Proceedings of Machine Learning Research vol 336:1-40, 2026 39th Annual Conference on Learning Theory

Density estimation for Hellinger via minimum-distance estimators:
mixtures of Gaussians, log-concave, and more

Spencer Compton COMPTONS @ STANFORD.EDU
Stanford University

Jerry Li JERRYZLI@ CS.WASHINGTON.EDU
University of Washington

Editors: Steve Hanneke and Tor Lattimore

Abstract

We study the task of density estimation, where we hope to accurately estimate a probability den-
sity from n samples. A textbook method for density estimation in total variation distance is the
minimum-distance estimator approach, where we conclude both the algorithm and the analysis
merely from bounding the VC dimension of a particular concept class (the so-called Yatracos class).

While this technique has originally yielded sharp guarantees primarily for total variation dis-
tance, in this work we extend the minimum-distance estimator approach for learning within Hellinger
distance. Our main observation is that we may produce an analogous recipe for Hellinger (where
we only require bounding the VC dimension of a related concept class) by drawing connections to
recent results yielding reverse data processing inequalities.

This recipe is flexible enough to accommodate fast algorithms originally designed for total
variation distance; by modifying the approach of Acharya et al. (2017) we conclude the first near-
linear time algorithm for learning classes including univariate mixtures of log-concave densities
and mixtures of Gaussians (with arbitrary variances), with near-optimal sample complexity.

1. Introduction

Density estimation is a cornerstone problem in statistical estimation. Here, we receive n samples
from a distribution f, and our goal is to output an estimate fn that is “close” to the true density of f.
The goal is typically to design an estimator that is both statistically and computationally efficient:
that is, the estimator should achieve minimax-optimal error, and the estimator should be efficiently
computable; ideally, in linear (or near-linear) time in the number of samples. To formalize the
setting, there are two main desiderata one must specify:

What structural assumptions does f satisfy? Density estimation is typically most interesting
when f comes from some class of structured distributions, or when f satisfies some shape con-
straints. There are many structural assumptions studied in the literature, including both parametric
and non-parametric assumptions; see e.g. Samworth (2025) for a recent survey.

A canonical example that will be particularly relevant to us is the class of mixtures of Gaussian
distributions in one dimension, although our results also apply for many other classes of distributions
as well. A mixture of k univariate Gaussians is a distribution over R with pdf given by

k

p(e) = 3 wiN (i, 0) (@),

i=1
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where the w; are non-negative mixing weights satisfying Zle w; = 1, u; € R are the means of
the components, and the O'Z-Q are the variances of the components. Mixtures of Gaussians have been
studied extensively in machine learning, statistics, and theoretical computer science, and are also
still popular empirically as a way to model heterogeneous data in practice.

What error metric will we consider? To formalize the problem, one must specify a measure
of closeness between distributions. Different notions of distances are studied depending on the
setting of interest (e.g., total variation distance, Hellinger distance, Kullback-Leibler divergence,
x>2-divergence, Wasserstein distance, etc). Perhaps the most well-studied measure of closeness is
the total variation distance: for two distributions p, ¢ defined over a shared probability space €2, the
total variation distance between p, ¢, denoted TV, is defined by

TV(p.q) = 5 [ Ile) = a(o)] m

For our canonical example of mixtures of £ Gaussians in one dimension, essentially optimal estima-
tors are known for this problem: work of Acharya et al. (2017) gives an estimator f,, which achieves

error TV (fp, f) = O (\ /k/ n) , with high probability, and this rate is optimal. Moreover, the esti-

mator can be computed in nearly-linear time. This estimator is based on a type of estimator known
as a minimum-distance estimator—a classic approach for obtaining sharp guarantees for closeness
in total variation distance.

A natural question is whether or not one can achieve similar guarantees for other important
statistical measures of closeness. In this work, we will be focusing on (squared) Hellinger distance:

Definition 1 (Squared Hellinger distance) The squared Hellinger distance between p and q over
a probability space §2 is defined as

H2(p, q) = ;/ﬂ (\/@— \/@)2

While at first glance the definition may not look as intuitive as total variation distance, Hellinger
distance is a workhorse underlying statistical learning theory. For example, the number of samples
required to well-distinguish between any p and q is characterized by ©(1/ H?(p, ¢)) (and this cannot
be expressed in terms of their total variation distance).

Indeed, for estimation of many structured distribution classes (such as mixtures of log-concave
distributions), Hellinger distance is arguably a more natural measure of closeness than total variation
distance. For one, for any probability distributions p, g, we have that

TV(p,q)* < 2H?(p,q) , 2)

so in particular, up to constant factors, achieving squared Hellinger distance €? is strictly harder than
learning to TV distance ¢, for any € > 0. For the types of distributions we consider in this paper,
the statistical rates for learning in squared Hellinger distance that we will be able to achieve will be
(up to logarithmic factors) quadratically better than the rates for learning in total variation, so our
results subsume previous results for learning in total variation, up to logarithmic factors, for these
classes of distributions.

To illustrate the difference, it is once again useful to return to the canonical example of mixtures
of k Gaussians. Recall here the optimal rate for learning in total variation distance is given (up to
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constant factors) by /k/n. But this means that, even when & is constant, an estimator for learning
a mixture of Gaussians is able to completely ignore any component with mixing weight less than
\/1/n. However, such components may be easily identifiable given n samples from the mixture.
So in this sense, an estimator that achieves optimal total variation closeness for this problem may
still be losing non-trivial information about the mixture. In contrast, the optimal rate for learning a
mixture of k£ Gaussians in squared Hellinger distance is O(k/n), which recovers the total variation
rate by Equation (2), but to achieve such a rate, it is easy to show that one cannot ignore any
component unless the mixing weight is less than O(k/n), at which point the component is not even
clearly identifiable from data.

One can extend this argument to many other settings beyond mixtures of Gaussians: closeness
in squared Hellinger also recovers the right rate for other useful tasks such as support estimation for
uniform distributions, and tail estimation for log-concave distributions. Motivated by this discus-
sion, in this work, we seek to understand how to design estimators for natural classes of structured
univariate distributions which have optimal statistical and computational properties.

1.1. Our Results

Our main result is a new meta-algorithm for learning many natural classes of structured distributions
in Hellinger distance, which both achieves nearly optimal statistical rates and runs in nearly-linear
time, for the classes of distributions we consider, which include mixtures of Gaussians and mixtures
of log-concave distributions, among many others.

For instance, when specified to the class of mixtures of k Gaussians, our method yields the
following guarantees:

Theorem 2 Let G denote the class of mixtures of k Gaussians. Given n samples from a distribu-
tion f, there exists an algorithm that runs in O(nlog®(n)) time and outputs an estimate f,, where

with probability 1 — 6,

N klog?(n) - (log(n) + log(2/5))'

H2(f, fu) S inf log(n) - H*(f, fo)log(2k/ H?(f, fo))
fo€Gk n

Note in particular, up to logarithmic factors, our result achieves the optimal statistical rate, and the
runtime of our algorithm is near-linear in the number of samples. Moreover, our guarantee is also
robust to some degree of model misspecification. We remark that these estimators are improper
(they output a piecewise polynomial density, not a mixture of Gaussians).

Similarly, when specified to the class of mixtures of log-concave distributions (for a formal
definition, see Section 1.4), we obtain:

Theorem 3 Let LC}, denote the class of mixtures of k log-concave distributions. Given n samples
from a distribution f, there exists an algorithm that runs in O(nlog3(n)) time and outputs an
estimate f,, where with probability 1 — 6,

k- (log(n) + 1og<2/5>>>4/5 |

2 £ : 2
() S int, )+

Once again, up to polylogarithmic factors, our algorithm achieves the optimal statistical rate, runs
in nearly-linear time, and is robust. We believe that by applying our formula, we can achieve
similar nearly-optimal results for most, if not all, distribution families considered in prior work
such as Acharya et al. (2017).
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1.2. Our Techniques

In many ways, our result can be thought of as the natural generalization of the minimum-distance
estimator of Yatracos (1985), and the framework developed in the line of work (Chan et al., 2013,
2014; Acharya et al., 2015, 2017) which culminated in a method by Acharya et al. (2017) for
learning many classes of structured univariate distributions in total variation distance with optimal
statistical rate and in nearly-linear runtime. We briefly recap the ideas underlying the estimator
in Acharya et al. (2017) here.

The key statistical idea in Acharya et al. (2017) is to use a distance they call the A}, distance as a
proxy for closeness in total variation distance. Here, for any parameter £ > 1, we let A denote the
set of subsets of R which are unions of at most k intervals, and we define the A, distance between
two distributions to be

da, (p,q) £ sup |Pry[z € A] — Pry[z € 4]] . 3)
AcA,

They then observe that: (1) if the underlying distribution can be well-approximated by a sufficiently
simple distribution class P (specifically, a low-degree piecewise polynomial distribution with not
too many pieces), and if (2) we can find the best fit in the class P to the empirical distribution in A4y,
distance, then one can show that this best fit distribution must be close to the ground truth distribu-
tion. So, in other words, for nice distribution classes, if we let f,, be the empirical distribution after
n samples, it suffices to solve the following optimization problem:

In £ argmindAk(anfn) . 4)
fo€P

They then demonstrate that this problem can be solved in nearly-linear time, via a two-layer algo-
rithm: first, a method which allows them to find a good polynomial approximation to the empirical
distribution in a fixed interval in d 4, distance, and second, a “greedy merging” algorithm which,
given such a method, can find good breakpoints for a piecewise polynomial fit, in nearly-linear time.
The objective Equation (4) is a special case of a well-studied class of estimators called minimum-
distance estimators (Yatracos, 1985) that we alluded to above, which are a classic approach for
achieving good guarantees for estimation in total variation distance. Unfortunately, these estimators
are very tailored to total variation distance, and a priori seem very hard to generalize to other

distances, including Hellinger distance.

A minimum-distance-style estimator for Hellinger distance. Our main conceptual contribution
is the development of a new minimum-distance-esque estimator that allows us to achieve nearly
optimal statistical guarantees for learning in Hellinger distance. We show that the “correct” analog
of the A, distance for learning in Hellinger distance is the following distance:

Hi(f,g) = sup ;<\/Prf [xEI]—\/Prg[a?EI]>2 : 5)

Interestingly, note that this distance is really the analog of the .A; distance. For total variation
distance, it was important that we took k > 1, whereas for Hellinger, it suffices to consider & =
1. Our main statistical result is that if we take the minimum-distance estimator for the empirical
distribution from the class of piecewise polynomial distributions, i.e.

fn 2 argminHy (fp, fn) - (6)
fo€EP
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then this achieves optimal statistical guarantees for learning the original distribution in Hellinger
distance (see Corollary 12), for appropriate choices of parameters for P. By leveraging this re-
sult, we obtain new, nearly statistically optimal estimators for a number of interesting distribution
families in Hellinger distance, including the aforementioned classes of mixtures of Gaussians and
mixtures of log-concave distributions.

From a technical point of view, the key idea to proving this is to demonstrate a new Yatracos-
style guarantee for the optimality of a new general minimum-distance estimator for Hellinger dis-
tance. Here, we crucially use a recent reverse data processing inequality of Pensia et al. (2023),
which allows us to relate the Hellinger distance between two distributions to the Hellinger distance
between thresholded versions of these distributions.

We believe this guarantee may be of independent interest beyond our setting. The fact that
minimum-distance estimators, which seem very specially tailored to total variation distance, can be
adapted to yield such tight rates for learning in Hellinger, seems quite surprising, and could also
have applications for understanding the landscape of density estimation in Hellinger distance more
generally.

