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Abstract

Self-normalized martingale inequalities lie at the heart of confidence ellipsoids for online least
squares and, more broadly, many bandit and reinforcement-learning results. Yet existing vector and
scalar results typically rely on bounded covariates and an explicit regularization matrix, producing
bounds that are not scale-invariant: although the self-normalized quantity is scale-invariant by
definition, its standard upper bounds are not.

We characterize when scale-invariant upper bounds on self-normalized martingales are possible.
Without further assumptions, we prove that nontrivial scale-invariant bounds exist only in dimen-
sion d “ 1; moreover, in d “ 1 we obtain Oplog T q scale-invariant self-normalized bounds without
any assumptions on the covariates. In contrast, for d ą 1 we show that no nontrivial scale-invariant
bound can hold in full generality. We then connect this dichotomy to doubly-uniform regret in on-
line linear regression (i.e., regret bounds that are simultaneously independent of the covariate scale
and the comparator norm) and use it to resolve the open question of Gaillard, Gerchinovitz, Huard,
and Stoltz, “Uniform regret bounds over Rd for the sequential linear regression problem with the
square loss” (ALT 2019): in d “ 1 we give an explicit algorithm with Oplog T q doubly-uniform
regret, whereas for d ą 1 sublinear doubly-uniform regret is impossible.

Finally, under a natural smoothness condition (bounded Radon–Nikodym derivatives of the condi-
tional covariate laws with respect to a fixed base measure), we recover sublinear regret for d ą 1
without bounded covariates and derive a self-normalized concentration inequality free of the usual
regularization penalties, yielding arguably a first natural scale-invariant bound for adaptive, non-
i.i.d. vector martingales.

1. Introduction

Our play opens with what appears to be a two-protagonist drama. They make their separate en-
trances across two acts, each insisting on a solo turn in the spotlight. In the final act they meet, only
to realize that they are, in fact, a mirror image of each other.

© 2026 F. Chen, J. Qian, A. Rakhlin & N. Zhivotovskiy.
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Act I: Self-normalized martingales. In an introductory course on Probability, we learn that the

sum of normal random variables is also normal, and, in particular,
řT

i“1 Xi
b

řT
i“1 σ

2
i

„ Np0, 1q where

Xi „ N
`

0, σ2
i

˘

are independent normal random variables and σi are constants. If one replaces

the denominator by the random realizations of Xi, then the distribution of
řT

i“1 Xi
b

řT
i“1 X

2
i

is no longer

normal, yet its tails are similar to those of the normal distribution. In particular, an application of
Hoeffding’s inequality (via symmetrization) shows that

P

¨

˝

řT
i“1Xi

b

řT
i“1X

2
i

ą u

˛

‚ď exp

ˆ

´
u2

2

˙

for any symmetric independent random variables Xi, remarkably under no further assumptions on
their distributions (see e.g., van Handel (2014, Ex. 7.3)). To bring out the symmetry requirement,
we may instead write the above inequality as

P

¨

˝

řT
i“1 εiXi

b

řT
i“1X

2
i

ą u

˛

‚ď exp

ˆ

´
u2

2

˙

, (1)

where εi are i.i.d. Rademacher random variables, and Xi are independent with no further assump-
tion on their distributions. Such inequalities for self-normalized sums are very attractive, both due
to the lack of assumptions and due to their natural scale invariance.

It is then reasonable to ask whether inequalities similar to Eq. (1) hold for martingales. More
precisely, suppose for simplicity that Xi are deterministic functions of ε1, . . . , εi´1, i.e. measurable
with respect to the dyadic filtration. Clearly, the sum

řT
i“1 εiXi is a martingale. Does the inequality

Eq. (1) also hold for this martingale without assumptions on Xi’s?

Perhaps surprisingly, the answer is no. Even more interestingly, this answer is related to what is
referred to as “doubly uniform regret” in online learning. But we are getting ahead of ourselves.

For simplicity of exposition, let us consider the first moment of the ratio, rather than the tail bound.
The following inequality can be found in the classical book of de la Pena et al. (2009, p. 199):

E
”

ST {V
1{2
T

ı

ď C ` cE
”

0 _ log logpV
1{2
T _ V

´1{2
T q

ı

, (2)

where, henceforth, we abbreviate ST “
řT

i“1 εiXi and VT “
řT

i“1X
2
i , and C, c ą 0 are constants.

In the multi-dimensional setting, described below, the upper bound also involves the logarithm of
the condition number of the matrix VT (see additionally Whitehouse et al. (2023, Corollary 4.5) and
references therein).

The inequality Eq. (2) lacks the scale-invariance property that we desire: the left-hand side does
not change when multiplying all Xi’s by a constant, yet the right-hand side does. This lack of
scale-invariance is present in many results in the literature on self-normalized martingales, and it
stems from the pseudo-maximization (or the method of mixtures) technique pioneered by Robbins
and Siegmund (1970) and used extensively by de la Peña et al. (2004); de la Pena et al. (2009). The
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method aims to place a non-trivial mass on a parameter that can only be known after observing the
scale of the realization.

One approach to remove scale-dependence in the upper bound on the self-normalized martingale is
to change the denominator. This can be achieved by augmenting VT with a regularization term. For
instance, de la Peña et al. (2004) establishes

P
ˆ

ST

pVT ` EVT q1{2
ą u

˙

ď
?
2 exp

ˆ

´
u2

4

˙

. (3)

The expected value EVT can be viewed as fixing the scale of the problem, yet its presence in the
denominator is not desirable. Another approach is to augment VT with a constant, making both the
ratio and the ensuing upper bound scale-dependent.

In particular, the addition of a regularizing constant to VT has been employed in the multi-dimensional
setting (that is, Xi “ Xipε1, . . . , εi´1q are taking values in Rd and VT “

řT
i“1XiX

J
i is the sample

covariance) by de la Pena et al. (2009, Theorem 14.7) and Abbasi-Yadkori et al. (2011) to establish
tail bounds of the form

SJ
T pVT ` Γq´1ST À log

ˆ

detpVT ` Γq

detpΓq

˙

` logp1{δq (4)

with probability at least 1 ´ δ, for some deterministic positive definite matrix Γ. Once again, both
sides are not scale-invariant, limiting the applicability of the bound when the scale is unknown.

Before continuing our discussion, we mention that the analysis of self-normalized martingales plays
a central role in bandits and reinforcement learning: it underlies confidence ellipsoids for online
least-squares estimators (e.g., Dani et al. (2008); Abbasi-Yadkori et al. (2011)) and the resulting
online-to-confidence set conversions (see Abbasi-Yadkori et al. (2012); Lee et al. (2024); Clerico
et al. (2025) and the textbook (Lattimore and Szepesvári, 2020, Chapter 20) for bibliographic point-
ers), identification in Linear Time-Invariant systems (Simchowitz et al., 2018; Sarkar and Rakhlin,
2019), and beyond. More broadly, there is renewed interest in formulations and in weakening tail
assumptions beyond the classical conditionally sub-Gaussian setting (e.g., Howard et al. (2020);
Whitehouse et al. (2023); Zhao et al. (2023); Ziemann (2025); Akhavan et al. (2025)).

Act II: Doubly uniform regret. One of the first online prediction methods is the celebrated Vovk-
Azoury-Warmuth (VAW) estimator, initially proposed by Vovk (1997) and later refined by Vovk
(2001); Azoury and Warmuth (2001) (see also (Cesa-Bianchi and Lugosi, 2006, Theorem 11.9)).
First, we recall that in online supervised learning with squared loss, on each round t P rT s, the fore-
caster observes xt P Rd, selects a prediction pyt P R and observes yt P r´1, 1s. The VAW estimator,
defined later in the text, is essentially a regularized least squares estimator with a regularization
parameter λ ą 0, and it achieves the following regret bound: for any θ P Rd,

T
ÿ

t“1

ppyt ´ ytq
2 ´

T
ÿ

t“1

pxθ, xty ´ ytq
2 ď λ}θ}2 ` d log

ˆ

1 `
T maxt}xt}

2

λ

˙

. (5)

Notably, the bound is non-uniform in two ways: it depends both on the norm of the comparator
vector θ and the scale of the covariates. Bartlett et al. (2015) raised the question of whether one
can obtain a regret bound that is uniform over all θ, as the existing lower bounds do not show this
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necessity (see, e.g., (Gaillard et al., 2019, Theorem 4)). This led the authors of Gaillard et al. (2019)
to further ask whether regret bounds that are doubly uniform—with respect to the norm of the target
parameter and the covariates—are possible in online linear regression.

