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Abstract

We consider the optimization problem of minimizing the logistic loss with gradient descent to train
a linear model for binary classification with separable data. With a budget of T iterations, it was
recently shown that an accelerated 1/7" rate is possible by choosing a large stepsize n = ©(72T)
(where + is the dataset’s margin) despite the resulting non-monotonicity of the loss. In this paper,
we provide a tighter analysis of gradient descent for this problem when the data is two-dimensional:
we show that GD with a sufficiently large learning rate 7 finds a point with loss smaller than
O(1/(ny*T)), as long as T > Q(n/v + 1/4?), where n is the dataset size. Our improved rate
comes from a tighter bound on the time 7 that it takes for GD to transition from unstable (non-
monotonic loss) to stable (monotonic loss), via a fine-grained analysis of the oscillatory dynamics
of GD in the subspace orthogonal to the max-margin classifier. We also provide a lower bound of
7 matching our upper bound up to logarithmic factors, showing that our analysis is tight.

1. Introduction

In modern machine learning, optimization algorithms tend to operate in “unstable” regimes, where
the loss does not monotonically decrease over time, even with full-batch gradients (Cohen et al.,
2021). However, the theory of optimization for machine learning largely considers only stable
regimes, where sufficiently small stepsizes for gradient descent (GD) and its variants will safely en-
sure monotonic loss decrease (Nesterov, 2013). Our limited understanding of unstable optimization
has created a significant gap between optimization algorithms that work, and optimization algo-
rithms that we understand theoretically.

In this paper, we consider the problem of training linear models for binary classification by
minimizing the logistic loss using gradient descent with large stepsizes. Despite this problem’s
simplicity and its fundamental role in machine learning, the optimization dynamics of gradient
descent with large step sizes in this setting is still not entirely understood. We aim to provide upper
and lower bounds on the iteration complexity required for gradient descent to find an approximate
solution to the optimization problem in question.

Given a dataset of n samples {(z;, y;) }"_,, where each sample consists of an input z; € R? and
alabel y; € {—1, 1}, we denote ¢(z) = log(1 + exp(—z)) and consider the optimization problem:

min {F(w) = iZﬂ(yNw,xQ)} . (1)
i=1

weRd

We make the following assumptions on the dataset.

© 2026 M. Crawshaw & M. Liu.



CRAWSHAW LIU

Assumption 1.1
(a) Linear separability: There exists w € R? such that y;(w, z;) > 0 for all i € [n).
(b) Bounded data norm: ||x;|| < 1 foralli € [n].
(c) Identical label: y; = 1 for all i € [n].

Assumption 1.1(b) can be satisfied in practice by replacing all data x; with x;/ maxc(,) [|z;],
and Assumption 1.1(c) can be made without loss of generality: the objective F' only depends on the
label y; through the product y;x;, so that any sample (x;, —1) can be replaced by (—;, 1) while
preserving the objective. The same assumptions are made in previous work (Wu et al., 2023, 2024).

For a given dataset, we define the maximum margin and the associated classifier by

= max miny;(w,x;), w, = argmaxminy;{w,x;). 2
lwl|=11i€n] w|=1 i€

Note 0 < 7 < 1, since separable data implies v > 0 and bounded data implies v < ||@;| < 1.
We consider Gradient Descent (GD) with a constant stepsize > 0 for minimizing Equation (1):

Wi41 = Wy — nVF(wt) (3)

Similar to previous work (Wu et al., 2023), we fix the initialization wg = 0, though our results can
be extended for general initialization.

This optimization problem is convex, smooth, and Lipschitz, so classical theory (Nesterov,
2013) provides myriad guarantees for GD with sufficiently small stepsize. In particular, since this
problem is L-smooth with L = 1/4, we can show that F(w;) < O(1/(2t)) whenn = 1/L = 4.

However, the classical rate is not the end of the story. Recently, Wu et al. (2024) showed that
GD for T iterations satisfies F'(wr) < O(1/(v*T?)) if n = ©(¥*T), so a large stepsize accelerates
optimization for this problem, despite the resulting non-monotonicity of the loss. In this work, we
show that for the low-dimensional case d = 2, this rate can be further improved to O(1/(ny?T)) for
any 77 > Q(n+1/+2), aslong as T > Q(n/~ + log(1/7)/7%). We achieve this improved rate via a
sharper bound of the time it takes to transition into a stable phase, based on a fine-grained analysis
of the oscillatory dynamics of w; in the subspace orthogonal to w... We also provide a lower bound
on the transition time that matches our upper bound up to logarithmic factors.

From a higher level, we should point out that our goal here is not to achieve the fastest optimiza-
tion guarantees by any means necessary. Rather, our primary motivation is to develop a fine-grained
understanding of the unstable dynamics of GD with large stepsizes. Given that optimization in ma-
chine learning tends to operate in unstable regimes in practice (Cohen et al., 2021), we believe that it
is important to develop a rigorous mathematical understanding of unstable optimization in machine
learning with fundamental algorithms like GD, and our results here are a step in this direction.

Notation After the abstract, we use O, {2, © to omit only universal constants, and (5, Q, and O to
omit only universal constants and factors logarithmic in n, 1/7,¢,1/e. We denote [n] = {1,...,n}.

1.1. Technical Overview

Characterizing the instability induced by large stepsizes is a fundamental difficulty of analyzing GD
in our setting. We know from previous work (Wu et al., 2024) that if F'(w;) < 2/n for some ¢, then
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Complexity Stepsize Setting
Gradient Descent (Nesterov, 2013) O (LB?/e) n=1/L Convex, L-smooth
First-Order Algorithms
(Nesterov, 2013) Q <B L/ e) - Convex, L-smooth
Gradient Descent (Wu et al., 2024) o (721\@) n=0(1/ye)  Logistic regression
Adaptive Gradient O (1/4%) - Logistic regression

Descent (Zhang et al., 2025a)

First-Order Algorithms . o (@) . .
(Zhang et al.. 2025) Q (min (logn, 1/9?)) - Logistic regression
. log(1/7) Logistic regression
Gradient Descent (Theorem 2.1) O (% + T) n>Q (6(7n+1 ) d—2
®) =
Gradient Descent (Theorem 3.1) Q ( + 7) n > (n + 7%) Logistic regression

Table 1: Iteration complexity to find an e-approximate solution of Equation (1). Note that (a) and
(b) show the time to find a linear separator and time to reach O(1/7) loss, respectively, however
both of these conditions are necessary for finding an e-approximate solution for sufficiently small e
and sufficiently large 7.

the loss F'(w,) decreases monotonically for s > t. So defining 7 = min{t > 0 : F(w;) < 1/8n}',
we divide the trajectory into two phases: the unstable phase ¢ < 7, where the loss may be non-
monotonic, and the stable phase ¢ > 7, where it is known that F(w;) < O(1/(y?nt)). The
challenge is proving that GD must enter the stable phase, and bounding the time when this happens.

Wu et al. (2024) used a “split comparator” technique to prove that 7 < O(n/~2) (for sufficiently
large n), which aligns with the intuitive feeling that the length of the unstable phase might increase
under larger stepsizes. A key part of their argument is the connection between w; := (wy, w,) and
a quantity called the gradient potential:

n n

Glw) = %Z 1w, 2:))] %Z exp((w wl>) +1° @)

i=1 =1

To rephrase their argument, the component w; of w; in the direction of the max-margin classifier
increases at least proportionally to the gradient potential:

W1 — Wy = (Wil — Wy, Wy) =

3\3

n
Z :;t”:;) — = mGw), (5)
where the last inequality uses that (x;, w,) > . Now, to bound 7, we note that ¢ < 7 means
F(w) > Q(1/n), so that G(w;) > Q(1/n) (by Lemma C.1); this means w1 — w; > (%), so wy
must increase at least linearly during the unstable phase. Combining with w; < [|wy| < O(n/7)
(the second inequality is proven by Wu et al. (2024) by other means), we conclude that the unstable
phase cannot last more than O(1/~2) iterations.

1. Wu et al. (2024) defined 7 as the first time at which F'(w;) < 1/, compared to our 1/8n, though this difference
only affects universal constants in the analysis.
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(@) MNIST loss and transition times. (b) Example GD trajectory in two dimensions.

Figure 1: (a) For GD on a subset of MNIST (n = 256, binarized labels), larger learning rates create
instability and faster optimization. As the stepsize increases exponentially, the stable transition time
(i.e. the first timestep at which F'(w;) < 2/n) does not increase. (b) Data x; and max-margin
direction w, are shown in black, GD trajectory in blue, the contour line F'(w) = 2/n in red, and
the region where (w, x;) > 0 for both x; in yellow. Our proof uses the idea that avoiding the region
where F'(w) < O(1/n) requires large oscillations in the subspace orthogonal to w., and every such
oscillation necessarily yields fast progress in the direction of wi.

However, it is not known if the bound 7 < O (n/~?) is tight, and experimental observations
suggest that it is not: Figure 1(a) shows that for MNIST data, 7 does not seem to increase with 7.