A new greedy merging algorithm for 7{; Armed with this new minimum-distance estimator,
we are left with the task of efficiently computing the solution to Equation (6) when P is the class
of t-piece degree-d polynomials. To do so, we demonstrate that the greedy merging framework
of Acharya et al. (2017) can be adapted to this task. We will have to alter both layers of the algorithm
as described above. First, we design a novel oracle for fitting a degree-d polynomial to the empirical
distribution in H;. Then, we show how the merging algorithm can be changed to use this oracle to
obtain a good piecewise fit to the overall distribution.

Overview of the paper. We discuss related work in Section 1.3 and preliminaries in Section 1.4.
In Section 1.5, we present the classical minimum-distance estimator. In Section 1.6, we describe a
recent result on reverse data processing inequalities, which may seem unrelated at first glance.

In Section 2, we provide our core contribution: we describe a modified minimum-distance es-
timator and prove general guarantees for learning in Hellinger distance with this technique. A key
technical tool is drawing a connection to the recent reverse data processing inequality results. In
Section 2.1, we apply this general result to recover statistical guarantees in Hellinger distance for
classes like mixtures of log-concave densities, mixtures of Gaussians, and mixtures of specified
densities. These results are often near-optimal up to logarithmic factors.

In Section 3, we leverage how our new recipe is quite flexible; our recipe is not only statistical,
it will enable fast (even near-linear time) algorithms for estimating in Hellinger after only a few
additional ideas. We demonstrate how the technique of Acharya et al. (2017) can be massaged
with our new recipe to then learn densities that are well-approximated by piecewise polynomials
— eventually yielding our Theorem 2 for mixtures of Gaussians, and Theorem 3 for mixtures of
log-concave densities. These are the first near-linear time estimators with near-optimal sample
dependencies for these tasks; to our knowledge, we are not even aware of any previous polynomial-
time algorithms in the literature using near-optimal samples.

We conclude with a discussion in Appendix A.

1.3. Related work

Density estimation via polynomial approximation. The works of Chan et al. (2013, 2014) demon-
strated a minimum-distance estimator methodology where efficient algorithms and statistical guar-
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antees are implied by proving that the densities of interest are well-approximated by piecewise
polynomial densities (with a bounded number of pieces and bounded degree); for example, Chan
etal. (2014) yielded an efficient algorithm for near-optimally learning log-concave mixtures in poly-
nomial time within total variation distance. This spurred further work with this method for density
estimation and testing properties of distributions (e.g. Diakonikolas et al. (2014, 2015a, 2016);
Acharya et al. (2015, 2017); Canonne et al. (2018); Chen et al. (2020)). Our work enables the im-
plementation of this method for Hellinger distance (even in near-linear time via the acceleration of
Acharya et al. (2017)).

These minimum-distance estimators are defined with respect to Ay distance, which enforces
that for any union of £ disjoint intervals, the counts within these intervals are roughly the same for
the estimate and the true distribution, in an ¢; sense (further work related to this notion includes e.g.
Diakonikolas et al. (2015b, 2017a, 2019, 2024); Gerber et al. (2025)).

Applications of reverse data processing inequalities for estimation. In Section 1.6, we will
discuss the reverse data processing inequality results of Bhatt et al. (2021); Pensia et al. (2023).
These results naturally have applications in communication-constrained estimation, yet they have
also found some applications in estimation without any communication or memory constraints. The
work of Compton and Valiant (2025) aims to design an adaptive estimator of the mean, where one
estimator is simultaneously near-optimal for a wide range of symmetric, unimodal distributions.
One key feature is that they want their estimate of the mean /i to satisfy that the empirical number
of samples within [i+a, fi+b] is close to the number of samples in the reflected interval [i—b, ji—al,
for all 0 < a < b; since the distribution is symmetric, this would hold if i = u. Unlike Ayg
distance, their notion of closeness is in the Hellinger sense instead of the ¢; sense, and the analysis
of their estimator crucially leverages a reverse data processing inequality and second-order uniform
convergence guarantees. This is quite similar to a notion of H, distance we define later in this paper.
The work of Blanc et al. (2025) also uses statistics of intervals in combination with a reverse data
processing inequality to design an instance-optimal algorithm for uniformity testing.

Learning mixtures of Gaussians. There is a rich body of work for learning mixtures of Gaus-
sians. Focusing on the univariate setting, there are two main lines of work for efficient density
estimation with near-optimal sample dependence in Hellinger distance. A line of work on the non-
parametric maximum likelihood estimator (NPMLE) works well when the underlying distribution
can be viewed as m * N(0,1) for some mixing distribution 7; this will even yield a near-linear
time algorithm when all mixture components have similar variances (Saha and Guntuboyina, 2020;
Polyanskiy and Wu, 2020; Polyanskiy and Sellke, 2025), yet without assumptions on the variances
this method does not clearly yield efficient algorithms (in fact, the NPMLE is not well-defined with-
out variance assumptions). Method of moment estimators (e.g. see Wu and Yang (2020)) also focus
on this setting with well-conditioned variances. Trying to reduce the arbitrary variances case to the
well-conditioned variances case via localization techniques (like that of Liu et al. (2022)) appears to
incur suboptimal sample complexity with known techniques. In contrast, for total variation distance,
the piecewise polynomial method of Acharya et al. (2017) yields a near-linear time algorithm. We
will obtain a near-linear time algorithm for Hellinger distance, which to our knowledge is even the
first polynomial time algorithm with near-optimal sample dependence.

Log-concave density estimation. Estimating multivariate log-concave densities with near-optimal
samples in Hellinger has been a large problem of interest (e.g. Seregin and Wellner (2010); Doss and
Wellner (2016); Kim and Samworth (2016); Diakonikolas et al. (2017b); Carpenter et al. (2018)),
and the optimal rate for d dimensions has only recently been solved by Kur et al. (2019). These
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works primarily study the NPMLE; this can be computed in polynomial time (Axelrod et al., 2019)
for a single log-concave density, but is not well-defined for mixtures of log-concave densities. Please
see the survey of Samworth (2018) for a more general treatment on the log-concave density estima-
tion literature. Most work on learning log-concave mixtures has a more methodological perspective
than a theoretical focus (e.g. Cule et al. (2010); Hu et al. (2016)) — other than for total variation
where Acharya et al. (2017) yields a near-linear time algorithm with near-optimal sample complex-
ity. To our knowledge, no prior work gives a polynomial-time algorithm with near-optimal sample
complexity for log-concave mixtures in Hellinger. (It seems plausible this is achievable with alter-
native methods like wavelet techniques, although we have not tried executing this plan ourselves,
and did not find any references that do so.) We will demonstrate a near-linear time algorithm with
near-optimal sample complexity.

Le Cam—Birgé covering arguments. A foundational approach for proving statistical guarantees
involves leveraging bounds for the covering number to obtain upper bounds (LeCam, 1973; Birggé,
2006). Combining covering number bounds with appropriate pairwise composite hypothesis testers
(e.g. Birgé et al. (2013); Suresh (2021)) yields optimal Hellinger density estimation guarantees for a
large collection of problems; for example, see Chapter 32.2 of Polyanskiy and Wu (2025) for a more
comprehensive overview. While this technique often pins down optimal rates, it does not imply a
polynomial time algorithm. We also remark that in some settings of interest in this paper, the local
covering numbers are not bounded, yet we may obtain desirable guarantees. For example, when
the class of distributions is the set of all mixtures of at most two univariate Gaussians, then there is
no finite-sized cover for the ball around the density which is just one Gaussian (the location of the
second Gaussian could be anywhere).

p-estimation. Work introducing p-estimation (Baraud et al., 2017; Baraud and Birgé, 2016,
2018) builds upon the Le Cam-Birgé style of argument, by providing a very general estimator that
handles limitations such as the previous example discussed. Among other insights, their work lever-
ages how the required pairwise testing is controlled by a nice function that is bounded, Lipschitz,
and monotonic in the likelihood ratio of the two densities. Accordingly, they may obtain desirable
estimation guarantees when this function concentrates in ways that hold from empirical processes
techniques. Notably for us, these conditions hold in terms of the VC dimension of the same concept
class we will leverage in our work, and hence p-estimation will enable the same statistical guaran-
tees (up to logarithmic factors) as all our statistical corollaries. With this in mind, the key novelties
of our work are: (i) these statistical guarantees are also attainable by minimum-distance estimators,
and (ii) p-estimation does not naively run in polynomial time, while our techniques may be more
conducive to designing faster algorithms as we will later demonstrate. Further developments relat-
ing to p-estimation emphasizing computational complexity include e.g. Sart (2014, 2016, 2021).

Estimation in KL divergence. Since KL divergence upper bounds squared Hellinger distance,
estimators with small KL error would be desirable in the settings we study; however, we will infor-
mally describe why it is impossible to get such general guarantees in all our settings. The technique
of Yang and Barron (1999) gives an expected-error bound in terms of the KL covering number,
but the covering number can be too large in our settings (see the previous two-Gaussian example).
The same two-Gaussian example also illustrates how it is impossible to achieve small KL error for
classes like Gaussian mixtures in the KL(/, f,,) direction. For impossibility in the KL(f,, f) di-
rection, consider a mixture of two densities that are uniform over an interval of the real line (both
densities are log-concave), such that the resulting mixture is uniform over [0, 1], except it is not sup-
ported in some small unknown interval inside (say, of width 1/n3). An estimator will incur infinite
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KL error if it puts support on this interval, yet it does not know the location of this interval. Hence,
an estimator will typically incur large KL error because it will either output a density with support
on this interval (incurring infinite error), or a density that is not supported on a large fraction of [0, 1]
(which also incurs large KL error). This implies a lower bound for learning mixtures of log-concave
densities in KL, yet desirable guarantees are possible in Hellinger.

1.4. Preliminaries

For simplicity, all results in this paper assume the target distribution has no atoms. We also assume
n > 2. log is base 2. The notation a < b denotes that there is some absolute constant C' > 0 where
a < Cb. A distribution is log-concave if the logarithm of its density is concave. We use Ly, to
denote the class of mixtures of k univariate log-concave densities, and similarly G for Gaussian
mixtures. f, denotes the empirical distribution from n samples. We use H?(pz, qr) for restricting
the integral in squared Hellinger distance to just an interval Z.