So far, this double uniformity is only known in the so-called transductive online setup, where all
design vectors are arbitrary but known in advance so that the predictor can use them (Bartlett et al.,
2015; Gaillard et al., 2019; Qian et al., 2026), and, roughly speaking, establish the scale of the
prediction problem. This double uniformity also appears in the statistical (i.i.d.) setup, where
variants of non-linear predictors allow one to bypass the dependence on both the distribution of the
design and the norm of the parameter (Forster and Warmuth, 2002; Mourtada et al., 2022). More
generally, in the context of GLMs there is recent interest in analyzing unbounded parameter spaces,
for example in classification with logistic regression, where large parameter norms are very natural
and relate to (almost) linearly separable samples. In the transductive setup and in the context of
online logistic regression, see Drmota et al. (2026), while Qian et al. (2026) focuses on regression
with square, hinge and logarithmic losses.

Act III: On the equivalence of martingale bounds and regret inequalities. Denote the regret
of the learner in the online prediction problem with arbitrary θ P Rd as

RegpT q :“
T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2. (6)

Suppose the forecaster attempts to predict the following sequence. Covariates form a predictable
process xt “ Xtpε1, . . . , εt´1q, as earlier in the text, and the outcome variable yt “ εt is an
independent Rademacher random variable. It is clear that in this setting, the best strategy for the
forecaster is to predict pyt “ 0 for all t. Then, the expected regret of the forecaster is given by

Eε

«

T
ÿ

t“1

y2t ´ inf
θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2

ff

“ Eε sup
θPRd

2xθ,
T
ÿ

t“1

εtXty ´ xθ,
T
ÿ

t“1

XtX
J
t θy (7)

“ Eε

“

SJ
T pVT q:ST

‰

. (8)

which is precisely the expected value of the self-normalized process that appeared in Act I. Fur-
thermore, Rakhlin and Sridharan (2014) proved a converse statement (for a more general setting of
regression with any class of functions): no matter what the sequence of tpxt, ytqutPrT s is, even if
chosen adaptively by Nature, there exists a prediction strategy that achieves a regret bound that is,
up to a multiplicative constant, in the above self-normalized form for the worst-case martingale (see
below for more details). Thus, upper bounds on Eq. (6) for all sequences imply upper bounds for
the expected self-normalized ratio, and vice versa.

The connection between probabilistic martingale inequalities and regret bounds has been a focus of
extensive research, including Abernethy et al. (2008); Rakhlin et al. (2010); Rakhlin and Sridharan
(2017); Foster et al. (2018, 2017); Beiglböck and Siorpaes (2015); Orabona and Jun (2023), and, in
particular, certain equivalence between these two seemingly unrelated fields was studied in Rakhlin
and Sridharan (2017); Foster et al. (2018).

Finale. Due to the two-sided equivalence between minimax regret bounds for unbounded com-
parators θ P Rd and expected value of self-normalized martingales, we can establish lower/upper
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bounds for one by studying the other, whichever is more convenient. In particular, the issues dis-
cussed in Act I regarding the knowledge of the scale of the problem are precisely the issues discussed
in Act II regarding the knowledge of the norm of the comparator vector θ and the scale of the co-
variates. In particular, later in the paper, we describe the exact link between self-normalized bounds
of the form Eq. (4) and the Vovk-Azoury-Warmuth forecaster.

In particular, our contributions are:

• We establish a sharp separation between the cases d “ 1 and d ą 1. When d “ 1, we prove
a fully scale-invariant bound of order Oplog T q for self-normalized martingales without any
assumption on the covariates. Via the regret–martingale connection developed in Rakhlin
and Sridharan (2017), this implies a doubly-uniform Oplog T q regret guarantee for online
linear regression, thereby resolving the question of Gaillard et al. (2019) in dimension one.
Moreover, we provide an explicit algorithm achieving this doubly-uniform Oplog T q regret.

• In contrast, when d ą 1 we show that no nontrivial scale-invariant control of self-normalized
vector martingales is possible in full generality, and consequently sublinear doubly-uniform
regret bounds for online linear regression cannot hold. This completes our answer to the
question of Gaillard et al. (2019).

• On the positive side, still in the regime d ą 1, we introduce a smoothness condition on the
covariate process, requiring that each conditional law admits a bounded Radon–Nikodym
derivative with respect to a fixed base measure. Under this assumption we obtain sublinear
regret without assuming bounded covariates. Moreover, our bounds avoid the usual matrix
regularization penalties (e.g., the log-determinant term in Eq. (4)), yielding what appears to
be a first natural example of a scale-invariant self-normalized martingale bound in a genuinely
non-i.i.d. setting.

2. Preliminaries

In the previous section, we motivated the study of dyadic self-normalized martingales of the form
εtXt, where pεtqtě1 are i.i.d. Rademacher signs and each Xt is σpε1, . . . , εt´1q-measurable. In
particular, if pXtq is deterministic (or more generally independent of pεtq), then conditioning on
pXtqtďT and applying Hoeffding’s inequality yields the scale-invariant tail bound Eq. (1) for the

ratio
řT

t“1 εtXt{

b

řT
t“1X

2
t . Let us now present the more general filtered definition that is standard

in the online regression and bandit literature (e.g., Abbasi-Yadkori et al., 2011; Ziemann, 2025),
and that will serve as our main probabilistic object. Throughout this probabilistic discussion we
use capitals pXt, Ytq; later, when we switch to the online learning protocol, we will revert to the
conventional lowercase notation pxt, ytq and use a separate notion of game history that also records
predictions.

Let pΩ,F ,Pq be a probability space equipped with a filtration pGtqtě0. We assume that Xt is
predictable and that pYtq

T
t“1 is a real-valued martingale difference sequence with respect to pGtq:

Xt P Rd is Gt´1 -measurable and E rYt |Gt´1s “ 0 for all t P rT s. (9)
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Depending on the application, one may further assume boundedness |Yt| ď 1 almost surely or a
conditional sub-Gaussian condition. Define the cumulative vector and the Gram matrix

St :“
t
ÿ

i“1

YiXi P Rd, Vt :“
t
ÿ

i“1

XiX
J
i P Rdˆd.

The canonical scale-free quantity is the self-normalized process

Rt :“ }St}
2
V :
t

“ SJ
t V

:
t St,

where V :
t denotes the Moore–Penrose pseudoinverse. Controlling Rt (in expectation or with high

probability) is a central theme of the self-normalization literature (de la Pena, 1999; de la Pena et al.,
2009; Bercu and Touati, 2019) and, in the online learning context, it is the quantity that underlies
confidence ellipsoids and regret bounds in least squares and linear bandits (Abbasi-Yadkori et al.,
2011; Ziemann, 2025).

The question we pursue is whether martingale analogues of Eq. (1) can hold for Rt under minimal
assumptions on the predictable covariates pXtq. Since we aim for a uniform upper bound that holds
for all martingales of the form (9), we define

RdpT q “ sup
PX,Y

EPX,Y

„

}ST }2
V :

T

ȷ

, (10)

where the supremum ranges over all laws PX,Y of dimension d satisfying (9) and such that |Yt| ď 1
almost surely for all t P rT s.

A dyadic martingale is a special case where Yt “ εt are i.i.d. Rademacher and Xt “ Xtpε1, . . . , εt´1q

is a deterministic function of the past signs. Such a process can be viewed as an Rd-valued tree X
of depth T , or a sequence of mappings Xt : t˘1ut´1 Ñ Rd. Let

Rdyadic
d pT q :“ sup

X
EεrRT s,

where the supremum is over all trees X and expectation is over i.i.d. Rademacher pεtq.

Lemma 1 For any d ě 1 and T ě 1, if we only consider processes where |Yt| ď 1 a.s., then

RdpT q “ Rdyadic
d pT q.

In words, worst-case martingales—from the point of view of self-normalized ratios—are the dyadic
martingales, up to a factor 2. Since each dyadic martingale is defined by 2T ´ 1 values (the number
of nodes in the binary tree), for each such dyadic martingale we can consider its rescaled (by the
maximum norm) variant X 1 with }X 1

t} ď 1. Since the value of the self-normalized ratio does not
change when scaled by a constant, we also have the following conclusion. Let Rbdd

d pT q denote the
supremum over the processes of the form (9) with }Xt} ď 1 almost surely, and let Rbdd,dyadic

d pT q

denote the corresponding supremum restricted to dyadic and bounded martingales.

