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Abstract

We show that high-accuracy guarantees for log-concave sampling—that is, iteration and query
complexities which scale as poly log(1/d), where ¢ is the desired target accuracy—are achievable
using stochastic gradients with sub-exponential tails. Notably, this exhibits a separation with the
problem of convex optimization, where stochasticity (even additive Gaussian noise) in the gradient
oracle incurs poly(1/6) queries. We also give an information-theoretic argument that light-tailed
stochastic gradients are necessary for high accuracy: for example, in the bounded variance case, we
show that the minimax-optimal query complexity scales as ©(1/¢). Our framework also provides
similar high-accuracy guarantees under stochastic zeroth-order (value) queries, and an improved
complexity result for sampling from finite-sum potentials.

1. Introduction

We study the problem of sampling from a log-concave density 1 o< e~/ given access to a stochastic
gradient oracle for f. Our main result shows that if the stochastic gradients are unbiased and
have light tails (e.g., sub-exponential), then it is possible to generate a d-accurate sample in total
variation distance in polylog(1/0) queries and time. We refer to such a guarantee as a high-accuracy
guarantee.

Recent works take inspiration from the close connections between log-concave sampling and the
better-understood field of convex optimization. From that standpoint, the phenomenon we highlight
here could be surprising. Indeed, it is well-known that optimization in the presence of noisy
gradients—even additive Gaussian noise—does not admit high-accuracy guarantees. Information-
theoretic lower bounds (Agarwal et al., 2012; Raginsky and Rakhlin, 2011) establish that the optimal
bounds are 1/ in the strongly convex case, and 1/62 in the weakly convex case.

On the other hand, in the literature on Markov chain Monte Carlo (MCMC), there are remarkable
examples of “exact MCMC” methods in which various components of the algorithm are replaced by
unbiased estimates, yet the resulting Markov chain remains geometrically ergodic toward the original
stationary distribution. For example, suppose that p is the marginal distribution over a parameter 6,
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but there is an additional latent variable z. In this case, the exact density can be difficult to compute,
but unbiased estimators can be produced via importance sampling. Incorporating these estimators
into Metropolis—Hastings algorithms leads to the class of pseudo-marginal MCMC methods (Andrieu
and Roberts, 2009), some of which are exact.

When f is a finite sum of functions (e.g., negative log-likelihoods in a statistical context), there
is a great need to develop samplers which make use of batched stochastic gradients, echoing the
stochastic gradient revolution in machine learning. This led to the widespread use of stochastic
gradient Langevin dynamics (SGLD) (Welling and Teh, 2011); see Nemeth and Fearnhead (2021) for
a survey of recent developments. These methods are based on discretizations of diffusions and are
therefore not exact, i.e., they do not admit high-accuracy guarantees. Other works propose minibatch
variants of Metropolis—Hastings methods (Seita et al., 2018; Zhang et al., 2020; Wu et al., 2022b),
leading to tailored algorithms but often without quantitative convergence guarantees. A notable
recent advance is the work of Lee et al. (2021), which developed a high-accuracy sampler for the
finite sum setting; subsequent work (Gopi et al., 2022, 2023) developed high-accuracy samplers with
stochastic value (zeroth-order) queries. We revisit the finite-sum setting in Section 3.4.

Our interest lies in generalizing the above observations to the black-box setting, in which no
particular structure for p is assumed except log-concavity, the starting point of most non-asymptotic
analyses (Chewi, 2026), as well as generic properties of the stochastic gradient oracle. In doing
so, we aim to provide precise, non-asymptotic guarantees that incorporate recent state-of-the-art
advances in sampling theory so that these guarantees are as sharp as possible.

1.1. Contributions

Our main contribution is the development of high-accuracy samplers in the presence of stochastic
gradient noise, provided that the stochastic gradients have light tails (e.g., sub-exponential or sub-
Gaussian). As a preview of our results, suppose that the target distribution is a-strongly log-concave
and (3-log-smooth. Then, state-of-the-art guarantees for high-accuracy sampling (Chewi et al., 2021;
Wau et al., 2022a; Fan et al., 2023; Altschuler and Chewi, 2024; Chen et al., 2026) have established
that it is possible to draw a §-accurate sample in total variation distance from . oc e~ using

5(/<Jd1/2 polylog(l/é)) queries to exact oracles for f, V[,

where k := [3/« is the condition number of .

A consequence of our results is that it is in fact possible to draw a sample in
5((/4(11/2 + 0% /a) polylog(1/9)) queries to a stochastic oracle for V f

provided that the unbiased stochastic estimates g(x) of the gradient V f () satisfy the sub-exponential
tail bound E exp(||g(z) — V f(x)||/o) < 2. We note that our main results are considerably more
general, allowing for both log-concavity and log-smoothness to be relaxed, and covering noisy
zeroth-order queries as well; see Section 3.3 for details.

This demonstrates a surprising robustness to noise for sampling, in that o /o appears additively in
the final bound and does not significantly deteriorate the dependence on the target accuracy §. As
discussed above, this is a stark departure from the corresponding results in optimization, in which
stochasticity quickly degrades the rates to poly(1/9) regardless of the tail behavior.
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We further remark that the work of Chatterji et al. (2022) established a lower bound of (02 /§?)
in a certain regime, even under Gaussian additive noise. In Section 4.2, we explain why this does
not contradict our results: their lower bound example requires the strong log-concavity parameter «
to tend to zero with &; in fact, o < 62. Hence, our results imply that the 2(6~2)-scaling is in fact
a consequence of the target distribution being ill-conditioned. However, this raises the question of
whether one can prove a lower bound which captures the dependence on §, even when « remains
bounded away from zero.

We resolve this question via a new lower bound that captures how the tail behavior of the stochastic
gradients affects the complexity of sampling to high precision. In particular, when we only assume
that the stochastic gradients have bounded variance, our lower bound reads €2(1/4). This is actually
attained by our upper bound algorithm in this setting, establishing that the optimal rate is ©(1/4)
under a bounded variance constraint. More generally, if we only assume that finitely many moments
of the stochastic gradient are bounded, our lower bound shows that 2(1/¢) queries are necessary
for some exponent ¢ > 0.

Taken together, our results show that light-tailed stochastic gradients are both necessary and sufficient
for high-accuracy sampling.

Finally, we apply our method to the finite-sum setting f = m ™" >it, fi and improve the complexity
of high-accuracy sampling from O(m + & (vVmd + d)) (Lee et al., 2021) to O(m + kv/md); see
Section 3.4 for details.

2. Preliminaries
We first define the stochastic gradient/value oracle and its tail behavior.

Assumption 2.1 (Stochastic gradient oracle) For any x € R?, we can draw i.i.d. samples from a
distribution Ogyad(x) such that under g ~ Ograd(x), it holds that E[g] = V f(x).

We assume that there is a parameter my > 0 such that By o, ,(x)llg — Vf(@)|| < my for any
r € R4

Assumption 2.2 (Stochastic value oracle) For any © € R% we can draw i.i.d. samples from a
distribution Oeyai(x) such that under v ~ Oegyal(), it holds that E[v] = f(x).

For any stochastic oracle O and integer n > 1, we define O™ to be the batch oracle that, given

input x € R, returns y = L 5", ¢ by generating i.i.d. samples ¢!, ..., y" ~ O(x).

n

Definition 2.3 (Oracle with e-tail) Suppose that € = (e,)n>1 is a sequence of functions. We say an
oracle O is of e-tail if for any x € R% M > 0, n > 1, it holds that under g ~ o™ (x),

- E[lg ~ Elg)| Hllg ~ Elgll > M}] < en(M;)

We also denote €, (M) = sup,cpa €n(M; x).

Some cases of interest are as follows.
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Example 2.4 (Sub-polynomial tail) Suppose that for some parameter ¢ > 0 and og > 0, for any
x, under g ~ O(x), Eexp(w) <21
Og

Then, we can choose €1(M) < C¢ exp(—c¢ (M/0ag)¢) for M > og4. More generally, we can choose
en(M) < C¢exp(—cc(v/nM/og)¢) where ¢ == min{(, 2}.

Example 2.5 (Polynomial tail) Suppose that for some k > 1 and any x, E|g — E[g]||?* < o2f.
(Qk)!agllj
nk M2k -

Then we can choose €,(M) <

We carry out our analysis under the following Holder continuity assumption for V f. It interpolates
between the Lipschitz case (s = 0) and the smooth case (s = 1).

