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Abstract

We give the first instance-optimal sample complexity bounds for shadow tomography using few-
copy measurements in the high-precision regime. More concretely, we study the problem of learn-
ing expectation values of a given set of observables of an unknown quantum state to precision €
in L,-norm, using (possibly adaptive) measurements that act on one or a few copies at a time, and
we are interested in the regime that € is below some concrete and potentially dimension-dependent
threshold. In this setup, we prove the necessary and sufficient number of copies, for any given set
of observables, is characterized by a simple optimization formula involving a quadratic form of
the inverse Fisher information matrix up to a logarithmic factor. Our results establish a rigorous
correspondence between quantum learning and quantum metrology.

Keywords: Shadow tomography, High precision, Metrology, Fisher information

1. Introduction

A fundamental task in quantum information is to characterize an unknown or partly unknown state,
with applications in e.g. quantum sensing (Degen et al., 2017; Pirandola et al., 2018), quantum al-
gorithms (Dalzell et al., 2025), as well as benchmarking noisy quantum devices (Harper et al., 2020;
Hashim et al., 2024). There are two fields of research that have been devoted to conquering this task:
One is Quantum Learning; the other is Quantum Metrology. Despite the same over-arching goal of
understanding how efficiently one can extract information about an unknown quantum system, the
languages, techniques, and communities are surprisingly different.

Quantum metrology, or quantum estimation theory, is a topic with a long history and is widely
applied in experiments (Giovannetti et al., 2011; Degen et al., 2017; Pezze et al., 2018; Pirandola
et al., 2018). As a typical setting, a quantum state is parameterized by one or many unknown
parameters. The goal is to understand how precisely the parameters can be determined as the number
of available state copies goes to infinity. Modern theoretical quantum metrology research mostly
relies on (quantum) Fisher information and the (quantum) Cramér—Rao bound, which are powerful
tools in asymptotic statistics (Van der Vaart, 2000).

Quantum learning is a younger field, strongly influenced by the computer science and machine
learning community (Arunachalam and De Wolf, 2017). One typical question, known as shadow to-
mography (Aaronson, 2018), asks how many copies of an d-dimensional unknown state are needed
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to estimate a set of observables to certain precision . Crucially, instead of investigating the e — 0
limit, one is interested in the scaling of complexity with finite € and d. This falls into the regime of
non-asymptotic statistics, and people are using very different methods than those used in quantum
metrology research.

Nevertheless, many have wondered about the following question:

Can we establish a rigorous correspondence between quantum metrology and quantum learning?

We provide an affirmative answer by using quantum metrological approaches to solve an im-
portant open problem in quantum learning theory: namely, the instance-optimal sample complexity
for high-precision shadow tomography with few-copy measurements. At a high level, the problem
is to estimate many given observables of an unknown quantum states to € precision in L, norm,
with the restriction that each round of measurement acts upon one or a few number of copies. Here,
“instance-optimal” means the bounds depend on the set of observables, and “high-precision” means
we restrict € to be smaller than a concrete threshold that may depend on the dimension of the Hilbert
space and the specific set of observables. For this task, we essentially show that an intuitive bound
one would expect using Fisher information gives a tight characterization of the sample complexity.
Our results show that quantum metrology and learning are not only closely related in concept, but
has exact mathematical correspondence in an appropriate regime.

2. Results

2.1. Six problems: learning, estimation and distinguishing

Consider a d-dimensional Hilbert space. Let {O;}" be a set of linearly-independent (thus m <
d?—1) traceless Hermitian operators that we want to learn. Define the dual operator basis { Q4 }ae AU
{Ty}vep which form a complete basis of traceless Hermitian observables satisfying

tr(OiQa) =db;,, Vi,a€ A, tr(OZ‘Tb) =0, VieAbeB. 2.1)

Weuse A= {1,...,m}and B= {m+1,...,d*> — 1} to denote the set of indices for Q, and T}.
Now, fix any (known) reference quantum state pg, one can always parameterize any quantum state
p by . .
Pogi=po+ 5D 0aQat =D oiTh. 2.2)
ac€A beB
With these definitions, we are ready to introduce the following problems about quantum state learn-
ing, estimation, and distinguishing. p € [1, o] is a variable index in the following problems.

Problem 1 (Learning of observables with p-norm error) Given N i.i.d. copies of a quantum
state p, find estimators {6;}™ | such that (31, |tr(O;p) — 6;[P)Y/P < & with high probability.

Problem 2 (Estimation of parameters with p-norm error) Given N i.i.d. copies of a parame-
terized quantum state pg , for some known (but arbitrary) choice of po, {Qa}aca and {Ty}vep, find
estimators {0; Y7, such that (31", |0; — 0;|P)/P < & with high probability.

Problem 3 (Distinguishing between one and many states) Given some known (but arbitrary)
choice of po,{Qa}aca and {Ty}pep, and N identical copies of a quantum state that is either pgy or
po,, With equal probability, where 6 € R™ and ¢ € R¥~m=1 can be arbitrary unknown vectors
such that py. ., is well-defined and ||0||, = 3¢, distinguish the two cases with high probability.
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Learning Estimation Distinguishing
e
(Problem 1) (Problem 2) (Problem 3)
Oblivious Learning Oblivious Estimation Oblivious Distinguishing
(Problem 1) (Problem 2”) (Problem 3”)

Figure 1: Relationship between six problems. < means two problems are equivalent, and <= means
one problem is no harder than (reduces to) the other. Note that within each problem,
increasing p (or decreasing ¢) will not increase the hardness of the problem.

Problem 1 is a standard quantum state learning scenario, where p = oo is traditionally known as
shadow tomography where expectation values of observables are learned up to a constant addi-
tive error. In our work, we extend the discussion to a more general form of shadow tomography
where error is measured in p-norm norm for any p € [1, oc], and obtain tight bounds on the sam-
ple complexity in the high-precision regime where ¢ is sufficiently small. We assume the choices
of observables {O;}!" | are known to the experimentalists prior to the experiments, which allows
optimization of the learning algorithms based on the knowledge of target observables. As a result,
the bounds we obtain are instance-optimal, as functions of observables {O;}7",, which capture
different levels of difficulties when learning different types of observables.

To put the quantum state learning problem in the context of quantum state estimation where
techniques from quantum metrology are available, we first observe that Problem 1 is equivalent to
the state estimation problem Problem 2.

Proof [Equivalence between Problem 1 and Problem 2] We note that any state p can be parame-
terized as Eq. (2.2) because pg and {Qq}aca U {T}}pep form a complete basis of d-dimensional
Hermitian operators. Furthermore, 6, = tr(pO,) — tr(poO,). Thus, estimating 6, to p-norm error
is equivalent to estimating tr(pO,,) up to p-norm error because they differ only by a known, constant
vector. |

Hypothesis testing or distinguishing tasks are in general easier than learning (or estimation)
tasks, and they conveniently provide lower bounds on the resource required for learning tasks from
an information-theoretic point of view. The intuition is successful learning of quantum state proper-
ties can be used to distinguish different types of states. In our case, we consider a many-versus-one
distinguishing task where a reference state py is to be distinguished from pg , which is close to pg
under our p-norm metric.

Proof [Problem 3 is no harder than Problem 2] Consider the unknown state p given in Problem 3.
Let 0 be the estimator constructed from Problem 2. If p = po, |9 p < € with high probability; and
if p = po,p, 16 — ||, < e and |||, > ||6]l, — ||§ — 6]|, > 2& with high probability. Thus, by
deciding whether ||4)| p is closer to 0 or 3¢, Problem 3 can be solved with high probability by 6. m

As we will see later, when p = oo and ¢ is sufficiently small, Problem 3 is as hard as Prob-
lem 2 up to a logarithmic overhead. It implies the distinguishing capability can almost capture the
learning/estimation capability in certain regimes which in general does not hold.

Next, we consider a different but also practically relevant setting which we call oblivious learn-
ing or oblivious estimation. Here, instead of aiming at precisely estimating all expectation values
of observables, we need to only estimate a single observable chosen arbitrarily from a set which we
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call the L?-ellipsoid of {O; }I" 4,

{Oa =Y a;0;, YaeR" |af,= 1} , (2.3)
=1

where ¢ € [1, 00| satisfying 1/p + 1/q = 1 is the dual index to p. The choice of O, (i.e. the value
of a) will only be revealed after all quantum measurements are performed, forbidding any informed
optimization of the measurement prior to data processing—which explains the name “oblivious”.
Below we have the three oblivious versions of the previously defined learning, estimation, and
distinguishing problems.

Problem 1’ (Oblivious learning of an observable from L -ellipsoid) Given N i.i.d. copies of
quantum state p and an arbitrary o € R™ satisfying |||, < 1, where the values of o is revealed
after all quantum measurements are performed, find an estimators 64, such that | tr(>_." | «;O;p) —
Ou| < € with high probability.

Problem 2’ (Oblivious estimation of a linear function of parameters) Given N i.i.d. copies of
the parameterized quantum state pg , described by some known (but arbitrary) choice of po, {Qa }ac A
and {Ty}vep and an arbitrary o € R™ satisfying |||, < 1, with the values of o revealed after

all quantum measurements are performed, find an estimator 0., such that 100 — éa| < € with high
probability where 0, :== « - 0.

Problem 3’ (Oblivious distinguishing between two states) Given some known (but arbitrary)
choice of po,{Qa}aca and {Ty}pep and N iid. copies of a quantum state that is either py or
po,, with equal probability, where 6 € R™ and ¢ € R =m=1 can be arbitrary unknown vectors
such that py ,, is well-defined and ||0|,, = 3¢, with the values of (0, ) revealed after all quantum
measurements are performed, distinguish the two cases with high probability.

Analogous to the previous proof, we observe that Problem 1’ is equivalent to Problem 2, and is no
easier than Problem 3’.

Proof [Problem 3’ is no harder than Problem 2’] Let (6, o) be the revealed parameters and p be the
unknown state in Problem 3’. Pick o € R™ such that o - 0 = 3¢ and [|af|, = 1. Let 0, be the

estimator constructed from Problem 2°. If p = py, |éa] < ¢ with high probability; and if p = pg .,
lav- 0 — 0a| < € and |0a] > |o- 0] — |0q — - 0] > 2¢ with high probability. Thus, by deciding
whether |6, | is closer to 0 or 3¢, Problem 3 can be solved with high probability by 6. |

Moreover, the oblivious versions of tasks described above are no harder than the original learn-
ing, estimation and distinguishing tasks. While Problem 3’ is trivially no harder than Problem 3, the
relationship between Problem 2’ and Problem 2 can be seen from the following.

Proof [Problem 2’ is no harder than Problem 2] Consider Problem 2 and let 6 be an estimator
satisfying || — 0|, < e with high probability. Then 0n = o - 0 solves Problem 2’ because |ov - 6 —
a-0] < HquHé — 0||, < € using Holder’s inequality. [ |

Oblivious estimation fits well into the “measure first, ask questions later” regime where the
observable of interest is determined after the experiments. In our case, O, can be chosen freely as
any linear combination of {O;}!" . As a result, the oblivious estimation task is also challenging
to solve. As we will see later when p = o0, the oblivious estimation and the original shadow
estimation tasks have the same sample complexity up to logarithmic overhead.
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2.2. Oblivious estimation from L?-ellipsoid

In this section, we summarize the results we obtain on oblivious estimation and distinguishing
tasks (see also Table 1). In particular, we will show tight upper and lower bounds on the sample
complexity in the high-precision regime, i.e. when the target precision ¢ is sufficiently small.

Theorem 1 (Oblivious estimation with one-copy measurements, informal) Given any p €
[1,00], to solve Problem 1°, Problem 2’ or Problem 3’ with (adaptive) single-copy measurement
protocols, there exists a threshold on the target precision € below which

N =06 <W> 2.4)

e2

copies of quantum states p are necessary and sufficient. Here T’ gb({Oi}ﬁl) is a positive function
of the observables defined by

rP({o;}™,) := inf T(I(po, M)~! , 2.5
P ({ z}zq) A/}rel/vtpilelgo ”gﬁ%}g{la ( (Po ) )AAa (2.5)

where I(po, M) is the Fisher information matrix (FIM) I(pg,,, M) of measuring pg , with mea-
surement M at (6,¢) = (0,0), M is the set of all single-copy measurements, S° is the set of all
full-rank density matrices and A A denotes the upper-left matrix block of I(po, M ) when indices are
restricted to a € A.

Theorem 1 provides tight bounds on the sample complexity required to obliviously estimate ob-
servables from the L-ellipsoid of {O;}7,. Here the function I'5"({O;}1,) fully characterizes
the sample complexity required to perform oblivious estimation or distinguishing tasks in the high-
precision regime. To understand the operational meaning of I‘gb({Oi}i’il), we first note that the
FIM

I(po, M)ew =Y (2.6)

xT

tr(ReMy) tr(Re My) Ro_ Qo c=ac€A,
tr(poMy) ’ "\, c¢c=beB.

characterizes the amount of information a parameterized quantum state contains about unknown
parameters that can be extracted from quantum measurement M = {M,},. Its inverse is consid-
ered an asymptotically attainable lower bound on the variance of estimators by the Cramér—Rao
bound (Kay, 1993; Lehmann and Casella, 2006). Here the scalar o' (I(pg, M)~')4xa exactly
corresponds to the variance of the 6, estimator for different . The maximizations over « and
po are due to our requirement that the estimation is oblivious for all o and the algorithm applies to
arbitrary reference state pg. The minimization over measurements M guarantees the optimal single-
copy measurement is chosen. In particular, adaptivity (i.e. the ability to adjust later measurements
based on previous measurement outcomes) provides no advantages, once the high-precision regime
is reached. Finally, it is a mathematical property that the function (I(pg, M)~1) 44 is independent
of different choices of dual bases { Q4 }aca, {Th}rea (satisfying Eq. (2.1)), and is solely a function
of observables {O;} ;. It implies although choosing different dual bases might affect the sample
complexity required to distinguish pg , from pg, the influence is negligible in the high-precision
regime.

To understand the threshold behavior, we explain the derivation of the lower and upper bounds
separately. Our lower bound is derived through the distinguishing task (Problem 3’) where the goal
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Oblivious estimation from L?-ellipsoid | Shadow estimation with p-norm error

Tasks (Problems 1’ and 2°, p € [1, 00]) (Problems 1 and 2, p € [1,00])
QTP ({0i}L)/2?)
Lower bounds for many- (e < n°P, single-copy) Same as the left column
) stineuishi
versus-one distinguishing Q(ng({Oi}ﬁl)/(CEQ))

(applying to Problems 37) (e < min{n°*, R, c-copy) Same as the left column

Lower bounds for

unbiased, bounded Q(F‘;b({Oi}Zil)/(cag 108;(1/5))) Q<Fp({0i}§11)/(052 IOg(ml/p/E))>
estimation (c-copy) (c-copy, p € [2,0])

Upper bounds using O<ng({0i}ﬁl)/€2) O(log(m)I‘p({Oi}?;l)/g)

the two-step method (e < 7°P, single-copy) (e <7, single-copy)

Table 1: Summary of results. We use two different methods to derive lower bounds on the sample
complexity using c-copy measurements. The first method is detailed in Appendix C where
lower bounds and corresponding thresholds are derived for Problem 3’ using the learning
tree method. The second method is detailed in Appendix D where lower bounds are de-
rived directly for Problems 2 and 2’ using the Cramér—Rao method assuming unbiased and
bounded estimators. Explicit algorithms are provided in Appendix E using the two-step
method where state tomography is first used to find a nearby state and locally optimal es-
timation is then used to achieve the target precision.

is to distinguish all well-defined py ,, with ||0[|,, = 3¢ from po. For any £ > 0 without threshold, we
show a lower bound equal to

-1
Q| inf 0,0) " I(po, M)(0 : 2.7
(ﬁEM;EEOw,@)?E%?wo, (6.0) (o0, 10)(8.0)) ) @7
GP:SE

Here (0, ) " I(po, M) (6, ) can be interpreted as the Fisher information corresponding to a specific
instance of state py ., satisfying the well-definedness constraint pg , = 0 and ||6|,, = 3¢. In order
to distinguish successfully all instances from pg, we maximize the function over all possible (6, ).
In fact, we show the duality between p- and ¢g- norms guarantees

e ((0,9) " I(po, M)(0, )" = hax, a' (I(po, M) ") anc. (2.8)

That means in order to prove Eq. (2.4) as a lower bound for the distinguishing task, it is suf-
ficient to remove the constraint pg , = 0 from Eq. (2.7), which is possible by introducing a
threshold. One trick we apply here that allows us to consider only states in S/ = {plp =
/2 +1/(2d), for some density matrix o'} is to observe that I(3po + 55, M) = 2I(po, M), which
means mixing po evenly with a maximally mixed state % does not change our lower bound up to
constant. This allows us to derive an explicit formula of a valid threshold 1° as a function of
{O;}™, below which Eq. (2.4) is a lower bound.

Conceptually, the requirement of a threshold in the lower bound implies that the distinguishing
task may be fundamentally easier to solve than the estimation task when ¢ is too large, where the
ensemble of states {pg,, } satisfying [|6|,, = 3¢ may no longer be a good hypothesis to characterize
the difficulty in parameter estimation because pg ., is not well-defined for too many (6, ¢). For the
special case of oo-norm Pauli estimation, however, the distinguishing task provides a tight lower
bound for all € > 0 (Chen et al., 2024b) (when using single-copy measurements)—this is because
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restricting (6, ¢) to the set of (e;, 0) where e; € R is a vector that is 1 in the i-th entry and 0 in the
others does not change the value of Eq. (2.7). However, it is unknown whether the same property
holds for general p € [1, oo] and general observables.

The upper bound is derived using a two-step method where state tomography is first used to
find a nearby state and locally optimal estimation is then used to achieve the target precision. The
two-step method is traditionally used in quantum metrology to show the attainability of the Cramér—
Rao bound asymptotically, i.e. when taking the limit ¢ — 0 and allowing infinitely many samples.
We instead demonstrate the usefulness of the two-step method in a finite-sample regime, that was
rarely explored previously, bridging a gap between quantum metrology and quantum learning. One
interesting result we manage to show is the locally optimal estimator from quantum metrology is
globally optimal (up to a constant factor) and unbiased within a finite-size region containing pg.
The bound in Eq. (2.4) is tight when the sample complexity required in the pre-estimation stage for
finding the finite-size region is negligible. To bound it, we again restrict our discussion to states in
S /2 using the state mixture trick, and show state tomography that determines a nearby state within
O(1/d) in co-norm distance away from p is sufficient for our purpose. When the target precision ¢
is too large, the pre-estimation stage can be too costly, making our algorithm suboptimal.

