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Abstract

We examine the connection between training error and generalization error for arbitrary estimating
procedures, working in an overparameterized linear model under general priors in a Bayesian setup.
We find determining factors inherent to the prior distribution 7, giving explicit conditions under
which optimal generalization necessitates that the training error be (i) near interpolating relative to
the noise size (i.e., memorization is necessary), or (ii) close to the noise level (i.e., overfitting is
harmful). Remarkably, these phenomena occur when the noise reaches thresholds determined by the
Fisher information and the variance parameters of the prior 7.
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1. Introduction

In this work, we consider the question of overfitting in high-dimensional statistical models: should we
allow our trained model to overfit to the training data, perhaps even interpolating the data perfectly,
or should we instead constrain the training process to return low-complexity models that avoid
overfitting? This core question lies at the heart of statistics and machine learning in practice, and
has received substantial attention in the theoretical literature as well, over several decades. Despite
its importance and ubiquity, however, this question is still not fully understood: there are a range of
findings that are apparently at odds with each other. In classical statistical machine learning, it is
standard to train a model that exhibits some intrinsic low-dimensional structure, such as sparsity or
low-rank, to ensure that we avoid overfitting (Tibshirani, 1996; Candes et al., 2008; Candes and Recht,
2012). On the other hand, recent work by Cheng et al. (2022) suggests that, in an overparameterized
regime, memorization is necessary for generalization—that is, it is necessary to choose a model that
overfits, in order to achieve optimal prediction error. And, another line of literature on the “benign
overfitting” phenomenon can be viewed as lying in between these two extremes, establishing that
overfitting is not harmful (but, perhaps not necessary) for good predictive performance (Belkin et al.,
2018, 2019; Bartlett et al., 2020; Hastie et al., 2022; Cheng and Montanari, 2024). How can we
reconcile these different views?

We examine this question from the perspective of a Bayesian framework, in the context of a
specific problem: high-dimensional linear regression. Concretely, we consider the model

y=X0+N(0,0%I,),

where 0 € R is drawn from a prior 7, and where d > n (the overparameterized regime). In this model,
an overfitted estimator 6 is one that has (mean square) training error substantially below the noise
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level o2. At a high level, our findings reveal that the question of whether overfitting is necessary or is
instead harmful for optimal predictive peformance depends entirely on the nature of the prior 7. If
7 encodes some sort of latent low-dimensional structure (for instance, encouraging approximately
sparse 6) then overfitting is harmful, while if 7 is uninformative then overfitting becomes necessary.
Strikingly, our findings suggest the (asymptotically optimal) determining factors delineating these
scenarios for the prior m with a differentiable density p > 0 are the Fisher information and variance
parameters: '

1

Fisher information: J:=E [— |V log p(X0) H2 | X] ) (la)
n
1

Variance parameter: V,=E [— ||X9||2 | X] , (Ib)
n

where in order to define variance, from this point on we assume that 7 has mean zero, without
loss of generality. Intuitively, J, measures spikiness of the prior 7—and thus J_! acts as a local
measure of effective dimension. In contrast, V. measures a macroscopic notion of dimension of 7 by
computing a variance. Our key message is that comparing the noise level o2 to J_! determines when
it is necessary to overfit, and comparing to V. determines when it is harmful to overfit.

Indeed, the Fisher information and variance parameters depend directly on the push-forward
distribution of X6. As we primarily treat the design matrix X as fixed, and therefore the prior 7 on
directly specifies a distribution on X6, we refer to quantities depend on either the distribution of X6
or 6 as information about the prior.

1.1. Related work

High-dimensional statistical models have played a central role in extending classical large-sample
asymptotic theory to modern overparametrization settings. Pioneering work that exploits intrinsic
low-rank and sparsity structures in data typically relies on explicit regularization mechanisms, such
as /1-penalization (Tibshirani, 1996) in compressed sensing (Candes et al., 2008) and nuclear-norm
regularization in matrix completion (Candes and Recht, 2012).

The remarkable success of deep learning over the past two decades questions the presumed
necessity of explicit regularization for the accurate recovery of low-rank structures. In particular, the
phenomenon of “implicit regularization”—whereby specific optimization procedures converge to
good local minima exhibiting “benign overfitting”—has been the subject of extensive investigation,
especially in the context of large-scale datasets and deep neural networks (Neyshabur, 2017; Gu-
nasekar et al., 2017). Closely related to our work, Hastie et al. (2022) analyze the minimum-£5-norm
interpolating solution in high-dimensional linear regression, with subsequent extensions to broader
settings including kernel regression (Liang and Rakhlin, 2020), random feature models (Mei et al.,
2022), and general Hilbert space frameworks (Bartlett et al., 2020; Cheng and Montanari, 2024).

Memorization, or the necessity of interpolating models, still remains largely underexplored.
Feldman (2020) initiate the study of this question in the multi-class classification setting, where the
data-generating distribution is modeled as a mixture of heavy-tailed subpopulations and, consequently,
does not exhibit low-rank structure. Cheng et al. (2022) investigate the necessity of interpolation in

1. We note that J, denotes the Fisher information for 7 alone (Dembo et al., 2002, Sec. C), while the classical definition
is for a parametric family of distributions {p¢(-)}¢ecrn. Our definition is compatible with the Fisher information
evaluated at £ = O for the location model by p¢(-) = p(- + £).
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overparameterized linear models, and here we extend their framework to (almost) arbitrary priors.
Characterizing the fundamental limits of model capacity making interpolation necessary has also
emerged in several recent works along this line of research (Shah et al., 2025; Miiller et al., 2025).
We finally point out that our analyses, largely inspired by prior research on information-theoretic
inequalities (Stam, 1959; Dembo et al., 2002), deeply connect to the well established results on the
minimum mean square error (MMSE) in Gaussian channels (Guo et al., 2004, 2011; Ledoux, 2016).

2. Main results

2.1. Problem setup
We first specify our problem setting and introduce the corresponding quantities of interest.

Overparameterized linear model under a general prior 7. Consider a design matrix X € R"*¢,
whose rows are vectors 7, -, x;, € RY. The design matrix may be fixed or random, as we carry out
all our calculations conditional on X. We assume that d > n (the overparameterized regime), and
that X has full row rank (almost surely).

Given a prior 7 on R and a noise level o2 > 0, we assume the following model for the observed
response vector y € R™:

The Bayesian model .#x (7,0°): y = X6 + o7 where (6,7) ~ m x N(0, I,).
That is, this is a Gaussian linear model, with coefficients § € R? sampled from the prior 7.

Training error and prediction error. We study estimating 6 of the linear model given the design
matrix X and the observation y. Given an estimator 6 = §( X, y), we define its expected training
error as

Train(B) = E[l X7y ]
n

where implicitly, the expected value is computed with respect to the model .#x (7, o%). The training
error will typically take values in the range [0, 0?]. Indeed, any estimator 0 that interpolates the data
will have Train(@\) = 0—that is, perfect memorization. On the other hand, an estimator with zero
overfitting will have Train(9) = o2 (i.e., the true noise level).

We can also define its prediction error at a new test point 2’ as E [ (z’ T0-2"70)%| X ]. In
particular, if 2’ is random and mean-zero, and is independent from the training data y, we can
equivalently define the prediction error as

Predy,(9) =E[[7- 0] | X],

where Y = Cov(z') is the covariance of the random test point, and where |v|y = VoTXv. If X = I,
then this is simply the mean-squared error (MSE) of the estimator 6.) We will also write

Cost() = Preds;(9) — Pred}, where Preds = inf Predy (),
0

i.e., this measures the excess prediction error of the estimator 8.

2. Since X is treated as fixed (i.e., we condition on X throughout), we should interpret the definition of Preds; as
computing an infimum over all possible maps y — ﬁ(X, y), i.e., functions R™ — R®. As a technical note, we will
assume throughout that any estimator 8 considered in this paper is square-integrable (with respect to the distribution of
its input, the observed response ¥), so that all defined measures of training and prediction error are finite.
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The key question of this paper is the following: what is the relationship between the training
error and the prediction error of an estimator—and, to ensure optimal predictive performance (i.e.,
minimal prediction error), what training error should we aim for? In particular, we are interested in
identifying settings where these interesting phenomena may occur:

* Settings where memorization is necessary for generalization: when is it true that any estimator
0 that is (near) optimal for predictive error, must have training error close to zero, i.e.,

Costy;(0) » 0 = Train(8) < o(c?) ?

* Settings where overfitting is harmful for generalization: when is it true that any estimator 6
that is (near) optimal for predictive error, must have training error close to o2, i.e.,

Costs(f) » 0 = Train(9) > 02 - 0(c?) ?

2.2. Comparing to the Bayes-optimal estimator

Under our assumption of the Bayesian model .#x (7, 0?), the Bayes estimator is given by the
posterior mean,
QB(va) = E[e | X?Z/]

The following proposition demonstrates that O plays a crucial role for the motivating questions of
this paper.

Proposition 1 Under the setting and notation above, for any positive definite ¥ € R¥>¢, Og achieves
the optimal prediction error, i.e.,

Preds(fg) = inf Preds;(9) = Preds.
6

. _1 . o, .. .
Moreover, letting Ay, = %HX Y72 ||2, for any estimator 0, its excess prediction error satisfies

—~ —~ —_ o~ 2 — — 2
Costs:(B) = Preds:(9) - Preds, = E[ |7~ Bs 5, | X] 2 A5 (\/Train(e) - \/Train(eB)) .
In other words, this standard result tells us that the Bayes estimator is optimal for prediction error,
regardless of . Moreover, the cost of choosing a different estimator (in terms of excess prediction
error) can be lower bounded via the difference in training errors, Train(#) versus Train(fg). In

particular, any estimator 8 that is close to optimal in terms of prediction error, must have a training
error that is similar to that of the Bayes estimator:

Costy;(0) » 0 = Train(f) ~ Train(fg).

