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Abstract

Self-normalized martingale inequalities lie at the heart of confidence ellipsoids for online least
squares and, more broadly, many bandit and reinforcement-learning results. Yet existing vector and
scalar results typically rely on bounded covariates and an explicit regularization matrix, producing
bounds that are not scale-invariant: although the self-normalized quantity is scale-invariant by
definition, its standard upper bounds are not.

We characterize when scale-invariant upper bounds on self-normalized martingales are possible.
Without further assumptions, we prove that nontrivial scale-invariant bounds exist only in dimen-
sion d = 1; moreover, in d = 1 we obtain O(log T') scale-invariant self-normalized bounds without
any assumptions on the covariates. In contrast, for d > 1 we show that no nontrivial scale-invariant
bound can hold in full generality. We then connect this dichotomy to doubly-uniform regret in on-
line linear regression (i.e., regret bounds that are simultaneously independent of the covariate scale
and the comparator norm) and use it to resolve the open question of Gaillard, Gerchinovitz, Huard,
and Stoltz, “Uniform regret bounds over R for the sequential linear regression problem with the
square loss” (ALT 2019): in d = 1 we give an explicit algorithm with O(logT") doubly-uniform
regret, whereas for d > 1 sublinear doubly-uniform regret is impossible.

Finally, under a natural smoothness condition (bounded Radon-Nikodym derivatives of the condi-
tional covariate laws with respect to a fixed base measure), we recover sublinear regret for d > 1
without bounded covariates and derive a self-normalized concentration inequality free of the usual
regularization penalties, yielding arguably a first natural scale-invariant bound for adaptive, non-
1.i.d. vector martingales.

1. Introduction

Our play opens with what appears to be a two-protagonist drama. They make their separate en-
trances across two acts, each insisting on a solo turn in the spotlight. In the final act they meet, only
to realize that they are, in fact, a mirror image of each other.
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Act I: Self-normalized martingales. In an introductory course on Probability, we learn that the

T .
sum of normal random variables is also normal, and, in particular, \%% ~ N(0,1) where
i=19;
X; ~ N(O, a?) are independent normal random variables and o; are constants. If one replaces
T .
the denominator by the random realizations of X, then the distribution of \/Zz‘z;lixlz is no longer
i=1 Xz
normal, yet its tails are similar to those of the normal distribution. In particular, an application of
Hoeffding’s inequality (via symmetrization) shows that

T 2
I x.
P 721:1 syl < exp (_u)

\VXin X

for any symmetric independent random variables X;, remarkably under no further assumptions on
their distributions (see e.g., van Handel (2014, Ex. 7.3)). To bring out the symmetry requirement,
we may instead write the above inequality as

T 2
, X
p ZzsXi <exp<—u2>, (1)

\VEin X

where ¢; are i.i.d. Rademacher random variables, and X; are independent with no further assump-
tion on their distributions. Such inequalities for self-normalized sums are very attractive, both due
to the lack of assumptions and due to their natural scale invariance.

It is then reasonable to ask whether inequalities similar to Eq. (1) hold for martingales. More
precisely, suppose for simplicity that X; are deterministic functions of €1, ..., £;_1, i.e. measurable
with respect to the dyadic filtration. Clearly, the sum Z?zl €;X; is a martingale. Does the inequality
Eq. (1) also hold for this martingale without assumptions on X;’s?

Perhaps surprisingly, the answer is no. Even more interestingly, this answer is related to what is
referred to as “doubly uniform regret” in online learning. But we are getting ahead of ourselves.

For simplicity of exposition, let us consider the first moment of the ratio, rather than the tail bound.
The following inequality can be found in the classical book of de la Pena et al. (2009, p. 199):

E [ST/VT1/2] <C+ CE[O v loglog(VTl/2 v VT_1/2)], ()

where, henceforth, we abbreviate ST = Zszl g; X;and Vp = Z;‘il XE, and C, ¢ > 0 are constants.
In the multi-dimensional setting, described below, the upper bound also involves the logarithm of
the condition number of the matrix V7 (see additionally Whitehouse et al. (2023, Corollary 4.5) and
references therein).

The inequality Eq. (2) lacks the scale-invariance property that we desire: the left-hand side does
not change when multiplying all X;’s by a constant, yet the right-hand side does. This lack of
scale-invariance is present in many results in the literature on self-normalized martingales, and it
stems from the pseudo-maximization (or the method of mixtures) technique pioneered by Robbins
and Siegmund (1970) and used extensively by de la Pefa et al. (2004); de la Pena et al. (2009). The
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method aims to place a non-trivial mass on a parameter that can only be known after observing the
scale of the realization.

One approach to remove scale-dependence in the upper bound on the self-normalized martingale is
to change the denominator. This can be achieved by augmenting V7 with a regularization term. For
instance, de la Pefia et al. (2004) establishes

St u?

The expected value [E V1 can be viewed as fixing the scale of the problem, yet its presence in the
denominator is not desirable. Another approach is to augment Vr with a constant, making both the
ratio and the ensuing upper bound scale-dependent.

In particular, the addition of a regularizing constant to V- has been employed in the multi-dimensional
setting (that is, X; = X;(e1,...,&;_1) are taking values in R% and V = ZiT:1 XiXiT is the sample
covariance) by de la Pena et al. (2009, Theorem 14.7) and Abbasi-Yadkori et al. (2011) to establish
tail bounds of the form

det(VT + P)

1 N~ 'Sy <1
St (Vp +T)7 Sy < log det(T)

> + log(1/9) 4
with probability at least 1 — 4, for some deterministic positive definite matrix I'. Once again, both
sides are not scale-invariant, limiting the applicability of the bound when the scale is unknown.

Before continuing our discussion, we mention that the analysis of self-normalized martingales plays
a central role in bandits and reinforcement learning: it underlies confidence ellipsoids for online
least-squares estimators (e.g., Dani et al. (2008); Abbasi-Yadkori et al. (2011)) and the resulting
online-to-confidence set conversions (see Abbasi-Yadkori et al. (2012); Lee et al. (2024); Clerico
et al. (2025) and the textbook (Lattimore and Szepesvari, 2020, Chapter 20) for bibliographic point-
ers), identification in Linear Time-Invariant systems (Simchowitz et al., 2018; Sarkar and Rakhlin,
2019), and beyond. More broadly, there is renewed interest in formulations and in weakening tail
assumptions beyond the classical conditionally sub-Gaussian setting (e.g., Howard et al. (2020);
Whitehouse et al. (2023); Zhao et al. (2023); Ziemann (2025); Akhavan et al. (2025)).