In practice, the assumption of adaptive single-copy measurements can be too restrictive some-
times because entangled measurements across a few copies of states are also feasible on certain
experimental platforms (Huang et al., 2022) and they can sometimes bring substantial improve-
ment in sample complexity. For example, for co-norm Pauli estimation within the low-precision
regime (e.g., ¢ = 0.1), even two-copy measurements can provide exponential sample complexity
reduction compared to single-copy protocols (Chen et al., 2024b; Huang et al., 2021). However, for
oo-norm Pauli estimation within the high-precision regime (e.g. when & = O(1/d'/?)), multi-copy
measurements provide no substantial advantages over single-copy measurements unless measure-
ments across an exponentially large number of copies are available. Here we observe a similar
phenomenon for general oblivious estimation.

Theorem 2 (Oblivious estimation with c-copy measurements, informal) Given any p € [1, o],
to solve Problem 1’, Problem 2’ or Problem 3’ with (adaptive) c-copy measurement protocols, there
exists a threshold on the target precision € below which

N-q (W)}”lﬂ) (2.9)

ce?
copies of quantum states p are necessary.

Theorem 2 implies allowing entangled measurements across c copies of states can at most bring a
O(1/c) advantage in the sample complexity in the high-precision regime. When c is not too large,
e.g. ¢ = O(polylog(d)), the reduction in sample complexity will also be at most polynomial. We
prove the result by first bounding the lowest-order part of the sample complexity for small &, and
then find a threshold on ¢ below which the higher-order terms are negligible.

Finally, we note that an alternative method to derive lower bounds for Problems 2’ (and Prob-
lem 2 in the later section) is through the Cramér—Rao bound. It provides a lower bound on the
variance of any unbiased estimator given by the inverse of the FIM. Assuming estimator values
are always bounded away from true values by at most a constant, the variance of estimation can
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be directly converted to the oblivious estimation error or the p-norm error with a logarithmic over-
head (see Table 1). The bound holds for arbitrary € > 0 without any threshold, as we restrict our
discussion to unbiased, bounded estimators and are no longer considering the distinguishing task
(Problem 3°).

2.3. Shadow estimation with p-norm error

Above we provide tight bounds for the oblivious estimation and distinguishing tasks. They can be
fundamentally easier than the shadow estimation task. Luckily, our two-step algorithm applies also
to the general shadow estimation tasks, and the Cramér—Rao method to derive lower bounds also
(partly) applies here. As a result, we have the following theorems.

Theorem 3 (Shadow estimation with one-copy measurements, informal) Given any p € [1, ],
there exists an unbiased estimation algorithm using single-copy measurements that solves Problem 1

(and Problem 2) using
N=6 <FP({(;2}=1)> (2.10)

copies of quantum state p when the target precision ¢ is below a threshold. Here ng({Oi}?ll) isa
positive function of the observables defined by

Ip({0i}iLy) = inf Sup
POES®

2
diag ((I(po, M) ") 4a)" 2”; 2.11)

where diag(-) represents a diagonal matrix whose diagonal entries are those of (-) and ||-||,, repre-
sents the Schatten p-norm of matrices. In particular, for p € [2,00], Eq. (2.10) is also necessary for
any € > 0 when assuming unbiased and bounded estimation.

Theorem 4 (Shadow estimation with c-copy measurements, informal) Given any p € (2, 00],
to solve Problem I (and Problem 2) with (adaptive) c-copy measurement protocols,

N=0 <FP({O"}&)) (2.12)

ce?

copies of quantum states p are necessary, when assuming unbiased and bounded estimation.

To understand why the Cramér—Rao method and the two-step method still apply to the shadow
estimation tasks, we note that they provide lower and upper bounds on the variance of estimators
which can be converted to and from our p-norm error using standard statistical techniques like
median-of-means estimation. One special point is we can only prove lower bound on cases with
p > 2 because when p € [1,2), it is not guaranteed a small p-norm error can lead to a small
variance of estimation. The result on few-copy measurements follows from a property of FIM,
where increasing ¢, the number of copies of states, can at most increase the FIM by O(c?).

We note that when p = oo (which corresponds to the traditional shadow estimation scenario),
the two tasks are equivalent in the high-precision regime up to logarithmic overhead.



INSTANCE-OPTIMAL HIGH-PRECISION SHADOW TOMOGRAPHY WITH FEW-COPY MEASUREMENTS

Corollary 5 (Equivalence between shadow estimation and oblivious estimation, p = o0) Let
p = oo. When ¢ is below a threshold, the necessary and sufficient sample complexities to solve
Problem 1 and to solve Problem 1’ using (adaptive) single-copy measurements are both

N=6 <F°°({602i}zm1)> | 2.13)

where
Poo({O}21) = TL({O}) = inf sup, max(I(po, M) ™) aa- (2.14)
The equivalence can be understood from two different perspectives. On one hand, it directly follows
from our instance-optimal bounds (Theorem 1 and Theorem 3), and the mathematical property that
Lo ({0:}™,) = TL({O;}™,). On the other hand, we can use any algorithm that can solve the
oblivious estimation task to solve the shadow estimation task by estimating each observable O; one
by one. As a result, if the sample complexity of the oblivious estimation task has a § dependence
of O(log(1/9)) where § is the failure probability—which is satisfied by our algorithm—then the
d dependence becomes O(log(m/d)) in shadow estimation by union bound, introducing at most a
logarithmic overhead.
Finally, as an example, we show in Appendix F when {O;} , is the set of all Pauli observables,

. O(dlogd), ifp € [2,00], \
Q(d) < T < O(d) <Ty < O(dlogd). (215
(@) =Ty’ < O(d%*logd), tpefy, @<lz<0dlogd. QL)

The scalings of our thresholds (see Table 1) are

b (gd 2, ot logd)~2/c),ifpe1,2),
e { Jlogd)~2 /), ifp € [2,00]

Qd~ 7"

7>7°=Q@ Y. (2.16
d- n>n (d™). (2.16)

+

(SIS AN
L A T

The p < oo case was previously unknown to the best of our knowledge.

Throughout our results, the thresholds can scale inverse polynomially in dimension (i.e., expo-
nentially in n). We emphasize that this threshold is necessary: For Pauli observables and infinite
norm learning, it was shown that learning all Paulis up to ¢ error requires ©(min{d/e2,1/e*})
samples (Chen et al., 2024b). This necessitates a threshold of d~'/2 in order for the ©(d/e?)
term—which corresponds to our sample complexity bound—to become the dominant term. Note
that when the number of observables is polylog(d), our lower bound threshold may be improved to
1/polylog(d). However, our upper bound threshold is still O(1/d) and it is unclear whether this is
a proof artifact or fundamental. In the revision, we will discuss the necessity of exponentially small
thresholds. Finally, the high-precision regime is practically relevant for sensing. For example, in the
task of imaging of weak incoherent light sources with d telescopes, a d-dimensional single-photon
state is detected where each entry of the density matrix scales as O(1/d). The image informa-
tion can be recovered from the Fourier transforms of these entries (Zernike, 1938; Khabiboulline
et al., 2019). In this setting, achieving a learning precision of O(1/d)—and hence operating in the
high-precision regime—is essential.

3. Technical overview

In this section, we provide an overview of the techniques for all theorems mentioned so far.
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3.1. Learning tree method for single-copy measurements

Our lower bounds for the oblivious distinguishing task in Problem 3’ (and thus for all remaining
problems) throughout this paper exploit and improve the well-established “learning tree” framework
gradually developed in a series of work (Aharonov et al., 2022; Bubeck et al., 2020; Chen et al.,
2022b, 2023b; Chen and Gong, 2025; Chen et al., 2024b). From a high level, we model any (adap-
tive) learning protocol as a decision tree, and a choice of the underlying unknown state p results
in a distribution on the leaves. We then consider the ensemble py , parameterized by dual observ-
able bases {Qq, Th}acapen With A = {1,...,m} and B = {m + 1,...,d> — 1}, and § € R™ and
(NS R =m=1 We argue that the resulting distributions on leaves are statistically indistinguishable
from the distributions on leaves for py unless the depth of the tree is sufficiently large. In this paper,
we take the parameterized ensemble py , to be randomly sampled from a probability distribution
7. Here, py,, is defined to be pg , = po + é Y aca 0aQa + % > ven ©o1h, Where pg is the density
matrix in the null hypothesis, and § and ¢ can be arbitrary vectors such that pg , is well-defined
and ||[|,, = 3e. We utilize the learning tree model equipped with martingale analysis (Chen et al.,
2023b; Chen and Gong, 2025; Chen et al., 2024b) to obtain a sample complexity lower bound in
Eq. (2.7) for (adaptive) single-copy measurement protocols. The detailed derivation is provided in
Appendix C.1.

3.2. Duality between distinguishing and estimation, and the threshold on ¢

We have shown earlier that the (oblivious) distinguishing task Problem 3(3’) is no harder than the
(oblivious) estimation task Problem 2(2”). For Problem 2’, we can obtain a lower bound of Eq. (2.4)
claimed in Theorem 1 for 1/p + 1/q = 1 using the following quantum metrology argument. We
first note that the inverse of the FIM is an asymptotically attainable lower bound on the variance of
estimators by the Cramér—Rao bound (Kay, 1993; Lehmann and Casella, 2006). We then show that
the scalar ' (1(po, M)~1) 44« exactly matches the variance of the estimator for 6, asymptotically
with at most poly-logarithmic overhead. We then minimize over vectors o and states pg as the
estimation is oblivious for all « and any reference state pg, and maximize over measurements M as
we can use the optimal single-copy measurements. Showing that adaptivity provides no advantages,
we reach the lower bound claimed in Theorem 1 for Problem 2.

To bridge the gap between Eq. (2.7) and Eq. (2.4), we show the duality between p- and g-norm
as in Eq. (2.8). However, we note that the (6, ¢) satisfy not only the constraint [|¢]|,, < 3¢, but also
the well-definedness of the quantum state pg , (i.e. pg,, = 0). Therefore, we still need to remove
the constraint of py , = 0 to reach the lower bound for Problem 3’ claimed in Theorem 1.

An immediate thought is to hope that there is some threshold 7 such that we can drop py, = 0
when & < 7. Unfortunately, even when {Q,} is complete and thus A = {1,...,d*> — 1},B = @,
there does not exist such a choice of 7 that applies to all pg as it can be close to the boundary of the
density matrix space. However, we can restrict the range of py within S /, as the set of (1/2,1/2)
linear mixture state of the maximally mixed state and a full rank state, without decreasing Eq. (2.7).
When {Q),} is complete, I(pg, M) is diagonal and we can choose a threshold 7 to ensure that pg
is always well-defined and drop the verbose constraint pg , = 0. We refer to Theorem 14 for the
detailed derivation.

However, when {Q,} is incomplete, I(pg, M) is not naturally block-diagonal. = To
address this issue, we consider the following linear transformation between (Q 7)) =

(@1 Q2 -+ Qu Tin1 Trng2 -+ Tp_1) and (Q"T") = (Q1 Q3 - Q1 Ty Thin -+ Tio )
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related by (Q',T") = (2Q + TCh,TCy), where we Cy € RIBIXIAl — R&®—1=mxm anq O, €
RIBIXIBl = Rd*~1-mxd*~1-m represent linear transformations on the matrix blocks. Here, C
can be arbitrary and C> needs to be invertible. As a result, the corresponding FIMs are related
by a corresponding linear transformation. Finally, we only need to take Cs = I, which means
T' =T and C; = —(1(po, M)pr)*1(po, M)pa, where (I(po, M)pp)~" is the pseudoinverse of
I(po, M) pp on its support. The corresponding choice of basis Q' = @ + T'Cy makes the corre-
sponding FIM I(pg, M)’ block-diagonal. We can choose a threshold 7 to ensure that py , is always
well-defined and drop the verbose constraint pg , = 0. We refer to Theorem 16 for the detailed
derivation.

3.3. Learning tree method for few-copy measurements

We now consider generalizing the above lower bound argument to c-copy measurements. For tech-
nical simplicity, we slightly modified Problem 3’ and allow the reference state pgy to be randomly
chosen. Fix T in the dual basis. Let D denote the set of all probability distributions of (po, Q,9, ®)
where Q = Q + TC; for arbitrary C; and some fixed ). We can then use the minimax theo-
rem (Sion, 1958) to change the sequence of minimization over D and maximization over M. An
important property implied by the above argument is that, assume 7* is a nearly optimal distribu-
tion for some fixed 7" and A.,7(po, Q, 0, @) := cam(po, Q, 0, c20), A, for any c; > 1is also a
near-optimal distribution with a constant overhead independent of cs.

Using the learning tree framework, the sample complexity bound for Problem 3’ using c-copy
measurements is (c/x.(0)), where dp,(O) = supy ey, inf,, ming ) X3, (pg%c 15¢). We
then relax pg to be randomly chosen, and decouple /a4, (O) into the first-order term that depends
on one copy and the higher-order terms that depend on more than one copy. We first argue that
the first-order term exactly scales as c? times the single-copy d¢(O). For the higher-order terms,
we can apply the A., transformation to infinitely squeeze in the domain of ¢ and collapse the
distribution into a delta function. As a result, we can reduce the upper bound on the higher-order
terms into an optimization problem only over (distributions of) pg, M, and 6. We then compute the
threshold on € such that the higher-order terms are negligible compared to the first-order term. The
detailed derivation is provided in Theorem 18.

3.4. Cramér—Rao method

The Cramér-Rao bound (Kay, 1993; Lehmann and Casella, 2006) states that V(pg, M, é) >
I(pg, M), where V (pg, M, §) is the mean square error matrix (MSEM) of an unbiased estimator
6 when performing a single-copy measurement M on a parameterized state py. In our case, we
assume unbiased and bounded estimators when estimating py . To prove the lower bound on the
shadow estimation problem (Theorem 20 for Problem 2), we apply the following techniques: (1)
we prove a lower bound on the number of repeated single-copy measurements needed to achieve
a certain p-average root mean square error (RMSE), which is essentially the p-norm of the square
root of the diagonal elements of the MSEM, directly using the CR bound; (2) we show that when
p > 2, if an estimator has a small p-norm error, then it can also achieve a small p-average RMSE
with a logarithmic overhead; (3) we prove that adaptivity in measurements does not decrease the
value of the lower bound using the chain rule of Fisher information. Here we require the estimator
to be bounded in order to rule out the possibility that the estimator takes very large values on a neg-
ligible support which may potentially contribute non-negligibly to the p-average RMSE. To prove
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the lower bound on the oblivious estimation problem (Theorem 19 for Problem 2’), the steps are
very similar, except that in the second step the conversion from additive error to RMSE applies to all
p € [1, 00]. Finally, in order to prove the lower bounds with c-copy measurements (Theorem 21), we
use a previously used technique in Theorem 18, which shows I(p5¢, M)Y/2 < 3¢ | I(po, GI1)1/2,
where M is a c-copy measurement and G[? is some single-copy measurement that depends on M,
po and <. It then implies for any c-copy measurement M, there is some corresponding single-copy
measurement G' such that I(p3°, M)/2 < cI(pg, G)'/2. As a result, the c-copy lower bounds are
at most a factor of 1/c smaller than the single-copy lower bounds.

3.5. Two-step method: from local to global estimation

The two-step method is traditionally used in quantum metrology to show the attainability of the CR
bound (Barndorff-Nielsen and Gill, 2000; Hayashi, 2011; Yang et al., 2019). In those cases, one
starts from a locally unbiased estimator, whose expected value equals the true parameter value at
(and infinitesimally around) a specific point, that achieves the CR bound at that point. The goal
is to show that, without any prior knowledge of the location of the point, one can still achieve the
CR bound asymptotically. If N is the total number of samples, the two-step method first uses a
negligible number of samples, e.g. /N, to obtain a coarse estimate of the parameter, and then
applies the locally unbiased estimator defined at the coarse estimation point. The attainability of the
CR bound as N — oo can be shown when suitable bounds on the convergence rate are available.

In the context of quantum learning, we aim to obtain the sample complexity needed for a finite
target precision. The main challenge is to apply the two-step method in a non-asymptotic manner,
and the advantage we can leverage is that we allow a logarithmic-factor discrepancy, whereas in
quantum metrology the CR bound must be strictly attained. To find algorithms that saturate our
lower bounds up to a logarithmic factor (Theorem 25 for Problem 2, and Theorem 26 for Prob-
lem 2”), we first show that within a region .4"(pg) around a specific point pg, the locally unbiased
estimator at py achieves the CR bound up to a factor of two for any state in .4 (pp). The key obser-
vation is that py ., is linear in 6, such that any locally unbiased estimator of ¢ must also be a globally
unbiased estimator. To find a coarse estimate jg of p such that p € 4(pg), we show that it is suffi-
cient to apply state tomography with a O(1/d) inaccuracy in operator norm. Here we consider only
states whose minimum eigenvalues are above 1/2d, as we can always add artificial depolarizing
noise into the system. Finally, by allowing a logarithmic overhead, we turn our estimator, which has
a small p-average RMSE, into an estimator with a small p-norm error using the median-of-means
estimation. In order to attain the lower bounds, we need € to be small enough such that the coarse
estimation step takes a negligible number of samples.

4. Discussion and outlook

In this work, we give an instance-optimal characterization of high-precision shadow tomography—
generalized to p-norm error—by expressing the fundamental sample complexity through Fisher-
information-based quantities I',, and ', and showing the (:)(Fp /) scaling below explicit thresh-
olds with matching upper and lower bounds in the relevant regimes. Our results also clarify the
role of experimentally feasible entanglement: in the high-precision regime, c-copy measurements
can improve the leading term by at most a factor O(1/¢), indicating substantial asymptotic gains
would require access to measurements across much larger numbers of copies. Conceptually, the
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work bridges quantum learning and quantum metrology by demonstrating that a finite-sample two-
step procedure—coarse localization via tomography followed by locally optimal estimation—can
be near-globally optimal on a finite neighborhood rather than only asymptotically. Below, we men-
tion some concrete open questions closely related to the current work.

Linearly-dependent observables. It would be interesting to consider linearly dependent observ-
ables. We can consider (wlog) estimating o € R™ through o = W6, where W € R™*" is isometric
and § € R" and replace 6 and o with W8 and W« in the definitions of Problems. We expect
our two-step method and Cramér-Rao method to still apply because the mean square matrix wrt o
is equal to that wrt # under a congruent transformation. The learning tree method, however, will
be problematic in general, because the new Problem 3’ no longer reduces to Problem 2°. This is
roughly because p-norm is not invariant under isometric transformation, except when p = 2, a
special case where we expect our learning tree method to directly apply.