Corollary 2 For any d ě 1 and T ě 1, if we only consider processes where |Yt| ď 1 a.s., then
Rdyadic

d pT q “ Rbdd,dyadic
d pT q, and thus

Rdyadic
d pT q “ Rbdd,dyadic

d pT q “ Rbdd
d pT q “ RdpT q.
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In the following section, this result will imply that the difficulty in doubly-uniform regret bounds is
a consequence of unbounded θ rather than unbounded covariates. This is also reflected by our lower
bounds, which hold for bounded covariates.

2.1. An online prediction game

We now use the standard online learning notation and write covariates, outcomes, and predictions
as pxt, yt, pytq. On each round t P rT s, the environment Env reveals a covariate vector xt P Rd, the
learner Alg outputs a prediction pyt P R, and then Env reveals an outcome yt P r´1, 1s. Both Env
and Alg may be adaptive. We denote the history prior to round t by

Ht´1 :“ σ
´

tpxs, pys, ysqusăt

¯

.

Given a comparator set Θ Ď Rd, the square-loss regret is

RegΘpT q :“
T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPΘ

T
ÿ

t“1

`

xθ, xty ´ yt
˘2
. (11)

Since our focus is on Θ “ Rd, we abbreviate RegpT q :“ RegRdpT q.

A convenient way to relate regret to self-normalization is to consider a stochastic environment
with conditionally unbiased outcomes. Fix any algorithm Alg and a sequential law Px,y over
px1, y1, . . . , xT , yT q such that, when the environment is generated from Px,y independently of the
predictions of Alg, the outcomes satisfy

E ryt |x1, y1, . . . , xt´1, yt´1, xts “ 0 for all t P rT s. (12)

Let Env be the environment that samples px1, y1, . . . , xT , yT q „ Px,y and reveals it round by round.
Then

EEnv,Alg

«

T
ÿ

t“1

ppyt ´ ytq
2

ff

“ EEnv,Alg

«

T
ÿ

t“1

`

py2t ´ 2pytyt ` y2t
˘

ff

“ EEnv,Alg

«

T
ÿ

t“1

`

py2t ` y2t
˘

ff

ě EPx,y

«

T
ÿ

t“1

y2t

ff

, (13)

where the middle equality uses Eq. (12) (hence Erpytyts “ 0). Next, define ST :“
řT

t“1 ytxt P Rd

and VT :“
řT

t“1 xtx
J

t P Rdˆd. A direct completion of squares gives the exact identity

T
ÿ

t“1

y2t ´ inf
θPRd

T
ÿ

t“1

`

xθ, xty ´ yt
˘2

“ sup
θPRd

!

2xθ, ST y ´ }θ}2VT

)

“ }ST }2
V :

T

. (14)

Combining Eq. (13) with Eq. (14) yields

EEnv,AlgrRegpT qs ě EPx,y

„

}ST }2
V :

T

ȷ

. (15)
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This implies that for every algorithm Alg,

max
Env

EEnv,AlgrRegpT qs ě RdpT q.

Conversely, the work of Rakhlin and Sridharan (2017) provides a minimax upper bound turning
self-normalized control into regret guarantees (up to universal constants), yielding a two-sided link
between self-normalization and optimal regret in online linear regression. We state here the upper
bound of (Rakhlin and Sridharan, 2014, Lemma 4) for the linear function class:

Lemma 3 In the notation above, it holds that

min
Alg

max
Env

EEnv,AlgrRegpT qs ď 4Rdyadic
d`1 pT q ď 4Rd`1pT q.

We remark that the actual upper bound in the proof is smaller than Rd`1pT q; for our purposes, this
is only important for d “ 1, which we treat separately.

3. Self-normalized martingales and online prediction in the fully adversarial setting

In this section, we first discuss the one-dimensional case d “ 1, and then the case d ě 2. Remark-
ably, both regret and the self-normalized martingale exhibit very different behavior in these two
regimes.

3.1. Dimension one: logarithmic self-normalized martingale and doubly-uniform regret

In this section, we focus on the one-dimensional case d “ 1. We show that (i) the dyadic self-
normalized martingale admits Oplog T q control in expectation, and (ii) the minimax doubly-uniform
regret in online linear regression is also Θplog T q. Taken together, these results settle the behavior
of both objects of interest in dimension one.

We start from the probabilistic side by establishing a linear bound on the exponential moment of the
one-dimensional dyadic self-normalized martingale.

Theorem 4 For any dyadic martingale X1, . . . , XT and any c P p0, 1{4s,

Eε

“

exppcRT q
‰

ď T exp
´ c

1 ´ 2c

¯

.

Consequently,

EεrRT s ď
1

c
log

ˆ

T exp
´ c

1 ´ 2c

¯

˙

“
log T

c
`

1

1 ´ 2c
.

Theorem 4 provides a homogeneous, scale-invariant control of the self-normalized martingale in
dimension one. In particular, it improves upon the scale-sensitive behavior suggested by classical
mixture-based bounds such as Eq. (2): the right-hand side grows only logarithmically with T
and requires no boundedness or moment assumptions on the predictable covariates pXtq beyond
measurability with respect to the dyadic filtration.

In light of the regret–martingale connection discussed above, the logarithmic behavior in Theorem 4
suggests that log T is the correct scale for doubly-uniform regret in one dimension. We make this
precise by giving a matching upper bound via an explicit procedure.
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Theorem 5 Suppose that d “ 1 and |yt| ď m almost surely. Then there exists an algorithm
(Algorithm 2) that achieves deterministically RegpT q À m2 log T .

Complementarily, the minimax lower bound of order Ωplog T q follows from Gaillard et al. (2019,
Theorem 7) (adapted from Vovk (2001, Theorem 2)).

Proposition 6 In the setup of Theorem 5 with T ě 10 and m “ 1, there exists a dyadic martingale
such that ErRT s Á log T .

Together, Theorem 5 and Proposition 6 yield the claimed Θplog T q characterization of doubly-
uniform regret in dimension one, aligning with the logarithmic self-normalized control in Theo-
rem 4.

3.2. Dimension two and higher: linear lower bounds

We now turn to d ě 2. In sharp contrast to the one-dimensional case, the self-normalized vector
martingale can grow linearly in the worst case. Through Eq. (15), this implies that doubly-uniform
regret cannot be sublinear under a fully adversarial environment.

Theorem 7 Let T ě 1 be any integer. When d ě 2, for any ε P p0, 1q, there exists a dyadic
martingale X1, . . . , XT such that

E
„

}ST }2
V :

T

ȷ

ě p1 ´ ε2qT.

In particular, by Eq. (15), there exists an environment such that for any algorithm,

ErRegpT qs ě E
„

}ST }2
V :

T

ȷ

ě p1 ´ ε2qT.

Proof sketch. We construct an adaptive dyadic martingale that injects a constant amount of self-
normalized energy at every step. Let pεtqtě1 be i.i.d. Rademacher variables, let St “

ř

iďt εiXi,
and define the regularized matrix

rVt :“
ÿ

iďt

XiX
J
i ` λI,

for some fixed λ ą 0. Using the Sherman–Morrison formula and conditioning on the past, one
checks that

E
„

}St`1}2
rV ´1
t`1

| Ft

ȷ

“ }St}
2
rV ´1
t

`

}Xt`1}2
rV ´1
t

´ xXt`1, rV
´1
t Sty

2

1 ` }Xt`1}2
rV ´1
t

.

We choose Xt`1 “ r rV
1{2
t et, where et is any unit vector orthogonal to rV

´1{2
t St; this is always

possible for d ě 2. This choice kills the cross term and ensures }Xt`1}2
rV ´1
t

“ r2, so the conditional

increment is the constant r2{p1 ` r2q. Iterating yields Er}ST }2
rV ´1
T

s “ Tr2{p1 ` r2q. Moreover,

ST P rangepVT q, so }ST }2
V :

T

ě }ST }2
rV ´1
T

, and hence E
„

}ST }2
V :

T

ȷ

ě Tr2

1`r2
. Taking r2 “ p1´ε2q{ε2

completes the lower bound (for any fixed λ ą 0).
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Note that since the ratio is homogeneous, the construction in the proof can be rescaled so that
}Xt} ď 1 deterministically.

