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Abstract
Dynamical Mean Field Theory (DMFT) provides an asymptotic description of the dynamics of
macroscopic observables in certain disordered systems. Originally pioneered in the context of spin
glasses by Sompolinsky and Zippelius (1982), it has since been used to derive asymptotic dy-
namical equations for a wide range of models in physics, high-dimensional statistics and machine
learning. One of the main tools used by physicists to obtain these equations is the dynamical cavity
method, which has remained largely non-rigorous. In contrast, existing mathematical formaliza-
tions have relied on alternative approaches, including Gaussian conditioning, large deviations over
paths, or Fourier analysis. In this work, we formalize the dynamical cavity method and use it to give
a new proof of the DMFT equations for General First Order Methods, a broad class of dynamics
encompassing algorithms such as Gradient Descent and Approximate Message Passing.
Keywords: Dynamical Mean Field Theory, Spin Glass Dynamics, Exact Asymptotics.

1. Introduction

Dynamical Mean Field Theory (DMFT) is a framework for analyzing the high-dimensional behav-
ior of dynamics in disordered systems, such as those coming from high-dimensional statistics and
machine learning. Originating in the physics of spin glasses Sompolinsky and Zippelius (1982);
Cugliandolo and Kurchan (1993), DMFT provides closed, finite-dimensional equations for the evo-
lution of macroscopic observables —empirical and population risks, correlation with a planted sig-
nal, etc.— along trajectories that are themselves high-dimensional. In recent years, these ideas have
been used in a wide variety of statistical and machine learning applications, where algorithms such
as Gradient Descent, Approximate Message Passing (AMP) and Power Iteration are often described,
in suitable asymptotic regimes, by DMFT-type equations.

Despite its success, the methodological approaches to DMFT of different communities remain
disparate. In the physics literature, a major derivation technique is the dynamical cavity method,
where one isolates a coordinate and does a perturbative expansion of the rest of the system with
respect to the effect of this coordinate to calculate how the system “reacts” to its presence Mézard
et al. (1987). This approach is powerful and flexible but non-rigorous. By contrast, existing math-
ematical approaches have largely relied on different formalisms: Gaussian conditioning arguments
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Bolthausen (2014); Bayati and Montanari (2011); Celentano et al. (2020, 2021); Yang and Hu
(2021); Gerbelot et al. (2024), pathwise large deviations Arous and Guionnet (1995, 1997); Guion-
net (1997); Ben Arous et al. (2006); Grunwald (1996), or Fourier methods Bayati et al. (2015);
Jones and Pesenti (2024). Notably, Bao et al. (2025); Han (2025) follow an approach that is concep-
tually similar to the dynamical cavity method, but their proof works by first analyzing the dynamics
of AMP and then reducing other DMFT equations to this case, an approach also used in Celentano
et al. (2020, 2021); Dudeja et al. (2024). The dynamical cavity method instead treats both of these
cases in a unified way: the only difference is that in the case of AMP, the perturbative expansion
vanishes after the zeroth order term, while in the general case the first-order term also survives.

This paper gives a rigorous version of the dynamical cavity method and uses it to re-derive the
DMFT equations for a broad algorithmic class known as General First Order Methods (GFOM)
Celentano et al. (2020). GFOM provides a unified template that captures a wide range of iterative
procedures, including (variants of) Gradient Descent, AMP, Power Iteration, and related algorithms
that alternate between multiplication by a random matrix and its transpose, and coordinate-wise
nonlinearities and external randomness.

1.1. Gradient Descent for Generalized Linear Models Example

To introduce the model that we study, we begin by presenting the special case of Gradient Descent
for a Generalized Linear Model (GLM), which will motivate the general definition.

GLM Setup. The setting is the standard one for supervised learning: we have covariate-label
pairs (xi, yi) for i = 1, . . . , N, where xi ∈ Rd and yi ∈ R. We assume that the pairs (xi, yi)
are i.i.d. across i and that yi depends on xi only through its inner product with a planted signal
vector θ ∈ Rd. Without loss of generality, we can assume that there exists a measurable function
g : R2 → R (on which we will later impose regularity conditions) and a noise vector w ∼ N(0, IN )
such that

y = g(Xθ;w).

Above, y = (y1, . . . , yN ), X ∈ RN×d is the data matrix with rows xi, and it’s understood that g is
applied coordinate-wise, i.e., g(Xθ;w) ∈ RN with g(Xθ;w)i = g(⟨xi,θ⟩ ;wi).

The goal is to find some v ∈ Rd such that the map x 7→ ⟨x,v⟩ is “close” to x 7→ ⟨x,θ⟩ . For
this purpose, given some (appropriately regular) loss function ℓ : R2 → R, we aim to minimize the
empirical risk

R(v) =

N∑
i=1

ℓ(⟨xi,v⟩ , yi).

We do this by Gradient Descent (GD), starting from a random v0 ∈ Rd and iterating

vt = vt−1 − η∇R(vt−1) (1)

for some learning rate η > 0. Note that the gradient of the risk can be written as

∇R(v) =
N∑
i=1

∂1ℓ(⟨xi,v⟩ , yi)xi
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= XT∂1ℓ(Xv,y).

Above, ∂1ℓ denotes the partial derivative of ℓ with respect to the first coordinate, which maps R2 →
R, and it’s being applied coordinate-wise to each pair ((Xv)i, yi) for i = 1, . . . , N to obtain a vector
in RN . For the rest of the paper, we use this coordinate-wise notation without explicit mention.

What we Aim to Describe. Under suitable assumptions (see Section 1.4), the DMFT equations
describe the evolution of various macroscopic observables in the iteration (1). For example, they
can be used to compute the limiting normalized empirical risk at step t

rt = lim
N→∞

1

N
R(vt),

or the overlap between any two GD iterates

Cs,t = lim
N→∞

1

N

〈
vs,vt

〉
as well as many other quantities of interest along the GD trajectory. To do this, the key objects are
joint empirical measures of the vectors vt,y and

bt = Xvt−1.

Indeed, note that rt is a functional of the empirical measure 1
N

∑N
i=1 δ(bt+1

i ,yi)
and {Cs,t}1≤s,t≤T

is a functional of the empirical measure 1
d

∑d
j=1 δ(v1j ,...,vTj ). The DMFT equations will give exact

asymptotic descriptions of these empirical measures, and hence of rt, Cs,t, and any other functional.
However, in order for the equations to close, it’s convenient to work in a larger space of variables,
describing a richer empirical measure object, and then obtaining these more specialized quantities
as projections. This is what motivates the formulation of the general model that we analyze. We first
write the iteration (1) in this language, and in the next section present the general model abstractly.

GFOM Formulation of Gradient Descent. We introduce the additional vectors

ut = ∂1ℓ(Xvt−1,y)

= ∂1ℓ(b
t,y) ∈ RN

and

ht = XTut = ∇R(vt−1) ∈ Rd.

Now recall that we have y = g(Xθ,w). Defining b∗ = Xθ and absorbing ∂1ℓ and g into one
function, there exists a function F : R3 → R such that

ut = F (b∗, bt;w).

Moreover, we have

vt = vt−1 − ηht,

so there exists a function Gt : Rt → R such that

vt = Gt(h
1, . . . ,ht;v0).

Overall, we can re-write the iteration (1) in the following form.
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• Initialize θ,v0 ∈ Rd, b∗ = Xθ ∈ RN .

• For t = 1, . . . , let 
bt = Xvt−1 ∈ RN

ut = F (b∗, bt;w) ∈ RN

ht = XTut ∈ Rd

vt = Gt(h
1, . . . ,ht;v0) ∈ Rd.

(2)

To close the DMFT equations, it will be useful for us to describe the full joint empirical measures
of θ, {ht}Tt=1, {vt}Tt=0 and b∗, {bt}Tt=1, {ut}Tt=1, respectively.

1.2. General First Order Methods

We now present the General First Order Methods (GFOM) model, first introduced in Celentano et al.
(2020), which is a generalization of the iteration (2) that also captures algorithms like Approximate
Message Passing, Power Iteration, and many others.

Definition 1 Let X ∈ RN×d,θ,v0 ∈ Rd, b∗ = Xθ ∈ RN . For t = 1, . . . , suppose wt ∈
RN , w̃t ∈ Rd, and Ft, Gt : R2t+1 → R. The GFOM orbit is the iteration

bt = Xvt−1 ∈ RN

ut = Ft(b
∗, b1, . . . , bt;w1, . . . ,wt) ∈ RN

ht = XTut ∈ Rd

vt = Gt(h
1, . . . ,ht;v0, w̃1, . . . , w̃t) ∈ Rd.

(3)

In our notation, we will often write ut = Ft(b
∗, b1, . . . , bt) and vt = Gt(h

1, . . . ,ht), making the
dependence on w, w̃ and v0 implicit.

1.3. DMFT Equations

In this section we present the DMFT equations for the GFOM model of Definition 1. These equa-
tions will hold under some assumptions on the distribution of the data matrix X , the noise vectors
w, w̃, the initializations θ,v0, and the functions Ft, Gt. For now, we state the equations, mention-
ing these assumptions only as they are needed for the statement. We refer the reader to Section 1.4
for a formal statement with all assumptions explicitly stated.

We assume throughout that α := d/N is a fixed constant. Given a time horizon T ≥ 0, the
DMFT equations will describe a pair of probability measures νT and µT in R2T+2 and R2T+1,
respectively. Under appropriate assumptions, we will prove that they are limits of the empirical
measures

νT,N =
1

d

d∑
j=1

δ(θj ,{htj}Tt=1,{vtj}Tt=0)
(4)

µT,N =
1

N

N∑
i=1

δ(b∗i ,{bti}Tt=1,{uti}Tt=1)
, (5)
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respectively (see Section 1.4). We will define νT and µT as the laws of explicit effective processes
(θ, {ht}Tt=1, {vt}Tt=0) and (b∗, {bt}Tt=1, {ut}Tt=1), respectively, which we will specify via sampling
procedures. Moreover, these processes will be defined inductively in T.

