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Abstract

We study calibeating, the problem of post-processing external forecasts online to minimize cumu-
lative losses and match an informativeness-based benchmark. Unlike prior work, which analyzed
calibeating for specific losses with specific arguments, we reduce calibeating to existing online
learning techniques and obtain results for general proper losses. More concretely, we first show
that calibeating is minimax-equivalent to regret minimization. This recovers the O(log T') calibeat-
ing rate of Foster and Hart (2023) for the Brier and log losses and its optimality, and yields new
optimal calibeating rates for exp-concave losses and general bounded losses. Second, we prove that
multi-calibeating is minimax-equivalent to the combination of calibeating and the classical expert
problem. This yields new optimal multi-calibeating rates for exp-concave losses, including Brier
and log losses, and general bounded losses. Finally, we obtain new bounds for achieving calibeat-
ing and calibration simultaneously for the Brier loss. For binary predictions, our result gives the
first calibrated algorithm that at the same time also achieves the optimal O (log T') calibeating rate.

Keywords: Calibeating, online calibration, probabilistic forecasting, proper scoring rules, regret
minimization, online learning

1. Introduction

Calibration has attracted growing attention in recent years as a desideratum for probabilistic predic-
tion, motivated by the need to produce reliable probabilities for downstream decision-making (Guo
et al., 2017). Despite its appeal as a benchmark for reliability, however, calibration is not neces-
sarily a meaningful test of forecasting expertise. For example, online calibration can be achieved
by randomized strategies without any knowledge of the data-generating process (Foster and Vohra,
1998). Hence, calibration alone cannot distinguish true expertise from uninformative procedures.
To quantify and preserve forecasting expertise, Foster and Hart (2023) introduced calibeating
in a post-processing setting. In this setting, an external forecaster (e.g., a machine learning model)
outputs a probabilistic forecast at each round, and then the learner produces its own forecast based
on it. It is known that for proper losses such as the Brier and log losses, the cumulative score can be
decomposed into a calibration term, which measures the reliability, and a refinement term, which
measures the informativeness and skill. This motivates the question of whether one can improve
reliability without sacrificing skill. Calibeating formalizes this goal by requiring the learner’s loss
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to be as small as the external forecaster’s refinement score (in other words, to “beat” the forecaster
by its calibration error).

Existing work (Foster and Hart, 2023; Lee et al., 2022) establishes online calibeating guar-
antees for the Brier and log losses, and studies extensions such as beating multiple forecasters
(multi-calibeating) and imposing simultaneous calibration constraints. These results rely on loss-
specialized analyses. More broadly, the fundamental statistical difficulty of calibeating and its rela-
tionship to standard online-learning problems have remained unclear, leaving open whether known
bounds are optimal or how they generalize beyond the Brier and log losses.

1.1. Our Results

We study calibeating from an online-learning perspective. Rather than analyzing different losses
on a case-by-case basis, we identify simple reductions from (multi-)calibeating to standard online-
learning primitives. This yields a “plug-and-play” analysis: by instantiating the reductions with
classical online-learning algorithms, we obtain general upper and lower bounds in a modular way.

Calibeating = no-regret learning (Section 3). We prove that calibeating is minimax-equivalent
to regret minimization. Theorem 4 gives a reduction that turns any no-regret learner with regret
bound «(7) into a calibeating algorithm with a corresponding bound that scales with |Q|, the
number of distinct external forecast values over 1" rounds. The reduction exploits the fact that
the refinement benchmark decomposes across distinct forecast values, allowing one to treat each
corresponding subsequence independently. Instantiating this reduction recovers the O(|Q|logT)
guarantees ! for the Brier and log losses from Foster and Hart (2023) and extends them to general
exp-concave losses (Corollary 7). We also obtain an O(+/|Q|T") bound for general bounded proper
losses (Corollary 5). Conversely, Theorem 8 provides a matching lower bound that completes the
minimax-equivalence.

Multi-calibeating = calibeating + expert problem (Section 4). Next, we present (in Theo-
rem 11) a simple decomposition of multi-calibeating into calibeating and the expert problem: run a
separate calibeating subroutine for each forecaster to produce candidate predictions, then aggregate
them with an expert algorithm. The resulting multi-calibeating guarantee is the sum of the calibeat-
ing bound and the expert regret bound. For exp-concave losses, we obtain a logarithmic bound of
O(log N + |Q™|log T') (Corollary 13), where N is the number of forecasters and Q™) is the set
of distinct forecasts produced by forecaster n. This improves exponentially over the polynomial de-
pendence on N in Foster and Hart (2023) and the polynomial dependence on 7" in Lee et al. (2022).
We complement this with a lower-bound reduction (Theorem 14), showing that multi-calibeating
inherits hardness from both the expert problem and the calibeating problem. This yields matching
lower bounds for Brier and log losses and shows the tightness of our results (Corollary 16).

Simultaneous (multi-)calibeating and calibration for Brier loss (Section 5). Finally, we pro-
vide new bounds for achieving calibeating and calibration simultaneously. We propose a meta-
algorithm that tracks an arbitrary reference algorithm while ensuring calibration (Theorem 17). The
construction employs two existing online learning primitives: the reduction by Blum and Mansour
(2007) to enforce calibration via the calibration-swap-regret connection, and a two-expert algorithm
by Sani et al. (2014) to aggregate the predictions from the Blum—Mansour (BM) reduction and the

1. We omit the polynomial dependence on the number of outcomes for presentation clarity and refer the detailed bound
to the theorem statements.
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Table 1: Comparison of prior and our guarantees in N, 7', K (the number of outcomes), and |Q| (we
assume |Q(")| = |Q| for simplicity). For simultaneous calibeating and calibration, the first
rate is for calibeating and the second for calibration. We omit polynomial dependence on
K for presentation clarity, and O omits logarithmic dependence on I'. The simultaneous
results of Foster and Hart (2023) are only for calibeating (but not multi-calibeating), so we
only show results for calibeating for comparison. The results of Lee et al. (2022) are only
for binary outcomes.