4. Online prediction with smooth environment

Even though the worst-case lower bound looks grim, the picture brightens if the environment is
forced to “add randomness”. We formalize this with a smoothness condition that caps how concen-
trated each xt can be relative to a fixed base measure µ (Block et al., 2022).

Assumption 8 (Smoothness) There exists a probability measure µ on Rd and a parameter Ccov ě

1 such that for every round t, given the partial history Hx
t´1 “ tx1, . . . , xt´1u, the conditional law

of xt is Ptp¨ | Hx
t´1q and satisfies

dPtp¨ | Hx
t´1q

dµ
pxq ď Ccov for µ-a.e. x P Rd,

for every history Hx
t´1. 1

This assumption limits how concentrated the conditional law of xt can be; for instance, when µ is
non-atomic it rules out choosing xt deterministically, as in the lower-bound construction of Theo-
rem 7. The condition is trivially satisfied when X is finite (with µ “ UnifpX q and Ccov ď |X |).
When X is infinite, however, it can be a fairly strong assumption on the environment, and can make
online prediction significantly easier.

To provide more intuition, Haghtalab et al. (2024) show that under Assumption 8, x1, . . . , xT can be
coupled with a subsequence of i.i.d. random vectors (Lemma 19), echoing the “smoothed analysis”
philosophy in algorithms.

4.1. The Vovk–Azoury–Warmuth (VAW) algorithm under the smoothness assumption

For upper bounds under Assumption 8, we use the Vovk–Azoury–Warmuth (VAW) predictor, a
classic forecaster for online linear regression. The regularized version is well known, but since
both the comparator and the covariates may be unbounded here, standard analyses that rely on
a fixed regularizer do not account for smoothness. We therefore study the unregularized VAW
(Algorithm 1) and tailor the analysis to the smooth setting.

Algorithm 1 Vovk–Azoury–Warmuth (VAW) predictor
1: for t “ 1, 2, ¨ ¨ ¨ , T do
2: Set pθt P argminθPRd xθ, xty

2 `
ř

iăt

`

xθ, xiy ´ yi
˘2
.

3: Predict pyt “ xpθt, xty.

We prove the following guarantee for VAW through an (almost) purely combinatorial argument,
rather than the standard elliptical-potential analysis.

1. Here we assume smoothness with respect to the partial history Hx
t´1. While it may be more natural to assume

smoothness given the full history Ht´1 “ tpxs, ys, pysqusăt, requiring smoothness conditional on the partial history
is weaker.

10
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Theorem 9 Under Assumption 8, assuming yt P r´1, 1s for all t P rT s, the VAW predictor in
Algorithm 1 achieves the following regret for any δ P p0, 1q, with probability at least 1 ´ δ:

RegpT q À

´

a

dCcovT logpT {δq ` logp1{δq

¯

.

We briefly indicate how the proof goes. It is standard to reduce the regret analysis of VAW-type
algorithms to upper bounding the sum

řT
t“1 x

J

t V
:
t xt; in the usual analysis this leads to a depen-

dence on the magnitudes of the xt’s. In contrast, we use smoothed-analysis ideas. To control
řT

t“1 x
J

t V
:
t xt, we consider the longest subsequence xt1 , . . . , xtk such that }xtj}2

V :
tj

ě r for a fixed

threshold r ą 0, and then use the coupling result from Lemma 19 to reduce to an i.i.d. sequence.
Compare this with the standard VAW bound Eq. (5), where a regularization parameter λ is essential
(one cannot take λ Ñ 0 without making the bound trivial), and the resulting regret bound depends
explicitly on maxtďT }xt}.

5. Bounding self-normalized martingales via regret analysis: high probability results

We are now back in the setup of self-normalized martingales, and we re-derive a self-normalized
concentration inequality by combining (i) a deterministic regret bound for an online regression algo-
rithm and (ii) a stochastic exponential supermartingale coming from the conditional sub-Gaussian
noise assumption. Such a reduction is standard and is a key tool in (Rakhlin and Sridharan, 2017).

Let pFtqtě0 be a filtration such that, for each round t, the covariate Xt and the prediction ŷt are
Ft´1-measurable, and Yt is then revealed. Assume that pYtqtě1 is a martingale difference sequence
with conditionally sub-Gaussian increments: for some σ ą 0,

E rYt | Ft´1s “ 0 and E rexppαYtq | Ft´1s ď exp

ˆ

α2σ2

2

˙

, (16)

for all α P R and t ě 1. Fix a deterministic 0 ă Γ P Rdˆd and define St :“
řt

i“1XiYi and
Vt :“

řt
i“1XiX

J
i . As above, completion of squares yields

T
ÿ

t“1

Y 2
t ´ inf

θPRd

#

T
ÿ

t“1

`

xθ,Xty ´ Yt
˘2

` θJΓθ

+

“ }ST }2pVT `Γq´1 , (17)

which equivalently, for any sequence of predictions pŷtq
T
t“1, can be rewritten as

}ST }2pVT `Γq´1 “ RegT pŷq `

T
ÿ

t“1

`

2ŷtYt ´ ŷ2t
˘

, (18)

where the last term is the one we will control stochastically using Eq. (16). The next simple result
shows that this term admits a sharp high-probability bound.

Lemma 10 Under the sub-Gaussian assumption Eq. (16), for any predictable sequence pŷtq
T
t“1,

the process Mt :“ exp
`

1
2σ2

řt
i“1

`

2ŷiYi ´ ŷ2i
˘˘

is a nonnegative supermartingale with ErMts ď 1
for all t. In particular, with probability at least 1 ´ δ,

T
ÿ

t“1

`

2ŷtYt ´ ŷ2t
˘

ď 2σ2 logp1{δq,

11
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and the same bound extends to stopping times.

Finally, we combine the high-probability regret bound under smoothness with the generic reduction
of (18) to obtain a self-normalized concentration inequality without any explicit bound on }Xt} and
without introducing a positive definite regularization matrix Γ in the self-normalization.

Theorem 11 (Self-normalized martingales under smoothness) Let pFtqtě0 be a filtration such
that for each t ď T , the covariate Xt is Ft´1-measurable and Yt is then revealed. Assume that
pYtq

T
t“1 is a martingale difference sequence satisfying Eq. (16) with parameter σ. Assume also

that pXtq
T
t“1 satisfies the smoothness condition of Assumption 8 with parameter Ccov ě 1. Define

ST :“
řT

t“1XtYt and VT :“
řT

t“1XtX
J
t . Then for any δ P p0, 1q, with probability at least 1 ´ δ,

}ST }2
V :

T

À σ2
´

a

dCcov T logp2T {δq ` logp2{δq

¯

. (19)

Importantly, compared to the canonical bound (Abbasi-Yadkori et al., 2011), namely under the sub-
Gaussian assumption Eq. (16) but without smoothness, for any positive definite Γ,

}ST }2
pVT `Γq: ď σ2

ˆ

log

ˆ

detpVT ` Γq

detpΓq

˙

` 2 logp1{δq

˙

,

the right-hand side of Eq. (19) has no explicit dependence on maxt }Xt} and no regularization ma-
trix Γ is needed in the self-normalized quantity. Moreover, the base measure µ from Assumption 8
is only used for the analysis: even for the regret analysis of Theorem 9 the algorithm itself does not
require knowing µ, and the regret bound is used purely as a tool to prove concentration.
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Appendix A. Proofs from Section 2

A.1. Proof of Lemma 3

When the “centering” in (Rakhlin and Sridharan, 2014, Lemma 4) is incorporated into the X-
process, the upper bound reads as

sup
X

E sup
θPRd

T
ÿ

t“1

4εtxpθ, 1q, Xty ´ xpθ, 1q, Xty
2

where X “ pXtq is an Rd`1-valued tree with Xtrd ` 1s P r´1, 1s. We over-bound by choosing a
pd ` 1q-dimensional θ in the supremum.

Appendix B. Proofs from Section 3

B.1. Proof of Theorem 4

We note that
ST`1 “ ST ` εT`1XT`1, VT`1 “ VT ` X2

T`1.

Conditioning on FT and expanding,

ErexppcRT`1q | FT s “ E

«

exp

˜

cpST ` εT`1XT`1q2

VT ` X2
T`1

¸

ˇ

ˇ

ˇ
FT

ff

“ exp

˜

cS2
T ` cX2

T`1

VT ` X2
T`1

¸

E

«

exp

˜

2c εT`1STXT`1

VT ` X2
T`1

¸

ˇ

ˇ

ˇ
FT

ff

.
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Introduce

u :“
VT

VT ` X2
T`1

P r0, 1s, 1 ´ u “
X2

T`1

VT ` X2
T`1

,
S2
T

VT ` X2
T`1

“ u
S2
T

VT
“ uRT .