Act II: Doubly uniform regret. One of the first online prediction methods is the celebrated Vovk-
Azoury-Warmuth (VAW) estimator, initially proposed by Vovk (1997) and later refined by Vovk
(2001); Azoury and Warmuth (2001) (see also (Cesa-Bianchi and Lugosi, 2006, Theorem 11.9)).
First, we recall that in online supervised learning with squared loss, on each round ¢ € [T'], the fore-
caster observes z; € R%, selects a prediction 7; € R and observes y; € [—1, 1]. The VAW estimator,
defined later in the text, is essentially a regularized least squares estimator with a regularization
parameter A > 0, and it achieves the following regret bound: for any 6 € R,

E I ) T maxq |2
M-y Z (O, 20y = 31)* < AJ6]* + dlog( 1+ ———— ). )
t=1 t=1

Notably, the bound is non-uniform in two ways: it depends both on the norm of the comparator
vector f and the scale of the covariates. Bartlett et al. (2015) raised the question of whether one
can obtain a regret bound that is uniform over all 0, as the existing lower bounds do not show this
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necessity (see, e.g., (Gaillard et al., 2019, Theorem 4)). This led the authors of Gaillard et al. (2019)
to further ask whether regret bounds that are doubly uniform—with respect to the norm of the target
parameter and the covariates—are possible in online linear regression.

So far, this double uniformity is only known in the so-called transductive online setup, where all
design vectors are arbitrary but known in advance so that the predictor can use them (Bartlett et al.,
2015; Gaillard et al., 2019; Qian et al., 2026), and, roughly speaking, establish the scale of the
prediction problem. This double uniformity also appears in the statistical (i.i.d.) setup, where
variants of non-linear predictors allow one to bypass the dependence on both the distribution of the
design and the norm of the parameter (Forster and Warmuth, 2002; Mourtada et al., 2022). More
generally, in the context of GLMs there is recent interest in analyzing unbounded parameter spaces,
for example in classification with logistic regression, where large parameter norms are very natural
and relate to (almost) linearly separable samples. In the transductive setup and in the context of
online logistic regression, see Drmota et al. (2026), while Qian et al. (2026) focuses on regression
with square, hinge and logarithmic losses.

Act III: On the equivalence of martingale bounds and regret inequalities. Denote the regret
of the learner in the online prediction problem with arbitrary 6 € R¢ as

T
Reg(T Z U — yt — elnf Z ({0, x1y — yt) . (6)

Suppose the forecaster attempts to predict the following sequence. Covariates form a predictable
process ; = X(e1,...,61-1), as earlier in the text, and the outcome variable y; = &; is an
independent Rademacher random variable. It is clear that in this setting, the best strategy for the
forecaster is to predict 3 = 0 for all ¢. Then, the expected regret of the forecaster is given by

T
— inf <9,xt>—yt)2 = E. sup 200, th)@ {, ZXtX 0 (D
geR? t=1 =1

||Mﬂ

GeRd
=E.[S](Vr)'Sr]. ®)

which is precisely the expected value of the self-normalized process that appeared in Act 1. Fur-
thermore, Rakhlin and Sridharan (2014) proved a converse statement (for a more general setting of
regression with any class of functions): no matter what the sequence of {(x,y)}te[7) is, even if
chosen adaptively by Nature, there exists a prediction strategy that achieves a regret bound that is,
up to a multiplicative constant, in the above self-normalized form for the worst-case martingale (see
below for more details). Thus, upper bounds on Eq. (6) for all sequences imply upper bounds for
the expected self-normalized ratio, and vice versa.

The connection between probabilistic martingale inequalities and regret bounds has been a focus of
extensive research, including Abernethy et al. (2008); Rakhlin et al. (2010); Rakhlin and Sridharan
(2017); Foster et al. (2018, 2017); Beiglbock and Siorpaes (2015); Orabona and Jun (2023), and, in
particular, certain equivalence between these two seemingly unrelated fields was studied in Rakhlin
and Sridharan (2017); Foster et al. (2018).

Finale. Due to the two-sided equivalence between minimax regret bounds for unbounded com-
parators # € R? and expected value of self-normalized martingales, we can establish lower/upper
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bounds for one by studying the other, whichever is more convenient. In particular, the issues dis-
cussed in Act I regarding the knowledge of the scale of the problem are precisely the issues discussed
in Act II regarding the knowledge of the norm of the comparator vector 6 and the scale of the co-
variates. In particular, later in the paper, we describe the exact link between self-normalized bounds
of the form Eq. (4) and the Vovk-Azoury-Warmuth forecaster.

In particular, our contributions are:

* We establish a sharp separation between the cases d = 1 and d > 1. When d = 1, we prove
a fully scale-invariant bound of order O(log T") for self-normalized martingales without any
assumption on the covariates. Via the regret—martingale connection developed in Rakhlin
and Sridharan (2017), this implies a doubly-uniform O(logT') regret guarantee for online
linear regression, thereby resolving the question of Gaillard et al. (2019) in dimension one.
Moreover, we provide an explicit algorithm achieving this doubly-uniform O(log T') regret.

* In contrast, when d > 1 we show that no nontrivial scale-invariant control of self-normalized
vector martingales is possible in full generality, and consequently sublinear doubly-uniform
regret bounds for online linear regression cannot hold. This completes our answer to the
question of Gaillard et al. (2019).

* On the positive side, still in the regime d > 1, we introduce a smoothness condition on the
covariate process, requiring that each conditional law admits a bounded Radon-Nikodym
derivative with respect to a fixed base measure. Under this assumption we obtain sublinear
regret without assuming bounded covariates. Moreover, our bounds avoid the usual matrix
regularization penalties (e.g., the log-determinant term in Eq. (4)), yielding what appears to
be a first natural example of a scale-invariant self-normalized martingale bound in a genuinely
non-i.i.d. setting.

2. Preliminaries

In the previous section, we motivated the study of dyadic self-normalized martingales of the form
1 Xy, where (g¢)>1 are i.i.d. Rademacher signs and each X; is o(e1,...,e—1)-measurable. In
particular, if (X;) is deterministic (or more generally independent of (£;)), then conditioning on
(Xt):<7 and applying Hoeffding’s inequality yields the scale-invariant tail bound Eq. (1) for the

ratio Zle et Xt/A/ Zthl X?. Let us now present the more general filtered definition that is standard
in the online regression and bandit literature (e.g., Abbasi-Yadkori et al., 2011; Ziemann, 2025),
and that will serve as our main probabilistic object. Throughout this probabilistic discussion we
use capitals (X¢, Y;); later, when we switch to the online learning protocol, we will revert to the
conventional lowercase notation (x, ;) and use a separate notion of game history that also records
predictions.

Let (2, F,P) be a probability space equipped with a filtration (G;);>0. We assume that X is
predictable and that (Y;)1_; is a real-valued martingale difference sequence with respect to (G;):

X; € R%is G;_; -measurable and E[Y:|Gi—1] =0 forall ¢t € [T]. )
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Depending on the application, one may further assume boundedness |Y;| < 1 almost surely or a
conditional sub-Gaussian condition. Define the cumulative vector and the Gram matrix

t t
Sii= Y YiXieRY, Vo= Y XiX[ e R
i=1 i=1
The canonical scale-free quantity is the self-normalized process
Ry = |Si[2, = S/ V/S:,
t
where VtT denotes the Moore—Penrose pseudoinverse. Controlling R; (in expectation or with high
probability) is a central theme of the self-normalization literature (de la Pena, 1999; de la Pena et al.,
2009; Bercu and Touati, 2019) and, in the online learning context, it is the quantity that underlies

confidence ellipsoids and regret bounds in least squares and linear bandits (Abbasi-Yadkori et al.,
2011; Ziemann, 2025).