Uniform convergence. It is typical to use uniform convergence guarantees for a concept class
F that show with high probability sup e = | > it (f(Xi) — E[f(Xi)])] $ v/n. We will leverage
slightly less common results that enable tighter concentration when E[f] is small:

Corollary 4 (implied by Theorem 5.1 of Boucheron et al. (2005); see Appendix C) Ler X1,...,X,
be i.i.d. random variables, and assume that the class F of {0, 1}-valued functions has VC dimension
d. Then for any 6 € (0, 1), with probability at least 1 — 0, all f € F satisfy

if(Xz) - iE[f(Xz)] < 8\/dln(2n +1)+ lng.
i=1 i=1

1.5. Minimum-distance estimators

The classical technique of minimum-distance estimators (Yatracos, 1985) appears in textbooks such
as in Chapters 6 and 8 of Devroye and Lugosi (2001) and Chapter 32.3 of Polyanskiy and Wu
(2025); we will provide an overview in the style of Devroye and Lugosi (2001). Let F be a class
of densities, and suppose .4 is some concept class. We define a notion of distance quantifying how
much two densities p, ¢ differ with respect to A:

da(p.q) 2 sup [Pyl € A] - Pryfz € A] @
AceA

The intuition of the minimum-distance estimator is that we will choose an estimate fn that has
small distance from the empirical samples f,, according to .A:

fu & argminda(fo, f) (8)
foEF

(Throughout this paper, if the minimizer does not exist, the same arguments will allow for
an approximate minimizer.) For some arbitrary concept class .4, the minimum-distance estimator
might not be a good estimate. However, it is fruitful to use this estimator when A is the Yatracos
class for F, meaning that it contains all sets describing where one density in F exceeds another:

A2 H{a: folx) > fo(x)}: fo, for € F}.
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In this case, there is a clean, good bound on the performance of fn in terms of the VC dimension
of the Yatracos class:

Lemma 5 (Minimum-distance estimate, e.g. described in Devroye and Lugosi (2001)) Givenn
samples from a distribution f, let f,, be the minimum-distance estimator with respect to the Yatracos
class A for a set of densities F (f need not be in F). Then,

©)

BTV, )] <3 jnf TV(f,fo) + O < vC n(A))

This is a technique which often yields near-optimal guarantees when aiming to learn a set of
densities whose Yatracos class has small VC dimension. Similarly, this is fruitful if the densities
are well-approximated by another set of densities with amenable Yatracos class. For a particularly
notable example, the Yatracos class for log-concave densities has unbounded VC dimension, yet
they are well-approximated by piecewise linear densities, and this enables a near-optimal guarantee
for learning in total variation distance (Chan et al., 2014).

Upon first glance, this technique seems quite tailored to total variation distance. An immediate
obstacle to using such techniques for learning with Hellinger distance, is the crucial step leveraging
how Yatracos classes capture TV distance. This followed from how the total variation distance
between any pair of distributions p, g has its distance captured by counting the number of samples
in a particular region (say, the region where p(z) > ¢(x)):

TV(p,q) = [Prp[p(z) > q(z)] — Prelp(z) > q(2)]]

Since the Yatracos class contains these regions of interest, the minimum-distance estimate is
close in total variation distance. On the other hand, it is not obviously clear for Hellinger that
we can always near-optimally distinguish between p, ¢ by counting the number of samples in a
particular region — until recently.

1.6. Reverse data processing inequalities

We aim to leverage recent observations on reverse data processing inequalities to overcome this
obstacle. Roughly, independent results of Bhatt et al. (2021); Pensia et al. (2023) show that counting
the number of samples in certain likelihood-ratio regions can nearly preserve Hellinger distance.
Consider two distributions p, ¢, and let f denote the indicator of their likelihood ratio exceeding a
threshold:

fr(x) 21 [zg; > T]

Let f,(p) denote the distribution that samples from p, applies f;, and only observes its output.

Meaning, f,(p) is equivalently Bernoulli (Prp [% > T} ) . The surprising reverse data processing

inequality shows how there always exists some f; that nearly preserves Hellinger distance. We
rephrase the form of the result given in Pensia et al. (2023) as:
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Theorem 6 (Weaker version of Corollary 3.4 of Pensia et al. (2023); preservation of Hellinger distance)
For any p, q, there exists a T such that the following holds:

H%(p, q)
H2(f-(p), fr(q)) > 501log(4/ H2(p, q))

Roughly, this means that if two distributions required & samples to well-distinguish, then they are
still well-distinguishable from only counting the number of samples in some region with O(k log k)
samples. For a self-contained presentation, we give a two-page proof in Appendix B (the constants
in Theorem 6 reflect the constants given by our presentation). Our presentation is slightly shorter
than that of Pensia et al. (2023) since we do not require as general a result as theirs, but we emphasize
that no technique is notably different from their method. We remark that a generalization of this
reverse data-processing inequality is proven in Kazemi et al. (2025) for “TV-like f-divergences.”

(10)

2. Minimum-distance estimates for Hellinger

We now present a simple modified recipe in order to get Hellinger guarantees from a minimum-
distance estimator. Our approach will leverage a combination of second-order uniform convergence
guarantees (where deviations are of the order \/E[f]/n instead of /1/n), and this reverse data
processing inequality (this combination has also been fruitful recently in a different setting studying
adaptive mean estimation (Compton and Valiant, 2025); see Section 1.3 for a discussion).

The approach will be quite similar to the classical minimum-distance estimator proof, with
some modifications. Let F be a class of densities, and suppose H is some concept class. We define
a modified notion of distance quantifying how much two densities differ with respect to H:

d(p,q) 2 sup - <\/Prp[:£ € H]—/Prfr H]>2 (11)

HeH 2

This distance is more well-equipped for Hellinger than the analogous estimator in Equation (7). We
will choose an estimate f,, that looks as it should according to H:

fn 2 argmin dy(fo, fn) (12)
foEF

Instead of the Yatracos class, we consider H to be what we call a ratio class; this class contains all
sets describing where the ratio between two densities in F exceeds some value:

’Hé{{x: Jo(x) ZT}:fg,fQIE}_,TER}. (13)
o (x)

Note how this generalizes the Yatracos class (where 7 = 1). Our main contribution shows that if H
is the ratio class, then we conclude a similar bound in Hellinger distance for the performance of f,:

Theorem 7 Given n samples from a distribution f, let fn be the minimum-distance estimator with
respect to the ratio class H for a set of densities F ( f need not be in F). Suppose the VC dimension
of H is d > 1. Then with probability 1 — 9,

N (dlog(n) + log %) log(n)

H2(f, fa) S jinf H(f, fo) log(2/ H*(, fo) (14)

10
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Proof Our proof will follow similarly to the textbook proof of Lemma 5, with the correct tools now
in-hand. Conveniently, dy, is nicely behaved; it immediately holds that dy (f, ¢) < H%(f, g), and it
satisfies an approximate triangle inequality dy(a,c) < 2 - (dy/(a,b) + dx (b, c)). We track (unop-
timized) constants for this statistical result in case it is helpful for future downstream applications.
Starting off, by the approximate triangle inequality, for any fy € F it holds that:

H2(f, fa) < 2 (H2(f, fo) + H*(fo, fu)) (15)

We will bound H?(f, fn) in terms of dy by using the reverse data processing inequality

(Theorem 6). From the proof of Theorem 6, we know for any fy, for € F that dy(fg, for) >
H? (f 0,f 9/)

501og(4/ H?(fo.for

the maximum of the two Hellinger summands is at least this quantity, which gives the lower bound

for dz;). We want to use this to upper bound H?( fj, fn) in terms of dy(fy, fn) Generally, if

0<z,y<landz > Wﬂ/y)’ then we can conclude

Y 50elog(4/y)
50x log(e/x) > m -log <y> >y (16)

since 50z log(e/x) is non-decreasing in terms of = € [0, 1]. Using this, we continue:

2 (H2(f, fo) + H2(fo, fn)) < 2H2(£, fo) + 100 d3y(fo, f) log(e/ du(fo, f))

) (the statement implies a bound worse by a factor of two, but the proof shows

Let z(x) £ xlog(e/x). Since z is non-decreasing in [0, 1], is concave, and z(0) = 0, then z(x) <
2(z(a) + 2z(b))if 0 < z,a,b < land x < 2(a + b):

< 2H%(f, fo) + 200 dy( (£, fo) log(e/ du(f. fa)) + 200 dp(f, fn) log(e/ dac(f, fn))
< 202H(f, fo) log(e/ H2(f, fo)) + 400 dp (£, fn) log(e/ dae(f, fn)) + 400 dg(fu, f) log(e/ dae(fus f))

By the definition of f,,, we know dy(fo, fn) < dge(f, fo):

< 202H?(f, fy) log(e/ H*(f, fo)) + 400 dgy(f, fn)log(e/ dpy(f, fn)) + 400 dp( fu, fo) log(e/ dp(fu, fo))
< 202H?(f, fo) log(e/ H2(f, fo)) + 1200 dg(f, fn) log(e/ dae(f, fn)) + 800 Ay (f, fo)log(e/ du(f, fa))
< 1002 H?(f, fo)log(e/ H?(f, fo)) + 1200 dy(f, fn) log(e/ dae(f, fn))

To finish, we will use the second-order uniform convergence bound of Corollary 4:

9 9 8 en
< 1002 H*(f, fo) log(e/ H*(f, fo)) + 1200 - (32(d1n(2n +1)+1In 5)/n) log (32(dln(2n Tom §>>

38400(dIn(2n + 1) + In §) log(n)

< 1002H2(f, fo) log(e/ H*(f, fo)) + "

This yields a near-identical recipe for density estimation in Hellinger with minimum-distance esti-
mators; to learn a class of densities, merely show that it is well-approximated by densities whose
ratio class has small VC dimension.

11
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Sharpening the misspecification term. The guarantee from Theorem 7 has an extra loga-
rithmic factor in the misspecification term that does not usually appear in this style of argument.
We remark that it is possible to sharpen this guarantee to remove the logarithmic factor, if we use
a modified version of dy that corresponds to quantizing into ©(log(n)) states instead of 2 states.
The main idea is that either: (1) H2(f, f5) < %, so the misspecification term can be absorbed by
the other term, or (ii) the more complete version of Corollary 3.4 from Pensia et al. (2023) will
only lose a constant factor of Hellinger distance when quantized to ©(log(n)) states. We state the
sharper result here, but defer the proof to Appendix E, since our efficient algorithms are based on
the estimator of Theorem 7.

Theorem 8 Given n samples from a distribution f, let fn be a modified minimum-distance estima-
tor with respect to the ratio class H for a set of densities F (f need not be in F). Suppose the VC
dimension of H is d > 1. Then with probability 1 — 6,

N (dlog(n) + log %) log(n)

H2(f, fa) S inf H(f fo) (17)

2.1. Applications

We can now immediately adapt arguments from minimum-distance estimators in total variation.
Below are three examples where we recover (previously-known) bounds in Hellinger distance (de-
tails in Appendix F); all are tight up to logarithmic factors. We emphasize that these statistical
corollaries are all previously attainable via p-estimation (up to logarithmic factors, see discussion
in Section 1.3).

Corollary 9 Given n samples from some distribution f, then a minimum-distance estimator fn,
with probability 1 — 6, achieves error

. k45 10g*5(n)  log(2/6) - log(n)
2 < i 2
H (f7 fTL) ~ fgglﬁkaH <f7 fe) + 7,L4/5 T n .

Corollary 10 Suppose Gy, denotes the class of mixtures of k Gaussians. Given n samples from
some distribution f, then a minimum-distance estimator f,, with probability 1 — 6, achieves error

, (Klog*(n) +10g 3) log(n)
n

H2(f7 fn) 5 f;gék H2(f7 f@)

Corollary 11 Let F denote the set of convex combinations of k fixed densities p1, ... ,px. Given
n samples from some distribution f, then a minimum-distance estimator f,, with probability 1 — 6,
achieves error

N (klog(n) + log %) log(n)‘

H2(f, fa) 5 inf H(f, fo)

3. Learning densities approximated by piecewise polynomials

In this section, we discuss how our recipe also enables fast algorithms for learning in Hellinger.
We will learn densities that are well-approximated by piecewise polynomials; notably, this enables
sample-efficient learning for mixtures of Gaussians or log-concave densities in near-linear time.

12
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Acharya et al. (2017) provides a near-linear time algorithm for learning piecewise polynomial
densities in total variation with near-optimal sample complexity. Their work employs a minimum-
distance estimate approach, where they prove their densities of interest are well-approximated by
piecewise polynomial functions, they observe that the Yatracos set (in this case, the union of disjoint
intervals) has bounded VC dimension, and then they use a greedy partitioning approach to optimize
the minimum-distance estimate in near-linear time. This approach is fruitfully applied to many
classes of densities that are well-approximated by piecewise polynomials of bounded degree.