Also define
a :“

2c STXT`1

VT ` X2
T`1

.

By Hoeffding’s lemma for a Rademacher variable, ErexppεT`1aq | FT s ď exppa2{2q, hence

ErexppcRT`1q | FT s ď exp

ˆ

cuRT ` cp1 ´ uq `
a2

2

˙

.

Next,
a2

2
“

1

2
¨

4c2S2
TX

2
T`1

pVT ` X2
T`1q2

“ 2c2 ¨
S2
T

VT
¨

VTX
2
T`1

pVT ` X2
T`1q2

“ 2c2RT up1 ´ uq.

Therefore,

ErexppcRT`1q | FT s ď exp
`

cuRT ` cp1 ´ uq ` 2c2RT up1 ´ uq
˘

ď exp
`

cuRT ` cp1 ´ uq ` 2c2RT p1 ´ uq
˘

.

where the second inequality is because 2c2RT p1 ´ uq2 ě 0. Now split into two cases.

Case 1: RT ď 1
1´2c . Then we have

exp
`

cuRT ` cp1 ´ uq ` 2c2RT p1 ´ uq
˘

“ exp
`

c ` 2c2RT ` cuRT ´ cu ´ 2c2RTu
˘

“ exp
`

c ` 2c2RT ` cupp1 ´ 2cqRT ´ 1q
˘

ď exp
`

c ` 2c2RT

˘

ď exp
´ c

1 ´ 2c

¯

“ C0,

where both inequalities are due to the condition of case 1.

Case 2: RT ą 1
1´2c . Then cp1 ´ uqp1 ´ p1 ´ 2cqRT q ď 0. Reorgnizing the terms, we have

cuRT ` cp1 ´ uq ` 2c2RT p1 ´ uq ď cRT . This implies

exp
`

cuRT ` cp1 ´ uq ` 2c2RT p1 ´ uq
˘

ď exppcRT q .

Combining both cases yields the one-step inequality

ErexppcRT`1q | FT s ď exppcRT q ` C0.

Taking expectations and iterating gives

E exppcRT q ď E exppcR1q ` pT ´ 1qC0 ď TC0,

since exppcR1q “ exppcq ď exppc{p1 ´ 2cqq “ C0. Finally, by Jensen’s inequality, cErRT s ď

logE exppcRT q ď logpTC0q, proving the stated bound.
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B.2. Proof of Proposition 6

Let n “ t12 log T u and K “ tT {nu. We set M “ 2T
n .

Consider the following sequence dyadic martingale difference sequence. Set X1 “ 1.

• For t “ jn ` 1, we set Xt “ M ¨ Xpj´1qn`1 if there exists ℓ P rpj ´ 1qn ` 1, jns such that
εℓ “ ´1. Otherwise we set Xt “ 0.

• For t P pjn ` 1, pj ` 1qns, we set Xt “ Xjn`1.

Let i be the first index such that εℓ “ 1@ℓ P rin ` 1, pi ` 1qns, and if no such index exists we set
i “ K ` 1. Then, if i ď K, we can bound |ST ´ M in| ď M i´1T and VT ď nM2i

1´M´1 . Therefore
S2
T

VT
ě

pn´T {Mq2

2n ě n
8 . On the other hand, we have

Ppi “ K ` 1q ď Pp@0 ď j ă K, Dℓ P rjn ` 1, pj ` 1qns, εℓ ‰ 1q

ď p1 ´ 2´nqK ď e´2´nK ď 1 ´ c0,

where c0 ą 0 is an absolute constant. This implies ErS2
T {VT s ě c0

8 n “ Ωplog T q.

B.3. Proof of Theorem 5

Algorithm 2 Meta algorithm
Input: Parameter M ą 1, round T , subroutine sequence tAlgkukPZ.

1: Initialize k “ ´8, D “ H.
2: for t “ 1, 2, ¨ ¨ ¨ , T do
3: if |xt| ě Mk`1 then
4: Update k Ð tlogM |xt|u.
5: Initialize Algk and set D “ H.
6: Predict pyt “ AlgkpD, xtq.
7: Receive yt and update D Ð D Y pxt, ytq.

The above algorithm utilizes a sequence of subroutines tAlgkukPZ and additionaly the trivial algo-
rithm Alg8 that always predicts pyt “ 0. We can then decompose the regret of Algorithm 2 to the
regret of each subroutine Algk.

Assumption 12 For any k P Z and n ď T , on any sequence px1, y1, ¨ ¨ ¨ , xn, ynq such that
maxiPrns|xi| P rMk,Mk`1q, the algorithm Algk achieves Reg ď RT and additionally

T
ÿ

t“1

ppyt ´ ytq
2 ´

T
ÿ

t“1

y2t ď βT .

Lemma 13 Under Assumption 12, Algorithm 2 achieves

RegpT q ď TβT ` 2RT `
2T 2

M
.
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Proof. Let K Ă t´8u Y Z be the set of index k such that Algk is executed, and suppose that Algk
is executed on the time interval Tk. When x1 “ ¨ ¨ ¨ “ xT “ 0 there is nothing to prove. Otherwise,
we note that

pθ :“ argmin
θPR

T
ÿ

t“1

pxθ, xty ´ ytq
2 “

řT
t“1 ytxt

řT
t“1 x

2
t

.

By Cauchy–Schwarz’s inequality and maxt xt ď

b

řT
t“1 x

2
t , we have

max
t

|xt| ¨

˜

T
ÿ

t“1

ytxt

¸

ď max
t

|xt| ¨

g

f

f

e

T
ÿ

t“1

y2t

g

f

f

e

T
ÿ

t“1

x2t ď
?
T

T
ÿ

t“1

x2t .

In particular, |pθ| ď
?
T

maxt|xt| . Therefore, we let k‹ be the maximum of K, and then |pθ| ď
?
T

Mk‹ . We
can then decompose

Reg “

T
ÿ

t“1

ppyt ´ ytq
2 ´

T
ÿ

t“1

ppθxt ´ ytq
2

“
ÿ

kPK

ÿ

tPTk

”

ppyt ´ ytq
2 ´ ppθxt ´ ytq

2
ı

.

Note that when k ď k‹ ´ 2, it holds that for any t P Tk, |xt| ď Mk‹´1 and

ppθxt ´ ytq
2 ě y2t ´ 2pθxtyt ě y2t ´

2
?
T

M
.

Therefore,

Reg “
ÿ

kPK

ÿ

tPTk

”

ppyt ´ ytq
2 ´ ppθxt ´ ytq

2
ı

ď
ÿ

kPK:kďk‹´2

ÿ

tPTk

«

ppyt ´ ytq
2 ´ y2t `

2
?
T

M

ff

`
ÿ

kPK:kěk‹´1

ÿ

tPTk

”

ppyt ´ ytq
2 ´ ppθxt ´ ytq

2
ı

ď T

˜

βT `
2

?
T

M

¸

` 2RT ,

where we use
ř

tPTk

“

ppyt ´ ytq
2 ´ y2t

‰

ď βT and
ř

tPTk

”

ppyt ´ ytq
2 ´ ppθxt ´ ytq

2
ı

ď RT by our

assumption (because we also know maxtPTk
|xt| P rMk,Mk`1q unless k “ ´8).

Subroutines. It remains to construct subroutines satisfying Assumption 12. We first recall that
Vovk-Azoury-Warmuth forecaster has the following guarantee.

Lemma 14 On any sequence px1, y1, ¨ ¨ ¨ , xn, ynq, the following rule

pθt “ argmin
θPRd

λ}θ}2 ` xθ, xty
2 `

ÿ

iăt

pxθ, xiy ´ yiq
2,

pyt “ clipr´1,1s

´

xpθt, xty
¯

,

(20)
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achieves the following for any θ P Rd:

n
ÿ

t“1

ppyt ´ ytq
2 ´

n
ÿ

t“1

pxθ, xty ´ ytq
2 ď λ}θ}2 ` d log

ˆ

1 `
nmaxt}xt}

2

λ

˙

.