Closed-form thresholds. We have derived high-precision thresholds matching the lower and upper
bounds up to logarithmic factors. For incomplete observables, we give a construction via a basis
transform that yields a valid threshold. It is interesting to explore if we can turn these constructive
thresholds into genuinely closed-form and ideally tight characterizations expressed directly in terms
of the observables.

Entangled measurements on a large number of samples. We have investigated protocols with
joint measurements across ¢ copies at ¢ = polylog(d) in the high-precision regime. However, it
remains open to study protocols with entangled measurements on a large number of samples (e.g.

¢ = poly(d)).

Conditions for a polylog(d)~! threshold. As we have explicitly computed for the case of Pauli
observables, the threshold for the high precision regime scales as poly(d)~!. It is natural to ask if
we can identify the conditions on the set of observables and the index p such that the threshold for
the high precision regime scales as polylog(d) ..
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Appendix A. Related works

Technically, the lower bounds proved in our work rely on the tools that improved upon the refined
learning tree framework from a line of aforementioned works (Bubeck et al., 2020; Chen et al.,
2022b, 2023a; Chen and Gong, 2025; Chen et al., 2024b). Here, we mention some other relevant
works.

Shadow tomography. The most standard task in quantum learning is quantum state tomography,
which completely recovers the density matrix of an unknown quantum state to high accuracy in
trace norm or fidelity (Banaszek et al., 2013; Blume-Kohout, 2010; Gross et al., 2010; Hradil, 1997).
Unfortunately, quantum state tomography suffers from an unavoidable exponential scaling on the
system size in sample complexity (Haah et al., 2016; O’Donnell and Wright, 2016).

To circumvent this exponential barrier, a widely studied alternative task is shadow tomogra-
phy (Aaronson, 2018), the goal of which is to estimate the expectation values of a set of m ob-
servables or measurements (up to certain additive, i.e. oo-norm, error). A line of works has pro-
posed sample-efficient algorithms using poly(log m, n, 1/¢) copies of unknown quantum states and
highly entangled measurements (Aaronson, 2018; Aaronson et al., 2018; Aaronson and Rothblum,
2019; Béddescu and O’Donnell, 2021; Brandao et al., 2019; Gong and Aaronson, 2023; Watts and
Bostanci, 2024). Up to date, the gap between the best known sample complexity upper bound
scaling as O((log® m)n/e*) (Bidescu and O’Donnell, 2021) and the well-known lower bound of
Q(log m/e?) remains an open question. More recently, an optimal shadow tomography protocol
with sample complexity O(logm/c?) is proposed in the high precision regime of ¢ < d~12 (Chen
et al., 2024c), with a very recent breakthrough improving this threshold to ¢ < d~! (Pelecanos
et al., 2025). From the lower bound perspective, it is known that an Q(min{2" /2, 1/&%}) scaling
is necessary if one can only perform joint measurements on a restricted number of copies even for
estimating all Pauli observables (Chen et al., 2024b).

All above protocols and limitations assume access to highly joint measurements, rendering them
impractical to implement on near-term devices. In settings of shadow tomography with single-copy
measurements, the classical shadows protocol of Huang, Kueng, and Preskill (Huang et al., 2020)
requires O(2"logm/e?), which is proved to be optimal up to log factors when m > 2" (Chen
et al., 2022b). The algorithm is designed to use random basis measurements to produce a classical,
unbiased estimator of the state, which is then used to predict arbitrary observables. Following
this random scheme (Elben et al., 2023), more randomized unitaries and measurements are widely
applied in quantum device benchmarking (Knill et al., 2008; Dankert et al., 2009; Emerson et al.,
2005), and quantum learning and tomography (Elben et al., 2023; Brydges et al., 2019). Note that
with few-copy measurements, efficient sample complexity can be achieved for Pauli estimation
when the target precision is low, but not in the high-precision regime (Huang et al., 2021; Chen
et al., 2024b; King et al., 2024).

Our work also discussed protocols with single-copy and few-copy measurements, with a pio-
neering focus on instance optimality and general p-norm error, which can be regarded as part of a
larger body of recent results exploring how local and joint measurements for various quantum learn-
ing tasks affect the underlying statistical complexity (Aharonov et al., 2022; Bubeck et al., 2020;
Chen et al., 2022a, 2024a; Seif et al., 2024; Chen et al., 2021; Ye et al., 2025; Ndéller et al., 2025;
Chen et al., 2022c; O’Donnell and Wadhwa, 2025; Chen et al., 2022d; Fawzi et al., 2023; Huang
et al., 2022, 2021; Chen et al., 2024d). We refer to the survey (Anshu and Arunachalam, 2023) for
a more thorough overview along and beyond this line of work.
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Quantum metrology. Quantum metrology studies optimal measurements for estimating param-
eters of quantum systems with locally unbiased estimators (Giovannetti et al., 2011; Degen et al.,
2017; Pezze et al., 2018; Pirandola et al., 2018). For estimating quantum states parametrized by a
single parameter, the quantum Cramér—Rao bound characterizes the ultimate precision limit of esti-
mating one parameter in quantum states through the quantum Fisher information matrix (Helstrom,
1967, 1968, 1969; Holevo, 2011; Braunstein and Caves, 1994; Barndorff-Nielsen and Gill, 2000;
Paris, 2009), which is the classical Fisher information matrix maximized over all possible quantum
measurements on quantum states. However, when estimating quantum states parametrized by mul-
tiple parameters, there are cases where the quantum Cramér—Rao bound and the quantum Fisher
information matrix are not achievable even asymptotically.

To address this measurement incompatibility issue, one solution is to minimize the weighted
sum of estimation variances for a fixed given cost matrix instead of optimizing the estimation
variances for all parameters. In Ref. (Holevo, 2011), a well-known lower bound, known as the
Holevo Cramér—Rao bound, is proposed for the weight sum and has been further studied by a line
of works (Albarelli et al., 2019a; Gérecki et al., 2020; Tsang et al., 2020; Sidhu et al., 2021; Hayashi
and Ouyang, 2023; Gardner et al., 2024). In the setting of asymptotically many copies where one
can perform joint measurements on infinitely many copies of quantum states, the Holevo Cramér—
Rao bound is proved to be tight (Kahn and Guta, 2009; Yamagata et al., 2013; Yang et al., 2019).
When restricted to single-copy measurements on single copies of states, the Holevo Cramér—Rao
bound is attainable for pure states (Matsumoto, 2002). Moreover, the Holevo Cramér—Rao bound
is shown to be stronger than the Quantum Cramér—Rao bound by at most a factor of 2 (Albarelli
et al., 2019b; Carollo et al., 2019; Demkowicz-Dobrzaiski et al., 2020). Unlike these results, which
assume an infinite number of samples and use the (weighted) estimation variance as the metric, our
work lies in the finite-sample regime and applies to a different metric.

Connections between shadow tomography and quantum learning. It is natural to connect
multi-parameter quantum metrology with (local) quantum state and shadow tomography. A line
of work in multi-parameter estimation focuses on local state (shadow) tomography, where optimal
measurements, known as Fisher-symmetric measurements, were found and studied for uniformly
estimating all parameters in pure states (Li et al., 2016; Zhu and Hayashi, 2018; Vargas et al., 2024).
Conceptually, most closely related to the present work are the aforementioned works from Pele-
canos, Spilecki, and Wright (Pelecanos et al., 2025), and from Chen and Zhou (Zhou and Chen,
2026), which explore the connections between estimators in shadow tomography and quantum
metrology; they apply learning tools to metrology, while we apply a metrological approach to learn-
ing. In Ref. (Zhou and Chen, 2026), a protocol using randomized and single-copy measurements is
proposed as the locally unbiased estimator for quantum metrology, the mean square error matrix of
which is further proved to be within a factor of 4 of being optimal for pure states. They also gen-
eralized their results to hold for low-rank states. Later, using the debiased Keyl’s estimator, which
requires joint measurements, Ref. (Pelecanos et al., 2025) obtains a locally unbiased estimator for
quantum metrology with mean square error matrix at most a factor of 2 from being optimal.

Appendix B. Preliminaries

In this section, we recap the basic concepts and results required throughout this paper. We use
|| A[,, to represent the Schatten p-norm of matrix A, [|Al| , to represent the operator norm of A, and
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[|v][,, to represent the L;, norm of the vector v. We also use O and O to hide the poly-logarithmic
dependence (on m and 1/¢) in big-O notations. We will use [c] to denote the set {1,2, ..., c}. When
we say “with high probability” without specification, we mean with probability at least 2/3. We
use [[-] as the indicator function. We use = and =< to denote partial orders on positive semidefinite
matrices. Given two distributions p and g, the total variation distance between p and ¢ is defined to

be drv (p,q) == 5 >, |pi — qi|, and the x*-divergence between p and ¢ is defined to be x?(g||p) =

_ 2
i Di (1% - 1) :

B.1. Basic results in quantum information

We first introduce some standard definitions and calculations in quantum information. We consider
quantum states in d-dimensional Hilbert spaces represented as a positive semi-definite matrices
p € C¥ with tr(p) = 1. In particular, d = 2" for n-qubit quantum states. When p is rank-1
and thus tr(p?) = 1, it is called a pure state and is denoted as |t/ or |¢) throughout this paper. An
n-qubit observable O € C%*? is a Hermitian matrix. For an n-qubit quantum state p or observable
O and a subset S € [n], we use trg(p) or trs(O) to denote the remaining state or observables after
tracing out the qubits in .S. We denote by I the identity operator.

For simplicity, we denote by S the set of all density matrices, S° the set of all full-rank density
matrices, and Sy /5 the set of all mixed states that can be written as a linear combination of I /d and
a mixed state p € S of equal weight 1/2. We will also consider parameterized quantum state py .,
with pg.o = po. We denote Z(pp) to be the set of (6, ) such that py , is well-defined. We will
also consider linear combination of observables. Given a weight vector « and a set of observables
{O;}i, we will also denote the linear combination as O, = ), ;0;.

Quantum measurements. A general quantum measurement is represented as positive operator-
valued measures (POVMs). An n-qubit POVM is represented a set of positive-semidefinite matrices
{Fs}s with ) s F's = T'and each Fs a POVM element corresponding to measurement outcome s.
When measuring a quantum state p with POVM { F } ;, the probability of observing outcome s is
given by tr(Fsp).

More generally, POVM is defined to be a mapping of a measurable set S C (2, the outcome
space, to non-negative Hermitian operators, such that F(@) = 0, F(Q2) = I, F(UX,S;) =
>0, F(S;) and tr(pF(S)) is the probability of obtaining measurement outcomes € S. In this
paper, without specification, we will assume without loss of generality 2 = {s} is discrete and
denotes F'({s}) =: F as above.

Throughout this paper, we consider quantum measurements on multiple copies (replicas) of d-
dimensional quantum states. We denote M as set of all qudit (single-copy) POVMs. We denote
MU q11 qudit (single-copy) POVMs with at most d? outcomes. For any integer ¢ > 1, we denote
M. as the set of c-copy POVMs on ¢ qudits. We will also consider learning protocols represented
by M. n, which contains the set of POVMs on N copies of qudit states, which can be decomposed
into N/c (possibly adaptive) c-copy measurements.

We will also consider Pauli observables in this paper. We define n-qubit Pauli group P, =
{I, X, Y, Z}®" to be the set of n-qubit Pauli observables, where

wept) = Go) r=0) G

are single-qubit Pauli operators.
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Haar random unitaries. A common tool to prove bounds on the sample complexity of learning
problems is to consider random instances. Haar random unitaries is the most common random
unitary ensemble. The Haar measure y on the unitary group U (d) is the unique probability measure
that is invariant under left- and right-multiplication

EUwuf(UV) = EUN#f(VU) = EUNuf(U)7 (B.2)

for any unitary V' € U(d) and function f(-). We can also define a unique rotation invariant measure
on states by U |¢) with U ~ p and an arbitrary state |¢)). We will also write 1) ~ p throughout this
paper.

We will need to explicitly compute expectation values over the Haar measure. A key subroutine
is the following folklore formula (see e.g. Ref. (Harrow, 2013)):

11 1
By [|w><w|®’“} = (d+z’§k1) P SN E > (B.3)

TES

where I1}, denotes the projector onto the symmetric subspace Sym” (C9), Sy is the set of permutation
over k elements and ¢ acts on (C?)®* by

7Td|i1,...,ik> = |i7r*1(1)7"'7i7r*1(k)>- (B.4)

B.2. Tree representations and Le Cam’s method

We introduce the concepts of modeling adaptive protocols for quantum learning and distinguishing
tasks with learning trees (Aharonov et al., 2022; Chen et al., 2022b, 2023a; Chen and Gong, 2025;
Chen et al., 2024b). Here, we consider an arbitrary protocol using c-copy joint measurements and
N copies, which is described by an element in M, . We split the protocol into N/c iterations,
select ¢ copies of the unknown state p at each node, perform a c-copy POVM in (a subset of) M.,
and step to the next iteration corresponding to the outcome. We describe such a procedure with
adaptivity using the learning tree representation adapted from Ref. (Chen et al., 2024b):

Definition 6 (Tree representation for protocols in M. - (Chen et al., 2024b)) Given an un-
known n-qubit quantum state p, a protocol using c-copy joint measurements and N copies of p in
M. N can be represented as a rooted tree T of depth T = N /c with each node on the tree recording
the measurement outcome history of the algorithm. It has the following properties:

1. We assign a probability p”(u) to each node u on the tree T. The probability assigned to the
root r is pP(r) = 1.

2. At each non-leaf node u, we measure a fresh batch p*° containing c copies of p using a joint
measurement M, = {F¥*} € M., resulting in a classical outcome s. Each child node v
corresponding to the classical outcome s of the node u is connected through the edge e, .

3. If anode v is the child of a node u through the edge e, s, the probability assigned to this edge
is

pP(v) = p’(u) - tr(F§'p®°). (B.5)
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4. Each root-to-leaf path is of length T = N/c. At a leaf node ¢, p({) denotes the probability
of the classical memory reaching { at the end of the protocol. We also denote the set of leaves

of T by leaf(T).

At the end of the protocol, the classical post-processing maps each leaf node to a desired output of
the protocol.

Throughout this paper, we will use the learning tree representation defined in Theorem 6 as
a tool to prove lower bounds for (oblivious) distinguishing tasks in Problem 3 and Problem 3’.
In particular, we are interested in the following distinguishing task. Given access to copies of a
d-dimensional unknown state p, the goal is to distinguish between the following two cases:

* (Null hypothesis) p is a state pg; or

* (Alternative hypothesis) p is a parameterized state pg,, randomly sampled from a probability
distribution 7.

Note that here we would like our distinguishing algorithm to apply to any choice of py € S° and
probability distribution 7. That means for a fixed measurement protocol in M. N, po, {Qq}acAa,
{Ty}»ep and 7 can be chosen adversarially to reduce the successful rate.

There is a well-established framework for proving lower bounds of this distinguishing task,
consisting of Le Cam’s two-point method (Yu, 1997), one-sided likelihood ratio (Chen et al., 2022b),
and the martingale technique (Chen et al., 2023a). We recap the necessary concepts here.

Definition 7 (Likelihood ratio) Consider a protocol described by a tree representation T for the
distinguishing task between the null and alternative hypotheses. For any leaf node ¢ € leaf(T ), we
define the likelihood ratio to be

E(0,p)~n [P (0)]
L(f) = —2% B.6
(0 D B.6)
We can also define the likelihood ratio for each edge e, s and each particular choice of py , as:
proe () pPoe (slu)
Ly ,(£) = L = B.7
9,90( ) ppo (6) ) Q,W(u7 S) ppo (S‘u) ( )

We summarize the toolbox for showing lower bounds under this learning tree representation.

Lemma 8 (Toolbox of showing lower bounds) Suppose T is a learning tree with deptht = N/c
that solves the distinguishing problem with probability pg,c.

1. (Le Cam’s two-point method (Yu, 1997))

1
Poue < drv (Epp)nnlp 1 07) = 5 D [Bopeap” (O] =™ ()] (B.S)

Leleaf(T)
2. (One-sided likelihood ratio (Chen et al., 2022b)) For any 8 > 0, we have
E ro, Po) < P L < 1-—
drv (E(g,p)~r[p™¢],p7) < e~ppo,((§,¢)~w[ 0,0,(0) < Bl+1-5,

(B.9)
drv (Eonlp 7). 9) < Pr [L(0) < B +1- 6.
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3. (Martingale technique (Chen et al., 2023a, 2024b)) Suppose there is a 6 > 0 such that for
every node u and outcome s we have

E(9.)~nEspro (sfu) [(Lw(u, s)—1)?] <. (B.10)
We then have

Pr | Lop() < 0.9] < 0.1+ 0(01). B.11
€~pﬂ0’(g’@)ww[ 9,90( ) _09] <0 +O( ) ( )

The proof of Lemma 8 can be referred to Refs. (Chen et al., 2022b, 2023a, 2024b). The first
bound is a tree-based one, as we upper bound the total variation distance between the probability
distributions of reaching each leaf under the two cases. The second bound is a path-based one, as
we prove that the likelihood ratio is not too small for most of the paths from the root to leaves. The
third bound is an edge-based one, as we focus on each edge and show that the likelihood ratio over
the edge concentrates around 1.

Note that in Problem 3 and Problem 3, pg ,, is specified to be

1 1
Pre=ro+ =D 0aQut 5> aTh, (B.12)
acA beB

where pg is the density matrix in the null hypothesis, {Qq, Tp }ac Apep are dual observable bases,
and @ € R™ and ¢ € R%~m=1 can be arbitrary vectors such that py ,, is well-defined and ||t9||p =

3e. We denote the set of all such (0, ) as @%Z(po), ie.

ZLT(p0) = {(0,9)|po = 0, 1|61, = 3,0 € R™, o € RE 71}, (B.13)

where Q := (Q1 Q2 -+ Qn) and T := (T),41 Tiny2 -+ T2_;) represent the choice of the dual
basis and the superscript @7 highlights the dependence of (6, ¢) on the choice of basis ) and T
We also denote the set of all probability distributions over such (6, ¢) as D;%g(Po)- Furthermore,
we denote the set of all (), T satisfying Eq. (2.1) as

B(0) = {(Q,T)|tr(0:Q0) = ddia, Vi, a € A,tr(O;T}) = 0,Vi € A, b € B}, (B.14)

where O := (01 Oy -+ Opy).