Assumption 2.6 (Holder continuous gradient) There exists s € [0,1] and s > 0 such that
IV (@) = VW) < Bs llw = yll* for all =,y € R™.

For technical convenience, we also state our results using an approximate proximal oracle.

Assumption 2.7 (Approximate proximal oracle) Given input xo, the oracle Oprox ) (0) returns ©
such that ||T 4+ nV f(Z) — xo|| < NEprox.

Alternatively, if we assume that the guarantee in the assumption holds with high probability, then our
results remain unchanged up to another error term in total variation distance. The following lemma
shows that the approximate proximal oracle can be implemented using the stochastic gradient oracle.

Lemma 2.8 Suppose that Assumption 2.6 holds with s € [0, 1] and denote ms = Be /(1+s)

that n < ﬁ and we are given access to a stochastic gradient oracle with e-tail.

. Suppose

Then, as long as the input xq satisfies ||V f(zo)|| < G, the approximate proximal oracle with € prox =
10(ms + M) can be implemented with probability at least 1 — €,(M ) using O(nlog(G/(ms+ M)))
queries to the stochastic gradient oracle.

Notation. For any function f : R? — R such that Z; = [p, e~/ @) dx < 400, we define 15 to be
the distribution over R? with density p17(z) = Zife_f (@),

For B > 0, we write Clipg(+) = max{—B,min{B,-}} and 75(-) = (|-| — B)+. We use < and
O(-) to hide absolute constants, i.e., f < g (and f = O(g)) if there is an absolute constant such that
f < Cg. The notation O(-) hides logarithmic factors.

3. High-accuracy sampling with stochastic queries

We build up to our results in three steps. Our methods build upon first-order rejection sampling
(FORS), a meta-algorithm recently developed in Chen et al. (2026) which simulates rejection sam-
pling given unbiased estimators of the log-density ratio between the proposal and target. Therefore,
we first review the FORS framework in Section 3.1. Then, in Section 3.2, we instantiate FORS for
the problem of sampling from a Gaussian tilt distribution, thereby showing that the results of Chen
et al. (2026) are robust to stochastic gradient noise. Finally, in Section 3.3, we combine the results of
Section 3.2 with the proximal sampler algorithm (Lee et al., 2021; Chen et al., 2022) to establish our
main results for log-concave sampling.

1. The case ¢ = 2 corresponds to a sub-Gaussian tail, and ( = 1 to a sub-exponential tail.
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3.1. Background on first-order rejection sampling (FORS)

To motivate the FORS algorithm, we replicate the motivating example of Chen et al. (2026) here.
Consider the simple problem of sampling from a density p oc e~f, where f : [0,1] — R, f(0) = 0,
and —1 < f/ < 1. In order to perform rejection sampling with the base measure Unif ([0, 1]), we
must generate randomness b ~ Ber(ce=7(*)) for any given z € [0,1]. To do so, one typically
assumes access to evaluations of f itself. The novelty of FORS lies in recognizing that this is
unnecessary—it suffices to produce unbiased estimators of f.

A more general version of this idea is known as the “Bernoulli factory” problem (Keane and O’Brien,
1994; Nacu and Peres, 2005), and variants of this idea can be found in multiple domains (e.g., Wagner,
1988; Papaspiliopoulos, 2011). It can be stated as the following abstract task:

Task: Given i.i.d. random variables Wy, Wa, W3, ... in [—1, 1], generate a sample b ~ Ber(ce™ 1),

To solve this, write the Taylor series as

e]Ewl — 6_1 . eE[1+W1] frd Z 67‘ (E[l + WI])] .
>0 I

Suppose that .J ~ Poisson(2) is independent of the i.i.d. sequence W7, Wy, Wi, .. .. Then we notice
that

JEW :eE[ J (1 +2Wj)} 7
=1

J

so we can set b ~ Ber(szl(HQWj )). Indeed, P(b=1) = EH}IZI(H;Vj) = IHEWL
In summary, to generate a sample b ~ Ber(ce™f (x)), it suffices to have access to (a random
number of) unbiased estimates of f(x). In Chen et al. (2026), this was leveraged to produce
high-accuracy samplers which only use queries to the derivative f’, via the representation f(x) =
Eyunif([0,2]) [f'(y)]. In our work, our goal is to leverage this phenomenon in order to produce
high-accuracy samplers that rolerate stochasticity in the gradient oracle.

We are now ready to state the general FORS meta-algorithm. Given a proposal distribution ¢, a tilt
function w, and a tuneable parameter B = O(1), the goal of Algorithm 1 is to produce a sample
from p(z) o g(z) e(®) without having access to the value w(z). Instead, for each € RY, we can
generate i.i.d. samples Wy, Wy, W5 ... such that E[IV; | z] = w(x). Let W, denote the conditional
distribution of W given x.

Theorem 3.1 (FORS guarantee, Chen et al. (2026, Theorem 3.1)) Algorithm 1 outputs a random
point with density p(z)  q(x) W11 The number of sampled W;’s is bounded, with probability
at least 1 — §, by 3Be?B log(2/6).

Moreover, if Algorithm 1 is called T times, then with probability at least 1 — 0, the total number of
sampled W;’s is O(Be?B (T + log(1/9))).
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Algorithm 1 First-order rejection sampling (FORS)

Input: Parameter B > 0, proposal distribution ¢ over RY, estimator distributions (W) ,cpd
supported on [— B, B|
for:=1,2,3,... do
Sample x ~ gq.
Sample J ~ Poisson(2B).
Sample i.i.d. Wy, ..., W; ~ W,.
Output z with probability [T7_; Z327.
end for

3.2. Sampling from Gaussian tilts with stochastic queries

The goal of this section is to sample from the following Gaussian tilt distribution:

(w) o exp(~ (x) - 2177 o ]?) ()

In Section 3.3, this will be used as a subroutine for the proximal sampler algorithm (Lee et al., 2021;
Chen et al., 2022), leading to new guarantees for log-concave sampling.

Remark 3.2 (Diffusion models) Leveraging the fact that the backward transition kernels along a
diffusion model are also Gaussian tilts of the form (1), Chen et al. (2026) used FORS to provide
the first high-accuracy sampling guarantees for diffusion models under minimal data assumptions.
Similarly, the results we present below could also be applied to that setting to show that diffusion
sampling can be made robust to stochastic errors in the score evaluations. For brevity, we do not
pursue this application here.

We now consider instantiating FORS for the Gaussian tilt distribution (1). Let 7, ,(x) := y(z; 2,7)
be any path function such that v, 1 () = x and 7, o(x) = (%) is independent of x; here, z ~ P is
an external source of randomness. Then, by the fundamental theorem of calculus,

f(:l:) - EZNPf(TY(Z)) = Eernif([O,l}),z~P<;Yz,7“(x)7 Vf(’)/z,r(x)» :

If we choose the proposal ¢ = N(Z, nI), where T is a fixed base point chosen so that ¢ ~ v (made
precise in Theorem 3.3), then g(z) exp(—ﬁ |z —Z||*), and hence

1 1 ~
logv(z) —logq(z) = —f(x) — % |z — 2o + o7 |z — Z||* + const

1 -
= —(x9g — Z,x) — f(x) + const.
n

Thus, applying the path integral formula to h(x) = 77! (zg — Z,2) — f(x), we can express

logl/(m‘) - log Q(x) = ETNUnif([O,l]),Z~P<;}/Z,T’(‘T)? ?771(500 - f) - vf(’yz,r(x))> + const .

By the guarantee of Theorem 3.1, it suggests that we use the unbiased estimator W, ., =
(Fzr(@),u — Vf(72r(x))), with u := (xg — &) /7. Actually, since the 1¥’s in Algorithm 1 must lie
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in [ B, B], we truncate the estimator to lie in this range. Further, we replace the exact gradients by
stochastic gradients, leading to

o~

Wizga = C“pB(Wz,r(x)a U — 9>) ) g~ Ograd('Yz,r(x)) .

Below, we choose the base point of the proposal z, the path function v, .., and the noise distribution
P in order to optimize the dimension dependence of our result.