We will assume that the entries (θj , v
0
j ) are sampled i.i.d. across j = 1, . . . , d from a fixed,

known measure. Hence, ν0 must be set equal to this measure for it to be a limit of (4). Then we set

b∗ ∼ N(0, αE(θ,v0)∼ν0 [θ
2]) (6)

and µ0 = Law(b∗). This determines the base case T = 0. For T ≥ 1, to define µT we assume νT−1

has already been defined. We sample a centered Gaussian vector (b∗, z1, . . . , zT ) with covariance

Cov(b∗, z1, . . . , zT ) = α · CovνT−1(θ, v
0, . . . , vT−1), (7)

where the right-hand side means the covariance of (θ, v0, . . . , vT−1) when (θ, {ht}T−1
t=1 , {vt}

T−1
t=0 ) ∼

νT−1. Independently of (b∗, z1, . . . , zT ), we sample (w1, . . . , wT ) ∼ N(0, IT ), and for t = 1, . . . , T,
we set {

bt = zt + α
∑t−1

s=1 EνT−1 [∂hsv
t−1]us

ut = Ft(b
∗, b1, . . . , bt;w1, . . . , wt).

(8)

Finally, we set µT = Law(b∗, {bt}Tt=1, {ut}Tt=1).

To define νT , we assume that µT has already been defined. Here we sample (v0, θ) ∼ ν0 and,
independently, a centered Gaussian vector (g1, . . . , gT ) with covariance

Cov(g1, . . . , gT ) = CovµT (u
1, . . . , uT ). (9)

Then, independently of v0, θ, g1, . . . , gT , we sample (w̃1, . . . , w̃T ) ∼ N(0, IT ), and for t =
1, . . . , T, we set {

ht = gt + EµT [∂b∗ut]θ +
∑t

s=1 EµT [∂bsut]vs−1

vt = Gt(h
1, . . . , ht; v0, w̃1, . . . , w̃t).

(10)

Finally, we set νT = Law(θ, {ht}Tt=1, {vt}Tt=0).

Remark 2 In (8) and (10), the expressions ∂hsvt−1, ∂b∗u
t and ∂bsut are defined recursively. For

instance ∂bsut is recursively defined as follows:

∂bsu
t =

t∑
k=1

∂k+1Ft(b
∗, b1, . . . , bt)∂bsb

k

∂bsb
k = 1{s = k}+ α

k−1∑
r=s

EνT−1 [∂hrv
k−1]∂bsu

r

where ∂k+1 means derivative with respect to the k + 1’th input variable to Ft. The expressions
∂hsv

t−1 and ∂b∗ut are defined analogously.
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1.4. Main Result

We begin by stating the assumptions needed for our main theorem. Below, we assume σ > 0 is a
constant independent of N.

(A1) The entries of X are sampled i.i.d. from a σ/
√
N -subgaussian measure with mean zero and

variance 1/N .

(A2) The entries of v0,θ ∈ Rd are i.i.d. (θj , v
0
j ) ∼ ν0 and independent of X , where ν0 is σ-

subgaussian.

(A3) The functions Ft, Gt are L-Lipschitz, where L is a constant independent of N.

(A4) The noise vectors wt, w̃t are independent of each other and of everything else, with entries
i.i.d. N(0, 1).

We note that the example of gradient descent with a quadratic loss satisfies assumption (A3). As it
turns out, the last assumption is without loss of generality. Assuming the noise to be Gaussian is
done for convenience. We can now state our main theorem.

Theorem 3 Suppose assumptions (A1)-(A4) hold in Definition 1. Let T ≥ 0, and fix L-Lipschitz
functions ϕ : R2T+2 → R and ψ : R2T+1 → R. Let νT,N , µT,N be as in (4), (5), respectively and
νT , µT be defined by DMFT equations (6)-(10). Then as N, d→ ∞ with d/N = α fixed, we have∫

ϕdνN,T →
∫
ϕdνT∫

ψdµN,T →
∫
ψdµT

in probability.

Remark 4 Note that we are imposing only Lipschitzness on the non-linearities Ft, Gt, yet in equa-
tions (8), (10) there are expectations of derivatives of these functions. These derivatives can be
understood in the weak (distributional) sense. Equivalently, one can consider a mollifier ζt,ε :
R2t+1 → R like the centered Gaussian density in R2t+1 with covariance εI2t+1, and replace the
functions Ft, Gt by Ft,ε = Ft∗ζt,ε, Gt,ε = Gt∗ζt,ε, respectively. The equations (6)-(10) can then be
solved to obtain measures νT,ε, µT,ε. Finally, the measures νT , µT can be defined as (weak) limits
of νT,ε, µT,ε, respectively, as ε → 0. The fact that this is well-defined and doesn’t depend on the
choice of mollifier is a standard exercise.

1.5. Notation

We use bold font to denote quantities of diverging dimension as N → ∞, which we call high-
dimensional, to distinguish them from quantities of constant (in N ) dimension, which we call low-
dimensional. For instance, the vectors of Definition 1 are high-dimensional, while the effective
processes defined in Section 1.3 are low-dimensional. Following spin glass terminology, we call the
matrix X the disorder and its entries the disorder variables. We refer to the entries of the vectors
in the iteration of Definition 1 as dynamical variables, and specifically to the entries of b and h as
fields. We use C∞

1b to denote the class of functions from Rk → R for some k which are C∞ with all
partial derivatives of non-zero order uniformly bounded. We use the notation ≲ to denote inequality
up to a multiplicative constant that’s independent of N . Finally, given a random variable X and
p ≥ 1, we use the notation ∥X∥p := E[|X|p]1/p.
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2. Proof Approach: Dynamical Cavity Method

In this section we describe our proof approach, which is the main technical novelty of the paper. Our
proof can be viewed as a formalization of the dynamical cavity method, a powerful non-rigorous
tool coming from physics that allows one to quickly derive DMFT equations like (6)-(10).

2.1. Smooth Approximation

To carry out the cavity derivation, we will need to assume that all functions we deal with are suf-
ficiently regular. The following proposition allows us to assume this without loss of generality. Its
proof, which follows (Chen and Lam, 2021, Proposition 4.1), is deferred to Section A.1.

Proposition 5 To prove Theorem 3, it suffices to prove it in the special case where the test functions
ϕ, ψ and the non-linearities Ft, Gt are all C∞

1b .

For the case of C∞
1b functions, we now state a stronger version of Theorem 3 which better lends

itself to the dynamical cavity method proof approach. In Lemma 14 in the appendix we show that
the theorem below implies Theorem 3.

Theorem 6 Suppose assumptions (A1)-(A4) hold in Definition 1. Let T ≥ 0, ϕ : R2T+2 → R and
ψ : R2T+1 → R. Suppose all of ϕ, ψ, Ft, Gt are C∞

1b , and let νT , µT be defined by DMFT equations
(6)-(10). Then as N, d→ ∞ with d/N = α fixed, the following hold.

1. For all i ∈ [N ], j ∈ [d], we have

lim |Eϕ(θj , {htj}Tt=1, {vtj}Tt=0)− EνT ϕ(θ, {h
t}Tt=1, {vt}Tt=0)| = 0 (11)

lim |Eψ(b∗i , {bti}Tt=1, {uti}Tt=1)− EµTψ(b
∗, {bt}Tt=1, {ut}Tt=1)| = 0. (12)

2. For all i ̸= i′ ∈ [N ] and j ̸= j′ ∈ [d], we have

lim
∣∣Cov (ϕ(θj , {htj}Tt=1, {vtj}Tt=0), ϕ(θj′ , {htj′}Tt=1, {vtj′}Tt=0)

)∣∣ = 0 (13)

lim
∣∣Cov (ψ(b∗i , {bti}Tt=1, {uti}Tt=1), ψ(b

∗
i′ , {bti′}Tt=1, {uti′}Tt=1)

)∣∣ = 0. (14)

In words, the joint laws of the tuples (θj , {htj}Tt=1, {vtj}Tt=0) and (b∗i , {bti}Tt=1, {uti}Tt=1) converge to
νT , µT , respectively, in the sense of C∞

1b test functions, and different coordinates become asymptot-
ically independent.

2.2. Dynamical Cavity Method Derivation of DMFT Equations

In this section we carry out the derivation of the DMFT equations by the dynamical cavity method.
A non-rigorous version of this derivation is well-known in physics (see e.g. Mézard et al. (1987)),
and is one of the main ways physicists derive these equations in the first place. We present the
method in a way that closely follows our proof of Theorem 6, which will be carried out in detail
in Section A.3. In this section we focus on the proof ideas and omit several technical details. For
brevity, we only derive the form of the field bt in (8); the derivation for ht in (10) is analogous, and
the equations of ut, vt in (8), (10) follow from those of bt, ht, respectively, and Definition 1.
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Warmup: Gaussian Fields Ansatz. To motivate the derivation, we begin by considering an (in-
correct) ansatz that quickly leads to a wrong but instructive version of equations (6)-(10). The fixing
of this ansatz will naturally lead us to the cavity method.

From Definition 1, we have

bti =
d∑
j=1

Xijv
t−1
j .

Consider the ansatz that the vector {Xij}dj=1 is approximately independent of θ,v0,v1, . . . ,vT . If
this is true, conditional on vt−1, by CLT, bti is approximately Gaussian with variance

Var(bti|vt−1) ≈ 1

N

d∑
j=1

(vt−1
j )2.

If we further assume that the entries of vt−1 are approximately independent, the above will concen-
trate with respect to the randomness of vt−1 and we will have

Var(bti) ≈
1

N

d∑
j=1

E(vt−1
j )2

= αE(vt−1
1 )2,

where we have used exchangeability of the coordinates of vt−1.Now if we inductively (in t) assume
that Law(vt−1

1 ) ≈ LawνT−1(v
t−1), this yields

Var(bti) ≈ αEνT−1(v
t−1)2.

The same argument as above, applied to the whole vector (b∗i , b
1
i , . . . , b

T
i ), yields that this vector is

approximately Gaussian with covariance

Cov(b∗i , b
1
i , . . . , b

T
i ) ≈ αCovνT−1(θ, v

0, . . . , vT−1).