2.3. Training error of the Bayes estimator

The result of Proposition 1 suggests that, to characterize the regimes in which memorization is
necessary or in which overfitting is harmful, we need to examine the training error Train(gg) of
the Bayes estimator. From this point on, we assume that 7 has a positive and differentiable density,
and we write p as the density of X8 induced by 6 ~ 7 (with X treated as fixed). Recall the Fisher
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information (cf. Eq. (1a)) and variance (cf. Eq. (1b)) parameters J, and V., which we assume are
positive and finite in this section. In particular, we note an important and well-known property:*

For any , it holds that V. > J-!, with equality if and only if X8 ~ N(0,2?I,,) for some v/* > 0.
The following result characterizes the training error of Og in terms of these two parameters.

Theorem 2 Fix any d > n > 1. Let w be any prior with positive and differentiable density, and let
X e R™? have full row rank n. Then under the model .4 x (7, %), the training error of the Bayes

estimator satisfies
4 4

o o o ,
Vo 1o? < Train(fg) < 102 for all o“ > 0. )

Moreover, the training error approaches the above upper bound for vanishing noise,

4
Train(@\B) = -]_10—_}_0_2 + 0(0-4) = Jﬂ-o'4 + 0(0’4) as o2 > 0, 3)

and approaches the above lower bound for increasing noise,

4
Train(0g) = ﬁ +0(1)=0?-Vy+0(1) as o2 - oo. 4)

K
The asymptotic statements (3) and (4) can be interpreted as follows. With vanishing noise 02 >0,
the Bayes estimator exhibits memorization (since its training error is Train(dg) = O(c?) = o(0?).

In contrast, when 02 — oo, the Bayes estimator instead shows a limited amount of overfitting, since
o2 = Train(0g) = V; + o(1) = o(c?) .4

2.4. The tradeoff between training error and prediction error

With the results above in place, we are now ready to examine the tradeoff between training error and
prediction error, for any estimator 6.

Theorem 3 Fix any d > n > 1. Let m be any prior with positive and differentiable density, and
let X € R™ have full row rank n. Fix any positive definite ¥ € R, Then under the model
Mx (m,0%), for any 0® > 0 and any estimator g,

4
If Train(8) > J;—MQ then Costs;(9) > At [ \/Train(9) - : 5)

and

If Train(8) < 5 then Costy ( ) 2\ o— V Vo2 —\/Train(d) (6)

3. Essentially this is the classical Cramér-Rao bound. See this result in (Stam, 1959, Eq. (2.1)). Indeed, the upper bound
by V. can be sharpened into the entropy power. We refer the reader to Lemma A.3 for details.

4. We emphasize that in the asymptotic claims (3) and (4), the statements hold for fixed d, n, fixed design matrix X, and
a fixed choice of the prior 7; the o(-) terms reveal the asymptotic dependence on the noise level o2 only.
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Memorization is necessary when o2 < J-! Overfitting is harmful when o2 > V.
(§ any 0 in this range (§ any 0 in this range
& has Costs,(0) >0 A has Costs,(0) >0
8 A 8 A
(@) e N o |7 N
T I I ~ T T — ~
0 Jo* Clpo? o2 Train(6) 0 02 -CV, 02 -V, o? Train(6)
The lower bound on Costs; (%) The lower bound on Costs; (%)
grows linearly in this range grows quadratically in this range

Figure 1: An illustration of the results of Corollary 4 (describing the regime where memorization
is necessary), and Corollary 5 (describing the regime where overfitting is harmful). Here
C > 1 is any constant.

Proof These results follow immediately from combining the bounds (2) in Theorem 2 (which
calculates the training error of fg), with the result of Proposition 1 (which tells us that optimal
prediction error can only be achieved by an estimator whose training error matches that of fg). W

The two parts of this theorem immediately yield answers to our two key questions: under what
regimes does it hold that memorization is necessary, or, that overfitting is harmful? The following

two corollaries answer these questions.
First, we consider the question of when memorization is necessary: what is the cost of choosing

an estimator whose training error is too high?
Corollary 4 In the setting of Theorem 3, suppose also that o0 < J-1. Then
If Train(9) > Jro* then Costyx(8) > 0.

Moreover, any estimator that fails to memorize sufficiently will incur excess prediction error that is
linear in Train(0): for any C > 1,

If Train(9) > C - Jyo* then Costyx(9) > C” - Train(),
where C' = A5 (1 - C71/2)2,

Next, we turn to the question of when overfitting is harmful: what is the cost of choosing an
estimator whose training error is too low?

Corollary 5 In the setting of Theorem 3, suppose also that 0 > . Then

If Train(9) < 0% =V, then Costy;(0) > 0.
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Moreover, any estimator that exhibits too much overfitting will incur excess prediction error that is
quadratic in 0 — Train(0), i.e., in the amount of overfitting: for any C > 1,

!/

o ~ _C 2
If Train(#) < 0° - C' -V, then Costg(é?)Z;'(az—Traln( )) ,

where C' = (4Xx) 71 (1 - C™1)2
These results are illustrated in Figure 1.

Remark 6 We point out that our characterizations are the cleanest at the extremes, when o2 > Vi
or a® < J1. As we will show in Fig. 3, under the moderate noise level J1 < 0 <\, the behavior of
the optimal training error relative to the noise size Train(@\) Jo? can oscillate and be non-monotonic.
It remains an interesting open question to investigate for a similar clean characterization for the
necessity or harmfulness of overfitting in this regime.

2.4.1. THE ROLE OF THE PRIOR: CONNECTIONS TO EFFECTIVE DIMENSION

In the results above, we have seen that if o is close to zero then memorization appears necessary,
while if o2 is large then overfitting is harmful. How does this relate to the connection between
overfitting and model complexity? In particular, we might expect the following:

o If 0 is assumed to lie in a low-complexity model class (e.g., under sparsity), then any accurate
estimator 6 should have minimal overfitting.

* On the other hand, if we are in a truly high-dimensional setting (with no assumptions such
as sparsity that would induce low-dimensional structure), then we may prefer to overfit, i.e.,
“benign overfitting”.

In the Bayesian setting considered here, our results can be related to these principles by considering
the parameters V,; and J_'. Essentially, these parameters capture a notion of effective dimension.
For intuition, suppose n = d and X is the identity. First, suppose our prior 7 is quite flat
and uninformative. In this case, we would expect V,; and J-! to both be O(1) (for instance, if
7 = N(0,I;) then V; = J-! = 1). In particular, if the noise level ¢ is o(1) then memorization
becomes necessary: Corollary 4 tells us that cost is high for any estimator with training error 2 o2
At the other extreme, we can consider a setting where m encodes some knowledge of low-
dimensional structure in 6—for instance, ™ may be concentrated near some low-dimensional subspace
or manifold in R%. In such a setting, we would expect that overfitting would be harmful, since an
optimal estimator should lie near this low-dimensional region and therefore would not have the
capacity to overfit. For this type of prior 7, J-! would typically be quite low, and the regime in
Corollary 4 (i.e., the regime in which our results show that memorization is necessary) becomes
negligible. However, there is a subtlety here: if o2 is extremely close to zero (i.e., 02 < J-! = o(1)),
then we again find that memorization is necessary. This is an artifact of our Bayesian framework:
even if 7 is strongly concentrated around some low-dimensional region within RY, since we require
to have a positive and differetiable density, if the noise level is extremely low then 7 is still effectively
constant within any sufficiently small neighborhood. Thus if o2 is extremely small, 7 again acts
(locally) as an uninformative prior (see Figure 2 for an illustration). On the other hand, if we choose
7 to be a distribution that places all its mass on a low-dimensional support (and therefore, 7 cannot
have a density), this phenomenon would not occur—but this is beyond the scope of our framework.
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Isotropic prior Isotropic prior (zoomed in)
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Figure 2: An illustration of the phenomenon discussed in Section 2.4.1. In the top row, we plot
an isotropic prior, 7 = N(0, I2), while the bottom row shows a prior that encourages
approximate 1-sparsity, 7 = 0.5N(0, ee] + nezes) + 0.5N(0, nere] + ezel), for n = 0.05.
However, when we zoom in to the neighborhood of a single point (0, 0.5), the two priors
are both essentially constant.

In the next section, we explore these ideas through concrete examples to demonstrate the role of
effective dimension in this problem.

3. Examples with differing levels of complexity

In this section, we apply our results to investigate concrete setups of .#x (7, c?) under different
priors for the key determining parameters V, J, Ay in Theorem 3.

Throughout this section, we will work in a setting where the training data points x; and the
test data point " all assumed to have mean zero and covariance ¥ = I;. To characterize high
dimensional behaviors by exact limits, we leverage tools in high dimensional random matrix theory
under proportional asymptotics (Bai and Silverstein, 2010), working under the following distribu-
tional assumptions on the training data features z, -+, z;,, € R? and overparameterized proportional
asymptotics.

Assumption 1 (Overparameterized proportional asymptotics) For a given vy € (1,+00), con-
sider a deterministic sequence of positive integers d(n) indexed by n, such that d/n — ~. For an
infinite array of i.i.d. random variables { X;;}7%_y such that E[ X;;] = 0, Var(X;;) = 1 with bounded
fourth-moment E[ij] < +oo, define X (n) = (Xij)ie[n],je[d] € R™ <. We consider the sequence of
linear models M x (m,0?) = Mx () (m(0), 0?) indexed by n.
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3.1. Isotropic Gaussian prior

We start with the simplest prior of the isotropic Gaussian 7 = N(0, I;/d). The following proposition
shows the implications of our general results for this isotropic setting.’