The question we pursue is whether martingale analogues of Eq. (1) can hold for R; under minimal
assumptions on the predictable covariates (X;). Since we aim for a uniform upper bound that holds
for all martingales of the form (9), we define

Ru(T) = sup Bn 1012, | (10

Pxy

where the supremum ranges over all laws Py y of dimension d satisfying (9) and such that |Y;| <1
almost surely for all ¢ € [T'].

A dyadic martingale is a special case where Y; = ¢, are i.i.d. Rademacher and X; = Xy(e1,...,64-1)
is a deterministic function of the past signs. Such a process can be viewed as an R%-valued tree X
of depth T, or a sequence of mappings X;: {+1}'~! — R Let

Rede(T) = sup E-[Rr],

where the supremum is over all trees X and expectation is over i.i.d. Rademacher (g;).

Lemma 1l Foranyd > 1and T > 1, if we only consider processes where |Y;| < 1 a.s., then

Ra(T) = RF*(T).

In words, worst-case martingales—from the point of view of self-normalized ratios—are the dyadic
martingales, up to a factor 2. Since each dyadic martingale is defined by 27" — 1 values (the number
of nodes in the binary tree), for each such dyadic martingale we can consider its rescaled (by the
maximum norm) variant X’ with | X]| < 1. Since the value of the self-normalized ratio does not
change when scaled by a constant, we also have the following conclusion. Let R}i’dd(T) denote the
supremum over the processes of the form (9) with | X;| < 1 almost surely, and let ded’dyadic(T)
denote the corresponding supremum restricted to dyadic and bounded martingales.

Corollary 2 For any d > 1 and T' = 1, if we only consider processes where |Yi| < 1 as., then
Ry = RYMWE(TY, and thus

7zjyadic (T) _ R’dedyadic (T) _ ded (T) — Rd(T)
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In the following section, this result will imply that the difficulty in doubly-uniform regret bounds is
a consequence of unbounded 6 rather than unbounded covariates. This is also reflected by our lower
bounds, which hold for bounded covariates.

2.1. An online prediction game

We now use the standard online learning notation and write covariates, outcomes, and predictions
as (z¢,y¢, J¢). On each round ¢ € [T'], the environment Env reveals a covariate vector z; € RY, the
learner Alg outputs a prediction gy € R, and then Env reveals an outcome y; € [—1, 1]. Both Env
and Alg may be adaptive. We denote the history prior to round ¢ by

HI = a({(ar57??s,ys)}s<t)-

Given a comparator set © < R?, the square-loss regret is

T

Rego(T) := > (Jt — v mfZ O, 2) —yr)°. (11)

t=1

Since our focus is on © = R?, we abbreviate Reg(T) := Regga(T).

A convenient way to relate regret to self-normalization is to consider a stochastic environment
with conditionally unbiased outcomes. Fix any algorithm Alg and a sequential law P, , over
(1,y1, ..., 27, yr) such that, when the environment is generated from P, , independently of the
predictions of Alg, the outcomes satisfy

E[yt\xl,yl,...,xt_l,yt_l,:ct] =0 forallte[T]. (12)

Let Env be the environment that samples (21, y1, . .., 27, yr) ~ Py and reveals it round by round.

Then
T
[REn.Ale [Z(@\t _ %)2] — REm.Alg [

T T
_ EEnv,AIg [Z yt + yt ] = EPx,y [2 y?] ’ (13)
=1 t=1

where the middle equality uses Eq. (12) (hence E[g;y,] = 0). Next, define Sp := Z,f:l YTy € R4
and Vp := Zthl zx] € R¥4, A direct completion of squares gives the exact identity

an

— 25y + yt)]

T

2 2 9
= jnt, 23 (<Orm) = ) = sup{20.5) — |01 | = ISrl (14)

I\Mﬂ

Combining Eq. (13) with Eq. (14) yields

EEnv,Alg[Reg(T)] 2 Epz,y |:HST‘?/’1J[:| . (15)
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This implies that for every algorithm Alg,

max E* "¢ Reg(T)] = Ra(T).

nv

Conversely, the work of Rakhlin and Sridharan (2017) provides a minimax upper bound turning
self-normalized control into regret guarantees (up to universal constants), yielding a two-sided link
between self-normalization and optimal regret in online linear regression. We state here the upper
bound of (Rakhlin and Sridharan, 2014, Lemma 4) for the linear function class:

Lemma 3 In the notation above, it holds that

We remark that the actual upper bound in the proof is smaller than R 4.1 (7'); for our purposes, this
is only important for d = 1, which we treat separately.

3. Self-normalized martingales and online prediction in the fully adversarial setting

In this section, we first discuss the one-dimensional case d = 1, and then the case d > 2. Remark-
ably, both regret and the self-normalized martingale exhibit very different behavior in these two
regimes.

3.1. Dimension one: logarithmic self-normalized martingale and doubly-uniform regret

In this section, we focus on the one-dimensional case d = 1. We show that (i) the dyadic self-
normalized martingale admits O(log T") control in expectation, and (ii) the minimax doubly-uniform
regret in online linear regression is also O (logT"). Taken together, these results settle the behavior
of both objects of interest in dimension one.

We start from the probabilistic side by establishing a linear bound on the exponential moment of the
one-dimensional dyadic self-normalized martingale.

Theorem 4 For any dyadic martingale X1, . .., X1 and any c € (0, 1/4],

Ec[exp(cRy)] < Texp(1 _626).

Consequently,
1 c logT 1
E.[Rr] < - log (Texp(——-) ) = .
Sk c og< “PAT T ae ) c * 1-2¢c

Theorem 4 provides a homogeneous, scale-invariant control of the self-normalized martingale in
dimension one. In particular, it improves upon the scale-sensitive behavior suggested by classical
mixture-based bounds such as Eq. (2): the right-hand side grows only logarithmically with T’
and requires no boundedness or moment assumptions on the predictable covariates (X;) beyond
measurability with respect to the dyadic filtration.

In light of the regret—martingale connection discussed above, the logarithmic behavior in Theorem 4
suggests that log T" is the correct scale for doubly-uniform regret in one dimension. We make this
precise by giving a matching upper bound via an explicit procedure.
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Theorem 5 Suppose that d = 1 and |y;| < m almost surely. Then there exists an algorithm
(Algorithm 2) that achieves deterministically Reg(T) < m?logT.

Complementarily, the minimax lower bound of order Q2(log T") follows from Gaillard et al. (2019,
Theorem 7) (adapted from Vovk (2001, Theorem 2)).

Proposition 6 In the setup of Theorem 5 with T = 10 and m = 1, there exists a dyadic martingale
such that E[Rr] 2 log T

Together, Theorem 5 and Proposition 6 yield the claimed ©(logT') characterization of doubly-
uniform regret in dimension one, aligning with the logarithmic self-normalized control in Theo-
rem 4.

3.2. Dimension two and higher: linear lower bounds

We now turn to d > 2. In sharp contrast to the one-dimensional case, the self-normalized vector
martingale can grow linearly in the worst case. Through Eq. (15), this implies that doubly-uniform
regret cannot be sublinear under a fully adversarial environment.