Note that this is the same as (7), except in (7) the left-hand side has the Gaussian terms zt only
instead of the full fields bt. What’s missing in this derivation is the non-Gaussian terms that appear in
bt in (8) in addition to zt. These must arise due to dependence between {Xij}dj=1 and θ,v0, . . . ,vT .

Dynamical Cavity Method Proof Sketch. How do the entries vt−1
j depend on {Xij}dj=1?. Recall

that vt−1
j depends on X through the fields hsj for s = 1, . . . , t− 1, and from the definition of hsj we

have

hsj =
N∑
i′=1

Xi′ju
s
i′

= Xiju
s
i +

∑
i′ ̸=i

Xi′ju
s
i′ .

(15)

In other words, hsj has an explicit dependence on Xij ; it also depends implicitly on {Xij′}j′∈[d]\{j}
through the variables us. The idea of our formal version of the dynamical cavity method is to

8
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do a Taylor expansion of the dynamical variable vt−1
j with respect to the disorder variable Xij

which is driving this explicit dependence. In a nutshell, the zeroth order term in the expansion
(which no longer has this explicit dependence) will give rise to the Gaussian terms zt, the first
order term will yield the non-Gaussian terms of (8), and the higher order terms will vanish as
N → ∞. This essentially follows the physicist’s dynamical cavity method in a rigorous way. The
key technical ingredient in making this rigorous will be to prove sharp bounds on certain derivatives
of the variables vj , hj , ui, bi; see Section 2.3.

Concretely, making the dependence of vt−1
j on the disorder explicit in the notation, definingXij

to be equal to X on all entries except for Xij
ij = 0, and letting Xij(η) = (1− η)Xij + ηX, we have

bti =

d∑
j=1

Xijv
t−1
j (X)

=

d∑
j=1

Xijv
t−1
j (Xij) +

d∑
j=1

X2
ij∂Xijv

t−1
j (Xij) +

1

2

∫ 1

0
dη(1− η)

d∑
j=1

X3
ij∂

2
Xij
vt−1
j (Xij(η)).

(16)

We will show that the third term is O(1/
√
N) and can therefore be ignored. For the second term,

we note that the iteration of Definition 1 up to time t− 1 depends on Xij only through the variables
b∗i , b

s
i and hsj , where Xij appears multiplied by θj , vs−1

j and usi , respectively, for s = 1, . . . , t − 1.
Hence, by chain rule we can write

∂Xijv
t−1
j (Xij) =

(
θj∂b∗i v

t−1
j (Xij) +

t−1∑
s=1

vs−1
j ∂bsi v

t−1
j (Xij)

)
+

t−1∑
s=1

usi∂hsjv
t−1
j (Xij).

We will show that the parenthesized term is also O(1/
√
N) and can therefore be ignored. This

yields

bti ≈
d∑
j=1

Xijv
t−1
j (Xij) +

t−1∑
s=1

 d∑
j=1

X2
ij∂hsjv

t−1
j (Xij)

usi . (17)

To conclude the proof of (8), two main ingredients remain. First, we must show that the parenthe-
sized term concentrates. Once we have this, note that

E
d∑
j=1

X2
ij∂hsjv

t−1
j (Xij) =

1

N

d∑
j=1

E∂hsjv
t−1
j (Xij)

≈ αE∂hs1v
t−1
1

≈ αEνT−1∂hs1v
t−1
1 ,

where the last two steps can be justified by derivative bounds and an induction argument, respec-
tively. Second, we must show that the first term in (17) is approximately Gaussian. This will be
done by a Lindeberg argument, where we replace the disorder variables {Xij}dj=1 by an independent
copy {X̃ij}dj=1 and show that this has an O(1/

√
N) effect on the expectations of C∞

1b functions.

9
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Once we do this, the ansatz of independence between {X̃ij}dj=1 and vt−1 becomes correct, and the
derivation of the warmup above is what yields the form of the Gaussian terms b∗, z1, . . . , zT .

To conclude this proof sketch, we give some intuition for why the term
∑d

j=1Xijv
t−1
j (Xij)

behaves approximately like the Gaussian terms (b∗, z1, . . . , zT ) in (8) while
∑d

j=1Xijv
t−1
j (X)

does not. As everything else in this section, this will reduce to certain derivative bounds, which
are presented in Section 2.3. To illustrate this reduction, we show how the covariance of the vector
{
∑d

j=1Xijv
t−1
j (Xij)}Tt=1 is approximately given by αCovνT−1(v

0, . . . , vT−1) as in (7). While this
claim is much weaker than the CLT that is needed to prove the DMFT equations, it allows us to
quickly illustrate some of the essential ideas without the need for the longer Lindeberg argument,
which is carried out in Section A.3. For 1 ≤ s, t ≤ T, we have

E

 d∑
j=1

Xijv
s−1
j (Xij)

 d∑
j=1

Xijv
t−1
j (Xij)


=

d∑
j=1

EX2
ijv

s−1
j (Xij)vt−1

j (Xij) +
∑
j ̸=j′

EXijXij′v
s−1
j (Xij)vt−1

j′ (Xij′)

≈ 1

N

d∑
j=1

Evs−1
j vt−1

j +
∑
j ̸=j′

EXijXij′v
s−1
j (Xij)vt−1

j′ (Xij′)

≈ αCovνT−1(v
s−1, vt−1) +

∑
j ̸=j′

EXijXij′v
s−1
j (Xij)vt−1

j′ (Xij′),

where the last two steps can be justified by derivative bounds and an induction argument, respec-
tively. What remains is to show that the second term above vanishes. For this, again through
derivative bounds, we can use the approximate Gaussian integration by parts, which yields∑

j ̸=j′
EXijXij′v

s−1
j (Xij)vt−1

j′ (Xij′) ≈ 1

N2

∑
j ̸=j′

E∂Xij∂Xij′ (v
s−1
j (Xij)vt−1

j′ (Xij′)).

Now comes the crucial step where we use the difference between Xij , Xij′ and X. Because e.g.
vs−1
j (Xij) does not depend on Xij , it can be treated as a constant when differentiating with respect

to Xij . This lets us write

1

N2

∑
j ̸=j′

E∂Xij∂Xij′ (v
s−1
j (Xij)vt−1

j′ (Xij′)) =
1

N2

∑
j ̸=j′

E(∂Xij′v
s−1
j (Xij))(∂Xijv

t−1
j′ (Xij′))

≤ 1

N2

∑
j ̸=j′

∥∥∥∂Xij′v
s−1
j (Xij)

∥∥∥
2

∥∥∥∂Xijv
t−1
j′ (Xij′)

∥∥∥
2
. (18)

Recall by (15) that vj has explicit dependence only on Xij among {Xik}k∈[d]. Hence, since j′ ̸= j,
the dependence of vj on Xij′ is implicit, and in this case our derivative bounds will show that we

have
∥∥∥∂Xij′v

s−1
j (Xij)

∥∥∥
2
≤ O(1/

√
N), and similarly

∥∥∥∂Xijv
t−1
j′ (Xij′)

∥∥∥
2
≲ 1/

√
N. Hence

E

 d∑
j=1

Xijv
s−1
j (Xij)

 d∑
j=1

Xijv
t−1
j (Xij)

 ≈ αCovνT−1(v
s−1, vt−1),

as desired.
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2.3. Key Technical Theorem: Derivative Bounds

In this section we present the derivative bounds that will let us justify the approximations made
in the proof sketch of the last section. As is suggested by the proof sketch, we need to bound
derivatives with respect to field variables b∗i , b

s
i , h

s
j as well as disorder variables Xij . We consider

the class of partial derivatives with respect to any multi-set of these variables.

Definition 7 Given a multi-set P of entries from the vectors b∗, bs,hs, s ∈ N, and matrix X , we
let ∂P denote the partial derivative with respect to all variables in the multi-set. We also let |P |
denote the number of variables in P , counted with repetition.

Example 1 Suppose P = {Xij , Xij′ , b
∗
i′ , b

3
i′′ , Xij , h

1
j , h

1
j}, where all of i, i′, i′′, j, j′ are distinct.

Then we have
∂Pu

t
i := ∂2Xij

∂Xij′∂b∗i′
∂b3

i′′
∂2h1j

uti.

Moreover, we have |P | = 7.

Next, we must distinguish when a multi-set P affects a variable like vt−1
j “explicitly” or “im-

plicitly.” For this purpose, we first associate a graph to the multi-set P.

Definition 8 Given a multi-set of variables P as in Definition 7, we associate a subgraph G(P ) =
(V (P ) = V1(P ) ⊔ V2(P ), E(P )) of the complete bipartite graph Kd,N , with parts V1(P ) ⊆ [d]
and V2(P ) ⊆ [N ], as follows.

• For each coordinate j of hs which appears in P for some s ∈ N, we include j in V1(P )
(without repetition).

• For each coordinate i of b∗ or bs which appears in P for some s ∈ N, we include i in V2(P )
(without repetition).

• For each pair of coordinates i ∈ [N ], j ∈ [d] such that Xij appears in P , we include j in
V2(P ), i in V1(P ), and the edge {i, j} in E(P ) (all without repetition).

[d]

j

j′

[N ]

i

i′

i′′

Figure 1: The graph G(P ) associated to the P of Example 1.

We can now state the definition that formalizes our notion of “explicit” vs “implicit” influence of
variables.

Definition 9 Given a derivative multi-set P as in Definition 7 and a vertex k ∈ [d] ⊔ [N ] in the
complete bipartite graph Kd,N , we say k is all reaching in P if either |P | = 0 or k ∈ V (P ) and
the graph G(P ) is connected. For each j, t say that a variable vt−1

j is all-reaching in P if j is
all-reaching in P.

11
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In the simplest case where P consists of a single disorder variable Xij , the all-reaching notion re-
covers the distinction between explicit and implicit dependence used in the proof sketch above: vj
depends explicitly on Xij , while dependence on other Xij′ is only implicit. The more general for-
mulation of Definition 9 will be needed in our proofs, because in order for our inductive arguments
to close, we will need to consider multisets P of all sizes.

