored to approximate the maxi-
mum likelihood via generative modeling (Wang et al., 2019; Vandegar et al., 2021); see also (Ghosh
et al., 2025; Chen and Cui, 2025) for the normal means model. For the regret in the Poisson-EB

problem, tight bounds @(%(logign

)?) and @(@) are established for compactly supported and
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subexponential priors (Brown et al., 2013; Polyanskiy and Wu, 2021; Jana et al., 2023, 2025), with
non-trivial extensions to unbounded supports (Shen and Wu, 2026). There is also a rich line of work
on the optimal regret in the normal means model (Jiang and Zhang, 2009; Saha and Guntuboyina,
2020; Polyanskiy and Wu, 2021; Soloff et al., 2025; Chen and Wu, 2026). A recent work (Kang
et al., 2026) also explores function estimation in the empirical Bayes setting, which we discuss in
Theorem 3.3. We also refer to (Efron, 2024; Ignatiadis and Sen, 2025) for surveys on EB.

Meta-learning. Our use of a pretrained transformer, trained over a distribution of priors and ap-
plied to test sequences without per-instance optimization at test time, falls within the framework
of meta-learning (Hospedales et al., 2021). A rich line of recent work studies in-context learn-
ing of transformers, a form of meta learning usually instantiated through autoregressive next-token
prediction (Garg et al., 2022; Bai et al., 2023; Akyiirek et al., 2023; Von Oswald et al., 2023). In par-
ticular, connections between in-context learning and Bayesian inference have been observed both
empirically (Miiller et al., 2022; Panwar et al., 2024; Aggarwal et al., 2025) and theoretically (Xie
et al., 2022; Wakayama and Suzuki, 2025; Ma et al., 2025b). This connection inspired the semi-
nal TabPFN framework (Hollmann et al., 2023, 2025) and several follow-up works on amortized
inference for tabular data (Ma et al., 2025a; Reuter et al., 2025; Mittal et al., 2025a,b). Similar
posterior-contraction ideas have appeared in autoregressive (Xie et al., 2022; Ma et al., 2025b)
and diffusion settings (Jia et al., 2026); by contrast, our EB application views the transformer as
a sequence-to-sequence map (Teh et al., 2025). This Bayesian view of this sequence-to-sequence
map also gives a statistical explanation of length generalization (Anil et al., 2022; Peng et al., 2024;
Zhou et al., 2024a,b) through fractional posteriors, rather than transformer-specific architectural or
algorithmic mechanisms (Ahuja and Mansouri, 2024; Izzo et al., 2026; Huang et al., 2025).

‘“Bayes” empirical Bayes. The use of a hierarchical/nonparametric Bayes model (3) to solve EB
falls into the framework of “Bayes empirical Bayes” by Deely and Lindley (1981), where a line of
work (Antoniak, 1974; Gu and Koenker, 2017) chooses the Dirichlet Process (DP) (Ferguson, 1973)
as the prior. Statistical guarantees for hierarchical Bayes estimators in EB date back to the asymp-
totic optimality results of Datta (1991), with related developments in Petrone et al. (2014); Rizzelli
et al. (2024); non-asymptotic guarantees were only established in our work and the independent
concurrent work of Ignatiadis and Kankanala (2026). Both works establish regret guarantees via
posterior contraction, focusing on Poisson and Gaussian EB problems, respectively. The two papers
differ conceptually in their motivations. Ignatiadis and Kankanala (2026) study the optimality of
nonparametric Bayes estimators under a DP prior, with computation carried out by a Gibbs sampler
(Neal, 2000). By contrast, our motivation is more ML-oriented: we focus on pretrained transform-
ers, where computation is amortized through pretraining, and thereby establish length generalization
results. Other minor differences include that we establish minimax theorems in Proposition 1.1,
whereas their work extends posterior contraction arguments to compound decision problems; we
also note that our admissibility results for Poisson EB in Proposition 1.2 are motivated by theirs.

2. Analysis via posterior contraction
2.1. Preliminaries

We first provide some preliminaries on the Poisson mixture model and the hierarchical Bayes model
induced by a general training PoP II. For § ~ G and X |6 ~ Poi(#), the Bayes estimator of 6 under
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the squared loss is the posterior mean, defined as

fa(z +1)
fa(z)

where fg(z) = [ Poi(z;0)G(df) is the marginal pmf of X. Here and throughout, we will use E¢
to denote the expectation with respect to the prior G. The following result, taken from Jana et al.
(2025, Lemma 4), is a regret-Hellinger inequality that relates the posterior mean difference g — 6,
to the Hellinger distance H (fa, fg,).*

Oc(z) = EGW’X = x] =(z+1) 6)

Lemma 2.1 Ler Gy, G be two priors supported on [0, A], and ¢ € (0,e™°) be any real number.
Then for an absolute constant C' = C(A) > 0,

log(1/¢) 2
Exor. |(Ba(X)—0 X2}<C(7H : )
X fGO ( G( ) GO( )) — loglog(l/&‘) (fG f‘CTVO>—i_6
For the class of Poisson mixtures P = { f¢ : supp(G) C [0, A]}, we will use a metric entropy
upper bound under the Hellinger metric. Let N (e, P, H) denote the e-covering number of P under
the Hellinger metric (i.e. the minimum number of e-balls to cover P), we define the local covering
number as Nioc(€, P, H) := supp cp sup,>. N(p, P N {P : H(Fy, P) < 2p}, H).

Lemma 2.2 For P = {fg : supp(G) C [0, A]}, there is an absolute constant C = C(A) > 0

with log Nio(, P, H) < c% foralle € (0,e7°).

The last lemma gives a simple leave-one-out structure of the hierarchical Bayes estimator 67;.

Lemma 2.3 Fori € [n], it holds that En[0;|X"] = Egrnig xn [06(Xi)] = 0, (X;). Here G; 1=
EGNHG|X\. [G), and O is the posterior mean defined in (6).

2.2. Posterior contraction

The key technical step in proving Theorem 1.2 is the following posterior contraction lemma. Below
we will state a general version not limited to Poisson EB which will later be applied to a Gaussian
example in Section 3.3. Let the true data X1,..., X, ~ fg, beiid. with Gy € G, where fg, is
a general density which may or may not take the form of mixture distributions. In the definition of
the Bayes estimator, let G ~ IT and X1,...,X,, | G ~ fg, where Il is a prior distribution over G
(a PoP in the hierarchical setting). Finally, we set P = {fg : G € G}, and note that the thickness
definition in Definition 2 naturally extends to the prior II over the density class P.

Lemma 2.4 Let I1 be thick over P in the sense of Definition 2, with rate function E. Let £, 7, > 0
satisfy log Nioc(en, P, H) < ne? and E(n=2,7,) < nr2. Then there exist absolute constants
¢, C' > 0 such that for every Gy € G and every e? > &2 + 12 + %

fg)(fn_l)<{H2(fG07HXn|Xn71) > 052}> < n~ 4+ 6_6”52,

Here the probability is with respect to X"~ ~ g{fn*l), and  x, |xn-1 is the conditional distribu-

tion of X,, given X"~ under the Bayes model with prior I1.

4. The squared Hellinger distance between P and @ is defined as H*(P, Q) := [(V/dP — /dQ)>.
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The Poisson EB setting is a special case of Lemma 2.4 by marginalizing out 6" from the joint
distribution I g» xn. Posterior contraction asserts that, given test data X1,..., X,,_1 ~ fg,, the
posterior distribution Il yn-1 “concentrates” around the true prior G with high probability, and
this concentration is characterized through the induced pushforward measure from G to X (i.e.
Iy, |xn-1 is statistically close to fg,). This is precisely the statement of Lemma 2.4. The proof of
Lemma 2.4 mirrors the classical posterior contraction arguments (Ghosal et al., 2000, 2008; Ghosal
and Van der Vaart, 2017), with a few adaptations to obtain a high-probability statement; the proof
details are postponed to the appendix.

Proof of Theorem 1.2, assuming Lemma 2.4. By the regret definition in (1) and symmetry, we
focus on the last coordinate and write

Regret(611; Go) = EXangg‘ [(eﬂ,n(Xn) e (Xn))ﬂ

< C’( logn

1
E wn [H?(fa,, 7).
loglogn Xn—legé 1 [ (fe, fGO)] + -

Here the last step uses 011 ,(X") = 6g, (X,) by Lemma 2.3, and Lemma 2.1 applied to G =

Gy and e = 1. Since G, = Egtig xnas [G], we have fg, (z,) = EGNHG‘XRA[fg(:nn)] =

Iy, -z, xn-1. By Lemma 2.2, we can choose €2 = O(ﬁilgm). Finally, Theorem 1.2 follows

from Lemma 2.4 and integrating the tails up to the deterministic upper bound H? < 2.