Theorem 7 Let T' > 1 be any integer. When d > 2, for any € € (0,1), there exists a dyadic
martingale X1, . .., X1 such that

B[1sr2y | > 0 -
VT
In particular, by Eq. (15), there exists an environment such that for any algorithm,

E[Reg(T)] = E [ST@JJ > (1-eHT.

Proof sketch. We construct an adaptive dyadic martingale that injects a constant amount of self-
normalized energy at every step. Let (£¢);>1 be i.i.d. Rademacher variables, let S; = >}, £; X,
and define the regularized matrix
Vii= ) XX + ),
i<t
for some fixed A > 0. Using the Sherman—Morrison formula and conditioning on the past, one
checks that

\|Xt+1”%~,;1 — (X4, VtilSt>2

L+ Xl

B |1ty 1] = 1030+

We choose Xy411 =1 \N/tl/ Qet, where e; is any unit vector orthogonal to ‘N/t_l/ 2St; this is always
possible for d > 2. This choice kills the cross term and ensures || X;,1||%_, = 72, so the conditional
t

increment is the constant 72/(1 + r2). Iterating yields ]E[HST”%;_J = Tr?/(1 + r?). Moreover,
T

= 1402

Sr € range(Vr), s0 | St2; = [ Sr[% 1. and hence E [|5T|fﬂ] > I Taking 12 = (1—¢2)/e?
T T

2
VT71 s
completes the lower bound (for any fixed A > 0).
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Note that since the ratio is homogeneous, the construction in the proof can be rescaled so that
| X¢|| < 1 deterministically.

4. Online prediction with smooth environment

Even though the worst-case lower bound looks grim, the picture brightens if the environment is
forced to “add randomness”. We formalize this with a smoothness condition that caps how concen-
trated each x; can be relative to a fixed base measure y (Block et al., 2022).

Assumption 8 (Smoothness) There exists a probability measure j on R® and a parameter Ceo, >
1 such that for every round t, given the partial history H{ | = {x1,...,x¢_1}, the conditional law
of vy is Py(- | HY_ ) and satisfies

dP(- [ H{0)

du (2) < Ceoy  for p-a.e. z € RY,

for every history HE . !

This assumption limits how concentrated the conditional law of x; can be; for instance, when p is
non-atomic it rules out choosing z; deterministically, as in the lower-bound construction of Theo-
rem 7. The condition is trivially satisfied when X’ is finite (with g = Unif(X) and Ceoy < |X)).
When X is infinite, however, it can be a fairly strong assumption on the environment, and can make
online prediction significantly easier.

To provide more intuition, Haghtalab et al. (2024) show that under Assumption 8, x1, ...,z can be
coupled with a subsequence of i.i.d. random vectors (Lemma 19), echoing the “smoothed analysis”
philosophy in algorithms.

4.1. The Vovk-Azoury—Warmuth (VAW) algorithm under the smoothness assumption

For upper bounds under Assumption 8, we use the Vovk—Azoury—Warmuth (VAW) predictor, a
classic forecaster for online linear regression. The regularized version is well known, but since
both the comparator and the covariates may be unbounded here, standard analyses that rely on
a fixed regularizer do not account for smoothness. We therefore study the unregularized VAW
(Algorithm 1) and tailor the analysis to the smooth setting.

Algorithm 1 Vovk—Azoury—Warmuth (VAW) predictor
I fort =1,2,--- ,T'do

2:  Setf, € argmingepa 0, )% + Dt (<0, Ty — yi)z.
3: Predict :Z/\t = <9t> :I)t>.

We prove the following guarantee for VAW through an (almost) purely combinatorial argument,
rather than the standard elliptical-potential analysis.

1. Here we assume smoothness with respect to the partial history H7_;. While it may be more natural to assume
smoothness given the full history H:—1 = {(zs, ys, Js) } s<t, requiring smoothness conditional on the partial history
is weaker.

10
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Theorem 9 Under Assumption 8, assuming y, € [—1,1] for all t € [T], the VAW predictor in
Algorithm 1 achieves the following regret for any § € (0, 1), with probability at least 1 — 6:

Reg(T (\/dCcovT log(T/3) + 10g(1/5)>

We briefly indicate how the proof goes. It is standard to reduce the regret analysis of VAW-type
algorithms to upper bounding the sum Zthl xy Vtht; in the usual analysis this leads to a depen-
dence on the magnitudes of the z;’s. In contrast, we use smoothed-analysis ideas. To control
ZtT Lz Vtht, we consider the longest subsequence ¢y, . . . , 7y, such that |z, ||2 > r for a fixed

threshold r» > 0, and then use the coupling result from Lemma 19 to reduce to an 1.i.d. sequence.
Compare this with the standard VAW bound Eq. (5), where a regularization parameter A is essential
(one cannot take A — 0 without making the bound trivial), and the resulting regret bound depends
explicitly on max;<7 ||z

5. Bounding self-normalized martingales via regret analysis: high probability results

We are now back in the setup of self-normalized martingales, and we re-derive a self-normalized
concentration inequality by combining (i) a deterministic regret bound for an online regression algo-
rithm and (ii) a stochastic exponential supermartingale coming from the conditional sub-Gaussian
noise assumption. Such a reduction is standard and is a key tool in (Rakhlin and Sridharan, 2017).

Let (F¢)¢=0 be a filtration such that, for each round ¢, the covariate X; and the prediction ¢ are
JFi—1-measurable, and Y; is then revealed. Assume that (Y;);>; is a martingale difference sequence
with conditionally sub-Gaussian increments: for some o > 0,

a?o?
E[Y; | Fic1] =0 and E [exp(aY?) | Fim1] < exp ( 5 ) , (16)

forall« € Rand ¢ > 1. Fix a deterministic 0 < ' € R%*? and define S, := Zle X;Y; and
= 22:1 XiXiT . As above, completion of squares yields

T T
V2 - inf {Z (0, X0y — V)2 + QTPG} = Srlpery-1s (17)

which equivalently, for any sequence of predictions (¢;)7_;, can be rewritten as

T
15713y ry-1 = Regr(d) + . (20:Y; — 47), (18)
t=1

where the last term is the one we will control stochastically using Eq. (16). The next simple result
shows that this term admits a sharp high-probability bound.

Lemma 10 Under the sub-Gaussian assumption Eq. (16), for any predictable sequence (g)t)g;l,
the process M; := exp (202 Zle (2@,-YZ- — Qf)) is a nonnegative supermartingale with E[M;] < 1
for all t. In particular, with probability at least 1 — 9,

Z 20,Y; — §7) < 20°log(1/9),
t=1

11
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and the same bound extends to stopping times.

Finally, we combine the high-probability regret bound under smoothness with the generic reduction
of (18) to obtain a self-normalized concentration inequality without any explicit bound on | X} | and
without introducing a positive definite regularization matrix I in the self-normalization.