Note that no variable is all reaching in the P of Example 1 because in that case G(P ) is dis-
connected, as can be seen in Figure 1. On the other hand, if P = {Xij , Xi′j , b

∗
i }, then the only

all-reaching vertices are i, i′ and j, and the all-reaching variables are the ones with those indices.
We are now ready to state our derivative bounds. The bounds will hold under the same assump-

tions as in Theorem 6. However, for the applications it will be important that we state them in a
more general setting, with assumption 1 slightly relaxed to not require the variance to be exactly
1/N :

(A1’) The entries of X are sampled i.i.d. from a σ/
√
N -subgaussian measure with mean zero.

The need for this relaxation is that it will make the theorem hold even after some of the entries of
X have been set to zero (as we did in the proof sketch), or have been scaled down by a constant in
[0, 1] as in the third term of (16).

Theorem 10 Suppose assumptions (A1’) and (A2)-(A4) hold in Definition 1, and Ft, Gt are C∞
1b .

Then, for every t, p ≥ 1 and m ≥ 0, there exists a constant Γt,m,p independent of N such that the
following hold for every multiset of derivatives P such that |P | = m and for every i ∈ [N ] and
j ∈ [d].

1. For s = 1, . . . , t, we have

max{∥∂P b∗i ∥p , ∥∂P b
s
i∥p , ∥∂Pu

s
i∥p ,

∥∥∂Phsj∥∥p , ∥∥∂P vsj∥∥p} ≤ Γt,m,p.

2. If i is not all reaching in P, then

max{∥∂P b∗i ∥p , ∥∂P b
s
i∥p , ∥∂Pu

s
i∥p} ≤ Γt,m,p/

√
N.

Similarly, if j is not all reaching in P , then

max{
∥∥∂Phsj∥∥p , ∥∥∂P vsj∥∥p} ≤ Γt,m,p/

√
N.

In words, derivatives always have moments at most O(1), and if the variable we are differentiating
is not all-reaching in the differentiating multi-set, then all moments become O(1/

√
N). Returning

to (18), note that the derivatives that appear therein have disconnected graphs consisting of three
vertices and one edge. The theorem above justifies the fact that their 2-norm is O(1/

√
N).

Remark 11 We believe Theorem 10 is sharp, at least in the sense that for all m, there exists t large
enough such that the dependence on N of the bounds above corresponding to t and m cannot be
improved.

Our proof of Theorem 10 will be through an inductive argument in t, which bounds the constant
Γt,m,p by a function of the constants Γt−1,m′,p′ , for m′, p′ which are potentially larger than m, p.
For this to work, cancellations need to be exploited when bounding derivatives of the field variables

12
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∂P b
∗
i ∂P b

s
i and ∂Phsj . This is done by a Taylor expansion which isolates the dependence on each

disorder variable. A similar argument was used in Chen and Lam (2021) in the context of proving
universality in the disorder for AMP. In Chen and Lam (2021), a version of part (1) of Theorem 10
was proven in a slightly different model by this strategy. For our purposes, it’s crucial to also obtain
part (2), as is clear from the proof sketch of the last section. Obtaining this strengthening requires
quite a delicate analysis, carried out in Section A.2.
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Marc Mézard, Giorgio Parisi, and Miguel Angel Virasoro. Spin glass theory and beyond: An
Introduction to the Replica Method and Its Applications, volume 9. World Scientific Publishing
Company, 1987.

Haim Sompolinsky and Annette Zippelius. Relaxational dynamics of the edwards-anderson model
and the mean-field theory of spin-glasses. Physical Review B, 25(11):6860, 1982.

Roman Vershynin. High-dimensional probability: An introduction with applications in data sci-
ence, volume 47. Cambridge university press, 2018.

Greg Yang and Edward J Hu. Tensor programs iv: Feature learning in infinite-width neural net-
works. In International Conference on Machine Learning, pages 11727–11737. PMLR, 2021.

Appendix A. Remaining Proofs

A.1. Smooth Approximation: Proof of Proposition 5

Proof [of Proposition 5] Let ζt : R2t+1 → R be a mollifier supported in the unit ball in R2t+1 such
that

∫
ζt(x)dx = 1, and let ζt,ε(x) = ε−(2t+1)ζt(x/ε), which is now supported in the ε-ball. Let

Ft,ε = Ft ∗ ζt,ε, Gt,ε = Gt ∗ ζt,ε, and let bt,ε,ut,ε,ht,ε,vt,ε be the result of running the iteration of
Definition 1 with the same values of X,θ,v0,w, w̃ as for bt,ut,ht and vt, but with Ft,ε, Gt,ε in
place of Ft, Gt.

First, we claim that we have

sup
x

|Ft,ε(x)− Ft(x)| ≤ εL

14
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sup
x

|Gt,ε(x)−Gt(x)| ≤ εL,

where L is a bound on the Lipschitz constants of Ft, Gt. Indeed, letting Bε be the ε-ball, we have

|Ft,ε(x)− Ft(x)| ≤
∫
Bε

ζt,ε(y)|Ft(x− y)− Ft(x)|dy

≤ Lε. (19)

The proof for G is identical.
Next we claim that Ft,ε, Gt,ε have all partial derivatives of non-zero order uniformly bounded.

We prove this only for Ft,ε, since the proof for Gt,ε is the same. Consider a derivative tuple α ∈
N2t+1, where we use the notation

∂αFt,ε := ∂α1
1 . . . ∂

α2t+1

2t+1 Ft,ε.

We assume that |α| :=
∑2t+1

r=1 αr ≥ 1, let r′ ∈ [2t + 1] be such that αr′ ≥ 1, and let α′ =
(α1, . . . , αr′ − 1, . . . , α2t+1). Since Ft is almost-everywhere differentiable, we can write

∂αFt,ε(x) =

∫
∂α

′
ζt,ε(x− y)∂r′Ft(y)dy

=
1

ε2t+|α|

∫
∂α

′
ζt

(
x− y

ε

)
∂r′Ft(y)dy

= ε1−|α|
∫
∂α

′
ζt(z)∂r′Ft(x− εz)dz.

Since ∂α
′
ζt(z) is bounded and supported in the unit ball, and ∂r′Ft(x − εz)dz is bounded, this

shows that ∂αFt,ε(x) is uniformly bounded. Moreover, if |α| = 1, then the uniform bound is
independent of ε.

Now we claim that all of
∥∥bt,ε − bt

∥∥
2
,
∥∥ut,ε − ut

∥∥
2
,
∥∥ht,ε − ht

∥∥
2

and
∥∥vt,ε − vt

∥∥
2

are bounded
by ε

√
N · Ot,L(1) with high probability. This will be proved by induction, following the same in-

duction order as the one in which the vectors are defined in Definition 1, i.e. v0 → b1 → u1 →
h1 → v1 → b2 → · · · . Clearly as a base case we have

∥∥v0,ε − v0
∥∥
2
= 0. For the inductive steps,

we carry out bt → ut and ut → ht, since the other inductive steps are analogous. For bt → ut, we
assume that

max
s∈[t]

∥bs,ε − bs∥2 ≤ ε
√
NOt,L(1)

(note that b∗,ε = b∗), and we aim to show that
∥∥ut,ε − ut

∥∥
2
≤ ε

√
NOt,L(1). We have∥∥ut,ε − ut

∥∥
2
=
∥∥Ft,ε(b∗, b1,ε, . . . , bt,ε)− Ft(b

∗, b1, . . . , bt)
∥∥
2

≤
∥∥Ft,ε(b∗, b1,ε, . . . , bt,ε)− Ft,ε(b

∗, b1, . . . , bt)
∥∥
2

+
∥∥Ft,ε(b∗, b1, . . . , bt)− Ft(b

∗, b1, . . . , bt)
∥∥
2

≤ LOt,L(1)
t∑

s=1

∥bs,ε − bs∥2 + Lε
√
N

≤ ε
√
NOt,L(1).
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Above, in the third step we have used that ∇Ft,ε is uniformly bounded (independently of ε) to
bound the first term. This proves the inductive step bt → ut. For ut → ht, we assume that∥∥ut,ε − ut

∥∥
2
≤ ε

√
NOt,L(1) and we prove that

∥∥ht,ε − ht
∥∥
2
≤ ε

√
NOt,L(1). Indeed, we have∥∥ht,ε − ht

∥∥
2
=
∥∥XTut,ε −XTut

∥∥
2

≤
∥∥XT

∥∥
2

∥∥ut,ε − ut
∥∥
2
.

But we have
∥∥XT

∥∥
2
≤ O(1) with high probability (see e.g. Vershynin (2018)). This proves that

the inductive step ut → ht.
Finally, let ϕε, ψε be obtained from ϕ, ψ in exactly the same way that we obtained Ft,ε, Gt,ε

from Ft, Gt. To conclude the proof of the proposition, it suffices to show that we have

1

d

d∑
j=1

|ϕ(θj , {htj}Tt=1, {vtj}Tt=0)− ϕε(θj , {ht,εj }Tt=1, {v
t,ε
j }Tt=0)| ≤ εOT,L(1)

1

N

N∑
i=1

|ψ(b∗i , {bti}Tt=1, {uti}Tt=1)− ψε(b
∗
i , {b

t,ε
i }Tt=1, {u

t,ε
i }Tt=1)| ≤ εOT,L(1).

