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Abstract

A major bottleneck of standard auto-regressive large language models is that their inference process is inher-
ently sequential, resulting in very long and costly inference times. To circumvent this, practitioners proposed
a class of language models called diffusion language models, of which the masked diffusion model (MDM)
is the most successful. The MDM is able to sample tokens out-of-order and, ostensibly, many tokens at once
and in parallel. However, there is very limited rigorous understanding of how much parallel sampling these
models can perform without noticeable degradation in their sampling performance. Prior work in Li and Cai
(2025) obtained some preliminary bounds, but these are not tight for many natural classes of distributions.
In this work, we give a new, exact characterization of the expected divergence between the true distribution
and the sampled distribution, for any distribution and any unmasking schedule for the sampler, showing an
elegant connection to the theory of univariate function approximation.

By leveraging this connection, we then attain a number of novel lower and upper bounds for this prob-
lem. While the connection to function approximation in principle gives the optimal unmasking schedule for
any distribution, we show that it is in general impossible to compete with it without strong a priori knowl-
edge of the distribution, even in seemingly benign settings. However, we also demonstrate new upper bounds
and new sampling schedules in terms of well-studied information-theoretic properties of the base distribu-
tion, namely, its total correlation and dual total correlation, which show that in some natural settings, one
can sample in O(log n) steps without any visible loss in performance, where 7 is the total sequence length.
Keywords: diffusion language models, discrete diffusion, generative modeling, parallel sampling

1. Introduction

Diffusion models are the state-of-the-art approach to generative modeling over domains like video and
molecules, and in recent years have also emerged as a powerful alternative (Sahoo et al. (2024); Shi et al.
(2024); Nie et al. (2025); Khanna et al. (2025)) to autoregressive large language models (LLMs). Abstractly,
these models perform distribution learning by learning to reverse a corruption process transforming data into
noise. Starting from fresh noise, they apply the learned reverse process to map it into a fresh sample from
the data distribution.

In state-of-the-art diffusion language models, the most common choice of corruption process is the
erasure process. This is the basis for the popular paradigm of masked diffusion models (MDMs), which now
form the backbone of leading approaches to non-autoregressive language modeling. The erasure process
proceeds as follows: starting from a sample X = 2% € X" at time ¢ = 0, draw times 77, . . ., T}, from some
measure on [0, 1], and define Xf = :z:? if t < T; and Xf = x otherwise, where “x” is a special character
corresponding to erasure. Given samples from data distribution y, one then trains a neural network to learn
conditional marginals: for every time ¢ and conditioning X = 2, estimate law(X? | X! = ) for all
i € [n]. It is readily seen that this is equivalent to learning the conditional marginals

law(X; | Xg = 2), SCin],i¢gS,
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where X ~ y, z € XI5, and Xg = z denotes the partial assignment to the indices given by S. Given these
marginals, it is straightforward to sample from p by sampling one token at a time. Unlike LLMs which
sample one token at a time from left to right, MDMs can sample out of order.

Sampling multiple tokens at a time. Crucially in practice, the neural network that is trained to learn
these conditional marginals can, given any such partial assignment Xg = z, simultaneously compute the
conditional marginals for all ¢ & S in one network evaluation. One of the key selling points of MDMs
is thus that these models have the freedom to sample multiple tokens at a time in parallel, whereas LLMs
are inherently limited to sequential sampling. Empirically, a standard heuristic is the following: fix an
unmasking schedule given by step sizes s1,s2,...,S5, summing to n, and iterate the following for ¢ =
1,...k:

* Sample a random subset S of size s; from among the indices [n]\(S; U --- U S¢_1)

* For every i € Sy, sample x; independently from law (X; | Xg,u..us,_, = l’SlumuSt_l)l — note that
this ignores correlations across S; and thus introduces statistical error.

The goal is to make k as small as possible while keeping the statistical error small. If k =nands; =--- =
sn = 1, then this will perfectly sample from the data distribution p, but it is no more efficient than sampling
with an autoregressive model. On the other hand, if £ = 1 and s; = n, this will sample in one step but
output the product distribution whose 1-wise marginals agree with p, which in general will not be a good
approximation to f.

In practice, there is an art to picking the schedule to trade off between these extremes, giving rise to
popular heuristics like the cosine schedule (Chang et al. (2022); Shi et al. (2024)) and the log-linear sched-
ule (Lou et al. (2024); Sahoo et al. (2024)) in which sy, s9, ... start out small and progressively increase,
and more involved adaptive schedules (Kim et al. (2025)). However, our understanding of how to pick these
schedules, and how to rigorously quantify the statistical errors that arise from sampling multiple tokens in
parallel, remains limited. In this work we therefore ask:

What is the optimal unmasking schedule for a given data distribution . and target level of error?

This is a challenge not just for theory, but for practice. Indeed, a large-scale ML benchmark Kang et al.
(2025) was released just weeks ago in an effort to systematically evaluate unmasking schedules for diffusion
language models. But as we will see, this is a question that is particularly amenable to the lens of theory.

1.1. Result 1: Optimal unmasking schedule

Our first result is a tight and surprisingly simple theoretical characterization of the optimal unmasking sched-
ule for any p. The result exposes an elegant connection to univariate function approximation. To state the
result, we first require some terminology.

Definition 1 (Expected KL error) Conditioned on a sequence of subsets S1,...,Sg of sizes s1,..., Sk,
let v515K denote the distribution over outputs x generated by the sampling algorithm above. The notion
of error we will consider in this work is the expected KL error

S1yee038
o B KL(u[[r720)],

where the expectation is over subsets S; of size s; sampled according to the algorithm above.

1. Of course, in reality we never have exact access to the conditional marginal, but in our theoretical analysis it is straightforward
to decouple this error from the overall sampling error; see Appendix G.
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Definition 2 (Left Riemann approximation) GivenZ = (Z1,...,7Z,) € ]Rgo andnodes1 = N1 < --- <

N}, < n, define the left Riemann approximation of Z to be the k-step sequence Z?T vy ZN given by:
gN _ ZN, i Na<j<Nat1
’ 2N, ifj = Ny
Given any sequences Z = (Z1,...,Zy) and Z' = (Z}, ..., Z]), we can define the integration error ||Z —

Z | = Z?Zl |Z; — Z]’- |. The k-step left Riemann approximation to Z minimizing this integration error is:

N*F .=  argmin ||Z — ZN||.:. (1)
1=N1<---<Np<n

Note that given Z, one can efficiently find the minimizing N** in polynomial time via dynamic programming.
The central object in this work is the following sequence quantifying correlations within y:

Definition 3 (Average mutual information curve) Given a random variable X ~ p over %", define its
information curve, denoted Z. = Z(11) by

Zj = Zj(p) E [1(Xi; Xs)], j € [n],

IS|=j-Ligs

i.e. the average mutual information between X; and X g for random S C [n] of size j — 1 and random i € S.
By Han'’s inequality (Polyanskiy and Wu, 2025, Theorem 1.7), we have that 0 = Z1 < Zo < -+ Zp,.

Our first main result is an exact characterization of the optimal expected KL error achievable by any k-step
sampler, in terms of the piecewise approximability of the distribution’s information curve:

Theorem 4 [Optimal schedule given by best step approximation] Let |1 be any distribution over X", and let
1 < k < n. Let N*F be the solution to Eq. (1) for y’s information curve Z = Z(y).

Then for any unmasking schedule si, . . ., sy, the expected KL error is given by
a—1
E _[KL(p|v55)] = |Z—2ZN||,r,  for Na:=14) s Yaclk].
51,5k =1

In particular, the schedule that minimizes the expected KL error is
se= N5 NP te k],

In Figure 1, we give a pictorial depiction of the expected error in Theorem 4.

The proof of Theorem 4 is remarkably simple once one realizes that the key object driving the statistical
error of MDM sampling is the information curve of u, and we therefore regard the main technical contri-
butions of this result as identifying the correct information-theoretic object to study as well as drawing the
surprising connection to univariate function approximation.

1.2. Result 2: Impossibility of competing with the optimal schedule

Although Theorem 4 gives an exact characterization of the optimal schedule, and this schedule can be found
in polynomial time given a priori knowledge of the information curve, pragmatically it is unclear how to
use it as this a priori knowledge is not readily available.> One might hope that by making use of conditional

2. If one has poly(n, ) many held-out samples from (i, one can always estimate each of the Z;’s to sufficient precision, but in
practice it can be prohibitively expensive to generate this many samples using the diffusion model.
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Figure 1: Discrete curve Z (blue) and left Riemann approximation ZN (red) for a sample Z; curve. The
latter extends beyond the Z; curve to n+1 to show the final rectangle Z,, — Zy, , +1; note that this
term is not present in a standard left Riemann approximation. Light blue background rectangles
represent the Riemann approximation terms. The total area is | Z — Z || 1.

marginal queries to the neural network, one can estimate Z () to sufficient accuracy and then deduce the
optimal schedule from this.

In the next part of this work, we prove a collection of impossibility results demonstrating that this is not
possible in general, even under seemingly benign conditions. Our lower bounds in this part apply to an even
more general setting where the sampling algorithm can adaptively make any k conditional marginal queries
it chooses (see Definition 11), possibly in a randomized fashion, and then must output a sample such that
marginally over its internal randomness, the algorithm’s output distribution should be close to p.