2.3. Posterior contraction for the a-posterior

Similar to Lemma 2.4, we have the following posterior contraction result for c-posteriors in (5).

Lemma 2.5 Let II be thick over P in the sense of Definition 2, with rate function E, and o € (0, 1].
Let €y, > 0 satisfy log Nigc(en, P, H) < ne? and E(n~2, Tna) < omr?ua. Then there exist
absolute constants c, C > 0 such that for every Gy € G and every €2 > 2 + ria + %,

2

1607 ({Bomny o [ (fags fo)) > C2}) < 7t emoon,

where I1% is the a-posterior defined in (5) with niest replaced by n.

Compared with Lemma 2.4, the inequality £ (n=2,7) < anr? involves an additional factor of

a. When E(n~2,7) = O(1), this gives = O(-), hence the squared Hellinger rate in posterior
contraction increases from 5(%) to 5(%) For (n, ) = (ntest; . ), this rate is 5(%) rather than

6(%) This additional factor of é is unsurprising, as it can be easily seen in the special example
of normal location models with a normal prior. This change of scaling has also been observed in
Bhattacharya et al. (2019, Theorem 3.2) on fractional posteriors with a different error probability.

Finally, using generalizations of Lemma 2.3 and Lemma 2.1 (cf. Lemma A.5 and Lemma A.6
in the appendix), we deduce the final regret bound from the Hellinger rate. This precisely explains
why the regret upper bound for length generalization saturates at O(%) even if Niest > n.

3. Discussions

In this section, we provide discussions on pretraining on a finite number of batches, and extension
beyond our Poisson EB setting with a bounded support of the prior. Deferred proofs are in Section C.

10
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3.1. Finite number of batches

The population ERM solution in (ERM) coincides with the hierarchical Bayes estimator 67} only if
M — oo. In practice, the number of batches M used in pretraining is finite and large. To this end,
we consider a finite-sample ERM with a finite M and define

~

0" —argmmf Z ™™ — F(x™m)3, ()
fE}—PE m=1

where FF'E denotes the class of all permutation-equivariant functions f(X"), i.e. 7o f(X") =
f(m o X™) for all permutations 7 € S,,. Note that most EB estimators (Robbins, NPMLE, ERM-
monotone, etc.), as well as a transformer without positional encoding or masking, belong to FIE,
any estimator 8" can also be symmetrized into a PE estimator §"FE = I3 e g, ™ Lo 9”(7r oX ”)
without increasing the pointwise regret. The performance of this permutation-equivariant ERM in
the Poisson model is summarized in the following result.

Lemma 3.1 Let r,, be defined in Theorem 1.2. The estimator in (7) with M > exp(C (lggglz;n +

nr2)) and an absolute constant C' = C(A) satisfies the same regret guarantee in Theorem 1.2.

Lemma 3.1 shows that for the simple PoP in Algorithm 1 to attain the same regret of Theo-

2
rem 1.1, M = exp(O(; ;ggl o2 5)) batches suffices. This is superpolynomial in 7, but it agrees with
the practical intuition that pretraining typically requires a huge amount of training data. We leave it

to future study if a better condition on M can be obtained by assuming different structures of 6™.

3.2. More discussions on Poisson EB

The compact support condition G € P([0, A]) can be generalized. First assume that G is a subex-
ponential prior, i.e. Gy € SubE(s) := {G : Vt > 0 : Pg[f > t] < 2¢~*/%}. Since Gy € SubE(s) is
effectively supported on [0, O(log )], we modify Algorithm 1 to pick & = [co(s) log n]| atoms for
G € SubE(s), chosen uniformly at random on [0, ¢1(s) logn]. The following regret bound holds
for the hierarchical Bayes estimator 01}, which is near-optimal (Polyanskiy and Wu, 2021).

Theorem 3.1 For large enough hyperparameters co(s), c1(s) > 0, the hierarchical Bayes estima-
4
tor Of; achieves a worst-case regret ofOS(logT") over all Gy € SubE(s).

The next case is the regime where G is supported on [O A] with A = A,, > log n, where Shen
and Wu (2026) showed that the optimal regret scales as 6( ) for A = O(n?). This regret bound
can be recovered by the hierarchical Bayes estimator with k = @(\/Z) atoms drawn uniformly
at random on [0, A], provided that one can establish —logllx, x»-1 = O(polylog(n)) with a
sufficiently high probability over the randomness of the test data X" ~ gg’“ This condition is due
to the regularization parameter p = exp(—O(polylog(n))) used in the regret-Hellinger inequality
(Shen and Wu, 2026, Theorem 3.3). We leave the verification of this condition as a conjecture.

Finally we comment on a potential route toward removing the extra log n factor in Theorem 1.1
relative to the optimal regret. Specializing to Poisson mixtures, a peeling argument into shells in
Ghosal et al. (2000, Theorem 2.4) could improve the rate of posterior contraction, provided that one
can show a local prior-doubling bound of the form log(IL({G : H?(fg,, foc) < Cr?})/I({G :

11
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2 (faollfa) <m}) <D = O(log’f’; o). Such a bound is plausible as f is effectively supported
on [0, D], but a rigorous proof faces two obstacles. First, unlike H?(fg,, fa) = X*(fa,llfa) for
Gaussian mixtures (Jia et al., 2023), this is generally false for Poisson mixtures due to the singularity
of Poi(6) at § = 0. Second, although Gassiat and Van Handel (2014) establishes a local equivalence
between H (fq, fa,) and a weighted Ly norm, a uniform non-asymptotic version of such a result is

currently unavailable, which prevents us from carrying out the volume calculation.

3.3. Gaussian EB
In Gaussian EB, we have 0" ~ G§" with some prior Gy € P([—A4, A]), and X"|0" ~ @1 N (6;,1).

Algorithm 1 is modified as follows: we still take & = [c¢g lolgoﬁ) gn] for a large enough constant
co > 0, but now draw Aq, ..., A\; ~ Unif([—A, A]) and replace Poi();) by N'(A;, 1). The follow-

ing theorem summarizes the regret bound of the resulting hierarchical Bayes estimator 67, which is

near-optimal compared with the lower bound Q(%(lolgi o )2) in Polyanskiy and Wu (2021).

Theorem 3.2 For a large enough hyperparameter co > 0, the hierarchical Bayes estimator 07

achieves a worst-case regret ofOA(n(lézglizgn)z) over all Gy € P([—A4, A)).

3.4. Function estimation

Motivated by the recent work (Kang et al., 2026), our result also extends to the setting where one is
interested in estimating a function g(6) of 6. In this case, the hierarchical Bayes estimator becomes
g1y = En[g(0™)|X™], and the oracle estimator is gg,(X) = Eg,[g()|X]. For the special case of
the polynomial function g(#) = 6P with p € N, we establish the following regret bound which is
near-optimal compared with the minimax regret of ©( (l;g"l%)p“) in Kang et al. (2026).

Theorem 3.3 Let the PoP 11 be the same as Algorithm 1, with a large enough hyperparameter
co > 0. Then for g(0) = 6P, the hierarchical Bayes estimator gj} achieves a worst-case regret of

OA7p( 1 M) overall Gy € 73([07 A])

n (loglogn)P+1

4. Numerical experiments

4.1. Regret performance and length generalization

Our first experiment validates the universality of our simple PoP in Algorithm 1 through transform-
ers. Specifically, we pretrain a transformer T24U50 according to Algorithm 1 with A = 50, k = 10,
and n = 512, where both the training procedure and transformer architecture are identical to those
in Teh et al. (2025). The test priors are generated from the neural and multinomial PoPs also intro-
duced in Teh et al. (2025), and we compare against the classical NPMLE-based estimator as well
as two other pretrained transformers (T24N50 and T24Nr) from Teh et al. (2025). For each test se-
quence length niest, Figure 1 displays the average regret of these estimators over 4096 runs, across
different test priors. We make the following observations. First, when nist = n, all pretrained
transformers outperform the NPMLE-based estimator, despite being a strong baseline, under both
test priors. Second, as nest increases, the regrets of all pretrained transformers continue to decrease,
although this improvement may saturate for large ntest. These observations are consistent with both
the theory of universal priors in Theorem 1.1 and the length generalization results in Theorem 1.3.

12
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(a) Test prior from neural PoP (b) Test prior from multinomial PoP

Figure 1: Regrets of different estimators with different test lengths and test priors. For all trans-
formers, the training length is fixed to be n = 512 (indicated by the vertical dotted green line).
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Figure 2: The regret of the hierarchical Bayes estimator, as well as its mean squared distance to the
trained transformer, under simple training prior Gyy,, = % oy Gf@”.