Setting Loss class Prior work This paper
Exp-concave — O(1Q|logT) (Cor. 7, 10)
o - Brier 0(|Q|logT) ! 0(|Q|logT)
Calibeatin
®  -Log O(Q|logT) ! o(|Q[log 7)
Bounded - o(+/|Q|T) (Cor.5,9)
Exp-concave — O(log N + |Q|logT) (Cor. 13, 16)
Ml O((N +1Q))log )
Calibeating Brier O(VNT +1Q|logT) !
~ 1 3
O(VIQl(log N)«T%)
Bounded - O(/TlogN ++/|Q|T) (Cor. 12, 15)
Brier
Calibeating . ~ 2 1. x
& Calibration - binary O(\Q\gTs),Oﬂ 12 s 0(IQ[log T),O(VT) (Cor. 18)

K—1

TR ) L O(|Q|+T*7 ), O(T*+1)  (Cor. 19)

QI5T3)
Klass  O(QIFHT#),0(Q)
T Foster and Hart 2023, Z Lee et al. 2022

reference algorithm. Instantiating the reference with the (multi-)calibeating algorithms from the
previous sections, for the Brier loss, we obtain for the binary case the optimal logarithmic (multi-
)calibeating rate of O(log N + |Q(™) | log T') while ensuring a sublinear ¢»-calibration error of order
O(\/T ) (Corollary 18). This improves the polynomial 7-dependence on the calibeating side in
Foster and Hart (2023) and improves both sides compared to Lee et al. (2022). For multi-class out-
comes, we derive explicit tradeoffs between (multi-)calibeating and calibration (Corollary 19). In
particular, at one extreme, we recover the known dependence on T for calibration (Foster and Hart,
2023; Fishelson et al., 2025) while dropping the \Q(”)| dependence in Foster and Hart (2023). For
a summary of our results and comparisons with prior work, see Table 1.

1.2. Related Work

Calibeating. In the seminal work proposing calibeating, Foster and Hart (2023) give online guar-
antees for the Brier and log losses via a bin-wise estimation viewpoint. They also study extensions
to multiple forecasters and to simultaneous calibeating and calibration. Lee et al. (2022) formu-
late simultaneous multi-calibration and multi-calibeating as an online multi-objective optimization
problem, achieving favorable dependence on the number of external forecasters but suboptimal de-
pendence on the time horizon. In comparison, our results are obtained via reductions that connect
calibeating to standard online-learning problems. Finally, as an application, Gupta and Ramdas
(2023) apply calibeating as a robustness layer on top of online Platt scaling to guarantee adversarial
calibration in binary classification while preserving predictive performance.
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Online recalibration. Online recalibration is studied in the same post-processing setting as cal-
ibeating, but it benchmarks performance by proper-loss regret rather than refinement. The goal is
to achieve small regret relative to the external forecaster while simultaneously ensuring calibrated
predictions (Marx et al., 2025; Deshpande et al., 2024). For binary classification, Kuleshov and
Ermon (2017) provide adversarial online guarantees, and Okoroafor et al. (2024) obtain improved
bounds and explicit regret versus ¢ -calibration tradeoffs via Blackwell approachability for strictly
proper losses. These tradeoffs yield sublinear but typically polynomial-in-1" rates. While we focus
on the Brier loss in our simultaneous guarantee, we target the stronger refinement benchmark and
achieve logarithmic-in-7" rates while still ensuring sublinear ¢,-calibration.

Calibration and proper scoring loss. Proper scoring losses admit classical decompositions into
a reliability (calibration) term and an informativeness (refinement) term (Dawid, 2006; Sanders,
1963; Brocker, 2009). In this spirit, £»-calibration (Foster and Vohra, 1998) and KL-calibration (Luo
et al., 2025) can be viewed as online analogues of the calibration term for the Brier loss and the log
loss, respectively; more generally, this motivates defining online calibration measures compatible
with arbitrary proper scoring losses. Several calibration notions, including ¢5-calibration (Fishelson
et al., 2025) and KL-calibration (Luo et al., 2025), have been shown to be equivalent to swap-regret
objectives. We exploit this connection in our simultaneous guarantees by enforcing (pseudo-)swap
regret via the BM reduction (Blum and Mansour, 2007).

2. Model

We consider an online prediction problem over a finite outcome space with IV external forecasts.
Let K > 2 be the number of possible outcomes, and A = {p € RE, : Z,le pr = 1} be the
probability simplex. We let [n] denote the set {1,...,n} for any positive integer n. The outcome
space is denoted by £ := {e; : i € [K]} C Ak, where e; is the i-th standard basis vector.

The interaction proceeds for 7" rounds. At each round ¢ € [T, the learner first observes NV
external forecasts, qt(") € Ak, n € [N], and makes its own prediction p, € Ag. The outcome
y¢ € &€ is then revealed, and the learner incurs loss ¢(p¢, y¢). For simplicity, we assume that ¢1.7 :=
(qt)thl and yi.7 = (yt)f:1 are generated by an oblivious adversary, i.e., they are decided at time
t = 0 with complete knowledge of the learner’s algorithm (but not its random bits).

Throughout, we consider a proper scoring loss £ : Ag x £ — R, i.e., losses such that for any
q € Ak, g € argmingen, Eyy[l(p,y)]. We write £(p, q) = Eyq[¢(p,y)]. Let 1{-} denote the
indicator function, which equals one if the condition holds and zero otherwise. Given a prediction
sequence p1.7 and outcome sequence ¥1.7, for any p € A, denote the number of times the learner
predicts p as ny(p) = Zthl 1{p: = p}, and the empirical outcome distribution conditioned on
prediction p as ph(y) = #(p) Zthl {p: = p,yr = y} fory € &, whenever ny(p) > 0. With
these definitions, the cumulative loss, refinement score, and calibration error are defined as follows.

Definition 1 The cumulative loss of predictions p1.7 under outcomes yy.1 is

T

Lr(prr,yir) = Y L(pe r) -
=1
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The refinement score is

Rr(prr,y1.1) E nr(p)l(py, ) = § qrgin 0(q, ye)
K
p Pt—=p

Finally, the calibration error is
Kr(pr1,y1:7) = Lr(pr.7, y1:7) — Rr(prr, yir) -

By construction, LT = Ry + K7 and Kt > 0. Moreover, K coincides with the full-swap-
regret notion of Fishelson et al. (2025), while R corresponds to the best-in-hindsight swap-regret
benchmark. Indeed, for each prediction p, the refinement term equals the loss of the best constant
predictor over rounds with p; = p. Thus, the refinement score measures the informativeness of
the forecasts: sequences that induce finer bins with lower within-bin variability achieve smaller
refinement. In contrast, the calibration error measures within-bin reliability, i.e., how close the
issued prediction p is to the empirical conditional distribution p. on the corresponding subsequence.

Proper scoring losses admit a classic decomposition into terms measuring the informativeness
(or refinement) of forecasts and their reliability (or calibration) in a probabilistic setting; see, e.g.,
Brocker (2009); Dawid (2006). Definition 1 can be seen as the empirical counterparts of these
quantities.

Example 1 For Brier loss £(p,y) = ||p — yl|3, the refinement score equals the weighted sum of
within-bin variances, and the calibration error becomes the {s-calibration (Foster and Vohra, 1998),

1
Rr(pur, yi:r) ZHT Zm”ﬁ%—yt|’%7 Kr(pur, yur) = ZHT )p — o3 -

L:pt=p
Example 2 Denote the Shannon entropy under distribution p to be H(p) = — ), pi log py. For
log loss ¢(p,y) = — Zszl Yi log pi, the refinement score equals the weighted sum of the Shannon

entropy within each bin, and the calibration error becomes the KL—calibration (Luo et al., 2025),

Rr(pr.r,y1:1) ZNT VH(p7) s Kr(prr,yir) = ZTLT ) KL(p7lp) -

Motivated by this decomposition, Foster and Hart (2023) compare the learner to the external
forecaster’s refinement score and define the notions of calibeating and multi-calibeating.