We begin by considering a simple scenario where the curve is promised to either be the constant zero
curve (Z; = 0) or a single step function (Z; = I[j > j*| for an unknown j*), in which case the optimal
schedule is simply determined by the location of the step, if it exists. There exist distributions realizing
both kinds of information curve, namely the uniform distribution over X" and the uniform distribution over
a minimum distance separable (MDS) code (see Definition 17). Our first result shows that even in this
situation, finding j* if it exists requires a prohibitive number of conditional marginal queries.

Theorem 5 (Uniform versus code is hard, see Theorem 24 for formal statement) There does not exist
a single sampling algorithm which simultaneously achieves iteration complexity o(n) for sampling to ex-
pected KL error O(1) for all distributions, in fact even for sampling to expected TV error 1/2. In fact, this
holds even if the algorithm knew a priori that the distribution were either the uniform distribution over X"
or a uniform distribution over an unknown MDS code.

One might wonder if this worst-case result is too pessimistic, and in practice the relevant data distributions
are very far from uniform and have useful correlational structure that one might hope to exploit. Unfortu-
nately, the following strengthening of Theorem 5 shows that this is still not the case:

Theorem 6 (Hardness for general information curves, see Theorem 25 for formal statement) LerZ =
Z(p) be any information curve, where (i is a distribution over [y, such that there exists an unmasking sched-
ule under which one can sample from p to expected KL error O(1), in fact even just to expected TV error
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1/2. Forevery 1 < k < n, let Z'% denote the information curve given by shifting every Zj for j > k up by
logy(q)-

There does not exist a single sampling algorithm which simultaneously achieves iteration complex-
ity o(n), even if the algorithm knew a priori that the information curve of the distribution was one of
Z, 7", ... 7"

Intuitively, this result and the previous one follow from the fact that one can engineer sharp discrete jumps
in the information curve which are not detectable unless if one conditions on exactly the right number of
indices. We remark that the two results are technically incomparable as the hard distributions for Theorem 6
when Z is uniformly zero are slightly more intricate than simply uniform vs. MDS.

1.3. Result 3: (Dual) total correlation and reduction to a single hyperparameter sweep

In the final part of this paper, we redeem the situation by showing that for any distribution p, there exist un-
masking schedules depending only on a single scalar parameter quantifying correlations in the distribution
which achieve small expected KL error.

For this, we need to first define two relevant information-theoretic quantities:

Definition 7 (Total Correlation and Dual Total Correlation) For any random variable X ~ p over ¥,
define the total correlation (TC) as

TC = TC(p) = (Z H(Xi)) —H(X1,...,X)
=1

and the dual total correlation (DTC) as

n
DTC = DTC(n) := H(X1,..., Xp) = > H(X; | X1,..., Xi1, Xig,..., X))
=1

From its definition, we see that TC is equivalently the KL divergence between (. and the product distribution
whose marginals agree with those of u, and thus it characterizes how “product” p is. On the other hand,
DTC has been shown to quantify the extent to which p can be expressed as a sparse mixture of product
distributions (Austin (2020)). These quantities admit nice characterizations in terms of the information
curve of u:

Lemma 8 For any distribution p with information curve Z,
1. TC(p) =1, Z;, and
2. DTC(p) =nZp — > 1y Zi = nZy — TC(p).

Under the pictorial representation in Figure 1, TC is therefore the area under the information curve, and
DTC is the area above the information curve (capped at Z,,).

We show that while it is not in general possible to compete with a sampler that can choose the unmasking
schedule dependent on a priori knowledge of the information curve, there are unmasking schedules that only
depend on having access to a constant-factor approximations to TC(x) and DTC(p) which only require a
number of iterations scaling in min(TC(u), DTC(u)), up to log factors. In situations where these quantities
are sublinear in n, this gives us a way to sample asymptotically faster than the naive n-step sampler even
without full knowledge of the information curve. As a simple example, if u is a distribution over a linear
subspace of dimension or codimension O(1) (e.g., if x corresponds to an unknown parity), then this yields
an exponential speedup over naive schedules. We discuss other such examples in Section 1.4 below.
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Theorem 9 (Iteration complexity depending on TC, DTC) For any € > 0, there exists an unmasking
schedule which depends only on € and a parameter TC (resp. DTC) such that for any distribution p for
which TC(u) < TC (resp. DTC(u) < DTC), the expected KL error satisfies

S1,...8
o B KL(u[lv™t2)] <e,

and furthermore the number of steps satisfies
E<2+ (1+logn)  (1+[TC/e])  (resp. k <2+ (1+1logn) - (1 + [DTC/e]).

We provide the proof of this in Appendix D; the main idea is to use an exponentially decreasing schedule
to attain the T'C result and an exponentially increasing schedule to attain the DTC result; therefore, if
given both TC and DTC, we can choose the superior schedule. We remark that the latter schedule bears
resemblance to what is done in practice, namely unmasking more aggressively as the sampler progresses.

While realizing either (and in particular, the minimum) of these iteration complexities still requires
knowing an upper-bound approximation of TC(u), DTC(u), in practice this is not really an issue: one can
simply treat these as hyperparameters and either estimate them with held-out data or guess their values via
doubling. While the no-go results of Section 1.2 tell us it is impossible in theory to know when to stop
doubling, in practice we can simply generate samples according to the different schedules and inspect at
what point the output is sufficiently coherent. We emphasize that the reason this is feasible compared to
the scheme suggested in Theorem 4 is that we have reduced from designing a schedule that depends on n
different hyperparameters 21, . . ., Z, (more than the number of hyperparameters describing the unmasking
schedule itself) to designing one that only depends on 2 hyperparameters, namely TC(u) and DTC(u).

Finally, the reader may wonder whether the log(n) factor in Theorem 9 is a technical artifact or funda-
mental. In Appendix E we show that it is unavoidable, since there exist information curves which can only
be approximated to L' error ¢ using step functions with at least Q(min(TC, DTC) - log(n)/¢) steps.

1.4. Related work

We contrast our results with some existing bounds from the literature.

The bound of Li and Cai (2025). The most closely related prior work is that of Li and Cai (Li and Cai
(2025)). They considered the same setting as the present work and showed that under any unmasking
schedule s1, ..., s; with spax = max; s;, the expected KL error can be bounded by

n

1
ZI(Xz';Xh s X, Xy, X))
=1

9085 smax] _

n

This was proven using a delicate inductive argument based on recursively relating the expected KL error for
a given unmasking schedule to the expected KL error with a schedule whose steps are twice as fine.

We make two observations about this bound. First, armed with Theorem 4, which gives an exact charac-
terization of the expected KL error for any unmasking schedule, we can give a proof of Li and Cai’s bound
in just four lines — see Appendix F.1. Second, we note that up to log n factors, the bound in Theorem 9 is
strictly better. The reason is that

=1

For instance, in the aforementioned simple example where p is distributed over a generic linear subspace,
TC(p)+DTC(n) = ©(n), whereas min(TC(p), DTC(p)) scales with the minimum of the dimension and
codimension, which can be much smaller (see Example 1).
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DTC and the work of Austin (2020, 2019). The elegant work of Austin (2020) gave a powerful operational
characterization of DTC. First, it is easily seen that any distribution  which is a mixture of 2°(") product
distributions has DTC(x) = o(n). Austin showed an approximate converse: if DTC(ux) = o(n), then
is well-approximated by a mixture of 2°(™) product distributions. In fact, his proof is algorithmic and has
an interesting interpretation under the perspective of the present work: it shows that if one first samples

O(4/DTC(u) - n/e) indices in sequence and then samples the remaining indices in O ( DTC(u) - n/s)
iterations, one can achieve expected KL error ¢:

Theorem 10 (Austin’s iteration complexity bound (Austin (2020))) For any € > 0, there exists an un-

masking schedule which depends only on € and a parameter D'TC such that for any distribution i for which
DTC(u) < DTC, the expected KL error satisfies

St,00S
&}?,SJKL(HH )l ses

and furthermore the number of steps satisfies k < [\/ DTC:-n/ €—|.

We provide a proof for completeness in Appendix F.2. Although this bound is already sublinear in n when
DTC(u) = o(n), it is bottlenecked at y/n. Indeed, note that Austin’s bound is the geometric mean of our
stronger bound in Theorem 9 and the trivial iteration complexity bound of n, up to a logarithmic factor.

The connection between parallel sampling and decomposition of measure has been quite fruitful within
probability theory. For instance, Austin (Austin (2019)) showed the remarkably general result that for any
Gibbs measure o< e of “low-complexity” in the sense that the discrete derivatives of the Hamiltonian
lie within a set of bounded metric entropy, the DTC is o(n). The decomposition of such distributions into
mixtures of product measures arises naturally in the theory of nonlinear large deviations, see e.g., Chatterjee
and Dembo (2016); Eldan and Gross (2018a); Eldan (2018); Eldan and Gross (2018b). The theory of parallel
sampling can thus also be fruitfully interpreted as providing richer and more accurate hierarchical measure
decompositions, where the levels of the hierarchy correspond to iterations of the sampler.

Pinning lemma and stochastic localization. Finally, we note a closely related notion from statistical
physics and theoretical computer science, namely the pinning lemma (Raghavendra and Tan (2012); Andrea
(2008); El Alaoui and Montanari (2022)). The premise behind this result is that if one conditions on a
random subset of coordinates of size s according to their true s-wise marginal in p, then the remaining
coordinates have pairwise correlation which is bounded by O(1/s). In some sense this is the fundamental
premise behind MDMs: pinning random tokens reduces the correlation among the remaining tokens, which
intuitively enables more aggressive parallel sampling of later tokens. This has been used to great effect in
the context of SDP rounding algorithms for solving dense CSPs (Raghavendra and Tan (2012); Manurangsi
and Raghavendra (2017); Yoshida and Zhou (2014); Jain et al. (2019))

That being said, the pinning lemma holds for all distributions, whereas our impossibility results show
that without additional prior information about the distribution, one cannot simultaneously achieve o(n)
complexity for all p. It is worth contrasting this state of affairs with the work of Anari et al. (2024). By
leveraging the pinning lemma, they showed that in a much stronger parallel model where in each round one
can simultaneously make multiple conditional marginal queries, each corresponding to a possibly different
partial assignment, it is possible to sample in O(nQ/ 3) parallel rounds, for general distributions.