Theorem 11 (Self-normalized martingales under smoothness) Let (F;)i>0 be a filtration such
that for each t < T, the covariate X, is F;_1-measurable and Y; is then revealed. Assume that
(Yt)thl is a martingale difference sequence satisfying Eq. (16) with parameter o. Assume also
that (Xt);f:l satisfies the smoothness condition of Assumption 8 with parameter Ceoy = 1. Define
St = ZtT:1 XY, and Vr = ZtT:1 X X,". Then for any 6 € (0, 1), with probability at least 1 — 6,

ISr1?s < 02<\/d Ceon T log(27/5) + 10g(2/5)). (19)

Importantly, compared to the canonical bound (Abbasi-Yadkori et al., 2011), namely under the sub-
Gaussian assumption Eq. (16) but without smoothness, for any positive definite I",

det(Vp + 1)
2 2
“STH(VT+F)T <o (log (det(I‘)> + 210g(1/6>> s

the right-hand side of Eq. (19) has no explicit dependence on max;, || X¢|| and no regularization ma-
trix I" is needed in the self-normalized quantity. Moreover, the base measure u from Assumption 8
is only used for the analysis: even for the regret analysis of Theorem 9 the algorithm itself does not
require knowing u, and the regret bound is used purely as a tool to prove concentration.
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Appendix A. Proofs from Section 2
A.l. Proof of Lemma 3

When the “centering” in (Rakhlin and Sridharan, 2014, Lemma 4) is incorporated into the X-
process, the upper bound reads as

T
SupE sup Z 4€t<(07 1)7 Xt> o <(07 1)7 Xt>2
X feRd t=1

where X = (X;) is an R%*!-valued tree with X;[d + 1] € [—1,1]. We over-bound by choosing a
(d + 1)-dimensional 6 in the supremum. [

Appendix B. Proofs from Section 3
B.1. Proof of Theorem 4

‘We note that
Sti1 =81 + er1 X141, Vg1 = Vi + X7,

Conditioning on Fr and expanding,

St + eri1X141)?
E[exp(cRm|fT]=E[exp<c( e ) \fT]

Vr + Xi%+1
¢S? + cX? 2 St X

— exp T 2T+1 E|exp CET+1 T2 T+1 ’]__T ‘
VT+XT+1 VT+XT+1

16
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Introduce
1% 2 S2, S2.
Vr + X%H [0,1] Vr + X%H Vr + X%H Vr ’
Also define
- 2¢ ST X741
C Vr+ X2,
By Hoeffding’s lemma for a Rademacher variable, E[exp(e71a) | Fr] < exp(a?/2), hence
a2
Elexp(cRr+1) | Fr] < exp (cuRT +c(1—u)+ 2) .
Next,
o 1 ACSEXE, L, S ViXE,
2 2 (Vp+X2 )2 Vr
Therefore,

2
(Vr + X7.,)? = 2Bl —u)

Elexp(cRr41) | Fr] < exp(cuRy + c(1 — u) + 2¢° Ry u(1 — u))
< exp(cuRy + ¢(1 —u) + 2¢°Ry (1 —u)) .

where the second inequality is because 2¢? Ry (1 — u)

Case I1: Rt <

0. Now split into two cases
1=5.- Then we have

exp(cuRT +e(l —u) + 22 Ry (1 —u)) = exp(c + 2¢* Ry + culy — cu — 2¢* Ryu)
= exp(c+ 2¢°Ry + cu((1 — 2¢)Ry — 1))
< exp (c + QCQRT)

c
= C
1— 2c) 0
where both inequalities are due to the condition of case 1

Case 2: Rp > =+

15 Then ¢(1 — u)(1 — (1 — 2¢)Rr) < 0. Reorgnizing the terms, we have
cuRy + ¢(1 — u) + 2¢? Ry (1 — u) < cRy. This implies
exp(cuRy + c(1 —u) + 2¢° Ry (1 — u)) < exp(cRr).
Combining both cases yields the one-step inequality
Elexp(cRr+1) | Fr] < exp(cRr) + Cp.
Taking expectations and iterating gives
E exp(cRr)

since exp(cRy)

R
log E exp(cRr)

< Eexp(cRy) + (
7) <lo

T— 1)C0 <TCy,
exp(c) < exp(c/(1 — 2¢)) =
g(T'Co),

Cy. Finally, by Jensen’s inequality, cE[Rr] <
proving the stated bound.

|
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B.2. Proof of Proposition 6
Letn = |$logT| and K = |T'/n|. We set M = 2.
Consider the following sequence dyadic martingale difference sequence. Set X; = 1.

* Fort = jn + 1, weset X; = M - X(;_1),41 if there exists £ € [(j — 1)n + 1, jn] such that
e¢ = —1. Otherwise we set X; = 0.

e Forte (jn+1,(5 + 1)n], weset Xy = Xjp 1.

Let ¢ be the first index such that e, = 1V¢ € [in + 1, (i + 1)n], and if no such index exists we set
i = K + 1. Then, if i < K, we can bound |Sy — M*n| < M*~'T and V <

2 . 2
‘b;—T > (”gﬂ > 2 On the other hand, we have
T n 8

24
%. Therefore

Pi=K+1)<PMVMO<j<K,¥He[jn+1,(j+1)n],e #1)

SA-2""F <e? " <1 ¢,

where ¢g > 0 is an absolute constant. This implies E[S7./V7] > ©2n = Q(log T). [

B.3. Proof of Theorem 5

Algorithm 2 Meta algorithm

Input: Parameter M > 1, round 7, subroutine sequence {Alg; }rez-
1: Initialize k = —o0, D = (.
2: fort=1,2,--- T do

3 if |zy] = M**! then

4: Update k < |log,|x¢|]-

5: Initialize Alg;, and set D = (.

6:  Predict g = Alg, (D, x¢).

7. Receive y; and update D «— D U (¢, yt).

The above algorithm utilizes a sequence of subroutines {Alg;. } ez and additionaly the trivial algo-
rithm Alg,, that always predicts 7 = 0. We can then decompose the regret of Algorithm 2 to the
regret of each subroutine Alg,,.

Assumption 12 For any k € Z and n < T, on any sequence (x1,y1," -+ ,Tn,Yn) such that
maX;e(,]| 7| € [MFE, MF+1), the algorithm Alg,, achieves Reg < Rt and additionally

T T
DG —w)® = > v < Br.
=1 t=1

Lemma 13 Under Assumption 12, Algorithm 2 achieves

2

2T
Reg(T) < TPr + 2Ry + SR

18
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Proof. Let £ c {—o0} U Z be the set of index k such that Alg,, is executed, and suppose that Alg;,
is executed on the time interval T,. When 1 = --- = xp = 0 there is nothing to prove. Otherwise,
we note that

~ & 2 Zt 1 YTt
0 := arg min Z(<9, Ty —yp)” =

0eR =1 iy a?
By Cauchy-Schwarz’s inequality and max; z; < Zt 1 x%, we have
max || - <Z yta:t) max || - s Z yZ, Z r? <
t=1 t=1
In particular, || < ﬁlxl Therefore, we let k* be the maximum of K, and then |6] < ]\\4/,?* . We

can then decompose

T

T
Reg = Z Z th

t=

2 Z[yt u)® — (O — yi) ]

kel teTy,

—

Note that when k < k* — 2, it holds that for any ¢ € Ty, |z;| < M* ~! and

~ ~ T
(O — y)* = yi — 20z > 7 — B

Therefore,

Reg = >, 2[5~ w)* = (O — w)?]

ke teTy,

+ Z Z [@t — )’ — (éxt - yt)2]

keK:k=k*—1 teTy,

. z[@t-y» T

keK:k<k*—2 teT), M

(51‘ + M) + 2R,

where we use Yor [(9: — 41)* — y7] < Brand X, cp, [@t —yt)? — (O — yt)2] < Rr by our
assumption (because we also know maxer, |z¢| € [M*, M**1) unless k = —o0). [

Subroutines. It remains to construct subroutines satisfying Assumption 12. We first recall that
Vovk-Azoury-Warmuth forecaster has the following guarantee.