In particular, when d “ 1, we have the following guarantee:

n
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPΘ

n
ÿ

t“1

pxθ, xty ´ ytq
2 ď

nλ

maxt x2t
` log

ˆ

1 `
nmaxt x

2
t

λ

˙

.

However, the forecaster Eq. (20) may not achieve good βpnq bound. Therefore, we hedge it against
the 0 forecaster.

Lemma 15 Consider the following two experts problem: For t ě 1, expert 0 predicts pyt,0 “ 0 and
expert 2 predicts pyt,1 following Eq. (20). The final prediction is given by

pptpjq9jPt0,1uptpjq exp

˜

´η
ÿ

iăt

ppyi,j ´ yiq
2

¸

, pyt “ Ej„pptrpyi,js,

where p0p1q “ 1 ´ p0p0q “ ε. Then as long as η ď 1
8 , it holds that

n
ÿ

t“1

ppyt ´ ytq
2 ´

n
ÿ

t“1

ppyt,1 ´ ytq
2 ď

1

η
log

1

p0p1q
“

logp1{εq

η
,

n
ÿ

t“1

ppyt ´ ytq
2 ´

n
ÿ

t“1

y2t ď
1

η
log

1

p0p0q
ď

ε

p1 ´ εqη
.

In particular, it holds that Reg ď nλ
maxt x2

t
` log

´

1 `
nmaxt x2

t
λ

¯

`
logp1{εq

η .

To summarize, we have the following corollary.

Corollary 16 For any k P Z and β P p0, 1s, there exists a subroutine Algk (by choosing λ “ M2k

T ,
η “ 1

8 , and ε “ 1
16β in Lemma 15) such that Assumption 12 holds with βT “ β and RT ď

OplogpTM{βqq.

In other words, on any sequence px1, y1, ¨ ¨ ¨ , xn, ynq such that maxiPrns|xi| P rMk,Mk`1q and
n ď T , the subroutine achieves

n
ÿ

t“1

ppyt ´ ytq
2 ´

n
ÿ

t“1

y2t ď β, Reg ď OplogpTM{βqq.

In particular, we can choose β “ 1
T and M “ T 2, and by Lemma 13, Algorithm 2 can be suitably

instantiated such that it achieves

Reg ď Oplog T q.

As a remark, the dependence logp1{βq is crucial for this regret bound, and it can be regarded as the
“price of super-efficiency” against 0.
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B.4. Proof of Theorem 7

The martingale is constructed as follows. Let ε1, . . . , be an i.i.d. sequence of Rademacher ran-
dom variables, and we will define xt “ Xtpε1, . . . , εt´1q below. Let St “

řt
i“1 εixi and Vt “

řt
i“1 xix

J
i . Consider rVt “ Vt ` I ą Vt. Observe that under our construction,

E
„

}St`1}2
rV ´1
t`1

ȷ

“ E
„

}St}
2
rV ´1
t`1

` }xt`1}2
rV ´1
t`1

ȷ

.

Using

rV ´1
t`1 “ rV ´1

t ´
rV ´1
t xt`1x

J
t`1

rV ´1
t

1 ` }xt`1}2
rV ´1
t

,

we have

E
„

}St`1}2
rV ´1
t`1

ȷ

“ E

»

–}St}
2
rV ´1
t

`

}xt`1}2
rV ´1
t

´ xxt`1, rV
´1
t Sty

2

1 ` }xt`1}2
rV ´1
t

fi

fl.

We define xt recursively: x1 is an arbitrarily fixed vector with norm r ą 0, and for t ě 1,

xt`1 “ rrV
1{2
t et, where et is a unit vector such that xet, rV

´1{2
t Sty “ 0. (21)

Then, it holds that

E
„

}St`1}2
rV ´1
t`1

ȷ

“ E

»

–}St}
2
rV ´1
t

`

}xt`1}2
rV ´1
t

1 ` }xt`1}2
rV ´1
t

fi

fl “ E
”

}St}
2
rV ´1
t

ı

`
r2

r2 ` 1
.

Hence, since ST P RangepVT q, it is clear that Er}ST }2
V :

T

s ě Er}ST }2
rV ´1
T

s “ Tr2

r2`1
, and the proof is

then completed by choosing r “ 1
ε .

Appendix C. Proofs from Section 4

C.1. Proof of Lemma 10

Fix t ě 1. Since ŷt is Ft´1-measurable, using Eq. (16) with α “ ŷt{σ
2 gives

E
„

exp

ˆ

1

2σ2
p2ŷtyt ´ ŷ2t q

˙ ˇ

ˇ

ˇ

ˇ

Ft´1

ȷ

“ exp

ˆ

´
ŷ2t
2σ2

˙

E
„

exp

ˆ

ŷt
σ2

yt

˙ ˇ

ˇ

ˇ

ˇ

Ft´1

ȷ

ď exp

ˆ

´
ŷ2t
2σ2

˙

exp

ˆ

ŷ2t
2σ2

˙

“ 1.

Multiplying by Mt´1 and taking conditional expectations yields ErMt | Ft´1s ď Mt´1, so pMtq

is a nonnegative supermartingale and hence ErMts ď ErM0s “ 1. Finally, the proof follows from
Ville’s inequality for nonnegative supermartingales.

We will make use of the following upper bound of VAW.
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Proposition 17 Suppose that yt P r´1, 1s deterministically. Then Algorithm 1 achieves

T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2 ď

T
ÿ

t“1

xJ

t V
:
t xt.

More generally, suppose that yt satisfies Erey
2
t {m2

| Ft´1s ď e. Then it holds that with probability
at least 1 ´ δ,

T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2 ď m2

T
ÿ

t“1

xJ

t V
:
t xt ` m2 logp1{δq.

Proof of Proposition 17. Note that pyt does not depend on the choice of pθt. Therefore, we
only need to consider pθt “ V :

t St´1, where St´1 “
ř

iăt xiyi. Further, we know pθ “ V :

TST P

argminθPRd

řT
t“1pxθ, xty ´ ytq

2. Then, we can calculate

T
ÿ

t“1

ppyt ´ ytq
2 ´

T
ÿ

t“1

pxpθ, xty ´ ytq
2 “

T
ÿ

t“1

”

pxJ

t V
:
t St´1q2 ´ 2ytx

J

t V
:
t St´1

ı

` SJ

TV
:

TST .

We also have

SJ

t V
:
t St “ y2t x

J

t V
:
t xt ` 2ytxtV

:
t St´1 ` SJ

t´1V
:
t St´1.

Further, we have the following basic inequality: For PSD matrix V , v P spanpV q, and any w, it
holds that

vpV ` wwJq:v ď vV :v ´ pwJpV ` wwJq:vq2.

When w P spanpV q this is straight-forward by restricting to the subspace spanpV q where V be-
comes invertible. Otherwise, we can consider h “ pV `wwJq:v, and then v “ V h`wxw, hy, and
using v P spanpV q implies xw, hy “ 0. Plugging this in, and we can see the equality holds.

Now, combining the inequalities above, we know

SJ

t V
:
t St ď y2t x

J

t V
:
t xt ` 2ytxtV

:
t St´1 ` SJ

t´1V
:
t´1St´1 ´ pxJ

t V
:
t St´1q2.

Applying this inequality recursively, it holds

SJ

TV
:

TST ď

T
ÿ

t“1

”

´pxJ

t V
:
t St´1q2 ` 2ytx

J

t V
:
t St´1 ` y2t x

J

t V
:
t xt

ı

.

Reorganizing yields

T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2 ď

T
ÿ

t“1

y2t x
J

t V
:
t xt,
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and the first inequality follows immediately. For the second upper bound, we use the fact that
Ereλy

2{m2
|Ft´1s ď eλ for λ P r0, 1s, and hence using this inequality recursively, we derive

E

«

exp

˜

1

m2

T
ÿ

t“1

y2t x
J

t V
:
t xt ´

T
ÿ

t“1

xJ

t V
:
t xt

¸ff

ď 1.

By Markov’s inequality, the desired upper bound follows.

To provide a upper bound for VAW, it remains to upper bound the quantity
řT

t“1 x
J

t V
:
t xt. This is

nontrivial because the matrix Vt can be ill-conditioned, and (as we have shown in Section 3.2) this
sum can be ΩpT q without smoothness. In the following, we bound this quantity by a “combina-
torial dimension” of the sequence x, and then apply the coupling trick and the backward analysis
technique.