Other theoretical works on discrete diffusion. We briefly mention some other works in the discrete
diffusion literature that derive theoretical bounds. In Chen and Ying (2024), the authors study discretization
bounds for a different paradigm of discrete diffusions, where the corruption process being reversed is a bit
flip channel rather than an erasure channel. Here, it is nontrivial even to derive bounds which scale linearly
in n. In Ren et al. (2025), the authors consider finding better discretizations of the continuous-time Markov
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chain associated to the discrete diffusion model; under some smoothness assumptions on the underlying
distribution, which are primarily relevant to the bit flip setting, their higher-order solvers achieve nontrivial
sampling guarantees relative to naive (Euler) discretization.

We also remark that the conditional marginal oracle we consider is very similar in spirit to the conditional
query model in distribution testing, pioneered by Chakraborty et al. (2013); Canonne et al. (2015). Our
model is different in two ways: (1) we restrict to subcube conditionings in the sense of Canonne et al.
(2021), and (2) a single oracle query gives an entire vector of 1-wise conditional marginals, rather than just
a single sample from the posterior. The literature here is extensive and orthogonal to our work; we refer
the interested reader to (Canonne, 2020, Chapter 11). Lastly, we note that masked diffusion models — and
autoregressive models — can be thought of as modern instantiations of the classical Jerrum-Valiant-Vazirani
counting-to-sampling reduction Jerrum et al. (1986).

Continuous diffusion. In recent years there has been significant progress on understanding discretization
bounds for diffusion models over continuous spaces, e.g., the works of Chen et al. (2023b); Lee et al.
(2023); Chen et al. (2023a); Benton et al. (2024); Conforti et al. (2025); Li et al. (2024). The techniques
in this area are largely distinct from the ones in this work, with the exception of the recent work of Reeves
and Pfister (2025) which derived an analogous expression to our Theorem 4 for the discretization error
incurred by continuous diffusions. In that context, the analogue of our information curve is the MMSE curve
E[X —E[X | at X + Byy]] for Gaussian 7, and they show (see Lemma 2 therein) that the discretization error
is exactly given by the left Riemann integration error to this curve. Interestingly, whereas in the continuous
diffusion context this integration error exactly characterizes the KL error in path space, which is only an
upper bound to the KL error at the endpoint of the sampler, in the masked diffusion setting the integration
error exactly characterizes the sampler’s KL error. In light of the connection to Reeves and Pfister (2025), it
would be interesting to extend our impossibility results and TC/DTC-based bounds to the continuous setting.

Concurrent work. Independent concurrent work of Lavenant and Zanella (2025) also identified the con-
nection to Riemann approximation of the information curve (our “Result 1”°). Unlike our work, they did not
explore the query complexity of learning an optimal schedule (our “Result 2) and did not devise explicit
schedules that scale better than the bound in Li and Cai (2025) (our “Result 3”). Instead, they additionally
provided worst-case bounds for sampling error under arbitrary, non-random orderings, and studied a natural
n — oo scaling limit of the step function approximation problem.

2. Technical preliminaries

In this section, we will first provide a brief overview of our notation and oracle model. We will then discuss
some important information theoretic quantities and results.

2.1. Notation

Throughout the remainder of this paper, we will use the following notation.

Vocabulary, data distribution, and product distributions. We will let - be a vocabulary and p be the data
distribution over . We use A(X) to denote the probability simplex over 3. Let X = (X, ..., X|g) ~ .
For any set S C [n], let Xg = { X, }ics. Define pu(- | S) to be the conditional distribution of x given S, and
p®(- | S) to be the product distribution which has the same marginals as p(- | S). Lastly, define f,,(- | S)
and f;(- | S) be the corresponding probability mass functions. Lastly, we set X to denote the set { X; };cs.

2.2. Oracle model

Throughout this work, our main oracle object will be the conditional marginal oracle, which outputs the
marginals of x conditioned on any subset. To define it, first recall that (X5,...,X,) ~ p is the data
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distribution over a vocabulary Y. Let D be the collection of all multivariate distributions >. Moreover, let
Pijs(rs) = {p(X; = j | Xs = 5),j € £} be the marginal probability vector on coordinate i. We then
have the following.

Definition 11 (Conditional marginal oracle) The conditional marginal oracle CO takes as input a partial
assignment X g = s and outputs the conditional marginal distributions of | given Xg = xg. Formally,

CO(X; | X5 =z5) = {u(X; | Xs = z5)}igs-

If the pinning X g = xg is impossible in supp(u), output an arbitrary element ofA(Z)”*w'.
In our upper bounds, we will only ever use the oracle to obtain conditional marginals to sample from in
parallel, as this is the standard way in practice to use this oracle. Our lower bounds however apply to the most
general setting of arbitrary randomized algorithms with adaptive query access to CO ) (see Definition 22).
Note that CO is an exact oracle, whereas in practice, an approximate oracle CO is learned from the
training data. However, in Appendix G, we show following Li and Cai (2025) that the error of our sampling
algorithms can be decoupled into learning and sampling error. Since this work focuses on the sampling
procedure and error, we will assume that the learned oracle is perfect.

2.3. Information-theoretic quantities

In this section, we will recall some information theoretic quantities and prove a few preliminary lemmas
which will be useful in the subsequent proofs of our main results. First, recall that H(X) refers to the
entropy of a random variable, and H (Y | X) refers to the conditional entropy of a pair of random variables.

Moreover, recall the definitions of TC and DTC from Definition 7. To provide some intuition for these
quantities, we first provide some examples of the TC and DTC of linear subspace and product mixture
distributions.

Example 1 (Linear Subspaces) Suppose > = F, and V C X" denote a linear subspace of dimension d.

Let 1y denote the uniform distribution over V. Then there is a matrix M such that MU ~ vy for a uniform
U e Fg. Then
TC(n) = (n—k)logg —dlogg = (n—d—k)loggq

where k = #{i : M; = 0} is the number of rows of M which are identically 0. Moreover,
DTC(pu) = dlogq — ¢logg = (d — ¢)logg,

where { = # {i: M; & span ({M;};-;)} is the number of rows of M which are not in the span of the
remaining rows. In general, we will often have k = ¢ = 0, in which case TC(u) and DTC(u) are the
codimension and dimension of V, respectively.

Example 2 (Mixtures of Products) The DTC of product mixtures has been studied in-depth before in Austin
(2020). In particular, by Proposition 8.1 of Austin (2020), the DTC of a mixture of m product distributions
is at most log m. Thus, any mixture 11 of 2°™) products satisfies DTC(u) = o(n).

In the converse direction, by Theorem A of Austin (2020), any p with DTC(u) = o(n) is close in
transport distance to a relatively “simple” mixture of products.

Next, we define a sequence of values based on the average entropy of fixed-cardinality subsets. They will
be useful to help analyze the information curve.
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Definition 12 (Average entropy curve) The average entropy curve of the distribution (X1,...,X,) ~ p
is given by’
1
Hi(p) = 6] > H({Xilies) = EisimiH ({X;}jes) -
¢/ SC[n],|S|=i

When p is clear from context, we denote this by H;.

We can then express the information curve in terms of the average entropy curve as follows.
Lemma 13 We have Z; = H; + H,_1 — H,.

The proof of this is presented in Appendix A.

3. Sampling error in terms of unmasking schedule: proof of Theorem 4

In this section we establish an upper bound for the expected KL error of a fixed and then random unmasking
algorithm, effectively proving Theorem 4. We first formalize the definition of fixed unmasking algorithms
as follows.

Definition 14 (Fixed Unmasking Algorithm) The fixed unmasking algorithm with subset schedule (S, . . ., Sy),
given by Agxeq (k, {Si}le), proceeds as follows. First define N; = 23:1 s;, where Ny = 0 and s; = |S;|.
Then at each stage i € [k], beginning at i = 1, independently and in parallel sample

AN (XJ’ | X St)

forall j € S;. The algorithm then outputs the sample (x1,...,xy,) ~ Sk,

We next define the random unmasking algorithm as follows, based on the fixed unmasking algorithm.
This is the formal definition for the algorithm that was outlined in Section 1.

Definition 15 (Random Unmasking Algorithm) 7he random unmasking algorithm with unmasking sched-
ule (k, {si}}), given by A(k, {s;}¥), proceeds as follows. First, sample a uniformly random partition of
coordinates S = LI¥_, ;. |S;| = s;. Output a sample (1, ..., x,) ~ vk given by Agxea(k, {Si}5_,).
The algorithm then outputs the sample (x1,...,Ty) ~ V.

Note that the fixed unmasking algorithm Agy.q essentially chooses s; tokens at fixed positions at each stage
1 and samples all tokens independently and in parallel, and the random unmasking algorithm selects the
token positions at each stage uniformly at random amongst all masked tokens. We can now formally state
and prove (a slightly stronger form of) Theorem 4.