Since the proofs are analogous, we prove the first one. By the same reason as in (19) above, we
have the same uniform bound for ϕ− ϕε. Hence we have

1

d

d∑
j=1

|ϕ(θj , {htj}Tt=1, {vtj}Tt=0)− ϕε(θj , {ht,εj }Tt=1, {v
t,ε
j }Tt=0)|

≤ 1

d

d∑
j=1

|ϕ(θj , {htj}Tt=1, {vtj}Tt=0)− ϕε(θj , {htj}Tt=1, {vtj}Tt=0))|

+ |ϕε(θj , {htj}Tt=1, {vtj}Tt=0))− ϕε(θj , {ht,εj }Tt=1, {v
t,ε
j }Tt=0)|

≤ Lε+
1√
d

∥∥ϕε(θ, {ht}Tt=1, {vt}Tt=0))− ϕε(θ, {ht,ε}Tt=1, {vt,ε}Tt=0)
∥∥
2

≤ Lε+
1√
d
OT,L(1)

T∑
t=1

∥∥ht − ht,ε
∥∥
2
+
∥∥vt − vt,ε

∥∥
2

≤ εOt,L(1),

as desired.

A.2. Derivative Bounds: Proof of Theorem 10

The proof will be by induction in the same order in which the different variables are defined in
Definition 1, i.e.,

(v0,θ, b∗) → b1 → u1 → h1 → v1 → b2 → · · · . (20)

At each step of the induction, our aim will be to verify the bounds of Theorem 10 for the current
variable in the chain (20), assuming the validity of the bounds for all prior variables in the chain and
all values of p,m.
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The inductive cases for bt and ut are completely analogous to those of ht and vt, respectively.
Hence, for brevity we only explicitly carry out the arguments for bt and ut. We will also use
throughout various standard bounds on subgaussian and subexponential random variables which
are stated in Section B.

Base case. As a base case, we begin by checking the bounds of Theorem 10 for v0,θ, b∗. Let P
be a multi-set of variables as in Definition 7 such that |P | = m. It’s clear that, for v0,θ, we have

∂P v
0
j = 1{|P | = 0}v0j + 1{P = {v0j }}

∂P θj = 1{|P | = 0}θj + 1{P = {θj}}.

The right-hand sides have all moments O(1) by Lemma 24. Moreover, suppose j were not all-
reaching in P . This in particular would mean that |P | > 0, P ̸= {v0j } and P ̸= {θj}, so the
right-hand sides above would be identically zero. Hence, their moments are trivially O(1/

√
N).

Finally we check the base case of b∗i . We have

∂P b
∗
i = 1{P = {b∗i }}+ ∂P

d∑
j=1

Xijθj

= 1{P = {b∗i }}+
d∑
j=1

1{Xij ∈ P}∂P\Xij
θj +Xij∂P θj

= 1{P = {b∗i }}+
d∑
j=1

1{P = {Xij}}θj + 1{|P | = 0}
d∑
j=1

Xijθj

so

∥∂P b∗i ∥p ≤ 1{P = {b∗i }}+
d∑
j=1

1{P = {Xij}} ∥θj∥p + 1{|P | = 0} ∥b∗i ∥p .

The middle sum has at most one non-zero term, and hence is always O(1) by Lemma 24. For the
last term, note that since Xij and θj are σ√

N
-subgaussian and σ-subgaussian, respectively, their

product is σ2
√
N

-subexponetial by Lemma 23. But then by Lemma 25, their sum across j is
√
Cσ2-

subexponential, and by Lemma 24, we get ∥b∗i ∥p ≤ C3/2σ2p = O(1). Hence we conclude

∥∂P b∗i ∥p ≤ O(1)

always, checking part (1) of Theorem 10. For part (2), note that if i is not all-reaching in P, then
we can neither have P = {b∗i } nor |P | = 0 nor P = {Xij} for any j. Hence ∂P b∗i is again equal to
zero, and the bound is trivially satisfied.

Inductive case, bt. We assume that the bounds of Theorem 10 are true for all variables prior to bt

in the chain (20) and aim to verify them for bti for some i ∈ [N ]. Let P be a multi-set of variables
as in Definition 7 such that |P | = m. Using that bti =

∑d
j=1Xijv

t−1
j , we have

∥∥∂P bti∥∥p =
∥∥∥∥∥∥1{P = {bti}}+

∑
j∈[d]:Xij∈P

∂P\Xij
vt−1
j +

d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p
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≤ 1{P = {bti}}+
∑

j∈[d]:Xij∈P

∥∥∥∂P\Xij
vt−1
j

∥∥∥
p
+

∥∥∥∥∥∥
d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p

(21)

For the middle term, each term in the summand is ≤ Γt,m−1,p by inductive hypothesis, so this term
is always O(1). Moreover, suppose that i was not all-reaching in P . Note that P ̸= {bti}, and
G(P \ Xij) is precisely the graph obtained from G(P ) by starting at i and taking a step towards
neighbor j, deleting the edge we traveled through behind us. From this interpretation it’s clear
that j is also not all reaching in G(P \ Xij) and hence in this case every term in the summand is
≤ Γt,m−1,p/

√
N .

In summary, we have shown that the first two terms in (21) are always O(1), and are O(1/
√
N)

if i is not all-reaching in P. What remains to conclude this inductive case is to check that the same
is true for the last term in (21). We have∥∥∥∥∥∥

d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p

p

=

d∑
j1,...,jp=1

EXij1 . . . Xijp(∂P v
t−1
j1

) · · · (∂P vt−1
jp

). (22)

Now, given a tuple of indices (j1, . . . , jp), let U(j1, . . . , jp) ⊆ {j1, . . . , jp} be the subset of indices
which appear in the tuple (j1, . . . , jp) exactly once. For 0 ≤ q ≤ p, we say that (j1, . . . , jp) ∈ Aq

if |U(j1, . . . , jp)| = q, namely, the number of indices appearing exactly once in the tuple is exactly
q. Below, for (j1, . . . , jp) ∈ Aq, we will label the indices in U(j1, . . . , jp) as j′1, . . . , j

′
q, and note

that, by definition, the j′1, . . . , j
′
q must all be distinct. Moreover, to avoid clutter we use the notation

Vj1,...,jp(X) := (∂P v
t−1
j1

) · · · (∂P vt−1
jp

), (23)

where the dependence on X is made explicit. Now, we want to expand Vj1,...,jp(X) around Xij′1
=

· · · = Xij′q = 0. To that end, for η1, . . . , ηq ∈ [0, 1], define the the matrixXi,{j′1,...,j′q}(η1, . . . , ηq) ∈
RN×d as

Xi,{j′1,...,j′q}(η1, . . . , ηq)kl =

{
ηℓXi,j′ℓ

if k = i and l = j′ℓ
Xkl otherwise.

(24)

Then, by applying fundamental theorem of calculus q times, we have

Vj1,...,jp(X) = V ′
j1,...,jp(X) +

∫
[0,1]q

∂Xij′1
. . . ∂Xij′p

Vj1,...,jp(X
i,{j′1,...,j′q}(η1, . . . , ηq))

q∏
ℓ=1

(Xi,j′ℓ
dηℓ),

(25)

where V ′
j1,...,jp

(X) is made up of a sum of terms, each of which sets at least one of the variables
Xi,j′1

, . . . , Xi,j′q to zero. Hence, using the fact that the Xi,j′ℓ
have expectation zero and appear only

once in (j1, . . . , jp), we can simplify (22) as follows:∥∥∥∥∥∥
d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p

p
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=

p∑
q=0

∫
[0,1]q

q∏
ℓ=1

dηℓ
∑

(i1,...,ip)∈Aq

E

 ∏
ℓ:jℓ /∈U(j1,...,jp)

Xi,jℓ

∏
ℓ∈[q]

X2
i,j′ℓ


∂Xij′1

. . . ∂Xij′q
Vj1,...,jp(X

i,{j′1,...,j′q}(η1, . . . , ηq))

≲
p∑
q=0

∫
[0,1]q

q∏
ℓ=1

dηℓ
1

N (p+q)/2

∑
(j1,...,jp)∈Aq

∥∥∥∂Xij′1
. . . ∂Xij′q

Vj1,...,jp(X
i,{j′1,...,j′q}(η1, . . . , ηq))

∥∥∥
p+1

,

(26)

where in the last step we have used Lemma 24 and the general version of Hölder’s inequality, and
the notation ≲ means inequality up to a multiplicative constant independent of N. We now make a
claim that will be proved below.

Claim 12 Given a tuple of indices (j1, . . . , jp) ∈ Aq, define the two quantities

u(j1, . . . , jp) := |{ℓ ∈ [p] : jℓ ∈ V (P )}|
u′(j1, . . . , jp) := |{ℓ ∈ [q] : j′ℓ ∈ V (P )}|.

Then, we always have∥∥∥∂Xij′1
. . . ∂Xij′q

Vj1,...,jp(X
i,{j′1,...,j′q}(η1, . . . , ηq))

∥∥∥
p+1

≤ O(1), (27)

and if i is not all-reaching in P , we also have

∥∥∥∂Xij′1
. . . ∂Xij′q

Vj1,...,jp(X
i,{j′1,...,j′q}(η1, . . . , ηq))

∥∥∥
p+1

≤ O

((
1√
N

)p−u(j1,...,jp)−u′(j1,...,jp))
.

(28)

Before proving Claim 12, let us conclude the inductive case for bti from it and (26). Recall that it
suffices for us to bound (26) by O(1) in general and by O(N−p/2) in case that i is not all-reaching
in P . For the first case, note that each tuple in A has at most q + (p − q)/2 = (p + q)/2 distinct
indices, and hence |Aq| ≲ N (p+q)/2. This and the first case of Claim 12 lets us conclude that∥∥∥∥∥∥

d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p

p

≤ O(1)

in general, as desired. Now suppose that i is not all-reaching in P . Then the second case of Claim 12
and (26) imply that∥∥∥∥∥∥

d∑
j=1

Xij∂P v
t−1
j

∥∥∥∥∥∥
p

p

≲
p∑
q=0

1

N (p+q)/2

∑
(j1,...,jp)∈Aq

(
1√
N

)p−u(j1,...,jp)−u′(j1,...,jp)

≲
p∑
q=0

E
(j1,...,jp)∈Aq

(
1√
N

)p−u−u′
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= N−p/2
p∑
q=0

E
(j1,...,jp)∈Aq

Nu′N (u−u′)/2

where we have used the shorthand notation u = u(j1, . . . , jp), u
′ = u′(j1, . . . , jp), so to conclude

it suffices to show that
E

(j1,...,jp)∈Aq

Nu′N (u−u′)/2 ≤ O(1).