Step 1: Connect to combinatorial quantities of the sequence. To proceed, we introduce the
notion of “bad” subsequence. For any sequence z “ pz1, ¨ ¨ ¨ , zkq, we define V pzq :“

ř

iďk ziz
J

i .
We call a sequence z “ pz1, ¨ ¨ ¨ , zkq r-bad if for any t P rks, }zt}

2
V pz1:tq: ě r. We define Npr; zq

to be the length of the longest r-bad subsequence of z.

In the following, we bound the sum
řT

t“1 x
J

t V
:
t xt by Npr;xq for r P t2´1, 2´2, ¨ ¨ ¨u.

Lemma 18 For any sequence x “ px1, ¨ ¨ ¨ , xT q, it holds that

T
ÿ

t“1

xJ

t Vtpxq:xt ď

ż 1

0
Npr;xqdr ď 1 `

ÿ

1ďiďlogn

2´iNp2´i;xq.

Proof of Lemma 18. By definition, xJ

t Vtpxq:xt P r0, 1s, and hence

xJ

t Vtpxq:xt “

ż 1

0
1
␣

xJ

t Vtpxq:xt ě r
(

dr.

Therefore,

T
ÿ

t“1

xJ

t Vtpxq:xt “

ż 1

0

T
ÿ

t“1

1
␣

xJ

t Vtpxq:xt ě r
(

dr.

Note that
řT

t“1 1
␣

xJ

t Vtpxq:xt ě r
(

ď Npr;xq, because if we consider all the indices t1 ă ¨ ¨ ¨ ă tk
such that xJ

t Vtpxq:xt ě r, then pxt1 , ¨ ¨ ¨ , xtkq is a r-bad sequence. Hence, we have

T
ÿ

t“1

xJ

t Vtpxq:xt “

ż 1

0

T
ÿ

t“1

1
␣

xJ

t Vtpxq:xt ě r
(

dr

ď

ż 1

0
Npr;xqdr ď 1 `

ÿ

1ďiďlogn

2´iNp2´i;xq.

The claim follows.
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Step 2: Coupling smooth sequence to a i.i.d sequence. We invoke the following coupling lemma
for smooth sequence (Haghtalab et al., 2024). The idea of this lemma is quite simple: Any smooth
sequence can be generated by performing rejection sampling. We sketch the proof below.

Lemma 19 Suppose that Assumption 8 holds. Then for any δ P p0, 1q, K ě Ccov logpT {δq, there
exists a coupling between x “ px1, ¨ ¨ ¨ , xT q with a sequence z “ pz1,1, ¨ ¨ ¨ , z1,K ; ¨ ¨ ¨ ; zT,1, ¨ ¨ ¨ , zT,Kq

such that:

(1) Marginally, pzt,jq1ďtďT,1ďjďK „ µ are i.i.d random vectors from µ.

(2) With probability at least 1 ´ δ, it holds that xt P tzt,i : i “ 1, 2, ¨ ¨ ¨ ,Ku for all t P rT s.

Note that this lemma implies (with probability at least 1 ´ δ) Npr;xq ď Npr; zq, and it remains to
control Npr; zq under the i.i.d sequence z.

Proof of Lemma 19. Consider the randomness z8 “ pzt,jq1ďtďT,jě1 „ µ are i.i.d random vectors
from µ. Consider an environment Env that adopts the following protocol for each t “ 1, 2, ¨ ¨ ¨ , T :

• Given the history Hx
t´1, the environment fix the distribution ptp¨q “ Ptp¨ | Hx

t´1q and perform
rejection sampling:

• For j “ 1, 2, ¨ ¨ ¨ , with probability ptpzt,jq

Ccovµpzt,jq
, the environment set xt “ zt,j and break. Other-

wise, the environment goes to the next step j ` 1.

By the guarantee of rejection sampling, we know that conditional on Ht´1, the vector xt is generated
from the distribution pt “ Ptp¨ | Hx

t´1q. Further, for any fixed t P rT s, with probability at least
1 ´ δ it holds that xt “ zt,j for some j ď Ccov logp1{δq. Therefore, by union bound, the above
construction gives a coupling between the sequence x and the i.i.d sequence z8, such that xt P

tzt,i : i “ 1, 2, ¨ ¨ ¨ ,Ku for all t P rT s.

Step 3: Bad i.i.d sequence is rare. Finally, the problem is now reduced to bounding the proba-
bility that a i.i.d sequence pz1, ¨ ¨ ¨ , zkq being r-bad, as we handle in the following proposition.

Proposition 20 Fix any r P p0, 1s. Suppose that z “ pz1, ¨ ¨ ¨ , znq is a sequence of n i.i.d vectors
drawn from µ. Then with probability at least 1 ´ δ (over the randomness of z)

Npr; zq ď 3
a

nd{r ` 6 logp1{δq.

Proof of Proposition 20. Fix any k ě 1, we bound the probability p :“ Pz„µpNpr; zq ě kq.
Note that Npr; zq ě k if and only if there exists a subset I “ ti1 ă ¨ ¨ ¨ ă iku Ď rns such that the
sequence zI “ pzi1 , ¨ ¨ ¨ , zikq is r-bad. Also, note that there are

`

n
k

˘

many such subsets. Therefore,
we can bound

p :“ Pz„µpNpr; zq ě kq ď
ÿ

IĎrns,|I|“k

Pz„µpzI is r-badq “

ˆ

n

k

˙

p0, (22)

where we denote p0 “ Pz„µppz1, ¨ ¨ ¨ , zkq is r-badq and use the exchangeability of i.i.d random
variables.
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In the following, we proceed to upper bound p0. To this end, we consider the unordered multiset
Si “ tz1, ¨ ¨ ¨ , ziu and the following random process:

Sn Ñ Sn´1 Ñ ¨ ¨ ¨ Ñ S1. (23)

Note that this is a Markov chain, such that given Si, the multiset Si´1 is generated as first randomly
select zi „ UnifpSiq, and the set Si´1 “ Siztziu. Further, we note that pz1, ¨ ¨ ¨ , zkq is r-bad if and
only if

wi :“ zi

˜

ÿ

jďi

zjz
J

j

¸:

zi ě r, @i P rks. (24)

Now, we can consider the backward expectation, where we define Hi “ pSn, ¨ ¨ ¨ , Siq to be the
history up to step i:

Erwi | His “ Erwi | Sis “ E

»

–zi

˜

ÿ

zPSi

zzJ

¸:

zi | Si

fi

fl “ Ezi„UnifpSiq

»

–zi

˜

ÿ

zPSi

zzJ

¸:

zi

fi

fl (25)

“ tr

¨

˝

1

i

˜

ÿ

zPSi

zzJ

¸˜

ÿ

zPSi

zzJ

¸:
˛

‚ď
d

i
, (26)

where we use trpAA:q ď d for any dˆ d positive semi-definite matrix A. In particular, this implies
Ppwi ě r | Hiq ď min

␣

1, d
ri

(

“: ai for any i ě 1. Now, we can bound

p0 “ Pz„µppz1, ¨ ¨ ¨ , zkq is r-badq “ Pz„µpw1 ě r, ¨ ¨ ¨ , wk ě rq (27)

“ Er1 tw1 ě r, ¨ ¨ ¨ , wk ě rus “ ErPpw1 ě r | H1q ¨ 1 tw2 ě r, ¨ ¨ ¨ , wk ě rus (28)

ď a1 Er1 tw2 ě r, ¨ ¨ ¨ , wk ě rus “ a1 ErPpw2 ě r | H2q ¨ 1 tw3 ě r, ¨ ¨ ¨ , wk ě rus (29)

ď a1a2 Er1 tw3 ě r, ¨ ¨ ¨ , wk ě rus ď ¨ ¨ ¨ (30)

ď a1a2 ¨ ¨ ¨ ak “

k
ź

i“1

min

"

1,
d

ri

*

ď
dk

k!
ď

ˆ

ed

rk

˙k

, (31)

where we use k! ě pk{eqk. Therefore, we can conclude that

p ď

ˆ

n

k

˙ˆ

ed

rk

˙k

ď

ˆ

e2nd

rk2

˙k

. (32)

Then, as long as k ě 3
a

nd{r ` 6 logp1{δq, it holds that p “ Pz„µpNpr; zq ě kq ď δ. This is the
desired result.

Finalizing the proof. Combining the results above, we can conclude that VAW achieves a sublin-
ear regret.