Theorem 16 Let ;1 denote the underlying distribution of data. Let (k, {5;}¥) be an unmasking schedule and
{Si}¥.|Si| = s; be a fixed subset schedule. Let N; = Z;Zl s; denote the partial sums of the s; sequence,

where Ny = 0. Suppose the fixed unmasking algorithm Agyeq({S;}¥) samples a distribution v and
the random unmasking algorithm A(k,{s;}¥) samples a distribution v. Then both algorithms have query
complexity k, and v achieves KL error relative to | of

k S;

KL(pllv) < Esy.sp [KL(u [[v55) ] = 3 7Y (Zviws = Zvia) |
i=1 \j=1

where the expectation is taken over all partitions S = |_|f:1 S; for which |S;| = s;.

3. For ¢ = 0, the entropy of the empty set is defined to be 0.

10
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The proof of this result is in Appendix B. We now make two brief comments about Theorem 16.
Theorem 16 and Theorem 4. First, we note that Theorem 4 is an immediate corollary; see Appendix B.

Comparison between fixed and random unmasking algorithm. There are two methods of approaching
sampling: first, by fixing the schedule S; ahead of time, and second, by resampling .S; from |S;| = s; for each
sample. These correspond to the fixed and random unmasking algorithms, respectively. We observe that the
inequality in Theorem 16 shows that the distribution outputted by the random unmasking algorithm is, on
average, at least as good in terms of KL-error from p to the distribution outputted by the fixed unmasking
algorithm. This is an additional guarantee not given in Theorem 4, and suggests that the random unmasking
algorithm is superior, albeit requiring an additional step in the sampling process.

4. Lower bounds on competing with the oracle rate

Definition 17 (MDS codes) A k-dimensional linear subspace V of Fy is an maximum distance separable
(MDS) code if for any k x n matrix M whose rows constitute a basis for V, every k columns of M are
linearly independent. We denote by Unif (V) the uniform distribution over points in V.

In this work, we will consider affine shifts of MDS codes. That is, we will consider distributions over
affine subspaces which are given by taking some MDS code and translating it by a fixed vector in Fy. We
will abuse terminology and refer to such affine subspaces as MDS codes.

We will consider “random’” MDS codes:

Definition 18 (Balanced random MDS codes) A distribution D over k-dimensional MDS codes is bal-

anced if for every subset S C [n] for which |S| > k and every partial assignment = € IF‘LSl,

P Ba"eVias=a]=(1/g"

~

Reed-Solomon codes provide an example of MDS codes. Below, we recall their definition.

Definition 19 (Reed-Solomon codes) Let g be any prime power exceeding n, and let k be any value be-
tween 1 and n — 1. A k-dimensional Reed-Solomon (RS) code in Fy is a linear subspace specified as
follows. It is specified by a collection of distinct evaluation points a1, ..., a, € Fy, and is given by the set
of all evaluations (p(ai), . .., p(ay)) where p is a polynomial over F of degree less than k.

As in Definition 17, we will abuse terminology and also refer to affine shifts of RS codes as RS codes.

We will leverage the following basic property of MDS codes:

Proposition 20 Let pn = Unif(V) for any k-dimensional MDS code V C Fy. Then for any S C [n]

satisfying |S| < k and any partial assignment x € Fol w(X; | Xg =) = Unif(Fy) forall i ¢ S.
In particular, this implies that Z;(1v) = logo(q) - 17 > k.

In addition, recall from the definition of the oracle that if |S| > k and the partial assignment Xg = =z is
incompatible with any element of V), then the output of the conditional marginal oracle can be arbitrary.
Throughout this section, we will take the oracle’s output in this case to be Unif (]Fq)®(”*‘5 .

We will also use the following property of random Reed-Solomon codes. Given prime power ¢ > n
and dimension 0 < k£ < n, let D,, ;. , denote the following distribution over k-dimensional RS codes over
alphabet q. When n, ¢ are clear from context, we denote this by Dj,.

Lemma 21 Dy, is balanced in the sense of Definition 18.

11
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Next, we formalize the model of computation under which we prove a lower bound.

Definition 22 (Sampling algorithm) Let 7 C A(X") denote some known family of distributions 1. Given
access to the conditional marginal oracle for some y € F, an F-aware sampling algorithm A is a procedure
of the following form:

1. Repeat the following:

* Based only on the query outcomes from previous rounds and F (and not on knowledge of 1), and
possibly using additional randomness, either query the oracle on a partial assignment Xg =
or exit the loop.

* If the former, observe conditional marginals {p(X; | Xs = x) }igs

2. Output a string in X",

Importantly, the decision to exit out of the loop can be made adaptively. We say that A is T-query if
with probability 1 it performs at most T' queries to the oracle before terminating. We denote by A|u] the
distribution over outputs of A.

Definition 23 (Query budget and cost function) Ler 7 : A(X") — N denote a query budget for the
query complexity of such a sampler, and define

KL(w || Alp]) A is at most T (u)-query
00 otherwise

costhh (A; p) = {

Define costY (A; p) in the same way, with KL replaced by TV.

Warmup example. We begin by exhibiting a simple ensemble of distributions for which no single algo-
rithm can successfully sample from p to error & using O(min(TC(u), DTC(u))log(n)/e) for every p in
the ensemble.

Let U denote the uniform distribution over Fg, and let F consist of U as well as Uy, for all Reed-Solomon
codes V C IE‘;L of dimension 0 < k < n. Formally, we show:

Theorem 24 No F-aware sampling algorithm A can achieve sup,c r cost}v (A; n) < 1/16 for any budget
T satisfying T (1) < max(1, min(TC(u), DTC(u))) log(n) for all i € F.

We prove this in Appendix C.1.

Lower bounds for arbitrary information curves. Although the lower bound of Theorem 24 is quite
tailored to distributions over MDS codes, it turns out that the same idea can be extended to show that any
information curve admits a realization by some distribution which cannot be distinguished from a distribu-
tion with the same information curve except shifted upwards by an additive constant for all indices past a
certain point.

Theorem 25 Let Z be the information curve associated to some distribution with total correlation TC and
dual total correlation DTC. Suppose that min(TC,DTC)logn < n. Given 1 < k < n, let Z'% denote
the information curve given by

gk Zj ifj<k
! Zj+logy(q) ifj>k
There exist a family F of distributions whose information curves are from among {Z,Z™, ... Z™1} such

that for every k there is at least one such distribution in F, and furthermore for any budget T satisfying
T () S max(1l, min(TC(u), DTC(u)))log(n) for all p € F, no F-aware sampling algorithm A can
achieve sup ¢ r costV (A; 1) < 1/16.

12
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We prove this in Appendix C.2.
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Appendix A. Proofs of information theoretic facts

This section completes the proofs of the technical lemmas in Sections 1 and 2. We first prove Lemma 8.
Proof [Proof of Lemma 8] First, observe that
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which proves item 1. Lastly, using the chain rule of conditional entropy, we observe that
n
DTC+TC = Z(H(Xi) - H(X; | X1, Xio1, Xy, .-, X))
i=1
n
=Y (HX)+H(X1, ..., Xi 1, Xis1,..., Xn) — H(X3,..., X))
i=1

= TL(Hl +H,_1— Hn)
=nsy,.

Combining this equation with item 1, it follows that

n
DTC =nZ, — TC =nZy— Y Z,

=1

which proves item 2. |

We now prove Lemma 13.
Proof [Proof of Lemma 13] Recall that I(X;; Xo\51) = H(X;) + H(Xg\(53) — H(Xs); taking expecta-
tions, we find that

Z; = Ejg1=i—1,j¢s [1(X;; Xs)]

= Ejpijer [H(X;) + H(Xp\jy) — H(Xs)]
=Hy +H;_1 — Hi,

as desired. ]

Appendix B. Proof of Theorem 16

Here we prove our main result showing that the optimal error achievable by any mask schedule is given by
the optimal left Riemann approximation of the information curve. This is restated below for convenience:

Theorem 16 Let yu denote the underlying distribution of data. Let (k,{s;}}) be an unmasking schedule and
{Si}¥.|Si| = s; be a fixed subset schedule. Let N; = > _j—18j denote the partial sums of the s; sequence,

where Nog = 0. Suppose the fixed unmasking algorithm Agyeq({Si}}) samples a distribution v and
the random unmasking algorithm A(k,{s;}¥) samples a distribution v. Then both algorithms have query
complexity k, and v achieves KL error relative to | of

k S;
KL(p|v) < Esgy,os [KL(p || 0559 ] =D (2w — Zoian1) |
i=1 \j=1

where the expectation is taken over all partitions S = |_|f:1 S; for which |S;| = s;.