Our Upper Bound The argument above essentially takes a static view of the gradient potential:
we pessimistically allowed the possibility that G(w,;) ~ 1/n for every ¢ < 7. It might hold that
G(w;) =~ 1/n for a single iteration, but can this really occur at every iteration before 7 along the
trajectory of GD? To get a tighter bound of 7, we will take a dynamical viewpoint by considering
the gradient potential along a trajectory that avoids the sublevel set where F'(w;) < 1/8n.

The intuition behind our proof is demonstrated in Figure 1(b). By convexity of F', the gradient
points into the sublevel set where F'(w) < 1/8n, so that after a certain point, the only way for GD
to avoid the sublevel set is to “jump” over it and land on the other side. Notice that the “height” of
the sublevel set (that is, the length of each cross-section orthogonal to w,) tends to increase linearly
along the w, axis, so a jump over the sublevel set requires a parameter update with magnitude
proportional to w;. More precisely, if ¢ is a step where such a jump occurs, we show that w1 —w; >
~20y, that is, W increases exponentially! We then show that these oscillations across the sublevel
set must happen with a certain frequency. Compared to the linear rate of w; from the argument of
Wu et al. (2024), our exponential rate of @ implies the tighter bound 7 < O(n/~ + 1/42). This
shows that the transition time can be bounded independently of 7, so that the stable, accelerated
second phase can be quickly reached even with arbitrarily large stepsize.

Our Lower Bound We further show that our bound 7 < O(n/~y+1/~2) is tight up to logarithmic
factors in the worst-case (for GD) over datasets satisfying Assumption 1.1. We provide two hard
instances. The first instance requires €2(n/~) iterations until all n data points are correctly classified
(which is a necessary condition for F'(w;) < 1/8n when 7 is sufficiently large), which is a slight
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generalization of a lower bound construction from Tyurin (2025). On the second instance, GD
correctly classifies all points quickly, but requires Q(1/~2) iterations until F(w;) < 2/.

1.2. Related Work

Logistic Regression Many works in recent years have studied logistic regression as a fundamental
testbed for optimization in machine learning. The role played by gradient-based optimization meth-
ods in generalization was studied through implicit bias, first for GD under separable data (Soudry
et al., 2018) and non-separable data (Ji and Telgarsky, 2019), and later for SGD (Nacson et al.,
2019) and steepest descent with momentum (Gunasekar et al., 2018).

Recently, it was shown that GD for logistic regression with separable data can converge with any
stepsize (Wu et al., 2023), and it was later shown that a large stepsize could induce an accelerated
convergence rate, despite the resulting instability (Wu et al., 2024). The techniques used by Wu
et al. (2024) were subsequently applied to achieve accelerated rates in various settings, such as for
two-layer networks (Cai et al., 2024), regularized logistic regression (Wu et al., 2025), and GD with
adaptive stepsizes (Zhang et al., 2025a). For non-separable data, the behavior of GD with large
stepsizes was explored by Meng et al. (2024, 2025), who provided negative results showing that
global convergence is not guaranteed when the stepsize is larger than a critical threshold.

Zhang et al. (2025a) also provided lower bounds, showing that any first-order optimization
algorithm that minimizes the logistic loss requires £2(min(log n, 1/42)) iterations to correctly clas-
sify all data. Also, Kornowski and Shamir (2024) use a game-theoretic formulation to provide a
lower bound of §2(1/~?) for finding a linear separator for algorithms that use a “one-sided” ora-
cle (which includes first-order optimization algorithms that minimize the logistic loss), and another
lower bound of Q(1/42/3) for a broader class of algorithms. Note that the lower bounds of Ko-
rnowski and Shamir (2024) are formulated as the worst-case over all dataset sizes n, whereas our
formulation (and that of Zhang et al. (2025a)) considers a fixed n.

Edge of Stability Our study is motivated by the ubiquity of unstable optimization in practical
machine learning. Cohen et al. (2021) discovered the Edge of Stability (EoS) phenomenon, where
GD in deep learning operates in unstable regimes, with loss not decreasing monotonically but still
tending to decrease in the long term. EoS was also observed for adaptive optimization algorithms
(Cohen et al., 2022), and was later elaborated by the central flows framework (Cohen et al., 2025).

Many follow up works have studied EoS theoretically. Arora et al. (2022) showed that, under
certain general conditions on the loss, GD at the edge of stability follows a deterministic flow on
the manifold of global minimizers. Several works have studied surrogate models of EoS dynamics,
such as 4 layer scalar networks (Zhu et al., 2023), two-layer, one-neuron neural networks (Chen
and Bruna, 2023), diagonal linear networks (Even et al., 2023), and a two-parameter model of
two-layer ReLU networks (Ahn et al., 2023). Damian et al. (2023) proved that GD at EoS has a
self-stabilization property for objective functions with a progressive sharpening property.

In this work, our goal is not to study EoS in deep learning, but rather to provide a tight, mathe-
matically rigorous characterization of gradient descent under unstable regimes of a natural learning
problem. See Cohen et al. (2025) for a comprehensive review of the literature around EoS.

Large Stepsizes in Convex Optimization GD for smooth, convex optimization can also be ac-
celerated by allowing large steps/non-monotonic loss. Classical methods such as mirror descent
(Bubeck, 2015) and Nesterov acceleration (Nesterov, 2013) do not require monotonic decrease of
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the loss. Malitsky and Mishchenko (2020) proposed an adaptive stepsize for gradient descent based
on local smoothness rather than global smoothness, and which does not enforce monotonic loss
decrease. Altschuler (2018) showed that the classical convergence rate of gradient descent can be
improved by constant factors, at least for a couple of iterations, with a particular stepsize schedule
that occasionally includes very big steps. Grimmer (2024) showed that a similar improvement by
constant factors can be achieved for longer horizons (up to 127 steps). Concurrently, Altschuler
and Parrilo (2024) and Grimmer et al. (2025) showed accelerated convergence rates with stepsize
schedules that include occasional large steps. Zhang et al. (2025b) achieved similar acceleration
with an “anytime” guarantee, where the stepsize schedule is not defined in terms of a prior stopping
time, and the convergence guarantee holds for any stopping time. See Altschuler and Parrilo (2024)
for a thorough discussion of this line of work.

2. Upper Bounding the Stable Transition Time

In this section, we present our improved convergence analysis of GD for Equation (1) in two dimen-
sions, which is based on a sharper analysis of the time required for GD to transition from unstable
to stable. For the entirety of this section, we fix d = 2.

2.1. Statement of Results

Theorem 2.1 Ifd = 2 and n > ny = max(n,32/721og(256/72)), then the transition time
T:=min{t > 0: F(w;) < 1/8n} of GD for Equation (1) satisfies

gl v

Further, F(w;) < O (1/(ny*(t — 7))) forall t > .

The key feature of the above theorem is the fact that the transition time 7 is bounded by a
quantity independent of 7, whereas the previously best known bound was 7 < (5(17 /7%) (Wu et al.,
2024), and this dependence is a crucial bottleneck for the overall convergence rate. Indeed, if we
only know 7 < O(n/~?), then for a budget of T iterations the largest acceptable stepsize which
ensures that GD enters the stable phase is n = (72T, which leads to the O(1/ 74T?) rate of Wu
et al. (2024). With our improved transition time 7 < O(n/vy + 1/ 7?), GD will definitely enter
the stable phase as long as T' > Q(n/vy + 1/+?), even with arbitrary large 7, and such a large 7
accelerates convergence during the stable phase. This difference is shown in the complexities of
Table 1; Theorem 2.1 implies that GD finds an e-approximate solution in time independent of ¢!

Note from Table 1 that the complexity of GD with a constant stepsize matches that of GD with
the adaptive stepsize of Zhang et al. (2025a) in terms of the dependence on € and ~y, and is worse
in terms of n. This establishes exactly when Adaptive GD outperforms GD for this problem: if
n < O(1/7), then the two algorithms have the same worst-case complexity, and otherwise Adaptive
GD is provably faster by a factor of n-~y.

We can also compare GD against the lower bounds on all first-order algorithms from Zhang
et al. (2025a), who showed two separate lower bounds on the time to find a linear separator:
Q(min(1/42,logn)) and Q(min(1/42/3,n)). In the regime of a large dataset n > Q(exp(1/~2)),
their combined lower bounds simplify to €(1/+?), so that GD is suboptimal by a factor of n-y,
while Adaptive GD is optimal. For a small dataset n < O(1/~4%/3), the combined lower bounds
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simplify to 2(n), which is not met by any first-order algorithm. Finally, in the intermediate regime
Q(1/42/3) < n < O(exp(1/4?)), the combined lower bounds simplify to ©(1/7%? 4 logn), for
which GD is suboptimal in both n and ~y, and Adaptive GD is suboptimal in . In all regimes, for the
problem of making the loss smaller than €, both GD and Adaptive GD match the optimal complexity
in terms of the dependence on € alone, namely both algorithms can do so in time independent of e.