Note that (j1, . . . , jp) ∼ Aq may be sampled in three steps. First, we sample distinct j′1, . . . , j
′
q uni-

formly at random in [d]. Then, we sample j′′1 , . . . , j
′′
p−q uniformly at random from [d] \ {j′1, . . . , j′q}

conditional on the fact that no j′′k appears uniquely in j′′1 , . . . , j
′′
p−q. Finally, we let (j1, . . . , jp) be

the union of j′1, . . . , j
′
q and j′′1 , . . . , j

′′
p−q arranged in a random order. Then u′ is the number of j′k

that lie in V (P ) and u− u′ is the number of j′′k that lie in V (P ). Hence we have

E
j′′1 ,...,j

′′
p−q

[
N (u−u′)/2

∣∣∣ {j′1, . . . , j′q}] =
∑(p−q)/2

s=0

∑
S∈([d]\{j

′
1,...,j

′
q}

s )

∑
{j′′1 ,...,j′′p−q}=S:

no uniques

N (u−u′)/2

∑(p−q)/2
s=0

∑
S∈([d]\{j

′
1,...,j

′
q}

s )

∑
{j′′1 ,...,j′′p−q}=S:

no uniques

1

≤

∑(p−q)/2
s=0 sp−q

∑
S∈([d]\{j

′
1,...,j

′
q}

s )
d|S∩P |+1S∩P ̸=∅(p−q−2s)/2∑(p−q)/2

s=0 |
(
[d]\{j′1,...,j′q}

s

)
|

.

Now we have∑
S∈([d]\{j

′
1,...,j

′
q}

s )

d|S∩P |+1S∩P ̸=∅(p−q−2s)/2

≤
∣∣∣∣([d] \ {j′1, . . . , j′q}s

)∣∣∣∣
(
1 +

s∑
k=1

Pr
S∼([d]\{j

′
1,...,j

′
q}

s )
[|S ∩ P | ≥ k]dk+(p−q)/2−s

)

≤
∣∣∣∣([d] \ {j′1, . . . , j′q}s

)∣∣∣∣
(
1 +

s∑
k=1

2|P |kd(p−q)/2−s
)

≤ 4d(p−q)/2−s
∣∣∣∣([d] \ {j′1, . . . , j′q}s

)∣∣∣∣ s∑
k=1

|P |k

≲ N (p−q)/2.

Thus we get

E
j′′1 ,...,j

′′
p−q

[
d(u−u

′)/2
∣∣∣ {j′1, . . . , j′q}] ≲ d(p−q)/2∑(p−q)/2

s=0 |
(
[d]\{j′1,...,j′q}

s

)
|

≲ 1.

Hence

E
(j1,...,jp)∈Aq

Nu′N (u−u′)/2 ≲ E
(j1,...,jp)∈Aq

[
Nu′ E

j′′1 ,...,j
′′
p−q

[
N (u−u′)/2

∣∣∣ {j′1, . . . , j′q}]
]
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≲ E
j′1,...,j

′
q

[
Nu′

]
≲ 1,

where in the last step we have used that j′1, . . . , j
′
q is a uniformly-random set of size q in [d], and

u′ is the number of the j′1, . . . , j
′
q that lie in a subset of [d] of size O(1). This concludes the proof

of this inductive step of bt modulo Claim 12. Below, we prove this claim and hence conclude the
proof of the inductive step of bt.
Proof [of Claim 12] Let Q = {Xij′1

, . . . , Xij′q}. We have

∂QVj1,...,jp(X
i,{j′1,...,j′q}(η1, . . . , ηq))

=
∑

Q1⊔···⊔Qp=Q

p∏
k=1

(∂Qk
∂P v

t−1
jk

)(Xi,{j′1,...,j′q}(η1, . . . , ηq))

where the sum is over all partitions of Q into p sets, and the sets in the partition are allowed to be
empty. Hence, by the triangle inequality and Hölder inequality, we have∥∥∥∂QVj1,...,jp(Xi,{j′1,...,j′q}(η1, . . . , ηq))

∥∥∥
p+1

= max
Q1⊔···⊔Qp=Q

p∏
k=1

∥∥∥(∂Qk
∂P v

t−1
jk

)(Xi,{j′1,...,j′q}(η1, . . . , ηq))
∥∥∥
p(p+1)

To conclude the proof, we will show that every term in this max satisfies (27), and if i is not
all-reaching in P, also (28). For the first part, note that, if all the coordinates of X are σ/

√
N -

subgaussian, so are all the coordinates ofXi,{j′1,...,j′q}(η1, . . . , ηq), since the only possible difference
between the two is that some coordinates are scaled down. Hence, by inductive hypothesis, every
term is O(1), as desired.

Finally, suppose i is not all reaching in P, and let ℓ ∈ V (P ) be such that there is no path from i
to ℓ in G(P ). To conclude the proof, we will show that, for every element in the max above, at least
p− u(j1, . . . , jp)− u′(j1, . . . , jp) of the p terms in the product are such that ℓ is also not reachable
from jk in G(Qk ∪ P ). To see this, note that there are at least p − u(j1, . . . , jp) − u′(j1, . . . , jp)
terms jk such that jk /∈ V (P ) and Qk only connects vertices outside V (P ) to i. But now, since
jk /∈ V (P ) andQk consists only of connections from points outside V (P ) to i, any path going from
jk to ℓ inG(Qk∪P ) must first travel to i, and then from i to ℓ withinG(P ),which is a contradiction.
This concludes the proof.

Inductive case, ut. To address this case, we first prove a general lemma.

Lemma 13 Let f : Rk → R be a smooth Lipschitz function, with all derivatives of order k also
Lipschitz with Lipschitz constant Lk, for k = 0, 1, . . . . Let x1, . . . , xn be random variables, and
for ℓ = 1, . . . , k, let aℓ = aℓ(x1, . . . , xn) be smooth functions of these random variables. Then for
every tuple P = (i1, . . . , im) ∈ [n]m, define

∂P := ∂xi1 . . . ∂xim .
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Then, for all p ≥ 1, we have

∥∂P f(a1, . . . , ak)∥p ≤
m∑
r=1

Lr−1 · kr+1 · rm · max
j0,...,jr∈[k]

∥aj0∥p(r+1) max
P1⊔···⊔Pr=P

r∏
ℓ=1

∥∂Pℓ
ajℓ∥p(r+1) .

Before proving the lemma, note that the inductive case for ut follows from it. Indeed, since

uti = Ft(b
∗
i , b

1
i , . . . , b

t
i)

and by inductive assumption all moments of partial derivatives of the inputs to Ft above are O(1),
the same holds for all moments of partial derivatives of uti by Lemma 13. Moreover, suppose i is
not all reaching in P . Note that, for every partition P1 ⊔ · · · ⊔Pr of P, there must exist some ℓ such
that i is not all-reaching in Pℓ. Hence, in Lemma 13, by the inductive hypothesis, all terms in the
max have a term in the product that is O(1/

√
N), and hence so will be the max itself. We conclude

the inductive case for ut by proving Lemma 13.
Proof [of Lemma 13] It’s shown in (Chen and Lam, 2021, Lemma 5.1) that we have

∂P f(a1, . . . , ak) =

m∑
r=1

∑
1≤j1,...,jr≤k

∑
P1⊔···⊔Pr=P

(∂j1 . . . ∂jrf)(a1, . . . , ak)(∂P1aj1) . . . (∂Prajr),

so

∥∂P f(a1, . . . , ak)∥p

≤
m∑
r=1

∑
1≤j1,...,jr≤k

∑
P1⊔···⊔Pr=P

∥(∂j1 . . . ∂jrf)(a1, . . . , ak)∥p(r+1) ∥∂P1aj1∥p(r+1) . . . ∥∂Prajr∥p(r+1)

≤
m∑
r=1

∑
1≤j1,...,jr≤k

∑
P1⊔···⊔Pr=P

Lr−1

(
∥a1∥p(r+1) + · · ·+ ∥ak∥p(r+1)

)
∥∂P1aj1∥p(r+1) . . . ∥∂Prajr∥p(r+1)

≤
m∑
r=1

Lr−1 · kr+1 · rm · max
j0,...,jr∈[k]

∥aj0∥p(r+1) max
P1⊔···⊔Pr=P

r∏
ℓ=1

∥∂Pℓ
ajℓ∥p(r+1) ,

as desired.

A.3. Proof of Main Result

In this section we prove Theorem 6 and Theorem 3. We begin by showing that the former implies
the latter.

A.3.1. REDUCTION TO THEOREM 6

Lemma 14 Theorem 6 implies Theorem 3.

Proof Suppose Theorem 6 holds. By Proposition 5, it suffices to prove Theorem 3 in the special
case where ϕ, ψ, Ft, Gt are all C∞

1b . But part (1) of Theorem 6 implies that

E
∫
ϕdνN,T →

∫
ϕdνT ,
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and part (2) implies that

Var

(∫
ϕdνN,T

)
→ 0.

Chebyshev’s inequality then implies that∫
ϕdνN,T →

∫
ϕdνT

in probability, and similarly ∫
ψdµN,T →

∫
ψdµT

in probability.

For the rest of the section, we prove Theorem 6.

A.3.2. REDUCTION TO FIELDS

We begin by noting that, to prove Theorem 6, it suffices to consider functions of the field variables
only.

Theorem 15 Let µT , νT be the extensions of the measures defined by the DMFT equations (6)-(10)
defined as follows:

µT := Law(b∗, {bt}Tt=1, {ut}Tt=1, {wt}Tt=1)

νT := Law(θ, {ht}Tt=1, {vt}Tt=0, {w̃t}Tt=1).