Finally, we emphasize that our experiments with the simple PoP are primarily intended as a proof
of concept, and we do not claim its practical optimality; we believe that a more finely tuned PoP (as
used by the other two transformers) can achieve better empirical performance.

4.2. Evidence on Bayesian inference

Our second set of experiments is designed to validate the assumptions underlying our main the-
orems, namely that (1) the pretrained transformer approximately implements the Bayes estimator
under the training PoP, and (2) for length generalization, the pretrained transformer indeed performs
Bayesian inference under a-posteriors.
For (1), we compare our pretrained transformer with the true hierarchical Bayes (HB) estimator
[1> in scenarios where finding 01} is computationally easy. Specifically, we choose a simple PoP
1L, = % Zfil 0q, with small m, where Gy, ..., Gy, are randomly generated from our PoP in
Algorithm 1, conditioned on the event that f; does not perform uniformly well on G1,...,Gp,.
This conditioning ensures that the regret incurred by both 6} and the transformer is reasonably
large and much larger than their difference; implementation details are deferred to the appendix.
Figure 2 displays the regret of 67%, along with its mean squared distance to the trained transformer,

13



CANNELLA TEH HAN POLYANSKIY

10-2 4

w w
0 )
= 103 =
Test seqlen 1073 Test seqlen
50 50
100 100
200 200
107 —— 500 —— 500
— 1000 - — 1000
002 005 01 02 05 10 20 005 01 02 05 10 20 5.0
Alpha Alpha
(@m=2,n=250 b)ym =2,n =100
107 107
102 1072
n y
(2] 103
S 107 =
Test seqlen Test seqlen
50 100
100 1074 200
1074 200 500
—— 500 1000
— 1000 — 2500
01 o2 05 10 20 50  10.0 01 02 05 10 20 50 100
Alpha Alpha
(c)m=2,n=200 (d)ym =2,n =500

Figure 3: Plots of the mean squared distance between the pretrained transformer and the hierarchical
Bayes estimator using various a-posteriors, with different training lengths n and test lengths nest.

This distance is indeed minimized at v ~ %
es’

for m € {2,5,10} under the training PoP. We observe that, relative to the regret of f}, the trained
transformer is remarkably close to 67, indicating that the pretrained transformer indeed performs
approximate Bayesian inference under the training distribution.

For (2), we use the transformer trained on the above PoP I1,,,, compute its outputs for various test
lengths ntest, and compare them with the HB estimator based on a-posteriors for different values
of a. Figure 3 presents the results for m = 2 across multiple training lengths n and test lengths
Ntest; results for larger m are deferred to the appendix. The quality of fit is striking: for each pair
(n, neest ), the transformer output is extremely close to that of the HB estimator using a-posteriors,

n

with oo >~ —*—. This demonstrates that our a-posterior conclusion in Theorem 1.3, although derived
under a specific length generalization model, aligns well with the experimental findings.
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Appendix A. Deferred Proofs in Section 1
A.1. Proof of Proposition 1.1

We first utilize the continuity of regret as follows.

Lemma A.1 For all estimators 0" : N™ — [0, A]" and G € P([0, A]), Regret(6™; G) is continu-
ous in G under the metric of weak convergence.

The proof can be found in Appendix A.1.1. Next, note that since [0, A] with the Euclidean metric
is a compact Hausdorff space, by Prokhorov’s Theorem, P ([0, A]) is compact under the metric of
weak convergence (see, for example, Dudley (2018, Chapter 11.5)). This means the supremum can
always be attained, i.e. for fixed estimator o,

sup Re reté\";G = max Re retgn;G.
GeP([0,4]) Bret( ) GeP([0,4]) Bret( )

Next, we note that the LHS has the following equivalent formulation:

inf Regret(0": G) = inf Eqn|[Regret(0"; G
I iy RegretO C) = 1nl ey o-n[Rearet (07 G)l

Clearly, EGNH[Regret(@\”; G)] is convex in 9" for fixed II and affine in II for fixed §". There-
fore, combined with Lemma A.1, we use the Ky Fan minimax theorem (Fan, 1953, Theorem 2) to
establish that

inf Eqn[Regret(0™; G)] = inf Eq.n[Regret(0™: G)].
o cr iy o RegretOL G = e 1y i BaonRegret(6: )

In addition, the final inf can be replaced by min as given I, the minimizer is the hierarchical Bayes
estimator fj(2") = E[6"| X™ = 2"].

A.1.1. PROOF OF LEMMA A.1

We note the following expansion of regret:

gn 1 o vn n
Regret(6"; G) = —E . gen[[|0"(X™) = 0c(X™)|I3]
1 n . N
T n > ( fG(ﬂﬁi)) (116™13 + 16cl5 — 26™ - bc).
zreN? \i=1

Since fi(x) decays uniformly in G € P([0, A]) for z > A, by dominated convergence, it suffices
to show that for each ™ € N”, each of the following three terms is continuous in GG under the metric
of weak convergence:

La@)|0™(@™))3,  La(z") -0 (") - 6c(a™), and Lg(z")]|8c(z™)|3,

where L (2™) =[], fa(z;) is the likelihood of 2™ under f¢.

Now for each x > 0, the Poisson PMF Poi(z; 6) is bounded and continuous in 6. Therefore, the
marginal PMF fg(z) = E[Poi(z; 0)] is continuous in G under the metric of weak convergence,
and so is the product L (z™). This gives the continuity of the first term L (2™)||0" (z™)||3.
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For the other two terms, we use the following identity of the Bayes estimator 0 (z) = (x +

1)%&;) In addition, it suffices to consider each coordinate separately; w.l.0o.g. we will take the

first coordinate. The cross term now becomes

La(@") - (0" (@) - fa(a1) <ch; ) @ (210 (1)

(141 (ch; T ) (O™ (z")1 folzr +1),
which is also continuous in G. The final term, meanwhile, becomes

fa(z1+1)
(HfG xz>9G xl) $1+1 (HfG xz)fG(fL'l)’

where the last term is defined to be 0 if fg(x1) = 0. If fg(x1) > 0, its continuity follows from the
continuity of fo in G. As for the continuity at fg(x1) = 0, note that

fo(z1 +1)* _ (EG[efe(ijl:)!])Q !
VS T ) Egle—0%7] eI

1!

A2
mf(?(ﬂ?l)

Eqg [6709I1+2} <
by Cauchy—Schwarz and G € P([0, A]). Taking fg(x1) — 0 indeed gives the desired continuity.

A.2. Proof of Proposition 1.2

For the first statement, suppose that 67} is inadmissible and dominated by another estimator o By
inadmissibility,

0 < Eg~m[Regret(0; G)] — ]EGNH[Regret(é\”; G))
~ Banio | LIB(X) - 01 - L1700 - 0713
— B |~ 2(F"(X") ~ B CC) B (X)) = LX) - BB
_ %EX” @ (X™) — 0% (X™), 08 (X™) — En[0”] X)) — %EGNHEGH@I(X”) — 0 (X™M)|3

1 o yn n n
:_EEGNHEGHH (X™) =R (X™)|3

n

11 feta:)

i=1

1 ~
=- > 16" @") = 6 (=™)]13 - Egen

rheN™

Since fg(z) > 0forall G # dp and x € N, the assumption IT # 65, implies that Eg-r My fa(z)] >
0 for all " € N". Therefore, 9”( ") = 0f(2™) for all " € N”, so 6" cannot achieve a strictly
smaller regret at some G € P([0, A]). This is the desired contradiction, and 67, is admissible.