In our work, we will show that a similar program can be attained for Hellinger distance by
employing ideas similar to Section 2 and Acharya et al. (2017), with some additional observations:

Corollary 12 Consider an interval J = [a, b| and n samples f, where a < x; < --- < x,, < b.
Consider F': the class of t-piece degree-d polynomials over J. There exists an algorithm that runs
in time O ((d3 loglogn + nd? + d**2) logg(n)) and outputs an estimate f, € Fit where with
probability 1 — 9,

Hz(f, fn) S.; fin_f;__t dH2(f, f@) log(2t/ H2(f, fe)) i dt log(n) . (login) + 10g(2/5))

This implies our Theorem 2 for mixtures of Gaussians. Our Theorem 3 for log-concave densities
uses a slightly different result, where we improve a logarithmic factor by proving a tighter reverse
data processing inequality for a restricted class of piecewise-linear densities that well-approximate
log-concave densities.

3.1. Technique overview

‘We now outline our technique for adapting the method of Acharya et al. (2017) to Hellinger distance.
We provide much more detail in Sections G and H, where we choose to carefully outline the required
modifications of their method, instead of essentially rewriting all their corresponding 30 pages, since
our modifications only require changing some cleanly-describable subroutines.

Component 1: proving bounded empirical 7, distance implies small Hellinger distance.
Their approach uses a classical minimum-distance estimator argument; after establishing that a log-
concave density may be well-approximated by a piecewise linear density, it suffices to output a fn
with small A;, distance (see Equation (3)) from f,,. This roughly quantifies a distance between two
densities with respect to what can be observed from the count of samples within & disjoint intervals.

In Equation (5), we define a notion of H; distance. With an argument similar to Theorem 7, we
will obtain a bound for H?(f, fn) in terms of H ( s fn). Naively this bound would need to be in
terms of some 7, distance, but we modify the argument such that instead a bound on ; suffices;
we note that such a modification is not possible for the 4;-based procedure in Acharya et al. (2017).
We now turn towards efficiently optimizing H1 ( f,, fn)

Component 2: optimizing 7, distance over ¢-piece densities via greedy merging, assuming
an oracle for optimizing over 1-piece densities. The method of Acharya et al. (2017) gives an
algorithmic procedure, where optimizing over t-piece densities may be reduced to the task of opti-
mizing over 1-piece densities. We will use this same procedure. Afterwards, we apply an additional
post-processing step that rescales each piece of fn to have the same mass as f, within each piece,
as this is crucial for our argument that allowed us to focus on only H; instead of Hy.

Component 3: designing an oracle for optimizing 7{; distance over 1-piece densities. We
now want to find a degree-d polynomial that approximately minimizes the #; distance with the

13



COMPTON LI

empirical distribution within a given interval J. The core technical obstacle for adopting their
technique reduces to the following: for some given polynomial p, find some interval I C J that
witnesses most of the distance Hi(p, f,,). In the analogous subroutine for Acharya et al. (2017),
their task reduced to a previously-studied question of Csuros (2004). For our work, finding an
interval that witnesses 7{; distance will require a new approximation algorithm.

We first reduce our task to the following optimization problem over an array of =1 values, where
we want a constant-factor approximation in linear time:

1
max —=
I1<r where I,r€{0,...,|A|—1} 2

2
(V(# of -Usin Ay, ..., A)jn — /@of +1's in Ay, ... ,AT)/n>

Note how this is trivially solved exactly in quadratic time. Oversimplifying, we roughly approxi-
|(#of -1’s in Ay,...,Ar)—(#of +1s in Ay,...,A,)|?
n-(r—Ii+1)
to optimize in O(1) time within some interval via prefix sums and a range minimum query data

structure. We prove that if we optimize for this numerator within a carefully chosen set of intervals,
then one of the optimizer intervals witnesses the H; distance sufficiently well.

When combined, these components yield a near-linear time algorithm for learning mixtures of
Gaussians and log-concave densities with near-optimal samples (Theorems 2 and 3).

mate the objective by the quantity . The numerator is easy
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Appendix A. Discussion

In this work, we developed fast, sample-efficient algorithms for density estimation in Hellinger.
Our primary applications focused on mixtures of log-concave or Gaussian densities; classical total
variation guarantees for minimum-distance estimation seem ripe for adoption with our recipe, and
we believe this can achieve nearly-optimal results for most, if not all, distribution families consid-
ered in prior work such as Acharya et al. (2017) (once you conclude the corresponding piecewise
approximation guarantee). We find it conceptually interesting that Acharya et al. (2017) required
Ay, distance involving unions of & intervals, yet by looking at 1 distance with only one interval,
we are able to recover their total variation results.
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One practical consideration for using a density estimation method is whether it requires carefully
tuning some parameters. For the piecewise polynomial approach, we observe how there are not too
many important parameter configurations; since we only need to decide on the number of pieces
and the degree, and our analyses work when these parameters are off by a constant factor, then only
a polylogarithmic number of configurations are relevant. With this in mind, you could in near-linear
time try all configurations, then use a standard hypothesis selection method, and obtain an adaptive
algorithm that requires no parameter tuning at all.

We note that there are similarly-named minimum-distance methods that are applied to Hellinger
(e.g. Wolfowitz (1957); Beran (1977); Donoho and Liu (1988); see Jana et al. (2025) for a recent
work), but these are different from the Yatracos-style estimator we discuss in this work. These
estimators work by choosing an estimate in some model class that minimizes some distance with
the empirical distribution; this is often some distance like Hellinger or KL. First, the analyses of
these estimators follow a different approach that is not the VC-based analysis of Yatracos-style
estimators. Second, depending on the setting, these may incur similar issues to the previously-
discussed NPMLE (which is one such minimum-distance method, when you choose KL as your
distance): for many rich classes this is an intractable optimization problem, or is not even well-
defined (like for mixtures of Gaussians with arbitrary variances, the optimizer is not well-defined
and must put point masses on empirical samples).

A natural question after reading Corollary 12 is whether there are classes where the degree d
of the approximating polynomial must be large, as this would negatively affect both the running
time and the squared Hellinger distance error. Interestingly, from personal communication with the
authors of Acharya et al. (2017), all degree-d pieces may each be replaced with O(d log d) pieces of
degree O(log(d/¢)), and this will only increase the squared Hellinger distance by . This means the
dependence on d can be transformed into dependence on ¢, to less dramatically affect the running
time and squared Hellinger distance error.

Appendix B. Self-contained proof of the reverse data processing inequality of Pensia
et al. (2023) (Theorem 6)

Proof For a self-contained presentation, we will present a proof in this text. Nothing in this presen-
tation is notably different from the technique of Pensia et al. (2023), and we will restrict to discrete

distributions only for ease of notation. Also, for ease of notation, let N = e (lp R

The proof technique will be to decompose the Hellinger distance into O(log(2/H?(p, q)))
terms, so one must contain a large fraction of the distance, and show that the distance from any
term is attainable by a likelihood ratio threshold. To start, by definition of Hellinger distance:

W0 253 (Vi Vi) =5 3 (Vi - Vi) vy 3 (Vi) - Va@)

z:p(x)>q(x) z:p(x)<q(x)

Without loss of generality (by symmetry), we will now assume:

> (Vi - Vi) 2 Wi

z:p(z)>q(z)

We further observe that the summands where 1 < % <1+ ﬁ have negligible contribution:
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Consider intervals of the form [1 + 5,1 + 5) for integer j > 0. Covering [1 + ﬁ, 2)

requires [log(v/N)] such intervals. We may additionally cover [2, c0) by its own interval. Hence,
there exists an interval I*, either of the form [1 + 2].%, 1+ 2%) or [2,00), where

1 1
Y (I Va0) 2 5 gm0 2 gy

P(v‘) *
() el

All that remains is to show that for any such I*, there exists an f. with approximately the
Hellinger distance of the interval’s contribution.
Case 1: I* = [1 + y%, 1+ 2%) First, we upper bound the value of the sum from 7*:

> (Ve - Vaw)

1 1
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We may also lower bound the Hellinger distance using f, with 7 =1 + ﬁ
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>

Together these imply

2 1

16 log(4/ H?(p, q)) p.a)

H?(f-(p), f~(q)) >

|
/N
]
—~
&
N—
|
(=
—~
8
N—
—

.p(z) 1 1
@ ey €[+ gro 1+ 55)

Case 2: I* = [2,00). Letususe f, with 7 = 2:

B/ (0), £ (0) > 5 <\/P FERE R 2})
e ]
=2 (VIR Y )
x:Z<—z)>22
>2 (1-viR) - Y (Vi - vam)
=2 >2
2
<1_ 1/2> H*(p, q) . H*(p, q)

>
~ 50 - log(4/ H?(p, q))

Appendix C. Proof of Corollary 4

Proof
We first state the result of Boucheron et al. (2005), which will imply the desired guarantee after
some minor adjustments:

Lemma 13 (Normalized uniform convergence; rephrased Theorem 5.1 of Boucheron et al. (2005))
Let X1, ..., X, be ii.d. random variables, and assume that the class F of {0, 1}-valued functions
has VC dimension d. Then for any § € (0, 1), with probability at least 1 — 0, for all f € F, it holds

that both
i BLF (X)) — 200, f(Xa) 8
1 s E[f(Xl)l] < 2\/dln(2n +1)+1In 5 (18)
and
> i f(XiZ):LEZ‘(L;;)E[f(X")] < 2\/d1n(2n +1)+In %. (19)
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Now, we begin the adjustments:

Claim 14 Under the uniform convergence event of Lemma 13, it holds that for all f € F:

<2 (dln(2n+1 )+ In ) (ZE >+4<dln(2n+1)+ln§>

Proof The direction >, (E[f(X;)] — f(X;)) holds immediately For the other direction, we
manipulate as follows. For shorthand, leta = Y"1 | f(X;), b = > | E[f(X;)], A = a—b, and

r22,/dn(n+1)+1n§.

n

Z (f(Xi) — E[f(Xa)])

=1

—b
a4 §rz>A§r\/6:>A2—r2a§O
Va
= A277‘2(A+b)§0 — A2 —72A %<0
2 1 /rd 1 4r2p
= A< e r2 A — A <72 +rVb (rootof the quadratic equation)

We will continue using this shorthand notation of a, b, A, r. The proof will follow quickly via
the same logic as Claim 2.22 of Compton and Valiant (2025):

2la—0b
‘\/ﬁ - \/5‘ < min < ’a\/l; | sV |la— b|> (for a, b > 0; first paragraph Claim 2.22 pf. Compton and Valiant (2025))

< min <W, \/ 12+ rﬁ) (using la—b] <7r° + r\/l;)

<m'n<2r2+2 r+ r\/5>
1 E— T,
- Vb

If b > 72 then the first term is at most 4r. If b < 2 then the second term is at most 2r. Hence:

< A4r

Appendix D. Hellinger data processing inequality
We give a self-contained proof for the following preliminary:

Fact 15 (Hellinger data processing inequality) Consider two points x,y € Ri. Then,

2

d d d
> WEi— ) > domi—y\ (D ui
i=1 i=1

i=1
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Proof For any non-negative vector v, let /v denote the vector where each coordinate i is the square
root of the value of v;.