17
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Proof Let T; = |J;;
first work with the distribution 515k Observe that

w1 ]

ijl fM(XsilXTﬁl“Ti) ]
0og
i=1

f:u'® (XSZ |XTZ :wTi)

S; with T1 = () be the coordinates which have already been sampled at stage i. We

= Exrp

k
=) B [KL((Xs, | X7y = 21) || n®(Xs, | X1, = 21))] -
=1

To simplify this, observe that the inner KL term is essentially a total correlation of the conditional distribu-
tion of Xg, given X7, = x7,. Therefore, it follows that

EXNN [KL(:UJ(XSi | XTi = xTi) ’H®(X5i | XTi = xTz))]

= Exu Z H(X; | X1, =2r,) | — H(Xg, | X1, = 21)
JES;

= | Y H(X;| X5) | - H(Xs, | X1)
JES;

= | Y. H(Xtuyy) - H(X) | — (H(Xs,ur,) — H(X1,)),
JES;

where in the second equality H (X | X7, = z7;) denotes the entropy of the conditional distribution of X;
given X7, = a7, while H (X | X7;) denotes the conditional entropy of X; given X .
Combining this with the previous equation, we find that

k

KL (|| 5050) =3 1Y H(Xqugy) - H(X) | = (H(Xs,0r,) — H(X7,))
i=1 | \jes;

Recall now that v is given by the mixture

UV =

Z 1Sk

n
(81"'8k) {Si}].|Sil=s:

We therefore find that

KL(u | v) = KL | 4

Z 1515k

(51.7.1.5;) {Si}lf7|5i|=5i

> Kb(u|lyse

(31.7.3;%) (SIS 1=si
= E{Si}]f7|si|zsi [KL(,UJ H VSl,...,Sk)]

<

= E{Si}]f,|5i|:si Z Z H(XTiU{j}) - H(XTz) - (H(XSiUTi) - H(XTL))
=1 jESi

18
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si (Bisj=n; 141 [H(Xs)] = Eigjzn,_, [H(Xs)]) — (Bisj=n, [H(Xs)] — Ejgi=n,_, [H(X5s)])

Il

s
Il
—_

I

N
I
—

Si (HNi71+1 - HNi71) - (HNi - HNil)]

I

S

I
—
r

- N
siH1 — 8;ZN, ;41 — E (HN,_y+j — HNi1+j1)]
=1

I
M=
hE
B
&

|
o
B
+

i=1 j=1

where the first line is an equality, the second by convexity of KL, the third and fourth lines are direct
simplification, the fifth line follows from the fact that 7; U{j}, T}, S;, and S; UT; are individually uniformly
random subsets of [n] of sizes N;_1 + 1, N;_1, s;, and IV;, respectively, and the final three lines are via
directly applying the definitions of H; and Z. The theorem follows from the first, third, and final lines. MW

Now we provide the proof of Theorem 4, restated here for convenience:

Theorem 4 [Optimal schedule given by best step approximation] Let 11 be any distribution over ¥, and let
1 < k < n. Let N** be the solution to Eq. (1) for 1’s information curve Z = Z(p).

Then for any unmasking schedule si, . . ., sy, the expected KL error is given by
a—1
E [KL S8k = ||Z — ZN Ny =1 Vacelk].
B IKL o) = 2= 2N, for Nos=143 s Vaell

In particular, the schedule that minimizes the expected KL error is
se= N = NP* L te k]

Proof Let N, = 1+ Y% !'s; Va € [k] and Ny = 1. By Theorem 16, and the definition of ZN, we have
that

k S;
k
Esiveos [KL (i [ v55) ] = 30 (3o @ncis = Zniii) | =12 = 280,
i=1 \j=1
yielding the formula for KL error. The remainder of the theorem statement is obvious. |

Appendix C. Proofs from Section 4

In this section we prove the query complexity lower bounds from Section 4. For the analysis, it will be
convenient to use the following interpretation of sampling algorithms in terms of stochastic decision trees:

Definition 26 (Stochastic decision tree representation) Any sampling algorithm A can be regarded as an
(infinite-degree) stochastic decision tree as follows. Every internal node is either a decision node (including
the root), a query node, or a leaf node. Decision and leaf nodes (resp. query nodes) are at even (resp. odd)
distance from the root:
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* For every decision node v, the outgoing edges (v, w) connect v to query nodes w. Each such edge is
labeled with a partial assignment X g(w) = ) with which to query the oracle. From v, the sampler
transitions to w with some probability P 4[w | v].

* Forevery query node w, there is a continuum of infinitely many outgoing edges (w,v'), each labeled by an
element of A(Z)”*‘S ] corresponding to a possible response by the oracle to the query X gw) = (),
From w, the sampler walks along the edge corresponding to the oracle’s response to X g(w) = z(W),

* Each leaf node ( is labeled with a distribution vy over 3", corresponding to the algorithm’s (randomized)
output if it has reached that state and decided to exit out of the loop. Let leaf (1) (resp. leaf<T (1)) denote
all possible leaf nodes of the stochastic decision tree corresponding to A (resp. which are distance at
most 27T from the root and reachable given oracle access to ).

Every path from the root to a decision or leaf node v is given by a path whose edges are alternatingly labeled
by partial assignments X g = x and corresponding oracle responses.

For any internal or leaf node v of the tree, let Py[v | u] denote the probability that the algorithm
traverses that node at some point in its execution, conditioned on the oracle responses coming from the
conditional marginal oracle for .

C.1. Proof of Theorem 24

‘We restate the result here for convenience:

Theorem 24 No F-aware sampling algorithm A can achieve sup ueF cost;-V (A; 1) < 1/16 for any budget
T satisfying T (1) S max(1, min(TC(u), DTC(p))) log(n) for all p € F.

We will use the following terminology: in the stochastic decision tree associated to A, a leaf /¢ is said to
miss a subspace V if, for all partial assignments labeling edges from the root-to-leaf path to ¢, either the
assignment is of size less than dim V), or if otherwise there does not exist x* € ) consistent with that
assignment. Otherwise, ¢ is said to hit V.

Proof Let D denote the mixture distribution over F given by

1 1 n—1
) D
2 qu2712;1 K

where Dy, are as defined in Lemma 21. We will prove the stronger statement that no F-aware sampling
algorithm A can even achieve E,,p[costlY (A; p)] < 1/4.
In order for cost]Y (A; 1) to be finite, we must have leaf () = leaf<7 (1) (11). Henceforth, let leaf* :=
leaf<7 ) (). We must have
V(U 3 PleU)w) <1/,
> PlIU] ) <1/8
L€leaf™
or else E, p[costlY (A; p)] > costlY (A;U) > 1/16.

For any leaf node 7, let v; — w; — v9 — - -+ — wr_1 — vy denote the sequence of decision and leaf
nodes along the root-to-leaf path to ¢, and suppose the edges (v;, w;) are labeled with partial assignments
Xgu) = . If ¢ € leaf*, then the edges (w;, v;41) are all labeled with Unif(Fq)®(”_‘S(l)D.

Let k; < --- < kp denote the numbers |S™M)|, ..., [S)| in sorted order. By Proposition 20, for any
MDS V of dimension k > k7 we have P4[¢ | Uy] =P 4[¢ | U]. For k; < k < kj41, by Lemma 21,

P [Cavoids V] > 1> ¢ *H) >1-7/q, 2

VD s>j
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and if £ avoids V), the oracle’s output under every query along the path is uniform marginals and again we
have P4[¢ | Uy] = P4[¢ | U]. The same reasoning applies to k < kj.
Let us write

Even, TV(Uy, 3 g[uuv]w)21/2—EVNDkTv(u, 3 ﬁ[muv].yg)
Leleaf (Uy) Leleaf (Uy)

where we used that TV(U,Uy) > 1/2 for any proper subspace V. We can rewrite the mixture on the
right-hand side as

> Ble|Uv] - ve+ > Ble| U] ve+ > Ble|Uv] - ve

L€leaf*:avoids V L€leaf* :hits V Leleaf (Uy)\leaf™

= > PlfUlve— D PU|Uwet Y PUW]v, G)
L€leaf™ L€leaf*:hits V Leleaf (Uy)\leaf™
where we used that for ¢ € leaf” that avoid V, P4[¢ | U] = P4[¢ | Uy], and for £ € leaf” that hit V,
it must be that P4[¢ | Uy] = 0 as the sampler under Uy, must deviate from the path that leads to ¢. As
> teteafui)\lear* PAL | UV] =3 sciear misy Pall | U], the TV between U and the mixture in Eq. (3) is thus
upper bounded by 1/8 4 >/ icar*mits v PA[¢ | U], and thus

ool w
|

EVNDkTV(UV, 3 g[zyuv].yg)z > Blelul.
Leleaf(Uy) L€leaf™:hits V

We say that V' is 1)-good if it satisfies ) ) ieap*micsy Pall | U] < 1 for some > 0. Observe that

n—1 n—1
[|U)- P [fhits V], = 0| uj- [ hits V]
1{66%;* VD, } Zelezaf*A n—1 kzzlv ~Dy,
TU) +n—-1-TU)TMU)/q
< Pl | U
< Zezf [|uj- p—]
_TU) + (=1 =TU)TU)/q
n—1

< 27 (U)

n—1

where in the second step we used that for any leaf ¢ at distance 27" from the root, there are at most 7’
dimensions 0 < k£ < n that are equal to the size of some partial assignment along the root-to-left path to £,

and for all other dimensions k, Py.p, [¢ hits V] < T'/q by Eq. (2). By Markov’s inequality, we conclude
4T (L{)
<1,

that for n :==

0<k<r]§v~Dk[V is n-good] > 1/2.
We conclude that
E [cost? (A; p)] > 1 P [V is n-good] - <§ — 77) > L
u~D 2 0<k<n,V~Dy 8 16
as claimed. |

In fact one sees from the definition of 7 in the proof above that we have shown the even stronger statement
that it is necessary to set the budget 7 (/) for the uniform distribution to be linear in n for the costs to
be sufficiently bounded across all © € F. Intuitively, this comes from the fact that one has to make €2(n)
queries before one can decisively rule out that x4 is supported on a subspace.
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C.2. Proof of Theorem 25

We restate the result here for convenience:

Theorem 25 Let Z be the information curve associated to some distribution with total correlation TC and
dual total correlation DTC. Suppose that min(TC,DTC)logn < n. Given 1 < k < n, let Z'* denote
the information curve given by

gk Zj ifj<k
’ Zj+logy(q) ifj>k
There exist a family F of distributions whose information curves are from among {Z, yARN Z™1Y such

that for every k there is at least one such distribution in F, and furthermore for any budget T satisfying
T () S max(1l, min(TC(u), DTC(un))) log(n) for all p € F, no F-aware sampling algorithm A can
achieve sup ¢ r cost™V (A; 1) < 1/16.