For the second statement, we need the following property of the NPMLE-based estimator: for
every integer x € [0, A],

@IPMLE(x,...,x) = (z,...,2). (8)



UNIVERSAL PRIORS: SOLVING EB VIA BAYESIAN INFERENCE AND PRETRAINING

To see this, recall that Jana et al. (2025, Theorem 1) shows that the NPMLE G is always supported
on [min; X;, max; X;]. Therefore, when X" = (z,...,z), the NPMLE is G = 0, so the Bayes
estimator is () = x. We claim that, for integer A > 3, any admissible estimator cannot satisfy
8)forallz € {A—2,A—1,A} R

To prove the claim, assume by contradiction that there exists an admissible ¢ : Z'} — R’} that
satisfies (8) forx € {4 — 2, A — 1, A}. By the com/Plete class theorem (e.g. Lehmann and Casella
(1998, Theorem 7.15) with restriction G # dg), this § must be a pointwise limit of Bayes estimators,
i.e. there exists a sequence of PoPs IT,,, € P(P([0, A])) such that

~

lim O, (z,...,z) =0(z,...,2) = (x,...,2), Vee{A—-2,A-1 A}

m—0o0
Writing m,.(G) := Egq[e~?67], the above display implies that
En,, [ma(G)" ' muta (G))

li = N A—-2,A-1 A} 9
mE}IlOO ]EH”L I:mI<G)n:| ZC? x e { Y Y } ( )
Since m4(G) is a sequence of moments, the map x > mm%(lé?) = 0O¢(x) is non-decreasing; in
addition, since G € P([0, A]), it holds that %Eé?) € [0,A] for all z € N. Let II,,,(dG)

I, (dG)m g—2(G)"™ be a tilt of I1,,,, and p,,, be the pushforward measure of ﬁm of the map

ma-1(G) ma(G) mA+1(G)>
ma_o(G) ma_1(G)" ma(G) )’

h:Gv—>< (10)

Then i, is a probability measure over Q = {(r,s,t) € [0,A4]® : r < s < t}, and (9) can be
rewritten as

lim [ rdpm=A-2, lim [7™(A—-1-s)dpy, =0, lim [ r"s"(A—1t)dum =0.

m— 00 m— 00 m— 00

Since €2 is compact, a proper subsequence of { i, } admits a weak limit u, with

/rdM:A—Z /T”(A— 1—s)du=0, /r”s"(A—t)d,u:O. (11)
To proceed, we need a technical lemma on the image set of h in (10).

Lemma A.2 Let K be the closure of the image of hin (10). If (r,s,t) € K withr > 0andt = A,
then s = A.

We postpone the proof of Lemma A.2 to the end of this section. Since each p, is supported on
K, so is the weak limit . Since A > 3, the first identity of (11) implies that x({r > 0}) > 0. Since
s > r, on the set {r > 0} we must also have s > 0. Finally, since ¢ < A, the last identity of (11)
implies that ¢ = A p-a.s. on the set {r > 0}. By Lemma A.2, this also implies s = A p-a.s. on the
set {r > 0}. Then the middle identity of (11) implies

Oz/T"(A—l—s)d,u:/ T”(A—l—s)d,u:—/ rdu,
r>0 r>0

which forces p({r > 0}) = 0, a contradiction! This contradiction shows that no admissible estima-
tor can satisfy (8) at all three points x = A — 2, A — 1, A. Since the NPMLE-based estimator does
satisfy (8) for all integers z, it is inadmissible.
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A.2.1. PROOF OF LEMMA A.2

Suppose G, € P(]0, A]) is a sequence of priors such that h(Gp,) = (m, Sm,tm) — (7,5,1)
as m — oo, with r > 0 and t = A. Since Am,(G) — myy1(G) = Eo[(A — 0)e967], for
G € P([0, A]), Cauchy—-Schwarz gives

(Ama(G) = ma41(G))(Ama-—2(G) = ma-1(G)) = (Ama-1(G) — ma(G))*.
Applying the above inequality to G = G, yields
PSm(A —tm) - (A —=11) > [rm(A = 5m)]2 = (A — 5)% < (A — 1) 5m (A — t).
Ast,, —t= Aandr, — r > 0, passing to the limit clearly gives s,, — A, as claimed.

A.3. Proof of Lemma 1.1

2

Since r — E(d,r) can be made a non-increasing function, we verify Definition 2 for 6 = n~“ and
2

r? = n~L. Our first step is to first identify an intermediate prior G with TV(fg,, fa) < n~2. To

this end, we show that for L =<4 log’{go o, and any Go € P([0, A]), there exists a G € P([0, A]) such
that:
e G = Zle w;dy, is supported on L atoms Ay, ..., AL such that minj< {\;} > ;1 and

mianL{wj} Z &L%L
* TV(fa, fa,) <n2.

To begin, we use the following result from Wu and Yang (2016, Lemma 3).

Lemma A.3 Let V and V' be random variables on [0, A]. IfE[V7] = E[V"] for j = 0,1,...,L
with L > 2eA, then

L
TV(E[Poi(V)], E[Poi(V")]) < <2€LA> .

To apply this lemma, choose L =< 4 lolgofj) gn such that the RHS equals 55. Next, let V ~ Gy, and
V'’ ~ (7 be any random variable on [0, A] that matches all first L moments of V. By Carathéodory’s
theorem, (71 can be chosen as a discrete distribution with support size at most L. By Lemma A.3,

we have TV(fg,, fo,) < 5>

= 2p2°
Next, we consider the following two identities, which we defer the proof to Section A.3.1.

Lemma A4 Let L. > 0 be an integer. Denote G = Zle wjoy; and Go = 25:1 w;-é/\/_.
J
Consider the Poisson mixtures fg, and fq,. Then the following holds true:

* TV(fa,, fa,) < S5y lwy — wh| + maxk; TV(Poi(};), Poi(X))).
* X*(feillfes) < (1 4+ x*(wllw')(1 + maxi; x*(Poi(A;)[[Poi()}))) — 1.

To apply this lemma, write G; = Ele wj 10y, . Our goal is to construct G' := Zle w;oy,
such that:
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. L i
= ming {ws > gops Ypn wy = Lming (A} 2 g5
* S lwy = wja| < gy maxTV(Poi(A;), Poi(A;1)) < 1o

Then Lemma A.4 would ensure TV(fq,, fa) < 557 and thus TV(fe,, fo) < 2 -

We first claim that TV(Poi(y),Poi(v)) < 1 — e "%l < |u — v| for p,v > 0. Indeed, let
w>v, X ~Poi(r),Z ~Poi(u—r),and Y = X + Z. By coupling, TV (Poi(u), Poi(v)) < P[Z >
0] = 1 — e~ ®=¥), as claimed. In this sequel, the condition TV (Poi()\;), Poi();1)) < ﬁ may be
replaced with [A; — Aj 1] < ﬁ, so that a sufficient construction is A\; = \j1 V ﬁ. To construct
wj, let m = arg max; wj,1, and

{wﬂ\/snl% if j #£ m,
wj = e
1=3 i mwj ifj=m.

By simple algebra, min; w; > 5 for large n and > lwj —wja| < 1. Thus G = Z]L:1 wjdy,

satisfies the above conditions, and we take it to be the intermediate prior in Definition 2.

logn
loglogn

Next we prove the upper bound on E. Recall that k& = [¢g | is the number of atoms in

Algorithm 1; choose ¢y > 0 large enough such that k& > L. In this case, we write G = Z§:1 wj0y;
by allowing repetitions in the atoms. Since

JE[K]
(A — N)?
— 2 ! 1 J ]
(x*(w[lw") + 1) (ﬁ?ﬁew (Ag

a sufficient condition for the x*-divergence to be at most n ! is x*(w||w’) < - and

k k
X2<ijPoi()\j)H Zw}Poi(A})) +1< (XQ(wHw’) +1) (maxx2(P0i(/\j)HPoi()\;-)) + 1)
o =1

i — )\/. 2
maxw < i
FE[K] /\j 3n

Since w;, A\; = Q(n~3), a further sufficient condition is to make ||w — w'|lc < cn™3 and ||A —
Nl|oo < en™3. Since w,w’ are both on the simplex A*~! and A, \ € [0, A]*, a standard volume
argument establishes that the simple PoP in Algorithm 1 chooses such (X', w’) pair with probability
at least

L0 — g (— e [0 &N
Q(=5)0® = exp(~O(klog n)) = exp o(loglogn) .

This verifies (4) with the claimed E(n=2,7) = O( lggglz ;n)'
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A.3.1. PROOF OF LEMMA A .4
For TV, we have

L L
TV(fa,, fa,) = TV ( S w,Poi()y), Z w;Poi(A;)>

j—l

- Z Z |wj — w)[Poi(x; Aj) + wj[Poi(z; A;) — Poi(z; \))]

$>O] 1
fZ\w]— j|+ZwTVP01 ), Poi(X\}))

b
< Z} ) — |+ max{TV(Poi(;). Poi(X}))}
]:

—
=

where (a) is obtained by expanding the PMFs of the Poisson mixture at each x, and using the identity
lab — a't'| < [b—V|a + V'|a — a'|, and (b) uses w) > 0 and Zle w’; = 1. For X2, we have

14+ (fen l fe) = chl

>0 2
(Zle w;Poi(z; Aj))?
>0 2571 w"POi(fE' /\")

(wjPoi(z; Aj)
< ZZ ],P01$ /\/)

x>0 j=1
L 2
w] Ny
= W(lﬂc (Poi(A;)|[Poi(A})))
j=1 7

IN

L x*(wl[w)) (1 + max x* (Poi(A;)[[Poi(A5))),
i<
where (c) follows from Cauchy—Schwarz.