2.2. Previous Bottleneck: Average-Iterate vs Last-Iterate

In Section 1.1, we rephrased the argument of Wu et al. (2024) that 7 < @(77 /~?%), which pessimisti-
cally allows for the possibility that G(w;) ~ 1/n for every t < 7. A related bottleneck of their
proof is the analysis of the average gradient potential % ZZ;E G(w;s). Specifically, denoting 7 as
the first iteration where 2 Zi;%) G(ws) < 1/8n, the analysis of Wu et al. (2024) uses

t—1

> Glwy), (7

s=0

min F(w,) <2 min G(ws) <
0<s<t 0<s<t

| DO

(where the first inequality uses that F'(w) < 2G(w) for all w when G(w) is small enough, see
Lemma C.6), and concludes that 7 < 7, then proceeds to bound 7. However, a quick argument
(which we give below) shows that T is necessarily linear in 7 in the worst-case. From our lower
bound in Section 3, we know that there is a dataset for which at least one point x; is misclassified
(i.e. (wy, ;) < 0) for the first ©(n /) iterations. So

n

1 1 1 1 1
Glawy) = n ; exp((wyg, x;)) + 1 = nexp((wy, ;) + 1 = o’ ®

for the first ©(n/~) iterations. Therefore, for ¢ > ©(n/v),

ffa(ws)zi-;z@(”):@(l). ©)

= v it

Therefore, 2 Zi;%) G(ws) > 1/8n whenever t < O(n/7), so 7 > Q(n/v). Therefore, using 7 < 7
and bounding the time-averaged potential is insufficient to upper bound 7 independently of 7. To
achieve such a bound, we need a more fine-grained analysis that considers G (w;) for individual .

2.3. Proof of Theorem 2.1

Notation Recall that w, = argmax|j,,||=; Min;c[y)(w, z;). Choose v, with (v., w,) = 0 with
|lvs]| = 1. We define w; = (w;,ws) and w; = (wy,vs). For each data i € [n], we define
Z; = (z;,v,) and al = (wy, x;). Note that the loss for each data point £(a?) is decreasing in a?, and

ai = <wt7 .’1’,‘Z> = 'UAJt<'UJ*, -'131> -+ ﬁ)ti’z 2 ")/'UAJt + wti.ia (10)

which we will use repeatedly.

Given n > 0, we define A = log(1/(exp(1/8n) —1))/~, so that F'(Aw,) < ¢(y\) = 1/8n. We
will sometimes use the slightly larger but more convenient A = log(87n)/7, and A < A can be seen
by applying exp(1/8n) > 1 4 1/8 in the definition of A. Similarly, we have F'(Aw,) < 1/8n.
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Denoting 19 = max(n, 32/7?1og(256,/+?%)), we will often require 7 > 7o.
At each iteration, we will split the dataset into two subsets depending on whether the current
iterate w; has positive or negative alignment with each x; in the subspace orthogonal to w.:

D ={i€n]| v, >0}, Dy ={i€ln]|zw <0} (11)

So for i € D;", we have af; > YW + Wy > ywe, which we will show is large for all ¢ > 1.
Essentially, the loss for each data point i € D;' is negligible for t > 1.

We start by establishing the linear growth of w; as discussed in Section 1.1 (proof in Appendix A).

Lemma 2.1 0y is strictly increasing. Also, if n > no, then Wy > yn/2 + ~(t — 1)/16 for all
1 <t < 7. Inparticular, w; > 8\ forall t > 1.

We will say that an oscillation occurs at iteration ¢ > 0 if all of the following hold: (1) w; > A.
(2) F(wy) > 1/8nand F(wyy1) > 1/8n. (3) 1w, < 0, that is, w; changes sign from ¢ to ¢ + 1.

Note that condition 2 means ¢ < 7 — 1. Essentially, an oscillation happens when the trajectory
jumps over the sublevel set where F'(w) < 1/8n (see Figure 1(b)). First, we show that w; increases
geometrically whenever an oscillation occurs, but an oscillation can only happen when w; < 7/~.

Lemma 2.2 If an oscillation happens at iteration t and n > g, then w1 > (1 4+ 7).

Proof
forss — ol =130 . (12)
n < exp((wy, z;)) + 1 n < exp((wy, i) + 1
RN 1 1
<= =nG(wy) < —(w — ), 13
S 2 ol 1~ 1O £ 5 (@ — ) (13
where the last inequality uses ;11 — W > 7yG(w;) from Equation (5). Therefore
1 — > Al weer — wil] = A — del Ly (] + [i]) (14)
@) o o o )
> YW1 /2 4y W2 >y, (15)

where (i) uses that w; and w;; have different signs (from the definition of oscillation), (i7) uses
Lemma A.1, and (i7i) uses w1 > w; from Lemma 2.1. [ |

Lemma 2.3 [f an oscillation happens at iteration t and n > 1o, then 1wy < /7.

Proof Since t + 1 < 7, we know from Lemma A.1 that |@;| > vw:/2 and |Wy41| > yWi41/2 >
~yw¢ /2, where the last inequality uses Lemma 2.1. From the definition of oscillation, we know that

wy and W41 have different signs, so |41 — Wy| = |Wyy1| + |W¢| > yw;. Therefore
Yy < |1 — W] < [Jwipr — wil| = 9| VE(wy)|| <, (16)
where the last line uses that F' is 1-Lipschitz. So w; < n/7. |

Now we want to show that oscillations must happen at a certain frequency. To do so, we use
the following two lemmas (proofs in Appendix A), which give us rates of progress on the loss for
individual data points between oscillations (Lemma 2.4) and a global bound for || (Lemma 2.5).
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Lemma 2.4 Foreverytwithl <t <Tandic D, ifn > ng then

EA s 1 5 >
2n(exp(al) + 1) 2777 G wi) an

i i
atH—atzmaX(

Lemma 2.5 [fn > ng, then |W| < nforallt <.

Lemma 2.4 tells us that between oscillations, if a data point x; has non-negligible loss (i.e.
t € D), then its loss must decrease. This recurrence on aj can be combined with the initial
condition a; > —n implied by Lemma 2.5:

al = (Wi, ;) = We(Wa, T;) + D (Vi @) > — |0y Jos|]| ]| > =0, (18)

in order to bound the time s until £(a%) < 1/8n fori € D, . At this point, there are two cases:
either all data have low loss, implying F'(w;) < 1/8n and we have transitioned to stability, or some
points with negligible loss at step ¢ experienced an increase in loss at step s, implying an oscillation
has occurred. The resulting conclusion is stated formally below and proved in Appendix A.

Lemma 2.6 Suppose n > ng and t < 7. Then for some s < t + 1 + 4n /vy + 192/~2, either s = T
or an oscillation happens at iteration s.

The last piece of the puzzle before bounding 7 is to handle the steps between oscillations; the
following lemma shows that w; will grow exponentially not only on iterations where oscillations
occur, but at any iteration before an oscillation (proof in Appendix A).

Lemma 2.7 For any t, if there exists an oscillation ty, > t and n > 1, then wyy1 > (1+~2/2)y.
Finally, we can prove our key lemma: a tight upper bound on the transition time 7.
Lemma 2.8 [fn > no, then 7 < 2 + 4n/~v + 2801og(2/v%)/+2.

Proof First, we sketch the argument from a high-level. We know from Lemma 2.7 that w; grows
exponentially until the last oscillation occurs. This means that no oscillations can occur after the first
O(1/~2) iterations, since, if an oscillation were to occur after step ¢ = ©(1/+2)) then @y, > 1/~ (by
repeated applications of Lemma 2.7) at which point Lemma 2.3 implies that no further oscillations
can occur. Then by Lemma 2.6, it will be no more than O (n/7y + 1/+?) iterations until the stable
transition happens. We execute this argument below.

Let tg, 1, ... be the iterations where oscillations occur. We want to show that this list is finite,
and to bound the last iteration ¢y where an oscillation happens. For any oscillation t;, and iteration
t < t;, we know from Lemma 2.7 that ;1 > (1 + 42 /2)1y, so

. . 01 _
oy, > (1+97/2)% b = S(1+97/2)"% (19)
where (i) uses Lemma 2.1. We also know from Lemma 2.3 that @, < /7, so

1 _
S (4922 iy < (20)
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or

3log(2/9%)

2 (3) 2

R O ) I
where (i) uses log(1 + z) > z/(1 + z) for all z > 0. Therefore, there are a finite number N of
oscillations, and ty < 1 + 31og(2/7?)/~>%.

We can now apply Lemma 2.6 with ¢ = ¢y 4+ 1, which implies that, for some s with ty < s <
tny +1+4n/y+ 192/ 72, either s is an oscillation or s = 7. However, s cannot be an oscillation,
since t is the last oscillation and s > ¢, so s = 7, and

2 2
192 4n n 192 + 3log(2/~%) <94 4n n 2801og(2/~ )

4n
T<IN+1+—+—F5 <2+ — 3 5 22)
Y Y Y Y Y

To prove Theorem 2.1, it only remains to upper bound F'(w;) for ¢ > 7. Rather than using the
split comparator technique of Wu et al. (2024), we follow the analysis of Crawshaw et al. (2025a),
which explicitly bounds || V2F (w;)|| along the trajectory, then uses essentially classical descent
arguments for smooth objectives. This allows us to eliminate log terms from the final rate.