Proposition 7 Let Assumption 1 hold. For 02 > 0 and ¥ = 1, we have almost surely

Vp 1, J,ﬁ%, s = (1+7)2,

Recalling the results of Section 2.4 (and Corollary 4 in particular), we see that memorization is
necessary when the noise is not too high, since V and J, are O(1). We can interpret this finding as
showing that, when 7 is essentially uninformative, we are in a genuinely overparameterized regime:
in the absence of any implicit structural knowledge of 6, overfitting is unavoidably necessary, and
strong predictive performance requires memorization.

3.2. Approximately-low-rank Gaussian prior

In the second example, we begin to investigate scenarios characterized by an underlying underparam-
eterized structure, in which the model lacks sufficient capacity to overfit the noise. To capture this
structure while still ensure X 6 has a density p, we consider an approximately low-dimensional prior:

m=m(n)=N(0,Q2(n)), Q=0Q(n) = 1_777[]6 8]+Zld, 0<n<l 7

For small 7, this prior is approximately supported on a low-rank subspace (spanned by the first r basis
vectors). As n — 0+, if 7 < n then the model approaches an underdetermined linear model (where
Train(?) cannot be zero for any estimator), while if r > n then the model essentially approaches the
same setting as the isotropic Gaussian example of Section 3.1, except with r in place of d.

Proposition 8 Ler Assumption 1 hold, r/n — p € (0,+00), and 7 defined as in (7) above. Define
the constant C = C(v,p,n) =n*(y—p—-1) +n(yp-p* = p) +v(p—-1). For 6* >0 and ¥ = I,

—C +/C? +4n(y - 1)y(n+p)
2n(y-1) ’

almost surely. In particular, we have the following limits as n — 0+:

V,—1, 1 - As = (1+7)?

1—
Underparameterization limit: if p < 1, Jr= u + 0(77_1);
n(y-1)
Interpolation threshold limit: if p = 1, Jr = N S o(n‘% );
V n(v-1)
Overparameterization limit: if p > 1, Jr = d I +o(1).

5. This is the same setup considered in Cheng et al. (2022), except that the authors originally examine X (n) whose
rows have a general covariance structure X(n) with bounded condition numbers and converging empirical spectrum
distributions (and measure test error against the same covariance 3(n)); however, the qualitative conclusions remain
the same by taking X(n) = I4. See Appendix C.1 for extensions of our results to the case of a general X(n).



CHENG BARBER

In the regime p > 1 (i.e., 7 > n), even as n — 0+ the model is still overparameterized, and
essentially reduces to the same result as the isotropic Gaussian, in Proposition 7: we have J; — /%

in place of ﬁ since the effective dimension is r = pn instead of d = yn. In particular, memorization

is again necessary, since the results of Corollary 4 apply as soon as o2 < J-1 x 1.

On the other hand, if p < 1 (i.e., 7 < n), we see different behavior. Indeed, if 7 is close to zero
(i.e., the prior is strongly concentrated near the low-rank subspace), then if the noise o2 is not too
small, intuitively we would expect overfitting to be harmful since we have knowledge of low-rank
structure in 6 (as expressed by 7). This is confirmed by the theory: by Proposition 8 and Corollary 4,
as 77 - 0+ we see that memorization is necessary once o2 < J-! = O(n), but if  — 0+ then any
positive noise level will not fall into this regime.

For comparison, we can consider a prior with exact low-rank structure,

(01,...,0,)" ~N(0,I./r), (Ors1,-..,04) =0, ®)

which we can view as a limit of (7) by setting 7 = 0. This prior does not have a density on R? and
thus lies outside the framework of our main results in Theorem 2, which bounds the training error of
the Bayes estimator—but in this simple setting, we can instead compute Train(fg) directly.

Proposition 9 Let Assumption 1 hold, let r|n — p € (0,1), and let 0* > 0 be fixed. Then, for the
— 2
low-rank prior 7 defined in (8), it holds almost surely that Train(0g) — o2-(1-p)+o*- iin +0(09).

Consequently, any near-optimal estimator 6 must have, at most, a bounded amount of overfitting: by
Proposition 1, we will have Costy;(#) % o2 if 0 — Train(6) > co? for any constant ¢ > p.

3.3. Mixture of approximately-sparse priors

We now move beyond the Gaussian prior setting, in which the absence of a closed-form expression
for V log p(y) makes it challenging for exact evaluation of the key Fisher information quantity J.
Nevertheless, in certain cases we can still derive bounds that characterize its behavior. In particular,
we consider the mixture of the collection of perturbed K -sparse priors:

Z N(O, Qs(n)), QS = Qg(n) = 1_—77 eieT + ﬂId (9)

ﬂzﬂ(n)z_ K €S tod

(1) serdlisi=x

This prior is appropriate for a setting where we believe 6 is K -sparse, but have no knowledge of its
support. The distribution of X6 induced by 6 ~ 7 then has the density

p(y)=% Y, o0, XQsXT),
(f) seldljsi=re

where ¢(-; u,X) denotes the density of the N(u, ) distribution.

Proposition 10 Ler Assumption 1 hold, and 7 defined as in (9) above. Assume also that K |n — 0.
Forc?>0and X = 14, we have almost surely

1 1\
—-6(1——) < lim inf JﬁslimsupJﬁsL.
P o G-

In addition, when vy — +o0, both sides converge to 1/n.

10
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Assuming K /n — 0 ensures that, under the prior 7, the model is essentially low-dimensional.
Similarly to the results of Section 3.2 (for the underparameterized case r < n considered there), here
we see that, provided n ~ 0—i.e., the prior is strongly concentrated on approximately-sparse values
of §—the results only suggest that memorization is necessary if the noise level o2 is extremely small.

4. Examining the training error of the Bayes estimator

As implied by Theorem 3, quantifying the cost of overfitting (or not overfitting) hinges on characteri-
zation of the training error achieved by the optimal Bayes estimator under a given .#x specification.
In this regard, Theorem 2 constitutes the principal driving mechanism for the central results presented
in this work. In this section we examine this training error more closely:

1. In Sec. 4.1, we present Tweedie’s formula and a Fisher information expression for Train(é\B)
valid for all 2 > 0, which serve as the foundation in the proof of Theorem 2 in Appendix B.2.

2. In Sec. 4.2, we analyze monotonicity properties of Train(@\B) w.r.t. the noise level 2.

To simplify notation, throughout this section, we denote the density of N(0,021,,) by ¢,2. Let
7’ be the probability distribution of X6 in R™, and let 7/ , := " * N(0, 021,,), which is the marginal
distribution of 3. We also assume that the density p > 0 of 7" always exists and is differentiable, and
continue to assume that 7 has mean zero, as before. Write p,2 = p * ¢,2 as the density of 7/ , % Then

1 - 1 _
Train (f8) = ~E, .t [1xP5 - 4]" | x] = ~EforreN(0.12) [1XFs(X, X0+ 07) - X0 - 07| | X].

The above manner in which Train(gg) depends on the specifications of the linear model .Zx is
not transparent. Thanks to the remarkable representation of the posterior mean through the score
function, known as Tweedie’s formula (Efron, 2011) in Bayesian estimation, we can concisely
express Train(@\B) in terms of the Fisher information of 7/ ,.

4.1. Tweedie’s formula and Fisher information

By Tweedie’s formula,
E[X0|X,y] =y +0°Viogpy(y),

and from this we can immediately see how to characterize the training error by the Fisher information
of 7/, by rearranging terms and taking expectation over y.
2
| X] |

(10a)

Lemma 4.1 It holds for all noise level 6% > 0 that

L o2 0 X0 - X0 - o7
Train (93) = “Egr roN(0,1,) [HE log Egr..x [exp {_ | I } | X, y]

202

Moreover, defining the Fisher information matrix of 7', as
g

I(Uz) = ]Eywr;2 [V lngU2 (y)v logp;2 (y)] = _IEyNTr:72 [V2 10gp¢72 (y)] )

6. The differentiability assumption can be relaxed in certain cases, which we will discuss in the Appendix.
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it holds that

4 4

g 'Ey~7r;2 [V log p,e (y)||2] = % -trace(I(JQ)). (10b)

Train 9\3 =—
(@) - -
Remark 11 Lemma 4.1 suggests that the trace of the Fisher information matrix 1(c?) governs the
training error of the Bayes estimator 0g. In the low noise regime o> — 0%, we anticipate

ol
Train (53) =(1+ 0(1))F U£i_r}(1)+ trace (I(gz)) .

Higher-order expansions of Train (53) can be obtained from the asymptotics of trace (l(O‘z)) as
02 - 0+, which we defer to Appendix E. As 0% — +oo, the distribution ’R’; » converges to N(0, 0%1,,),

and the Fisher information satisfies |(c?) = (1 + 0(1))1,,/c%. Hence, as 0> — +oo,

0'4 n
Train () = (1 + o) —=(1+ o(1))o?.

4.2. Monotonicity of the training error

Overloading notation, we next define Train(c?) as a function on (0, +c0) to represent the training
error of Train(#g) at noise level o>—that is, Train(c?) is defined as the right-hand side of (10a).
We also define an auxiliary function J on (0, +o0) for the Fisher information as

1 1
J(0%) = = By, [IV10g o2 ()] = — trace(I(o?)). (11)
n 4 n

By the equivalence of Egs. (10a) and (10b) from Lemma 4.1, we have Train(c?) = 0*J(c?). We
also extend the definition to J(0) = J and Train(0) = 0 if 7’s push-forward distribution 7’ has finite
Fisher information.