Proof Let 1* denote a distribution over 2" with information curve Z, and let I/ and If), denote the uniform
distribution over Fy and the uniform distribution over subspace V C Fy as before, where V will range over
RS codes. Define p*[U] = p* x U and p*[Uy] = p* x Uy, regarded as distributions over (X x Fy)™.
If V has dimension k, then by the linearity of the information curve in the average entropy curve, and by
additivity of entropy,

Z(w' U]) = Z(u") + Z(U) = Z

Z(u* ) = Z(i*) + ZWUy) = Z(u*) + (Ilj > k); = 2.

So to construct F, we include p*[Uf], and then for every dimension 1 < k < n and every k-dimensional RS
code V, we include 1*[U4y], thus satisfying the first condition in the Theorem.

The rest of the proof is nearly identical to that of Theorem 24. It remains to verify that the family F
constructed in the proof of Theorem 25 satisfies the second part of Theorem 25. For this, we closely follow
the proof of Theorem 24. By Proposition 20, if one queries the conditional marginal oracle for p*[Uy] on a
partial assignment of size < k, then the response will be identical to the one for p*[{], and likewise if the
assignment is of size > k and its projection to the [Fj; component is incompatible with any element of 1. We
will use the same hit and miss terminology from before.

Let D). " denote the distribution over p*[Uy] where V is a random k-dimensional RS code. Let D denote
the mixture distribution over F given by

1 1 n—1
50w+ 53— > Dk
k=1
As before, let leaf* = leaf7 " MD (;,*[24]). We must have

V() Y2 Bl ) ve) < 1/,
£€leaf™

orelse B« p[costY (A; p)] > 1/16.
For any leaf node 7, let v; — w; — v9 — -+ — wr_1 — vy denote the sequence of decision and leaf
nodes along the root-to-leaf path to ¢, and suppose the edges (v;, w;) are labeled with partial assignments

Xowy = 2@, If ¢ € leaf*, then the edges (wj,v;11) are labeled with v ® Unif(}Fq)®(”_‘S(i)|) for some
distribution v over X",
Letk; < --- < kr denote the numbers [ S|, ..., |ST)] in sorted order. For any V of dimension k > kr

we have Py[¢ | p*[Uy]] = Pl | p*[U]]. For k; < k < kj41, by Lemma 21, Eq. (2) holds as before, and if
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£ avoids V, the oracles output under every query along the path is of the form v ® Unif (Fq)®(”_ 15D for some
distribution v. In this case, again we have P[0 | p*[Uy]] = P4[¢ | p*[U]]. The same reasoning applies to
k < K.

Let us write

Evep V('] > Blelwivllve) = 1/2-Byen, TV (0l > Bl| utv]v)
Leleaf (w* [Uy]) Celeaf (p*[Uy])

where we used that TV (u*[U], p*[Uy]) > TV(U,Uy) > 1/2 for any proper subspace V. We can rewrite the
mixture on the right-hand side as

> | Bl w ]l - ve + Z Bl w ]l - ve + > BT ptv]] - ve
£€leaf* :avoids V £€leaf* :hits V Leleaf (u* [Uy]) \leaf™
= 2 Bllwplve— ) B v+ D BUIWRA] v @)
L€leaf” L€leaf* :hits V Leleaf (u* [Uy])\leaf*

where we used that for ¢ € leaf” that avoid V, P4[¢ | p*[U]] = Pall | p*[Uy]], and for £ € leaf” that hit
V, it must be that P4[¢ | p*[Uy]] = 0 as the sampler under p*[{4y] must deviate from the path that leads

0 L. AS D pcieat(u i])\leaf* PAL | WUV = 2 pciearsnisy Pall | 17 [U]], the TV between (U] and the
mixture in Eq. (4) is thus upper bounded by 1/8 + >/ canits v P4l | #*[U]], and thus

* * 3 *
Even, TV(1 W), Y. Blelwbllove) 25— > Bl utiul).
teleaf (u* [Uy)) t€leaf* hits V
We say that V is 1)-good if it satisfies ), \eap+nisy PAlC | ¥ [U]] < 7 for some > 0. Observe that

nilz{ > Bl w)- B [EhitsV]}

k

k=1 (€leaf*
n—1
= > A 1ZV Dkéhltsv
éeleaf* k=1
Z Pl T(p [ ])+(n1n_ iu*[u]))T(M*[U])/q
Zeleaf*
_ T+ (n—1- T(M*[U]))T(u*[u])/q 27 (p*[U])
n—1 n—1

where in the second step we used that for any leaf ¢ at distance 27" from the root, there are at most 7’
dimensions 0 < k£ < n that are equal to the size of some partial assignment along the root-to-left path to ¢,
and for all other dimensions k, Py.p, [¢ hits V] < T'/q by Eq. (2). By Markov’s inequality, we conclude

that for n == M < 1 (here we used the hypothesis that min(TC, DTC) logn < n),
P Vis n-good| > 1/2.
O<k<n,V~Dk[ is n-good] = 1/
We conclude that
E lcost]Y(Ain)] > 5o B Visngood] (2 ) > o
cos = is n-good] - (= — —.
u~D T H 2 0<k<n ,V~Dy, e 8 )= 16
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Appendix D. Upper bound in terms of (dual) total correlation: proof of Theorem 9

In this section, we use Theorem 16 to obtain data-agnostic bounds for the expected KL error of the fixed
and random unmasking algorithms. As mentioned in Section 1.4, Theorem 16 already immediately implies
bounds from the prior work of Li and Cai (2025) and Austin (2020). In this sectlon we use Theorem 16 to
improve these bounds in most regimes, assuming only access to estimates TC and DTC of TC and DTC.
Recall that Theorem 9 states the existence of an algorithm attaining error at most € and query complexity

<2+ (1+logn) (1+[TC/e])  (resp. k < 2+ (1+1logn) - (1+ [DTC/e]).

Provided that TC and DTC are constant-factor approximations of their respective estimands, this yields a
query complexity proportional to min(TC,DTC) and is generally significantly better than Theorems 34
and 31.

We now turn to the main technical content of this section, namely proving this result.
Proof [Proof of Theorem 9] We split into two cases, which are roughly similar. The main idea is to use an
exponentially increasing schedule to attain the DTC bound and an exponentially decreasing schedule for
the TC bound. This will attain the correct query complexity. Moreover, using the pictorial representation,
we find that the horizontal slices of the error can be enlarged by a factor of D;fc or E , respectively, and
subsequently shifted horizontally to fit above or below the information curve, respectlvely. From this it

follows that the total error is at most a factor of D/:;\c or T% times either the area DTC or the area TC,

respectively, yielding the upper bound of ¢, provided that TC < TC and DTC < DTC. We provide the
full details below.

1. The TC bound. We proceed by defining the mask schedule, and then analyzing the query complexity
and sampling error.

Mask Schedule. We first define our mask schedule. Let { = 1 + [ -‘ > 1.If ( > n+1,then pick k =n

and s; = 1 for all ¢; the sampler is perfect and the query complexity is n < [1 + T-‘ , resolving this special
case. From now on assume ¢ < n. Consider the sequence /N; given by Ny = 0 and then recursively

N; = {Nil + (n— Nil)z.J

forl <i< ri(gﬁ“) +2=\
11

4
Note that definitionally we have N; > N,_; and by induction N; < n — 1 for all 7. Moreover,

N; > Ni—1 + (n_Ni—l)z - QC_l = (Ni-1—1) (1 - é) +n2,

so that

n—{—i—l—Nig(n—(—}—l—Ni,l) <1—2>

It follows that

n—1>Ny>(n—C+1) (1—(1—§>A> > (n—c+1) (1—n_2+1) —n—.
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Now set Nl = Ni_l + 1 for >\ + 1 S 1 S >\ +n — N)\. Note that N)\—FTL—N)\ = n. Lastly’ define
s; = N; — N;_1.* We consider the mask schedule given by {s; 1\+n_N*.

Query Complexity. The query complexity £ equals the number of steps of unmasking, i.e.

k=A+n—Ny<C+2+ 1§§g171 <24 ¢(1+logn) <2+ (1+logn)- |1+ {Tﬂ :
¢
where we have used the fact that log 1~ = —log(1 — 2) > z for z = % €1[0,1).
Sampling Error. First observe that for 1 < ¢ < )\, we have
= Ni— Nit < (n— Ni1)s = < (n— Ny)— < - (n— Ny).
¢ —17TC

Applying Theorem 16, we find that

KL(p||v) < Es,,..5, [KL (e || 705%)]
k S;
= Z ZNFH-J’ - SiZNi,l-i-l
- s

IN
-
= |l
—

S (ZNZ - Ni_1+1)
1

.
Il

IA
S
~~
[~
S
!

k
( NZ)(ZNz - ZNi—1)> + Z Si(ZNz' - ZNi—1+1)

i=A+1

IA
)

1
A1 .
(Z(Ni-i-l - Ni)ZM) + ﬁ(” — N\)Zn,

IA
)

i=1
c A—1N;41—1 c n—1
TC 2 % TC 2%

i=1 j=N; J=Nx

<eg,
where we let Zy = Z1 = 0 by convention and we have repeatedly used that the Z;’s are nonnegative and
nondecreasing (see Lemma 8). Note that the fourth line follows from a rearrangement and the fact that

N; = N;—1 + 1 fori > A. Thus the algorithm yields the correct query complexity and sampling error,
completing the proof of this case.