3. Lower Bounding the Stable Transition Time

In this section, we present a lower bound of 7 that matches our upper bound up to factors logarithmic
in 1/, implying that our analysis of GD’s stable transition time from Section 2 is tight.

Theorem 3.1 Ify < 1/6,n > 2, and n > n := max {n,32/7*log(3/7)}, then there exists a
dataset satisfying Assumption 1.1 such that the transition time T := min{t > 0 : F(w;) < 1/8n}
of GD for Equation (1) satisfies T > () (n/7 + 1/72).

The lower bound of Zhang et al. (2025a) shows that any first-order optimization algorithm
for minimizing the logistic loss requires Q(min(logn, 1/9?)) iterations to find a linear separator.
Theorem 3.1 implies that GD requires 2(n/~) iterations for the same task?, so GD is suboptimal
among first-order algorithms by a factor of n~y for large n.

A similar suboptimality conclusion was reached by Tyurin (2025) for the perceptron algorithm,
although they did not consider the dependence on ~y. Specifically, the lower bound of Tyurin shows
that the number of steps required by the perceptron algorithm (or GD with  — c0) to find a linear
separator is Q(n). This is worse than O(1/+2) required by adaptive GD to find a separator (Zhang
et al., 2025a) when n > 1/42. We show an improved lower bound of Q((1 + ny)/~?) for large
stepsize GD, implying that GD is suboptimal when n > 1/~.

Theorem 3.1 applies for sufficiently large stepsizes, and the threshold n; matches that of our
upper bound up to constant factors. Both hard datasets have d = 2, however they can be trivially
generalized to any d > 2 by embedding them into a 2-dimensional subspace of R?. The conditions
n > 2 and v < 1/6 are to some extent unavoidable: If n = 1, then a sufficiently large n will make

2. Although Theorem 3.1 is stated in terms of finding a point with small loss, the hard dataset in Lemma 3.1 provides a
lower bound for finding a linear separator.
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the loss arbitrarily small in one GD step. Similarly, if 4 > 1/+/2 then for every pair of data points
L, 33]',

(@i, &) = (x5, wy) (T, wy) + (I — w*wI)wi, (I — w*w*T)a:j> (23)
>q2 - H(I — w,w, )x; H(I — w*wj)xjH (24)
>y = (1-9") =29 - 120, (25)

and this pairwise alignment among the dataset again implies that the loss can be made arbitrarily
small in a single GD step.

Proof Sketch for Theorem 3.1 Here we informally describe the construction of two hard datasets
corresponding to the two terms of the lower bound from Theorem 3.1. The two datasets yield 7 >
Q(n/v) and T > Q(1/+2), respectively, and Theorem 3.1 follows from 7 > Q(max(n /vy, 1/7?)) >
Q(n/vy + 1/~4?). The complete proof can be found in Appendix B.

Lemma 3.1 [Time until Classification] Suppose that v < 1/6, n > 6, and n > 1. Then there
exists some dataset satisfying Assumption 1.1, such that for every t < n/(16+), there exists i € [n]
with (wy, ;) < 0.

We define the hard dataset as

(=) i=1
v {(%\/1—72) ie{2....n} (20)

Recall that the GD update can be decomposed into contributions in the direction of each x;:

n
n 1
Wiy = Wy — — x;. 27
n — exp({we, z;)) + 1 ‘
The trajectory of GD on this dataset is easy to imagine: xo, . .., &, are in agreement and have norm

1, so together their contribution to the first update overpowers that of &; (whose norm is only O()).
After the first step, all data points except x; have very low loss, so the gradient is dominated by
x1; until x1 is correctly classified, the GD trajectory approximately moves on a line from w; in the
direction of x;. Using this, we get a recurrent upper bound on (w;, x;), and we can lower bound
the time until (w;, ;) > 0. Note that this construction is a slight generalization of a lower bound
for the perceptron algorithm from Tyurin (2025).

Lemma 3.2 [Time until Stability] Suppose that v < 1/6,n > 2, and n > 1. Then there exists
some dataset satisfying Assumption 1.1 such that F(w;) > 2/n for all t < 1+ 1/(59+?).

Denoting k = [n/2], we define the hard dataset as

“’“{w,ﬂ) P>k )

where 0 € [0, /1 — +2]. The idea is to choose ¢ small enough that after the first step, the loss for
x; is negligibly small for ¢ > £, but large enough that the loss for «; with ¢ < k is only slightly

11
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(a) Maximum transition time as a function of 7. (b) A disconnected set of w.

Figure 2: Left: Numerical evidence suggesting that our results might hold in higher dimensions.
Over a random search of datasets, the worst-case transition time 7 does not increase past 60 even
as the learning rate 7 increases exponentially. Right: An illustration of a property helping our two-
dimensional analysis: the set {w € R? : (w,w,) > Xand ||(I — w,w,)w| > v{w,w.)/2} is
disconnected when d = 2 (shown in yellow), which implies that the GD trajectory must make large
jumps to traverse between connected components. This set is connected for d > 2.

larger than 2n/kn. This would imply F'(w1) is slightly larger than 2/7; so after one step, the
GD trajectory is close to the sublevel set F'(w) < 2/n, but the loss (and the gradient norm) are
small enough that it takes time to actually enter that sublevel set. Indeed, for ¢ > k, x; contributes
negligibly to each update from t = 1 to ¢t = 7, so for these steps the updates to w; are dominated
by x; with ¢« < k. And, since the loss for ; with ¢ < k is quite small (only slightly larger than
2n/kn), the update size 1|V F(w;)|| can be bounded. It then requires 1/+? iterations until the loss
for «; with ¢ < k is smaller than 2n/kn).

4. Possible Extension to Higher Dimensions

The most important limitation of our work is the restriction to two dimensions for the upper bound.
In this section, we discuss whether our results could be extended to higher dimensions, and some
challenges of generalizing our oscillation-based analysis for d > 2.

First, we present numerical evidence suggesting that our conclusions when d = 2 might also
hold for d > 2. We can see from Figure 2(a) that even as 1) grows exponentially, the stable transition
time 7 appears bounded over a random search of many datasets with d > 2. For a given d, we
generate a dataset of n = d samples as follows: for each i € [n] we set the max-margin component
(x;,w,) equal to -y, then sample the orthogonal complement &; = (I — w,w, )z; uniformly over
a d — 1 dimensional ball centered at O with radius y/1 — 2. This procedure enforces separability
with a margin of v and |lz;|| < 1. For every d € {2!,...,27} and every n € {2%,...,2%}, we
generate 4096 datasets, and compute the maximum time (over datasets) that it takes to achieve
F(w;) < 2/n. In Figure 2(a), for each d we plot the worst-case 7 as a function of 1. While this
random search is certainly not exhaustive (especially in very high dimensions), these results suggest
that our conclusion that 7 is bounded independently of 1 might extend to higher dimensions.

12
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Indeed, some parts of our analysis (e.g. Lemma 2.1) do not rely on low dimension. However,
there are some difficulties in characterizing the oscillatory behavior of GD’s trajectory when the
orthogonal component to w, is not a scalar, which we discuss below. For datasets with d > 2, we
denote the orthogonal component as w; = (I —w,w, )w;. We keep the definition w; = (wy, w,).

First, we need a definition of oscillation that does not rely on d. One possibility is to replace
the condition W41y < 0 with (w41, wy) < 0. With this generalization, many of our key lemmas
extend for d > 2, such as Lemma 2.2, which says 1i; increases by a factor of 1 + €(7?) when an
oscillation happens, and Lemma 2.3, which says oscillations can only happen when w; < 7/7.

The main obstacle is extending Lemma 2.6, that is, to show that (w11, w;) < 0 must happen
frequently along GD trajectories that avoid the sublevel set where F(w) < 2/n. In our two-
dimensional analysis, we showed this by implicitly leveraging a nice topological property: for 1 <
t < 1, we know that w; > A and |@;] > %w;t, and the set of such w is disconnected when d = 2
(see Figure 2(b)). By showing that the trajectory cannot stay in one connected component for too
long, we know that the trajectory must “jump” between components, which we call an oscillation.
However, in higher dimensions, the set of w satisfying (w,w.) > X and ||(I — w,w, )w]| >
%’y(u;, wy) is connected (it is a half-space minus a cone), so it is a priori possible for the trajectory
to avoid the sublevel set without making any large jumps. Due to this difficulty, it is unclear whether
our oscillation-based analysis can directly generalize for d > 2, but based on the numerical evidence
in Figure 2(a), we conjecture that 7 < O(n/v + 1/4?) still holds for any d > 2. We leave this
problem of tightly characterizing the transition time in general dimension open for future work.
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Appendix A. Deferred Proofs from Section 2

Lemma 2.1 0 is strictly increasing. Also, if n > no, then Wy > yn/2 + ~(t — 1)/16 for all
1 <t < 7. Inparticular, w; > 8\ forall t > 1.