A natural direction for deepening our understanding of the behavior of the Bayes estimator is
to investigate the evolution—in particular, monotonicity—of Train(c?) as a function of the noise
variance parameter 2. Intuitively, Train(o?) should increase as the additional noise makes the
optimal learning procedure less confident. Employing powerful tools for Gaussian channels (Guo
et al., 2004, 2011) enables us to conclude the following.

Proposition 12 If ). is finite, then Train(o?) is monotonically non-decreasing on [0, +o0), and
Train(0?) /o = J(0?) is monotonically non-increasing on [0, +00).

However, the function Train(o2)/0? (i.e., the training error relative to the noise level) can in general
be non-monotonic: see Fig. 3 for an example’.

5. Discussion

Our results, extending the memorization phenomenon in Cheng et al. (2022) from Gaussian priors to
general priors, provide summarizing parameters J;! and V., which are intrinsic to the underlying
parameter distribution 7 and capture a notion of effective dimension. These parameters yield
asymptotically optimal guaranties for characterizing when interpolation is necessary or harmful.

7. See the code for the experiment in https://github.com/Moriartycc/is-memorization-helpful-or-harmful
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IS MEMORIZATION HELPFUL OR HARMFUL?

Train(o?)/0? vs. 02

Train(o?)/0* vs. 02

0.5/ — n=001 0.8l — n=o0o01 — n=0.01
n=0.05 ' n=0.05 80 n=0.05
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02 o?

Figure 3: Numerical simulations for 7’ = 0.5N(-1,7) + 0.5N(1,7n). From left to right, we plot
Train(c?), Train(0?)/o? and Train(c?)/o* vs. 0.

Furthermore, Theorem 2 does not rely on proportional asymptotics nor assume a high-dimensional
ambient space, and thus holds in a fully general setting.

For linear models, the hypothesis class consists essentially of the parametric family Fg = {6 |
6 € © = RY}. Tt is of considerable interest to extend the present analysis to more general model
classes F) = {f)}, where A may be either a parametric or a nonparametric index set; it would also
be valuable to investigate analogous phenomena outside the Bayesian framework without imposing a
prior distribution on ©.

Finally, the role of Ay; is inherently tied to the finite-dimensional ambient space d < co. In Hilbert
spaces (Bartlett et al., 2020; Cheng and Montanari, 2024), one has Ay, = co, while the cited works
show that benign overfitting occurs for arbitrary noise levels in such settings. A future theory of
memorization in Hilbert spaces will therefore require a fundamentally different analytical approach.
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Appendix A. Technical lemmas

In this section, we gather some technical lemmas from existing work, that will be helpful in the main
proofs.

The first result concerns the computation of moments of the multivariate normal distribution.
Isserlis originally established the general formula for arbitrary moments, whereas we require only
the following identity for the fourth-order moment.

Lemma A.1 (Isserlis’s theorem (Isserlis, 1918)) Let X = (X1, X2, X3, X4) be a zero-mean Gaus-
sian random vector. The following identity holds:

E[X1X2X3X4] = E[XlXQ]E[X3X4] + E[Xng]E[X2X4] + E[X1X4]E[X2X3:|.

The next result is Stam’s Fisher information inequality (Stam, 1959) for sums of independent
random variables, based on Shannon’s entropy power inequality (Shannon, 1948). While Stam’s
original result is stated for scalar random variables, a vector-valued extension can be found in (Dembo
et al., 2002, Thm. 13). We state an equivalent version given in (Dembo et al., 2002, Eq. (37)) as
follows.

Lemma A.2 (Fisher information inequality) For two independent vectors X,Y € R™ with densi-
ties p,q, let Z = X +Y with density p * q. The following inequality holds whenever all quantities are
well-defined:

1 1 1
2 + .
Ez[[Viog(p*a)(Z)|*] ~ Ex[|Viogp(X)|*] Ey[|Viogq(¥)|’]
In the same paper (Stam, 1959), Stam provides a lower bound for the Fisher information by the
entropy power of a random variable, sharpening the Cramér-Rao bound by the variance. The result,

often referred to as entropic isoperimetric inequality, is then later extended into the vector form. Here
we present the version of the result stated in (Dembo et al., 2002, Thm. 16).

Lemma A.3 (Entropic isoperimetric inequality) For a random vector X € R™ with density p and
for which the Fisher information exists,

“Ex [ 1o p(X) ] > 2re exp { -~ Ex [-logp(X)]}.

The equality holds iff X ~ N(0,v21,,) for some v? > 0.

The following lemmas cover several classical results concerning high-dimensional sample
covariance matrices within the framework of random matrix theory that will be useful in our analyses
for specific examples in Sec. 3. These include (i) the Bai—Yin law, which characterizes the asymptotic
behavior of the largest and smallest eigenvalues, and (ii) the Marchenko—Pastur law, which describes
the limiting empirical spectral distribution. We describe our results in a more general setting than
Assumption 1, relaxed to also incorporate the underparameterized regime v € (0, +00). We also
assume the data features X = Z3 such that Z has i.i.d. entries with zero mean and unit variance and
bounded fourth-moment, and we let ¥ = $(n) form a sequence of p.s.d. matrices. Let S = X X7 /d e
R™ " and denote by the nonzero eigenvalues of §by AL 2> Apvd > 0= Xvde1 = - = Ay, and the
empirical spectrum distribution (e.s.d.) by g, (d\) = % Yiv10x,, we have the standard Bai-Yin and
Marchenko-Pastur theorems for > = I (cf. (Bai and Silverstein, 2010, Thm. 3.6 and Thm. 5.10)).
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Lemma A.4 (Marchenko-Pastur and Bai-Yin laws) Ler d/n — v € (0,+00). The largest and
smallest nonzero eigenvalues of S satisfies the Bai-Yin theorem:

2 2
ME (1) =AM (1-97E) =
With probability one, the e.s.d. ., of S converges weakly to the Marchenko-Pastur law:

d (A=A -A))
fn(dA) = pimp 5 (dA) = (1 =)0 + % Y 3 s aaaardA

We then consider the case when X is a deterministic sequence of p.s.d. matrices whose e.s.d. converges.
In particular, let o1 > -+ > o4 > 0 denote the eigenvalues of ¥ and v, (d\) = é Z?:l 5, To facilitate
the statement, we introduce the Stieltjes transform m,,(z) : C, — C, of a probability measure y on
R, where C, = {u+iv | v > 0}. m,(2) is then

mu(2) = [ on(a). (12)

It is well-defined everywhere on C. since (A — 2) 7| = [(A = u) + 50|/ ((\ — u)? + v?) < 1/|3z|. The
Stieltjes transform uniquely determines any finite signed measure on R, see the inversion formula
in (Bai and Silverstein, 2010, Thm. B.8) to recover y for m,,(2). The following generalized version
of Lemma A.4 then holds (cf. (Bai and Silverstein, 2010, Thm. 4.3 and Thm. 6.3)).

Lemma A.5 (Generalized Marchenko-Pastur and Bai-Yin laws) Let d/n — v € (0,+00), X,

d
have bounded spectral norm as n - +oo, and assume v, — v with bounded support. With probability
one, the e.s.d. iy, of S converges weakly to | determined by m,,(z) from the following fixed-point
equation on C,.;

\ -1
mﬂ(z):—(z—fwu(d/\)) .

In addition when v > 1, if the smallest and largest eigenvalues of X.,, converge to the smallest and
largest numbers in the support of v, then \1 and \,, converge almost surely to the smallest and
largest numbers in the support of .

We can also efficiently compute the limit of A; and \,, by the following lemma (Silverstein and Choi,
1995, Thm. 4.2).

Lemma A.6 Under the same setup of Lemma A.5 for v > 1. Let )\; and X, be the largest and
smallest numbers to satisfy the following equation

2

mM(A)2 f(1+(A/’Y)mM(A))2

(dA)7

in addition to the fixed-point equation in Lemma A.5 and m,(\) < 0. Then \y - A}, and A\, > A,
with probability one.
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Appendix B. Proofs for Section 2
B.1. Proof of Proposition 1

For any estimator 0,
Preds(9) =E[[7- 0|3 | X| =E[|7- 5 +0s - 0], | X]
=E[|0-Bs| + |06 - 0], | X] = Preds () + E[|7- s[5 | X].
where the next-to-last step holds since g = E [0 | X, y] and so

E[(0-08)"S(0s-0)| X,y]=(0-0) " SE [0 - 0| X,y] =0.

This verifies the equality Predy;(f) — Predy, = E [H@\— O H; | X ] On the other hand, applying the
Minkowski inequality in £ yields

N R Y e R
NG|

‘\/Train(g) - \/Train(gg)

< \/lE [HX(?— )|’ | X] < Hz—é KX ot
n n

B.2. Proof of Theorem 2

We divide our proofs into three parts, addressing the general bound in Eq. (2), the low noise
asymptotic expansion in Eq. (3) and the high noise expansion in Eq. (4) respectively. The proofs,
especially the first two parts, rely heavily on several remarkable results from the theory of information
inequalities. We first refer the reader to the necessary backgrounds in Sec. 4.1 in which we define
the important auxiliary functions J(¢2) and Train(o?) such that Train(0g) = J(02) = o*Train(o?)
and importantly J(0) = J, whose continuity J(0) = J(0+) will be a main focus of our proof. In this
proof, we will work under the notation that ¢ = 0. We shall also use 7’ to denote the probability
distribution of X6 on R" induced by 7.