d
> (V- Vi) = IVE - il
i=1
> Vel + Ivall* = 2lval - 11yl

d d
= (IVzl = Ilvyl)?* = Z_;x— ;y

2

Appendix E. Proof of Theorem 8

Proof This proof will follow the same style as Theorem 7, after we introduce definitions correspond-
ing to quantizing into a larger number of states. In the original distance, d3; quantizes into one state
by choosing the f, g € F and threshold 7 € R that maximizes distance; our modified distance will
choose f,g € F and a collection of thresholds 0 = 7p < 71 < 19 < --- < 7p_1 < 7p = oo that
maximize distance. More concretely:

D
W w5 <\/P L8 e prim)] - VPrq FEE [>D
NeISN N :T0<"'<TD:OO i=1

(20)
Just like d, the modified dH satisfies d;D{ g) < H2(f, g), and an approximate triangle inequality
db(a,c) <2 (dL)(a,b) + di (b, ¢)).
We now state the complete version of Corollary 3.4 of Pensia et al. (2023) in this language:

2

Theorem 16 (Rephrased Corollary 3.4 of Pensia et al. (2023)) For any p,q and D > 2, there
exists 0 =19 <1 <1 < --- < 71p_1 < Tp = 0 such that the following holds:

2 (@) (x) i H(p,q)
; <\/Prp [z(*”f) ) [Ti_l’n)] - \/Prq [2(56) - [Ti_l’m]) - 1800max{17];gqu/gg(pﬂ))}

The proof of Theorem 16 follows similarly to Theorem 6. Our modified estimator will choose
D = [log(4n)] and estimate:

N |

fn 2 ar]grr]gndﬁ(fa,fn> 21)
9E

The desired error guarantee now follows by the same proof strategy as Theorem 7:

H2(f, fn) SHA(S, fo) + H2(fo, f2)
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Consider two cases. If H2(fy, fn) > 1/n, then Theorem 16 implies H2(fy, fn) < d%( fo, fn)
Otherwise, we can use the upper bound of 1/n. Hence:

SHL fo) + B0 fu) + 1
SHS, fo) + AR ) +
ST, o)+ AR ) + R s ) + 1

SHA(S, fo) + AR(f, fu) + A5 (fus fo) + % (definition of ;)
SHL, fo) + AR 1) + AR ) + -

1
SH(F, fo) +dn(f f) + -
We now invoke Corollary 4 on each summand of dyj?[ (f, fn)- A priori, we only have a bound on the
VC dimension of the ratio class, which corresponds to where the ratio exceeds a threshold, yet each
summand corresponds to where the ratio is within an interval. The relevant concept class is then the
intersection of H with the complement of H, which has VC dimension < d (see e.g. Corollary 1.1
of Van Der Vaart and Wellner (2009)).
dlog(n) +log(1/6 1
N (dlog(n) +log(2/0)) log(n)
n

S H2(f7 fe)

(D = [log(4n)])

Appendix F. Statistical corollaries from new recipe

We provide the proof of Corollary 9; this matches up to logarithmic factors the known rate for
learning log-concave densities (see Doss and Wellner (2016); Kim and Samworth (2016)):

Proof We will choose F as the class of ¢t-piecewise linear densities. The ratio class will be the union
of < t intervals, and hence has VC dimension < ¢. Using Theorem 8:

N (tlog(n) + In 2)log(n)

2 £ : 2

Use the piecewise linear approximation guarantee of Lemma 20, where each mixture component is
approximated by a mixture of ¢/k pieces. This implies any mixture of & log-concave densities has
a t-piecewise linear approximation within < ];—4 squared Hellinger distance:

2
< inf H2(f, f9)+’tf+ (tlog(n) + In §) log(n)

™~ fo€LCs "

1A/ 10g4/5(n) log(2/4) log(n) kn \ 1
< 2 ing ¢ =
< felenﬁka H2(f, fo) + 15 + - choosing ¢ (log(n))
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We provide the proof of Corollary 10; this matches up to logarithmic factors the known rate for
learning mixtures of Gaussians:
Proof We will choose F as the class of 3k-piecewise degree < log(n) polynomial densities. The
ratio class will be the union of < klog(n) intervals, and hence has VC dimension < klog(n).
Using Theorem 8:

G log®(n) + log 3) log(n)
n

2 R : 2
H2(f, fn) S fleréffH (f, fo)

We use existing results that imply any Gaussian density is approximated within € squared Hellinger
distance by a 3-piecewise degree < log(1/¢) polynomial (Lemma 36 of Chan et al. (2014), or
related discussion in Section 5.4 of Timan (1963)). Accordingly, for any mixture of & Gaussians,
there is a 3k-piecewise degree < log(n) polynomial that approximates the mixture within 1/n
squared Hellinger distance:

2 2
< inf H2(f, fo) + L (klog”(n) + log 5)log(n)

fo€Gr n n
klog®(n) +log 2)1
fo€Gx n

The proof of Corollary 11 follows immediately from Theorem 8 and Section 8.2 of Devroye
and Lugosi (2001) (since their proof already bounds the VC dimension of the corresponding ratio
class); this matches up to logarithmic factors the known rate (e.g. an in-expectation bound is given
by Corollary 7 of Baraud (2011), and high-probability guarantees are given by p-estimation or sharp
bounds up to constant factors in Compton et al. (2026)).

Appendix G. Details for learning log-concave mixtures in near-linear time

The proofs of our result Theorem 2 for mixtures of Gaussians, and Theorem 3 for mixtures of
log-concave densities, are slightly different because we will save some logarithmic factor for the
log-concave result (via employing a sharper reverse data processing inequality). In this section, we
will give the details for our log-concave result, and later in Section H we will give details for more
general piecewise polynomial results (which will use many results given in this section).

First, in Section G.1, we will prove that approximately minimizing #;-distance (a distance
corresponding to the concept class of intervals) implies an upper bound on the Hellinger distance.
This will roughly follow the structure of the proof of Theorem 7, except non-trivial modifications
will be made so that we may minimize ;-distance instead of some more complicated dy metric.
Interestingly, in this specific setting we will be able to leverage a tailored version of the reverse data
processing inequality that will not lose a logarithmic factor.

Second, in Section G.2, we will outline the greedy merging method of Acharya et al. (2017).
Suppose you are given an oracle that computes a degree-d polynomial which approximately min-
imizes the H; distance with the empirical distribution restricted to an interval Z. Then, with this
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oracle, the greedy merging method of Acharya et al. (2017) will yield a method for constructing a
2t-piecewise degree-d polynomial with #; distance from the empirical distribution that is not much
larger than the best t-piecewise degree-d polynomial. After a minor modification, this will yield a
near-linear time algorithm that approximately minimizes #-distance.

Third, in Section G.3, we will construct the required oracle. The procedure will follow from the
machinery of Acharya et al. (2017) that efficiently determines an approximately optimal polynomial
by leveraging fast separation oracles. Our key difficulty is to provide a new separation oracle for
distance: given a certain polynomial, we must find a way to approximately compute the H; distance
from the empirical samples in near-linear time.

Both these second and third parts are presented in terms of degree-d polynomials because this
will be helpful for further applications in Section H; although in this section we only need d = 1.
Finally, in Section G.4 we combine our ingredients to conclude Theorem 3.

G.1. Bounding squared Hellinger distance from 7{; distance

Our goal will be to output a piecewise-linear estimate fn which has small #; distance from the
empirical samples. We will show that such an estimate has small squared Hellinger distance with
the true distribution f. First, let us formally define 7 distance:

HalF.) £ sup (¢Prf € [lr]) = /Pry o € [mﬂ)z

We will find it helpful to more generally define H; distance:

) 2
w2 sw o 35 (Prlee - yPrlee )
1 <r<la<ro<--<l;<r; =1

Following the outline of Theorem 7, we will need results showing that log-concave mixtures
are well-approximated by piecewise-linear functions (see Section G.1.1), and a custom reverse data
processing inequality that shows H?(f,g) = O(1) - Hyi(f, g) for the piecewise-linear densities
of interest (see Section G.1.2). This result will leverage that log-concave densities may be well-
approximated by a restricted class of piecewise-linear densities. We define this restricted class as
Ratio-Line;, which consists of all ¢-piecewise linear densities where the value of each line at the
start of its piece is within a factor of two of its value at the end of the piece.

Given these two tools, we are ready to state the result:

Lemma 17 Let f be distribution from which we receive n samples. Suppose fn € Ratio-Line,;
(for some positive constant integer ) is a density where H1(fn, frn) < a-inf r) cRatio-Lines, H1 (fo, fn)+
B. Then with probability 1 — §,

H2(F f) <a-  inf H2(f fy) + ot - 280 T108(2/0) g

fo€Ratio-Line; n

Proof Consider any fg € Ratio-Line;. It holds that

H2(f, fa) S HA(S, fo) + H2(fo, fu)
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Observe how for any two densities in Ratio-Line,;, the domain can be decomposed into 2rt in-
tervals satisfying the conditions of our custom reverse data processing result of Lemma 21. This
means that for each of the < 2rt pieces where fy and fn are each one line, there is an interval that
captures a constant-fraction of the squared Hellinger distance over that piece. This yields:

2(f, fo) + Hane(fo. fn)

2(f, fo) + He(fo, fn)  (Via Hape(a,b) < 2rHy(a, b))

2(f, fo) + Ho(f, fn)  (via Hy(a,b) < H?(a,b))

2(f, fo) + Ho(f, fn) + Hi(fns fr)

2(f, fo) + tHA(S, fu) + tHA (s fn)  (viaHi(a,b) < tHi(a,b))  (22)

AR YANR AR AN A
mujan i an i as Jgan

At this point, we would like to design a modification of fy where each piece of the modified version
has the same integral as f over its domain, and the Hellinger distance contribution of each piece is
roughly evenly-split. Later, this modification will be helpful because it will have small H; distance
from f.

Lemma 18 Consider any two non-negative functions p, q, where q is a k-piecewise-F function,
and F is a family closed under rescaling. Then, there is a (2k — 1)-piecewise-F function 4, where

- ~ H2
H(p.d) < H(p,0), mapiece 7 or7 W (pr. 47) S 2
every piece of q.

, and the integral of p and q match over

Proof We will construct ¢ by modifying ¢q. Consider adding £ — 1 breakpoints at the k-quantiles
of H? (p, q): meaning the squared Hellinger distance contribution from each piece is now at most
% fraction of the original Hellinger distance H? (p, q). Then, for each of these pieces in ¢, we will
rescale the piece such that its integral is exactly the same as the integral of p over the corresponding
interval. This is our §: all that remains is to show H2(p, §) is sufficiently small. We will do so by
proving the squared Hellinger distance between p and ¢ over any piece of ¢, is not much larger than
the squared Hellinger distance between p and ¢ in that interval.

Claim 19 Given any two non-negative functions f, g with total mass wy,wy > 0, then H2(f, 2Lg) <

H2(f, ). '

Proof Let us separate into two cases: (i) the ratio max(:f}uf , Zji ) > 1.5, and (ii) otherwise.
wy

Case (i): the ratio max(—L Wy W} Ya) > 1.5. First, we provide an upper bound for H2(f, Z—’; g):

H2(f, L g) STV, L g) S wy
Wq Wq
Second, we provide a lower bound for H2(f, g). Without loss of generality, let A be the function
with larger total mass, and B be the other function. Define S as the subset of the domain where
A(z) > 1.1B(z). It must be the case that [ A(z) > 0.1 - ws. Otherwise wp > 0'??‘1“ which
violates our ratio casework. Using this:

H2(f,g) = H2(A, B) /<\/7 F) / ) 2 wa = max(wys, wgy)
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Combining our upper and lower bounds, we immediately conclude H?( e wf g) SH(f,9).
wy wg
Wqg? W

Case (ii): the ratio max(_*, -¢) < 1.5. In this case, let us say f =14 for some |r| < 1.