A.4. Proof of Theorem 1.3

The first statement directly follows from the following lemma.

Lemma A.5 For i € [n], the posterior mean Er[0;|X™] can be expressed as Er[0;|X"] =
fron(Xi, pn), where pu, = % S, dx, is the empirical distribution of X", and

JTI(AG) exp(n [ g foe!)u(de')) - 6 ()
JII(dG) exp(n [ log fa(a')p(dz’))

% S dx, with a different length m, we have
By [06(Xi) fo (Xi)"]
Eeomrg  Me(Xa)o]

fl'[,n(x; M) =

In particular, for i, =

b (Xi)] =

fH,n(Xi7 ,Ufm) EGNH

G|xm
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where o 1= % and 1% denotes the a-posterior:

G, fa(X))°
WG = T aan (T fo (X))

For the second statement, we need the following generalization of Lemma 2.1.

Lemma A.6 Ler G be a fixed prior supported on [0, A], and G be a random prior supported
on [0, A] almost surely. Fix any ¢ € (0,e7°), and a € (0,1]. Then for an absolute constant
C=C(A)>0

0 @ 2 lo
B, | (LLXIOONT  05,0)"] < (b)) g 112, )] +).

To prove Theorem 1.3, we first integrate the tails in Lemma 2.5 to get

1 2
Eyv Eqo 2 <C 2 2 T / -1 —camt dt
Koty o feu)] < (6’””"““ Tam) " Jew e ™)

1
2 2
§€m+7ﬂm,a+%'

Next we apply Lemma A.5 and A.6 to m = Nest, the random prior G ~ H%I e —1 With @ =

Ttest
an independent X = X,, ~ fg,, and a small parameter ¢ = nt_eit:

C'log niest 9 9 1
sup  Regret(f{i*; Go e T Thoewra T — | -
GoeP([0,A]) ( m.n )< loglog nest \ " fest® gy

2 _ log ntest ; ; —2
e = Olnmilan), and the inequality E(ngg,r) V1 < nr

implies that r* = Q(r2 _ , +n~"). This proves Theorem 1.3.

Finally, Lemma 2.2 gives €

A.4.1. PROOF OF LEMMA A.5

For the first statement, note that Lemma 2.3 yields @(X ) = EGarig xn [0c(Xi)], with posterior

w HAG)[Tj fa(X;)  TI(AG) exp(n [log fa(z)pn(dz))
MG = THaa) T, Jo () ~ TG exp(n [10g for (a)pa(ae))

Therefore, we conclude that

JI(AG) exp(n [ log fa(x)pn(dx)) - 6c(X:) |
JII(dG) exp(n [log fa(x)un(dz)) = frn(Xi, tn)-

(x") = [ TAGIX")0e(X:) =
This completes the first claim. For the second claim, note that on a new sequence X",

JTI(AG) exp(n [ log fo (@) m(dz)) - 0a(X:)
JIL(dG) exp(n flogfc; @) po (daz))

_ IH(dG)(H}n:l fa( J))a Oa(Xi —F

T JHWAG)ITE fe(X;)e ot

fH,n(Xia Hm) =

Glxm [GG(XZ)L
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where o = >, and we use the notation II*(dG|X™) to denote the a-posterior:
II(dG m X;))
Ha(dG|Xm) — ( )/(Hz?} fG( )) _
JIEAG)(IT, for (X))

Similar to the proof of Lemma 2.3, we also have

Banng . We(Xi)fa(Xi)]

Banng | [fa(Xi)°]

Jrn(Xis pin) = Eganrg, o [00(X0)] =

A.4.2. PROOF OF LEMMA A.6
Let £ := {2 € N: E[fe(2)*] > L fe,(z)*}. By Markov’s inequality, for z € £,

P(fc($) < ifco(a:)> > SOy 2 @)a >

(3f00@)”
Therefore,
E [12(Jay, Jo)] = Y B (Vi (@) \/fc(w))2 > S B (Vi) - \/fc(w))z
zeN reke
> Z Vo) =1/ 7 fGO > o > fao(@) = cofay(E°),

ze€e
for some universal constant ¢y > 0. Consequently, we have arrived at

fGo(gC) <Cy-E [HQ(fGoafG)] :
Therefore, as ¢ (X), 0c,(X) € [0, A] almost surely,

EXNfGO [(E[QG(X)fG(X)O‘] B HGO(X)>21{X€5C,}} < AQfGO(gc) <C,-E [H2(fG07fG)] _

Elfa(X)]
(12)
Next, for X € £, we have
E0G(X)fa(X)® 2
s [ty 0o ) Lixen)]
E[(0c(X) — 0 2
ZEX~fGO[( [(0c (X )E[ czo())]) c(X )]) 1{)@}}
(@) E[(0c(X) — 0 2
2 By gy [EL0G) [a(o<)3]> falX >11{Xeg}}
® E[(0c(X) — 0c, (X))* fo(X)]
N
=2-E| Y (06(2) — 060 (@) fo(2) fon(2)
zeN

2 90 -E [Exgo ((66(X) = 06,(X))%)] +2(1 — @) - E[Exwgq, ((66(X) - 66,(X))?)]

(%) o ( log(1/¢)

2 Tog log(1/2) [H?(fa. fao)] —i—e).
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Here (a) is due to Cauchy—Schwarz, (b) uses the definition of £, (c¢) follows from Young’s inequality
oyl < az + (1 — a)y for a € (0,1] and x,y > 0, and (d) applies Lemma 2.1 twice to (G, Go)
and (G, G). Combining this inequality with (12) completes the proof of Lemma A.6.

Appendix B. Deferred Proofs in Section 2
B.1. Proof of Lemma 2.1

Fix ¢ € (0,e¢). The following inequality was shown in Jana et al. (2025, Lemma 4): for every
integer K > 0,

Exeja, |(06(X) = 060(X))?] < C (KH(fo, fa) +2x(Go))

witheg (Go) == >, > i fGo(y)- Since supp(Go) C [0, A], standard Poisson tails yield e (Go) < ¢
for K =0 A(%). Plugging this choice of K gives the claimed bound.

B.2. Proof of Lemma 2.2

Fixe € (0,e7¢),any p > ¢, and G € P([0, A]). Since the Hellinger distance is a metric, it suffices
to construct an improper covering of { fc : H(fa, fa,) < 2p} using Hellinger balls of radius p/2.
Letth [C %1 by Poisson tail bounds, there is a large absolute constant C' = C'(A) > 0
such that

sup fa(x) <
GeP([0,4]) DZL

Let H< L(P,Q): Z 0 (v P@1) — /@ 1/ 2 be the truncated Hellinger distance, we have

H*(fey. fa,) < H%L(fapfaz) + fe, (X > L) + fa,(X > L).

Therefore, for G1, G2 € P([0, A]), the inequality H<r,(fq,, fa,) < § implies H(fq,, fa,) < 5.

As a result, by truncating all Poisson mixtures onto a smaller support {0, 1, ..., L}, it suffices to
restrict to the space S of discrete sub-distributions

L
S= {P = (po,...,pr) e RETL: sz‘ < 1},
i=0

and cover the set {P € S : H(P, Py) < 2p} using Hellinger balls of radius p/4. This covering
problem is easily solved via a volume argument: parametrizing ¢; = /p;, the set S becomes the
intersection of the unit /5 ball and the non-negative orthant for @ = (qo,...,qr) € RLHL and
the Hellinger distance becomes the ¢, metric: H(Py, P>) = ||Q1 — Q2]|2. Therefore, the covering
problem is equivalent to covering an /5 ball of radius 2p by smaller £ balls of radius p/4 in RE+1;
a simple volume argument shows that the log covering number is log N < C(L + 1). Therefore,

log Nloc(evP’H> - O(L) - O(k)lgolg;gl(/l%>
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B.3. Proof of Lemma 2.3

By repeated applications of Bayes’ rule, the conditional density of §; given X" is

Bt | G(0:)Poi(Xi: 0) [T, fa (X)) | G(IPoI(X.: 00
Eaun| [T} fa(X;) el fa(X)

] = Egntig xn [PG (6:]X3) } :

Here P¢ denotes the joint distribution 6; ~ G and X;|0; ~ Poi(6;). Therefore,

En[0;[X"] = Econig yn [/@'PG (051 X5) d‘gi:| = Egrig xn [GG(XO],

by definition of O in (6). This establishes the first identity. For the second identity, we further use
the Bayes’ rule to write

Egangx,, 106 (Xa) fo(X0)]

ot (96X0] = =g L Y

EGNHG‘X\Z. [fo(X; +1)]
EGNHG‘X\Z. [fa(X3)]

Since G; = EGNHG‘X\, [G], we have fg,(z) = IEGNHG‘X\, [fa(x)] for every x € N. Therefore, we
can continue the above expression and obtain
fe,(Xi+1) ©)

Eauig e [§6(X0)] = (X + D7 2 06,(X),

B.4. Proof of Lemma 2.4

In this section we prove Lemma 2.4. We essentially apply the same classical posterior contraction
arguments in Ghosal et al. (2000), with a few adaptations to obtain a high-probability statement. Let
G be given in Definition 2 such that TV(fq, fa,) < n~2. We claim that it suffices to consider the
case Gy = G. In fact, once we establish Lemma 2.4 with G in place of GGy, we can move to G by

noting that TV(fgé”_l), g(n_l)) < (n—-1TV(fa,, fa) <n !and

H2(fG07HXn|X"71) 5 H2(fG7HXn|X”*1) + H2(fG7fGo)
< H2(fG7HXn|X”_1) +2TV(fGafGo)
S H2(fG,HXn|Xn—1) + O (n_2) .