Note that µT and νT can be obtained from µT and νT by marginalizing out the noise variables
{wt}Tt=1 and {w̃t}Tt=1, respectively. Under the same assumptions as Theorem 6, for every pair of
C∞
1b functions ϕ : R2T+2 → R and ψ : R2T+1 → R, the following hold:

1. For all i ∈ [N ] and j ∈ [d],

lim |Eϕ({htj}Tt=1; v
0
j , θj , {w̃tj}Tt=1)− EνT ϕ({h

t}Tt=1; v
0, θ, {w̃t}Tt=1)| = 0 (29)

lim |Eψ(b∗i , {bti}Tt=1; {wti}Tt=1)− EµTψ(b
∗, {bt}Tt=1; {wt}Tt=1)| = 0. (30)

2. For all i ̸= i′ ∈ [N ] and j ̸= j′ ∈ [d], we have

lim
∣∣Cov (ϕ({htj}Tt=1; v

0
j , θj , {w̃tj}Tt=1), ϕ({htj′}Tt=1; v

0
j′ , θj′ , {w̃tj′}Tt=1)

)∣∣ = 0 (31)

lim
∣∣Cov (ψ(b∗i , {bti}Tt=1; {wti}Tt=1), ψ(b

∗
i′ , {bti′}Tt=1; {wti′}Tt=1)

)∣∣ = 0. (32)

Lemma 16 Theorem 15 implies Theorem 6.

Proof This follows from the fact that we have uti = Ft(b
∗
i , b

1
i , . . . , b

t
i;w

1
i , . . . , w

t
i) and vtj =

Gt(h
1
j , . . . , h

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j), and we can absorb all functions Ft, Gt into ϕ, ψ. The composition

of two C∞
1b functions is also C∞

1b , so the lemma follows.
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A.3.3. INDUCTION OUTLINE

The proof of Theorem 15 will be by induction. The induction order will be, as usual, the same as
the order of definition in Definition 1:

{(29)-(32) at T = 0} → {(30), (32) at T = 1} → {(29), (31) at T = 1} → {(30), (32) at T = 2} → · · · .

At each step in the chain above, we will prove the corresponding statement while assuming all
prior statements in the chain. There are two types of inductive statements: proving (29), (31) at
step T, and proving (30), (32) at step T. Since the proofs of these two types of inductive cases are
completely analogous, we will carry out only the former explicitly.

A.3.4. BASE CASE

For T = 0, equations (29) and (31) are immediate since (v0j , θ
0
j ) is equal in distribution to v0, θ

under ν0 and (v0j , θ
0
j ), (v

0
j′ , θ

0
j′) for j ̸= j′ are independent.

To prove equations (30) and (32), we must show that for every C∞
1b function ψ : R → R, and

for all i ̸= i′ ∈ [N ], we have

|Eψ(b∗i )− Eψ(b∗)| → 0, (33)

max
i ̸=i′∈[N ]

|Eψ(b∗i )ψ(b∗i′)− Eψ(b∗i )Eψ(b∗i′)| → 0, (34)

where b ∼ N(0, αEν0 [θ2]). Now recall that we have

b∗i =

d∑
j=1

Xijθj

where the Xij are independent and independent of the θj . Hence (33) follows from the classical
Berry–Esseen Theorem. The case of (34) is similar, but we carry it out explicitly for completeness.
Let {θ′j}Nj=1 be i.i.d. samples equal in law to θ1, but independent from θ. For 0 ≤ k ≤ d, define

Ski′ =
k∑
j=1

Xi′jθj +
d∑

j=k+1

Xi′jθ
′
j

S−k
i′ =

k−1∑
j=1

Xi′jθj +

d∑
j=k+1

Xi′jθ
′
j

so that Sdi′ = b∗i′ . Note that (34) can be equivalently written as

max
i ̸=i′∈[N ]

|Eψ(b∗i )ψ(Sdi′)− Eψ(b∗i )ψ(S0
i′)| → 0.

Now we have

|Eψ(b∗i )ψ(Sdi′)− Eψ(b∗i )ψ(S0
i′)| ≤

d∑
k=1

|Eψ(b∗i )(ψ(Ski′)− ψ(Sk−1
i′ ))|

≤
d∑

k=1

|Eψ(b∗i )ψ′(S−k
i′ )(Xi′jθj −Xi′jθ

′
j)|+

1

2
|Eψ(b∗i )ψ′′(S−k

i′ )((Xi′jθj)
2 − (Xi′jθ

′
j)

2)|
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+
supx ψ

′′′(x)

6
(E|ψ(b∗i )(Xi′jθj)

3|+ E|ψ(b∗i )(Xi′jθ
′
j)

3|).

The third term inside the outer sum is clearly O(N−3/2), so it suffices to show that the first two are
as well. Note that the first term is equal to zero because neither b∗i nor S−k

i′ depend on Xi′j . Finally,
for the second term we have

Eψ(b∗i )ψ′′(S−k
i′ )((Xi′jθj)

2 − (Xi′jθ
′
j)

2) =
1

N

(
Eψ(b∗i )ψ′′(S−k

i′ )θ2j − Eψ(b∗i )ψ′′(S−k
i′ )Eθ2j

)
≲

1

N

(
Eψ(b∗i −Xijθj)ψ

′′(S−k
i′ )θ2j + E|Xijθjψ

′′(S−k
i′ )θ2j | − Eψ(b∗i )ψ′′(S−k

i′ )Eθ2j
)

≲
1

N

(
Eψ(b∗i −Xijθj)ψ

′′(S−k
i′ )Eθ2j − Eψ(b∗i )ψ′′(S−k

i′ )Eθ2j +
1√
N

)
≲ N−3/2

where in the second and last steps we have used the Lipschitzness of ψ, and in the third step we
have used that b∗i −Xijθj is independent of θj . This concludes the base case.

A.3.5. INDUCTIVE CASE

Here we do the inductive case. As explained in Section A.3.3, we only prove equations (29), (31) at
time T . For the rest of Section A.3, we assume all previous links in the chain in Section A.3.3 hold.

Our proof of (29), (31) at time T will be split into two lemmas. To state the lemmas, we use the
notation

gtj =

N∑
i=1

Xiju
t
i(X

ij)

for t = 1, . . . , T, where recall that Xij is equal to X on all entries except for Xij
ij = 0.

Lemma 17 There exists a C∞
1b function ϕ̃ such that, for every j ∈ [d],

lim
∥∥∥ϕ̃({gtj}Tt=1; v

0
j , θj , {w̃tj}Tt=1)− ϕ({htj}Tt=1; v

0
j , θj , {w̃tj}Tt=1)

∥∥∥
2
= 0. (35)

Moreover, we have

Eϕ̃({gt}Tt=1; v
0, θ, {w̃t}Tt=1) = EνT ϕ({h

t}Tt=1; v
0, θ, {w̃t}Tt=1), (36)

where on the right-hand side, {gt}Tt=1 is a Gaussian vector with covariance given by (9), which is
independent of (v0, θ) ∼ ν0 and {w̃t}Tt=1 ∼ N(0, IT ).

Lemma 18 Let ψ̃, and {gt}Tt=1 be as in Lemma 17. For all j ∈ [d], we have

lim |Eϕ̃({gtj}Tt=1; v
0
j , θj , {w̃tj}Tt=1)− Eϕ̃({gt}Tt=1; v

0, θ, {w̃t}Tt=1)| = 0 (37)

and for all j ̸= j′ ∈ [d], we have

lim
∣∣∣Cov (ϕ̃({gtj}Tt=1; v

0
j , θj , {w̃tj}Tt=1), ϕ̃({gtj′}Tt=1; v

0
j′ , θj′ , {w̃tj′}Tt=1)

)∣∣∣ = 0. (38)

Note that (29), (31) at time T follow from them. Indeed, (35) and (36) show that (37) and (29) are
equivalent. Similarly, (35) shows that (38) and (31) are equivalent.

To conclude the proof of Theorem 6, it remains to prove Lemma 17 and Lemma 18. We do this
in the next two subsections.
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A.3.6. PROOF OF LEMMA 17

Using the same expansion as in (16), we have

htj =
N∑
i=1

Xiju
t
i(X)

=

N∑
i=1

Xiju
t
i(X

ij) +

N∑
i=1

X2
ij∂Xiju

t
i(X

ij) +
1

2

∫ 1

0
dη(1− η)

N∑
i=1

X3
ij∂

2
Xij
uti(X

ij(η)).

Now by chain rule, we have

∂Xiju
t
i(X

ij) = θj∂b∗i u
t
i(X

ij) +
t∑

s=1

vs−1
j (Xij)∂bsiu

t
i(X

ij) +
t−1∑
s=1

usi (X
ij)∂hsju

t
i(X

ij)

so we can write

htj = gtj + θj

N∑
i=1

X2
ij∂b∗i u

t
i(X

ij) +

t∑
s=1

vs−1
j (Xij)

N∑
i=1

X2
ij∂bsiu

t
i(X

ij) + ∆t
j (39)

∆t
j :=

t−1∑
s=1

usi (X
ij)

N∑
i=1

X2
ij∂hsju

t
i(X

ij) +
1

2

∫ 1

0
dη(1− η)

N∑
i=1

X3
ij∂

2
Xij
uti(X

ij(η)).

The proof of Lemma 17 will be split in two parts, which will gradually simplify (39). In the
first part, we show that the partial derivatives ∂b∗i u

t
i(X

ij) and ∂bsiu
t
i(X

ij) can be approximated by
operators that are defined in the same way that ∂b∗ and ∂bs are defined in Remark 2. This amounts to
showing that ∂b∗i u

t
i(X

ij), ∂bsiu
t
i(X

ij) can be approximated by considering only the explicit influence
of the fields b∗i , b

s
i on uti, since the implicit influences through other dynamical variables are lower-

order. In the second part, we show that the terms
∑N

i=1X
2
ij∂b∗i u

t
i(X

ij) and
∑N

i=1X
2
ij∂bsiu

t
i(X

ij)
concentrate.

For the rest of the section, to avoid clutter, we use the notation uti/ij := uti(X
ij), and similarly

e.g. ∂b∗i u
t
i/ij := ∂b∗i u

t
i(X

ij) and vs−1
j/ij := vs−1

j (Xij).