Assume there is a protocol in M. x that solves this distinguishing problem in 7" = N/c rounds.
The algorithm can be represented by a learning tree 7 of depth 7" in Theorem 6. Let u be an internal
node in the learning tree, and M,, = {F'} € M., be the c-copy POVM used in the node. Then
the probability of observing the outcome s given underlying state p is p”(s|u) = tr(F¥p®°). The
likelihood ratio is thus Lo, (u, s) = tr(Fy'pg’s,) /tr(Fpg), and

2
tl"(Fup®c )
2 s 170,
Ep pyorEamgpota) | (Lot 9) = 1) :Mw”ﬂ”ww”<uw%§YJ (B.15)
S .
= Egpnir, (055105°)
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where X%, (p||p") denotes the x>-distance between the probability distribution over all measurement
outcomes using the POVM M over p and p'. In particular, we can choose (Q,T), po and 7 that
(almost) minimize the last line so that the last line

2 ( ®ci ® . 2 ( ®c||®
E0,0)~m X1 (P(J;HPO c) <2 p;relgo WGD%%I( )E(W)NW}(M (pe,;”'% C) : (B.16)
@Dez©0) " s

Let

Im,(0) :== sup inf min  Eq SO)NWX?W (p?c |]p6®c> : (B.17)
c ‘ €8 Q.7 ’ P
MeMe. (Q,%))e%( 0) m€D,, (Po)

(po) and D:%p

T
€D (po)

sample complexity of this distinguishing task is lower bounded by Q(c/d 4, ).

We note that there may be some py € S° such that @3% D

distinguishing task is not well defined. In this case, we let min

(po) are empty sets and the
= oo. By Lemma 8, the

B.3. Quantum metrology

Here, we introduce basic concepts in quantum metrology (i.e. quantum estimation theory), includ-
ing locally unbiased estimators, Cramér—Rao bound, and Fisher information matrix.

Consider a d-dimensional quantum state py in Hilbert space H, where 6 = (61,62,...,60,,) €
© C R™. Given a POVM M = {M,}, an estimator (), a function that maps the measurement
outcome to O is called an unbiased estimator if

0=> 0(z)tr(pgM,) (B.18)

for all @ € ©. A locally unbiased estimator describes an estimation that is unbiased in the vicinity
of one specific value of 6, say 6y, satisfying

Op=>_ 0(z)tr(peM,) (B.19)

) ’Lj 0 Z‘g tl" pOM)

0=0¢ 0=0o

Unbiased estimators are locally unbiased, though the converse need not hold. In quantum metrology,
the figure of merit is usually taken to be the mean square error matrix (MSEM), defined by

Vipo, M, 0)i; =Y (0(x)i — 0:)(B(x); — 0;)tr(pp M) (B.20)

T

YVe will alsoAcall Vpg, M, 9)“ the mean square error (MSE) for the estimator 0}. For the estimator
0o = Y, a;;, the corresponding MSE is given by

> (0(x)a — 0a)?tr(pe M) = a "V (pg, M, 0)a. (B.21)

xT

Specifically, for locally unbiased estimators, it corresponds to the covariance matrix. The MSEM
of any (locally) unbiased estimator (at €) is bounded below by the inverse of the Fisher information
matrix (FIM),

1 Ope(x) Opg(x)
I M);: = g , B.22
z,pg (@):=tr(pe Mz )#0
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through the Cramér—Rao (CR) bound,

V(pg, M,0) = I(pg, M) ™", (B.23)
where V' = W means V' — W is positive semidefinite. Given N copies of quantum state pg, using
the fact that the FIM is additive, we have

V (pg, MEN Gy = 1(pSN, MEN )L = %I(pg,M)_l, (B.24)

for any locally unbiased estimator 6w,
The FIM is closely related to the second-order derivative of x2-distance. Consider the probabil-
ity distribution pg(z). Assume pg(x) > 0 for all z. Then,

2
X (po+asllpe) = Zpg <p9+d9 ) z) _ 1) - (po+dao(z) — po(x))?

po()

xT

Z- Dipe(x)do;)? 0ipg(x)0jpg(x)db;db;
= 2 = I z d9¢d9 .. (B.25
Z po() Z po() Z ! i (B.23)

In particular, when py is linear in 4, the above calculation is exact for finite d6, a situation that we
will encounter later.

Consider the asymptotic situation where we have N copies of quantum state pg and N — oo.
Under certain regularity conditions, the CR bound is saturable by maximum likelihood estima-
tors (Van der Vaart, 2000) is the sense that

I7Z7]

VN g — 6) 5 N0, I(pg, M), (B.26)

ie., VN (GI(\,IAI?E — ) converges in distribution to a normal distribution centered around 0 with vari-
ance equal to I(pg, M)~! as N — oco. When N is finite, it is unclear whether the CR bound is
always saturable. However, when we focus on local estimation at a specific point 6y (whose value
is known in prior), the following locally unbiased estimator automatically achieves the CR bound,
ie.,

V(pg, M, 6| g—g, = I(pg, M) " |o=g,- (B.27)
where for a measurement outcome 7/,
A 1. Oipe(x
eopt(y; 90) = (90)1 + Z(Vi,x’@:@o)(sxya 7i,$ - Z(I(paa M) 1)’£j;f;?:§:)) (B28)
x J

We can easily verify that this estimator achieves the CR bound:

V(po, M, 0)i5 = > (6% (2;0); — 0;) (6 (2;0); — 0;)tr(po M)

Z Yi,x1 xl,x’)/j T2 xg,xpé' Z Yi,zYj, xp0

X, x1,Tr2

_ Oyt x _ 8j/ x
= Y10, M) 1>ii/pj§g§))<f<pe,M> 1>jj/pj(i§>>p@<x>

(B.29)

= (I(M)™ )i I(M)irjr (I(M) ™) 50 = (I(pg, M) ™).

gl
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In practice, however, the optimal locally unbiased estimator Eq. (B.28) cannot be directly applied
as the local point  is unknown in prior.

B.4. Tail bounds
We will need the following Chebyshev’s inequality and Hoeffding’s inequality.

Lemma 9 (Chebyshev’s inequality, see e.g., Corollary 1.6.3 in (Vershynin, 2018)) Let X be a
random variable with finite non-zero variance o* and finite expected value 1. Then for any real
number k > 0, we have

1
k2
Lemma 10 (Hoeffding’s inequality (Hoeffding, 1963), e.g., Theorem 2.2.6 in (Vershynin,
2018)) Let Xi,---, Xy be M independent random variables such that X; € |a;,b;] for every
i. For any t > 0, we have

Pr{|X — | > kol < (B.30)

M
2t
Pr (X; — E[X,])| > t] < 2exp <—M> . (B.31)
; > i1 (bi — ai)?
As a corollary, let X7, -+, X be i.i.d. random variables in [0, 1] and E[X;] = u for every i.
Then
M 252
Pr [Z X, <(1- 5)Mﬂ] < 7 2MpoT, (B.32)
i=1

Appendix C. Lower bounds for many-versus-one distinguishing

In this section, we prove a lower bound for the (oblivious) many-versus-one distinguishing problem
in Problem 3 (Problem 3’). We recap the distinguishing task we consider here for concreteness.
Given access to copies of a d-dimensional unknown state p, the goal is to distinguish between the
following two cases:

* (Null hypothesis) p is a state pg; or

* (Alternative hypothesis) p is a parameterized state pg , randomly sampled from a probability
distribution 7 € D?E’Z(po). Here, pg , is defined to be

Pop = Po+ % > 0.Qa+ % > Ty, (C.1)
acA beB
where py is the density matrix in the null hypothesis, {Qq, T} }qc 4 pcp are dual observable
bases, and § € R™ and ¢ € R%~m=1 can be arbitrary vectors such that pg , is well-defined
and [|6)]],, = 3e.

If B= @ and {Q,}.ca forms a complete basis of the Hilbert space, we called {Q, }4c4 a set
of complete observables. Recall from the learning tree framework, we showed in Eq. (B.17) that
any protocol described by M. y in Theorem 6 requires Q(c/d 4, ) samples with

5Mc (O) - ]\;él_/l:\i[ pglelgo D%?]r"l E(GAP)NWX?W (pgij;"p?(;) . (C‘Z)
“(Q,T)ez(0) €Dz, (ko)

29



CHEN GONG ZHOU

C.1. Single-copy measurements: Exact lower bounds

We first assume that we can only use single-copy measurements (c = 1).

C.1.1. COMPLETE OBSERVABLES

We start with the case when the observables form a complete basis. The task reduces to distinguish-
ing between the following two cases:

* (Null hypothesis) p is a state pg; or
* (Alternative hypothesis) p is a parameterized state pg randomly sampled from a probability
distribution 7 € D?%p(po). Here, py is defined to be
— po+ > 0.Q (C.3)
Po = Po d aas .
acA

where pg is the density matrix in the null hypothesis, {Q, },c 4 forms a complete observable
basis, and ¢ € R™ can be arbitrary vectors such that py is well-defined and |0, = 3e.

Theorem 11 (Lower bound for Problem 3(3’) with complete observables, c = 1, and p-norm
error) Using the adaptive measurement strategy with single-copy measurements, the sample com-

plexity required to solve the many-versus-one distinguishing tasks above with any pg well-defined
and 0 € .@?(:28713(,00) is

-1
N=Q[ inf sup max <9TI(p0,M)9> (C.4)
MeM pyese 9e2? ,(po)

forany e >0, p € [1,00], where I(po, M) := I(pg, M)|p=0 and pg = po + g > e 4 0aQa-

Proof The sample complexity lower bound from Eq. (B.17) is then given by 2(1/0¢(O)) where

Im(O) = sup inf min  EpurX3s (00ll00) - (C.5)
MeMPOES® neDY. (po)

Note that {Q),}aca here can be uniquely defined using {O;}",. Also note that the optimal 7
distribution in this expression would trivially be the delta function at the value of # that minimizes
the x?-distance. Thus, we have

5m(0) = sup inf  min X7/ (pellpo) - (C.6)
MeMPOES® 9eg2 (po)

Given a fixed measurement M = {Ms} € M and denote p; = tr(ppM;), we compute the
minimization part above as:

2
. tr(
min  x3,(psllpo) = Zps (Spe 1> . (C.7)

025 (po) 96935 2P0
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We can extend tr(Mpg) as tr(Mgpg) = ps + >, 0;0ips. We thus have

: . tr M pg 2
min ilm) = min S (FE0) 1)
0€ 252 ,(po) 0€25 ,(po) 5 Ds
2
073 ,(p0) Ps e
_ : 0;0;0ips0;ps
— min _—
eegi’p(po) 87i7j pS

= min 0" I(py, M)b.
652 5 (P0)

Therefore, we have

opm(0) = sup inf  min 0" I(pg, M)6. (C.9)
MeMPOES® 0273 (po)

Taking the inverse, the sample complexity lower bound is then given by

—1
N=Q[ inf sup max (0 I(py, M) (C.10)
(MEM POES® 96932’73(#0) ( ( )

as claimed. [ |

C.1.2. A GENERAL SET OF OBSERVABLES

We then consider a general dual observable basis Q) = {Qg}aca and T = {1} }pe p With single-copy
measurement protocols (¢ = 1). We show the following sample complexity lower bound:

Theorem 12 (Lower bound for Problem 3(3’) at ¢ = 1 and p-norm error) Using the adaptive

measurement strategy with single-copy measurements, the sample complexity required to solve the

many-versus-one distinguishing tasks above with any py. ,, well-defined and (6, ) € 93%:;(00) is

N=Q| inf sup max 0, 0) " I(po, M)(8, ) B (C.11)
MeM 5 es0 (e,cp)e@gfig(po) ( )
(QT)ex(0)

Jior any e > 0, p € [1, 00], where I(pg, M) = I(pg,p, M )|g—=p—0 and pg, = po + é Y aeca 0aQa +
d ZbeB opTp.

Proof The sample complexity lower bound from Eq. (B.17) is then given by 2(1/5,¢(O)) where

oM (O) = ]\/S[lelﬁ/[ ngel‘fS“O GD%lqr}( )E(HW)NTFX?M (p9’¢||p0)
(Q,T)e%(o)7r 32 p (PO

. mi 2 (C.12)
z\juﬁxt plIelgo o Xz (po.sllpo)
0 7 b
" @mer0) (0:9)€752p (P0)
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Given a fixed measurement M = {M,} € M and denote p; = tr(pyMs), we compute the mini-
mization part above as:

tr( M 2
min - Xi(pogllo) = min Y p <<’)9’“") —1> . (C.13)

(040)€Z52 ] (o) (0.0)€252T (p0) Ds

We can extend tr(Mspg,,,) as tr(Mspg) = ps + >, 0:0;ps + > pir O ps. We thus have

2
0
mln 2 (pollpo) = mln Zps< Mspo) 1)
S

(0"10) 35 D (pO) s 35 P (PO
y y ! v 2
_ min Z (ZZ 0;0ips + Zi’ i 0; ps) (C.14)
(092507 (p0) 5 Ps

= min (0,0) " I(po, M)(8, ).
(0.0)€25 7 (po)

Therefore, we have

Im(O) = sup inf mln (0,0) 1(po, M)(8,¢). (C.15)
MeM (Q%EE;(O) (0.0)€Z5277 (po)

Taking the inverse, the sample complexity lower bound is then given by

-1
N=0| inf  sup max ((9,@)TI(pO,M)(0,<p)) (C.16)
MeM  pyes°  (0,0)€250T (po)
(Q.T)EH(0)

as claimed. [ |

C.2. Duality between many-versus-one distinguishing and parameter estimation

Before going further to explore the lower bounds in Theorem 11 and Theorem 12, we first reveal
a key relationship between the lower bounds of these many-versus-one distinguishing tasks and
parameter estimation tasks.

In the complete observables case, from Theorem 11, we have shown that the sample lower
bound for distinguishing between pg versus py is given by

-1
N=Q| inf sup max 0" I(py, M)6 (C.17)
(MGM POES® 0TS (p )< (o, M) ) )

forany e > 0, p € [1, 00}, and py. However, this sample complexity lower bound in the form
~1
max (HTI(pO, M)e) (C.18)

is different from the usual lower (upper) bound in parameter estimation, which is in the form of

max o' I(pg, M) La. (C.19)
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The latter represents a lower bound on the MSE that can be naturally derived from the CR bound
(Eq. (B.23)) using Eq. (B.21) in parameter estimation.

A similar situation appears for the case of general observables. The sample complexity lower
bound for distinguishing between pg versus pg , from Theorem 12 is given by

N=Q/| inf sup max 0,9) " I(po, M)(8, ) - (C.20)
MeM — poes®  (0,9)€252T (po) ( )
(Q,T)e%(0)

forany € > 0, p € [1, 0], and pg. This is again in the form of

-1
HélaX ((97()0)TI(:007M)(9a()0)) ’ (C.21)
7@

which is different from the lower (upper) bound in parameter estimation in the form of
max(c,0) " I(pg, M) (v, 0). (C.22)
[0

Surprisingly, we show the following duality relationship between many-versus-one distinguish-
ing and parameter estimation using the following mathematical fact, by temporarily extending the
domains of each optimization to the entire space with bounded p- and ¢g-norms.

Lemma 13 (Duality between many-versus-one distinguishing and parameter estimation) Ler
the FIM I(po, M) be a (|A| + |B|) x (|A| + |B]) positive semi-definite matrix. We use (6, ) to
represent a joint vector whose first | A| columns are 6 and last | B| columns are p. We have

mnax ((9 ©) " I(po, M)(6 ¢)>‘1
||9||p21,96R|A\7@E]R|B| ’ ’ s

=  max (o,0) I(po, M)} (a,0) (C.23)

all,<1,a€RIAl

= max o (I(pg, M) 1) qacx
llefl o <1,0€RA]

for 1/p+1/q = 1, where the subscript g4 represents the upper-left block of the FIM restricted to
a€ A

Proof We only need to show
(0,¢) " 1(po, M)(0, )
1 (C.24)

©max) < acrial(0) 1 (po, M)~ (2, 0)’

min
61l,>1,0€RIAlLpeRIB]

Assume (6*, ©*) minimizes (6, )" I(po, M)(, ), |6*[l, = 1. Then there exists @° such that
|a® - 0*] = 1 and [[a®||, < 1. The Cauchy-Schwarz inequality implies

1

o T M)(9*. o*
(6%, ) "1 (po, M)( ,1<p) (€25)

(@°,0) " I(po, M) *(a®,0) >

_min”@”le,@ERM\,LpE]R\Bl (0,9) T 1(po, M)(0,¢)’
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which means the left-hand side of Eq. (C.24) is no smaller than the right-hand side.
On the other hand, assume o* maximizes (a,0)' I(po, M)~ *(a,0), which must satisfy

= — __I(po,M)~*(a*,0)
Ja*]l, = 1. Let (6°,¢°) = H(I(pf,oM)fl(a?,O))AHp’ we have

0<>’ oTI M 007 oy (O‘*aO)TI(IOOvM)_l(O‘*’O)
08 Lo ) I(Z(po, M)~ (a*,0)) all7
_ (a*7O)T[(p07M)_1(a*7O)
la* 211(po, M)~ (a*, 0)) a2 ©26)
(O‘*ao)TI(p&M)il(a*vO)
= ((a%,0)"I(po, M)~ (a*,0))?
1
~ (@%,0)T1(po, M) (a%,0)°

which means the left-hand side of Eq. (C.24) is no larger than the right-hand side. Here we use
(-)a to denote the first |A| columns of a vector, and we use the generalized Cauchy-Schwarz:

1Bllpllally = 18- al. |

C.3. Single-copy measurements: Threshold on ¢ to saturate the upper bound
Lemma 13 has shown that
(0.0) T I(po, M)(0, )
1 (C.27)

_ma‘XHa”quaeR‘A‘ (CY, O)TI<p07 M)_l (O[, 0)

min
[16]],>1,0€RIAl oeRIBI

for 1/p+1/q = 1. However, a more detailed observation on Theorem 11 and Theorem 12 indicates
that the duality cannot directly work as the maximization over (6, ¢) is over _@gig(po) instead of
simply the sphere |||, = 3¢.

Here, we propose a threshold 7 of € such that the lower bounds in Theorem 11 and Theorem 12
can be written in the form of maximization over [|6[|, = 3e.

C.3.1. COMPLETE OBSERVABLES

We start with the case of complete observables in Theorem 11. We have shown that the lower bound
is given by Q(1/9,4(0)), where d¢(O) is defined by

opm(0)= sup inf  min 0" I(pg, M)6. (C.28)
MeMPOES® 9eaE  (po)

Our goal is to apply the duality result in Lemma 13 to the above lower bound. To this end, we
prove the following result.