Hence, this step only replaces H2 by O(H?+n~2) and amplifies the error probability by an additive
factor of n~!; in the sequel we assume that G = G and establish the exponential error probability.

We apply the arguments in Ghosal et al. (2000, Theorem 8.1). Let Nyoc(¢) := Nioc(e, P, H) be
the local covering number of P, and &, > 0 satisfy log Nioc(g,,) < ne2. By Ghosal et al. (2000,
Theorem 7.1) (or the classical results in Birgé (1983); Le Cam (1986)), for ¢ > C'e,, with a large
absolute constant C' > 2, there exists a test ¢, = ¢, (X" 1) € {0, 1} such that

E ®(n—1) [¢n] < Nloc(gn) €xp (—CTL€2) ’ (13)
&
sup B e[l — én] < exp (—ene?) (1

fc€P:H(fa fay)>e
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where ¢ > 0 is a universal constant. By (13),
_ c
fgo(n 1) ({¢n = 1}) < Nioe(en) exp (—cnsz) < exp (—§n€2> , (15)

by log Nioe(g,,) < ne? and € > Ce,, for large enough C' > 0. On the other hand, let g xn-1 be
the posterior distribution of G given X"~!, then

fG H(faq,fc)>e II(dG) H?:_ll Ja(Xs)
JUAO) TS fa(X0)

n—1 fo(X)

— fG:H(fGO’fG)>8 H(dG) Hi:l fCiJ(Xi)

fH(dG) Hz’:ll ffci((xl))

by the Bayes’ rule. We bound the numerator and denominator separately.

1_[G|X”*1 ( (fGo?fG) > 52)

1. Numerator: Adding the event ¢,, = 0 and taking expectation with respect to X"~ ~ fgo(nfl)

yields
E o(n-1) (1—%)/
e [ G:H(fcq.fc)>e H fGO
14)
= / H(dG) ' Ef®(”—1) [1 - ¢n] S e_C’rLEQ.
G:H(fGovfG)>£ G

Therefore, by Markov’s inequality,

n—1
®(n—1) fa(Xy) Ctne )
fGU ({/G:H(fco,fc)>a &) H fao (XZ) > ¢ } N {Cbn = O}) < exp <_§n€2> )

i=1
(16)

2. Denominator: Let r,, > 0 satisfy E(n™2,7,) < nrZ, and U = {G" : X*(fa, |l for) <12} be
aneighborhood of G. Since we have assumed G = Go without loss of generality, assumption
(4) ensures I1(U) > e~ E»_ with E,, :== E(n=2,r,). By Jensen’s inequality,

a(X;
/ (dG) H fGo / (dG) H fGo II(U) exp (/H|U (dG) Zlog ;GO(( ))

where 1I;;; denotes the restriction of II to U. By Lemma B.1 below (which itself is a refine-
ment of Ghosal et al. (2000, Lemma 8.3)) with P = fg, Q) = fg,, the random variable

fa(Xa)
Jao(Xi)
satisfies E[e/Yil —1—|V;|] < Sy (AG) X (fa,ll fa) < r3 by convexity of  — el*l —1—|z|

and definition of U. Therefore, by the discussion below Bernstein’s inequality in van der Vaart
and Wellner (1996, Lemma 2.2.11), we have

Y= [ (e log

®(n—1) i, c d(cne?/8)?
fay ™ | DG —E[Yi]) = —gne? | > 1 —exp (—) > 1—exp (=c"ne’)

— nr2 + cne?/8
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for universal constants ¢, ¢’ > 0, under an additional assumption that ¢ > C'r,,. Since

E[Yi] = - / I (dG)KL(feo | fe) > — / M0 (dG)2(fe I f) = —

we conclude that

f®(n 1) (/ (dG) H fG > exp (—En — %nsQ — nr%)) >1—exp (—C”n€2) .

Finally, since E, < nr2, as long as ¢ > (7, with a large enough constant C' > 0, this
implies

i </ e H ez (‘Z”EQD >1-ep(~¢'ne’). (D)

By (15), (16), and (17), we conclude that for every €2 > C' (67% + T?L + %), with probability at least
1 — e=<1"=* over the randomness of X"~ ! ~ fgo(”_l), it holds that

g xn-1 (H*(fao, fa) > %) < e with ey = -

This argument applies with €2 replaced by je? for every integer j > 1. Taking a union bound over
2 .

1 < j < [2/€?], we obtain that, with probability at least 1 — ij?:/f 1 e~ | the following bound

holds simultaneously for all such j:

HG|X7L71 (H2(fG0,fg) > j52) < 6_62nj52.

On this event, since H? < 2, the layer-cake formula gives

[2/e%]

EGatty g1 [H(fao f&)] €8 Tgixn (H(faos fa) > je°)
j=0

2 —conje? 2 1 /2
1+y 2ﬂ€)<c ~) < e
5(—!— e < <€+n)_ e

Jj=1
where the last inequality uses 2 > % The exceptional probability is bounded by

— =2 _ 2 A 2
E e cinje S Ce c1ne S e c1ne ,
Jj=1

after adjusting constants. Finally, as IIx |x»-1 = En [fc], on the above event, the convexity

G\X”_l
of the squared Hellinger distance gives

HQ(fGov 1_IXn|X"*1) < EHG‘anl [HQ(fGov fG)] < 0/52'
This is the claimed result.
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Lemma B.1 For probability distributions P and @),

o exp ([log ) — 1~ [log 5[] < @l

Q

Proof Using logx > 1 — %, when P > (), this integral is

_ 2
/P>Q (P_Q_Qlogg> S/P>Q <P_Q_Q<1_%>> —/p>Q(QPP)'

When P < (@, this integral becomes

Q* Q Q? Q- P)?
/P<Q(pQ @log p)—/P<Q<pQ Q@g)) /P<Q(pp)-

Summing up gives the target upper bound x2(Q||P). |

B.5. Proof of Lemma 2.5

The proof precisely mimics the arguments of Lemma 2.4 and uses the same test construction ¢,
satisfying (13) and (14). The main difference starts from

n—1 fo(X) \¢
Sty s> MO (TS F2455)
n—1 fa(X) \¢
J e (T £26535)

g xn-1 (H(fao, fo) > &%) =

Again, we bound the numerator and denominator separately.