Theorem 3.3 (Sampling from Gaussian tilts) Suppose that Assumption 2.6 holds, Ogpaq(-) has
e-tail, n > 1, and B = ©(1).
Instantiate Algorithm 1 as follows:

T0—7T
T

* g = N(Z,nl), where T is drawn from Opcox,p(0). We write u =

* W, is the law of Clipg(W,. . 4.2 ), where

Wizge = (e (@)iu—g), 7~ Unif([0,1]), 2~ N(0,nI), g ~ Oy (v:0(2)), ()
and
Varao(®) = arx + (1 — ap)T + bz, a, = sin(wr/2), b, = cos(nr/2),  (3)
so that ¥, 3 2, (x) = al.(x — T) + b).z.
Then, conditioned on ||u — V f(Z)||* < 3, and

S 3 2
27 1og?(1/9)

the law U of Algorithm 1 satisfies Dy (v, V) < 0 + CEyz, min{e,(M;z), 1}, where C is an
absolute constant.

1/(1+s)
) (M ) 0g(1/9),

!> (B2 log(1/8) +

In our application to log-concave sampling, 7 will be interpreted as a step size, and hence the overall
complexity of sampling will scale with !, multiplied by the batch size n and other distribution-
specific pre-factors. We pause to give several remarks to elucidate the dependencies in this result.

Remark 3.4 (Dimension dependence) The first term requires taking an inverse step size n™* > /33
in the Lipschitz case (s = 0), and = > 51d1/2 in the smooth case (s = 1). This matches state-
of-the-art results for high-accuracy sampling (Fan et al., 2023; Altschuler and Chewi, 2024; Chen
et al., 2026), except that we allow for stochastic gradient queries.

Remark 3.5 (Proximal tolerance) Since the theorem already requires taking n= > B2 + M? in
the Lipschitz case, and n~" > M? in the smooth case, then Lemma 2.8 (with n = 1) implies that
implementing the approximate proximal oracle with the stochastic gradient oracle only incurs a
logarithmic overhead.

1

Remark 3.6 (Accuracy dependence) 7o reach a final error of 6, we need to take n~" at least of

order M? = ¢,;1(8)%. We elucidate this in two cases of particular interest.

* (Sub-Gaussian tails) Suppose that the stochastic gradients have sub-Gaussian tails, which
corresponds to ¢ = 2 in Example 2.4. Then, we can take n = 1 and M? =< O'g log(1/9), thus

the final term requires =" > aé log®(1/5). Hence, this leads to a high-accuracy guarantee.
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* (Bounded variance) Suppose now that the stochastic gradients merely have variance bounded
by o2. Since e1(M) < 02/M?, we can choose M? =< ¢*/5. Thus, the dependence on
§ becomes =1 > 6 1log(1/6). Although it suffices to take n = 1 here, to avoid error
accumulation in the next section we will eventually have to apply batching (n > 1). After
doing so, the iteration complexity remains 1/6 (up to logarithmic factors).

In Section 4, we will show that the 1/6 rate is in fact optimal under the bounded variance
assumption (Proposition 4.2). Thus, high-accuracy sampling requires light-tailed stochastic
gradients.

Parallel to Theorem 3.3, we show that it is also possible to sample from the Gaussian tilt distribution
with only stochastic value queries, provided that the error of the stochastic value oracle is sufficiently
small.

Theorem 3.7 Suppose that Assumption 2.6 holds, and Oey4((+) has e-tail. Suppose that n > 1 and
B =0(1).

Instantiate Algorithm 1 as follows:

* g = N(Z,nl), where Z is drawn from Oproxp(z0). We write u = Zo—Z

7
* W, is the law of Clipg (W, 4, 1 ), where

Wz,v,v/,x =v —v- <’LL, T — Z> s z2~q, vy Og%(:ﬂ) s v~ O.(ECL(Z) . (4)
Then, conditioned on ||[u — V f(Z)|| < eprox, the law U of Algorithm 1 satisfies Dty (v, V) <
d + CEyp min{e, (B/4; x), 1}, provided that
sP;
dl—s

)1/(1+s)

0! > (52" 0g(1/6) + 2= 10g(1/9) + €20, log(1/3).

We note that in general, implementing the proximal oracle with only noisy queries will incur
additional computational cost. However, with the choice of Z = x, it is trivially guaranteed that
eprox = ||[Vf(xo)|. In this case, as we will see in Theorem 3.12 below, the term &3 in fact
dominates the complexity.

3.3. Log-concave sampling

To apply our results to log-concave sampling (and beyond), we apply the results of the previous
section to the proximal sampler algorithm (Lee et al., 2021; Chen et al., 2022). Given a target
distribution 1 oc e, the proximal sampler aims to sample from the augmented distribution

7(z.9) xexp(=f(a) = 5. ly=al).

It does so by applying Gibbs sampling to 7. Concretely, for n = 0,1,2,... and an initial point
Xo ~ o, repeat:
1. Sample Y, ~ 7Y 1X=Xn = N(X,,, n1).

2. Sample X, ~ 7XIY=Yn,
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The distribution 7X1Y=¥ is known as the restricted Gaussian oracle (RGO), and it is exactly the
Gaussian tilt distribution (1) with g = y. We therefore combine our result in Theorem 3.3 for
implementing the RGO, together with existing results on the convergence of the proximal sampler
itself, to deduce the following sampling corollaries. We begin by recalling the definitions of functional
inequalities.

Definition 3.8 (Poincaré) A distribution m satisfies a Poincaré inequality (PI) with constant C' if for
all compactly supported and smooth test functions h : R* — R,

Varyr (h(X)) < CExor[[|[VA(X)]?.

We let Cp(m) be the smallest constant C such that 7 satisfies PI with constant C.

Definition 3.9 (Log-Sobolev) A distribution m satisfies a log-Sobolev inequality (LSI) with constant
C if for all compactly supported and smooth test functions h : R* — R,

h*(X)

Bntxes (0(X)) = Bxtrer | 1*(X) log 57

<20 Ex~r ||| VA(X)|?) .

We let Cs|() be the smallest constant C' such that  satisfies LSI with constant C.

It is well-known (e.g., Bakry et al., 2014) that if 7 is a-strongly log-concave (SLC), i.e., —log 7
is a-strongly convex, then it satisfies LSI with constant 1/«, and if 7 satisfies LSI with constant
1/a, then it satisfies PI with constant 1/«. These represent meaningful enlargements of the class of
SLC measures which still allow for tractable sampling. For example, unlike SLC, LSI is robust to
bounded perturbations of the log-density; and unlike LSI, PI allows for capturing measures without
sub-Gaussian tails (e.g., the two-sided exponential). See Chewi (2026) for further background in the
context of sampling. In addition, recent progress toward the KLS conjecture (Klartag, 2023) implies
Cpi(m) < O(logd) - |E-[X X T]||op under log-concavity of 7.

We now present a suite of results by combining Theorem 3.3 (Theorem 3.7) with the guarantees of
the proximal sampler (Chen et al., 2022). Let ¢ps(0) == inf{n > 1: €,(M) < §/(10C)}. We note
that this can be relaxed to the “in-distribution error’:

N
dmn(0) = inf{n >1: %ZEQCNM min{e,(M;z),1} < 5/(100)} ,
k=1

where i, is the distribution of the X}, in the exact proximal sampler.

Theorem 3.10 Suppose that Assumption 2.6 holds for some s € [0,1], and that Ogeaq(-) has e-tail.
Suppose that we are given an initial distribution jig such that log(1 + D,z (o || 1)) < A.

Choose

1 1/(1+

o = (B 0g(N/8) + 5210 (N/3)) /7 4 M2 log(N5) 5)
for a sufficiently large universal constant C' > 0. Let ji denote the law of the output of the proximal
sampler initialized at o, where in each step the RGO is implemented by Theorem 3.3. Then, the
proximal sampler ensures Dy ([, 1) < & using at most N (5/N ) log A queries to Ograq(-) in the
following situations.
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1. Suppose that p satisfies a log-Sobolev inequality with constant Cis)(pn) < oo and s = 1 (i.e.,
f is smooth). Then,

N < Cisi(p) (B1d"?10g*? A+ (81 + M?) log® A) ,
where A = d+ A + 61 4+ CLs(u) (81 + M?).
2. Suppose that y satisfies a Poincaré inequality with constant Cp)(p) < oco. Then,
N < Cpi() ((B2d%log A + 52 log? A)Y+9) 4 M2 log A) (A + log(1/6)),

where A = d+ A+ 61+ Cpi(p) ( 2/0Fs) M?).

3. Suppose that y is log-concave. Then,

2
N < ((B2d*1og A + 21og? A) /) 4 M%10g A) - WQ(;OM) :

where A ==d+ A+ 61 + (55/(”3) + M?) W2(uo, i)

Remark 3.11 (Dependence on §) As an illustration, we describe the implied query complexity in
the following special cases.