Proof For any ¢ > 0,

Wy — Wy = (wt+1 — Wy, w*) (29)

= —n(VF(wy),w.,) (30)
N 1

=— (T, W) 31
n < exp(a;) +1
< 1

> — — (32)
n ; exp(aj) + 1

>0, (33)

SO Wy is increasing.
For ¢t = 1, we can bound w; directly as

w1 = (Wi, wy) (34)
= n(=VF(wo), wy) (35)
2 ;@i, w.) 37)
> %” (38)

For1 < t < 7, we know F'(w;) > 1/8n. Therefore, by Equation (32) and Lemma C.1 (together
with the condition n > 19 > n),

. . 1
We1 — Wy > nyG(wy) > 77’7@ = % (39)

Unrolling back to ¢ = 1 yields the result. 3
To get w; > 8, it suffices that 1y/2 > 8), since wy > w1 > n7y/2. So we want

40
Sy (40)
or equivalently
U

log(8n) < —. 41
0g(8n) < ¢ 4D

By concavity of log,

256 ~? 256 256 2 ony?

log(8n) <1 — 8y ——) <1 — — < — 42
og(n)_0g<,yz>+256<n 72>_0g<yz>+32_16, (42)
where the last inequality uses > 19 > (32/72) log(128/+2). [ |
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Lemma A.1 Fort > 1,ifn > ng and
- 1.
|| < 37,
then F(wy) < 1/8n.
Proof Recall that w; = w;w, + Wwv,. So for each i € [n],

ai = <wtami>
= W (W, T;) + W (Vs, T5)
> iy — |||

© 1
2 Yy — Sy

— 1 "
= 2’th
(i) .
> A

> YA,

where () uses ||2;]| < 1 and || < yii;/2 and (i) uses @; > 8 from Lemma 2.1. Therefore

F(wy) = Zlog + exp(—a})) Zlog +exp(—yA)) = 1/8,

where the last equality follows from the definition of \.

Lemma A.2 DeﬁneBt:{iE[n]:i"iu?tgféth}. Ifn > no, then fort < r,
16 1 1
1—— ) Gluwy) < — — < G(uy).
(- ) otwr =5 oty =t

Proof The second desired inequality

- j{: < G(wy)

€ex a
zEB p t

is obvious from the definition of G/(w;), so we focus on the first desired inequality.

Fori ¢ By,

(Wi, i) = We(Wy, i) + (W, Ti) > YW — =YW = =YW > YA,

27702
(where the last inequality uses w; > 8 from Lemma 2. 1), so

(((wy, ) < L(yA) = 1/8n,

18

(43)

(44)
(45)
(46)

(47)
(48)

(49)
(50

G

(52)

(33)

(54)

(35
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and therefore

1
n_’Bt’igzZB (((we, @) < 1/8n. 56)

Combining with the fact that F'(w;) > 1/8n (since t < 7), this means B, is not empty. Essentially,
B consists of the data points that have non-negligible loss. Now, note that for i ¢ B,

1 ) e 5 57

el ) 41 = P wn @) < exp { =5y (57)
) < (iid)

< exp(—4’)/)\) = 1/774 < 16G<wt)/7]3, (58)

where (i) uses Equation (54), (ii) uses w; > 8\ from Lemma 2.1, and (i) uses F(w;) >
1/8n = G(w) > 1/(167) from Lemma C.1. Therefore

1 1

1 1
G(wt) = — + — (59)
n 2z eplun @) 71 n 2 expllun, @) 11
G < - 60
e (T ©0
t
Glw) < — + 61
D e s s (6D
t
16 1 1
1-——= ) Gw) < — 62
( 773> () <3 g;; exp((wy, z;)) + 1 ©2
t
which proves the first inequality in Equation (52). |
Lemma 2.4 Foreverytwithl <t <Tandic D,,ifn > ng then
' ' ||| L o
i1 —ap > . , =Y G 17
a‘t-‘rl ay Z max <2n(exp(a§) + 1) 277/7 (wt) ( )

Proof The idea is that the data points in D;" all have low loss, so they don’t contribute much to each
gradient update, while the contributions of each point in D), are all “aligned” in that each pair has
positive dot product.
To make this concrete, denote m = argmin, ¢y at, and notice that m € Dj, since for every
i€ D}
i . . @ . «
ay = (W, ;) = Wi Wy, T;) + W (Vs Bi) > We(We, T3) > Yy > YA, (63)
(where (i) uses Wy (vs,x;) > 0 from the definition of D;") and we know that min;ep, aj < A,
since otherwise F'(w;) < £(y\) < 1/8n. For each i € D;, we can now bound the change in a? as
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follows:
aty, —aj = <’wt+1 — wy, T;) (64)
n xja iUZ
= (65)
2_:1 exp at +1
1 1
_ (n S w1y ) ) (66
ieDr exp(al) +1 jeDt exp(al) +1
A1 AQ
We will show that A; dominates Ag. Note that
Q) 1 (“ (#i4) 16 (iv) 9
Wy STy LS (1) G € 6t
ieDe exp(at ich, exp(a n
(67)
where (7) uses that for i, j € D,
(@i, @) = (@i, w.) (@), W) + (@, 0.) (@5, 0.) > (@5, w.) (@5, w.) > 77, (68)
(73) uses that By C D, ", (iii) uses Lemma A.2, and (iv) uses > ng > 321log(256). For As,
1 (@ 1 1 (i) 16
[Ag] <= Y ———— = Z - < 50w, (69)
”j€D+ exp(at) iy exp(al) n
t

where (i) uses B, C D;; = D; C [n]\B; and (ii) uses Lemma A.2. Since n > 19 >
3210g(256) /92 > 128/~2, this means

1 1
|A2’ = 2177 G( ) < ﬁAla (70)
o)
. . 2 (x;,x;)
aj, 1 —a; =n(A1 + Ag) > —nA; = —p L (71)
t+1 ¢ =n(A 2) 3/ = Z exp at
t
Now we can derive the two desired bounds. First, recall thati € D, , so
: 20 |lzi? )|z
b — — : 4 . 72
Gl T % =g exp(a}) +1 — 2n(exp(a}) +1) (72)
Second,
2 T, T;) 2
oy o> 20y AT ’” =y (73)
4 exp(at)—l—l Pt exp(a
(7,7,) 16 (#4d) 1
1-— G >~y G (wy). 74
3< n)m (we) = 5y °Glwy) (74)
where (i) uses (z;, ;) > ~* as in Equation (68), (ii) uses Lemma A.2, and (iii) uses n > ny >
321og(256). [ |
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Lemma 2.5 [fn > no, then || < nforallt < .

Proof Since wg = 0, it clearly holds for ¢ = 0, and it also holds for ¢ = 1 since
[w1| < Jlwi]| = lwo — nVEF(wo)l| = n|[VEF(0)| <n, (75)

using that F'is 1-Lipschitz.
Now suppose || < n for some ¢ > 1. We consider two cases. If an oscillation happens at step
t, then

5 i (ii)
(G| < || + [@e] D |@rar — il = gl{VF(we), )| < 0| VE(wo)l| < n,  (76)

where (7) uses that w1 and w; have opposite sign, and (i7) again uses that F' is 1-Lipschitz.

Now suppose an oscillation does not happen at step ¢, so that w;4; and w; have the same sign.
First, we claim that w;1; — w; has opposite sign from w;. To see why, recall the definition of
B, = {i € [n] : ;0 < —1~i} from Lemma A.2, and notice

n ~ o~
- - n WtT;

Wy (W —wy) = — _ 77
¢ (W41 t) - ; exp(al) + 1 (77)
1 WX 1 Wi T
SED SR LN L I

ne exp(al)+1 n 5. exp(a}) +1
Ay As

We can bound A; as

1 Wi Yy 1 @ 1 16
M=) T ST D e S (15 ) G 79
' Z exp(a;) +1 = 2n Z exp(aj) +1 — g Tt 3 (w) (79)

1€By 1€By
() 1 1 (47)
< —anﬂ (1 — 77§> G(wy) < —38G(wy), (80)

where (i) uses Lemma A.2, (i7) uses w; > w1 > n7y/2 from Lemma 2.1, and (#i¢) uses n > ng >
321og(256) /2. Similarly, we can bound As as

1 Wy T 1) n 1 (1) 16 (424)
Ay = — —— < = E — < =G < G 81
Lo % explaf) +1 = n 2 expla) 11 = p o) = Gl 6D
7 t ) t

—

where (i) uses wp; < |w¢| <, (ii) uses Lemma A.2, and (7i7) uses n > 1 > 16. So

Wy (W1 — W) = (A + Ag) <0, (82)
which proves the claim. So sign(w;) = sign(wy41) = —sign(wy+1 — W), and
| W1 — (Weg1 — We)| = [Weg1| + |Wig1 — W (83)
|[We| = [Weg1| + [Deg1 — Wy (84)
[Wes1] = [We| = [Weg1 — Wy (85)
| Wi 1] < || <. (86)
|
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Lemma 2.6 Suppose n > ng andt < 7. Then for some s < t + 1+ 4n/v + 192/, either s = T
or an oscillation happens at iteration s.