Definition 2 (Calibeating and Multi-Calibeating) A learner is o(T)-multi-calibeating w.r.t. loss
L if for any external forecasts {qgn%}ﬁ[:l and outcomes y1.T, the learner’s predictions py.T satisfy

Lr(prr,yir) < RT(QY;lT)ayl:T) +a(T) ,¥n € [N]. ey

We call a(T') the multi-calibeating rate. We say the learner is multi-calibeating if o(T) = o(T).
When (1) holds in expectation over the learner’s randomness, we call o(T) the expected multi-
calibeating rate. When there is only N = 1 external forecast, we simply say calibeating.

We also introduce another performance measure called calibration.
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Definition 3 (Calibration) A learner is 3(T')-calibrated w.r.t. loss C if for any outcome sequences
y1.7 (and any external forecasts), the learner’s predictions p1.7 satisfy

Kr(pr.r,y1:7) < B(T). ()

We call 3(T') the calibration rate and say the algorithm is calibrated if 5(T) = o(T). When (2)
holds in expectation over the algorithm’s randomness, we call B(T') the expected calibration rate.

Note that calibeating and calibration are incomparable in general. Calibeating only guarantees
that the learner’s loss is no larger than the forecaster’s loss minus the forecaster’s calibration error,
i.e., it competes with the external forecaster’s refinement score. The learner’s calibration error
might not vanish if it itself attains a low refinement term.

3. Calibeating = No-Regret Learning

This section considers the calibeating problem, i.e., when there is only one external forecast every
round. Let Q) == {¢: : t € [T']} denote the set of distinct external forecast values that appear over the
horizon.? Foster and Hart (2023) study the Brier and log losses and give algorithms with calibeating
rate of O(|Q|logT"). We recover and extend their results by reductions to no-regret learning.

First, define the regret of predictions p;.7 under outcomes y;.7 to be

T T
Regr(prr,yir) = Y L(pe, ) — min > lpw) -
t=1 t=1

We say an algorithm has (expected-)regret of «(7T') if Regr(pr.1, y1.7) < «(T) always holds (in
expectation). The following theorem shows that calibeating reduces to no-regret learning.

Theorem 4 For any proper loss { and any online algorithm A with regret o(T'), where « is a
concave function, Algorithm 1 is |Q|a(T'/|Q|)-calibeating.

Proof The reduction partitions the rounds ¢ € [T'] by the external forecast value ¢;, and runs an
independent copy of the no-regret learner A for each forecast value. Formally, for any external
forecast ¢ that appeared at least once, run a separate copy of A, denoted as A,, on the subset of
rounds Z,, == {t : ¢ = q}. For each subsequence, we have

> Mpey) = min Y Up,ye) < alnr(a)) -

t:qt=q t:qt=q

Summing up over all the subsequences and by Definition 1, we have
Lr(prr,y1r) — Rr(qur, y17) < Z a(nr(q))

cin (S5

~ 10l () -

(Jensen’s inequality)
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Algorithm 1: Calibeating by Bin-Wise No-Regret
Input: Online learner A.
fort =1to 7 do
// prediction
Observe external forecasts ¢; € Ag.
if Ay, is uninitialized then
| Initialize a fresh copy A,, < A.
end
Query A,, and obtain prediction p; € Ag.
// update
Observe outcome y; and incur loss £(p¢, y¢ ).
Update A,, with y;.
end

which finishes the proof. n

We note that common regret bounds obtained for standard online algorithms are all concave
in T, e.g., they are often of the form O((log T)*T?) for some o > 0 and 3 € [0,1). The algo-
rithm of Foster and Hart (2023) can be recovered as a special case of Theorem 4, with the online
algorithm being follow—the—leader (FTL) (with a standard interior restriction for the log loss to
avoid the unbounded boundary). Moreover, Theorem 4 readily obtains O(/|Q|KT') for bounded
proper losses (Luo et al., 2024) and O(|Q|log T') for exp-concave losses (Hazan et al., 2007), which
encompasses Brier and log losses as special cases.

Corollary 5 For bounded proper loss {, instantiating the online learner in Theorem 4 with the
follow-the-perturbed-leader algorithm of Luo et al. (2024) yields an algorithm with expected cal-

ibeating rate of O(\/|Q|KT).

We note that, inherited from the no-regret guarantees in Luo et al. (2024), the algorithm in
Corollary 5 can actually achieve O(+\/|Q|KT) simultaneously for all bounded proper losses.

Definition 6 A convex function ( is n-exp-concave if exp(—nt) is concave.

Corollary 7 For an n-exp-concave loss € (e.g., Brier and log losses), instantiating the online
learner in Theorem 4 with exponentially weighted online optimization (EWOO) (Hazan, 2016)
vields an algorithm with an expected calibeating rate of O(% log(1 + %)) For the Brier
loss, instantiating the online learner with follow-the-leader yields an algorithm with an expected
calibeating rate of O(|Q|log(1 + %))

Besides the upper bound, we also prove that any lower bound for no-regret learning with a
proper loss implies a lower bound for calibeating. Combining with Theorem 4, our results show
that calibeating is minimax-equivalent to regret minimization. We defer the proof to Section A.1.

2. We also use @ to denote the set of possible external forecast values for lower bound results.
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Theorem 8 For any proper loss £, denote the optimal regret bound as

B(T) =1inf sup E, ,~a Zﬁ Pty Yi) — mln Zf Pyl A
yr.re€” t=1

where A ranges over (possibly randomized) online algorithms. Then, every algorithm is at best

|QIB(|T/|Q||)-calibeating.

Combining Theorem 8 with known regret lower bounds for bounded proper losses (Luo et al.,
2024) and Brier and log losses (Cesa-Bianchi and Lugosi, 2006) yields the following.

Corollary 9 There exist bounded proper losses with calibeating rate at least Q(+/|Q|KT).

Corollary 10 For the Brier loss, the calibeating rate is at least Q(|Q|log(T/|Q))). For the log
loss, the calibeating rate is at least Q(|Q|K log(T/|Q))).

4. Multi-Calibeating = Calibeating + Expert Problem

Next, we consider the multi-calibeating problem. Foster and Hart (2023) obtain multi-calibeating
rates of O((N + |Q|)log T) and O(v/NT + |Q|log T'), via Blackwell approachability and online
linear regression. Lee et al (2022) achieve a rate logarithmic in NV, but polynomial in 7' (more
precisely, O(~/]Q|(log N ) iT1 ) for the optimal choice of parameters).