Part I: The general lower and upper bounds. The Fisher information upper bound is a direct
corollary of Stam’s Fisher information inequality in Lemma A.2, applying to 7r; = 7’ * N(0, ¢1,,) and
implying J(¢)™% > J(0)~! + ¢. Therefore,

t2 t2

Train(t) = t2J(t) < = :
rain(t) J()_J(O)—1+t o+t

The lower bound follows from the classical scalar version of Cramer-Rao bound (Lehmann and
Casella, 1998, Chp. 2). We provide a simple two-line proof. Since by Cauchy-Schwarz and
integration by parts,

%Eng [HyHQ]) : (%Eng [HVlogpt(y)IIQ]) > (% f y- Vlogpt(y)pt(y)d:t/)2
2
= —%prt(y)dy =(fpt(y)dy)2=1-

=n

(Vo + )J(1) = (
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Thus we establish the lower bound:
2

V,+t

Train(t) = t2J(t) >

Part IT: Asymptotic expansion when o2 — 0+. Since Train(t) = t2J(t), we only need to show
the continuity of J(¢) at 0+, i.e.

. .1 1
Jim J(#) = i — By [|Viogpi(y)]*] =~ Eyer [|VIogp(9)[*] = J(0).

020+ N

The right continuity of J at 0, seemingly trivial at first glance, indeed requires deep technical tools
from information theory. Since p; = p * ¢, we first use Stam’s Fisher information inequality in
Lemma A.2, which implies J(¢)~! > J(0)™! + ¢ and

limsup J(¢) < J(0). (13)

t—0+

It boils down to proving lim inf;o, J(¢) > J(0). Since 7, converges weakly to 7’ trivially from

X6 +\/tr 4 X0, the desired inequality holds by the lower semi-continuity of Fisher information
under weak convergence. For scalar random variables, this is known in (Bobkov et al., 2014,
Prop. 3.1) and (Huber and Ronchetti, 2009, P. 78) by the convexity of Fisher information under
vague topology. This is indeed true in general dimensions, and we provide a proof in what follows
for completeness, using the similar variational principle in Huber and Ronchetti (2009) and (Artstein
et al., 2004, Thm. 4). Let pg = p, we have the following lemma.

Lemma B.1 (Variational principle of the Fisher information) Let C2°(R™;R") be the family of
all compactly supported and smooth vector fields from R™ to R", then for all t > 0,

= s {2 [ )by [ ) )1y}

beC3e (R™;R™)

Proof By nonnegativity
1
- f p(y) Ib(y) - Viogpe(y)|* dy = € > 0,

we immediately have J(t) > e, + 2 [ py(y)b(y) - Viog pe(y)dy - L [ pi(y) [b(y) |* dy. While b is
smooth and compactly supported, we can integrate by parts and obtain

%fpt(y)b(y)-vlogpt(y)dw%fb(y)~th(y)dy=—%fpt(y)v-b(y)dy-

Here V - b(y) = X0, a%_b(y) denotes the divergence of b(y). Thus taking supremum over all
beCZ(R™R"),

IORSNCTIN CRD RUOLOUE Y RO
2 1 2
2 su - + -b dy — — + b d .
LI ) FUOMUOLEES FEOILOIRY)

beC (R™;R™
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The equality holds since ¢, can be arbitrarily small. |
We are now ready to show lower semi-continuity using Lemma B.1. Indeed, since p;(y)dy 4
p(y)dy, by weak convergence, for any compactly supported smooth b,

tim (-2 [ 0e)v -0y - [ 0o) )] dy )

t—0+

=2 [ p)v-bw)dy - [ o) Ib(w) | dy.

Thus

2

limnt 30> = [ )V bddy -~ [ p() 161 dy.

Taking supremum on both sides for b € C2°(R"; R"™) yields
liminf J(¢) > J(0). (14)
t—0+
We show lim;_,o4 J(¢) = J(0) combining Egs. (13) and (14).

Part III: Asymptotic expansion when 0> — +co. By the definition of fg = E[0 | X, ], we can
make use of the following Pythagorean theorems

Ey.r |
Eoixy [1X0-08)]" | X,y] = Box, [1X017 | X, 9] - | X7s]

XTe —y|* | X] = By [Eop, [1X0- 017 - | X(0-08) [ | X,0]]
2

and obtain that

1
Train(t) = EEyw; [

X0 - y| | X]
1 .
= ~Eyng [Eopxy [1X60 -yl - |1X6)° + | X85 ]| X.y]]
1 1 1
= EEQNW,T'\'N(O,LR),y:XH-HTT [”X@ - yHQ] - EEGNW [HXHHQ | X] + EEywrz [
1 _
=t- EE9~7T,T~N(O,In),y:X9+aT [HX(H - HB) H2 ’ X]

1 Lol v7
=t-—E[|X0) | X]+-E[|x0s]" | X]. (15)
n n

BN X]

In the preceding displays, we marginalize over y and 6, using y = X6 + o7. The last two lines
naturally give general lower and upper bounds as

1
t—szt——-E[||X9||2|X] < Train(t) < t.
n

Next, we derive the high noise asymptotics when ¢ — +oco based on the preceding displays. Recall
that

jeexp{—%y”z}w(de)

s =E[0]| X,y] = - :
’ ! fexp{—%}w(d&)
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We can then compute that
B (053] = By 0573 | X, 0]

’_ r 2 0o _ T 2 ~
I/ 607 exp {_||X97y2t\/f L 120 y2t\/Z | }W(de)ﬁ(dg)
:Ey’NW’,TNN(O,In) 3 X

(7o - 25T )

Since [ |0]° 7(df) = E[||#]*] < +o0, we can apply dominated convergence theorem to take limit
under the integral

lim E,.E [@\B/Q\é | X, 3/]

t—+o00

I 007 - limy_, 4 0o €XP

r_ T 2
(f limy_, 4 00 €Xp {—M} W(d@))

[ 067 exp {~ |7|°} w(dO)m(d)
exp {-|]*}

|X0-y'~var|® | x0-y'—vir|®
- % - 2 7(
X

= Ey’NW,7TNN(07[n)

df)m(dh)
—|

=E-N(o,1,) ! X] =E[0]E[0]" =0.

2
Thus, 0p 5 0 by taking trace on the above limit, and

‘XGBH ] = l‘cmce( lim IEyN,r [9893] ) =0.

lim E .
Y 7r n t—+oo

t—>+oo [

The last part of the proof is complete combining with Eq. (15).

B.3. Proof of Corollary 4

First, since < Jro*, we have

_ot
Jl+o2

4

Train(0) > J,0! — Train(d) > TO‘Q

Therefore, we can apply the bound (5) from Theorem 3. If Train(g) > Jro?, then (5) immediately
yields Costx;(#) > 0. Moreover, if Train(8) > C - J,o* for some C > 1, then by (5) we have

Costy (8 (\/Tram(ﬂ \I T o? )
4

2
> A5t (\/Train(g) = \/C‘l -Train('@\)) since ;—4_02 <Jrot < C71 - Train(9)

= A5 (1 - C7Y%)2 . Train().

21



CHENG BARBER

B.4. Proof of Corollary 5

First, since

v — > > 02 —V,, we have

4

Train(f) < 02 -V, = Train(0) < 5
V.+o

Therefore, we can apply the bound (6) from Theorem 3. If Train(g) < o2 -V,, then (6) immediately
yields Costyx(#) > 0. Moreover, if Train(#) < 0? - C - V,; for some C > 1, then by (6) we have

Costy; (0 (\/V e \/Tram(O)

!
(\/02 -/ Train(0 ) smce 5 2 02 =V > Train(P)

+0

A (\/0'2 V- Vo2 - )2 deﬁningA:o — Train(8)

[\

2 —~
Ay (\/02 —CTA-Vo?- A) since Train(9) < 0% - C'- V,; implies A > C' -V,

A-Cct-AY b-
ZAil(C—) since\/UQ—a—\/UQ—bz2—afor0§a§6302

20 o
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Appendix C. Proofs for Section 3
C.1. Proof for the isotropic Gaussian prior

We give the proof for the isotropic results first. Since X6 | X ~ N(0, X X"/d), we can denote by
the n eigenvalues of S := X X7/d by A >---A,, > 0. The classical results in random matrix theory
enable the following almost sure limits (cf. Lemma A.4 in Appendix A),

1\2

)\1—>(1+7_%)2 = )\:;, )\n—>(1—'y_5) =\

\/(/\; -AN(A=-XY)
A

n d v
pn(dA) : ; Oy, = 5 Lx-aaaardA = pmp 5 (dA).

Since ¥ = I, the parameter Ay, in Proposition 1 then has the exact limit Ay, = YAy — (1 + /7 )2. For
Vr = Ltrace(XXT) = L 30, v, X2,

one. Alternatively, we can also make use of the semicircle integral fa (b=N)(A=a)d\ = %
to confirm that

by law of large numbers we have V; — 1 with probability

Vﬂzltrace /)\un(d)\) f/\/LMpv(d)\) /2 AVJOF TN A) L creas dA

_ v (1972 - (1-973)?)
2 8

=1.
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Finally, since 7’ = N(0, S), we can compute
1 ) 1 1 A_l
o= IE[— [V logp(X6)|~ | X] = —E[—Alogp(XH) | X] = —trace (S')
n n n
1 1 ¥
- —nd)\—>/-— )=
J (@) > [ S a(an) = 2

The last equality is from the resolvent identity at z — ¢ - 0+ (Bai and Silverstein, 2010, Lemma 3.11).