2. The DTC bound. We proceed in the same three steps as in case 1; the proof will be largely similar,
except that the mask schedule is essentially flipped.

Mask Schedule. Let { =1 + {@—‘ > 1. If { > n+ 1, then pick k = n and s; = 1 for all ¢; the sampler

is perfect and the query complexity is n < {1 + D—EC], resolving this special case. From now on assume

4. Note that potentially some of the final values of s; will be 0.
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¢ < n. Consider the sequence N, given by N, = n and then recursively
1
v (1)

log T

for1<i< {WJ+2:)\.

Note that definitionally we have N/ < N/_, and by induction N/ > 1 for all i. Moreover,

NN (1-7) + 5 = N (- o) (1)),

It follows that

A
1 1
1<N,.<C—14+n—-C+1 (1—) <C-14Mn-CH+1)—— =(.
SNt (1-¢) <C=Tt =0+ Dy =¢
Now, set Nj = N;_; — 1for A +1 <4 < A+ Nj. Note that Ny, = 0. Lastly, define s; = Ny \/ _, —
A A
Ny, NY it We consider the mask schedule given by {si}i‘+N*.
Query Complexity. The query complexity £ equals the number of steps of unmasking, i.e.
! DTC
k=A+Ny<(+2+ Og? <2+ ((1+logn) <2+ (1+logn)- |1+ { W ,
17% €
where we have used the fact that log -1~ = —log(1 — 2) > z for z = % €1[0,1).
Sampling Error. First observe that for : > Nj, we have A + N{ — i + 1 < X and hence
g = / _ !/ < N/ Z = < N/ L < L !
i AN —i AN i1 = AN i ¢ 1S UM i ] S Fpe ATNA i
As usual, let
NZ' = ZSZ' = N;\—&-N;\—i‘
J<i
Applying Theorem 16, we find that
KL(,U/ H V) < ES1,---7Sk [KL(M H VSIW.SIC)]
k Si
= Z Z ZNq',—1+j — SiZN;_1+1
i=1 | \j=1
k
< Zsi(ZNi - Z i71+1)
i=1
N{+A
€
S == Z N§\+N;—¢+1(ZN1~ —ZN) |+ Z $i(ZN; = ZN;_1+1)
DTC i=Nj+1 <N}
N{+A-1
— % (NN’ +/\—1Zn) - % Z (Nz - Nifl)ZNi - % (NN’ ZNN/)
DTC * DTC \;-n,,, DTC A
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Ni{+A-1 N; Nyt

j\ (NN;+,\—1Zn) - % Z Z Zj 2 Z Zj

- —
=Ny \J=Ni—1+1 DTC |\ 5

IN

A
>m
N
S

where we let Zy = Z1 = 0 by convention and we have repeatedly used that the Z;’s are nonnegative and
nondecreasing (see Lemma 8). Note that the fourth line follows from a rearrangement and the fact that
N; = N;—1 + 1 fori < Nj. Thus the algorithm yields the correct query complexity and sampling error,
completing the proof of this case.

In conclusion, we find that in both cases there exists a mask schedule with the desired query complexity
and sampling error. This completes the proof. |

Knowledge of TC and DTC. We elaborate briefly on the “hyperparameter sweep” discussed in the intro-
duction. While the above result does not require knowledge of the data distribution or the entire information
curve, it nonetheless requires the values of TC and D'TC. These values are in general unknown and more-
over not readily estimable from our conditional oracle. In practice, however, we can treat TC and DTC as
sampling hyperparameters and sweep over a feasible range .

We suggest a choice of H as follows. First, it is not difficult to see that if we choose estimates TC €
[TC,2- TC] and DTC € [DTC, 2 - DTC], the mask schedule in the proof of Theorem 9 achieves error at
most € and query complexity within a factor of two of

2+ vtz (14 min (1] [2])),

that is the complexity if we had complete knowledge of T'C and DTC. Moreover, we know that

DT T
1< { 6% ’ [ﬂ and DTC,TC < nZ, < nH; < nlog|[%].

Combining these observations, we can take

)

‘ log |2
H={2":i€Z,e<i<nlog|Z|}; |H| :o<1og”°§|‘>

for which there exists (T/‘E, m) € H? which if used as the estimates of TC and DTC yields the desired
error and query complexity. Under this choice of H, the hyperparameter sweep incurs an extra query com-

2
plexity factor of |H|> = O (log <"l%‘zl) ) For most choices of n, €, | X[, this will be a polylogarithmic

factor in n.
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Appendix E. Logarithmic overhead is necessary

In this section, we show that the log n term in Theorem 9 is necessary. This is essentially implicit in Birgé
(1987) and has been used in various works on monotone distribution estimation. We were, however, not
able to find a complete statement and proof in the literature and provide one for completeness. First, recall
the following definition.

Definition 27 (Piecewise Functions) A k-piecewise function f : [n] — R is a function for which there are
at most k values i € [n — 1] such that f(i) # f(i + 1).

We can now state the main result of this subsection.

Lemma 28 Let n > 2, € be such that %log% < e < @, and k < c¢- 10% for some sufficiently
small constant c. Then there exists a non-negative monotone increasing function f : [n] — R satisfying
>, f(i) = 1 such that for any function h : [n] — R which is a k-piecewise constant function, we have that

If = gllzr = Q(e).

Proof We define f as follows. Fori = 0, ..., “fg(gii)) = 1} =m < w, we let B; = {|(1 +

e)!],...,min(| (1 + &)™t — 1,n)}, and for x € B; we let

(1 —1—5)_1"

1
f(l‘)—Pi—Z' log 1

Note that

Zf(a:)ﬁi Z' (5(1“)1‘“)(11;2_131(2210;)31

1=0

asm < 21"% and so this is a valid choice of f.

Let h be any k-piecewise function, and let I, . .., [} denote the partition of [n] into & disjoint intervals
on which h is constant. We will refer to the right endpoints of these intervals as the breakpoints of h. The
remainder of the proof proceeds in two main steps. We first show that A may be modified to have two
desirable structural qualities: namely to have breakpoints only at the right endpoints of the B; and values
only in the {p;}. We then directly analyze functions h with these properties to prove the bound.

Shifting the image of h. We first claim that for any h, there is some Aimage such that || himage — flzr <
|h — fllz1, and Rimage has the same breakpoints as h but himage() = p;; for all x € I;, for values i;
satisfying B;; N I; # (). That is, on each interval where  is constant, we can replace the value of / on that
interval with one of the values that f attains on the same interval.

Indeed, this is because the contribution of I; to the total error is Fj(h(z)) = Zwelj |h(z) — f(x)].
Suppose 1/(z) € [pi, pi+1]. Then since Fj(h'(x)) is linear in [p¢, p;11], it must be optimized at one of the
endpoints. In particular, we may replace the value of h on I; with either p; or p;11 without increasing the
number of pieces of total error. Applying this result to all intervals I; yields some hjyage Which satisfies the
conditions of the claim.

Shifting the breakpoints of 4. We now claim that for any h, there is some hgy,) such that ||hgna — fll71 <
|lh— f|l1, which is also k-piecewise but whose breakpoints are a subset of the breakpoints of f, and whose
image is contained in the image of h.

Indeed, suppose A has a breakpoint ¢ € I; N B, which is not the right endpoint of By; call such break-
points bad. The contribution of I to the total error is Fj(h(x)) = Y ¢ I |h(z) — f(z)|. We now have two
cases.
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Case 1. If |h(t) — f(¢)| > |h(t+ 1) — f(t+ 1), let W' (r) = h(t + 1)V r € I; N By,r < t, and
h'(x) = h(x) otherwise. Then the number of pieces and total error of k' are not greater than those of h.
Moreover, either the total number of pieces decreases by 1 or i/ has one less bad breakpoint than h.’

Case 2. If |h(t) — f(t)| < |h(t +1) — f(t + 1)|, let B'(r) = h(t)Vr € Ij;1 N Be,r > t, and
h/(x) = h(x) otherwise. Then the number of pieces and total error of A’ are not greater than those of h.
Moreover, either the total number of pieces decreases by 1 or A’ has one less bad breakpoint than h.°

Iterating the operation h — k', we conclude that after a finite number of rounds there are no bad
breakpoints. The output hgy,) satisfies the conditions of the claim.

Completing the proof. Combining these claims, there exists an optimal k-piecewise approximation h to f
for which I; = {|(1 + €)% | + 1, [(1 4 €)%+ |} forsome 0 = i1 < - -+ <41 = m, and forall z € I}, we
have that h(z) = py; for some ;. Moreover, breaking up each interval into the intervals before and after ¢,
we may further assume that h(z) = p;; or h(z) = p;;,,." Lastly, we may ignore the regions B; for which

i< %, so that for all considered B, we have (1 + ¢)® > 2.3 Now, let l; = ij41 — 1. We have the

~

following two cases.
2(1

Large interval regime. First, if there is any interval I; such that ¢; > %E), then if h(z) = (1+¢)%+! on

this interval, and so the error of the approximation on this interval is at least

1 ij+1 fjfl

1 1 1 € 1
_ _|.2:1 s__ = |y _ -
lognz (I4+¢) (Q4e)ut 26( +e) 2logn \ 7 Z% (1+¢)s
5=1; 5=
€ l+e
> —— | ¢ —
~ 2logn < / € )
= 21c}gn :Q(E).