Proposition 21 Under Assumption 8, with probability at least 1 ´ δ:

T
ÿ

t“1

xJ

t V
:
t xt À

a

dCcovT logpT {δq ` logp1{δq.
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Proof of Proposition 21. By Lemma 18, we can further upper bound

T
ÿ

t“1

xJ

t V
:
t xt “: sRT ď 1 `

ÿ

1ďiďlogn

2´iNp2´i;xq. (33)

Now, we take the coupling γ constructed in Lemma 19 (with K “ rCcov logp2T {δqs). We know
that under γ and a success event E such that PpEq ě 1 ´ δ

2 , the sequence z “ pzt,jq1ďtďT,1ďjďK

are i.i.d random vectors from µ, and x is a subsequence of z. This immediately implies that under
E , we have Npr;xq ď Npr; zq for any r P r0, 1s. Finally, applying Proposition 20 to ri “ 2´i for
1 ď i ď log2 n and take a union bound, we know that with probability at least 1 ´ δ{2,

Npri; zq ď 3
a

nd{ri ` 6 logp4 log2pnq{δq, @1 ď i ď log2 n, (34)

where n “ TK. Combining the inequalities above and taking union bound gives the desired result.

Proof of Theorem 9. By Proposition 17 and Proposition 21, we have

RegpT q :“
T
ÿ

t“1

ppyt ´ ytq
2 ´ inf

θPRd

T
ÿ

t“1

pxθ, xty ´ ytq
2

ď

T
ÿ

t“1

xJ

t V
:
t xt

À
a

dCcovT logpT {δq ` logp1{δq.

C.2. Tightness of our analysis

We argue that in the worst-case, the sum
řT

t“1 x
J

t V
:
t xt “ Ωp

?
CcovT q even when d “ 1, demon-

strating that our analysis is nearly tight.

Lemma 22 For any C ą 1, there exists a smooth environment with Ccov ď C such that

E

«

T
ÿ

t“1

x2t
1 `

ř

iďt x
2
i

ff

ě Ωp
a

pC ´ 1qT ^ T q.

Proof. Fix 1 ď n ď
pC´1qT

4 `1 and set p “ min
␣

C´1
n , 1

(

. We consider the following environment:

• Initialize k “ 1.

• For t “ 1, 2, ¨ ¨ ¨ : With probability p, set xt “ 2k and set k Ð k ` 1. If k ą n, terminates
(i.e., outputs xt “ 0 afterwards). Otherwise, set xt “ 0.

26



SELF-NORMALIZED MARTINGALES AND UNIFORM REGRET BOUNDS FOR LINEAR REGRESSION

Then it is clear that the environment is C-smooth with measure µ given by µp2kq “
p
C for k P rns

and µp0q “ 1´
np
C ě 1

C . Further, when xt ą 0, it must hold that x2
t

1`
ř

iďt x
2
i

ě 1
2 . Therefore, we can

lower bound

E

«

T
ÿ

t“1

x2t
1 `

ř

iďt x
2
i

ff

ě
1

2
Ermintn,Lus,

where L „ BinomialpT, pq. As long as p ě 1
4T , it is clear that there is a constant c ą 0 such

that PpL ď cTpq ď 1
2 , and hence Ermintn,Lus ě 1

4 mint2n, cTpu. Suitably choosing n gives the
desired lower bound.

C.3. Dyadic filtration is enough

Proof of Lemma 1. The inequality Rdyadic
d pT q ď RdpT q is immediate, since every dyadic martin-

gale is admissible in the definition of RdpT q.

For the reverse inequality, let

Φps, V q :“ }s}2V : , s P Rd, V ľ 0.

Thus, for any admissible process pXt, Ytq
T
t“1,

RT “ ΦpST , VT q, St “
ÿ

iďt

YiXi, Vt “
ÿ

iďt

XiX
J
i .

Let ∆̃ denote the set of all probability laws on r´1, 1s with mean zero. Define recursively, for
t “ T, T ´ 1, . . . , 1,

FT`1ps, V q :“ Φps, V q, Ftps, V q :“ sup
xPRd

sup
pP∆̃

EY „p

“

Ft`1ps ` Y x, V ` xxJq
‰

.

We first claim that
RdpT q ď F1p0, 0q.

Indeed, fix any admissible process pXt, Ytq
T
t“1, and we prove by backward induction on t that

ErΦpST , VT q | Gt´1s ď FtpSt´1, Vt´1q a.s.

The case t “ T ` 1 is tautological. Assuming the claim at time t ` 1, we have

ErΦpST , VT q | Gt´1s “ ErErΦpST , VT q | Gts|Gt´1s

ď ErFt`1pSt, Vtq|Gt´1s

“ E
“

Ft`1pSt´1 ` YtXt, Vt´1 ` XtX
J
t q

ˇ

ˇGt´1

‰

.

Conditionally on Gt´1, the vector Xt is fixed, while the conditional law of Yt belongs to ∆̃ (because
|Yt| ď 1 a.s. and ErYt | Gt´1s “ 0). Hence the last display is at most FtpSt´1, Vt´1q by the
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definition of Ft. Taking expectations at t “ 1 and then the supremum over all admissible processes
yields RdpT q ď F1p0, 0q.

Next we claim that, for every t and every V ľ 0, the map s ÞÑ Ftps, V q is convex. This is proved
by backward induction on t. At time T ` 1, the claim is immediate since

Φps, V q “ sJV :s

and V : ľ 0. If Ft`1p¨, V 1q is convex for every V 1 ľ 0, then for fixed x P Rd and fixed p P ∆̃, the
map

s ÞÑ EY „p

“

Ft`1ps ` Y x, V ` xxJq
‰

is convex, because translation and expectation preserve convexity. Taking the supremum over x and
p shows that Ftp¨, V q is convex as well.

Now define the dyadic Bellman recursion by

GT`1ps, V q :“ Φps, V q, Gtps, V q :“ sup
xPRd

Eε

“

Gt`1ps ` εx, V ` xxJq
‰

,

where ε is a Rademacher random variable.

We show by backward induction that Ft “ Gt for all t. The terminal condition is clear. Assume
Ft`1 “ Gt`1. Fix s P Rd, V ľ 0, and x P Rd, and define

gxpyq :“ Ft`1ps ` yx, V ` xxJq, y P r´1, 1s.

Since Ft`1p¨, V ` xxJq is convex, the function gx is convex on r´1, 1s. Therefore, for every
y P r´1, 1s,

gxpyq ď
1 ` y

2
gxp1q `

1 ´ y

2
gxp´1q.

Taking expectation with respect to any p P ∆̃ and using EY „prY s “ 0, we obtain

EY „prgxpY qs ď
1

2
gxp1q `

1

2
gxp´1q.

Taking the supremum over p P ∆̃ and then over x P Rd gives

Ftps, V q ď sup
xPRd

Ft`1ps ` x, V ` xxJq ` Ft`1ps ´ x, V ` xxJq

2
“ Gtps, V q.

The reverse inequality is immediate, since the symmetric Rademacher law 1
2δ´1 ` 1

2δ1 belongs to
∆̃. Hence Ft “ Gt for all t.

Finally, let Htps, V q denote the supremum over all dyadic trees from rounds t, . . . , T of the expected
terminal payoff starting from state ps, V q. Then HT`1 “ Φ, and Ht satisfies the same recursion as
Gt:

Htps, V q “ sup
xPRd

Eε

“

Ht`1ps ` εx, V ` xxJq
‰

.

Therefore Ht “ Gt for all t, and in particular

G1p0, 0q “ H1p0, 0q “ Rdyadic
d pT q.
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Combining the previous steps, we conclude that

RdpT q ď F1p0, 0q “ G1p0, 0q “ Rdyadic
d pT q.

Together with the trivial inequality Rdyadic
d pT q ď RdpT q, this yields Rdyadic

d pT q “ RdpT q.

Appendix D. Proofs from Section 5

D.1. Proof of Theorem 11

By Lemma 10 and Eq. (18), taking Γ in Eq. (18) to 0, we have with probability at least 1 ´ δ{2,

}ST }2
V :

T

ď RegT pŷq ` 2σ2 logp2{δq. (35)

On the other hand, applying Propositions 17 and 21 to the VAW predictor with confidence level δ{2
gives, with probability at least 1 ´ δ{2,

RegT pŷq À σ2
´

a

dCcov T logp2T {δq ` logp2{δq

¯

. (36)

By the union bound, with probability at least 1 ´ δ both Eq. (35) and Eq. (36) hold.
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