Theorem 14 (High-precision threshold with complete observables, c = 1, and p-norm error)
Using the adaptive measurement strategy with single-copy measurements, the sample complexity
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required to solve the many-versus-one distinguishing task (Problem 3’) between any well-defined
po (0 € Z ,(po)) and py is

1 —1
N=0f inf - <9T M 9)
<Ml B o, e, 22\ H o M) )

(C.29)

1
=Q| inf sup max —a'l M)t
<M6Mpoe§o Jall <1 2 (o, M) )

with any
1
6]l (1@1lloos - - -+ 1Quz—1 1l

e<n= (C.30)
and for any p € 1, 0], where I(po, M) = I(pg, M )lo=o0 and pp = po + ¢ > ue 4 0aQu-

Proof Our hope is to show that there is some threshold 7 such that when € < 7, we have

Imn 0" I(po, M)0 = min 0" I(py, M)
0€25 ,(po) 161l,=3¢

= 9¢? 0" 1(po, M)6
€ Hgﬁlu—ll (p07 ) (C.31)

9e?
max|a| <1’ I(po, M) '

where the last step is due to the duality result in Lemma 13.

Unfortunately, there does not exist such a choice of 7 that applies to all pg, because when pg is
close to the boundary of the density matrix space, e.g., when pq is singular, § € @i’p(pg) cannot
holds for all 6 satisfying [|0[|,, = 3¢ even when ¢ is small. Luckily, we can restrict the range of po
without significantly increasing the value of

opm(0) = sup inf  min  x3(psllpo)- (C.32)
MeM POES® 9e2  (po)
Defining
Siy = {p‘p = % (O‘ + g), for some density matrix 0}, (C.33)
and using
9T1<;U+2ﬂd,M> (;U—l——f—dZQaQa U+2]Id)

(LY, 0,Qu)? (ML, 0,Q0)°
_Z tr(Ms(§0+2d Z (20+2d0))

_2d Z tr(ML 3", 0,Q a)
Cd+1 tr(Mso)

(C.34)

<2Z ”E G)Q‘” = 23 (o9llo) = 2071 (0, M) 6,
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where 0 = 0+ 2 3~ 0,Qq, we have both

2 inf min 01 (pp, M)# < inf min 61 (py,M)6
P0ES1/2 6€92 , (po) POES® 9 (po)

. (C.35)
< inf min 6" I (po, M)¥,
POES1/2 0€75 | (po)
because 26 € ng:’p(pg) implies 6 € @g/Qp(po/Q +1/2d), and
1
~ inf min 0'I(po,M)O < inf min 01 (py, M)6
2 PoES1 2 ||0]],=3e (PO ) T poEeS° l10]],=3e (PO ) (C.36)

< inf min 071 (py, M)O.
< i (po, M)

Now we try to find an 7 such that when e < 7, [|0[|, = 3¢ implies § € @ig’p(pg) for all
po € Sy /2. For example, we can choose 7 as claimed

n: L (C.37)

O] Qa1 ]1)]

)
q
such that

(C.38)

DN | =

> 0aQa

<D allQalloe < 1011 UIQ1 oo - - -+ 1R 111, <
00 a
This makes sure when py € Sy /2, for any 6] p = 3¢, po is well-defined. Thus when e <,

inf sup  max (GTI(po, M)H) < inf sup max (GTI(pO, M)H)
MeM poes© 9e22 (po) MeM poese [19],=3¢ (C.39)

by definition, and

-1
inf sup max (HTI(pO,M)Q)
MeM pyese 9693@5,1,(00)

-1
> inf sup  max (HTI(pO,M)Q)
MeM pyes, 96%%,;,(1)0)

1 (C.40)
= inf sup max <9TI po, M 9>
MeM POES] /2 l61],,=3¢ ( )
1 . T -1
>— inf sup max (0 1(po, M)H) .
2 MeM poese |19, =3¢
The theorem is then proved using Lemma 13. |
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C.3.2. A GENERAL SET OF OBSERVABLES

We also compute a threshold for the case of a general set of observables in the distinguishing task
between pg and pg , = po + éza 0,Qq + é > b ¢6Th, where and (0, ¢) € .@gzg(pg). To so do,
we will explore different choices of dual basis Q) = {Qq }aca and T' = {T} }sc p and pick a suitable
one where a threshold can be easily obtain, as the dual basis is no longer uniquely defined as in the
case of complete observables.

We first prove the following lemma.
Lemma 15 (Independence of the lower bound on the choice of dual basis) The quantity
(I(po, M)™") 2 (C.41)

is invariant under different choices of Q, T as long as Eq. (2.1) holds.

Proof Let both (Q T) := (Q1 Q2 -+ Qm Tmt1 Tmy2 -+ Tp_q) and (Q' T') =
@@y - @, T, 1 T o -+ Ty ) be valid choices of dual basis that satisfy Eq. (2.1),
i.e.,

tr(OiQa) = ddia, tr(Oin) = 0, (C.42)

where we view (Q T) (or (Q' T")) as a d x (d(d?* — 1)) block row vector where each block is a
d x d dual observable. Then they must be related by the following:

(@ T)=(Q+TC, TC)=(Q T) (Cﬂl &) (C43)

where we C; € RIBIXIAl = Rd*~1-mxm anq ¢, e= RIBIXIBl = R&®~1-mxd’~1-m (; represent
linear transformations on the matrix blocks. C] can be arbitrary and C5 needs to be invertible.
Furthermore,

_ 1 1 o 1 r L 1t
Po=po+ Z 0aQa + - ij ooTh = po + - Z 0u+ ij T3, (C44)

where

(QD') B <01 CQ) <g0> - <C2101 C21> <90> = <021010+02190> . (C4s5)

As aresult, the corresponding FIMs are related by the following:

o (T CYN (I(po, M)aa I(po,M)ap (T 0
Tpo, MY = (0 cy > <I<po,M>BA I(po,M>BB> <01 02)' (C.46)

Since (I(po, M) ™) 44 is equal to the inverse of the Schur complement of I(pg, M), i.e.

(I(po, M) Y aa = (I(po, M) aa — I(po, M) apI(po, M) 551(po, M)pa)~", (C.47)

37



CHEN GONG ZHOU

we only need to show the Schur complement I(po, M) a4 — I(po, M) apI(po, M) 551 (po, M) pa
is invariant under the basis transformation. This can be seen from Eq. (C.46).

—1
I(povM)/AA 7I(p0aM)/ABI(p07M)/BB I(p07M)/BA
= I(po, M) aa + C I(po, M) pa + I(po, M) apCi + CY I(po, M) p5Ch

(C48)
— (I(po, M) ap + C{ I(po, M) p5)I(po, M) 555 (I(po, M) pa + I(po, M) ppCh)
= I(po, M) aa — I(po, M) apI(po, M) 5~ I(po, M) a-
[ |
Now we define
PP{O},) == inf sup max o’ (I(po, M)74a, (C.49)

MeM pyese [lafl,<1

which is only a function of observables {O;} ; because the expression is independent of different
choices of the dual basis. Below, we show that there is a unique choice of basis that allows us to
derive the following threshold result.

Theorem 16 (High-precision threshold with general observables, c = 1, and p-norm error)
Using the adaptive measurement strategy with single-copy measurements, we consider the many-
versus-one distinguishing task (Problem 3’) between any well-defined pg, ((6,¢) € .@36 p( 0))
and po. The sample complexity required to solve it is

1 —1
N=0Q f (8, 0) " I(pg, M)(6
<MH€1Mp§1elgo s,z (00 1 200,0) )
(C.50)
3

1 rev({o3m)
=0 f Tr ML Yol P i=1
<1\/}I€1M ﬁﬁgo Hgﬁa)<(1 g2 (2,0)" 1(po, M) (a’0)> ( 2 ’

e<n®:= inf
POES1 /2 GH (HQ/ PO

: (C.51)

)]

and for any p € [1,00], where I(pg, M) := I(pg,p, M)|9=p=0 and pg., = po + 5> ,c4 0aQa +
é > e Polb.

Here Q'(po) is a special choice of Q as a function of pg. It can be found by first picking arbitrary
Q and T satisfying Eq. (2.1), and then picking M* € M satisfying

q

—1
inf  sup max 0,0) " I(po, M) (0,9)) >
MeM p0€51/2 (9, )E.@?)QE pT(PO) ( )
1 T *\/ -1
3 sup max ((9790) I(po, M) (0’90)> , (€52)
POES1 /2 (0,p)€ 93QE = (po)

38



INSTANCE-OPTIMAL HIGH-PRECISION SHADOW TOMOGRAPHY WITH FEW-COPY MEASUREMENTS

where

r ]I C;— I(,O(),M)AA I(po,M)AB H 0 . .
I(po, M) —<0 I (o, M)pa I(po. M)pn) \Cy T is block-diagonal, (C.53)

and here 1(po, M) is the FIM when the dual basis is taken as (Q' T') where Q' = Q + T'C} for
C1 = —(I(po, M)pg) *1(po, M) pa is afunction of py and M (Here ~! means the pseudoinverse).
Then let Q'(po) := Q + TC} for Cf = —(I(po, M*)pg) ' I(po, M*) B a.

Proof We first assume the FIM I (pg, M) is block-diagonal for any py, i.e., I(po, M) ap = 0. Then
we want to find a threshold on € such that

min - Xi(poglloo) = min  (8,0)" (po, M)(0, )
(0.9)€Z52, (o) (0,0)€Z5 5, (o) (C.54)
= min (07 SO)TI(PO, M)(ea (10)
1611, =3¢
Since the FIM 1 (pg, M) is block-diagonal,
i (0,9)"1(po, M)(0,0) = min (671(po, M)asb+ " (oo, M)5)
! o (C.55)
= min 60 I(pg, M)a40.
1611, =3¢
Furthermore, if for all 0 satisfying ||0]|, = 3¢, (0,0) € @%:Z(po), then
min_ (6,) I(po, M)(0,0) = min 0" I(pg, M) 40, (C.56)
(0:0)€75% , (po) 1o, =3
because
min — (6,¢) I(po, M)(0,9) <  min_ (6,0)"I(po, M)(6,0)
(0.9)€75%  (po) (0.4)€752  (po) (C.57)
= min 0" I(po, M)anb, .
11611, =3¢
and
min_ (6,9) (o, M)(0, ) > min_(8,) T(po, M)(6,0)
(0,0)€252 7, (po) 1611, =3¢ (C.58)
= min GTI(pO,M)AAG. .
1611, =3¢

Therefore, under the assumption that I(po, M) is block-diagonal, Eq. (C.54) holds if |||, = 3¢

implies (6,0) € 2527 (po).
Next, we show any I(pg, M) can be made block-diagonal by properly choosing basis {Qq, 75}

for each pg and M. The basis transformation

(@ T)=(Q+TC, TCy)=(Q T) < gl £2> (C.59)
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corresponds to the new FIM

o (T CL\ (I(po, M)aa I(po,M)ap) (1 0
Llpo, M) _<0 C;) <I(po,M)BA I(po, M)pp) \C1 C2)" (C-60)

Here we take Cy = I, which means

T/

I
~

(C.61)
and
¢ = _(I(vaM)BB)_ll(POaM)BA (C.62)

where (I(pg, M)pp)~" is the pseudoinverse of I(pg, M) gp on its support, is a solution of C; such
that

I(po, M)y = I(po, M) apC + C7 I(po, M) pCs = 0. (C.63)

The corresponding choice of basis Q' = @ + T'C; makes the corresponding FIM I (pg, M)’ block-
diagonal. It implies

1
6| (14

(C.64)

il

is a threshold on e below which Eq. (C.54) holds after the basis transformation. Below we fix @’ to
be the above choice of basis (for different py and M) such that I(pg, M )" is block-diagonal.

Finally, when

1
e<n:= inf , (C.65)

T el (1@ (o)l || @ o) ||

q

where Q'(pog) = Q' that is defined above to make I(pg, M*) block-diagonal, which is a function of
Po, we have

-1
inf sup max (6, go)TI(po, M) (8, )
MEM  pyes°  (0.9)€25%7 (po) ( )
(Q,T)e%(0) (C.66)

-1
< inf sup max (9,@ TI(po, M 9790)
MeM pyes0 ||0]],=3¢ ( ) ( )( )
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where we use Lemma 15, and using Eq. (C.52), Lemma 13, Lemma 15 and Eq. (C.34), we have

T ~1
inf sup max 9, I ,M 9,
MEM  poeBe (gyenor, )(( ©) 1(po, M)( SD))

(Q.T)e#(0) e

T / -1
> inf = sup max ((9,90) 1(po, M) (9,90))

MeM PoES1/2 (6 #’)ej??s pT( 0)

5w max ((0,0) 10, M) (6,0))

2 poGSl/Q (0,50)6-/32 pT(pO)
1

—1
=5 s max ((6,9) (oo, M) (0, )
poESl/g HQHPZ&’;‘

1 PN
=— sup min (aTI(pO, M*)/Allo‘) (C.67)
2 p0681/2 HquSSE

Y

= 1 sup min (aTI(pO M*)—l Ct) -1

2 poeS, 2 llall <3¢ ’ AA

= T " -1

=3 sup max ((9,<p) I(po, M )(97@)
POES1 /2 16]|,=3¢

1 -1
> — inf sup max ( 9,0) " I(po, M)(0, o )
2 MEM poes, , 1101, =3¢ (0,9) 1( )(6:¢)

1 -1
> — inf sup max ( 0, I 0o, M) (0, ) .
4 MeM pyese [10]l,=3< &) I @)

The theorem is then proved. Note that the above chain of inequalities holds when T is fixed and
only the choice of () is optimized over. |

C.4. Few-copy measurements

We then consider protocols using (¢ > 1)-copy measurements in M,.. We now show that for the
many-versus-one distinguishing task, if we only care about £ term, which is the case when ¢ is
below a certain threshold, then the lower bound for these protocols can only achieve at most an
O(c) reduction from the single-copy protocol.

We first prove the following lemma, which will be used later in the proof of the theorem.

Lemma 17 (Minimax theorem) Fix T' in the dual basis. Let D denote the set of all probability
distributions of (po, Q, 0, @) over the set

{(p0, Q.0,0)[116], = 32,0 € R4, o € RIF py € Sy 5, Q = Q + TC1, €y € RIFXIAIY (C.68)
DT C D denote the set of all probability distributions of (po, Q, 0, ) over the set
{(p0,Q:0,9)lpo € S12,(0,0) € 72T (p0),Q = Q + TCy,Cy € REXIAIY, (C.69)
D'T C DT denote the set of all probability distributions of (po, Q, 0, @) over the set

{(00:Q.0,2)|p0 € Sy, (0.0) € ZET(90), @ = Q' (o)}, (C.70)
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where Q'(po) was defined in the statement of Theorem 16. We have

sup inf  min (6,9) I(po, M)(0,¢) = inf sup Er(6,9) I(po, M)(0,p), (C.71)

MeM po€S 2,Q 101l,=3¢ 7€D MEM
sup inf _ min_ (6,9) I(po, M)(0,) = inf sup Er(6,0) I(po, M)(6,¢),
MEM po€S) /2,Q (0,0)€ 75T (po) reDT MeM

(C.72)
sup  inf min  (0,¢) I(po, M)'(0,) = inf sup E(6,) I(po, M) (0,¢).
MeM POEST 2 (O,w)egg,f(po) 7€D'T MeM

(C.73)

Here we use E; as a short-hand of E(po 0.0.p)~r and I as a short-hand of the FIM when the dual
basis is taken as (Q T). Here Q implicitly belongs to the set {Q|Q = Q + T'Cy,YC, € RIBIxIAl}
which is a function of {O;}7", only.

Proof We first apply the following result (Chiribella et al., 2007) which states that any POVM
M (S) for S C Q can be decomposed as

M(S) = /X dap(z) ED(S), (C.74)

where z € X is a suitable random variable, p(z) a probability density and E®) is a POVM with
finite support, i.e.
d2
E@(8) =) "Tw; € S|E;, (C.75)
i=1

where {wi}f«lil C Q, I[] is the indicator function and Ej; is a POVM with (at most) d? outcomes.
Since I(pg, M) = [, dzp(x)I(po, E®)) from the definition of FIM, we have

sup (G,w)TI(po,M)(G,w)Ssup/ dzp(z)  sup  (8,9) I(po, B) (8, p)
MeM p(z) JX E®eMld] (C.76)

= sup (6,9) I(po, E)(0, ),
EeMmld?]

and then sup e (6, ) " 1(po, M)(8, ) = sup ;21 (8, 9) T 1(po, M)(8, ). Similarly,

sup ]ETF(0> @)Tl(po,M)(Q,gp) = sup EW(G,QO)TI([)(),M)(Q,QO) (C77)
MeM MeMld?]