 [f the stochastic gradients have subexponential tails (Example 2.4 with ( = 1), then for
M > og4, we can take ¢p;(0) < (0g/M)log(1/0). Therefore, we can take M = og in all of
the results above, and the iteration complexity equals 5(]\7 ). For example, in the smooth LSI
case, the query complexity reads O(Cysi(B1d"/?* + aé)).

* On the other hand, in the bounded variance case (Example 2.5 with k = 1), we can take
ér(8) < 03/ (6M?), and the total query complexity becomes (N V N2a2/(5M?)) log A.
We then choose M to balance the terms. For example, in the smooth LSI case, the query
complexity reads

Nlog A+ Cisi[(Bid/M?)log® A + M?log* A] (03 log A) /5,

This leads to a total query complexity ofa(mil/2 (14 CLs103/9)), where k = Cys)31 is the
condition number.

We emphasize that while sampling guarantees with stochastic gradients are well-studied (e.g.,
Dalalyan, 2017; Dalalyan and Karagulyan, 2019; Durmus et al., 2019; Balasubramanian et al., 2022;
Huang et al., 2024; Lu et al., 2025), our contribution is to provide high-accuracy guarantees, provided
that the stochastic gradients have light tails.

In the next section, we show that the assumption on the tails of the stochastic gradient is necessary.
We also provide a corresponding result for stochastic value queries.

Theorem 3.12 Suppose that Assumption 2.6 holds and that Oey4(-) has e-tail. Suppose that we are
given an initial distribution pig such that log(1 + D,z (po || p)) < A.

Choose

| At log(N/5)

1 512/ (145)
= (B0 ( ;

cr ) log (/) ©

10
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for a sufficiently large universal constant C' > 0. Let [i denote the law of the output of the proximal
sampler initialized at po, where in each step the RGO is implemented by Theorem 3.7. Then, the
proximal sampler ensures Dty (fi, ) < 0 using at most N¢1(5/(4N)) queries to Oeyal(+) in the
following situations.

1. Suppose that p satisfies a log-Sobolev inequality with constant Cis)(pn) < oo and s = 1 (i.e.,
f is smooth). Then,

N < Cusi(p) B1 (d+ A+ log A) log® A,

where A :=d+ A+ 671+ CLsi(p) pr.
2. Suppose that i satisfies a Poincaré inequality with constant Cp)(u) < oc. Then,

N A+log A

N 5 Crp) (B0 (14 =

) (A +log(1/6))log A,

where A = d+ A+ 61 + Cpi(p) 2/(1+s),
3. Suppose that i is log-concave. Then,
A +log A W3 (po, 1)
< 512/ (1+s) — T L2\ 0 )
N < (Bsd®) (1+ y )logA e,
where A :=d+ A+ 571 + ﬁs/(Hs)Wg(uo, ).

Note that under noisy value queries of sub-Gaussian tail (Example 2.4), it holds that €, (1) < e /%
for n. > o7, and hence ¢1(5) = O(o; log(1/6) + 1). Thus, assuming that f is a-strongly convex
and [-smooth, the query complexity (roughly) scales as O(kd - max{ag, 1}), where k = [/« is
the condition number. By reduction to zeroth-order optimization, it is expected that in this setting,
sublinear dependence on d cannot be achieved.

3.4. Application: finite-sum sampling

We now consider a slightly more abstract formulation of the finite-sum sampling problem. For
simplicity, we focus on the smooth setting.

Assumption 3.13 The function f takes the form f(x) = Eyp F(xz;w), and computing VF (x; w)
requires unit cost. Furthermore, |V F (x;w) — VF(z';w)|| < p1 ||z — 2'|| for all w and z, z' € R

Theorem 3.14 Suppose that Assumption 3.13 holds and that the initial distribution g satisfies
log(1+ Dy2(uo || 1)) < A. Consider implementing the proximal sampler as follows.

* Initialize Xg ~ uyo.
* Foreach k > 0, sample Yy, ~ N(Xy,nI).

e If k mod K = 0, query )/fkﬂ ~ Oprox,y(Yr) and compute V f(X},). Otherwise, set )A{k+1 =
X1 + Y — Yoy, where m(k) .= K| k/K |.

Let Og11() denote the distribution of VF(z;w) — VF(Xpmy;w) + V(X)) under
w ~ P.

11
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* Instantiate Theorem 3.3 with oracle Oy and center Xy 1 to generate Xy 1.

Then, assuming that each call to the proximal oracle Oprox p(+) succeeds with probability at least
1—46and

61 > VEd+ K*3(d+ A +log(K/8))Y3 + (e /B1 + 1) log(K /), @)
1n

the distribution [ix of our algorithm satisfies Drv(un, in) < NJ.

Note that when P = Unif([m]), i.e., f(z) = = 3" fi(=), evaluating V f(x) has cost m, and the
proximal oracle can be implemented via standard SVRG methods in O( ) time. Therefore, assuming
A = O(d), we can choose K = m to obtain a query complexity of O(m + 1 (Vmd + m2/3d*/3)),
where x = C|g|(u)B1. This improves upon the O(m + k (Vmd + d)) complexity achieved in Lee
et al. (2021) in the regime m < d. Moreover, by combining the two results, i.e., using our result for
m < d and their result for m > d, it yields an overall bound of 5(m + kvmd).

4. Lower bound: light tails are necessary for high-accuracy sampling
4.1. A simple lower bound

We establish lower bounds for sampling with stochastic gradient queries under oracles with bounded
1)-moment.

Definition 4.1 Ler 1) : [0, 4+00) — [0, 400) be an increasing function such that 1)(0) = 0. An oracle
Ograd(+) is a Y-oracle for f if for any x € RY, under g ~ Ograd(), it holds that E[g] = V f(x) and
Ed(lg = Vi) <1

In the following, we present a simple information-theoretic argument based on the goal of sampling
from a one-dimensional Gaussian pg = N(6, 21). Here pg(z) o exp(—fy(z)) with fy(z) =
2(z—0)*and V fy(z) = a(z — ). Since fy is a-strongly convex, the LSI holds with Cis|(pg) < L.

Proposition 4.2 (Lower bound) Fix any increasing function v : [0,+00) — [0, +00) such that
¥(0) = 0. Suppose that T > 1 and § € (0,1), and there is an algorithm Alg such that for any
0 € {0,0/\/a}, given any W-oracle O for fy, return a sample x ~ Alg(O) using T queries to O
and Dty (pg,Alg(0O)) < 10 Then, it holds that

T>—_Fy(vas),  Fu(8) =supfu>0:(1—w(6) - u>0-v(u)}.
lO\f
Remark 4.3 As demonstration, we describe the implied query complexity lower bound in the
following special cases.

* Consider the case where the only assumption on Ogyad(-) is that the variance is bounded by o2
Then we can take 1p)(m) = ’?—22 and Fy(0) = %? — O forany 0 < 2, i.e., Q02 /(ad)) queries
are necessary for stochastic gradients with only bounded second moment. Thus, in this case,
our upper bounds are optimal (Remark 3.11), at least with respect to the dependence on 9.

- os/(s—1)

* More generally, for y)(m) = (m/o)® with s > 1, we have Fy(8) < $=, i.e., if the only
assumption on Ograqd(-) is a bounded s-th moment, Proposition 4.2 yields a lower bound of

12
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s/(s—1) . . . . . PO
Q(%) queries. In particular, taking s — 1 implies that it is intractable to sample

with stochastic gradients with only bounded first moment.

¢ For Ogyad(-) with sub-exponential tail, we take {(m) = e(m/9)" _ 1 with ¢ > 0. Then
Fy(5) > Q(olog'/$ (0 /5)), and Proposition 4.2 yields a lower bound ofﬁ(ﬁ log!/¢ ﬁ)
On the other hand, in this case, the argument of Chatterji et al. (2022) yields an alternate

lower bound of Q(%Q) in this case.

Remark 4.4 (Dimensional dependence) For light-tailed (e.g., sub-exponential) stochastic gradi-
ents, our upper bound scales as 6(Hd1/2 + 0% /a), whereas our lower bound does not scale with
d. The kd'? term is therefore not captured by the lower bound; since it is independent of the
variance proxy o, it reflects the baseline cost of sampling even with an exact oracle. It may be
possible to reduce this term, as the best-known lower bound for exact-oracle sampling scales only as
min{+/k, d} (Chewi et al., 2023). However, closing this gap remains a long-standing open question.