For the general sequence of X(n), we refer the reader for backgrounds in Stieltjes transform
and random matrix theory to Lemmas A.5 and A.6 that are necessary for the general version of
Proposition 7 below.

Proposition 13 Ler Assumption 1. Under the setups of Lemmas A.5 and A.6, for o® > 0, we have
almost surely

1
VW—>f)\u(d)\), qufxu(dx) Ar =\,

where i is the generalized Marchenko-Pastur limit for the sequences of covariance matrices 3(n)
whose empirical spectrum distributions v,, converge to some v weakly.

The proof for Prop. 13, is identical to the preceding proof for ¥ = I, and thus we omit the repetitive
details. For Ay, as it equals to % HZ’% XTXY | = % |1Z7Z

)\2 - (1 + ﬁ)Q

, the isotropic result applies and

C.2. Proofs for the approximately-low-rank Gaussian prior
C.2.1. PROOF OF PROPOSITION 8

Part I: Limits of the parameters. Let S = XQX and its e.s.d. be 1,,. Since X6 | X ~N(0, 5),
the convergence of V; follows from law of large numbers and

—~

Ex [Vz] = %trace(Ex [S]) = %ltrace(E) =1.

As Ay = % | XTX|, the same limit as in Proposition 7 hold. It remains only nontrivial to compute J.
Denote by the e.s.d. of df2,, by v, it is clear that
Hr= S (1-5)
Up = V= =0, +{1-=]9,.
n ~y v/p+n ~ )
We can then apply Lemma A.5 since S = X (d2) X T /d, which implies

1 A 1+npy~? —npy L
— ==z + f —_11/(dA) =—z+ n_plfy =) + n=ney -
my, 1+ Amyy L+mu(p~t+np™t)  1+muny

Set z = 0, this solves the quadratic equation

n(y=Dms +[n*(y=p-1) +n(vp-p"=p) +v(p—1)]mu - y(n+p) =0,

-C
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which yields for the positive branch solution:

~C +\/C? +4n(y - 1)y(n + p)
2n(y-1) '

We thus have the explicit form for the limit of J; by identifying

my(0) =

JW:—E[%Alogp(XH)|X]:%traee(?‘l):/%Mn(d/\)»/iu(d)\):mum).

In this step we invoke Lemma A.5 implicitly, which allows us to restrict ourselves to the compact
interval [)\; — €, A; + €], since the extreme eigenvalues converge almost surely. Consequently, the
function A — 1/X is bounded on this interval for a suitable choice of ¢, and thus weak convergence
applies for the function 1/A.

Part II: Asymptotics for  — 0+. We compute the asymptotics for m,,(0) as the limit of J.
Case I: p > 1. In this case C(vy, p, 0+) has a positive limit y(p — 1), and thus
~C+\/C?+dn(y =1y (n+p) _ 29(n + p)

2n(y-1) C+\/C%+an(y-1D)v(n+p)

Lo
C(v,p,04) p-1

myu(0) =

CaseIl: p=1. When p = 1, taking C (v, 1,1) = n(y —2) + o(n) into the above display gives

2yp +0(n) _ ~
o(n?) +\/An(y~ L)vp + o() n(y-1

CaseIll: 0 < p < 1. In this case C(v, p,0+) has a negative limit v(p — 1), and thus

~C+\/C?+4n(y=1)y(n+p) _29(1-p)+o(n) _v(1-p)
2n(y-1) 2n(y-1) n(y-1)

m,(0) =

) + 0(77_%).

my(0) = +o(nh).

The proof is complete.

C.2.2. PROOF OF PROPOSITION 9

We divide this section into two parts. The main proof of the proposition is in only Part I. In Part
II, we analyze the training error for n > 0 and derive asymptotic solutions under the scaling regime
o = C/n, for some constant C, in the limit as 1 - 0+.

Part I: The unperturbed prior = 0. We begin by examining the case n = 0, as it offers
conceptual clarity while avoiding substantial technical complications. It is equivalent to having
X eR"™ r/n - p, ¥ =1 and @ ~ N(0, I,/r). The posterior mean (i.e. the Bayes estimator) for
y ~N(0,XXT/r+0?1.)is then Og = (X" X + 02rI,) 1 X7y, and therefore
—~ 1 —~
Train(f) = E [_ | X0g - yH?]
n
1 T 2 13T 21 1 T 2 13T |2
= —E[[|X(I - (X"X +0%L,) ' XTX)0)| ]+EE[H(I—X(X X +0%rL) ' X7 e|]
n

24



IS MEMORIZATION HELPFUL OR HARMFUL?

4 6
= U— trace ((XXT/’F + O'QIn)_Q(XXT/’F)) + 2 trace ((XXT/r+ UQIn)_Q)
n

f ()\+02)2 2)2“"((“)

g f )\+0_2NMP,p(d)\)

2 2
A A (O‘p p+1 \/(O’p p+1)2—402p
=0 mMMP,p(_UQ) =0 - 952

In the last line we use Lemma A.5 for v = §; and z = —¢>. As it holds for m = my,,,, ,(-o*) that

1, 1

=0+ :
m 1+m/p

Using the asymptotics for p > 1 that

—(02p+p—1)+\/(02p+p—1)2+402p_ 402p
. -
20 02-((02p+p—1)+\/(02p+p—1)2+402p)

+O(02),

-1

and for p < 1 that

(o2 p=1)+\ /(0% +p=1)+40% 2(1-p) -0+ X0+ O(c")
202 252

1-— 2
= p+p—+0(o2).
o2 1-p

we complete the proof for i = 0.

Part II: The general training error when n > 0. Similar to the previous calculations by consider-
ing the exact Bayes estimator from the posterior mean of y ~ N(0, XQXT + 0%1;)

Os = OXT(XQXT +021,) Yy

Let j1,, be the empirical spectrum distribution of XQX T, we then have the exact formula for the
Bayes error as (using the same calculations in the first part):

4

.~ ot o
Traln(HB):fm,un(d)\)»f)\+02u(d/\):a4mu(—02),

where (1 is the generalized Marchenko-Pastur limit by Lemma A.5 and m,,(2) is its associated
Stieltjes transform. Substituting z = —o2 into Lemma A.5 yields for my, = mu(—UQ),

L_ o, lenpyt om—upy!
my L+my(p~t +np7t)  1+myny!
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When p < 1, we substitute in the ansatz m,, = C'/n + o(n™") under the noise asymptotics o = C', /7,
the equation simplifies into
1- —
_p CQ + TP ,
c’ v+ C’

which admits a positive solution C’ = C'(C') with C'(0) = 7(1 L ).

C.3. Proof for the mixture of approximately-sparse priors

We provide the proofs in three parts. In the first part we upper bound the Fisher information by
convexity. In the second part we utilize the isoperimetric lower bound from Lemma A.3.

Part I: Upper bound by convexity of Fisher information. For a mixture of density p(y) =
> a;pi(y) where Fisher information exists for each individual p;. We can upper bound pointwise
by Cauchy-Schwarz inequality:

2 (Z%(y)) (Z z”vf’((j))‘ )_p(y),(iaiuvm.y)u?).

Vi (y) P ia pi(y)

Ivp(y)|? =

-1
Apply the pointwise bound to the mixture considered in the example with m = ( ;é), ag = ( [d() and
ps = ¢(y;0, XQgXT) and we have

VeI 5, 1Vs@I | 1 5 [V(y:0. X2 XT)|"

pi) 5 ps() (D) F om0, X0sXT)

Integrating over y yields

T =

[vp(y)|? 1 [Ve(y; 0, X025 XT)|?
——dy < d
p(y) y</ (d); o(y;0,X0sX7) ¥

1

:TZ/HWO%@Z)(?J;OvXQsXT)H2¢(y;0,XQsXT)dy
(K) S

S Eyenoxasx | [Viogé(y;0, X0 X[

S

> trace ((XQSXT)_l) 1 trace ((XX'/d)” )

-332 .

In the last inequality, we use the uniform lower bound Qg > nl;/d. Let p,, be the e.s.d. of X X7/d,

1l
VY
e
N—"

Lin 4 pmp 4 by Lemma A 4, and by the resolvent identity at z — ¢ - 0+ in (Bai and Silverstein, 2010,
Lemma 3.11) we conclude

1 T
JWS;traCe((XX /d) /)\Mn(dA —>—/)\MMP,V(dA) (’Y 1)

We thus obtain the upper bound

. i
limsupJ, < ———.
noos (- 1)
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Part II: Lower bound by entropic isoperimetric inequality. We begin by introducing the
necessary notation that we will leverage to derive upper and lower bounds for J,. Define the
differential entropy for Ent, for y = X6 by Ent, = E[-logp(X60)] > 0 (by Jensen’s inequality).
With a slight abuse of notations, we also denote S by the discrete random variable uniformly drawn
from all (i) subsets of size K of [d]. Then we can view the distribution of y as drawing S first and
sampling y | S ~ N(0, XQgX ). We can then define the conditional entropy and mutual information

as follows:
Ent,js = Eg [Eyuns [-logo(y | 5;0,XQsXT)]],  #(1:5) = Entr — Entys.

Combine the following explicit formula for the differential entropy for multivariate Gaussians, and
the familiar entropy bound for the mutual information of a discrete random variable,

1 n n 1 n o n
— S (Zrog2r + Xt Zdet X0 XT)=—+—1 o +
(2)%(2 OBETT Y T A o g 08T

f(y;S)gjf(S):log(;) (;)Klog%+K,

% > logdet (XQsX"),
S

1
Entﬂ.‘s = 5
(i

where we use the Stirling’s bound K! > (K /e)¥ in (i); we can thus upper bound

Ent; = Enty g + .7 (y; S)

d 11
< g + glog27r+Klog? LK+ 277 2 log det (XX 7).