Next we show,

inf sup E(0,0) " I(po, M)(0,9) = sup inf Er(6,0)" I(po, M)(6, ), (C.78)
Te€D MeM MeM xeD

which proves Eq. (C.71). Since the other direction is trivial and thanks to Eq. (C.77), we only need
to show

inf sup  Er(6,0) 1(po, M)(0,9) < sup inf Ex(0,0) (po, M)(0,0).  (C79)
7€D premld?] Memld?] meD
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This can be proven using Sion’s minimax theorem (Sion, 1958) to exchange the order of inf and
sup. It states that inf,e x sup,ey f(z,y) = sup,ey infzex f(z,y) if X is a convex and compact
subset of a linear topological space, Y is a convex subset of a linear topological space, z — f(z,y)
is continuous and convex, y — f(x,y) is continuous and concave. First, to exchange the order of
inf, and sup,,, we notice MI%] is a convex, compact subset of a linear topological space, Disa
convex subset of a linear topological space, E (6, )" I(po, M) (0, ¢) is convex in M and concave
in . Eq. (C.72) and Eq. (C.73) can be proven similarly. Note that here when we say MU g
convex and E,. (0, ) " I(po, M) (6, ) is convex in M, we implicitly use the following definition of
convex combination:

MM+ (1= MY, = DM + (1 - )MOE . (C.80)
|

Below we derive an important property implied by Lemma 17 that will be used in the proof
later. Assume 7* be a nearly optimal distribution for some fixed T" such that

sup Er(0,0) " I(po, M) (0, ¢)
MeM

<2 sup inf Er(0,9) I(po, M) (0,¢)
MeM 7eD'T

<4 inf Er(8,¢) I(po, M*)(0,)
reD'T

=4 inf Ex |07 I(po, M*)aa0 + ¢ " I(po, M*) s -
meD'T

(C.81)

Define for any co > 0,

ACZT‘-(pOaQ79a90) = 627[-(;003@7076290)' (C82)

Then since I’ is block-diagonal we have for any co > 1,

sup EACQTF* (07 @)TI(pOa M)/(Hv (P)
MeM

< sup E(0,¢) I(po, M) (6,
Mo (0,%) 1(po, M)'(0, ) (C.83)

<4 inf E, [GTI(po,M*)AN + " I(po, M*)SBBsO]
reD'T

To conclude, A., 7 for any co > 1 is also a nearly optimal distribution satisfying

inf sup Ex(6,0) 1(po, M)(6,0) < sup Ea, (0,9) I(po, M) (6,¢)
€D MeM MeM

<16 inf sup E(8,) " I(po, M)(0,¢),
T€D MeM

(C.84)

which can be seen from the proof of Theorem 16.
Finally, we have the following theorem.
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Theorem 18 (Lower bound for Problem 3(3’) and p-norm error) Using (possibly adaptive)
measurement strategy with c-copy measurements, consider the many-versus-one distinguishing
tasks above with any pg, , well-defined and (6, ) € @:%,Z(PO)- The sample complexity required
to solve this task is

b ({0
N=0 (W) 7 (C.85)
ce
for any ¢ < min{n°®, n%"} where
1 1
b .
ne” := min ) (C.86)
‘ 3camaxy/TSP({O: 1)) 12¢/amax
with
Omax = max Gy, (0),
ma = st ) s
tr((0-Qpy ' (0-Q)) ¢ o) r(Qipg Q) '
apy(0) := 7 =0TGg, G = —
Q' is a function of py as defined in Theorem 16, and p € [1, o).
Proof
Note that the sample complexity bound from Eq. (B.17) is now (¢/daq,.(O)) where
om,(0)= sup  inf min s (p55llef?)- (C.88)
S g )
MeM, (Q,g“o)e%(O) (0.9)EZ52 , (o)
We denote the c-copy POVM as M = {M,}, and the classical distributions
G = tr(Mp),  po(6,0) = tr (Mg ) (C39)
the x? divergence induced by M is
2
ps(0,0) —q
X (55 log) = (b ) (C.90)
- as
We expand ps (6, @) around py. Using the notation
9) : QaT
po = po+ 091 QT (C.91)

d )
where Q = (Q1, ..., Q4)) and T = (71, ..., T|p|), the multinomial expansion over subsets S C [c]
is

0 . )\ ) y
=3 <( p) - (@, )) & oS, C92)

d
SCld
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where (-)(S ) denotes placing the operator on the tensor factors indexed by S and identity elsewhere.
Hence

. 1
pu0.9) == Yt (M((6,9)-@QIND 0 pfN) o ©93)
2#5C[c]
Therefore,
) o (N 2
| r (M, (6,9) - (@) @ pf)
2 Rc ®Kc\ __
Xar (g ol Po )_ZW Z FE . (C99)
s ® o#5C[c]

For some fixed 7" in the dual basis, we pick some 7* € DT satisfying Eq. (C.84). Let (0, 3) :=
(0,¢)/d. Since

Xar (0G5 ll6)

2
M, ((8,¢) - (Q,T)) pgc}\a)

e (el
_zs:tr(Msp?c) 2 dl*|

o (M, ((0,9) - (@ T) p[(][c]\S))Q

1
IS c S ws (C95)
ool ws tr(Mspf? )d2!S| vt
2
_ . 2
|y 5" (M, (@.2) - (@1) )
=~ rt? - t]:‘(MSp6®C) )

where the third step used Cauchy-Schwartz and the last step optimizes over all choices of wg, we
have for any fixed 7,

om(0) < sup it min g, (Al
MEM, POES1/2 (ﬂsﬁ)e%?;,p (po)

< sup inf Ery/x3, (ﬁ?;“ﬂ?c)

MeM. reDT
_ - ) (s 2
w (o (0.0 @1) o)

< sup inf E; (C.96)
MeM.meDT @;ASZC[C] ; tr(Msp%Z)C)

2
- (MS (0.0 (Q,T))(S) p(()[c]\S))
< sup Er Z Z tr(Msp%@c)

MeMe gasci \ s
T,7* T,7*
<A AT
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where pg , = po + é Y acA eaQa =+ é > ve PuThs

AP =3 |Ee sup Ztr (Ms (@ @)'(Q’TD(S) ”g’[C]\S)Y (C.97)
! e " MeM. 4 tr(Mspg©) ’ '
and
(M 0.0)-@.1)"” <[c1\s>>2
AT =3 (| Ere sup Ztr S(( v 7 ” . (C.98)
i 1S]>1 MeM. tr(Mspg©)

Note that the above inequality still holds when replacing 7* with any other distribution.
We first prove the lowest-order term is bounded as expected. Define, from any c-copy POVM
element M, a single-copy operator

Gy = trpp 1y (L@ pl ™) M). (C.99)
We can verify that { G} is a valid single-copy measurement.

* Positivity: G > 0 since Gl = T\ (1} (MS(]I ® p(()c_l))) = tr\ (1) ((I[ ® p(()c_l))Ms) =G,
by cyclicity and tr(AGy) = tr(Ms(A® p? (e=1) )) for any operator A, implying G is positive
semidefinite.

» Completeness: Y, G = tryg 13 (1@ p“ V) = I (because tr(po) = 1). So G = {G,} is
a valid single-copy POVM.

* Crucial identities: For every x and every observable A acting on the first copy,

N2
tr (MS(A(D ® p?( D))  tr(AG,)?

. C.100
tr(Mypg©) tr(Gspo) ( )

Now, we note that A = (A, @) - (Q, T, the |S| = 1 functional equals the single-copy functional for
(G with base state pg:

tr (Ms (0.9) - (Q. 1) pt()c_l))2

=t (G5 (0,8 (Q. 1))
tr(Map°) >

T
tI‘(Gsp0> - (97 90) I<p0aG)(07§0)
(C.101)

s

Here (1) means operator acting on the first qudit. The mapping sends any M € M, to some G € M
that is a single-copy POVM. Furthermore, any single-copy POVM G can be written in the form of
Eq. (C.99) when taking My = G5 ® 1(¢=1)_ Therefore,

_ o 2
tr (M, ((8.9) - (@.1) " o) ]
Sup 5o = sup (0,¢) I(po, M)(0,p).  (C.102)
MeM, tr(Mspy©) MeM
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Due to Eq. (C.84), we have

2 T\ Acym™ 9o 2
(37 _ (a7t 166e)

, C.103
TO({0E) = ¢ TR0 (G109

for any co > 1.
It remains to derive the threshold on € below which we can ignore the contributions from higher-
order terms. Since

S (0) < ATPe™ AT AT (C.104)

holds for any cy > 1, it is sufficient to show

T\ Ac,m* (3¢)?
f A2 < - C.105
a2t S0 (1
Fix a subset S with |S| = k. Set
Ny := ((p0)"?) %My ((po) /%) ZN = py s tr(Ns) = tr(Msp)),  (C.106)
and define
Bs =) (0o ((6.9) - (Q.T)" p,"*) 0 QL (C.107)
i€S ¢S
Then

tr(Ms((é,@).(Q,T))(S)c@pgd\s)):tr(NSBS), tr(MypE°) = tr(N,).  (C.108)

By Cauchy—Schwarz in the Hilbert—Schmidt inner product,

tr(NsBg)? .
Zs:w <tr (BS (ZS:N5> BS) = tr(BSpg) BS) (C.109)

Evaluating the right-hand side factorizes over tensor slots, giving

tr(Bsp“Bs) = [tr((( ) (Q.T)) py ((97¢>-(Q,T)))}k. (C.110)

Therefore, we have

inf A

co>1

v (0.9)-@.1) 7 )

MeM. tr(MSpf)@c)

(C.111)
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where E »+ = E(po O, p) P Here we use, as co — o0,

lim A, m*(po, @, 0,%) = 2*(po, 0)6()5(Q — Q@ (po)), (C.112)

Cc2— 00

where 2*(po, 0) = [ 7 (po, Q, 0, p)dedQ and 4(-) is the delta function. The 5(Q — Q'(po)) part
stems from the definition of D'7 and the d(p) part is because infinite squeezing in the domain of ¢
collapses the distribution into a delta function. Define the quadratic form

w60 0-@))

._ — g7 2(po)
Qg () = 7 =0 G0, (C.113)
e . Qi Q)
A
With z = \/a,,(0),
inf AYRRT < B [(142)° — 1 — cxl. (C.114)
22
Using (1 +2)¢ <e“ande’ <1+t+ %et fort > 0,
. T Acym* cx
HlchZl AQ 2 < E(@* [(CZC‘)2€ ] (Cl 15)
(3¢)? (3¢)?
‘o 26\ mEogEy
We define
Omax 1= max apy(0), (C.116)

POEST j2;|0llp=1

where we explicitly indicate the dependence of ayax on @Q'. Therefore, with z < (3¢)/@max, We
get

. T,Aczﬂ'* 2 2 3 4 2 FOb O m 605\/amax
<1nf0221A > < c ( E) Qmax p ({ 1}1:1)6 (C117)

2
(35)2 4(35)2

o] — 38
P ({O:2y)

To ensure the above is upper bounded by 1, it suffices to impose e.g. 6cey/amax < 1/2 and
) a3 HOHL) 1/4, which implies

max- p

4(3¢)2

1 1
SCamax\/ng({Oi}:-il) 12¢\/amax

(C.118)

€ < min

is sufficient. n
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Appendix D. Lower bounds for unbiased, bounded estimation

In this section, we use the CR bound to prove a lower bound on the sample complexity required to
solve Problem 2, i.e., estimation of parameters with p-norm error. Since the CR bound applies to
only unbiased estimators, the sample complexity lower bound is also restricted to unbiased estima-
tors. However, the bounds applies to general learning and estimation with p-norm error that is not
restricted to the oblivious cases.

D.1. Single-copy measurements

Theorem 19 (Lower bound for estimation with p-norm error w/ bounded and unbiased es-
timators) Using the adaptive measurement strategy with single-copy measurements, the sample
complexity of p required to obtain a bounded, unbiased estimator of 0 in Problem 2 is

N=Q]| inf )
Mem pilelgo e2log(m!/r /e)

diag (290, 2) )" r,(om,)
=0 <€210g(ml/p/e)> ; (DD

forany e > 0 and p € [2,00], where I(po, M) = I(pg,y, M)|o=p=0, Po,o = p0 + 3 > e 0aQa +
ézbe g eIy, and diag(-) represents a diagonal matrix whose diagonal entries are those of (-).

Here “bounded” means the values of estimators 0; are always away from true values by a constant.

Proof The proof consists of three steps.

1. First, we will show that for a fixed non-adaptive single-copy measurement strategy M S | we
need a sample complexity of

Hdiag ((I(pO’M)_l)AA)l/QHZ
Ny =€Q | sup )

(D.2)
POES® 62

to construct an unbiased estimator 6 that achieves a p-average root-MSE smaller than &, i.e.,

m 1/p
(Z E[(0; — 9i)2]p/2) <& (D.3)

i=1
Given N; copies of parameterized quantum state
1 1
Pop =po+t - > 0.Qa + p > T, (D.4)
acA beB

where pg is known, {0, }.c are to be estimated and {p} }pcp are unknown (i.e. nuisance parame-
ters Suzuki et al. (2020)), the CR bound states for any unbiased estimator (H(N 1), cp(N 1)),

A 1
V(po,0 MEN, (BN p(N1))) = Ef(pe,w,M)’l, (D.5)
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where V(pg,,, MEN, (0D o(NDY) and I(ps,,, M) are the MSEM and the FIM with respect to
both parameters {0, }.c4 and {pp }rep. We can take the upper left blocks of the matrices that only
involve entries in A, which gives

A 1
V(p97907M®N179(N1)) = E(I(paﬁmM)_l)AAa (D6)
Furthermore, we have
tr(diag(V (pp,p, MEN,0ND))PI2) = N "E[(6; — 6;)%)/. (D.7)
i=1

That implies when Eq. (D.3) holds,

1 p/2\1/p
¢ > tr (diag( I(pgp, M) AA) ) . (D.8)
Since we would like the above to hold for arbitrary (6, ¢) such that py , is well defined. Let
2(po) = {(0, ¢)|ps,e is a full-rank density matrix}, (D.9)
which is an open set in R%~1. Then
1 , _ p/2\ 1/p
£> sup v ((ding ((Z(po.ps M) )an) )
VN1 (0,0)€%(p0) (D.10)
L tr ((diag ((I(p0, M)7Y) )p/Q) v |
= sup tr 1ag P05 AA )
V Nl poES®

where the last equality holds because choosing a specific value of (6, ¢) is equivalent to replacing
the original pg with py , and then setting its value to be zero.

2. Next, we show for p € [2, oo], if an unbiased, bounded estimator 0 satisfies

m 1/p
é—eH :( éi—eip) <e, D.11
ool ;\ | (D.11)
with probability > 1 — §, and
16 — 6i < u, (D.12)

for all 7 and some constant u, as required by Problem 2, then we can construct another unbiased
estimator 0 that satisfies Eq. (D.3) with £ = 4/2¢ and overhead K = O(log(m!/?/¢)), (i.e. O

uses K samples of the estimator 0). Without loss of generality, we assume 0 <1/3.
Taking K independent samples of 6, we define

: (D.13)

K
O = Medianp(ém, 08 = arg m}nz
0 p

(=1

.
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where 6l are the ¢-th sample of 6 and Medianp(ém, ceey gl ]) is the geometric median. One prop-
erty of the median estimator is if |0 — E[f]||, < & holds for ratio & > 1/2 of all £, we must have
10 —E[6]||, < 522<¢. It can be seen by noting that

165 — 61|, — 116" —E[6]]l, > 10 — E[f]], — 2, for ¢ satisfying [|61) —E[6]], < e;

165 — 01|, — 16 —E[4]]|, > —||6x — E[f]||,, otherwise.
(D.14)

Summing over all £, we have 0 > (2k — 1)||0x — E[f]||, — 2re. We can take e.g. £ = 2/3, and it
implies if |11 — E[0]||, < ¢ holds for ratio 2/3 of all /, we must have ||0x — E[d]|, < 4. Using
the Hoeffding bound, we have

. N K K
105 ~ B[], > 4] <Pr [Zﬂ 1019~ E]], > €) > 3]
/=1
A . 2
< exp ( 2K - —Pr[||0 —E[9]|, > z—:]) ) (D.15)
2
< exp < 2K - — 5 ) .

When p < o0, using Jensen’s inequality,

> Ellfxi — 6:*1P% < Y Ellok.i — 6:["] = Ell|6x — 6|17]
=1

=1
< Pr[||0k — 0|, < 4¢](4e)P + Pr[||0x — 6], > 4eJmuP

< exp<—2K<3 _5>2>mup+ <1—exp<—2K< —5>2>)<45>p.

(D.16)
When p = o0,
R 2 2
max E[|0x; — 0;]*] < exp ( 2K<3 — 5> ) <1 — exp < — 2K<3 — 5) >> (4¢)%.
D.17)
In both cases, when K = Q(log(m!/P/¢)), we can have
m 1/p
(Z E[(Ox.; — 92-)2]7’/2> < 4v/2e. (D.18)
i=1

3. Given an unbiased, bounded estimator that achieves a p-norm estimation error with probability
> 2/3 which takes N copies, and use the estimator K = O(log (ml/ P/e)) times to calculate a
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Geometric Median estimator, we obtain an unbiased estimator on Ny = N x K copies satisfying
Eq. (D.3) with ¢ = 4y/2¢. The CR bound implies

o N 0 ‘ diag ((I(PO,M)A)AA)UQHP

su
K poego e2log(m'/?/e)

(D.19)

Here we generalize the above discussion to adaptive single-copy measurements. Consider an adap-

tive measurement on N copies of quantum states defined by M(N) = {MEN)JEN} € Min
where
MLN) Mﬁ) ® Mg?m e @ MW) (D.20)

T1yes TN T1,22,..,TN
where Mg?,,,,x,ﬂ,% is the POVM operator on the r-th copy that depends on all previous outcomes
(z1,...,2,_1) with measurement outcome x,. The superscript in M) means M acts on states
from the 1st to the N'th copy. Using the CR bound, we have for any unbiased estimator §(V1),
- 1
V(pppr (MU0 o= o (NT (o, M) ™) (D21)
1 2

which is a generalization of Eq. (D.6). Similarly, Eq. (D.10) generalizes to

1 p/2\1/p
&> sup tr (diag ((NI(p®N, M(l’N))_l)AA> ) . (D.22)
Vv Nl POES® 0
The lower bound needs to apply to all adaptive POVMs, i.e.,
1 p/2\1/p
> inf  sup tr (dia ( NI(pEN, ML) =1 A) ) . (D.23)
3 Ny M mego g ((NI(py )" )a
To prove Eq. (D.1) holds, we only need to show
1/2
o) = inf sup ||diag <(NI(,0%QN, M(l’N))_l)AA)
MONeM; N poeS® p
12 (D.24)
= inf sup [|diag ((I(pg, M)_l)AA> =: oW,
MeM POES® p

First, we note that o) < e by definition. On the other hand, @) > v holds because the FIM
of adaptive measurements can be written as

I(p?r7 M(Lr)) - I({pzlleQv“'vzrfk}) + Z pmlam%nwmrfkj(p%@k’ Méq;];:‘rl:;z-_k)7

(331,332,...,2&,'7]@)

= I(p§T7k7 M(17T_k)) + Z px17x27..,71‘r7k1(p?k7 M;ﬁ’;,_l’];::i_l:;z_k)’
(21,2250 T k)

(D.25)

where pg, 4,2, , 1S the probability of obtaining measurement outcomes x1, T2, ...,ZT,—} and
MCE’;;’;“Q_,C is the POVM acting on states from the » — k + 1 to the rth copy that depends on all
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previous measurement outcomes. Applying this decomposition trick multiple times, we have

I(pg@N’ MM = I(pg, MDY + ZPmI(Po, Méf)) +--

1

N
+ Z le,"‘ny—l‘[(p(]?MSEL')“J?N—I) (D.26)

T1, 3 TN—1

:Nl(po,M),

where M includes the POVM operators {%MS), %pleé??xz, ey %p%‘_,@NilMgg]lV) ;,;N} and

-----

is a single-copy measurement. This implies v(") > v(1) proving the theorem.