This section presents a simple reduction from multi-calibeating to the expert problem. Via that
reduction, we achieve the optimal multi-calibeating rates.

Expert Problem. The interaction protocol in this problem is the same as in multi-calibeating: at

each round ¢, the learner observes N expert predictions {pt }n C Ak, and makes its own predic-
(L:N)

tion p; € Ag. An experts algorithm E achieves regret (T') if for every sequence {(p, ", y¢) Y11,

E

T T
Zé(pt,yo] < min > ﬁ( ™ ye) + (T, @)
t=1

where the expectation is over the randomness of E.

Comparing this definition of regret with the definition of multi-calibeating rate, the only differ-
ence is that the latter remaps the experts/forecasters’ predictions optimally, while the former does
not. The remapping of each individual forecaster is precisely the problem of calibeating. Hence, we
run a separate calibeating algorithm for each forecaster, and use an experts algorithm to aggregate
their decision. See Algorithm 2 for a formal description.

Theorem 11 For any loss function {, any calibeating algorithm with rate o(T'), and any experts
algorithm with regret v(T'), Algorithm 2 is (a(T') + v(T'))-calibeating.

Proof By the regret bound of algorithm E, for any n € [IN], we have

E [Lr(p1.1, y1:17)] < LT(pg?%,yLT) +9(T) .
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Algorithm 2: Multicalibeating by Expert Aggregation
Sub-routines:

* For each forecaster n € [IN], a separate calibeating algorithm A (Algorithm 1).
* Experts algorithm E (e.g., Hedge, Freund and Schapire, 1997).

fort =1toT do
// prediction

Observe external forecasts qél), cee qu) € Axk.

For each n € [N], query A with forecast qgn) to get its prediction p§”> € Agk.
Query E with {pgn)}é\[zl as the experts’ forecasts, and follow its prediction p;.
// update

Observe outcome y; and update A(™ for each n € [N] with this outcome.

Update E with ¢ (pﬁn) ,y¢) as the loss of expert n € [N].

end

By the calibeating rate of algorithm A, we have

LT(pgnj)"a yl:T) < RT(Q§n’_Z)“7 yl:T) + Oé(T)

Combining these inequalities yields a multi-calibeating rate of «(7") + (7). [ |

Let Q) = {qt(n) : t € [T} denote the set of distinct external forecasts made by forecaster n €
[N]. We assume |Q(™)| = |Q| for all n for simplicity.? By the regret bounds of Hedge (e.g., Bubeck,
2011, Theorems 2.1 and 2.2), and the calibeating rates in Corollaries 5 and 7, we get the following
corollaries. In contrast to the loss-oblivious property of Corollary 5, the algorithm in Corollary 12
requires a fixed ¢, as the experts algorithm relies on the loss values to update.

Corollary 12 For any bounded proper loss £, there exists an algorithm with an expected multi-

calibeating rate of O(\/Tlog N + +/|Q|KT).

Corollary 13 For any n-exp-concave loss ¢ (e.g., Brier and Log losses), there exists an algorithm
with an expected multi-calibeating rate of O(%(log N + |Q|K log(1 + %))) For the Brier loss,

there exists an algorithm with an expected rate of O(log N + |Q| log(1 + %))

We show a minimax-equivalence of the two problems. Since now external forecasts are in-
volved, we consider calibeating rates and expert regrets as functions of both the time round and
the number of possible distinct external forecast values. Similarly to Q™| given an instance of the
expert problem, let P(") := {pgn) :t € [T]} denote the set of possible expert predictions made by
expert forecaster n € [N]. We have the following theorem.

Theorem 14  For any proper loss {, suppose there exist functions ¢, \ : Z> — R such that for any
T and m,

inf  sup Ep, .~ [Lr(pr7, v1:7) — Re(qur, yir)] 2> o(T,m),
(qr:7y1:7):
|QI<m

3. Our results also hold when \Q(") |s differ across forecasters, and the resulting bounds adapt to specific forecasters.
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where A ranges over all randomized calibeating algorithms, and,

T T
inf sSup EplzTNE [Z g(pt: yt) - nrg[lﬁ} Z E(pin) ’ Z/t)] > )\(Tv m)a
t=1 t=1

E N
(P(l?T ),ylzT)i
Vn,| P |<m

where E ranges over all randomized expert algorithms. Then,

inf sup Epl;TNM |:LT(p1:T7 yl:T) — min ]%T(qgn,l)17 y1:T>:| > max{¢(T, m), )\(T, m)} ’
M (‘Zi.lzTN),yLT)Z ne([N]

Vn,|Q("> [<m

where M ranges over all multi-calibeating algorithms.

By known lower bounds for expert problems when the expert predictions can be arbitrary val-
ues (Cesa-Bianchi and Lugosi, 2006), and that the lower-bound examples can be obtained when
the size of distinct expert prediction values is constant, we show the following lower bounds for
multi-calibeating, matching the upper bounds.

Corollary 15 There exist bounded proper losses under which the multi-calibeating rates are at

least Q(/Tlog N + /|Q|KT).

Corollary 16 For the Brier loss, the multi-calibeating rate of any algorithm is at least Q2(log N +
|Q|1og(T'/|Q)|)). For the log loss, the multi-calibeating rate is at least Q(log N+|Q|K log(T/|Q))).

5. Calibeating and Calibration at the Same Time

In this section, we consider the problem of achieving simultaneous calibeating and calibration.
Eixisting2 appg{oﬁaches focus on the Brier loss. Foster and Hart (2023) obtain simultaneous rates of
O(|Q|®+TTx+1)) via bin refinement and stochastic fixed-point methods, while Lee et al. (2022)
obtain O(+/]Q|(log N )%T%) in the binary case after parameter tuning.

We focus on the Brier loss and provide new and improved bounds for simultaneous calibeating
and calibration. Specifically, we provide a meta-algorithm (Algorithm 3) which, for any given
external reference algorithm A*, keeps careful track of the losses of A* while ensuring calibration.

Theorem 17 For Brier loss, any € € (0, 1), and any reference algorithm A*, Algorithm 3 simulta-
neously guarantees an expected regret of at most O(£2T) compared to A*, and a calibration rate of
at most OK,logT(\/T + 8K1—1 log % + 2T with high probability.

Here, the Ok 1oz 7 notation hides a factor polynomial in K and log T' for readability. We hide the
log T factors because for the calibration error, the dominant dependence in 7" is polynomial, and we
hide the K factors because the bounds degenerate to the trivial O(7T") when K gets larger and larger.
The bounds from previous works are also polynomial in K.