Lemma 14 On any sequence (x1,y1,- - , Tn, Yn), the following rule
0, = argmm)\HHH2 + {0, z4)* +Z 0, x> — i),

i<t (20)
U = C|'P <<9t7 $t>)
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achieves the following for any 0 € R¢:

n n 2
D Y R L (e
t=1 t=1

In particular, when d = 1, we have the following guarantee:

n n
m A 2
Z(yt — )’ — inf Z(<07xt> — )’ < n72 + log<1 + nma}%).
t=1 9@ (= max; Ty A

/

However, the forecaster Eq. (20) may not achieve good 3(n) bound. Therefore, we hedge it against
the 0 forecaster.

Lemma 15 Consider the following two experts problem: Fort > 1, expert O predicts yy o = 0 and
expert 2 predicts §y 1 following Eq. (20). The final prediction is given by

ﬁ( ) j€{0, l}pt eXp( 772 yz,] Yi )7 :/y\t = ]Ej“’f’t [:/y\i,j]’

i<t

where po(1) = 1 — po(0) = €. Then as long as n < 3, it holds that

y N 1 1 log(1/e
Z Z(ytl_yt) \710g — g(/)’
t=1 t=1 n  po(l) n
2
y; < —log
; t:ZI " po(0) T (T—e)n

2
In particular, it holds that Reg < 7 + log( nma;t e ) + logl/e)

To summarize, we have the following corollary.

maXxg Ty

Corollary 16 Forany k € 7Z and 3 € (0, 1], there exists a subroutine Alg,, (by choosing \ = M; k,

n = %, and € = %65 in Lemma 15) such that Assumption 12 holds with Br = (8 and Rp <
O(log(TM/B)).

In other words, on any sequence (T1,Y1,** ,Tn,Yn) such that max;c(,)|x;| € [MFE, MF+1) and
n < T, the subroutine achieves

DGi—w)? =Dy <8, Reg<O(log(TM/B)).
t=1 t=1

In particular, we can choose 5 = % and M = T2, and by Lemma 13, Algorithm 2 can be suitably
instantiated such that it achieves

Reg < O(logT).

As a remark, the dependence log(1//3) is crucial for this regret bound, and it can be regarded as the
“price of super-efficiency” against 0.
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B.4. Proof of Theorem 7

The martingale is constructed as follows. Let €1,..., be an i.i.d. sequence of Rademacher ran-
dom variables, and we will define z; = Xy(e1,...,£.-1) below. Let S; = Zf;l gix; and V; =
Z§=1 :I:leT Consider V; = V; + I > V;. Observe that under our construction,

E|[Sts1l3-1 | =E|[Se3-1 + 20|
1012 | = B[ 102,, + Ll

Using

~ 4 T o~
Yt R Vot B Vi mz Vi
t+1 — 't

)

T+ el

we have
Hiﬁt+1||%~/;1 — (&41, ‘/}_1502

1+ |z 2
[zl

E||Ses1]%-2 | =E|[S]3-
15012 | =102, +

We define x; recursively: x; is an arbitrarily fixed vector with norm » > 0, and for ¢ > 1,

~

Tyl = r\zl/zet, where e; is a unit vector such that (e, 1/;_1/250 = 0. 21
Then, it holds that
el I

E|IS112 0 | =E| 1S3+ ————5— | =E[ISil3 | +
15ttty ] =Bl 1s s+ e | = B[
t

r24+1°

Hence, since St € Range(V7), it is clear that E[HSTH?/T] > E[|ST|2 ] = TTQ—fl and the proof is
T T
|

then completed by choosing r =

e

Appendix C. Proofs from Section 4
C.1. Proof of Lemma 10

Fix t > 1. Since ¢, is F;—1-measurable, using Eq. (16) with a = ;Qt/JQ gives
E [exp 1 29y — Qf) Fi_1| = exp ——g’g E |exp &yt Fiq
202 202 o2
~92 ~9
Yi Yi
< exp <_W) exXp (M) =1

Multiplying by M,;_; and taking conditional expectations yields E[M; | Fy—1] < M;_1, so (M;)
is a nonnegative supermartingale and hence E[M;] < E[M] = 1. Finally, the proof follows from
Ville’s inequality for nonnegative supermartingales. |

We will make use of the following upper bound of VAW.

21
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Proposition 17 Suppose that y, € [—1, 1| deterministically. Then Algorithm I achieves

T T
Z U —w)” — Hlf Z (€0, ) — yp)? < Exﬁ/f:ct.
t=1 =1

More generally, suppose that 1y, satisfies E[eyg fm? | Fi—1] < e. Then it holds that with probability
at least 1 — 6,

T

T T
Z(ﬂt —y)? — inf Y (B, x) —y)* < m? Z z] V' zy + m?log(1/9).
t=1 0eRY T t=1

Proof of Proposition 17. Note that Y does not depend on the choice of 5,5. Therefore, we
only need to consider 6; = VtTSt,l, where S;_1 = >, x;y;. Further, we know 0 = VTST €
arg mingega >, ({8, ) — y;)?. Then, we can calculate

~

gl
©

T
— Z <9 l‘t> yt Z[ Ty V; Si_ 1 — Zyta:t V;TSt 1] + STVTST
t=1

t=1 t=1

‘We also have
StTVjSt = thJUtTVtht + 2ytxtVtTSt_1 + StithTSt_l.

Further, we have the following basic inequality: For PSD matrix V', v € span(V'), and any w, it
holds that

o(V +ww ) v <oVTo — (w™(V + wwT)Tv)2.

When w € span(V) this is straight-forward by restricting to the subspace span(V’) where V' be-
comes invertible. Otherwise, we can consider h = (V +ww")"v, and then v = Vh 4+ w{w, h), and
using v € span(V') implies (w, hy = 0. Plugging this in, and we can see the equality holds.