4.2. Revisiting the lower bound of Chatterji et al. (2022)

Here, we discuss the lower bound of Chatterji et al. (2022), which also applies to sampling with
stochastic gradients, in order to avoid potential misunderstandings.

Their main lower bound shows that there is a strongly log-concave and log-smooth distribution, with
condition number £ = O(1), such that it requires (o2 /6%) queries to reach § error in TV distance.
Here, o is the variance of the stochastic gradients.” This appears to contradict our upper bound,
which only requires O(1/§) queries in the bounded variance case. Moreover, inspection of their
lower bound reveals that it holds when the stochastic gradient oracle is produced by adding Gaussian
noise; in particular, the stochastic gradients have sub-Gaussian tails. In such a setting, we have
produced algorithms whose complexity scales as O(polylog(1/9)).

To resolve this apparent contradiction, we remark that Chatterji et al. (2022, Theorem 4.1) requires
taking the strong log-concavity parameter a < §2. Our upper bounds, which generally incur a
dependence of o2/, therefore match their (o2 /52) lower bound for their hard examples up to
logarithmic terms. However, their lower bounds do not address the question of what the best
dependence on ¢ is, provided that « is bounded away from zero. This is the reason why we proved
Proposition 4.2.

We leave it as an open question to prove a more general lower bound which captures the dependence,
not just on 4, but on other problem parameters such as « and d. In the case of exact oracle access,
proving lower bounds for sampling remains notoriously challenging, with existing results providing
sharp characterizations only for Gaussians or in low dimension (Chewi et al., 2022, 2023).

5. Conclusion

In this work, we have shown that high-accuracy guarantees—polylog(1/9) rates—are achievable
for sampling, provided that the stochastic gradients have light tails. Moreover, via an information-
theoretic argument, we have shown that light tails are necessary for such a result. In fact, as a
by-product of our analysis, we identified that the optimal dependence is ©(1/4) if the stochastic

2. A variance bound of o2 in our convention corresponds to a variance bound of ¢-2d in theirs.
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gradients are only assumed to have a bounded variance. We then improved the state-of-the-art for
high-accuracy sampling from finite-sum potentials.

Several open questions remain, of which we list two: (1) Can the lower bound be extended to
capture dependence on other problem parameters, such as the dimension d? (2) What is the optimal
complexity in the finite-sum setting?
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In this section, we show how to implement the approximate proximal oracle (Assumption 2.7) using
a stochastic gradient oracle.

Proof of Lemma 2.8. Our goal is to approximately compute

Let 2* be an optimal solution to the minimization problem. We denote m, :=

~ . 1 9
r & arg min )+ —|lx—x .
g min (f() + 5l = zol%)

1/(1+s)

1

We consider the following linearized update rule: Let Xy = x¢, and

Xk — ngr + xo

5 s Gk~ ngﬁd(Xk), Vk > 0.

X1 =

17

and assume
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Note that 2* 4+ nV f(z*) = z. Therefore,

2| Xpt1 — 2| = [ Xk — ngx — 2" + 0V f(27)]]

<Xk =2 = n(VF(Xi) = V@) +nllge — VF(Xe)]l -
In the following we denote
= | Xk — 2",  Ep=|g — VHXR)-

Note that by Assumption 2.6,

[ Xk — 2% = n(Vf(Xy) = V(@) < | Xy —2*| +nlV(Xx) = V()]

<Ap+ WﬁsAZ .

When s € (0,1), we can use AM—GM inequality to derive n5;A% < %A + nmy. It is also
straightforward to verify this inequality holds for s € {0, 1}.

Then, it holds that

Ak + n(ms + Ek)

Appq < 2 :
2

Vk>0.

Applying this inequality recursively, we get

ns () e+ 33()

Note that P(Y > 2y) < %E(Y —y)4 for y > 0, and hence

<Ak>2<

[ o

) A0+4?7(ms+M) f:( ) E(Eg_s — M)+

Note that
Ao = [lzo — 2™ = 0V f (@) < nllVF (o)l + nllV f(z0) — Vf (")

<0G +nPsllzo — 2™[|° < nG + nms + %Am

and hence Ay < 2nG + 2nms. In particular, when k& > 101og(4G/(M + ms)), we know
P(Ax > 5n(ms + M)) < en(M).

Finally, note that

1 X5 + 0V f(Xk) = mo < [ X — 2™ + 0l Vf(Xy) = V(2]

< Ap+nBAf < gAk + nms,

and hence we know

P([[ Xk + 0V f(Xk) — zoll = 10n(ms + M)) < en(M).
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Appendix B. Technical tools
Lemma B.1 Let A > 0, B > 0. Then

Ezono.on) e 7P+ — 1] < 2e3¥°7"
Further, when B > 2max{\o?, o}, we can bound

Eznoon 7P —1] < o752,

Proof. By rescaling, we may assume ¢ = 1. Then, we can upper bound

E 002 X7+ —1] < \/5 / Ae=B)=12 g,
b 7T B

T™JB

where ®(w) = \/%7 [ e~2%" dz. The first inequality then follows from ®(B — \) < 1. Further,

w

using the inequality ®(w) < Torw ¢~3%" for w > 0, we can bound
E 7 noo2)[e 770+ — 1] < 263X Ao(B - )

142 1p2 1p2
< @3N AB=3B? o B

O
The following lemma is standard (Chen et al., 2026).
Lemma B.2 Suppose thatn > 0 and 0 < A < 2. Then, it holds that
EWNN(O,UI) eXP()\||W||2S) < exp(2(nd)°A).
For two probability measures 11, v, and £ > 1, we write Dy(p || v) == E, (&)1 — 1.
Lemma B.3 Forany £ > 1, it holds that
max{Dy(pis || ptg), De(pg | 1)} < By [e2 V@ mol 1), ®)
Furthermore, it holds that
Drv(pg, pig) < By [e21@=0@1 1] ©)

Proof. By definition, we can write

Z, = / e I@HI@-9@) gy = 7, . B, el @90
R4
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and hence

Therefore, we have

Hfye—1 _.\ 1 N
L+ Dy || pg) = Euf(;f) = (Euf[ef 9]) By, [0
g9

—1)|f—g|\2 20| f—
< (Eﬂf e=DIf 9|) <E, e [f gl]‘
Similarly,
Hg e g\ ¢ _ (- _
L+ Di(pg [l 1y) = Eﬂf(;j) = (Euf[ef g]) 'Euf[ez(f 9] < Epple 4= By, [ 9]
< (B, ezlfaql)2 <E,, 20/ =91] .
Combining both inequalities completes the proof of the first inequality.

To prove the second inequality, we note that

2D1y (s, p1g) = By, |22 — 1| = E eftee)
50 ) = By 22 — 1] = By |20y
frHg Bf if LTrpf E#f[ef 9]
1
f=9 _ f=97 _
< g erma) (Busle! ™0 = 11+ By e/~ - 1)
2
< —— K, lef9—1].
E#f[efig] al

Note that |¢” — 1| < el*! — 1 and m <Eg [e9=f] < Ey, [el7=91], so we can deduce

Drv(pg, p1g) < By, [e 9] (B, [ — 1) < E,, [2/791 — 1],

Lemma B.4 Forany f : X — [0, 1), it holds that
Bp[f] = ME,[f] < inf M~OD (14 Dy(pll0)).
Proof. By definition,
dp dp
Bylf] - ME,[f] =B (£ - M) f] <B, (5L - M) .
p[f] q[f] q dq f — ~q dq n
Note that for any random variable Y > 0, we have
1-+ A\ x _ E[YY
E(Y — M)+ = E[I{Y > M} (Y = M) S P(Y > M) "3 (B[ = M2Y))" < 25

Combining these inequalities and taking infimum over A > 1 completes the proof. g
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Lemma B.S (Sub-additivity for TV distance) Suppose that X1 — --- — X7 is a Markov chain.
Given a family of transition kernels p = (py : X — A(X))ic[r), we let P, be the law of X1, ..., X1
under X1 ~ p1, X¢ ~ pi(- | X¢—1). Then, for any families of transition kernels p, p/, it holds that

T
Drv(P,,Py) < ZEXt,lep [Drv(pe(- | Xe—1), pi(- | Xe-1))],
t=1

where we regard Xo = L and p1(- | L) = p1.
Lemma B.6 Suppose that Y is a random variable such that E[Y| = 0. Then forany B > 0, X € R,
| X —EClipg(X +Y)| <7p/2(X) + min{2B,E1p/,5(Y)}.