Let A* be a multi-calibeating algorithm from the previous sections. With ¢ = 4/ IO§T, for

K = 2, we obtain the optimal calibeating rate, improving the polynomial-in-7" dependence in
Foster and Hart (2023).

10
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Corollary 18 For Brier loss with binary outcomes, there is an algorithm with an expected multi-
calibeating rate of at most O(log N +|Q|log T), and a calibration rate of at most Oy 7(N'T) with
high probability.

With € = (#)ﬁ for K > 3, we achieve the same calibration rate as in Fishelson et al.
(2025); Foster and Hart (2023), and drop the || —dependence in Foster and Hart (2023).

Corollary 19 For Brier loss and K > 3 outcomes, there is an algorithm with an expected multi-
K-1
calibeating rate of at most Ok 1os7(log N + |Q| + T®+1), and a calibration rate of at most
K-—1
Ok jog 7(TEF1) with high probability.

For K > 3 outcomes, we can also lower the multi-calibeating rate at the cost of raising the
calibration rate, by choosing a different €.
Corollary 20 For Brier loss and K > 3 outcomes, for any x € (K :1)’, g J&] there is an algorithm
with expected multi- callbeatm% rate of at most Ok 1og 7(log N + |Q| + T'%), and a calibration rate
(K
of at most Ok 1og (T 2 ) with high probability.

5.1. Algorithm

Discretization and rounding. To achieve calibration, it is necessary to focus on a finite set of
predictions via discretization. For that, we consider a triangulation of A i and randomly round each
prediction to a vertex of the triangulation (recall that £ is fixed to the Brier loss in this section).

Lemma 21 (Fishelson et al. 2025) For any € € (0, 1), there is a subset of predictions K¢ C A
of size M = |K¢| = O(VK e~ K+, and a rounding scheme H : A — A (K?) that maps an
arbitrary prediction ¢ € Ak to a distribution over those in K¢, such that for any outcome y € &,
we have By ) [((s,y)] < 4(q,y) + O(e?).

Blum-Mansour reduction. For the connection between calibration and no-swap-regret learning,
we employ the well-known reduction by Blum and Mansour (2007) with the O(log T") regret online
learning algorithm for Brier loss, e.g., FTL. We present the algorithm and its proof in Section C.2.

Lemma 22 There is an online algorithm Agy that, in each step t € [T, first predicts an M x M
column-stochastic matrix A, and then observes outcome y; and a distribution 7, € A(K?), such
that for any transformation o : A — Ak,

Z ]EpzNAﬂrz ptayt Z E ’NTl't pt) yt) + O (M logT + €2T)
te[T)] te[T)

Intuitively, we may interpret the column-stochastic matrix A; from algorithm Agy as a sug-
gested remapping from any prediction, so that for any sequence of outcomes ¥; and distributions
of predictions ¢, the remapped/calibrated predictions are competitive against the best remapping o
in hindsight. The standard approach is then to sample a randomized prediction from the stationary
distribution of A, (but we will do this step later after mixing A; with another remapping matrix).

11
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Interpolating between calibration and multi-calibeating. Besides achieving small swap re-
gret and calibration rate, we also want to follow the reference prediction b; from algorithm A*
to be competitive against this reference algorithm. Observe that following the reference predic-
tion corresponds to remapping every prediction to b;, which can be captured by a remapping
matrix By = (by, by, ..., b) € RM*M  To hedge between these two factors, we resort to a lop-
sided two-expert algorithm Ajgpsided to obtain a weight w; € [0, 1], and take a linear combination
Cy = w Ay + (1 — wy) By as the aggregated remapping.

Lemma 23 (Sani et al. 2014) There is an algorithm A\ypsideq for the expert problem with two ex-
perts, such that the expected regret w.r.t. expert 1 is at most O(/T log T'), and the expected regret
w.r.t. expert 2 is at most O(1).

Finally, we sample a prediction from the stationary distribution of C}, as shown in Algorithm 3.

Algorithm 3: Multi-Calibeating + Calibration
Sub-routines:

* Discretization and rounding algorithm H (see Fishelson et al., 2025)

» Reference algorithm A* (Algorithm 1 for calibeating, Algorithm 2 for multi-calibeating).
* BM reduction Agy (Algorithm 3.1).

* Lopsided two-expert algorithm Ajqpsiqed (Algorithm 3.2).

fort =1to T do

// prediction

Algorithm Apy; predicts Ay.

Round algorithm A*’s prediction with H to get by € A(K¢), and let By = (b, ..., by).
Algorithm Ajgpsidea predicts wy € [0, 1].

Let Cy = wi Ay + (1 — wy) By, and 7 € Ay be its stationary distribution, i.e., 7y = Cymry.
Predict p; ~ .

// update

Observe outcome ;.

Update Ayt and A* based on g, and m; (applicable to the former).

Update Ajopsided With B 4,7,4(2, y¢) and E..p,£(2, y4) as the losses of experts 1 and 2.

end

5.2. Analysis: Proof of a weaker version of Theorem 17

We will prove a weaker guarantee of pseudo-calibration due to space constraints and defer the rest
of the proof to Section C.4. By definition, the expected cumulative loss of Algorithm 3 is

ELT(pl:T7 le) = Eﬂ'l:T |: Z EZtNTl'tE(Zt7 yt):| .
te|T)

12
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Since 7 is the stationary distribution of Cy; = w;A; + (1 — wy) By, the above further equals

Z EZtNCtﬂtg(Zh yt) = Z (wt EthAtﬂ'tg(ZtJ yt) + (1 - wt) EthBtTrte(zh Z/t))
te[T) te(T)

- Z ('U}t EthAtwte(Ztu yt) + (1 - wt) EZtht£(2t7 yt)) :
te[T)

By construction, E.,~ 4, ¢(2:, y¢) and E,, 5, €(2¢, y¢) are the losses of the two-expert problem in
round ¢ € [T]. The lopsided regret bounds of Ajopgided (Lemma 23) give

E Lr(prr, yir) < B,y { > Eopmarm Lz, yt)] +O(v/TlogT), ®)

te[T)

E Lr(prr, y1r) < Epp [ > Ethbtf(Ztayt):| +0(1) . (6)
te[T]

Regret w.r.t. A*. Recall that b; is obtained by rounding the prediction from A* with rounding
algorithm H. By the O(¢?) rounding error bound of H (Lemma 21) and Eq. (6), the regret w.r.t. the
reference algorithm A* is at most O(27).

Pseudo-calibration. We will prove a weaker guarantee that

T

. VE )

E Lr(prr, y1.7) < oA E ;E(U(pt), Yyt) + O( TlogT + K1 logT +e¢ T) :
This follows from Eq. (5), the guarantee of BM reduction (Lemma 22), and that M = O(\/E e~ K+

(Lemma 21). It is weaker than the original statement as the choice of o does not depend on the real-

ization of randomness of the algorithm. By contrast, the original statement allows choosing o based

on the realization of randomness. We defer this concentration argument to Section C.4.