We are now ready to apply the entropic isoperimetric inequality in Lemma A.3 on J, which implies

1 2 2
Jr=—E [||Vlogp(y)H2] > 2me - exp {——E [—logp(y)]} = exp {log(27r) +1- —Entﬁ} .
n n n
Comibining with the entropy bound yields

2K 2K 1 1
Jr > exp ——logi———TZ—logdet(XQSXT) ) (16)
n K n (K) 5'n

Utilizing the special structure of {2g, we can further upper bound the determinant by the following
lemma.

Lemma C.1 Forall S € [d],|S| = K, we have

1 K K d 1 XXT
—logdet(XQSXT)s(1——)logn+—log—+—logdet( )
n n n K n

Proof Denote by X g the K columns of X whose indices belong to S. Then XQgX ' = PT"X s X ; +
X XT. Making use of the determinant identity det(I,+AB") = det(f,+B' A) forany A, B e RP*,
it follows that

det (XQgXT) = det ( 1_7’7)(5)(; + ZXXT)
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;
=" - det X; -det([d ”)d(XXT)—ax XT(XXT)‘)
nk

XX -
=n"-det -det (IK+ (a n[?)dX;(XXT)IXS)

d
XXT 1-n)d\*
<n"-det y -(1+%) ,
n

where in the last inequality, we use HXT(XXT) 1X5H < HX (XsX{ )TXSH = 1. Taking logarithms
on both sides, and applying the inequality nK + (1 —n)d < d, we complete the proof. |

Applying Lemma C.1 to Eq. (16), we therefore obtain

K K d 2K XX
Jr > exp (1——)logn—3—log—————logdet .
n K n d

We can once more exploit the convergence to the Marchenko—Pastur law as in the previous part, so
that

1 XX -1
= log det =/logk-un(d)\)—>f10g/\'MMP,w(d>\)=(1—7)-1og(1—7 )- L
n

The last equality is from (Bai and Silverstein, 2010, Example 1.1.1 & Sec. 9.12.3). We thus conclude
the proof, additionally using K = o(n) and xlog x — 0 for x — 0+,

1 1\7!

limianWZ—-e(l——) )
n—+00 n ¥

Indeed, the lower bound holds for general K by defining o« = K /n € [0,1] and

l1-o 3o -1
limianﬂz(l) (g) -61_20‘(1—1) )
n—>+o0 n ¥ ¥

Appendix D. Proofs for Section 4
D.1. Proof of Lemma 4.1

First, we remark that p does not need to be differentiable for this Lemma to hold, as Gaussian kernels
smooth £ functions into smooth functions for any o> > 0—that is, p,2 is smooth for any o2 > 0, for
any density p.

r_ / 702 .
It follows from a% exp {— ”Xg -l } X0 oxp { HXg vl } and we can interchange the order

ag g
X0'-y _Ixe—y|?
‘ o exp { 202 <

of differentiation and integration since the derivative is uniformly bounded,

SUDPy[0,+00) te /2 <712 Tobe specific,

9 HX —yl\ -
” 9’—3/“ }|Xy:| /ayexp{ }W(de) XGB_ZU

3 loglE [exp{
y om 202 f exp {_ ng;;y” }ﬂ.(dgl) o?
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Eq. (10a) holds by substituting y = X6 + o7. Eq. (10b) holds given the existence of p since for
! !
y' =X0',

X0 -y T R
eXp{_II yl }W(de):exp{_y yl }p(y )dy

202 202

=Cohp2(y -y )p(y")dy'

X0 -y "—y)?
(X0'-y)-exp {—%} m(d8) = (v - y) -eXp{—%}p(y')dy’
0 —y/|?
— 0_26_yexp{_ ||y2gy2 H }p(yl)dy/

= Co*Voye(y -y )p(y)dy,

where C = (2%02)_% is the integration constant. This confirms

9 ox _xo—y|? ’
[ (-5 R0 gy o) _ gy,
fexp{_%}ﬂ(de,) J bo2(y -y )p(y")dy’ Po2(y)

D.2. Proof of Proposition 12

Let t = 02, The monotonicity of Train(¢)/t> = J(t) follows from Stam’s Fisher information
inequality in Lemma A.2, which implies J(¢)™' > J(0)™! + ¢. The rest of the proof is for the
monotonicity of Train(¢) itself. This requires using the alternative form in Eq. (15),

1 —_
Train(t) =t - EEy’NTr’7T~N(O7[n) [Hy' - XQBH2 | X]

1
=t Eymrnoi B[y B[ 9] [y =y + Vir]

=1t —mmse(1/t),

identifying the formulation of MMSE in Gaussian channels. When n = 1, the explicit gradient
mmse’(s) under the time inversion s = 1/t is in (Guo et al., 2011, Cor. 2), given as mmse’(s) =
-E [Cov(y’ | y)z] In the vector version, a similar formula indeed holds applying the general multi-
dimensional derivative identity (Dytso et al., 2020, Prop. 1), which implies the following explicit
equation.

Lemma D.1 Forall s€[0,+00) andy =y ++/1/s T,

1 2
mmse’(s) = —— -E||Cov(y’ :
() = = E[|Cov(y/ | )]} ]
Proof Given the Jacobian identity from (Dytso et al., 2020, Prop. 1), we have

IE [y | y]

o5 - sCov(y' | y).
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and thus

mmse’(s) =

& e[l 1) (-2214),) ]
-E, [E [2(v' -E[y |9])" (-sCov(y/ | 1)) | y]- (—%8‘3/2) T]
B [trace (E[7/v/5 (v - E[y | 4])" | y]- Covy' | )]
We then use that 7/1/5 = y — y/' and conditional on y,
E[r/Vs (v ~Ely [9]) 1v]=-E[(v ~E[y'|v]) (v ~E[¥ |y])" |y] = ~Cov(/ | ),

and the proof is done by

SIHSM—‘SIH

mmse’(s) = —% ‘E [trace(Cov(y' | y)2)] = —% ‘E [HCOV(?J, | y)”i] :

Given the derivative formula, by a variable transformation, we have

Train(t) = 1 - mmse'(1/t) - 4 (%) =1- L 'E[HCOV(?J' | y>H2]
_1WE\|E[@, SV 10D (-5l 1) 1]
Y1 B[R -6 -]
“1- o B[] = 1- et <0,

where in (i) we use the simple fact that conditional on y,

E|(v-E[y [4]) (v ~E[y |9])" |v]+ (w-E[y |v]) (v-E[¥ | 9])
=E[(y' -9 -»)" y].

Then Train’(¢) > 0 and Train does not decrease in [0, +oc0). The proof is complete.

D.3. Training error formula for the numerical simulation

In this section we give details for calculatmg the curves shown in Figure 3. Let t = 0. Since

=1 sN(=1,m) + 5 N(l n), one has 7} = N( L,n+t)+3 3N(1,7+1). In this case, we can compute
the explicit formula for its Fisher information J(t) from

2
J(t) =Eyory [{d% log (%@m(y -+ %%t(y + 1))} ]
(. ,[«y—n¢mxy—n+(y+n¢mxy+n)1

T (n+1)? Gt (Y= 1) + byre(y + 1)
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2 q)\? A oxp (207
(n+1) exp{n+t}+1 n (n+1t) <1+eXp((T\/Z_)))

At each value of (7),t), we can run Monte-Carlo to evaluate J(¢).

Appendix E. Higher order asymptotics for the Bayes training error

In this section, we provide higher order asymptotics of Train(c?) when o — 0+. We will use ¢ = o2
in this section. As partially raised in Remark 11, the main technical hurdle that prevents us from
directly taking limits such as lim;_,o4 1(¢) = 1(0) hinges on the general insufficient regularities in the
underlying noiseless data distribution 7 along with its associated density p on R”.

We will need to introduce some necessary notations to facilitate delivering our results. On R",
we use the shorthand 9; := 9/0z; when the context is clear, and denote by V := [01,-+,0,]" € R"
the standard vector differential operator. Furthermore, we use the notation u - v to represent inner
products, both between vectors and between differential operators and vector. We can then write the
Hessian operator as V2 = VV " and define the Laplace operator by A := V-V = trace(V?) = ¥.I"; 2.

To gain intuition and especially on the derivatives of J(¢) at ¢ = 0+, we first perform an informal
analysis using formal power series in what follows, before studying properties of the Bayes training
error function Train(¢) at ¢ = 0+ with full mathematical rigor. Let the formal power series ring
R[[c]] be the completion of the polynomial ring R[c], we will write 5(c*) to represent a power
series with the leading order strictly larger than £, e.g. >;° . ol =5(o*). We have:

Proposition 14 Assume arbitrary differentiability of the density p > 0 of @', and we can always
interchange differentiation with integration. Consider the following formal power series at any X,y
and o for ui € R" and oy, € R,

L e ~ _+oo i ) 9 _+oo i
\/E(XHB y) _kZ:E)UkU , Train(o )—kzzg)aka ,

whose coordinates and value belong to the polynomial ring R[o]. We have for the leading terms,

2 o 0.4
% (X0s-y) =2 Vi/gﬁp(y) toum (V(Alogp(y)) +2v>log p(y)Viog p(y)) + o(c™),

.9 ot 2 of
Train(o”) = . By [[V1ogp(y) 7] - " "By [

v logp(y)|),.] + (o).