If instead h(z) = (1 + €)%, we obtain the same result via an analogous calculation. In either case, the
desired statement holds.
Small interval regime. Otherwise, assume that £; < 2042) for all 7. Recall the approximation inequality

€
1- ﬁ > min(l /2,re/2), which follows from Bernoulli’s inequality. Applying it, we find that if
h(xz) = (14 ¢)%+1, the error on I; is at least

1 1 1 e =
logn SZ;J (1+e) (1+e)+| 58(1 te)rz 4logn SZ:;) 5
2
2 m(@‘ -1)?

If instead h(x) = (1 + €)%, we obtain the same result again via an analogous calculation. Thus, the overall
error of the approximation can be lower bounded by

k
82

- > —1)%

5. The former occurs if I; has a smaller left endpoint than B, and the latter otherwise.

. The former occurs if ;41 has a larger right endpoint than B, and the latter otherwise.

7. Note that this operation at most doubles the number of intervals in h; thus, it can be accounted for by changing the constant ¢
appropriately.

8. This operation at most increments the number of intervals by a constant, and underestimates the total error, so it is also
permissible.

o)}

29



CHEN CONG L1

Since Z?Zl(ﬂj —1)>(1-¢) logn, by the Cauchy-Schwarz inequality we conclude that

L= (logn)? _ (1—¢) logn o

h — > =
1A= fllzr = 16logn ke? 16 ko~

completing the proof of the desired claim. |

To make this result applicable to distributions, recall the following result about the realizability of any
information curve by some distribution:

Lemma 29 (Theorem 1 in Chen et al. (2009)) For any information curve 0 < 71 < --- < Z, and ap-
proximation errors €1, . . . , &, > 0, there exists a distribution i for which | Z;(n) — Z;| < &; for all i.

Combining Lemmas 28 and 29, we conclude that there exist distributions for which the log n is unavoid-
able on many parameter regimes.

Theorem 30 Let n > 2, € be such that % logg <e< @, and c be a sufficient small constant. Then

logn
E b

there exists a distribution i such that for any unmasking schedule (k, {s;}¥) with k < c - we have

Esy,...s0 [KL(u[lv™%)] > ),

Sl""»

where the expectation is taken over all partitions S = L]le S; and v Sk denotes the distribution out-

putted by Ak, {S;}}).

Proof Applying Theorem 4, the expected KL error is given by ||Z — ZN||,1. The result follows from
choosing a distribution 1 via Lemma 29 with ¢; = o(5) and applying Lemma 28 and the triangle inequality
for the L' norm. |

Appendix F. Recovering existing bounds

In this section we recover the iteration complexity bound of Li and Cai (2025) and an iteration complexity
bound which is implicit in Austin (2020).

F.1. Recovering the bound of Li and Cai (2025)

In Li and Cai (2025), the authors prove the following bound on the sampling error, given the sizes of the
mask schedule.

Theorem 31 (Theorem 1 of Li and Cai (2025)) Let u be the data distribution and vS195k be the output
of the fixed unmasking algorithm Agxeq(k, {Si}¥). Let smax = maxt_; |S;|. Then we have

i 9logs smax| _ 1

9[logs smax| _ 1
S (X {X ) = ———————(TC + DTC)
i=1

Es, .5, [KL(p ]| v"0%)] < -

We provide a short proof of this result via Theorem 16.
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Proof The equality in the theorem follows from the definition of TC and DTC, so we aim to prove the
inequality. By Theorem 16 and Lemma 8, we have

Si

k
ESI;-~~7Sk[KL(H H VSlw"Sk)] = Z Z (ZN 1+ — ZN¢71+1)
i=1 \j=1

k
< Z(Sz — 1)<ZNZ- - ZNi—l)

%
(Smax - 1)Zn
2[10g smax] _ 1

IN

- (TC + DTC),

where in the second line we have noted that the summand Zy, ,1; — Zn,_,+1 is zero for j = 1 and at most
ZN; — Zn,_, otherwise. This completes the proof. u

Remark 32 We can restate Theorem 31 in terms of query complexity given a fixed €. In particular, the
number of queries is k > ~— - . Thus, we find that given any ¢, there is a mask schedule attaining expected

(=222

sampling error at most € in (’) queries.

As shown in Li and Cai (2025), this upper bound is optimal in some cases. However, as we remarked in
the introduction, it is generally worse than Theorem 9.

F.2. Recovering the bound of Austin (Austin (2020))

In Austin (2020), the author proves that distributions with low TC can be decomposed into a fixed sub-
set of coordinates S and a remaining subset of coordinates [n]\.S which have low conditional TC. For
completeness, we show the result here.

Lemma 33 (Lemma 8.3 of Austin (2020)) Let i be the data distribution. Then there is a subset size s <
DTC for which in expectation over all |S| = s, S C [n], we have

TC(X1,..., Xn | Xg) + DTC(X1, ..., X, | Xg) < 6%(n—|S)),

where TC(Y | X) =E TC(Y | X = z) is the conditional TC and similarly for DTC(Y | X).

z~p(X)

This lemma yields a natural method of sampling p: first perfectly sample an arbitrary subset of size s,
and then sample the remaining coordinates in one-shot.

Corollary 34 Suppose DTC < 6?n. Let pu be the data distribution and v be the output of the random
unmasking algorithm A(k, {s;}%). Then there exists a schedule (k, {s;}}) for which the query complexity
satisfies k < DTC

KL(u | v) < 6%(n —k+1).

Note that here £ = s + 1, since there is the final one-shot step. We provide a short proof of this result
via Theorem 16.
Proof Consider the schedule given by & = LDTCJ + 1,8 =1fori < k—1,and sy =n —k + 1. By
Theorem 16, we have that

KL(pllv) = (n =k +1)(Zn — Z)
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where we have used Lemma 8 repeatedly. |

Note that the bound in Corollary 34 is not particularly strong; in particular, the sampling procedure is
essentially two-step and does not provide significant flexibility to the choice of mask schedule. This can be
improved by replacing the one-shot sample of S; with an ¢-step, constant mask size sampler. Under this
regime, combining the above result and Theorem 31 below and then optimizing over k and ¢, we can recover
Theorem 10 given in the introduction. We provide a detailed proof below.

Proof [Proof of Theorem 10] Consider the schedule s; = 1 fori < k — 1 and s; = L”‘T]ﬁlj fork <i <
k + ¢+ 1.2 Applying Theorem 31 to the conditional distribution X7, ..., X,, | X5 and then Lemma 33, we
find that the total error is bounded by

%n
0

—_

E[KL(p[[#)] = 5(TC(X1,..., Xn | X5) + DTC(X1, ..., Xn | Xs)) <

The total query complexity is k + £. Take ¢ = PQT”-‘ and £ < D(SLQC, observe that we can then set §° =

\/ %C'E. We finally find that this schedule yields error E [KL(x || )] < € and query complexity k + ¢ =

)

@) ( D TC'”), as desired. This completes the proof. |

Appendix G. Decoupling estimation error and sampling error

This appendix follows the work of Li and Cai (2025), and is written in order that the present work be self-
contained. For simplicity, let /1(x) denote the PDF of p. Let T; = U;;S; for any subsets S = |_|i-€:1 S;. We
consider learning the estimate CO which minimizes the following error:

Z o :U(Xj ’ Xr, = xTi)
CO(X] | XTi = .%‘Ti)

— n
error(p, CO) = ESl,--wSk;iE[k} ‘S|
' jes;

where (/?(\)(X ; | X7, = x7,) denotes the conditional marginal of X; outputted by the learned oracle, and the
_ 18l

expectation is over all schedules S = |_|f:1 S;, and i is drawn from the distribution p(i) = =

As a brief remark, note that since CO only appears in the denominator of the logarithmic term, we can
estimate the learning error

> " log CO(X; | X1, = ar,)
JES;

. n
learning error = —Eg, g, .ic[k] m
(2

via training samples; moreover, by positivity of KL, the optimum is precisely CO = CO, hence with suffi-
ciently many samples, we can expect to learn a good estimate CO.

9. This is approximate, as we do not necessarily have ) s; = n. Formally, if ), s; > n, omit as many terms s; from the end as
necessary and cap the final value of s;
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Now, the following error-decoupling result justifies our assumption that the conditional oracle CO is
perfect.

Lemma 35 (Ll and Cai (2025)) Let p be the data distribution and (Sh, . . ., Sk ) be an unmasking schedule.
Moreover, let CO be a learned conditional marginal oracle, which estimates CO. Let vk be the distri-
bution sampled by Agyea(k, {S1}}) using CO, and 015 is the distribution sampled by Agyeq(k, {S1}}
using CO. Then .

L (g H oL ¥)) = KL(u H ﬁSl""’S’“) + error(p, CO)

Proof Observe that

51,~~-,Sk($)
KL 5140035k — KL ~ 57,00y Sk _/ 1 Vi d
(v ) (] ) zn w(z)log 051Se(z) )
- / x) log voeth(zg, | Xy = wn) )

—ZZIO /\X ’XT—JJT)

im1jes, COXj | X7, = =7)

Z w(X; | X, =21,)

=K i
81,00 Skii€lk] |5| co X; | X1, = o1)

JES;
= error(u, C/(\)),

where the factor of | g | is due to the distribution of 7 in the expectation formula for error(u, CO). |
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