6. Conclusion and Discussion

We have revisited calibeating through the lens of online learning and developed a reduction-based
framework that connects calibeating and its extensions to standard online-learning notions. This
viewpoint enables us to recover and sharpen existing results, extend them to general proper scoring
losses, and deliver new matching lower bounds, in a unified and modular way.

Dependence on |(Q)|. A recurring feature of our bounds is their dependence on |@Q|, the number of
distinct external forecast values. Our matching upper and lower bounds suggest that this dependence
is intrinsic to the classical formulation of calibeating rather than an artifact of the analysis. Intu-
itively, the refinement benchmark decomposes over distinct forecast values, so a larger |@Q)| induces
a finer partition of the time horizon and therefore a stronger benchmark. In the extreme case of
|Q| = T, each forecast value forms a singleton bin, making the refinement benchmark particularly
demanding. This regime is natural in decision-oriented settings, where forecasts are often discrete
or quantized into a relatively small menu of values. For example, weather forecasts in phone apps
are often displayed on a coarse grid (Fishelson et al., 2025). Therefore, to reduce the dependence
on |@Q| implies the need of a different notion, and studying discretized or approximate variants of
calibeating for highly continuous forecast spaces is an interesting direction for future work.

13
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Beyond the Brier loss. While our simultaneous calibration and calibeating results are stated for
the Brier loss, the meta-algorithm developed in Section 5 is more modular than it may initially ap-
pear. At a high level, the framework relies on two ingredients: a discretization and rounding scheme
with controlled loss guarantees, and a mechanism for upgrading pseudo-swap-regret guarantees
to true swap-regret guarantees. For the Brier loss, both ingredients are available through existing
results. Extending the framework to other proper losses therefore reduces largely to establishing
analogous ingredients. In particular, it would be interesting to determine whether similar simultane-
ous guarantees can be obtained for broader classes of proper losses, such as bounded proper losses
and the log loss.

Other open problems. A natural direction for future work is to push this approach further, both
to identify additional achievable guarantees and to improve online forecasting more broadly. An-
other natural open question is whether one can simultaneously achieve the optimal O(|Q|logT)
calibeating rate and the best known O(T%) calibration rate in the binary case.
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T T
T):=inf sup E, .. £ (p¢,y¢) — min ?(p, , 3
B(T) n ylzTepsT prr~A ; (Pes Y1) pEAK; (P, yt) (3)
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where A ranges over (possibly randomized) online algorithms. Then, every algorithm is at best

1QIB(T/1QI))-calibeating.

Proof We prove a general result that, for any integers 7, > T with ) qe0 1qg = T, we have,

1nf sup  Ep,.p~a [Lr(pr:1, v1:7) — Re(qur, yir)] > Z B (Ty)
A (qr.ry1T) qeqQ

By Yao’s minimax principle, (3) implies that, for any 7T, there exists a distribution Sz € A(ET)
such that

mlnEleNST ZE (pts ye) — mln ZE (p,ye)| = B(T), (7
t=1

where the minimum is over deterministic online algorithms D.
For any ¢ and the corresponding T}, let S, = S, be the distribution guaranteed by (7) at horizon
Ty, Define the following distribution S over pairs(qi.7, y1.7) € (@ x & )T as follows:

1. Choose disjoint index sets {Z, }4cq With Z, C [T, |Z,| = T, and UgeqZ, = [T]. Set ¢: = ¢
forall t € Z,.

2. For each ¢ € @, denote the subsequence of outcomes y;s that t € Z, to be yz, = (Yt )tez,-
Independently sample yz, according to S,.

Then by definition and the additivity of sums of expectations,

mDin E(gr. 1.0~ [Lr(prr, yir) — Rr(qur, yir)]

B | 5 (32 00 min 5 )

q€Q \t:qt K tq=
= mSnZEquNSq ! Z Upe, ye) — pmlﬂ Z (p, yt)]
qeQ t:qt=q L:gt=q
>meEyZ ~S, [Z Upe,ye) — mln Z Ep,yt]
9€q t:qt ®tiqi=q
2> B(T,)
qe@

Therefore, since a randomized algorithm A is a probability distribution over deterministic algo-
rithms, it holds that

min  sup K, A [Lr(pr7,y11) — Re(qir, yi:7)]

(QI:TvylzT)
2 minB, g ) [Lr(Prr, yir) — Brqur, yur)] 2 > B(Ty)
9€Q
Choosing balanced Tj, € {|T/|Q|], [T/|Q]]} completes the proof. [ |
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Appendix B. Omitted Proofs in Section 4
B.1. Proof of Theorem 14

Theorem 14 For any proper loss {, suppose there exist functions ¢, \ : Z?> — R such that for any
T and m,

inf  sup Ep, ,~a [Lr(pr:7, v1:7) — Re(qur, yir)] > o(T,m),
g

where A ranges over all randomized calibeating algorithms, and,

T T
inf  sup  Epee | Y lpeye) — min Y p" w) | > AT, m),
: (p(lzN) Y1.7): t=1 neN] t=1

1.7 »JL:

Vn,|P(")|§m

where E ranges over all randomized expert algorithms. Then,

inf  sup E, ,~m [LT(plzTﬁUl:T) - nnél[lﬁ] RT(Q%”%?JLT)] > max {¢(T,m), \(T,m)},

(QS:TN) YLT):

Vn,|Q(") [<m

where M ranges over all multi-calibeating algorithms.

Proof First, for any realization of expert predictions {pgn) }te[T] ne[n] and outcomes yq.7, consider
the multi-calibeating problem with the same outcome sequence and the external forecasts q§n) =
pi") forany t € [T] and n € [N] (Recall that the experts problem and multi-calibeating only differ
in the benchmarks). By Definition 1,

T

Rr@iponn) =3 min - 3 fww) <30 3 o) =D w),
p t<T: qin):p p t<T: qt(">:p t=1

where the inequality chooses u = p in each bin. Taking min, ¢y} on both sides yields

T
: (n) : (n)
min R Y1) < min l , Ut)-
nelN] (@ yrr) < nelN] 2= (@ " yt)
Therefore, for any predictions p;.7,
(n) - - (n)
Lr(prr, yier) — min Re(qyip, yir) > ) 0(peye) — min » 0(q;"™, yr)
n€[N] LT tZ:; ne[N] 1 ¢
T T
= Zf(pnyt) — min E(pt )7yt)7
t=1 nelNl i
and multi-calibeating inherits the lower bound of the expert problem.
Second, consider the instances where qgn) = q; for all t € [T, which is equivalent to beating

only one external forecaster. Therefore, multi-calibeating inherits the lower bound of the calibeating
problem. This completes the proof.
|

18



CALIBEATING MADE SIMPLE

Appendix C. Omitted Proofs in Section 5

C.1. Proof of Corollary 20

Corollary 20 For Brier loss and K > 3 outcomes, for any x € ( K1’ g +1] there is an algorithm

with expected multi- callbeatm% rate of at most O jog 7(log N + |Q| 4+ T*), and a calibration rate
(K
of at most Ok 1og (T 2 ) with high probability.