Theorem 20 (Lower bound for oblivious estimation using bounded and unbiased estimators)
Using the adaptive measurement strategy with single-copy measurements, the sample complexity of
p required to obtain a bounded, unbiased estimator of 0, for all « satisfying ||| g < lin Problem 2’

is " o
N=Q (Iégiig?f;gi)) : (D.27)

forany e > 0and p € [1,00]|. Here “bounded” means the value of estimator O, is always away
from the true value by a constant for any «.

Proof Similar to the proof of Theorem 19, the proof consists of three steps.

1. First, we will show that for a fixed non-adaptive single-copy measurement strategy M®M | we
need a sample complexity of

N1 =Q| sup max o' ((po, M) ) aso (D.28)
poese lloll,<1 &2

to construct an unbiased estimator ,, that achieves a MSE smaller than ¢ for all v satisfying ||| ¢ S
1,ie.,

D (0(x)a — 0a)tr(pgMy) < €. (D.29)

T

Given N copies of parameterized quantum state

1 1
P = PO T 8 Z 0.Qq + & Z ou Ty, (D.30)
acA beB

where pg is known, {6, }.c are to be estimated and {} }»cp are unknown (i.e. nuisance parame-
ters), the CR bound states for any unbiased estimator (§(N1), (M),

A 1
V(9,0 MOV, (9N (M) - w1 (oo, M) 7L, (D.31)
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where V(pg,,, MEN, (0D o(NDY) and I(ps,,, M) are the MSEM and the FIM with respect to
both parameters {0, }.c4 and {pp }rep. We can take the upper left blocks of the matrices that only
involve entries in A, which gives

N 1 _
V(po.p, MENT GV > E(I(pe,wM) Yaa, (D.32)

Furthermore, we have

aTV(pg#,, MEN é(Nl))a = Z(é(x)a — 00)*tr(pe M) (D.33)

T

That implies when Eq. (D.29) holds for all «,

1 _
£E> \/—NT \\gﬁa§1 aT(I(pg,WM) Yaaa. (D.34)
o<

Since we would like the above to hold for arbitrary (6, ¢) such that pg , is well defined. Then

1 T 1
sup max o (I(pgy, M) )aac
VN1 (0.0)e9(po) llodl <1 ’

1 T -1
= sup max « (I(po, M) )aaa,
VN1 poese llall <1

£
(D.35)

where the last equality holds because choosing a specific value of (6, ¢) is equivalent to replacing
the original pg with py ,, and then setting its value to be zero.

2. Next, we show for p € [1, oo], if unbiased, bounded estimators 0, satisfies for all o

~

00 — 0o < &, (D.36)
with probability > 1 — §, and
|00 — 0ol < u,Va, st ol <1, (D.37)

for all measurement outcomes and some constant u, as required by Problem 2’, then we can
construct another unbiased estimator éa,Med that satisfies Eq. (D.29) with £ = 2¢ and overhead
K = O(log(1/e)). Without loss of generality, we assume § < 1/3.

Taking K independent samples of 0., we define

OaMed := Median(911) . 91Ky, (D.38)

where 1 are the (-th sample of 0,. One property of the median estimator is if 0l —E[f]| < e
holds for ratio x > 1/2 of all ¢, we must have |0, mea — E[f]| < €. Using the Hoeffding bound, we
have

Pr ||Aomea — E[f]] > €

[E——

K
<Pr [Z 1(10¥ — E[f]] > &) > [2(] < exp (—QK (; — 6)2> .

(=1
(D.39)
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Then
Z(é(x)a - ea)2tr(P0Maz)

(o (3 ) (e (35)))) 2 o

In both cases, when K = (log(1/¢)), we can achieve

> (0(x)a — 0a)tr(pe M) < (26)°. (D.41)

x
3. Given an unbiased, bounded 0, estimator that achieves ¢ error with probability > 2/3 which
takes IV copies, and use the estimator K = ©(log(1/¢)) times to calculate a Median estimator, we
obtain an unbiased estimator on N1 = N x K copies satisfying Eq. (D.29) with ¢ = 2¢. The CR
bound implies

N (D.42)

_ N1 ((SWPpese AN, <1 @ (00, M) aser)
K e2log(1/e)

Here we generalize the above discussion to adaptive single-copy measurements. Consider an adap-

tive measurement on N copies of quantum states defined by M(LN) = {MﬁN)xN} € Min
where
M(LN)

T1,- N

MY oM, .o MY) (D.43)

1,22 Z1,L2,.., TN’

where MQE’;?._,,%,W is the POVM operator on the r-th copy that depends on all previous outcomes
(z1,...,r,—1) with measurement outcome x,.. The superscript in M (L.N) means M acts on states
from the 1st to the N'th copy. Using the CR bound, we have for any unbiased estimator §(M),

A 1
V(pp.g, (MUEM)EE G0 = (NI (o, MO ™) s, (D44)
1 I
which is a generalization of Eq. (D.32). Then
£>

inf T(NT(o2N ppAN)y -1 . D.45
Vs Ay o, i, @ (N0, M) ) ase (D45)

To prove Eq. (D.1) holds, we only need to show

o) = inf sup max aT(NI(pE)@N,M(LN))_I)AAa
MONeMy N poeSe llefl <1 (D.46)
= inf sup max o' (I 00, M) D asa =: v, .
MeM poese o<1 ¢ )
First, we note that ) < ) by definition. On the other hand, @) > v(1) holds because the FIM

of adaptive measurements can be written as

I(p?r? M(ljr)) = I({pxlsz:'uvx'rfk}) + Z pxlaIQ’“'vmr—kI(pa@k? MI(‘:,;];:‘FI:;T)‘_k)7

(‘7}17-7:27---7777“—16)

-k -k k —k
= I(pg?r ) M(I’T )) + Z p$17x27---7$r—k‘[(p§) ) Mé‘:,l‘g:’:{;z,k%
(T1,22,.,Tr k)

(D.47)
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where Py, 25,2, , 1S the probability of obtaining measurement outcomes x1,Z2,...,Z,—} and
Mg}g“;i_ . is the POVM acting on states from the r — k + 1 to the rth copy that depends on all

previous measurement outcomes. Applying this decomposition trick multiple times, we have

I(pg™ , MMy = I(po, MDY +> " pay I(po, MP) + -+

1

> Dol MO oy ) (DAY)
T1, " IN—-1

:NI(po,M),

-----

where M includes the POVM operators {%MS), %pleé??xz, R %p%‘_,@NilMgg]lV) ;,;N} and

is a single-copy measurement. This implies v®¥) > v(1), proving the theorem.

D.2. Few-copy measurements

We then consider protocols using (¢ > 1)-copy measurements in M. Similar to the distinguishing
task in Theorem 18, we show that if we only care about £2 term, which is the case when ¢ is below a
certain threshold, then the lower bound for these unbiased estimators for Problem 2 can again only
achieve at most an O(c) reduction from single-copy unbiased estimators. Formally, we have the
following theorem

Theorem 21 (Lower bound for estimation and oblivious estimation using bounded, unbiased
estimators, and c-copy measurements) Using (possibly adaptive) measurement strategy with c-
copy measurements, the sample complexity of p required to obtain a bounded, unbiased estimator of
0 in Problem 2 (or a bounded, unbiased estimator of 0, for all o satisfying ||ct||, < 1 in Problem 2’)

IA
_ Ip({0i}i))
N=Q <c€2 log(ml/p/€)> ) (D.49)

foranye > 0andp € [2,00], or

Lo ({Oi}i2y)
N=0Q (M) , (D.50)

forany e > 0and p € [1,00|, respectively, where I(po, M) = I(pg.u, M)|o=p—0, o, = po +
é ZaeA 0aQa + é ZbeB opT.

Proof First, we notice that following Theorem 19, to prove Eq. (D.49), we only need to prove

diag((I(p07M)_1)AA)1/2H2 > nf sup
P B 02 MeM pOeSO

2
diag ((1(po, M>_1)AA)1/2HP-
(D.51)

inf sup
MeMc 0 eSe
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The proof follows a similar argument with Theorem 18. Recall that

tr (M, ((0,¢) - (Q.T)) piI"
Xaegolles) < | D \Do ( P ) , (D.52)

o£5C[d \ s

for any c-copy measurement M € M.. Taking the lowest order Taylor expansion (as in Eq. (B.25))
and using Eq. (C.101), we have

I(p5e, M) 23 " I(po, G2, (D.53)
=1

where Gl is a single-copy POVM defined by
G[SZ} L ENG! ((H(Z) ® ,Ogc]\{z}))Ms) . (D.54)
Note that

(VI-VI)’ =0 = VpI+ (0 —p)J =pVT+(1—pWI,W0<p<1, (D.55)

i.e. \/(+) is operator concave. Then we have

1/2
®c 1/2< 1/2 feld _ 1/2
CI( ZI (po, G ( ZI (po, G > I(po,G)"/*.  (D.56)

where G is a single-copy POVM with measurement outcomes (37, s) such that G; oy = %G[;].
Eq. (D.51) is then proven using the above inequality, which means for any M € M, there exists
some G € M such that I(p3°, M) < ¢?I(po, G). Eq. (D.50) can be proven similarly. [ |

Appendix E. Optimal estimator for high-precision shadow tomography

Here we construct an estimator that performs optimally for both Problem 2 and Problem 2’ when the
target precision is sufficiently small. We will first show the estimator that saturates the CR bound
(up to a constant factor) for states in a neighborhood .4 (pg) C S of some specific state pg. Then we
introduce a tomography procedure that pre-determines pg such that our state p € .4 (pp). Finally,
we analyze the performance of the estimator in terms of the metrics in Problem 2 and Problem 2’
and calculate the thresholds of precision below which the sample complexity is optimal.

E.1. Optimal unbiased estimator within local regions

Although the CR bound is in general not necessarily saturable with finite sample complexity, for
our specific shadow tomography problem here, we show the optimal locally unbiased estimator also
performs optimally as a globally unbiased estimator within local regions up to a factor of two. The
linearity of the probability distribution in (6, o) is the key property we use here.
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Lemma 22 (Optimal estimation within local regions) Given pg € S°, consider quantum
states parameterized as pg., = po + ézaeA 0,Qa + éZbeB op Ty, where (0,¢) € AN (po) =
P(po) N =D (po). For any fixed POVM M, there exists an unbiased estimator 0 of 0 such that the
corresponding MSEM

V(po.p, M,0) = 2(I(po, M) ™) aa, (E.D)

where I(po, M) = I(pg,p, M )|g=p—=0-

Proof First, we note that .4 (pg) is the maximal region that satisfies the follow two properties.
* Itis aclosed, connected region.
* (0,9) € A (po) & (=0, —¢) € A (po)-

The first property holds because Z(pp) is a closed region, and all § € Z(p) is connected to po,
and the second property directly follows from the definition of .4 (pg).

Let pg ,(x) = tr(pg,,M,) for some POVM M = {M,},. We define the following estimator
which is the optimal locally unbiased estimator at 6, ¢ = 0:

Ozys (E.2)
0,0=0

g (y) = S (I (po, M)*MW

c,x

where we use index c to represent all parameters in A U B, and y is the measurement outcome,
which is exactly the optimal locally estimator (Eq. (B.28)) at 6, ¢ = 0.
First, we show it is an unbiased estimator within .4 (pg). Let

. 1\ Ocpoo(x
F(O. @ = Eg [0 (2)] = 3 (L0 M) e 2D g3
c,T Po.p (.CC) 0,p=0
where the expectation is taken for measurement on state pg,,. Then
_ ~1y Ocpop(T) .
£0,0)0 =Y (I(po, M) ™ ae——"=pp () = 0. (E.4)
c,T pe’w(x) 0,p=0
For any (0, ¢) € A4°(po), where we use .4 ° to denote the interior of .4/,
1y Ocpyp(x
0 f(0, 00 = 3 (T(po, M) o 2222 0 )
C,T pa’w(x) 0,0=0
_1y Ocpo ()
= (I(po, M) 1)q 2222 Owpo (T (E.5)
;( (Po, M)~ )ac pe#)(x) 0o c 790( )‘0,@=0

=> (I(po, M) MacI(po, M)ce = bac,  V(0,) € N (po),

where we use the fact that py () is a linear function for all parameters, and thus
0P, (x) = Dopo,p(2)] g - (E.6)
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The above implies the unbiasedness of the estimator, i.e.

because .4 (pp) is closed and connected.
Next, we calculate the covariance matrix (i.e. the MSEM) of the estimator.

Gaar (0, 0) = Eg L[(BP0 — 0,870 — 0,)] = By ,[IPP00P 7] — 0,0,.  (E.8)
Specifically,

Jaa(0,0) + 95 — ]EQ,SD[(égpt,po)Q}

8c T _ ac/ T E.9
= ST oo, M)V 222D (1 ay o DB gy B9
Pyt p@,g&(x) 0,0=0 pe,w(aﬁ) 0,=0
gaa(_ev _90) + 92 = E*Q,*W[(égpnpo)ﬂ
1y Ocpep() ~1y Oupep(T) (E.10)
= IpaM 1ac77¢ [paM ac’77¢ P—6,—p\T),
IZ( (po, M)™7) 16 () 9?@20( (po, M)™) P00 gm0 6, (T)
9aa (0, 9) + Gaa(—0, —p) + 20
8cp9.gp($) 1 5c’P9 QD(‘:C)
=2 ; Jac———" I(po, M) )aer — = Po,o(x
wz (o M Po. (@) e,g,:o( o, M) Do = (@) 0.0 00(@) (E.11)
=2 (I(po, M) V)acI (po, M)cer (I(po, M) )aer = 2(1(po, M) ™) aa

c,c’

where we use the fact that py ,, () + p—_g,—, () = 2po,0(z). Analogously, we can show for any real
m-dimensional vector (v, )q,

Z Va Vo’ (gaa’ (07 90) + gaa’( 9 ()0 + 20 9 Z Uava’Q )007 ) l)aaU (E12)

which implies
9(0,¢) < 9(0,¢) + g(—0,—0) < 2(1(po, M) ") aa. (E.13)

It means the MSEM of the estimator §°P%#° is upper bounded by 2(I(po, M)~") 44, proving the
lemma. A crucial assumption we use above implicitly is p_g ., is well-defined, which is guaranteed
because (0, ) € A (po) < (=0, —¢) € A (po). u

E.2. Finding p( via state tomography

Here we discuss given an unknown state p, how to find pg such that p € .4 (pg) so that the above
estimator applies. Here we abuse the notation a bit and say p € .4"(po) if and only if p = pg ,
for some (0, ¢) € A (po). Finding py is in general a difficult task, especially when p is singular.
However, we can without loss of generality consider only states within a restricted set of states:

1 I
Sija = {p‘p =5 (0’ + &), for some density matrix a}. (E.14)
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We can always assume p € Sy, because if not, we can apply the following quantum channel on

the unknown state p

1 I
P gpt oo (E.15)

whose output state belongs to Sy /, and then perform the estimation on the output state. The channel
maps the expectation values tr(O;p) — % tr(O;p), which induces at most a constant factor in the
estimation precision and the sample complexity bounds. In this case, it is sufficient to find an
estimator of p that is within 1/(4d) of its operator norm.

Lemma 23 For any state p € Sy, if lpo — pllee < 1/(4d), p € AN (po)-

Proof We first note that p € .4 (pg) if and only if

po—(p—po) =0 & p—(p—po)—(p—po) = 0. (E.16)

It holds when || po — pllec < 1/(4d) because

p—(p—po) —(p—po) = p—2llp—poll I = p—1/(2d) = 0. (B.17)

The above implies that any algorithm that produces an estimate of p such that its co-norm distance
to p is at most 1/(4d) will be sufficient to serve as the first step to determine pg, prior to applying
the unbiased estimator §°P%0 in the second step. To achieve the target accuracy in tomography with
single-copy measurements, one can apply the Haar random measurement {d |v) (v| dv} and use the

estimator
No

. 1
po(No, u) = NO;((H 1) Jus) {us| — 1), (E.18)
1=
where u = (uq, ..., uy,) are the outcomes from measuring p. With probability 1 — ¢ (Kueng et al.,

2017; Guta et al., 2020; Chen and Cotler, 2025),

(E.19)

d+log(1/6 d+log(1/6
1500, ) ~ pll. SConstantXmax{ +los(1/8) [T 1og(1 )}.

In particular, po(No,u) must be a well-defined density matrix when p € &;/» and
1po(No,u) — pll,, < 1/4d. Therefore, Ny = O(d?) is sufficient to achieve the target precision
with high probability and find a local region .4 (pg) to apply the optimal local estimator.

E.3. Conversion from MSEM to p-norm error

We showed in Appendix E.1, the optimal locally unbiased estimator goptspo performs optimally in
estimating € in py , within .4"(po) in the sense that it achieves, up to a factor of two, the optimal
MSEM given by the CR bound. Our goal is to learn observables with p-norm error. Below we
show, using the (coordinate-wise) median-of-means estimator, we can, with probability at least
1 — 4, obtain a bounded p-norm error using the estimator of bounded p-average RMSE with an
overhead of O(log(m/J)).
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Lemma 24 Fix the POVM M. For any unbiased estimator 0 that achieves

there is another estimator éMOM that achieves p-norm error £ with probability at least 1 — § that

uses 9
1o (log (%)) % O <€2> (E21)

diag(V (po.p. 1M.0)| <€ (E.20)

samples of 0.

Proof Given an unbiased estimator 6 for § € R™ satisfying the p-average RMSE bound, i.e.

1/p

m
|diag(V (oo 20,002 = |37 | <& (E22)

j=1
where 0]2 = Var[f;] = V(po,pn M, 0) j; is the variance of estimating ¢;. Our goal is to construct

an estimator fyom such that with probability at least 1 — §:
[von 0 << (E.23)
P

using a sample complexity overhead that is poly-logarithmic in m and 1/4.
We start with the definition of the coordinate-wise median-of-means estimator:

1. Sampling: Collect Ny = K x B independent samples of 0. Divide them into K batches, each
of size B.

2. Batch Averaging: For each batch ¢ € {1, ..., K}, compute the empirical mean:
0_ 1y
Gl . Hlei]
O =5 Ze , (E.24)
=1
where 0147 is the i-th sample of 0 in the ¢-th batch.
3. Coordinate-wise Median: For each coordinate j € {1,...,m}, compute the median of the batch
means:
fyiom; = Median (ég] e 9?}) . (E.25)

We now try to analyze the performance of the estimator.