Now, combining the inequalities above, we know
S VTSt ytxt V T + 2ytxtV Si_1 + St 1Vt 1St 1— (.I‘t V Si_ 1) .
Applying this inequality recursively, it holds

T

STVTST Z[ (x; VTSt )%+ 2y V Si—1 + yizlV; xt]
t=1
Reorganizing yields
T T
Z Y — yt) _9mf 2 O, m) —yp)? < nyﬂcgvjfﬂu
t=1 t=1
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and the ﬁrst inequality follows immediately. For the second upper bound, we use the fact that

Ele Ay?/m? | F;_1] < e’ for A € [0, 1], and hence using this inequality recursively, we derive
E[exp( 5 Z yia] Vi, — Z zV, Q:t) < 1.
t=1
By Markov’s inequality, the desired upper bound follows. |

To provide a upper bound for VAW, it remains to upper bound the quantity Zthl xtTV;th. This is
nontrivial because the matrix V; can be ill-conditioned, and (as we have shown in Section 3.2) this
sum can be Q(7T") without smoothness. In the following, we bound this quantity by a “combina-
torial dimension” of the sequence x, and then apply the coupling trick and the backward analysis
technique.

Step 1: Connect to combinatorial quantities of the sequence. To proceed, we introduce the
notion of “bad” subsequence. For any sequence z = (21, -, 2zx), we define V(2) 1= >}, 22/ .
We call a sequence z = (z1,- - , 2x) 7-bad if for any ¢ € [k], HZtH%/(Zl-t)T > r. We define N (r;z2)
to be the length of the longest r-bad subsequence of z. A

In the following, we bound the sum Zle xtTVtht by N(r;z) forr e {271,272 ...},

Lemma 18 For any sequence x = (x1,- -+ ,x7), it holds that

T
Z z Vi(x Jer r<l+ > 27N(@2 7).

1<i<logn
Proof of Lemma 18. By definition, 2] V;(x)T2; € [0, 1], and hence

1
S Vi) s = [ 1 {aVico) i > v dr.
0

Therefore,

Z x) Vi(z xt Z {$t Vi(x 7“} dr.

0 +=1

Note that Zle 1{z{Vi(z)Tz; > r} < N(r;z), because if we consider all the indices t; < - -+ < t;

such that 2] V;(z)z; = r, then (x4, - - , 24, ) is a r-bad sequence. Hence, we have
Ef’«"tVt JZ {z{Vi(z) 2y = r}dr
0 ¢=1

< f N(ryz)dr <1+ Z 27'N(27% 2).
0

1<i<logn

The claim follows.
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Step 2: Coupling smooth sequence to a i.i.d sequence. We invoke the following coupling lemma
for smooth sequence (Haghtalab et al., 2024). The idea of this lemma is quite simple: Any smooth
sequence can be generated by performing rejection sampling. We sketch the proof below.

Lemma 19 Suppose that Assumption 8 holds. Then for any § € (0,1), K = Ccoy log(T/9), there
exists a coupling between x = (x1,--- ,x) witha sequence z = (211, -+ ,21,K;" " ;2T1, """+ 2T,K)
such that:

(1) Marginally, (2 j)1<t<T1<j<k ~ [ are i.i.d random vectors from .
(2) With probability at least 1 — 0, it holds that x; € {z;; : i =1,2,--- , K} forall t € [T

Note that this lemma implies (with probability at least 1 — §) N (r; z) < N(r; z), and it remains to
control N (r; z) under the i.i.d sequence z.

Proof of Lemma 19. Consider the randomness 2 = (2;;)1<i<7,j>1 ~ p are i.i.d random vectors
from pu. Consider an environment Env that adopts the following protocol for eacht =1,2,--- | T"

* Given the history 7} _,, the environment fix the distribution p;(-) = P;(- | H#}_,) and perform
rejection sampling:
pe(zt.5)

. . CooiiGe.1)?
wise, the environment goes to the next step j + 1.

e Forj =1,2,---, with probability the environment set x; = 2; ; and break. Other-

By the guarantee of rejection sampling, we know that conditional on #H;_1, the vector x; is generated
from the distribution p; = P;(- | Hf_,). Further, for any fixed ¢ € [T'], with probability at least
1 — ¢ it holds that z; = z ; for some j < Ccoylog(1/0). Therefore, by union bound, the above
construction gives a coupling between the sequence z and the i.i.d sequence z®, such that z; €
{ze;:1=1,2,--- K} forallt e [T]. [

Step 3: Bad i.i.d sequence is rare. Finally, the problem is now reduced to bounding the proba-
bility that a i.i.d sequence (z1, - - - , zx) being r-bad, as we handle in the following proposition.

Proposition 20 Fix any r € (0, 1]. Suppose that z = (z1,- - , zy) is a sequence of n i.i.d vectors
drawn from . Then with probability at least 1 — § (over the randomness of z)

N(r;2) < 3+/nd/r + 6log(1/6).

Proof of Proposition 20. Fix any £ > 1, we bound the probability p := P, ,(N(r;2) > k).
Note that N (r; z) > k if and only if there exists a subset [ = {i; < --- < ix} S [n] such that the
sequence z; = (%, , %, ) is r-bad. Also, note that there are (Z) many such subsets. Therefore,

we can bound

pi=P.y(N(r;z) 2 k) < Z P, (21 is r-bad) = (Z)p(], (22)
Ic(n],|I|1=k
where we denote pg = P.,((21,-- ,2k) is r-bad) and use the exchangeability of i.i.d random

variables.
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In the following, we proceed to upper bound pg. To this end, we consider the unordered multiset

S; = {z1,- -, z;} and the following random process:
Spn—>8-1— > 81 (23)
Note that this is a Markov chain, such that given S;, the multiset S;_; is generated as first randomly
select z; ~ Unif(S;), and the set S;—1 = S;\{z;}. Further, we note that (zy, - - - , z) is r-bad if and
only if
T
w; = 2 (Z zjij> 2=, Vi € [k]. (24)
j<i
Now, we can consider the backward expectation, where we define H; = (S,,---,5;) to be the

history up to step ¢:

[ il il
Elw; | Hi] = E[w; | §;] = E Zz(Z ZZT) zi | Si | = K, ~unit(s)) ZZ<Z ZZT) zi | (25)

i 2€S; 2€S;
1 f d
— t - T T < st
((z)(z))-*
ZGS,L' ZES,L'

where we use tr(AAT) < d for any d x d positive semi-definite matrix A. In particular, this implies
P(w; > 7 | H;) < min{l, £} =: q; for any i > 1. Now, we can bound

po =Pon((z1,- -, 2,) isr-bad) = Py py(wy =7, -+ ,wy = 7) 27
=E[1{w; =7, ,wg =1} =E[P(wy =7 | Hi) L{we =1, ,wg =r}] (28)
<arE[1{ws =71, - wk>r}]:alE[]P’(wg>T\H2)~1{w3>r,~- swe =1} (29)
<araE[l{ws=r - jwp =1} <--- (30)
<ajaz-- : min { d} dk<<ed>k, (3D

e k! rk

where we use k! > (k/e)*. Therefore, we can conclude that

n ed\* eZnd k
v () < () 2

Then, as long as k > 3+/nd/r + 6log(1/6), it holds that p = P, ,(N(r;2) = k) < 6. This is the
desired result. |

Finalizing the proof. Combining the results above, we can conclude that VAW achieves a sublin-
ear regret.