Proof. First, note that |Clipg(X) — Clipg(X +Y)| < 2B, we know

X —EClipy(X +¥)| <X — Clipg(X)| + |E[Clip (X) - Clips(X + V)]
<7p(X)+2B.

On the other hand, we know X = E[X + Y7, and hence

|X —EClipg(X +Y)| < E|X +Y — Clipg(X +Y)|
= ETB(X+Y) < TB/Q(X) +ETB/2(Y).

Combining both inequalities completes the proof. g

Appendix C. Proofs from Section 3
C.1. Proof of Theorem 3.3

Without loss of generality we only consider the case n = 1. We denote by P, the joint distribution
of (r, z, g) under (2).

By Theorem 3.1, the output of Algorithm 1 with the specified choices samples from 7, such that
log () —log q(z) = const + E,. . oyop, Clipg(Wr 2 g.2) -
We denote W, == (¥..(2),u — Vf(72,(2))), and we know
Wirzge = Wrze = (Y20 (@), V(120 (2)) = 9)
has mean zero under g ~ Ograd(7z,-(2)). On the other hand, we know

E, . WT,ZJ: =E,. <'3’Z,r (z),u — Vf('Yz,r (z))) = — f(x) + (u, ) + const
= logv(x) — log q(z) + const .

Then, using Lemma B.6, we have

llog v(z) — log v(x) — const|

IN

By Wﬁzﬂf B EgNOgrad(%,r(m)) C“pB(WT,Ag,w)

Er,z TB/Q(WT,Z,:E) + Enz min{ZB, EgNograd(’Yz,T(x)) TB/?(Wr,z,g,z — Wr,z,x)} =: V(a?)

IN
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Then, using Lemma B.3,
Dry(v,7) < Eyple?V @) — 1] < 2P By e?V@ — 1], (10)

where the second inequality uses Z” (z) < 2B for 2 € R?. Using the definition of V, 21V <
e?* + e%¥ and the convexity of w — e¥, we also know

22V ) < B, . exp(2750({ier (2), u — Vf (720(2))))

+E,. eXp<2miH{QB>ngograd(yz,7.(z)) 78/2((Vzr (®), Vf (v (2 })
Now, note that for any fixed » € [0,1] under z ~ ¢ = N(Z,nl) and z ~ P = N(0,nl),
[Vz,r(2); 42, ()] are jointly distributed as
er@) e @] ~N( [] 7 . (11
Z,T s Jz,r 0|’ (7_‘_/2)277[

This implies that
21+ e 2B Dry(1,7)) < 2E g 2@
< Ep By 2oN(01) €XP(T5/2((Yzp (@), u — V f(12(2)))))
+ B Epmg 200 P (min{ 2B, Eg0, -0 T8/2( (o (0), VF (2 (2)) = 9)) })
= Eyg 20N(0,(r/2)200) €XD (T2 ((Z1,u — V f(2))))
+ Epmg, 20 ~oN(0,(x/2)27T) €XD (min{QB, Eg0ya(x) TB/2((Z1, V f(2) — 9)) }) :
Therefore, by Lemma C.1, there is a constant ¢; such that as long as % > ¢y M?(log(1/68) + N), it
holds that for any 2 € RY such that e(M;z) < C == 643871,
EZ N0, (/2)2n1) P (2 Egoya(v) TB/2([(Z1,9 = V(2))])) =1 < 6 +8¢(M).

This immediately implies that

Eynq, 2,~N(0,(x/2)2nT) €XP (2 min{2B7Eg~Ograd(I) 7g/2((Z1, Vf(z) — 9>)}) -1
<6+ 8K, min{e(M;x),C}.

By Lemma C.2 and Corollary C.3, there is a constant cz such that as long as

7711+s > o2 <ds log(1/8) + —— log (1/5)) +e (] Eprox log(l/é))Hs
it holds that
Eorq, 20N (0, /2)201) €XP (275 /2 ((Z1,u — V [(Z)))) = 1 < 6,
and E,[f] < e E,[f] + ¢ for any bounded function f : R? — [0, 1]. This immediately implies that
E;qmin{e(M;x),C} < eE;, min{e(M;x),C} + 0.

Combining the inequalities above and rescale & < g completes the proof. g
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Lemma C.1 Suppose that C > 1 is a constant, c M < g and \ < min{m%w, 20%} Then,
as long as e(M;x) < C, it holds that

B2

E 0021 05D (AEgno, (o T5((Z, V(@) — )])) 1 < ™5 4 8e(M; ).

Proof. We denote P = N(0,02]) and let @ be the distribution of v = g — V f(z). Without loss of
generality, we assume the support of () does not contain 0, and define m = E,g||v||. Note that we
assume ¢(M;z) < 1,1i.e.,

(C =DM = Epgll[o[I{[lv]| > M}] = m = Eogll[vl|I{[jo]| < M}] = m — M,

ie., m < CM. Define o, = ﬁ‘”% Then we know E,.g[1/ay,] = 1, and hence we can consider

the distribution @ over R? such that %( g) = 1/a,,. We can rewrite

I = EZNpexp()\IEUNQ TB(’<Z,U>D) -1
= Ezwpexp(AE, glaws(|(Z,v)])]) — 1
< EZNP’UN@ exp(/\avTB(HZ, v>|)) —1.

Then, using Lemma B.1, we can obtain the following upper bounds:

(1) When B > 2max{|[v]|o, \a2[[v][262}, i.e., when [[v]| < £ and m + M < Y2/ i holds
that
__B?
Ez.pexp(AayTa([(Z,0)])) =1 < e 8°IvI® |
(2) For any g # 0, it holds that
Ey-p expauts(|(Z, 0)])) — 1 < 263308070 < 9o b N msan?a? <y
where we use the condition \ < ﬁ and the fact that m < C M.
Now, we note that we assume M < % and CM < ¥ Bg (2/\). Then we can upper bound
I < E, gll{llv]l < M}(Ez~pexp(AawTp([(Z,0)]) = 1)]
+ E,gI{llvll > M}(Ez~p exp(Aawtp([(Z,v)])) - 1)]
— B2
< e whE +4P, (o] > M).
Finally, using %(g) = ”:JE% , we have
2
P, gUlvll = M) < - EoglllvlIilvll = M}

Combining these inequalities gives the desired upper bound. g
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Lemma C.2 Suppose that Zy ~ N(0,n1), Z1 ~ N(0,0°1), and Y = T + Zy. Suppose Assump-
tion 2.6 holds and ||V f(Z) — u|| < €prox. Then it holds that

B 41— B
EexpArp([(Z1, VF(Y) = u)])) =1 < 2 (—— { : })
ePOTB(2, VI =) = 1 < 2exp\ =gy i\ [ oage o o252y
| d1—s B
0< A< < min{ , 3
for0 <\ < 5 min o232 o2l + 2B (nd)?

Proof. We write

My = Eexp(Ap([{(Z1, Vf(Y) —u)])) — 1
< Eexp(A(|(Z1, VI(Y) — u)| — B))

1
< 2¢B Eexp(§A202|]Vf(Y) - u||2)

< 26 ABENCIVI@ I | oxp (X202 ||V (V) — V(@)]?) -

Using Assumption 2.6 and Lemma B.2, it holds that as long as \2o2 63 < il;j ,

Eexp(\2o?|VF(Y) = VF(@)|2) < Eexp(Ao282Y — 7| < exp(2\20262(nd)°) .

Therefore, we have shown

[ dl—s
2 2.2 2 212 s
M)\ S Qexp(/\ g Eprox + 2“0 /Bs (T]d) - AB) y for \ S m .

Note that A — M), is an increasing function, and hence we can choose

dl—s B
dsnso2B2’ 2022, + 40253(77(05} ’

prox

Ay = min{

so that for any A < ), it holds that

My < Ms <9 ( B . { dl—s B })
exp| —— min )
A= Av = P 12 577502ﬁ§’ U25%rox + UQB? (ﬁd)s

O

Corollary C.3 There is an absolute constant ¢ > 0 such that the following holds. Suppose ||u —
V@) < eprox.