Proof The idea is to analyze a} in two phases: first we show that a’ > 0 for all 7 after O(n/7)
iterations, then we derive a recurrence relation on G(ws) showing that G(w;) < 1/n after 1/~>
iterations, unless an oscillation happens first.

Let to5c be the first iteration after ¢ such that either an oscillation happens at step o5 Or 7 =
tosc. From the definition of an oscillation, we know that (ws, v,) does not change sign for s €
{t,.. . tosc}> 50 D7 = Dtt_l =...= D;’(:sc and D, = D,y = ... = D, . Accordingly, we
denote D, = D} and D_ = D; .

First, we bound the number of steps until a? > 0 for every i. Note that a®. > 0 foreveryi € D,
since

) (4) (@)
ay = (Ws, ;) = Ws(Wy, ;) + Ws(Vi, ;) > Y5 > 0, (87)

where (i) uses Ws(vy, x;) > 0 from the definition of D and (i) uses ws > Wy = 0 from Lemma
2.1. So we only need to worry about a’, fori € D_.

Suppose for some i € D_ that a} < 0, and let s > ¢ such that a®. < 0 for all 7 witht < r < s.
Then according to Lemma 2.4,

i i UlEAls 0|z
— : 88
Ts41 7 s = 2n(exp(al) +1) = 4n ’ (88)
so that
2
, . , —t
This means that a’ > 0 when
i
ot 4n max(O,2 ay) (90)
ylleal
Note that
ay = (wy, i) = Wiws, @) + 0y (vs, ) > = |0l ] > —nllac]], On
where the last inequality uses || < 1 from Lemma 2.5 and ||v.|| = 1. Therefore a’ > 0 when

s —1t>4n/||x;||. Since |x;|| > (@i, w.) > 7, it suffices that s — ¢ > 4n/~.
Let ¢ty be the smallest s > ¢ such that af;, > 0 for all 4, so that by the above ¢y < ¢t + 4n/~. Note

also that @’ > 0 for all s € {tg,...,tesc — 1}, since Equation (87) holds for all such s, and a’ is
increasing for ¢ € D_ by Lemma 2.4.
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Now we consider G(wj;) for the second phase. For all s > tg,

n

awﬁnzig;mméﬂ+l ©2)

S P mEs o

< 5T TP ©o4)

e (~gmia) 5Ty T ew(a) 9

Sew (—;m?cst)) n322316ii§ T o

< % exp <—;77’Y2G(’ws)> :LED: exp(alg)ﬂ o7

< 16%9 exp (—;mQG(’ws)) G(ws), (98)

where (7) uses Lemma A.2 together with Bsy1 C Dy = D_, (ii) uses Lemma 2.4, (ii7) uses

al > 0, and (iv) uses n > 19 > 32log(256). We can first bound G(w,+1) as follows. Denoting
b = 3ny% and T(z) = 129/64exp(—bz)z, we have G(wy41) < T(G(ws)). T has a global
maximum at z = 1/b, so that

129 3
= < .
32eny? — 2ny?

Glwiy1) < T(L/B) =~ exp(~1)/b

64 ©9)

Knowing this, we perform a similar, slightly stronger derivation as in Equations 92 through 98. For
s>ty +1,

1
Glwgi1) = — : (100)
(wsy1) n exp(a ;) +1
) < 16 ) 1 1
< (1+ = S — (101)
n—16/) n ’L'GBZS+1 exp(al, ) +1
(i) 16\ 1 1
< (1 - : 102
- ( = 16) n ie;ﬂ exp(a}) exp(ny?G(ws)/2) + 1 (10
(i) 16 1, 1 1
< (1 -~z s) ) = —_ 1
< {1+ o) e (Camiown) L S ooy 009
1€Bs11
<(1+-15 e ! 2G(ws) ) G(ws) (104)
3 1a X -a s s)s
< 7 16) P ~gm
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where (i) uses Lemma A.2, (i7) uses Lemma 2.4 together with Bsy; C D; = D_, and (i) can

be justified as follows: denoting C' = exp(7?G(w;)/2), we want to show that
Cexp(al) + 1> CY*(exp(a}) + 1),

or equivalently,

01/4 C’exp(a;) +1
exp(al) + 1
1 Cexp(al) +1
— < -
(=) 4logC'_lo < oxplal) +1 )
| (€~ 1) exp(al)
- < -
(=) 1 log <1+ oxplal) + 1 /log C
1 () (C — 1) exp(al)
— < log|1 - = -1
(=) 4 — og(—i— exp(al) +1 ACh
1@ (C—1)exp(al) exp(al)+1 1
—) =< , = 2
( ) 4 = exp(al)+1 Cexp(al)+1C—1
1 1
(=) <577
4 = C+exp(—al)
(<) 4>C +exp(—dl),

(105)

(106)

(107)

(108)

(109)

(110)

(111)

(112)

where (iv) uses log(1+2) < zand (v) uses log(1+z) > z/(1+ z). The final condition is satisfied
since a’ > 0 and G(w;) < 3/(2n?) from Equation (99) implies C' < exp(3/4) < 3. This justifies

(7i7).
From Equation (104),

16

7 _16>
>

Glwas1) < <1+ exp (- gmGw.) ) Glw,

( 17*G(w;) /8
1+ mQG(ws)/S

) G(w,)

16

(iv) 1 512\
< N el
< <1 (10 ngvz)m G<w3>) Glws)

(%) (1 - %m G(w )) G(wy)

(113)

(114)

(115)

(116)

(117)

(118)

(119)

(120)
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where (i) uses exp(z) < 1/(1 — 2) = 1+ z/(1 — 2), (ii) uses G(ws) < 3/(2ny?) from Equa-
tion (99), (4i7) uses n > g > 32, (iv) uses F'(ws) > 1/(8n) = G(w,) > 1/(16n) by Lemma
C.1, and (v) uses n > ng > 32log(128)/~2. Finally, we can unroll this recurrence over s after
some manipulation:

G(}“"S) : G('ljs-i-l) 1127772(;((;1(01:_2) (121)
G(:vs) = G(uiﬂ) B %7772 (122)
G('ljerl) = G(ius) * %’772 (123)
G(i}s) = G(wioﬂ) T %777 (s = (to+1)) (124)
G(ivs) > %n’yg(s — (to + 1)) (125)
G(w,) < 12 16

2 (s — (to + 1))

Now define t; = 1 + to + 192/42. If 7 > t; and no oscillation happens between ¢ and ¢;, then
G(wy,) < 1/(16n), which implies F(wy, ) < 1/(8n) by Lemma C.6, so that 7 = ¢;. [

Lemma 2.7 For any t, if there exists an oscillation ty, > t and n > 1o, then w11 > (1 +~2/2)y

Proof Without loss of generality, assume that ¢ is the earliest iteration where an oscillation occurs
after ¢.

Similarly to the proof of Lemma 2.6, we can partition the dataset into D and D_, where
Dy = D} and D_ = D forall s € {t,...,t; — 1}. We can then apply Lemma 2.4 for each
iteration from ¢ to 3, and conclude that a} < a , fori € D_. Therefore

Wiyl — Wg =1 <w*, —VF(wy)) (127)
77 w*7mz
= 128
Z exp at +1 (128)
77 ’UJ*, mz
> (129)
n.o exp( at
> n Z %11 (130)
ZGD exp atk +
w*, i127, 1 w*7wz
= - 131
( z::expat n; atk —i—l) (131
Aq Ao
Note that
’Y
— =G 132
= n Zl atk 1 Y (wtk)u ( )
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and
(@)

IN

1

1 1
[Ag) <= Y —————
n exp(aj, ) + 1 ey

€Dy

=

where (i) uses By, C D_ and (ii) uses Lemma A.2. Using > 1o > 32/~2, this means

As] < 717§G(wtk) < 537Gl < %WG(wtk) < %Al. (134)
Plugging back to Equation (131) yields

s 1y > Ay (135)

> L M (136)

:g@% VF(wy,)) (137)

= & (i1 —diy,) (138)

(Q %y%tk (139)

%? %WQa&, (140)

where (i) uses Lemma 2.2 on iteration ¢ and (i%) uses that 1 is strictly increasing (Lemma 2.1). Bl

Theorem 2.1 Ifd = 2 and 1 > 1o := max(n, 32/v%log(256/42)), then the transition time T :=
min{t > 0 : F(w;) < 1/8n} of GD for Equation (1) satisfies

T§O<”+1Og(12/7)>. ©)
vy

Further, F(w;) < O (1/(ny*(t — 7)) forall t > .

Proof The upper bound of 7 was shown in Lemma 2.8. For the upper bound of F'(w;), we first
show that F'(w;) < 1/8n for all t > 7. This is essentially a repetition of parts of the analysis from
Wu et al. (2024) and Crawshaw et al. (2025a); we include it here for completeness.