1. Bounding probability for a single batch (Chebyshev). Fix a coordinate j, the variance of the

batch mean é[g ;1s O'JQ- /B. By Chebyshev’s inequality, for any

. : Var[é[g] ] o?/B 1
Pr (|05, - ;] > 27 } < C -3 E26

[ i~ 7B S (20,/V/BE  40/B 4 (£.26)
Let us define the “bad” event for the /-th batch on coordinate j as & := {|6] j— 0l > 275
We have established that Pr[&, ;] < 1/4.
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2. Bounding probability for the Median (Chernoff/Hoeffding). For the median éMoM,j to deviate
from 6; by more than 20/ /B, more than half of the batches must satisfy the bad event & j. Let
S; =YK, I[& ], where I[-] is the indicator function. The expected number of bad batches is
E[S;] < K/4. The failure condition for the median is S; > K /2. Using Hoeffding’s inequality:

9j

. K
Pr |:‘0MOM,]' — HJ‘ > 2\/§:| < Pr |:SJ > 2:|

ol (3-2)) ()

3. Union Bound over Coordinates. We require all coordinates to satisfy their respective bounds

simultaneously to preserve the sum-structure of the p-norm. Apply the union bound over all m
2 o

coordinates. Let F be the event that any coordinate j fails (i.e., |Ovom,; — 65| > 2\/—% for some 7).

Pr[F] < ;exp <_[8{> = mexp <—I8{> . (E.28)

To ensure this failure probability is at most J, we set:

(E.27)

m exp (—;{) <§ — K>8In (%) : (E.29)

4. Bounding the p-norm error. Conditioned on the success event /¢ (the complement of failure,
which occurs with probability > 1 — §), we have that forall j € {1,...,m}:

20']'

Ortons — 5] < 7 (E.30)
Now, we compute the p-norm of the error vector:
m ) 1/p
HQM"M*QH - Z(eMoM,jfej‘ (E31)
P ,
j=1
Substituting the coordinate-wise bounds:
1/p 1/p

HéMoM - er < JZZ <2\%>p - \/QE jz:?a’; . (E.32)

Using the initial assumption that the p-average RMSE is bounded by &:

o 2§
Oniort — eH < = E.33
To achieve a target p-norm error of €, we set j—% < g, which implies B > 4&%2. The total number
of samples required is:
m 2
N =KxB=0 (log (F)) % O (2) . (E.34)
€
Thus, using the coordinate-wise median-of-means estimator, we obtain a bounded p-norm error
using the estimator of bounded p-average RMSE with an overhead of O(log(m/¢)). [
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E.4. Algorithm, sample complexity, and threshold

Here we describe the algorithm that combines the three steps introduced above, analyze the corre-
sponding sample complexity and derive the threshold below which the sample complexity matches
our lower bound (up to logarithmic overhead). We consider the case of shadow tomography (Prob-
lem 1, equivalent to Problem 2) and the case of oblivious single-observable estimation (Problem 1°,
equivalent to Problem 2’) separately below.

E.4.1. SHADOW ESTIMATION WITH p-NORM ERROR

Theorem 25 (Upper bound for estimation with p-norm error) For any ¢ > 0 and p € [1, 0]
there exists an algorithm that uses

log(m) . . -1 1/2||
N — 3 = ALY I M
0 +0 (P52 g, s s (90000

— O(dg) +0 <10g(m)rp({0%};nl)>

e2

(E.35)

copies of p and single-copy measurements to solve Problem 1 (or equivalently, Problem 2). In
particular, when

lo me OZ Zl
o <= | PEIOTE), -
¥ = o ((eAmA(0F2))

Proof We first pick a POVM M € M that achieves

2 2
sup ||diag(I(o0, 11)35)Y2| <2 int sup |diag(T(o0, M) 32| =20, ({03},
PoES® p MeMppese P
(E.37)
Then we consider the following algorithm in Algorithm 1:
Here picking
log(m
No = 0+ 1o1/8)). N =0 (Pn, o).
(E.38)

k=0 (s(5)). B=0(5n00m).

is sufficient to guarantee the desired performance of our algorithm. To see this, we first notice by
Lemma 23, p € 4 (po) with high probability. Then using Lemma 22, we have

V(9,00 M°,0°P5P0) < 2(1(po, M) ") aa, (E.39)

and

Hdiag(V(pe,g;,M°,é°pt’p°)1/2))‘z < 2Hdiag((I(,00,M<>)1)AA)1/2)H2 <AT,({O:}™,). (E.40)
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Algorithm 1: Shadow tomography with bounded p-norm error

Input: Observables {O;} |, p € [1,00],d,e > 0, N = Ny + N copies of a d-dimensional state p

Output: Estimators 6 = (6;,...,0m)

Goal: With probability at least 1 — &, (31", [tr(Oip) — 6;[P)/P < ¢

1. Mix all p’s evenly with the maximally mixed state: p — %,0 + %

2. Apply the Haar random measurement on each of the Ny copies of p and obtain py = po(No, u)
as a coarse estimate p, where u = (u1, ..., uy,) are the measurement outcomes, such that
llpo — pll < 1/4d with high probability

3. Apply POVM M on each of the IV copies of p and obtain /N; unbiased estimates of 6 using the
optimal unbiased estimator gopt.po

4. Divide the N7 estimates into K groups each with B elements and calculate the coordinate-wise
median-of-means estimator éMoM

Return: 6; = 2((9M0M)i + tr(ino))

Using Lemma 24, it then follows that a coordinate-wise median-of-means estimator with K =
O(log(m/5)) groups of B = O(T',({O;},)/€?) elements is sufficient for our purpose. [ |

Note that from (Chiribella et al., 2007) (see also the proof of Lemma 17), here we can choose
M? as a POVM with at most d? measurement outcomes.

E.4.2. OBLIVIOUS SINGLE-OBSERVABLE ESTIMATION

Theorem 26 (Upper bound for oblivious single-observable estimation) For any ¢ > 0 and
p € [1, 00| there exists an algorithm that uses

1
N = d3 — inf T I M -1
OF) 0| 2 ,jof, sup, zmas o (T M) ase
e, <1 (E.41)

WW@WJ>

e2

=0(d*) 4+ 0 (
copies of p and single-copy measurements to solve Problem 1’ (or equivalently, Problem 2’). When

['ob o;}m
<y [FUOIE)

Lob (o (E.42)
N:O<pqihm>

22
Proof We first pick a POVM M?® € M that achieves

sup max a' (I(po, M) 1) gaa
poES® acR™
lledlg<1

<2 inf sup max aT(I(pO,M)_l)AAa:2ng({01}ﬁ1). (E.43)

MeM o a€R™
pPOES
||04||q§1
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Algorithm 2: Oblivious estimation of Oy = >, o;O; for ||, <1

Input: Observables {O;}",,p € [1,00], §,e > 0, copies of a d-dimensional state p

Output: Estimator 0,

Goal: With probability at least 1 — 4, | tr(pO,) — 04| < €

1. Mix all p’s evenly with the maximally mixed state: p % p+ 2%

2. Apply the Haar random measurement on each of the Ny copies of p and obtain py = po(No, u)
as a coarse estimate p, where u = (u1, ..., uy,) are the measurement outcomes, such that
lpo — pll < 1/4d with high probability

3. Apply POVM M? on each of the N7 copies of p and obtain N; unbiased estimates of § using
the optimal unbiased estimator gopt.po

4. Reveal o € R™, which satisfies [, <1

5. Divide the Ny samples of estimates O = Sy aié?pt’p % into K groups each with B elements

and calculate the median-of-means estimator HAM(,M,,]

Return: 6, = Z(éMoM,a + tr(ppOq))

Then we consider the following algorithm in Algorithm 2:
Here picking

Mo =0 +log(1/a). N =0 (“Er (o).

(E.44)
K = O(log(1/8)), B=0 (;rpqoi}?;l)) ,

is sufficient to guarantee the desired performance of our algorithm. To see this, we first notice by
Lemma 23, p € 4 (po) with high probability. Then using Lemma 22, we have

V(po,py M2, 0°P570) < 2(I(po, M®) 1) aa, (E.45)
and
a'V(pgp, M°,0P)a < 20" (I(po, M°) ™) e < ATP({O;12)). (E.46)
Furthermore, let 6, = > | a;(§°P0),, we have
Var[fo] = 'V (pg,u, M, 0P4)a < 4TP({O;}15). (B.47)

We can consider a simpler variant of Lemma 24, where only a single parameter 6, = > . | o;b;
is to be estimated, which implies whenever Var[0,] < ¢2, K = O(log(1/6)) and B = O(£2/&2)
samples can guarantee the Median-of-Mean estimator GAM()M@ has an additive error within €/2 with
probability at least 1 — &, which achieves our desired precision. |

Note that from (Chiribella et al., 2007) (see also the proof of Lemma 17), it is always possible
to choose M as a POVM with at most d> measurement outcomes. Also notice that although in the
proofs above we pick M< to be the near-optimal estimators that satisfy Eq. (E.37) and Eq. (E.43),
respectively. In fact, the proofs still hold if we pick M® adaptively where we remove the state
optimization sup 00ES° from Eq. (E.37) and Eq. (E.43) and fix pg to be the coarse state estimate
from the first step. This could potentially reduce the classical computational cost to identify M °.
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E.5. Simple relation between I';, and F;b

Due to the tightness of our bounds for both the oblivious estimation task and the shadow estimation
task, we already know that

[P ({0} L) = O(T,({0i}2)) (E.48)

for all p € [1, o], which means ng is no larger than I', up to constant. Here we show the constant
is simply 1.

Lemma 27 Forallp € [1, 0], ng({Oi}Tzl) <T,({O0:}). The equality holds when p = cc.
Proof To prove the inequality, we only need to show for any matrix R >~ 0,

max o' Ra < Hdiag(R)l/zHi. (E.49)

lledlg<1

Let v; denote the i-th column of /R. Then for any «,

VaTRa = |VRalz = Z%’Uz’
i=1

m
< ailllvill2. (E.50)
2 =1
Moreover, ||v;||3 = R;;. We have
m
VaTRa <) |ailv/Ri. (E.51)
i=1

For any ||a||; < 1, by Holder’s inequality,

(E.52)

p7

m m 1/p
VaTRa = Z ||/ Rii < (Z Riip> = Hdiag(R)l/Q‘
i=1 i=1

proving Eq. (E.49). Finally, we note that when p = co and ¢ = 1,

||nﬁa}<(1 a'Ra = max R;; = Hdiag(R)l/zHio. (E.53)
al; < i

This is because o' Rov is a convex function in «, and the maximum can be taken at extreme points,
i.e. when « has only one entry equal to one. |

Appendix F. Example: Pauli estimation

We showcase our results with a concrete example of Pauli observable estimation. While the case
of p = oo has been thoroughly investigated in (Chen et al., 2024b) with tight sample complexity
bound obtained, our framework extends the analysis to all p € [1, oo] in the high-precision regime.
Furthermore, our bounds are tight up to log factors for all p > 2.
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Theorem 28 (Og)livious learning of Pauli observables, single-copy measurements) Let d = 2"
and {O; = Pi}f-l:Il be all n-qubit traceless Pauli operators. Then,

o) < rov < | OCLOED. ifp € [2,oc],

) 1
=ty s O(drllogd>, ifpel,2). =D

Furthermore, the following sample complexity bounds for the oblivious learning problems (Prob-

lem 1’) hold:
1 2
N = Q(ng/52) = Q(d/e?), when € < gdi 2,
O (dlogd/<?), ifp € [2,00], (F.2)

N = 0% /e?) = hen e < cod™*.
(/€ O(d%_llogd/e2), ifp€|l,2), waen 0

Here cy > 0 is some absolute constant.

Proof When O; = P; for all i € [m] where m = d? — 1, it is easy to see that the dual operator basis
is uniquely determined as ); = P; for all i € [m]. Recall the dual representation of ng thanks to
Lemma 13,
°*)~! = sup inf min 67 I(po, M)6. (E3)
T) = 58 be iz, 0 L0 A0
Let us first derive an upper bound for this,

(T9")™" < sup min 6" I(I/d, M)0

- Mem|fllp=1

< sup min I(I/d, M)
MeM i€[m]

= sup min LQ(Mxpi)
MeM i€[m] - dtr(Mx)

1 tr?(M,P;) (F4)
< sup — TRV
Mem M Z.;} Z,E: dtr(Mz)
< s d tr(M2)

e 2 — 1 2= der(M,)
d
——— =0(d!
—d?-1 O™

The first line fixes pg = I/d. The second line restricts 6 to one-hot vectors. The fifth line uses the
twirling formula for Pauli operators: »_p.p tr?(PM,) = dtr(M?2). The last line uses tr(M?2) <
tr?(M,,) and the normalization condition of POVMs.
Next, we derive a lower bound. By fixing the M to be the Haar random measurement M, :=
{d|Y)1)|}p~p» where p is the Haar measure over d-dimensional pure states:
oby—1 : . T
I) " = fnf onin, 0" 1(po, My)0

WY, 0:Pi|y)? . (E5)

d (1| pol)

= inf min Ey¢
poeS [oll,=1 "
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For any x > 0 and k£ € N, we have the following concentration bound:

L

ok
((@lpoly) 2 2k = (d+k—1)xk = Jkpk = T gkgkgk
k

(F.6)

The first line uses the k-th order Markov inequality. The second line uses the Haar integral formula,
where 11, is the projector onto the symmetric subspace. The third line uses that IT;, < I and simple
algebra on the binomial coefficients. The last line uses a non-asymptotic Stirling’s upper bound on
k! (Robbins, 1955). Now we take = := (clogd)/d and k = [clog d] for some constant ¢ > 4. The
above inequality becomes

logd vlog d
Pr <<w|po|¢> > £ (;g ) <C ;g
~p

For some constant C' > 0 that depends only on c. Now, fix any py € S§° and 6 € R™. Call ¢ good
if (¢|po|Y) < (clogd)/d and bad elsewise. We have:

g X 0P / (Wl X 0:Pl)”
VSR d Wlpoly T o d (1] po| )

dyty,
2
> g g W 0PI

FE7

2
=Clog (/duw O [p:baddu¢<w|2ijeiﬂww>)
A0 s
— 0
> (d( cYord) g2
1013 logd
~ clogd d+1 dC 2

019 ()
(E.8)

The first line restricts the integral to good 1)’s. The second line uses the definitions of good ¢’s.
For the fourth line, the first term uses the Haar integral formula for £ = 2 and tr(P;) = 0 and
tr(P;P;) = dd;;; the second term uses (1| P;|1)) < 1. The fifth line uses ||0]|? < m/||@]||3. The last
line holds as long as we take, say, ¢ > 4. Put this back to Eq. (E.5):

1
Q if 2
(gi5a) ifrelzod

1
Q DT if DE [17 2)
dr” " logd
This concludes our proof for the bounds on ng.
Now we prove the claimed thresholds. The lower bound threshold immediately follows from
Theorem 14:

1
T = in 0392 (dlogd) (F9)

1 1 2_o
= =—dr . F.10
5 5 (F.10)

ob
N, = —
P 6l Pulless - s [ Pmllsclly, 6
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This means £ < R.H.S. is sufficient to guarantee ¢ < ngb. For the upper bound threshold, combining
Theorem 26 with our lower bound of ng = Q(d), we have

moP = /TP/dd = Qd ™). (F.11)

Therefore, there exists an absolute constant ¢o > 0 such that when € < cod ™! it is guaranteed that
e < ﬁgb. This completes the proof. |
Corollary 29 For shadow estimation of complete Pauli observables, Q(d) < Ty < O(d?log d).

Proof The lower bound part follows from Lemma 27. The upper bound part can be seen as follows:

'y = inf sup tr(Ip_O%M)

MeM pPoES®
-1
<m inf su min 071 M9>
MeMm PoGg" <||9||2=1 po: (F.12)
b
=m1I9
= O(d3logd).
The second line uses the variational expression for the minimal eigenvalue. ]

We also consider Pauli observable estimation with few-copy measurements. We propose the
following lower bound regarding Problem 2(2’) and Problem 3(3’).

Theorem 30 (Lower bound of Pauli observables for Problem 2(2’) and Problem 3(3’), c-copy
measurements) Ler d = 2" and {.:’t’i}i«iI1 be all n-qubit traceless Pauli operators. Using (possibly
adaptive) measurement strategy with c-copy measurements, the sample complexity of p parameter-
ized by {Pi}ifl required to obtain a bounded, unbiased estimator of 0 in Problem 2 (or a bounded,
unbiased estimator of 0 for all « satisfying ||c||, < 1 in Problem 2’) is

d
¥ =0 () "

foranye > 0andp € [1,00]|.

Using (possibly adaptive) measurement strategy with c-copy measurements, consider the many-
versus-one distinguishing tasks in Problem 3(3°) with states p parameterized by {Pl-}fif. The
sample complexity required to solve this task is

d
N=Q <2> , (F.14)
ce
for any
. 1 42-2 .
min édp a% 9 lfpe [172)7
e < ed? 2 Vlogd (F.15)
- 2
min § $dv %, ——£! . ifp € 2,00,
cd? P+/logd

where c1 > 0 is an absolute constant.
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Proof Eq. (F.13) and Eq. (F.14) can be obtained by combining Theorem 18 and Theorem 21 with
Theorem 28. In the following, we focus on deriving Eq. (F.15). Note that with Theorem 28, we only

need to compute (an upper bound on) a,.x defined in Theorem 18. Recall that
Amax = max ap,(0),
* Po€EST 2, |0llp=1 po( )
tr(Pypy L P;
@ (0) — QTG(pO)H, G’EJPO) — I'( 12(2) ]) ]
Given the (Hilbert—Schmidt) orthogonality
tr(Pin) = déij,

For the pp—weighted Gram matrix

(o) . tr(Pipg Py)
G = ——

its Rayleigh quotient on any # € RM is

(S0P 5 (3, 05P)) tr(Xpp ' X)

9T Gy = = , X =) 0P,

d? d?

i
Using the operator bounds
pal < )‘maX(pal)H

where Apax(+) denotes the largest eigenvalue, we obtain

)‘maX(pal)tr(X2)
d2

0TGP <
Because {P;} are orthogonal with tr(P?) = d, we have

t(X?) = 6t (PF;) = d]jg]3.
ij

Therefore

Amax(pg !
9T GP0)g < (y’O)HgH%’

Using the standard ¢,,—(> extrema, we have

1, €[1,2),
max o< { b, P
lell,=1 d==*P, pe2,00].

Note that

1T 1

S YR
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for some state o as pg € Sy /. The spectrum of py obeys

Amin(po) = % : é, (F27)
hence
Amax(pp ') < 2d, (F.28)
and
max < {3&2_4@’ z i EZ] (F29)
Combining with Theorem 18, we immediately obtain Eq. (F.15). |
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