(1, 22g) = 5 [ (VI — T+ ()
s [(VE@ - Vo) + [ (Vg - V@)

SH(f.9)+ ( (1+7)-wg = V@)Z

=H(f.9) + (g — /)"
< H?*(f,g) (viaFact 15)

We may use this to complete the proof of our lemma. For any interval Z corresponding to a

piece of G, we know H?(pz, q7) < %. Combining with Claim 19, we know

H?(p, q)
k

H%(pz,4r) S H* (pr, qz) <
[ |

Let’s resume from Equation (22) with this modified density fg in hand. By definition, we have
a bound for the distance H1 ([, fn) in terms of any other density in Ratio-Liney;, including fg

H2(f, fo) + tH1(f, fo) + tH1 (o ) SHA(S, fo) + tHA(S, fn) + atHa(fu, fo) + B
SHA(f, fo) + atHa(f, fo) + M (f, fo) + B

Leveraging Fact 15 and how the integral of f and fg is the same for any piece of f@, we observe the
distance H1 (f, fg) is at most a constant factor larger than the same #; distance when we restrict to
intervals within one piece of f9 This quantity is at most the maximum squared Hellinger distance
between f and fg over one piece. By the properties of fo given by Lemma 18, this implies a bound

of Hi(f, fo) S L -H2(f, fo):

S aH(f, fo) + atHa(f, fo) + B

< aB2(f, fy) + ot - 22 0ER/0)

+ 8

The last line holds with probability 1 — § from the uniform convergence guarantee Corollary 4. H

G.1.1. PIECEWISE-LINEAR APPROXIMATION

We now present the required piecewise-linear approximation result for log-concave densities. This
result follows from the proof of Theorem 12 of Diakonikolas et al. (2016):

28



DENSITY ESTIMATION FOR HELLINGER VIA MINIMUM-DISTANCE ESTIMATORS

Lemma 20 (Piecewise-linear approximation for log-concave; follows from Diakonikolas et al. (2016))
Let f : I — Ry be any log-concave density, where I = [a, b] is an arbitrary (not necessarily finite)
interval. For any ¢ € (0,1/2), there exists a t-piecewise linear density f where t = O(1/e'/*) and

H2(f, f) < e. Moreover, for each piece of f, the values of f(a:) are within a factor of 2 at the
start/end of the piece.

Proof The proof will follow almost exactly the same analysis given in Theorem 12 of Diakonikolas
et al. (2016). We will assume familiarity with this proof, and now discuss the small modifications
we require. We will aim to modify their analysis to get the guarantee of O(s?) squared Hellinger
distance with ¢ = O(1/+/¢) pieces. This would immediately imply our desired guarantee.

First, we will modify the guarantee of their Lemma 14 such that H?(f, g) < 2||f||1. After
modifying a small typo in the final equation of their proof of Lemma 14, we may conclude | f(z) —
gi(x)| < e f(x). We provide the modified equation:

fl@)=1+0E)fy)(1+ (z —y)ao + O((z — y)an)?)
=[1+0E)fW)A+ (z—y)ao+0(€) = f(y) + fy) - (x —y)-ao+ f(y) - Oe)

Hence, with g;(x) = f(y) + f(y) - (x — y)ap, we surmise |g;(z) — f(z)| < f(x) - €. This
immediately implies H2(f, g) < €2||f||1.

Their proof of Proposition 15 remains unchanged.

Finally, how they invoke the modified Lemma 14 and Proposition 15 is almost exactly the same
as what we require. We now repeat exactly their proof, only modifying parameters and replacing
Ly error bounds with the analogous squared Hellinger error bounds. The remaining proof replaces
their proof section starting with “form = 1,...,2log(1/e)/c, we use Lemma 14 ...”.

Form =1,...,2log(1/e)/c, we use Lemma 12 to approximate f in I,,, by a piecewise linear
function gy, so that g, has at most 0(5_1/ 29—cm/ 8) pieces and so that the squared Hellinger dis-
tance between f and g,,, on I, is at most f(I,,)O(£22¢™/2) = O(£22-™/2). Let g be the piecewise
linear function that is g,, on I, for m < clog(1/¢)/2, and 0 elsewhere. g is piecewise linear on

2log(1/e)/c
Z 0(671/227cm/8) _ 0(871/2)
m=1
intervals.

Furthermore the squared Hellinger error between f and g on the I,,, with m < 2log(1/¢)/c is

at most
2log(1/e)/c

> 0272 = 0().
m=1

The squared Hellinger error from other intervals is at most

[e.e] [e.e]

Yo O(fIn) = D). 02 ™) =0().

m=2log(1/¢e)/c m=2log(1/¢e)/c

Therefore, H2(f, g) = O(?).
We finally remark that each piece of the density satisfies our bounded ratio condition between
the start/end by their construction. |
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G.1.2. TIGHTER REVERSE DATA PROCESSING INEQUALITY

Lemma 21 Consider any two densities p, q that are linear densities supported on (without loss of
generality) [0, 1]. Further assume a ratio condition between the endpoints: max(z (0) »() " a(0) @)

2. Then, there exists some interval T C [0, 1] where

(- ) 2w

Note how here we are proving a reverse data processing inequality that crucially only loses a
constant fraction of squared Hellinger distance, instead of a log(2/ H2(p, q)) term.
Proof

Without loss of generality, suppose p(x) > ¢(z) in the support. (If p, ¢ intersect, we can break
the density into two intervals, and focus on the interval with at least half of the original squared

Hellinger distance.) Let r(z) = f; E”‘g From earlier, we know 7(z) > 1.

If p(z) = ax + b and g(x) = cx + d, then observe how r/(z) = ‘;“(’ )bc is monotonic. Without

loss of generality, we flip the density such that r(z) is non-decreasing. From our ratio condition
between the endpoints, we know:

maXgeo,1] r'(z) _ IaXae(o,1) Q(fE)Q

. = — <4
miNgelo,1] r'(z) mingze(o,1] q(z)?

Then, for ease of notation we will denote v £ max,eo,1] 7' () and surmise that for all - € [0, 1]
we know v/4 < 7'(z) < v.

Similar to the proof of the original reverse data processing inequality (Appendix B), we will
consider two cases: (i) when most distance comes from the summand where the ratio is less than
two, or (ii) where most distance comes from the summand with ratio at least two. Case (i) will
leverage structure from the linear densities, while case (ii) will follow exactly as in the proof of the
original reverse data processing inequality.

With this in mind, let us define z* as the smallest value in [0, 1] where r(z) > 2 (if r(z) < 2
for all x € [0, 1], then set * = 1). By definition, we know

w0 =5 [* (- vam) 4L [ (- vam) e

This will let us focus on our two cases

Case (i): f[f ’ (\/ —q(x) ) > H2 (p, q). In this case, our plan is to choose the interval

7T = [x*/2,z*] and then bound the desired quantltles. First, let us upper bound the squared Hellinger
distance term:

0

[ (v - va@)' = [ (Ve - Vi)’

< (r(0) +vz* —1)%- /0 ’ q(x) (24)
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Next, let us lower bound the distance yielded by the chosen interval:

<\/ / :Qp(x) - \/ / / q<x>)2
- <\/ JIRCRCE \/ [ q<x>)2
<\//*/2 )+ vz /8) - \///2 )
o)

> (r(0) + vz*/8 — 1)2/9 - / g(z) (using V14 z>1+ z/3forz € [0,1]) (25)

Hence, combining Equations (24) and (25) we conclude:

<\/ / f;2p<x> - \/ [ q<m>>2
(W*xzp Wf/qu)z
Ji" (Vo) — Vat))

<r<o> Toat/8 - 1) /9-f*/2q

> H?(p, q) -
(.q) (r(0) + va* —1)2 fo
<1 4() b b b 1
> H2(p,q) - fm{?i using for non-negative a, b, ¢, d > 0 that ot <l+- = ot >
me q(x) a-+c c at+c 1+%

> H%(p,q) (viaratio condition between endpoints for ¢)

Case (ii): f (N/ —v/q(x) ) > H?(p, q). We will choose Z = [z*, 1] and our claim will
follow by the same method as the original proof of the reverse data processing inequality:

\// \//;q(a:) 2: \//g;p(x)—\//xip(x)/r(a:) 22 \//xip(.’li)—\//xip(x)/Q

2 [ o= [(Vi - V@) = B0

Remark on conditions. We expect the ratio condition between the endpoints is crucial for
this modified reverse data processing inequality where we only lose a constant fraction of squared
Hellinger distance, instead of a log(2/ H?(p, q)) term. Informally, we suggest considering the den-
sities p(z) = 2 4 z and ¢(z) = 1 + z (distributed over [0, z] for a very large value of z, and then
normalized) for a counter-example without this ratio condition.
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G.2. Greedy merging

This section will outline the greedy merging procedure in Section 4 of Acharya et al. (2017). We
will state some of their results slightly more generally than they state in their work, but the results
hold from the same logic given in their proof.

The main purpose of the greedy merging procedure is to quickly optimize over t-piecewise
functions when we only have an oracle that is able to optimize over single-piece functions. We now
introduce the relevant definitions/oracles and then describe their greedy merging procedure.

Definition 22 (Non-decreasing cost) Consider a cost function L over intervals defined with re-
spect to a family of densities F. Suppose the function L(Z, fp, f) assigns a non-negative cost
for an interval I depending on the empirical samples f, and an f € F. Further, we define
L(Z, f,) = inf; feF L(Z, f, f). Then, we say L is non-decreasing if L(Z,) < L(Z) whenever
71 C .

For intuition, you should think of F as a class of single-piece functions (e.g. degree-d polyno-
mials). We define an oracle that approximately computes L and computes an approximate optimizer
feF:

Definition 23 (O, g)—opt(Z, fn) oracle) We define an oracle (’)(a 8)—opt(ZL; fn) as one that takes

in empirical samples and an interval I, and then outputs: (i) {, an estimate of the cost, and (ii)
f € F, an approximate optimizer. In particular, it should hold that { < L(Z, fn) < L(Z, fn, f ) <
ol + B. Further, we define T, g)— opt (1) as an upper bound on the maximum total time it would
take to run O(q, g)—opt (Z, fn) on at most n samples partitioned into at most 2n intervals.

With these definitions, we may state the guarantee of the greedy merging procedure of Acharya
et al. (2017):

Theorem 24 (Guarantees for greedy merging of Acharya et al. (2017) Section 4) Consider an
interval [a, b] and n samples where a < x1 < --- < x,, < b. Let OPT; denote minimum-possible
maximum cost of an interval if we partition [a, b] into t pieces. Suppose for an initial partition
[a,z1], (x1, 2], ..., (2n,b], it holds that the cost of each interval is at most 3. Then, Algorithm 1
runs in O(T{q,)—opt(n) log(n)) time and produces a partition into at most 2t intervals where the
maximum cost of an interval is at most o OPTy +0.

Algorithm description and proof sketch. In each phase, Algorithm 1 considers merging pairs
of consecutive intervals. Before doing so, we use the oracle to approximately compute the cost of
the potentially merged intervals. By merging only proposed intervals whose computed costs were
less than the ¢ — 1 largest costs, it is our goal to upper bound the cost on new intervals in relation to
OP Tt.