Proposition 21 Under Assumption 8, with probability at least 1 — §:

T
Z xtTVtT:nt < V/dCeo, T'log(T/5) + log(1/6).
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Proof of Proposition 21. By Lemma 18, we can further upper bound

T
MafVis, = Rp<1+ ) 27N@2 7). (33)
t=1

1<i<logn

Now, we take the coupling 7 constructed in Lemma 19 (with K = [Ccoy log(277/6)]). We know
that under ~y and a success event £ such that P(£) > 1 — g, the sequence z = (2¢;)1<t<T1<j<K
are i.i.d random vectors from p, and x is a subsequence of z. This immediately implies that under
&, we have N(r;x) < N(r;z) for any r € [0, 1]. Finally, applying Proposition 20 to r; = 2~¢ for
1 < i < logy n and take a union bound, we know that with probability at least 1 — §/2,

N(ri;z) < 3y/nd/r; + 6log(4logy(n)/d), V1 <i <logyn, (34)

where n = T'K. Combining the inequalities above and taking union bound gives the desired result.
[ |

Proof of Theorem 9. By Proposition 17 and Proposition 21, we have

M'ﬂ

Reg(T) := (U — yt) - mf Z (K0, 2¢) — yt)

t=1

N

o V@,
t=1

\/dccovT log(T'/6) + log(1/4).

C.2. Tightness of our analysis

We argue that in the worst-case, the sum ZL xf ijt = Q(+/CcoT') even when d = 1, demon-
strating that our analysis is nearly tight.

Lemma 22 For any C' > 1, there exists a smooth environment with Ceo, < C' such that

2
S+

E[i x%] > QL/(C—1)T AT).

Proof. Fix 1 < n < (=17 1) +1landsetp = mln{ = 1}. We consider the following environment:
* Initialize k = 1.

« Fort = 1,2,---: With probability p, set ; = 2¥ and set k < k + 1. If £ > n, terminates
(i.e., outputs z; = 0 afterwards). Otherwise, set x; = 0.
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Then it is clear that the environment is C-smooth with measure j given by 1(2F) = & for k € [n]
2
and p(0) =1—-2% > % Further, when x; > 0, it must hold that Hﬁﬁ

lower bound

= % Therefore, we can

—_

T 2
E[Z _ ] > §E[min{n,L}],

2
=1 L+ Zz‘st T

where L ~ Binomial(7,p). Aslong as p > %, it is clear that there is a constant ¢ > 0 such

that P(L < ¢T'p) < 3, and hence E[min{n, L}] > 1 min{2n, ¢T'p}. Suitably choosing n gives the
desired lower bound. |

C.3. Dyadic filtration is enough

Proof of Lemma 1. The inequality R¥*4¢(T) < Rq(T) is immediate, since every dyadic martin-
q Y Ry y dy

gale is admissible in the definition of R4(7T").

For the reverse inequality, let
O(s,V):=[s|},  seRY V0.
Thus, for any admissible process (X;, Y;)1_;,

Rp =®(Sr,Vr),  Si=>YiX;, Vi=)> X;X[.

i<t 1<t

Let A denote the set of all probability laws on [—1,1] with mean zero. Define recursively, for
t=T,T—-1,...,1,

Frii1(s,V):=®(s,V), Fy(s,V) := sup supEy [ Frp1(s + Y, V + ch)] .
.’EERd pEA

We first claim that
Ra(T) < F1(0,0).
Indeed, fix any admissible process (X, Y;)7_;, and we prove by backward induction on ¢ that
E[®(ST,Vr) | Gi—1] < Fi(St-1,Vic1)  as.

The case t = T + 1 is tautological. Assuming the claim at time ¢ 4+ 1, we have

E[®(S7, V1) | Gi—1] = E[E[®(ST, Vr) | Gt]|Gi—1]
< E[Fy11(S:, Vi)|Ge-1]
= E[Ft+1(5t—1 + Y Xy, Vi1 + XtXtT)‘gt—l] .

Conditionally on G;_1, the vector X, is fixed, while the conditional law of Y; belongs to A (because
|Y:| < 1 as. and E[Y; | G;—1] = 0). Hence the last display is at most Fy(S;—1,V;—1) by the
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definition of F;. Taking expectations at ¢ = 1 and then the supremum over all admissible processes
yields R4(T) < F1(0,0).

Next we claim that, for every ¢ and every V' > 0, the map s — F(s, V') is convex. This is proved
by backward induction on ¢. At time 7" + 1, the claim is immediate since
(s,V)=s'V's

and VT > 0. If Fy,1(-, V') is convex for every V' > 0, then for fixed z € R? and fixed p € A, the
map
s By p[Fry1(s+ Yz, V + l’l’T)]

is convex, because translation and expectation preserve convexity. Taking the supremum over x and
p shows that F3(-, V') is convex as well.

Now define the dyadic Bellman recursion by
GT+1(87 V) = (I)(Sv V)? Gt(sv V) -= Sup Ee [Gt+1(8 +ex, V+ ZCZCT)] )
zeR4

where ¢ is a Rademacher random variable.

We show by backward induction that F; = G, for all . The terminal condition is clear. Assume
Fiy1 =Gy Fixse R, V > 0, and z € R%, and define

g:c(y) = Ft-i-l(s +yx, V+ xx—l—)’ Y€ [_1’ 1]

Since Fy1(-,V + xz") is convex, the function g, is convex on [—1,1]. Therefore, for every

ye [_171]’
1+y

0el) < 2 L0u 1) + Y ga(-1),

Taking expectation with respect to any p € A and using Ey ., [Y'] = 0, we obtain

1 1

]EY~P[gx(Y)] < igac(l) + 59:1:(*1)'

Taking the supremum over p € A and then over z € R? gives

Ft(S,V) < sup Ft+1(5 +$,V+SU;UT) + Ft+1(8 —z,V+ ch)

o 9 = Gt<S, V)
TE€

The reverse inequality is immediate, since the symmetric Rademacher law %(5_1 + %(51 belongs to
A. Hence F; = Gy for all ¢.

Finally, let Hy(s, V') denote the supremum over all dyadic trees from rounds ¢, . . . , 7" of the expected
terminal payoff starting from state (s, V'). Then Hy,1 = P, and H, satisfies the same recursion as
Gt:

Hy(s,V) = sup Ec[Hi1(s + ez, V + ZL‘ZL‘T)] .

zeR4

Therefore H; = G for all ¢, and in particular

G1(0,0) = H;(0,0) = RY*V(T).
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Combining the previous steps, we conclude that
Ra(T) < Fi(0,0) = G1(0,0) = RY*4(T).

Together with the trivial inequality RG*V(T") < Ry(T), this yields RY*V(T) = Ry(T). M

Appendix D. Proofs from Section 5

D.1. Proof of Theorem 11
By Lemma 10 and Eq. (18), taking I in Eq. (18) to 0, we have with probability at least 1 — 6/2,

57171 < Regr(i) + 207 log(2/9). (39)

On the other hand, applying Propositions 17 and 21 to the VAW predictor with confidence level /2
gives, with probability at least 1 — §/2,

Regy (§) < 0% (/d ooy T 108 (2T/8) + log(2/5) ). (36)

By the union bound, with probability at least 1 — § both Eq. (35) and Eq. (36) hold. |
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