See the proof in Appendix E.1. We emphasize that the o(+) terms in Proposition 14 do not yield
explicit rates of convergence nor any finite radius of convergence in o. But rather, they encapsulate
only higher-order terms in a formal power series expansion. While this perspective is conceptually
informative, it does not provide rigorous analytical guaranties. The central idea underlying the above
informal results is to expand p(y) = exp{log p(y)} into its Taylor series. However, deriving explicit
convergence rates, justifying the interchange of integration and differentiation, and determining the
radius of convergence all require substantially more sophisticated mathematical tools.

By employing powerful techniques such as the Bakry—Emery calculus, we rigorously establish
the following characterizations of Train up to o(c®) (distinct from the previous term &(o%))),
when 02 — 0+, validating the informal calculations in Proposition 14. The proof is provided in
Appendix E.2.
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Theorem 15 Let 7’ be the probability distribution of X0 induced by 0 ~ 7. Suppose that ' has a
density p > 0 on R™ and p is twice differentiable. If 7' has finite Fisher information J, = J(0) < +oo,
the following quantities are well-defined for sufficiently small t > 0 and the limit holds

1
tl—lii ﬁEyNwz [

1
‘Vzlogpt(y)“?] = ;Eyw’ [ ‘VQIng(y)H;] = (-J0) < +o0.

then for sufficiently small t > (,

1
) =2 [T ]

and J'(0) exists and is equal to J'. above. When o — 0+, [Train(0?) - 0*J; — 051 | = 0(c®), i.e.

= 0(c?).

4 6
Train(0%) = 7 Eyer [V 108 () [*] + 7= Byer [ |7 log p(w) |

As a final remark concluding Theorem 15, we provide in the following lemma a sufficient condition
under which the convergence J'(¢) — J. holds. See its proof in Appendix E.3.

Lemma E.1 Let p > 0 be twice differentiable. If Vp, V>p are integrable, and

_ Ve
p(y)?

belong to LY (R™) for some & > 0. Then J'(t) exists for all t > 0. In addition, ). exists and is finite
and J'(t) — J..

2
=, and U(y):

E.1. Proof of Proposition 14

To avoid heavy notations, we write or[,(-) as o(-) in this proof, which subsumes higher-order terms
in the polynomial ring R[o].

Step I: Formal power series conditional on y. We first consider expanding the normalized
residual term for fixed X,y in R™. By a variable transformation z = (X6 - y)/o,

B I I f(XO—y)eXp{—%}w(da)
( B—y)‘%[ -y ’y]_ﬁ fexp{—HXi;gz"”Q}ﬂ(d@)

L
vn
) szexp{_%}p(y-FUZ)dz ] szqb1(2)p(y+az)dz'

Vi [ exp {—'Z;}p(y+az)dz Vi [ é1(2)p(y +oz)dz

Let {(y) = logp(y), and define

a7

g=VIl(y)eR",  H=VU(y)eR?  T=v’l(y) R’
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where T is the symmetric tensor for the third-order derivatives Tj;j, = 0;0;0,((y). With the tensor-
vector product notation T'[ 2, z, 2] := ¥; ; . Tijk %i%; 2k, We can then explicitly write out the expansion
of p in its leading terms

2 3
p(y+oz)=exp{logp(y +02)} =exp {E(y) +og-z+ %zTHz + %T[z, z,z] + 0(03)}

o2 o3
=p(y)-{1+ag-z+ 5 (zTHz+ (9-2)2) + F(T[Z,z,z] +3(g-2)-2"Hz+ (g-z)g) +0(a3)}.

Since ¢1(z)dz is the density for N(0, I,,), to substitute the above display into Eq. (17) requires
computation of moments the standard Gaussian vector Z ~ N(0, I,,). Indeed, by Isserlis’s formula in
Lemma A.1,

E[Z:iZ;ZyZ1] = Nzl + Limp Loy + 1y 1y,

we can compute the following non-zero expectations (we omit the zero terms of odd-moments by
symmetry),

E[Z(g-Z)]=Vi(y), E[ZTHZ+(g-2)*] =trace(H)+ |g|* = Al(y) + V)|,
E[ZT[Z,Z, Z]] = 3[01AL(y), -+, 0n AL(y)]" = 3V(AL(y)),

[(g Z) - ZTHZ]—trace(H)g+2Hg AL(y)VE(y) + 2V (y)VL(y),
E[(g9-2)*]=31gl* g9 = 3|vE(w)|* ve(y).

Combining the above displays with the expansion for p(y + oz) yields

Elp(y+oZ2)] .  ©o°
T =1+ 7 (Ag(y) + ||V€(y)H2) + 0(03))
o o°
W =oVi(y) + = (V(ALY)) + ALy VE(y) + 292 ) VI(y) + [TEW)]* V() + o(o?).

Finally, identifying the preceding equations as the denominator and numerator for Eq. (17) we have

1

NG (X5 -y)
_ o vty + T (V(Aé(y)) + AE(y)Vﬁ(y) +2v2(y)VL(y) + V() |? VE(Y)) + o(c®)
vr Z (A() [V ) + ()
2 o2
- ;5 {ve(y) + = (V(Aly)) +2v(y) VE(y)) + 0(02)}

where in the last equality we make use of (1 + cx)™! =1 - cx + o(x).

Step II: Computing Trainx (55) marginalizing over y. To compute the training error, it requires
further using the expansion y =vy' + o7. Similarly we define the gradient, Hessian and third-order
derivative tensor as g, ' and T" at y'. We denote by 7"[7, 7] € R"™ whose i-th entry is ¥ » 7, 7T
Using those notations, we obtain the following.

Train(c?)
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04

2
= By onr N0, 1) l”g’ +o-H'r+ % (T'[r, 7]+ V(AL(Y')) +2H g") + o(c?)

2]
4
- T By o [V + o ([ 4 T 7]+ 900 + 20 ) 5 0(07)].

where we use E[7] = 0 and E[77"] = I,,. To fully remove 7, it still remains to calculate the
expectation of ¢’ - T'[7, 7] over 7 in what follows.

Ernoo L9 T'[7,7]] = Zgz{Tijj =g - V(ALY)).
0j

Combined with integration by parts for g’ H'g’,
Ely 1’y ] =E[v[vew)]- 9] = -E[a [vew) ] = -E[a o],
we have
4
Train(0%) = 7 E[|Vew)|* + o (| + 29" - 9(A0w)) - 24 g |*)] + o).

In the last step, we use Bochner’s identity (Petersen, 2006, Prop. 9.2.2) for Euclidean space
1
SAlg' 1" =g vaew)) « |1

we conclude the proof with

04

Train(0?) = = E[|[ve)|” - o [H]},] + o(e").

E.2. Proof of Theorem 15

By Theorem 2, we have J(t) = J(0) + o(t). It remains to be shown that J'(0) = lim;_4+ J'(t)—due
to the smoothing by the Gaussian kernels, the differentiability of J(¢) when ¢ > 0 is free, since we
can always interchange integration and differentiation. However, the exact formula for J'(¢), is much
more involved, requiring Bakry and Emery’s calculus (Bakry and Emery, 2006; Bakry et al., 2013).
We refer to the following explicit formula® from (Ledoux, 2016, Eq. (3.2)) as

1
/ —
ORE |
We then use Theorem 2 to show the differentiability of J(¢) at ¢ = 0+. Indeed,

J@)-J) . J)-J(e) 1 rt,
== = lim - ;fmJ (t)dt.

e—>0+ t

[V logpi ()] ]

Taking ¢ — 0, and by the assumption that lim,_,o, J'(¢) exists, we conclude

1

n

‘VZ]ngt(y)H;]) =By |

1 t 1
YOy =tim [ = tim (B v logp()[2].

n

The proof is complete.

8. We adapt to our scaling convention ¢ = 2. The original form in the referenced paper is for the scaling t = o.
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E.3. Proof of Lemma E.1

Since p, Vp, V2p are integrable, by Lebesgue differentiation theorem, one has almost surely
Pr=px@i =D, Vp=Vprpr > Vp,  Vip=Vipr g~ Vi,

where we use for any two differentiable functions f and g on the same space, V(f *g) =V f * g =
f *Vg. Therefore, p; V2 log p; — pV? log p. To upgrade a.s. convergence to convergence in the mean,
we want to invoke Vitali’s convergence theorem, which requires uniform integrability certifications.
We construct auxiliary functions

920 (w) VRl
Pe(y) = ————, and Ui(y) = 3
pe(y) pe(y)
and we can write the upper bound
2
2 Vipe  Vpe (V)"
HVQIOgPtHFPt= H be_ pt(2pt) Pt < 2(Pp + W), (18)
Dt Dy F

By Holder’s inequality, for any number ¢ > 0 and functions f and g > 0,

Oa e < | Lo )| e 0eiT -]
971 (:) Lo+l Lo

Rearranging terms gives

(f * s0t)q+1 (fq+1) .
(gre)t g7 )7¥"

Applying the above inequality pointwise to ®; and ¥, gives

B T

(bt Sé*gpta
bt b *pt
4 4
P 1 L/ L2
by (p* ©t)

Return to Eq. (18), the above display then implies

<22+ Wy ey =20+ Wy,

L1+ T

lI7* 102l

Hence, the functions {HV2 log p¢ ﬁ, p¢} indexed by t are uniformly integrable in £. By Vitali’s
convergence theorem (Billingsley, 1995, Thm. 16.14), we conclude that

y(t)=- f |92 1og pu(w) [} e () dy — - f |72 10g p(w) [ p(y)dy = I

The proof is complete.
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