Proof Let 2T = T, then the calibeating rate is O(|Q" llogT + Tx) and e =T . The
1)(1

corresponding calibration error is of the order O(y/T logT + T logT + T%), which
always has greater order than the regret. As the order of cahbratlon error is optimized when

r=& _1;(1_55) = g;%, we consider smaller « with higher T == term. The tradeoff follows
by solving T(KA%(F@ <T. |

C.2. Algorithm Ag); and the proof of Lemma 22

Subroutine 3.1: Ay
Sub-routines:

« For each grid action z;, a separate online learner A (e.g., FTL)

* Discretization and rounding algorithm H (see Fishelson et al., 2025)

fort =1to7 do

// prediction

for i =1to M do
Observe strategy qgi) € Ak from Algorithm A(®).
Round ¢! to H(g") € A(K?).

end

Output A; = (H(qgl)), ce H(q,gM))) € RMxM,

// update
Receive feedback tuple (y;, 7).
Update Algorithm A with loss function 7, (:)£(-, yy ).

end

Lemma 22 There is an online algorithm Apy that, in each step t € [T, first predicts an M x M
column-stochastic matrix A, and then observes outcome y; and a distribution 7, € A(KF), such
that for any transformation o : A — Ak,

Z Ep,~am L(Dts Yt) Z Ep o £( o(py),ye) + O (MlogT + 52T)
te(T)
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Proof Denote K¢ := {z1,...,zn}. Forany j € [M] and a(zj) € Ak, we have

Zﬂ't ZAt (4, 7)€(zi; yt) Zﬂt ), Yt)
t
= Zﬂ't (J) Zuyt Zﬂ't yt)

< st ( ,yt )+ Cae ) Zwt i) Yt)
= Z T .] ayt Zﬂ-t Z] yt) + 025 Z 7Tt
t

(b)
< ChlogT + 0282 Zﬂ't(j),
t

for some positive constants C7,Cy > 0, where (a) follows from the definition of the rounding
scheme and the upper bound of the rounding error (Lemma 21); (b) holds by that FTL has a regret
of O(log T') under the Brier loss.

Summing this inequality over all j € [M], we obtain

T
Z EzwAtm Ziy yt Z E]Nm
voow
Zﬂ't ZAt Zzayt Zﬂ't ?/t)

15=1 =1

— MCylog T + Cae? Z Zm(j)

t=1 j=1

< max{Cy, Co} (*ﬁlogT 52T> :

I
Mﬂ

o~
Il

where in the last inequality, we use M = O(% &) in Lemma 21. |
C.3. Algorithm Aj;psideq
C.4. Concentration arguments to finish the proof of Theorem 17

We finish the proof of Theorem 17 by upper-bounding the true calibration error using bounds of the
pseudo-calibration error. For convenience, denote the pseudo-calibration error under an algorithm
Atobe Ky = Ming.A A Ep~A Zle Upe, yt) — Zthl £(o(pt),yt)|. The following lemma

is a multiclass extension of Theorem 3 in Luo et al. (2025), relating K 7 to the calibration error.
Lemma 24  For the Brier loss, for discretization with size M and an algorithm A that always

predicts the discretization grid points, with probability at least 1 — § over the randomness in A’s
predictions py, . .., pr, we have

~ A4KM
Kr(pr.r,y1.17) < 6K + 96K M log .
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Subroutine 3.2: Aj;siqeq(Sani et al., 2014)

Input: learning rate ) € (0, %] initial weights {s1,1 — s1}
fort =1to 7 do

// prediction
Output weight wy = 9.
// update
Receive loss E,4,x,0(z,y:) and E ., £(z, ;) as the losses of experts 1 and 2,
respectively.
Compute 0; = g§2) — gt( ) and set St41 = St - (1 +ndy).
end
Therefore, together with the weaker version proved in Section 5.2 and M = O( — ), we have

1 AK3/?
Kr(pr,yir) < O( TlogT + —— (K V2log T + K/ log —— ) + €T~ log 6)

1 1
= OK,logT <\/T + E}(i_l log g + €2T> y
with probability at least 1 — 4.

C.5. Proof of Lemma 24

We first note the following fact on the closed-form of K and Kp.

Fact 25 For the Brier losses, the calibration error under prediction sequence pi.p and outcome
sequence Yy1.7 IS

Kr=3" Zl{pt pHip— I3 =" Zl{pt p}Z (k)*,

pEAKt 1 pGAKt 1

where pl. = >, S nT )
The pseudo-calibration error under algorithm A and outcome sequence yi.7 is

Kr = ZEpNPf o = pr(p)I?| = ZZB p(k) = P(k))*,

t=1 t=1 p 1

Se =\ Yt P (p)

where Py(p) is the randomized prediction under algorithm A and pY, := ST B )
t=1"1

Denote the ith grid point by z; in the discretization, and p%.(k) as p'(k) for simplicity. For any
k € [K], let

= 3 = ) () - ().

[M] t=1
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and
T .
Z Z —p'(k))*.
e[M] t=1

We have the following lemma.
Lemma 26  With probability at least 1 — 8, K1 (k) < 6K (k) + 96M log Az
Then, with a union bound across k € [K], with probability at least 1 — §, we have

K K _ AM
Kr = ZKT(]C) < <6KT(/€) + 96 M log

K AMK
) = 6Kp + 96MK lo 0g —5—.

C.6. Proof of Lemma 26
Lemma 26 With probability at least 1 — §, Kr(k) < 6Kr(k) + 96M log 4.
While the proof of Lemma 26 follows almost exactly as the proof of Theorem 3 in Luo et al.

(2025), we include it here for completeness.
Proof [Proof of Lemma 26] The proof relies on the following version of Freedman’s inequality.