1. Numerator: Since 0 < o < 1, by Holder’s inequality,

B o [(1—%) Lo de< 1% )]

:/ H(dG)/ fGn 1(dn1) f®(n 1)(dn1)1
G:H(fay.fc)>e n=0
2

3 . (e
S/ (dG) - fE" V(b = 01 FE"V ({pn = 0170 < e
GH(fGo:fG)

Therefore, by Markov’s inequality,

-1

®(n—1) n fG(XZ) «a —cane
fGO <{/G:H(fcovfc)>€ H(dG) ( };I fGo(XZ)) > ¢ } N {¢” - 0}>

1
< exp (—ganez) . (18)
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2. Denominator: Again, let U = {G’: x*(fa,llfer) < 77 o} be a neighborhood of Gy, and
11}y be the restriction of Il to U. By Jensen’s inequality,

o (M) oo (T 265)
> II(U) exp (Oé/H|U (dG) Zlog J{GO((Xz))>

. - a2 . .
Using II(U) > e~ B2 rm.a) > e "o and the same Bernstein concentration for the expo-
nent, as long as € > C'ry, o, we have

fgo(n_l) </ II(dG) ( fG ) > exp <—Zom€2)> >1—exp (—c"naz) . (19)

By (13), (18), and (19), the same arguments in the proof of Lemma 2.4 lead to

16 ({me s (B2, fo) > €2) > e/}
<S5 ({Mpns (B2 fo) > ) > e} 016, = 0}) + 75" {0 = 1}

2
—Cc1ane
<e ™ ,

aslong as £2 > C(e2 + r2 ot on L ). The same layer-cake argument in the proof of Lemma 2.4 gives
the target upper bound of EGNH E— [H%(fc,, fo)]-

Appendix C. Deferred proofs in Section 3

C.1. Proof of Lemma 3.1

We first derive the expression of 6" in (7). For each X" € N, let S(X")={m:37 € " o
X™(m) = X1 be the collection of data batches X™ (™) which are permutations of X™. In addition,
for all m € S(X™), we use 7, to record the m-th permutation, i.e., 7, o X™ (™) = X" Note that
S(X™) only depends on the fype (or the sorted version) of X", denoted by T'(X™); in addition,
for a permutation-equivariant estimator 9" we only need to spemfy its output for each input type.
Therefore, the ERM objective in (7) takes a separable form on types, and for each type T, 6(X™)
(with input type T') is the minimizer of

Do Il == 30 6 — o B(X)

meS(T) meS(T)

= > mmoo™t™ —a(xm)|3.

meS(T)

This gives that
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whenever S(X™) # ; when S(X™) = 0, we set §”(X™) to an arbitrary vector in [0, A]".
To continue, we claim the following that connects the approximation error and regret bound
uniform over all Gy € P([0, A]), which we will defer the proof to Section C.1.1.

Lemma C.1 Let r,, be defined in Theorem 1.2. Let 6 > 0 and a set G C N" such that for all priors

Go € P([0, A]), we have fg‘j’gl(gC) < 4. Suppose an estimator 6" € [0, A" is an approximate
population risk minimizer on G, satisfying

1 -~
Bn |17 (X") ~ Bl | X ey < 2% 0)
Then for an absolute constant C' = C(A),

sup Regret(é\"; Go) <

Clogn < logn +n7,721>+c<5@”’”721+5).

Go nloglogn \loglogn

Wetake G = [0, L|" with L = C(A) log)ign, sothatd = O(2). We show thate < 1 exp(—nr2)

for the estimator 6" in (7) and M = exp(OA(légglzgnn +n12)). Let X = (X”’(m))me[M] denote the
collection of all X sequences in training data. We note that whenever |S(z")| > 1,

E[0"(z")|X] =

> Elmy 0 0™™|X] = Eg[0"| X" = 2",
meS(zn)

|S(am)|

where (0™, X™) is a single generic batch generated from II. By independence among batches, we
conclude from the above unbiasedness that

~ 1
B0 @) — Enlo"|X" = a3 X] = (g B0 — Enlo" X" = ") | X7 = 2"
nA?

eI

For |S(z™)| = 0, we simply replace the denominator by 1. Finally, taking expectation with respect
to X and x" gives

1 mn n n|yni|2 A2
E [nHH (X™) = En[0™|X ]”21{X”G[O7L]”}} <E [‘S(X,Wl{xne[o,/;]n}} .

To upper bound the final quantity, we sum over all possible types 7" obtained from [0, L]™. Let
p(T') be the probability that a fresh draw X™ ~ IIxn has type 7', then |S(X™)| ~ B(M,p(T)).
Consequently,

A? n Mo1/m 3
B []S(X”)\\/I)T(X )= T] =A% (1—p(T)" + A? ; - < L )p(T)k(l — p(T))M—*
(a)
< (1=p(T))" + min{1, Mpl(T)}
v 1
< min{1, Mp(T)}
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for some absolute constant C' > 0. Here (a) is due to (Polyanskiy and Wu, 2021, Lemma 16), and
(b) is due to the inequality (1 — 2)™ < min{1, 5=} for all 2 € [0,1]. Let N be the number of
types for X™ € [0, L]", with

N = (L : ”) _O((n+L)") =0 <exp(li§;)> .

Denoting T]En) as the set of all types in [0, L]", we may continue the previous display to get

: 1 p(T) _ N
28 minl iy ey 2 )

Therefore, by taking M = n%N exp(2nr2) < exp <O (hlgglignn + my%)), we obtain ¢ < %e*"’"gb,

as desired.

C.1.1. PrROOF OF LEMMA C.1

By Theorem 1.2 and the triangle inequality (a + b)? < 2(a? + b?), we only need to show that for
every G supported on [0, A],

Ec, [i\\éﬂ(xn) - EH[G”]X"]H%} <C (gem"% + 5) .
We first note that
Ec Eue?”(X") - En[e"rmu%l{xnegc}} < A%Pg,[X" € G < A%
hence it suffices to show that
Boo | 10"(X") = B\ X" 1B o) < Cemie

To this end, first note that the data distribution fg?: can be changed into fg?” for some G, in view
of Definition 2, by incurring a cost at most TV (f&", fg:) < nTV(fea, fa,) = O(%). Therefore,

WLOG we may assume that G = G and write
A S il
IIxn (ﬂfn) Eqgn [fé@n ($n)]

XCUExn) + 1= )

™ eNn " eN"
(2) 1 fgg‘(:c”)2
= T(0) 2 Boon, 2" (@)
(b) 1 9
< n|| £&N
1

wEGNHW [(XQ(fGonG) + 1)n]
(d)

< eE(n_Q,rn)+nri < 62"7’7217
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where (a) defines U := {G : x*(fa,llfa) < 3} and II; as the restriction of II to U, (b) follows
from convexity of x — % (c) uses the definition of U and Definition 2, and (d) uses the definition of
rp, that E(n=2,r,) < nr2. Next, we invoke the following form of the Cauchy-Schwarz inequality
on arbitrary distributions P and (), an event F/, and arbitrary nonnegative function g:

(Eplglim])? < Eqlg®1ip]OA(PIQ) + 1).

Using P = fé?f, Q=Txn,g= %H@”(X”) —En[0™X™]||3, and E denotes the event X" € G, we
conclude that

Eq, [91{xnegy] < \/62""’21 En |:921{X"69}:|

< \/62"7”% - A2Eq [gl{Xneg}} < Ce"ne.
This is the desired claim.

C.2. Proof of Theorem 3.1

To generalize our approach to subexponential priors, we consider the prior truncation techniques (as
generalized from Jana et al. (2023, Lemma 12)). In other words, we show that for any reasonable
estimator 6 and a prior G € SubE(s), we can find G’ supported on [0, ¢(s) log n] such that the extra
regret incurred by this prior truncation is at most O(2).

Lemma C.2 Let G € SubE(s), and consider any estimator o € [0, M]™. Denote G' as the prior
truncated at clogn where ¢ := c(s) is such that G(6 > clogn) < ﬁ and G'(0 € -) = G(0 €
|0 < clogn). Then
~ ~ 1+ M?
Regret(0"; G) < Regret(™; G') + O; <+4> .
n

The proof is deferred to Appendix C.2.1.

For the hierarchical Bayes estimator 67, since IT € P(P([0, cologn])), we have M = O(log n)
in Lemma C.2. Therefore, the overhead in Lemma C.2 is negligible, and we may assume that G is
supported on [0, ¢ log n].

Next we solve for ¢, and r,, in the posterior contraction lemma (Lemma 2.4). First, for P =
{fc : supp(G) C [0, cplogn]}, the same truncation argument (with the truncation threshold at

O (log n) rather than ©( bg’ign )) in Lemma 2.2 gives log Nioc(¢, P, H) = O(log n) for all 2 > %

logn
n

Therefore, we can take €2 = O(-222) for the inequality log Nioc (e, P, H) < ne2. Next, to upper
bound E(n~2,r), Lemma A.3 implies that every f; € P can be approximated by a finite Poisson
mixture with L = O(log n) atoms. Therefore, by the same arguments as in the proof of Lemma 1.1,
we get E(n=2,r) = O(log?n) for 2 > 1. so that we can take 12 = O(@) from the inequality
E(n=2%,r,) < nr2. Therefore, by Lemma 2.4 and integrating the tails, we obtain

log?n
B s B2 J)] = O ( . ) |
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with G, = Eger s [G] defined in Lemma 2.3.
We now conclude by connecting Hellinger distance regret bound by using the following tools
(Jana et al., 2025, Lemma 4): for G, Gy € P([0, A]) and any K € N,

Regret(6c; Go) < C(AKH?(fa, fa,) + ek (Go)),

with e (Go) = > >k fao(y). Standard Poisson tails yield that e (Go) < L for some K =

O(logn). Choosing G = G, taking expectation over G,,, and noting that A = ¢ log n, the regret
4
bound is now O(logT"), as desired.