We already know that F'(w,) < 1/8n, so assume that F'(w;) < 1/8n for t > 7. We can show
that F'(w;41) < F(w;) by applying the modified descent inequality of Lemma C.3, but to do so we
need to verify the condition ||wy11 — wy|| < 1:

(4) (i1)
it —will = 0| VE(w)]| < nF(w,) < 1/8, (141)
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where (i) uses |[VF (w;)|| < F(w;) from Lemma C.4 and (i7) uses the inductive hypothesis. So
we can apply Lemma C.3:

F(wi1) — F(wy) < (VF(wy), wip1 — we) + 4F (wy) |[wysr — wyl|® (142)
= —n||VF(wy)||? + 4n° F (wy) | VF (wy) || (143)
= —n(1—4nF(wy)) |VF (wy)|? (144)
@ 1
< —5nllVE(w)l” (145)
(? _émgF(wt)a’ (146)

where (i) uses the inductive hypothesis, and (i7) uses Lemma C.5. Note that the condition of
Lemma C.5 is satisfied here, since F'(w;) < 1/8n < log(2)/n, which implies for every i € [n] that

. 1 . 1 & A
log(1 4 exp(—ay)) =n - - log(1 4 exp(—ay)) < n- " Zlog(l + exp(—al)) (147)
j=1
(@) (i2)
=nF(w:) <n/(8n) < log2, (148)

where (i) uses the inductive hypothesis and (i) uses n > 19 > n, and therefore a’ > 0.

By Equation (146), we have F'(w:y1) < F(w;), which completes the induction. We can then
use Equation (146) to get a convergence rate of F'(w):

1
Flwpr) — Flwy) < —§7772F(wt)2 (149)
1 1 1, F(w)
- < _ipp i) 150
Flw) Flwiy) ~ 8" Flwi) (150
1 1 1, Fluy)
- 12 flw) 151
Flwn1) ~ Flwy) T 87 Flwer) (D
Lo 1 +1m?, (152)

F(wt+1) - F(wt) 8

and unrolling back to t = 7,

1 1 1,
Flw) > Flw)) +gm(t =) (153)
8
) = 3w 2= 1) (159
8
u
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Appendix B. Deferred Proofs from Section 3

Recall the definition 7; := max {n, 32/7%log(3/7)}. Throughout the proof of Theorem 3.1, we

require n > 71.

Lemma 3.1 [Time until Classification] Suppose that v < 1/6, n > 6, and n > n1. Then there
exists some dataset satisfying Assumption 1.1, such that for every t < n/(16+), there exists i € [n]

with (wy, ;) < 0.
Proof Recall the dataset definition:

z1 = (7, =)

x; = (v,v/1—792%), forie{2,...,n},
The iterate w; after the first step can be computed exactly:

wi = wo — nVF(wo)

n
n Ly
= w —}——
D

n
_
2n 4
=1

1 1 1
2 2 n n

Ly

(156)
(157)

(158)

(159)

(160)

(161)

The loss for each data point is determined by (wy, «;), which for ¢ = 1 can be computed exactly:

aj = (wi,z1)

1, 1 1 v
=2n72—2n7<<1—>m—>,

n n
and for ¢ > 2,
azi = (w1, ;)
=gy ((1- 1) Vi - ).
Note that

((1-2)vi—-2) 2 3vi-ae -5 =

sincey < 1/4andn > 6. So

(162)

(163)

(164)

(165)

(166)

(167)
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Let . be the first timestep where a; > 0. Then for all ¢ with 1 < ¢ < ¢,

a1 —a; = <wt+1 — wi, T1) (168)
_n Z 3337931 (169)

— exp( al)
_ n& A L TSV (170)

n exp(at) + 1 ﬁ i>2 exp(at) + ]_

2

2 1 — 1—~2 1
_ 2y 1 N n(v? -y 7?) 3 ' (71
n exp(a;)+1 n = exp(aj) + 1
2
<2 11 U U (172)
n exp(a;)+1 2n = exp(at) +1
2
< 27’7’7 _m ;] (173)
n 2n =2 explay) +1
2 2
< A (174)
n
Now we can recurse over t from 1 to ¢.:
te—1
1 _ 1 + ( 1 o 1) (175)
a;, = a; Ay — a;
t=1
(i) = o
0< —ny/8+ Y (aj41 — ap) (176)
t=1
8 2 2t — 1)ny? 177
my/8 < 2(te — L)ny"/n (177)
n
te > 14+ — 178
[ 167’ (178)
where (i) uses Equation (167), and (i) uses Equation (174). [

Lemma 3.2 [Time until Stability] Suppose that v < 1/6,n > 2, and n > 1. Then there exists
some dataset satisfying Assumption 1.1 such that F(w;) > 2/n for all t < 1+ 1/(59+?).

Proof Denote Fj(w) = log(1 + exp(—(w,;))), sothat F = 1 3™ | F,.

Step 1: Constructing the dataset Let v; = (7,—9d) and v2 = (v,+/1 —~7?2), where § €
[0, /1 — 72]. We define a dataset as

2 {'01 i <ki=[n/2] 179)
vy 1>k

It is easy to verify that this dataset satisfies Assumption 1.1 and has maximum margin v with w, =

(1,0). Denoting
1
A=1 180
©8 <exp(2n/k77) — 1> ’ (180)
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we want to choose ¢ so that (w1, v1) = A—1and (w1, v2) > Q(n). Notice that log(1+exp(—A)) =
2n/kn, so if for some w we have (w,v;) < A, then

1 n

F(w) = - Zlog(l + exp(—(w, x;))) (181)
i=1

= %log(l + exp(—(w,v1))) + n- log(1 4 exp(—(w, v2))) (182)

> %log(l + exp(—(w, v1))) (183)

> Slog(l +exp(—A)) (184)
k2n

e 2/, (185)

We can find a ¢ that satisfies these conditions with a simple derivation. First, we write w; in
closed form:

wi = —nVIF(0) = % Zn;:z: = %vl + 77("2;@1:2 (186)
We want § to satisfy:
(wy,v1) =X —1 (187)
<727fbvl+”("2;k)v27vl> =A—1 (188)
I ol + (/b = 1)(or, 02)) = A~ 1 (189)
% (72+52+(n/k:— 1)(+? 4@))) =A-1 (190)
0 — (n/k = D)V/1 =426 + (n/k)y* = (2n/nk)(A = 1) = 0 (191)

This equation has a solution, since the discriminant is

(n/k = 1)*(1 =+%) = 4((n/k)y* — (2n/nk)(A — 1)) : (n/k = 1)*(1 = %) — 4(n/k)7*

(192)
@1,
> (177 8 (193)
133,
=13 (194)
@)1/ 33
> - 1- = 0 195
DU s

where (7) uses that A > 1, which comes from

1 1 1
A=log (exp@n/km - 1> > log <exp<4/n> = 1) > log <exp<4/1152> - 1) =1 (196
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where the last inequality uses n > 1 > 32/~4% > 1152, (i) uses k/n € [1/2,2/3], and (iii) uses
v < 1/6. We will let 6, be the smaller of the two solutions to Equation (191), that is,

6*:%((n/k—1)\/1—72—\/(n//f— (1= 2) = 4((n/k)y = @n/ok)(A — 1)) (197)
1(n/k = 12(1 =42 = ((n/k = D2(1 =72 — 4((n/k)7* — @n/nk) (A — 1))

(198)
2 (n/k = 1)y/1 =72+ /(n/k = 1)2(1 = 2) — 4((n/k)}y* — 2n/nk)(A - 1)
_ (n/B7 = (2n/nk) (A~ 1) 199,
n/’f-1 V1=92+/(n/k = 1)2(1 = 12) — 4((n/k)y? — 2n/nk)(A = 1)
Notice that
2 (i) 2 (i)
(k= DVT=AF ~ 1=7?
where (i) uses n/k > 3/2 and (i) uses v < 1/6. To lower bound J,, we’ll need the following fact:
(i) (i4) 2
log(kn/2n) < log(n/3) < log(9/7%) + % (g - 792> (201)
1, )] 1 5, 1
< - < = — < — 202
< 2log(3/7) + gy < g+ o < o (202)

where (i) uses k/n < 2/3, (i) uses concavity of log, and (ii4) uses > 16/+%log(3/). Now we
can upper bound A as

1
=1
A= log <exp<2n/kn> oy

(i) 1
> < log(kn/2n) < en7?, (203)
where (7) uses exp(z) > 1 + z. Finally, we can lower bound 9,:

(n/k)y* — (2n/nk)A

Ox 2 204
2 Tk~ DT =7 + /b — 1P = ) — Kk = @i, P
o (/K — (n/3K)72
2 2 k= D= + ik —1) P —7) 0 7 — /7 20>
_4 (n/k)? (206)

3k DV =+ k= P A=) = /) )
2 (n/k)~* @ 4
e T o

where (i) uses Equation (203) and (i) uses n/k > 3/2 and v > 0. Together, Equation (200)
and Equation (204) show that J, = ©(2), which we will use in the following analysis. For
the remainder of the proof, we will choose § = ., yielding the dataset v1 = (v, —0x),v2 =