Lemma 27 (Beygelzimer et al. 2011) Let {X;}7" | be a martingale difference sequence adapted
to the filtration Fy C --- C F,, where | X;| < B forall i € [n], and B is a fixed constant. Define
V=" E[X?] }'i,l]. Then, for any fixed j € [0 ,B] 0 € [0, 1], with probability at least
1 — 6, we have

ZX

=1

<uv+i.
W

Fix i € [M] and define the martingale difference sequence X; := y,(k)(P.(i) — 1{py = zi})
and Y; := P;(i) — 1{p: = z;}. Observe that | X;| < 1, |Y;| < 1 forall t. Fix u; € [0, 1]. Applying
Lemma 27 to the sequence X =Y = X;.7, Y1.r and taking a union bound over them, we obtain
that with probability at least 1 — 4,

T logd | log 4
D u(k) (Po(i) = 1{py = z})| < mVx + —2, D Pii) = 1{p = 2:}| < Vv + m LIy
t=1 ¢ t=1 t
3
where Vx, Vy are given by
T T
Vx =Y E[X}?|Fi] Zyt ) (1= Py(i)) <) Py(i), and

t=1 t=1

IIM%

T
VY = ZE [Y;Q | ]'-tfl] = Zpt(z 1 —Pt

t=1
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The upper tail p*(k) — p*(k) can then be bounded in the following manner:

_XLiw =2} S (k) Pi)
oy U = 2} > ioi Pi(d)

(g) Zthl ye(k)Upr = 2} n Hi Z?:1 Py(i) + % - Z;‘F=1 ye(k)1{pe = 2}
S {pe = i} Sy Pi(i)

T — T a
_ > i1 Ye(B){pr = 2} . (Z P(i) — Z 1{p: = Zz})

p'(k) - p' (k)

(St ==)) (SLoP0) \E 5
S ) +
o1 Pii)
® S k)1 {p = =) ( o kgg
= i ) PR) +
(Zthl 1{p: = Zz}) (Zle Pt(i)) ; Hi
wi S Pi(i) + 5
Sy Pili)
¢ oo 4
(S) 2p; + 2log 5

i 3= Pili)
where (a) and (b) follow from (8), and (c) follows by vy (k)1{p; = z;} < 1{p: = z;}. The lower
tail can be bounded in an exact manner as
_ Y auBPG)  S ye(R)Lpe = 2}
>t Pili) Y Hp = =)
. log £

S m R e = 2k S PO + SR ST ()1 = 21}
B > Pi(i) S Hpr = 2}

T T T

— k)1 =Z; .
B S (Z Lp = =i} - Zam)

(Zt:l Pt@)) (Zt:l {p: = Zi}) t=1 t=1

log %

1 iy Poi) + 2

et Pi(i)
i ye(k)1{pe = 2} ( I log

< | M P(i) +
<ZtT:1 {p: = Zz}) (Zthl Pt(z')> ; Hi

log %

i i Poli) + 2
> Pili)
210g%

i io Pili)

p'(k) = p' (k)

4
0

)

< 2p; +
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pl(k) — p' (k)| < 2ui +
holds with probability at least 1 — §. Taking a union bound over all ¢, with probability

Combining both bounds, we have shown that for a fixed u; € [0, 1],

Hi Zthl Py (i)
1 — 0, the following holds simultaneously for all ¢,

log 4M
Zyt i)~ 1p = zi}) <uzZPt + 25 ©)
log M
(i) — H{pt = 2} SmZPt(z’)Jr Ogﬂ? : (10)
, . 2log M
(k) — 5 (k)] < 210+ — . (11)

T K

pi D=1 Fi(7)
Consider the function g(u) := p + &i» where a > 0 is a fixed constant. Clearly, min,c[o 1) g(p) =
2y/a when a < 1, and 1 + a otherwise. Minimizing the bound in (11) with respect to y;, we obtain

log 44 4M T -
o) — ) < |V S e 98T = e OO

210 4M
2+ i

T .
m, when 10g % > thl Pt(l).

Therefore, when 23:1 P,(i) is tiny, which is possible if algorithm A does not allocate enough
probability mass to the index ¢, the bound obtained is large making it much worse than the trivial

bound |p'(k) — p'(k)| < 1 which follows since p’(k), p'(k) € [0,1] by definition. Based on this
reasoning, we deﬁne the set
T
AM
T:=4q1€[M], st. log— < P.(i 12
fieon sl <37r0)|. )
and let T := [M] \ Z. We bound (p(k) — p'(k))? as
1610g4f£w o
’ - === ifi1eZ,
(P'(k) = p'(k)) <{ TR (13)
1 otherwise.

Similarly, ‘23:1 P,(i) — 1{p: = z;}| can be bounded by substituting the optimal f; obtained

above in (10); we obtain

{\/log M ST pi) ifiel 1

Zt 1 P(@) + log =5~ AM otherwise.

T
ZPt(i) —1{p: = z}| <
t—1

Equipped with (13) and (14), we proceed to bound K (k) in the following manner:

T
= 3 St =21} (k) — R’

ie[M] t=1

<23 > 1w =2} ((2ilk) = 7 (0) + (o' (k) = 7' (R))*)

ie[M] t=1

24



CALIBEATING MADE SIMPLE

where the inequality holds because (a +b)? < 2a? +2b? for all a, b € R. To further bound the term
above, we split the summation into two terms 77, 72 defined as

T
=33 e =z ((2ilk) = 5 R) + (61 (R) = 7 (R))?),

i€ t=1

T
To= 33 tm ==} ((a(h) = 5'(0)" + (o' (k) - 7' (K)))

ieZ t=1

and bound 77 and 7> individually. We bound 77 as

p 16log 4
1<Z Zpt —i—QJlog 5 ZP (zz )_p(k))QJerlng(i))

i€ \t=1

= Z Py(i) (z:(k) — 7'(k))” + 16 log %’IH

€T t=1
T 4M
) I —~ik 2 1610g )
ZJ o3 (et 0"+ S
T
<SSR ()~ ) + 16105 M 7
€ t=1
T 4M
) P [ (k) — 50002 1610%6)
S <>(< -0+ L

T
= 3223(@') (zi(k) — ;7"(1@)2 +481log %m

where (a) follows by substituting the bounds from (13) and (14); while (b) follows since by the
definition of Z in (12), we have \/log % Zle P(i) < Zle P, (7). Next, we bound 73 as

Ts < Z (2ZPt + log f) ((zz(k) —,5"(k))2 + 1)

i€ t=1
(b) T _ o T | e
<2Y 3 Rl (k) = F(R)" + 230 Pili) + 2log — [T
ieT t=1 ieZ t=1
(©) T ‘ y e
< 23" N " P) (2ilk) — 7 (K))” + 4log i
ieZ t=1

where (a) follows by substituting the bounds from (13) and (14); (b) follows by bounding (z;(k) —
p'(k))? < 1; and (c) follows from the definition of Z in (12). Collecting the bounds on 77 and 73,
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we obtain

T
. ~i 2 4M a4M —
Ti+T2<3 E%:ﬂ ;Pt(@) (2i(k) = 7' (k)" + 481log —|T| + 4log —[T|

. AM
< 3K7(k) +48M log —~,

where the last inequality follows from the definition of K1 (k) and since |Z| + |Z] = M. Since
Kr(k) <2(T1 + Tz2), we have shown that

~ AM
Kr(k) < 6K (k) +96M log =

with probability at least 1 — §. This completes the proof. |
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