Consider some optimal ¢-piece interval decomposition corresponding to the solution value of
OPTYy; naturally, this decomposition has at most ¢ — 1 breakpoints between pieces. This means that
one of the ¢ largest cost intervals computed by the oracle must not contain a breakpoint. Call one
such interval I*; we know L(I*, f,,) < OPT; by the definition of non-decreasing cost, since I* is
a subset of an interval in an optimal decomposition. This is sufficient for us to upper bound the loss
of any new interval J that is ever merged in M. For ease of notation, for any interval I let us denote
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Algorithm 1 Greedy merging algorithm (Algorithm 2 in Acharya et al. (2017)).
Input: Interval [a, b], piece parameter ¢, and n samples where a < 1 < --- <z, < b.

Function GREEDY-MERGING([a, b], ¢, (21, ..., 2y)):
Form the empirical distribution f,, from these samples.
Let Zp + {[a, z1], (1, z2], (x2, z3], ..., (xn, b]} be the initial partition. j < 0

while |Z;| > 2t do

Let Ij = {Il,j7]2,j> e 7Iijl,j7[Sj,j}'

for k < 1to [4] do
I,’m+1 < Iop1;Ulo; // Set this to Iy ; for last k if s; is odd
gk,ja fk,j — O(a,ﬁ)—opt(Illg,jJrl, fn)

Let S be the setof k € {1,2,...,[s;/2]} with the t — 1 largest costs fk]

Let M be the complement of .S.

Tit1 + U {{2k-1,lorj} // Do not merge the intervals in S
kesS

Tit1 < ZLj1 U {I,’C7j+1 | ke M} // Merge the intervals in M
J+—J+1
return Z = 7; and the functions f for all intervals in 1.

the f computed by the oracle as f(I), and similarly the approximate cost as /(I). Then, for any
newly merged interval J € M:

L(J, fo, f(1)) < ad(J) + B < al(I*) + B < aL(I*, fu) + B < aOPT, + f

Thus, since every time we merge intervals it forms an interval with f costing at most o OPT; 44,
and since we know all the original intervals start with cost at most 3, then we may conclude the
maximum cost f for an interval in our final output is at most « OPT; 4.

The runtime follows because the number of phases is bounded by O(log(n)). This is because
in each phase, all but at most 2¢ — 1 intervals are merged (halving the number of excess intervals).

G.3. H; optimization over 1-piece functions

We now turn towards constructing the oracle given in Definition 23, where we hope to compute a
1-piece function with approximately minimal #; distance from the empirical distribution restricted
to a certain interval. Our algorithm will follow directly from the algorithm and analysis given in
Sections 5 and 6 of Acharya et al. (2017); the only key difference is that we will require a different
separation oracle. In this section, we will state the theorem implied by the algorithm/analysis of
Acharya et al. (2017), we will then describe their approach, and then we will design the modified
separation oracle we require:

Theorem 25 (analogous to Theorem 18 of Acharya et al. (2017))

Fix an interval J C [—1, 1]. Consider Fy: the class of degree-d densities over J (in the case of
d = 1, we may further restrict to lines where the value at the endpoints of J are within a factor of
two of each other). There exists an Hi oracle Oo(1),0(1/n))—opt JOT Fa that runs in time

O ((d®loglogn + sd* + d“2)log*(n))
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where s is the number of samples in the interval J.

Description of the approach of Acharya et al. (2017). We redescribe in more detail the ap-
proach in Acharya et al. (2017). In their analogous result, they are searching for a polynomial whose
density has small A, distance with the empirical distribution over .J; for this discussion, let us just
describe the case of .4;. We will do so by approximately determining whether there is a polynomial
with A; distance at most 7, and employing a binary search over the correct value of 7.

Any degree-d polynomial can be defined by its coefficients in R4, Let C,  R%*! denote the
set of such polynomials. These polynomials must: (i) be non-negative over .J, and (ii) must satisfy
an upper and lower bound on the integral of p for every I C J (meaning, based on 7 and the number
of samples in [, there is a minimum/maximum possible integral for p over I). Observe how each of
these two types of constraints are linear in the coefficients of p. The key technical difficulty is that
the number of these constraints may be quite large; there are many values of  in the domain for
constraints of type (i), and naively there are ©(s?) relevant intervals producing constraints of type
(ii), yet we hope for a running time that is near-linear in terms of s.

Accordingly, their work does not explicitly define all these constraints. Instead, for some fixed
polynomial p, we either find a constraint that is violated (thus giving a halfspace that separates p
from C, the primitive enabling e.g. the cutting plane method of Vaidya (1989)), or we conclude p
at least approximately satisfies all constraints. Given efficient subroutines that can quickly find such
a violated constraint, then Acharya et al. (2017) are able to conclude the desired algorithm to find a
near-optimal p.

We will not restate the details of Acharya et al. (2017), as we only need to modify a subrou-
tine. First, in the special-case where d = 1 and we want the endpoints to satisfy the bounded ratio
constraint for Ratio-Line, we note this can be encoded as two linear constraints that we explicitly
check at each stage of the algorithm. We do not modify their machinery for handling the polyno-
mial non-negativity constraints of type (i). We only modify the procedure for constraints of type
(i1), where instead we must now check whether p has bounded #; distance from the empirical dis-
tribution (instead of .A;). The subroutine for .A; distance mostly followed from a previously studied
related question of Csuros (2004); for H; distance we will need an alternative algorithm.

G.3.1. H1 SEPARATION ORACLE

In this section, we will prove the following result, which when used as a separation oracle for the
algorithm of Acharya et al. (2017) will imply the guarantees of Theorem 25. Note that the analogous
result in Acharya et al. (2017) for A; distance only has additive error, and this is why our 7 oracle
also incurs multiplicative error. Additionally, since the runtime of this subroutine is O(s) it is not a
dominating term in the final runtime.

Theorem 26 Fix an interval J = [a,b] C [—1,1]. Suppose there are s samples in this range a <
1 < -+ < xg < b. For some non-negative polynomial p, suppose we are given access to g, . . . , Cs
where ¢y = fxl p(t)dt, c; = fxz p(t)dt, ..., and cs = fai p(t)dt. Assume > jc; < 4s/n.
Then, for some umversal constant C 2 1 there is an algorithm that runs in O(s) time and outputs
an interval I' C J where

2
/ —\/ ; —V(#ofziin)n| —=
( I/ t)dt (# of x; lnI)/n) > :?128 50 ( /Ip(t) dt (#ofx;inl)/n
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Proof In this theorem, we are replacing the component of the algorithm from Section 6.3.2 of
Acharya et al. (2017). At this point, the algorithm has already computed these ¢; values so we may
also use them.

Let us justify the > 7 ¢; < 4s/n assumption in the theorem. First, we may assume 7 < s/n
in the context of the algorithm, as otherwise we would immediately know the all-zero polynomial is
in C; and we would not need to call this subroutine. Second, we may assume f gD < 4s/n, because
otherwise we could immediately return the entire interval J as a type (ii) constraint that p violates
for 7 < s/n.

At this point, we will reduce the task to a discrete and unweighted problem. We observe that
for any interval I C J, the integral [ p is additively within 1/n of [the number of times the CDF
of p exceeds a multiple of 1/n in I] multiplied by 1/n. Call each of these points where the CDF
of p exceeds a multiple of 1/n as the “special points.” Instead of considering the H; distance
between p and the empirical distribution, we will consider the H; distance between the empirical
distribution and these special points (each weighted 1/n like a sample). In particular, we will find
an approximate optimizer for:

I}aca}c - <\/ (# special points in I)/n — \/ (# samples in 1)/ n) (26)
The value of this quantity for any interval I will be close to the corresponding quantity for the H;
distance between p and the empirical distribution (they will be within a multiplicative constant factor
and an O(1/n) additive term). This follows from the approximate triangle inequality (Va—vb)* <
(vVa —v/¢)? + (v — Vb)?, where we use |(# special points in I)/n — [, p(t) dt| < 1/n.
The form of Equation (26) is amenable to being viewed as a discrete and unweighted problem.

i ] i1,
Let us define d; = Z{?ZCJ — 717263 J; meaning, d; denotes the number of special points

between x; and x;11. Now, consider flattening the samples and the special points into an array A,
where the samples are +1 and special points are —1. More formally, A is dg —1’s, then one +1,
then d; —1’s, then one +1, ..., and then ds —1’s. The optimization problem of Equation (26) is
equivalent to:

1 2
= #of-1'sin A;,..., A —/@#Hof+1’'sin 4;,..., A ) 27
I<r where zr?efé, SAl-1} 2 (\/( : A=/ : /n) @)
Note how since [;p < 4s/n, we know there are at most 45 special points and thus |A] < 5s.
We could thus naively compute Equation (27) exactly in O(s?) time. However, we will instead
design a procedure running in O(s) time that optimizes Equation (27) within a constant factor.
Algorithm intuition.  In the beginning of the proof of Claim 2.22 in Compton and Valiant
(2025), they show for non-negative numbers x,y that — < 2yl Further, it is
y g y that |z — il < —2=rs

max(z,y)
clear |z — \/y| = frﬁixm y‘l)/) 2\1[dt Z%(Ly) Together, this implies |\/z — /y| = O(1) -
_lzowl . =yl
max(z,y) o @( ) Vaty®

This guides our algorithm: if we are able to consider sets of intervals where the  + y values
are within a constant factor of each other, then it is sufficient to choose the interval with maximum
| — y| value. This is much more convenient to work with. Consider the following optimization task
where we hope to find the interval with largest |z — y| within some larger interval [I, r|:
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max \(#of-l’sinAl/,...,AW)—(#of+1’sinAl/,...,AT/)] (28)
Ur'e{0,...,|A|—1} st ISV <r'<r
Let us define a prefix sum array B, where By = 0 and then B; = B;_1 + A;_1 fori €
{1,...,|Al|}. Then Equation (28) is equivalent to:

max B;— min B; 29)
€{l,...,r+1} e{l,...,r+1}

Accordingly, finding the maximum absolute value difference within some interval [/, 7] reduces
to simply computing a range minimum and range maximum query. Our plan is as follows: (i)
construct a set of O(s) intervals [/, ], where for any [I*, r*] there is a corresponding [/, ] interval
that contains [[*,*] and is only a constant factor larger, and (ii) consider the interval optimizing
Equation (28) for each [l, r], and take the best interval among these optimizers. We remark part (ii)
can be done in O(s) time because O(n) range minimum (and maximum) queries on an array of
length n can be solved in O(n) time (e.g. via Gabow et al. (1984) and Harel and Tarjan (1984)); the
data structure can also be modified to return the index of the optimizer in addition to the value (so
we may reconstruct the interval).

Algorithm. Let us first construct our set of considered intervals [/, 7]. Include all intervals with
a single element: [j, j] for j € {0,...,|A| — 1}. Further, for all i € {1,..., [log(|A4|)]}, consider
adding intervals of the form [k - 2/=! min(k - 20~ + 2/ — 1,|A| — 1)], for all non-negative integer
values of k where k - 2071 < | A].

Once we have this set of intervals, our algorithm simply considers the intervals given by the
range query optimizers of Equation (29), and chooses the optimizing interval that maximizes Equa-
tion (27).

Analysis. 'We observe how the number of these intervals is O(s). Additionally, we claim for
any interval [[*, r*], there is an interval [I, r] in our set where (r — [+ 1) < 4(r* — [* + 1) (meaning,
the length of the interval [, r| is at most four times the length of [I*, 7*]). Let i’ denote the smallest
integer where 2¢ > (r* —1* +1). Then, the last interval of length 27'+1 starting before [I*, r*] must
contain this interval, and it will only be at most four times its length.