('77 1- 72)
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Step 2: (wy,v;) is increasing Let ¢, = min{t > 0 | (w,v1) > A}. We want to show that

(wy, v1) is increasing from ¢t = 1to ¢ = t,. For t < t,

_ny (@)
(wiy1,v1) — (W, v1) = n ; exp((wy, ;) + 1

o Jon (n/k — 1) {1, v2)
n \exp({w,v1)) +1  exp((wy,ve)) + 1
@ kn ( 7 _ 6(n/k— 1)y

— n \exp({w,v1)) +1  exp({wy,ve)) +1

o kmy? ( 1 6
— n \exp(A)+1 exp({we,v2)) +1

where (i) uses

(v1,v2) =7° = 6./1 =72 > (1 = T\/1—92)7* > =672,

This means that, to show (w1, v1) > (wy, v1), it suffices that

—_

6
>
exp(A) +1 7~ exp((wy, v2)) + 1

(=) exp(\)+1< = (exp({wy,v2)) +1)

(=) 2exp(A) < - exp({wy, v2))

(=) A+log(12) < (wi, va).
To lower bound (wy, v2), we use (wy, v1) < A to bound (wy, €3):

<wt7vl>

’Y<'wt, e].> - 5* <wt7 e2>

ANVA

<wt762> > (’Y(wtvel) - /\)

\4
S R s

(wi, €2) (v{we, we) = A)

i

<’LUt, 62> >

—~
=

(v{wr, ws) = A)

(a7 2)

@ 1
(wi, e2) > 55,1

<wt7 62> > ﬁTh

[\

<wt762> >

O |
3
2

|
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(214)

(215)
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(217)
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(219)

(220)

(221)

(222)

(223)

(224)
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where (7) uses the monotonicity part of Lemma 2.1, (i¢) uses Equation (203), and (ii7) uses Equa-

tion (200). Now we can lower bound (w;, v2):

(W, v2) = (wy, e1)y + (wy, e2)\/1 — 2 (225)
> L=y (226)
v, (227)
24
= %077 + %077 (228)
Y A+ 108(12) (229)

where (7) uses (w;, ws) > (wo,w,) = 0 from Lemma 2.1, (i) uses 7 < 1/6, and (4i7) uses
Equation (203),y < 1/6,and n > n; > 32/ 72 > 1152. This proves Equation (216), which implies

that (wy, v1) is increasing for ¢ < ¢s.

Step 3: Trajectory Analysis

Recall from Equation (185) that (wy, v1) < A implies F'(wy) >

2/7, so to prove the lemma, it suffices to show that t; > Q(1/42). To lower bound ¢, we upper

bound (wy, v1): forall 1 <t < tg,

n
(Wit1,v1) — (Wi, v1) = n ; exp((wy, ;) + 1

_

(0
2 kn

_ Fn

(i) 2
< 8kny 1

_ 8kny? 1

< 8ekny?

(@i, v1) (230)
B o5
n \exp({(wg,v1)) +1  exp({wy,v2)) + 1
o1
~ n exp({wg,v1)) +1 (232)
v+ 02
n exp({w,v1)) + 1 (233)
n  exp({wg,v1)) +1 (234)
(i18) 8Fn? 1
= n  exp({(wy,v1)) +1 (235)
< 8ebmy® (exp(2n/kn) — 1) (236)
n exp(A—1)+1"
(@) 8ekny?  4/n
(exp(a/n) ~1) € SIS explapnisy) - 1) @)

ek

< Z1152(exp(4/1152) —
n

1)y* < 5992, (238)

where (i) uses (v1,v2) < 0 from Equation (212), (ii) uses 6, < 72 from Equation (200), (#i4)
uses that (wy, v1) is increasing for ¢t < t5, and (iv) uses convexity of exp together with n > n; >
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32/~4? > 1152. Finally, this means that

(wy,,v1) < (w1, v1) +597%(ts — 1) (239)
A< (A —1)+5992(ts — 1) (240)
1
te>1+—. 241
21+ o (241)
n

Theorem 3.1 If v < 1/6,n > 2, andn > n; = max{n, 32/~ log(S/’y)}, then there exists a
dataset satisfying Assumption 1.1 such that the transition time T := min{t > 0 : F(w;) < 1/8n}
of GD for Equation (1) satisfies T >  (n/v + 1/9%).

Proof The result follows more or less immediately from Lemmas 3.1 and 3.2. Recalling
te =min{t > 0: (wy, x;) > 0foralli € [n]} (242)
ts=min{t > 0: F(w;) < 2/n}, (243)
We know that 7 > ¢, since

log 2 S i,
n 8y

(wp, ) <0 — Fluwy) > %log(l + exp(—(wy, ) > (244)

where the last line uses > n; > n. Also, 7 > t, is immediate from definitions.
The only detail needing consideration is the condition n > 6 for Lemma 3.1. If this condition
is not met, then n < 5 < 1/, so Lemma 3.2 implies

1 1 1 n

>t > = > . 245
T2l 2 50 T 1182 T 1182 © 1182 | 1189 245)
If n > 6, then Lemmas 3.1 and 3.2 imply
n 1 1/ n 1 n 1
> te,ts} > —_— > — | — = — . 246
7 2 max{te, s} 2 max{lﬁy’ 5972} =2 <167 + 5972> 327 T 11892 (246)
In all cases, we have 7 > (n/y + 1/42)/118. [ |

Appendix C. Auxiliary Lemmas
Lemma C.1 Denote G(w) = 13" | m. IfF(w) > ¢ then G(w) > =229 pp

T n w,T; n

additionally ¢ < 1/n, then G(w) > ¢/2.

Proof We want to lower bound the solution of the following:

1 1
inf — 247
J?Rd n ; exp((w, x;)) + 1 (247)
1 n
t— log(1 — i) > e 248
s n; og(1 + exp(—(w,z;))) > ¢ (248)
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The solution of Equation (247) is lower bounded by the following:

n

1 1
inf — —_— 249
a1, an€R 1 ; exp(a;) + 1 (249)
1 n
s.t. — E log(1 + exp(—a;)) > c. (250)
n
i=1

Changing variables to ¢; = log(1 + exp(—aj;)), we have

1
— =1 —exp(—4 251
exp(a;) + 1 exp(—4s), @51
so Equation (249) can be rewritten as
1 n
inf — 1-— —{; 252
(>0 1 ;( (=) (252)
1 n
st=Y ti > (253)
Lt
or G(w) > 1 — ¢, where ¢ is the solution of
1 n
sup  — » exp(—¢;) (254)
01,..6,>0 TV im1
1 n
st~ Zz > . (255)
=1
Note that Equation (254) is equivalent to
1 n
sup — exp(—¥; (256)
Gyln20 TV ; -
1 n
st~ Zl b =c, (257)
1=

since the supremum of Equation (254) will not be achieved when % Yoy ¢; > c. Now, the supre-

mum of Equation (256) is achieved by {1 = cn and ¢; = 0 for ¢ > 2, and this is shown by Karamata’s

n

inequality (Lemma C.2): for any other ¢} > ... > ¢/ with 2 3" | ¢/ = ¢, all conditions of Lemma

C.2 are satisfied, so that 2 > | exp(—¢;) > 137" | exp(—¢}). Therefore ¢ = 1 — 1_%(_6”),
and

1— _
Glw) > 1 - ¢ = LR, (258)
n
which is exactly the desired conclusion.
If we additionally have ¢ < 1/n, then
1-— — @ 1- —1 1-— 0

Clw) > Lo opCen) G 1mexpCh) gy 12 eO gy s e 2s9)

n n
where (4) uses concavity of — exp(+). [ |
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Lemma C.2 (Karamata’s Inequality, Theorem 1 (Kadelburg et al., 2005)) If f : R — R is
convex, and a1, . . .,an,b1,...,b, € R are such that

1. a1 >...>apandby > ... > by,
2.a1+...+a; >by+ ...+ b foreveryi <n,
a1+ ...+a,=b1+...4+ by,
then f(a1) + ...+ f(an) > f(b1) + ...+ f(bn).
Lemma C.3 (Lemma 4.5 from Crawshaw et al. (2025a)) For w,w’ € RY, if |w—w'|| < 1 then
F(w') < F(w) + (VF(w),w' —w) + 4F(w)||w — w'||%. (260)
Lemma C.4 (Lemma 25 from Crawshaw et al. (2025b)) ||VE(w)|| < F(w) for all w € RY.

Lemma C.5 (Lemma 26 from Crawshaw et al. (2025b)) For all w € RY, if (w, ;) > 0 for all
i € [n], then
IVE(w)] > JF(w). (261)

Lemma C.6 [f (w,z;) > 0 foralli € [n], then
F(w) < 2G(w). (262)

Note: This lemma appears as an intermediate step in the analysis of Wu et al. (2024). We include
it here for completeness.

Proof

1 n
F(w) Zlog (1 + exp(—(w, z;))) < EZexp(—<’w,azi>) (263)

i=1

() 1 «

7Zexp (w, x;)) <n;exp (w a:z>)+1 264
< 2G(w), (265)
where (7) uses (w, x;) > 0. [
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