Forany § € (0,1], as long as % > cegrox log(1/§) and 771% > cB2d*log(1/6), for any f : R —
[0, 1] it holds that

Eq{f] < eEu[f] + 4.
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Proof. Recall that (in the proof of Theorem 3.3) we denote W, , . := (¥, ,(z),u — V f (7., ()))
and

logv(x) — log q(x) + const = E,., W, . ,..
By Lemma B.3, it holds that for any ¢ > 1,

max{Dy(v || q), De(q||v)} +1 < EpgEr 2 2 Wzl
= E;Epy, 2~N(0,nI) exp(2€[{ Yz (), u — V f(72(2)))])
= Eyrg, 2/ ~N(0,(r/2)2n1) €XD (26‘ (z',u—Vf(x) ‘),

where the last line uses Eq. (11). Then, from our proof of Lemma C.2, we know that as long as

dlfs
50£2”76§ S 45,,739

max{Dy(v || q), De(q || V)} + 1 < By srn(o,(n/2)201) €xP(2¢] (2", u — V £ (2))])
< 2exp(1006%9||V £(2) — ul|* + 1006182 (nd)*®) .
Finally, by Lemma B.4, it holds that for any f : R — [0, 1],

Blf] ~ eB,1f) < inf (1 + Dilg] ).

Then, we set ¢, = 200”(53“);53(”(1)5). Aslongas /, > 1, wehave E,[f] —eE,[f] < el=3% This is

the desired result. O

Corollary C.4 There is an absolute constant ¢ > 0 such that the following holds. Suppose ||u —
V@) < eprox- As long as % > cego, and nllJrS > ¢f2d®, it holds that 1 + D, >(v || q) <
el b+ 52d%)

Proof. It is straightforward to verify that for V(z) :== E,., W, , , it holds that

EIN(] eZV(:p)

1 +DX2(V H q) == m
Note that E,,[V (z)] = 0 by Eq. (11). Hence,

1+ sz(v H q) _ Equ 62V(I) < Equ Er,z €2W7~,z,z
=E, Equ,ZNN(O,nI) eXp(2<;YZ,T(x)7 U= Vf(’}’z,r(qf)»)
= Ex’rwq, 2! ~N(0,(m/2)2nI) eXp(2<Z,, u— Vf(aT,»)

7w NP
= Eugexp( G fu— VF@)|2).
The remaining proof is the same. g
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C.2. Proof of Theorem 3.7

Without loss of generality we only consider the case n = 1. We denote by P, the joint distribution
of (z,v,v") under (4).

By Theorem 3.1, the output of Algorithm 1 with the specified choices samples from 7, such that
log U(z) —log q(x) = const + E(, ,, yyp, Clipg(Ws 0,07 2) -
On the other hand, we know

E(z,v,v’)wPZ [Wz,v,v’,m] = - f(l‘) + (’LL, .T> -+ const
= logv(z) — log q(x) + const .

Then, using Lemma B.6, |log v(z) — log V(x) — const| < V(z), where
V(‘T) = E(z,v,v’)sz TB(Wz,U,U’,a:)
< Ez~q min{QB, vaoeva|(x),v’woeva|(z) 7-B/2(U - f(.%‘) + f(Z) - 1)/)}

B 72 f(2) — F(@) — (u, 2 — 7))
E.qmin{2B, e(B/4 ) + e(B/42)} + By 7y f(2) - f(@) — {u,z — 2)).

IN

In the following, we denote A, , := f(z) — f(z) — (u,z — z). Then, using Lemma B.3,

Drv(v,v) < E,p [exp(2 E.ngTB/2(Az2) +2 min{2B, e(B/4;x) + ¢(B/4; z)}) — 1]

9B (12)
< e Eg zng [eXp(2TB/2(Ax’Z) +2min{2B,e(B/4;x) + €(B/4; z)}) — 1}
where we use ‘;—g (z) < e?B for 2 € R and the convexity of w  e®. In the following, it remains to

prove the following lemma (the rest of the proof then follows from the argument of Theorem 3.3). [

Lemma C.5 Let A, , := f(z) — f(2) — (u,x — z) and ¢ = N(Z,nI). Suppose Assumption 2.6
holds and ||V f(Z) — u|| < eprox. Then it holds that

B dlfs B
2,2mq € = SO MW B2 nedoe + nB2(nd)s S )

dl—s B }
sn*NB2 Nedox +nB2(nd)* S

1
<A< —mi
for0 < A < 16111111{

Proof. We can express

1
Aps= f(2) — f(2) — (w— 2) = /0 G (2), T ( (2)) — ) i,

where 7, ,(x) and 4, ,(x) are defined in Eq. (3). Then, using the convexity of w — T7g(w), we can
upper bound

Ex 2mvq e)\TB (Az,2) < Eernif([O 1)) Em 2mvq e>\TB((’*/zm(x)avf(Vz,r(m))_u>) .
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Now, following the proof of Theorem 3.3, we know that for any fixed r € [0, 1], under x, z ~ g, the
vector 7, (), ¥.,-(x) are jointly distributed as

er@sier @~ N[5 7 yenr] )

Therefore, we have shown that

ECE,ZN(] eATB(Am’Z) < IEZONN(0,17[),Z1NN((],(71'/2)277I) exp()‘TB(|<Zlv vf(f—f_ ZO) - u>|))

Applying Lemma C.2 completes the proof. U

C.3. Proof of Theorem 3.10

Let p be the transition kernel on R induced by the proximal sampler, i.e., X' ~ p(- | X) is
generated by Y/ ~ N(X,nI) and X' ~ 7XIY=Y" Then, p induces a Markov chain Xy, X1, --- by
Xo ~ po, Xnt1 ~ p(- | Xp) forn > 0. For n > 0, let i, be the law of X,.

Similarly, we let p be the transition with 7% y=y" implemented via Theorem 3.3, and the induced

Markov chain X, X1, --- is given by Xo ~ 1o, Xpn+1 ~ p(- | Xy) forn > 0. For n > 0, let fi,, be
the law of X,.

Then, by Lemma B.5 and data-processing inequality, it holds that

N-1
Dry(fin, pn) < Drv(P5,Pp) <Y Expepu, D1v(BC | Xn), (- | X)) (13)

n=0

In all cases, we use the following error analysis. By Lemma C.6 and the fact that D, (py, || 1) <
Dy (po || 1), it holds that with G = O(8s' " (d + A + log(N/5))),

o
> < —.
mas Py, (VA 2 ) < 5

Note that as long as |V f(X,,)| < G, we can implement the proximal oracle at X,, with eprox =
10(6;/(1+S) + M)) and success probability at least 1 — €, (M) by Lemma 2.8, using

O(nlog(G/BY1+4))) = O(nlog A) queries to Ograq(-) -
Therefore, by the choice of 7 (5), we can implement the RGO via Theorem 3.3 so that

Drv(p( | Xa),p(-| X)) < o+ Ben(M)

as long as ||V f(X,)|| < G, using O(nlog A) queries. Then, by a conditioning argument, we see
that

0
EXunpin DTv(P(- | Xn), p(- | X)) < P (IVF(Xn)ll 2 G) + 557 + Den(M)

)
< — M) .
_5N+5en( )
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Therefore, taking summation over k = 0,1,--- , N — 1 gives

= 1)
Drv(iin, pun) < 5t 5Nep(M). (14)

Finally, we can set n = ¢ M(NLN) so that €, (M) < mLN' Note that this implies

- 3
Dyv(iiy, i) < 1 O+ Dyv(pn, p) -

Now, we apply results from Chen et al. (2022) to bound N such that Dy (un, ) < %:

o LSI case. Here, N =< ain log W.

D
e PI case. Here, N =< ai log w.
n
e LC case. Here, N =< W%ggzo’“ ).
Plugging in the choice of 7 in (5) gives the desired results. O

Lemma C.6 Suppose that Assumption 2.6 holds and v is a distribution such that
log(1+ Dy (v || py)) < A.

Then it holds that for § € (0,1),

642/ 0+

2 s
Pxy (HVf(X) - = q(1=s)/(1+s)

(A+d+1og(1/))) <.