C.2.1. PROOF OF LEMMA C.2

~

Denote the event £ = {max["_, 0; < clogn}; we have P[E°] < n~?. Let mmse(G) := ming Eg.[(0(X)—
6)?], i.e. the MSE achieved by the Bayes estimator. Then by Polyanskiy and Wu (2021, Eqn. (131)),

. N 1 ~
Regret(6™; G) < Regret(6™; G') + mmse(G’) — mmse(G) + Eq HHQ — 0|31 pey

By Wu and Verdi (2011, Lemma 2), mmse(G’) — mmse(G) < =-mmse(G) = Oy(e), with

e = G(0 > clogn) < n~1. It remains to bound E,[(§ — 0)*1{gey]: by Cauchy-Schwarz,

n4

1~ 1~ _ 1+ M?

where we have used that Eg[0*] = O4(1) for all G € SubE(s). This completes the proof.

C.3. Proof of Theorem 3.2

We first establish the rate of posterior contraction in the Gaussian case, by working out £, and 7, in
Lemma 2.4. To upper bound the local entropy log Nyo.(g, P, H) for the class of Gaussian mixtures
P = {fa(z) = Eopcle(x — 0)] : G € P([—A, A])}, we will overbound it by the global entropy
log N (e, P, H). We quote the following relationship between the TV distance of Gaussian mixtures
and moment matching (Wu and Yang, 2020, Lemma 9):

1/2

Z ‘EU’VGl EVNGQ [Vm] ‘2

1
TV(fa,, fa,) < <3 m!

Since H? < 2TV, by simple algebra and Carathéodory’s theorem, every fg, € P is O(%)—close to

a finite Gaussian mixture with L = O z(5 oglgogn) atoms. Therefore, by quantizing the atom locations

and weights of an L-component Gaussian mixture, we get

1 2
log N(n~ Y2, P H)=0 o8 )
loglogn

2 .
We can therefore choose ¢2 = O llsgl 57 in Lemma 2.4.
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The above approximation by an L-component Gaussian mixture also gives an upper bound of
E(n=2,r). Based on the finite Gaussian mixture, the same argument in the proof of Lemma 1.1
yields

log? 1
E(n~%r)=0(Llogn) = O 08 , ort> =
loglogn n

log?n
nloglogn

Therefore, we can take r2 = O( ) in Lemma 2.4, which gives

- 1 log”
fg(n 1) (HQ(ngafGn) > 062) <= _{_e—CTLEQ? for &2 > ﬂ,
0 n nloglogn
where G, = Egnr, [G] is defined in Lemma 2.3.
Finally we quote a state-of-the-art regret-Hellinger inequality in the recent work (Chen and Wu,
2026, Theorem 1):

1
log H%(fa, fa,)

Regret(fg,,; Go) < CH2(fGnafGo)l 0 1 .
08 108 T2 (T, Jag)

3
By the Hellinger guarantee above and tail integration, we obtain a regret of O(%) for 07,
as desired.

C.4. Proof of Theorem 3.3

The recent work (Kang et al., 2026, Lemma 16) tells that, for any G, G supported on [0, A] and
any K > p, we have

Eg, [(QG —QGO)Z] < C(A* + APKP)H? (fay, fa) + A% fa (X > K —p).

Taking K = C(A) log’fgo gn such that fo, (X > K —p) < n% the target regret bound is then a direct

consequence of the same Hellinger guarantee in Theorem 1.2 and Lemma 1.1:

log?n
E v [H2(fe, —o—2" ),
Xn-1a g v [H(fay fa.)] (nloglogn>

with G,, = Egq1 G/, where Lemma 2.3 implies that g1, = g¢,.-

G|X"7'71 [

Appendix D. Additional experimental details
D.1. Details of Experiments in Section 4.1

In this section, we mention the details of how the test priors are generated: they are the neural and
the multinomial prior-on-priors, which are different from the PoP we used in Algorithm 1 that we
use to train our transformer. Code release is available at https://github.com/Anzoteh96/
eb-transformers.
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Neural-generated prior-on-priors. This is described in Teh et al. (2025, Appendix A.2), repro-
duced here for clarity. We sample 6p,se € [0, A] via the following: first, let M be the set of priors
determined by some two-layer perceptron with a non-linear activation. This is defined as follows:

M={r:m= goéjvl’W%UUnif[O,A}}

where "V1:W2:7 () = Sigmoid (10Wao (Wi x)), W1, Wy are linear operators, and o is an activation
function chosen randomly from

{GELU, ReLU, SELU, CELU, SiLU, Tanh, TanhShrink}.

The test Poisson means 6y, are then produced by sampling from a mixture of 4 priors in M.

Multinomial prior-on-prior. Here, the prior-on-prior Ilest consists of priors in the form ]12,411 w;0 5
10
with (wy, -+ ,wi04) ~ Dir(1,1,...,1). In other words, the test prior is a discrete distribution uni-

formly chosen from the simplex over a fixed grid.

D.2. Details of Experiments in Section 4.2

Here, we describe how the experiments in Section 4.2 are set up. For each m = 2, 5, 10 we consider
1

N = 2,000 runs of sampling m priors Gy, - - , Gy, take the simple PoP as IT,,, = —- >~ dg,.
and choose the ones (among the N runs) such that the hierarchical Bayes of 1I,, has the highest
average regret across G, - , Gp,.

Next, we train a transformer that trains exclusively on Gy, ..., G,,. For all m = 2,5,10, we
take M = 200, 000 steps, and for each step ¢ we sample 200 batches, each in the form of (6", X™)
pairs sampled from G; where j = (i —1)%m + 1. The transformer architecture and training details

are identical to Teh et al. (2025).

D.3. Additional Results in Section 4.2

In this section we demonstrate some of the numerical results deferred from the main parts. Precisely,
we tabulate the results of c-posterior on m = 5 and m = 10, as tabulated in Figure 4 and Figure 5.
We see that the hypothesis that the transformers are doing a-posterior for o ~ "~ continues to
hold, despite larger error bars.
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Test seglen
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— 1000
T T T T T T T 10_4 T T T T T T T
0.02 0.05 0.1 0.2 0.5 1.0 2.0 0.05 0.1 0.2 0.5 1.0 2.0 5.0
Alpha Alpha
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107t 10-14 500
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n 07 0 102
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—— 500
104 — 1000
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(c)m =5,n =200 (d) m = 5,n =500

Figure 4: Mean squared distance between transformer output and the hierarchical Bayes estimator
using various a-posteriors, trained on m = 5 priors.
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o Test seqlen 1004 Test seqlen
10 50 50
100 100
200 200
— 500 . — 500
10714 — 1000 1074 — 1000
w w
Il 0
= =
10724 10724
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0.02 005 01 02 05 10 20 005 01 02 05 10 20 5.0
Alpha Alpha
(@)m =10,n =50 (b) m =10,n = 100
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1000
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(¢)m = 10,n = 200

(d) m = 10,n = 500

Figure 5: Mean squared distance between transformer output and the hierarchical Bayes estimator
using various a-posteriors, with m = 10 priors.

42



	Introduction
	Least favorable PoP and admissibility
	Universal PoPs
	Length generalization
	Related work

	Analysis via posterior contraction
	Preliminaries
	Posterior contraction
	Posterior contraction for the -posterior

	Discussions
	Finite number of batches
	More discussions on Poisson EB
	Gaussian EB
	Function estimation

	Numerical experiments
	Regret performance and length generalization
	Evidence on Bayesian inference

	Deferred Proofs in sec:intro
	Proof of Proposition 1.1
	Proof of Lemma A.1

	Proof of Proposition 1.2
	Proof of Lemma A.2

	Proof of Lemma 1.1
	Proof of Lemma A.4

	Proof of thm:length-generalization
	Proof of Lemma A.5
	Proof of Lemma A.6


	Deferred Proofs in sec:posteriorcontraction
	Proof of Lemma 2.1
	Proof of Lemma 2.2
	Proof of Lemma 2.3
	Proof of Lemma 2.4
	Proof of Lemma 2.5

	Deferred proofs in sec:discussion
	Proof of Lemma 3.1
	Proof of Lemma C.1

	Proof of Theorem 3.1
	Proof of Lemma C.2

	Proof of thm:simplepriorgaussian
	Proof of thm:simplepriorpolynomial

	Additional experimental details
	Details of Experiments in sec:performance
	Details of Experiments in sec:alpha-posterior
	Additional Results in sec:alpha-posterior