Let [I*,r*] denote the interval that optimizes Equation (27). Let [, ] denote the interval in
our set that is at most four times the length of [I*,r*]. Finally, let [I’, '] denote the optimizer of
Equation (29) within [, r]. We now argue the value of the objective for Equation (27) with [/, 7] is
at least a constant fraction of the value for [[*, 7*], which immediately implies our desired result:

1 2
5 (\/(# of -Usin Ay, ..., Ay /n — \/(of +1's in Ay, ... ,A,,/)/n>
2
> 1 ’(# of -1’s in Al’; .. .,AT/)/TL —# of +1’s in Al/, - ,AT/)/W,‘
— 2 2\/max((# of -1'sin Ap,..., Ap)/n,#of +1’sin Ay, ..., A)/n)

Y

2
1 |#of-1I'sin Ap,..., Ap)/n— @#of +1'sin Ap, ..., A)/n|
2\ 2y/(#of-U'sin Ay,...,Apy)/n+ @#of +1'sin Ay,..., A)/n

21 (|(#0f—l’sinAl*,...,AT*)/n(#0f+1’sinAl*,...,Ar*)/n|
=2

2
: : (since [I', ] is optimizer)
2\/(# of -1'sin Ap,..., Ap)/n+ @#Hof +1’sin Ay, ..., A)/n
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S 1 [ |Gof-U'sin Ap, ..., Ape)/n— Hof +'sin Aj, ..., Ape) /|
2\ 4y/(#of -Usin Ajr,..., Ap)/n+ #Hof +Usin Aj, ..., Ap)/n
2
1 |#of -I’'sin A+, ..., Ap)/n— #Hof +1'sin A, ..., Ap)/n]
— 64\ \/max(#of -Usin Ap,..., A )/n,#of +1'sin Aj«, ..., A+)/n)

2
> 2%’)6 ’\/(#Of-l’sinAl*,...,Ar»«)/n— \/(#0f+1’sinAl*,...,AT*)/n‘ (’ﬁ_ Vil <
L L 1 . 2
=5 | 3 ‘\/(#of-l’smAl*,...,Ar*)/n— \/(#0f+1’smAl*,,,.,Ar*)/n‘
|

G.4. Combining ingredients

We plan to invoke the greedy merging algorithm of Theorem 24 with our oracle given by The-
orem 25. This gives us an algorithm that approximately minimizes the maximum #; distance
between fn and f,, within any piece. We will manipulate this estimate fn to give a bound on the
distance H1 (fn, fn) Without restricting the intervals:

Corollary 27 Consider an interval J = [a, b| and n samples f, where a < x1 < --- < x, < b.
Consider .7-"5: the class of t-piece degree-d densities over J (in the case of d = 1, we may further
restrict to lines where the value at the endpoints of J are within a factor of two of each other). There
exists an algorithm that runs in time

O ((d®loglogn + nd® + d*2)log*(n))

and outputs an estimate fn € .7:;“ where

0E

Hl(fnafn) 5 inf2 Hl(f97fn) +
JoeF3t

Proof Combining Theorems 24 and 25 gives us an algorithm with the desired runtime where the
maximum 7 distance between fn and f,, within any piece is at most < OP Ty +%. However, we
aim for an /{1 bound that is not just within pieces, but is over all intervals.

Modify fn by rescaling each piece such that its mass is the same as the empirical mass of f,
in this piece. We will quickly show that this does not increase the maximum #H; distance between
the new fn and f,, by more than a constant factor within any piece. Let J denote the interval
corresponding to some piece, and let I denote some interval I C J. We define w;(p) as the total
mass in I for some density p. Then, for any I we know the #; contribution after rescaling is still
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upper bounded:
2
1 wy(fn) p
5 (\/wj(}l) wi(fn) — wI(fn))
) 2
< (Varti) - Vi) +(ﬁj§f; (Fu) - z<fn>>
) 2
S ( wr(fn) — v wI(fn)) + (\/ngjin; : (fn) - wJ(fn))
2 —\ 2
= (Vaurth - Var )+ (Ve = ws ()

1
S OPTo +—
n

The last step followed from how the H; distance between fn and f, within each piece, before
rescaling, was < OP Ty —1—%. Hence, after rescaling, it still holds that the #{; distance within pieces
is S OPTy +12.

Now, observe how any interval I that overlaps with multiple pieces can be described as: a suffix
of some piece, followed by some number of entirely contained pieces, followed by a prefix of some
piece. Recall how we rescaled fn so the integral over each piece is the same as the number of
samples. Thus, if we use the upper bound on the #; objective for I given by Fact 15, then the
completely-contained pieces contribute 0. This means the H; objective for I is at most a factor of
two larger than the maximum 7#; for intervals within a single piece. In total, this proves that after

rescaling H1(fn, fn) < inffeEF§‘ Hi(fo, fn) + % [ |

We are now ready to prove Theorem 3:
Proof For log-concave densities, we will use Corollary 27 with Ratio-Liney;. Since d = 1, this
gives us an algorithm running in O (n log® n) time with the stated upper bound on H1 ( fn, fn). Thus,
we may use Lemma 17 to conclude the estimate f,, has error at most
p ) log(n) 4 log(2/6
B S b Hffy) 4 oo 0 IOBE0)

foE€Ratio-Line; n

Since we may approximate each mixture component with ¢/k pieces, we use Lemma 20 to
imply:

k 4
inf  H? < inf H? H? < inf H? -
feeRzitIilo—Linet (f, f@) ~ fgeRatio—irilnet,ggelle (f7 g9)+ (fe’ge) ~ gglerilck <f’ g9)+ t
Together these imply:
5 E\* log(n) + log(2/6)
H%(f, fn) < inf H? - t
(faf)wfalenﬁck (f7f9)+<t> + n
, k - (log(n) + log(2/8))\ /° nk? 1/5
< inf H? hoose t =
~ foeLcy (F, Jo) + ( n choose log(n) + log(2/6)
|
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Appendix H. Details for piecewise polynomial results

This section will mostly follow from the tools of Section G. We first state an analogous result to
Lemma 17: we show that an #; bound between fn and f, implies a squared Hellinger bound
between H?(f, fn) The only technical difference is in this setting with degree-d polynomials, we
no longer have a stronger custom reverse data processing inequality, so extra logarithmic terms
appear.

Lemma 28 Suppose we receive n samples from the distribution f, and that fn € }'jt is a density

where Hi(fn, fn) < a - inffge]:gt Hi(fo, frn) + B for a > 1 and > 0. Then with probability
1-4,

log(n) + log(2/4)

n

H2(f, fn) < fianT adH2(f, fo)log(ate/ H2(f, fo))+oudt- Jog(aen)+Bdtlog(ae/3)
S fl

Proof Consider any fp € F.. It holds that
H2(f, fa) S H2(F, fo) + H2(fo. fn)

Observe how for any two densities in 7 and F, 4t the domain can be decomposed into < ¢ intervals
where within each interval both densities are one-piece functions in Fy. Further, for each of these
pieces and for any value ¢ > 0, the regions where f(z:) > ¢- fn(2) consist of at most < d intervals
(this is because it can be written as the region where a degree-d polynomial is non-negative, which
only changes at its < d roots). Accordingly, this characterizes the ratio class H as a subset of
the union of at most rdt intervals (for some constant ), and by Theorem 6 and Equation (16) we
observe:

H2(f, fo) + da(fo, fn) log(e/ ds(fo, fn))

As in the proof of Theorem 7, recall that z(x) = xlog(e/x) is non-decreasing for z € [0, 1], and
z(x) < 2(z(a) + z(b)) if both 0 < x,a,b < 1and z < 2(a + b).

SHA(S, fo) + Hrar(fo. ) log(e/Hrar(fo, fn))

SH2(f, fo)log(e/ H2(f, fo)) + Hrar(f, fn)log(e/Hrar(f, fn))  (via Hyar(a,b) < HA(a,b))
SH2(f, fo)log(e/ H2(f, fo)) + dtHa(f, fu)log(e/Ha(f, fn)) (using Hyqe(a,b) < rdtHi(a,b))
SHA(S, fo)log(e/ H>(f, fo)) + dtHa(f, fn)log(e/Ha(f, fn)) + dtH1(fn, fn)log(e/H1(fn, fn))

(30)

At this point, we would like to design a modification of fy where each piece of the modified version
has the same integral as f over its domain, and the Hellinger distance contribution of each piece is
roughly evenly-split. Later, this modification will be helpful because it will have small %, distance
from f. Applying Lemma 18 to fy, we obtain fy where fy € F; 21 H2(f, fg) < H2(f, fs), and

H?
maXIWithinapiece of fy (fI, (fg) ) < (f fe)

Let z,(7) £ zlog(ae/z). Similarly, we conveniently use (i) z, () is non-decreasing for x €
[0, a, (i) zo(2) < 2(za(a) + z4(b)) if both 0 < x,a,b < avand x < 2(a + b), and (iii) zo(z) <
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za(a) + zq(b) if both 0 < x,a,b < a and x < a + b. Continuing from Equation (30), we use how
the distance H1(fy, fn) is bounded in terms of any other density in F 2t including fg

= 2(H*(f, fo)) + dt - 2(H1(f, fn)) + dt - 2(H1(fn, fn))

< 2a(H2(f, f5)) + dt - 2a(H1 (£, fn)) + dt - 26(H1(fn, fn)

S 2a(H2(f, fo)) + dt - za(Ha(f, fn)) + dt - 26 (Ha(fn, fo)) + dt - 2a(B)
S 2a(H2(f, £6)) + adt - 2a(Hi(f, fn)) + adt - 2o (H1(F, fo)) + dt - 2a(B)

Leveraging Fact 15 and how the integral of f and fg is the same for any piece of fg, we observe the
distance H1 (f, fg) is at most a constant factor larger than the same 7 distance when we restrict to
intervals within one piece of f9 This quantity is at most the maximum squared Hellinger distance
between f and fg over one piece. By the properties of fo given by Lemma 18, this implies a bound

Of%l(f?f@) ~ t Hz(f?fe)‘

rS Za(H2(f, f@)) + adt - Zoc(Hl(fa fn)) + adt - Zoc(HQ(.ﬂ f@)/t) + dt - Zoz(/B)
< adB2(f, fo) log(ate/ H2(f, fo)) + adtH1(f, fa) log(ae/Hi(f, fa)) + Bdtlog(ae/B)

< adH2(f, fo) log(ate/ H2(f, fo)) + adt - log(n) +n10g(2/5) -log(aen) + Bdt log(ae/B)

The last line holds with probability 1 — § from the uniform convergence guarantee Corollary 4. H

Together, Lemma 28 and Corollary 27 immediately imply Corollary 12.

Appendix I. Proof of Theorem 2

Proof Given Corollary 12, the proof will follow from the same logic as Corollary 10.
We will choose F as the class of 3k-piecewise degree < log(n) polynomial densities. By
Corollary 12:

2 - (logln (0]
HQ(f, fn) < fgmf log(n) - 2(f7 fo) IOg(Qk/HQ(f, o)) + klog™(n) - (1 gT(L ) +1log(2/6))

We use existing results that imply any Gaussian density is approximated within € squared Hellinger
distance by a 3-piecewise degree < log(1/¢) polynomial (Lemma 36 of Chan et al. (2014), or
related discussion in Section 5.4 of Timan (1963)). Accordingly, for any mixture of k£ Gaussians,
there is a 3k-piecewise degree < log(n) polynomial that approximates the mixture within 1/n
squared Hellinger distance:

2 - (1ogln O,
S inf log(n) - H2(, fo) og(2h/ H2(f, ) + © + F1o8-( OBt Toe(2/0)

klog(n) - (log(n) + log(2/5))

n

< inf log(n) - H(f, fo)log(2k/ H2(f, fo)) +
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