Proof. We follow the proof of Chewi (2026, Lemma 6.2.7). For any vector v € R?, we bound

1
flz+v)— f(x) = (v,Vf(x)) = / (0, Vf(x+rv) — Vf(x))dr < BT, Vo € RY.
0
Then, we can bound
/ e~ f@t0) gp > / o F@ @I @)=Ballol 1+ g
R R
Re-organizing gives

Exoy, [eVIEN] < Bellel™ 0y e RY
For any m > 0 such that 85 < mfil);n%’

Lemma B.2 gives

we can take expectation over v ~ N(0, mI), and then

Expy exp( 319 COI) < exp(26,(mad)1+)12).
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Therefore, we choose m > 0 such that m!*s = and then

d175
1652

m m
Ex exp( 5 VA(X)|P) < J (14 Dy (v || 1)) Exesy exp( SV (X))
1 1

< 4 (1+s)/2) < 1 ‘

< exp<2A+ﬂs(md) ) _exp(2(A+d))
Applying Markov’s inequality gives

—m m
PV 2 6) < e By exp (2 IVFOI?) <4

aslong as G? > (A + d + log(1/4)). This is the desired result. O

C.4. Proof of Theorem 3.12
The proof is very similar to the proof of Theorem 3.10.

By Lemma C.6 and the fact that D, (g, || 1) < D2 (g0 || 1), it holds that with G > 0 chosen as

) 6453/(1+s)
it holds that
1)
Px.. X, > Gy) < —— .
max P, (VS (X0)]) 2 G3) < 13

Note that as long as ||V f(X;)|| < G, we can implement the proximal oracle at X,, with eprox = G
by trivially returning x = X,,. Therefore, by the choice of 7 (6), we can implement the RGO via
Theorem 3.7 so that Dy (p(- | Xn), p(- | Xpn)) < IOLN + 10€, (M) as long as ||V f(X,)| < G,
using O(n) queries. The rest of the proof is concluded as before. U

C.5. Proof of Theorem 3.14

Denote
1
(o ) oo exp(~F() = g0 e = oll)

We let P, () be the probability law of (X, Yp), ..., (X, Yn) induced by the proximal sampler, and
E.[-] be the corresponding expectation.
In the following, we choose M > 0 as
M? = 4B{CKn (d + log(K/5)) + 4BTCK*n*B1 (d + A + log(K/d))
where the constant C' > 0 is from Lemma C.7, and A = M + €prox.

For each ¢ > 0, we consider each time step in the epoch K; := [i K, (i + 1) K). By definition of the
oracle Oy 1, as long as ||z — X,k < % it holds that ||g — V f(z)|| < M deterministically under
the oracle Oy1 (). Therefore, by Theorem 3.3, as long as

717 > B1\/dlog(1/6) + (A% 4+ M? + ;) log(1/6), (15)
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and [|Y; — )?kﬂ —nVf ()?kJrl)H < nA, it holds that our algorithm generates a sample X1
following a distribution Vg1 (- | Y%, Xix) satisfying

~ M
Drv((- | Vi), s (| Yio Xirc)) S 6+ P iy (X = Xaacll > 55

Note that Eq. (15) can indeed be ensured by Eq. (7). Then, taking expectation over (Y, X;x) ~ P,,
we have

B Drv(v(- | Y. P (| Yo, Xia0) 5+ B (10— X 2 5
P, (Vi — Xis1 — 9V f (K1)l > nA) .
By definition, Xk+1 = )/(\'ZK 4+ Y. — Yk, and hence

Vi — X1 — 0V F (X)) || = | Yix — Xiw — nV F( X,
< |VYix — Xik —nVf(X;
= ||Yix — Xix =V f(X;

]
)|+ 81 | Xire — Xy |
k)|l + Bin || Y — Yik]| -

><> ><> ><>

Therefore, we can bound
P, (Vi = Xi1 — 0V (Xps)l| > nA)

— ~ M
P, (|Vik — Xix — 0V F(Xix)|| > neprox) + P*(HYk — Y| > E) .

By our definition of the proximal oracle Oprox (), the first term of the RHS is bounded by 4.
Combining the inequalities and taking summation over k£ and apply Lemma B.5, we know

[N/K]
Drv(un,in) < > Y. EeDrv(w(- | Ya), Ok (- | Ya, Xik))
1=0 kek;N[N]

|N/K|

SNO+ ZZ% kel;m []P)*(HXk Xik| > 2]\;[1> +IP*(HY,€ Y| > 2{)]

SN,
where the last inequality follows from Lemma C.7. ([l
Lemma C.7 Suppose that Assumption 2.6 holds and v is a distribution such that
log(1+ D,2(v || uy)) < A.

Consider the Markov chain Xog — Yy — -+ — Xg — Yx generated by the proximal sampler.
1 .
Then as long as n < T it holds that for 6 € (0, 1),

_ > < — > <
P(;g%m Yol = R) <34, P(lgg%nxk Yol = R) <34,

where R > 0 is defined as (C' > 0 is an absolute constant):

R? .= CKn(d +log(K/5)) + CK*n*B1(d + A + log(K/6)) .
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Proof. Denote (- | y) = N(prox, ;(y),nI). We consider the following distributions of Markov
chain Xg > Yy — -+ = X — Yk

(1) P is the distribution of the exact proximal sampler, i.e., Xy ~ v, and for each k € [K],
Vi | Xj ~ N(Xg, nl) and Xy | Vi ~ v(- | V).

(2) Q is the following distribution: Xy ~ v, and for each k € [K], Y | X3 ~ N(Xg,nI) and
X1 ~ v (- | Y).

By Corollary C.4, there is a constant ¢; > 0 such that as long as % > 10 \/&, it holds that

L+ Dy (v(-|y) | (- |y)) < exp(en®Bid), vy eRY.
Therefore, it is straightforward to verify that

1+ Dy (P | Q) <(1+ gé%ngz(V(' [9) (170 [9)))™ < exp(en?SidK) < O(1).

In the following, we denote X, = prox, r(Yi—1), Zx = X — Xi-1,and Zj, = Y, — Xy. Then, we
can express Y;,_1 = X; +nVf(Xy),and hence Yy, = Y1 + Z, + Z, — nVf(X). Apply this
recursively, we get

k
Yi—Yo=> (Zi+Z) nZVf
i=1
Therefore, we can bound

\|Yk—m|<HZZ+Z' +n2uw H+n612|!ZH

Note that under Q, 2%, (Z; + Z!) ~ N(0, 2knI) and hence for any k € [K],
k
Q (HZ% L 2)|| = VR (Vi + 2\/1og<1/6>>) <4
i=1
In addition, Q (|| Z;|| > /7 (V/d + 2+/1og(1/5))) < 4. Therefore, using the union bound, we get

K
@ maxli ~ Yol > (VIR + Ky) (Vi + 2B @RT0) + 1 3_IVF(X9)]) <0
i=1

1 .
Note that n < RIS Then, applying the change-of-measure argument, we get

K
P( ol — Yol > €/ (Vi + vioglRT8) + 03IV ) <
=1

Finally, by Lemma C.6, we can show P(||[Vf(X;)| > C2+/B1(A + d +log(K/6))) < %. Taking
the union bound completes the proof of the first inequality. The second inequality follows similar by
noting

k—1
Xp—Xo=2Z+ Y (2 +Z)+Zk—nZVf
=1 1=1
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Appendix D. Proofs from Section 4
D.1. Proof of Proposition 4.2
Fix any p € [0, 1] such that py»(\/ad /p) + ¥ (y/ad) < 1. We denote M = @.

We denote §# = §/\/a. Consider 1-oracle Op and Op: for any € R, Op(z) returns ax with
probability 1, and Oy(z) returns ax — M with probability p and returns ccz otherwise. Then, Oy is a
w-oracle for fp, and Oy is a y-oracle for fy, because

Egn0y) ¥(lg — fo(@)]) = po(M — ab) + (1 — p)ip(ad) < 1.

Note that
D1v(Oo(z),0g(x)) =p,
and hence by the sub-additivity of the TV distance (Lemma B.5), we have
Drv(Alg(Oo),Alg(Op)) < Tp.

On the other hand, by our assumption, it holds that

1) 1)
Dv(po,Alg(Op)) < 10° Drv(pe, Alg(Oyp)) < 0

An elementary calculation also yields

Wl

D1v(po,pe) = Drv(N(0,a),N(0,a ")) = Drv(N(0,1),N(5, 1)) >

Therefore, by triangle inequality,

1)
3 < D1v(po,pe) < D1v(po,Alg(Oo)) + D1v(Alg(Oo),Alg(Op)) + Drv(pe,Alg(Op))

o
<—-+4T
_5+ D,

and this implies 7' > &. Taking infimum over p € (0, 1] such that pip(y/ad/p) + ¥(y/ad) < 1
completes the proof. O
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