Simplification of the partial derivatives. We will define a new set of variables which approxi-
mate those of Definition 1, and are denoted by a tilde. We set θ̃ = θ, ṽ0 = v0, b̃∗ = b∗. Moreover,
for t = 1, . . . , T, we let

ztj :=
d∑
j=1

Xijv
t−1
j/ij

and 
b̃ti = ztj +

∑t−1
s=1 ũ

s
i

∑d
j=1X

2
ij ∂̃h̃sj

ṽt−1
j ∀i ∈ [N ]

ũti = Ft(b̃
∗
i , b̃

1
i , . . . , b̃

t
i;w

1
i , . . . , w

t
i) ∀i ∈ [N ]

h̃tj = gtj + θ̃j
∑N

i=1X
2
ij ∂̃b̃∗i

ũti +
∑t

s=1 ṽ
s−1
j

∑N
i=1X

2
ij ∂̃b̃si

ũti ∀j ∈ [d]

ṽtj = Gt(h̃
1
j , . . . , h̃

t
j ; ṽ

0
j , w̃

1
j , . . . , w̃

t
j) ∀j ∈ [d].
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Above, the action of the operators ∂̃ are defined exactly the same as in Remark 2. Explicitly, we can
define

∂̃b̃si
b̃ti =


0 if s > t

1 if s = t∑t−1
r=1 ∂̃b̃si

ũri
∑d

j=1X
2
ij ∂̃h̃rj

ṽt−1
j if s < t,

∂̃b̃∗i
b̃ti =

t−1∑
r=1

∂̃b̃∗i
ũri

d∑
j=1

X2
ij ∂̃h̃rj

ṽt−1
j ,

with ∂̃b̃∗i
b̃∗i = 1, ∂̃b̃si

b̃∗i = 0, and ∂̃b̃si
ũri , ∂̃b̃∗i

ũri defined inductively by applying chain rule as in

Remark 2. The operator ∂̃h̃sj is also defined analogously. Our first simplification is that we can

replace bti, h
t
j by b̃ti, h̃

t
j , respectively.

Claim 19 For every t, p ≥ 1, i ∈ [N ] and j ∈ [d], we have

lim
∥∥∥bti − b̃ti

∥∥∥ = 0

lim
∥∥∥htj − h̃tj

∥∥∥ = 0.

Proof [of Claim 19] The proof is again by induction. At each step of the induction, we assume that
for all s, t ≤ T − 1, all p ≥ 1 and all i ∈ [N ], j ∈ [d], we have proved that

max

{∥∥∥htj − h̃tj

∥∥∥
p
,
∥∥∥∂hsjhtj − ∂̃h̃sj

h̃tj

∥∥∥
p

}
≲ 1/

√
N

max

{∥∥vtj − ṽtj
∥∥
p
,
∥∥∥∂hsjvtj − ∂̃h̃sj

ṽtj

∥∥∥
p

}
≲ 1/

√
N

max

{∥∥∥bti − b̃ti

∥∥∥
p
,
∥∥∥∂bsi bti − ∂̃b̃si

b̃ti

∥∥∥
p
,
∥∥∥∂b∗i bti − ∂̃b̃∗i

b̃ti

∥∥∥
p

}
≲ 1/

√
N

max

{∥∥uti − ũti
∥∥
p
,
∥∥∥∂bsiuti − ∂̃b̃si

ũti

∥∥∥
p
,
∥∥∥∂b∗i uti − ∂̃b̃∗i

ũti

∥∥∥
p

}
≲ 1/

√
N

and aim to prove the same for s < t = T (since in the case s = t, all partial derivatves are equal
to 1 so the statement is trivial). Note that the base case T = 0 is trivially true. Since all inductive
cases are analogous, we elaborate only the cases of h and v. For h, we have∥∥∥htj − h̃tj

∥∥∥
p
=

∥∥∥∥∥
N∑
i=1

X2
ij

(
θ̃j ∂̃b̃∗i

ũti − θj∂b∗i u
t
i/ij +

t∑
s=1

(ṽs−1
j ∂̃b̃si

ũti − vs−1
j/ij∂bsiu

t
i/ij)

)∥∥∥∥∥
p

+
∥∥∆t

j

∥∥
p

≲
1

N

N∑
i=1

(∥∥∥θ̃j ∂̃b̃∗i ũti − θj∂b∗i u
t
i/ij

∥∥∥
2p

+
t∑

s=1

∥∥∥ṽs−1
j ∂̃b̃si

ũti − vs−1
j/ij∂bsiu

t
i/ij)

∥∥∥
2p

)
+
∥∥∆t

j

∥∥
p
.

We can bound each term individually. For
∥∥∥∆t

j

∥∥∥
p
, using Theorem 10, we have

∥∥∆t
j

∥∥
p
≲

t−1∑
s=1

N∑
i=1

∥∥∥usi/ijX2
ij∂hsju

t
i/ij

∥∥∥
p
+

1

2

∫ 1

0
dη(1− η)

N∑
i=1

∥∥∥X3
ij∂

2
Xij
uti(X

ij(η))
∥∥∥
p
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≲
t−1∑
s=1

N∑
i=1

1

N

∥∥∥∂hsjuti/ij∥∥∥3p + 1

2

∫ 1

0
dη(1− η)

N∑
i=1

1

N3/2

∥∥∥∂2Xij
uti(X

ij(η))
∥∥∥
2p

≲
t−1∑
s=1

N∑
i=1

1

N3/2
+

1

2

∫ 1

0
dη(1− η)

N∑
i=1

1

N3/2

≲ 1/
√
N.

Similarly, for
∥∥∥θ̃j ∂̃b̃∗i ũti − θj∂b∗i u

t
i/ij

∥∥∥
2p

we have∥∥∥θ̃j ∂̃b̃∗i ũti − θj∂b∗i u
t
i/ij

∥∥∥
2p

=
∥∥∥θj ∂̃b̃∗i ũti − θj∂b∗i u

t
i/ij

∥∥∥
2p

≲
∥∥∥∂̃b̃∗i ũti − ∂b∗i u

t
i/ij

∥∥∥
4p

≤
∥∥∥∂̃b̃∗i ũti − ∂b∗i u

t
i

∥∥∥
4p

+
∥∥∥∂b∗i uti − ∂b∗i u

t
i/ij

∥∥∥
4p
.

The first term is O(1/
√
N) by inductive hypothesis. For the second term, we can write∥∥∥∂b∗i uti − ∂b∗i u

t
i/ij

∥∥∥
4p

≤
∫ 1

0
dη
∥∥Xij∂Xij∂b∗i u

t
i(X

ij(η)
∥∥
4p

(40)

≲ 1/
√
N

again by Theorem 10. A similar proof to the above shows that∥∥∥ṽs−1
j ∂̃b̃si

ũti − vs−1
j/ij∂bsiu

t
i/ij)

∥∥∥
2p

≲ 1/
√
N

as well.
Next we show that we have ∥∥∥∂hsjhtj − ∂̃h̃sj

h̃tj

∥∥∥
p
≲ 1/

√
N.

Here we can write∥∥∥∂hsjhtj − ∂̃h̃sj
h̃tj

∥∥∥
p

≤
∥∥∥∂hsjgtj∥∥∥p +

∥∥∥∥∥
N∑
i=1

X2
ij

(
∂̃h̃sj

θ̃j ∂̃b̃∗i
ũti − ∂hsjθj∂b∗i u

t
i/ij +

t∑
s=1

(∂̃h̃sj
ṽs−1
j ∂̃b̃si

ũti − ∂hsjv
s−1
j/ij∂bsiu

t
i/ij)

)∥∥∥∥∥
p

+

∥∥∥∥∥
N∑
i=1

X2
ij

(
θj∂hsj∂b∗i u

t
i/ij +

t∑
s=1

vs−1
j/ij∂hsj∂bsiu

t
i/ij

)∥∥∥∥∥
p

+
∥∥∥∂hsj∆t

j

∥∥∥
p

≲
∥∥∥∂hsjgtj∥∥∥p + 1

N

N∑
i=1

(∥∥∥∂̃h̃sj θ̃j ∂̃b̃∗i ũti − ∂hsjθj∂b∗i u
t
i/ij

∥∥∥
2p

+
t∑

s=1

∥∥∥∂̃h̃sj ṽs−1
j ∂̃b̃si

ũti − ∂hsjv
s−1
j/ij∂bsiu

t
i/ij

∥∥∥
2p

)

+
1

N

N∑
i=1

(∥∥∥θj∂hsj∂b∗i uti/ij∥∥∥2p +
t∑

s=1

∥∥∥vs−1
j/ij∂hsj∂bsiu

t
i/ij

∥∥∥
2p

)
+
∥∥∥∂hsj∆t

j

∥∥∥
p

(41)
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The second and last terms above can be bounded in a completely analogous way to how we bounded
the corresponding terms in

∥∥∥htj − h̃tj

∥∥∥
p
. The summands in the third term above can similarly be

bounded since e.g. ∥∥∥θj∂hsj∂b∗i uti/ij∥∥∥2p ≲ ∥∥∥∂hsj∂b∗i uti/ij∥∥∥4p
≲ 1/

√
N

by Theorem 10. What remains is to bound the first term
∥∥∥∂hsjgtj∥∥∥p . To bound this term, we use the

same Taylor expansion as in (25). In this case we set

Vi1,...,ip(X) := (∂hsju
t−1
i1/i1j

) · · · (∂hsju
t−1
ip/ipj

). (42)

Following the same argument as in the proof of Theorem 10, we obtain∥∥∥∂hsjgtj∥∥∥pp
≲

p∑
q=0

∫
[0,1]q

q∏
ℓ=1

dηℓ
1

N (p+q)/2

∑
(i1,...,ip)∈Aq

∥∥∥∂Xi′1j
. . . ∂Xi′qj

Vi1,...,ip(X
{i′1,...,i′q},j(η1, . . . , ηq))

∥∥∥
p+1

.

We claim that, for each of the terms in the sum above, we have∥∥∥∂Xi′1j
. . . ∂Xi′qj

Vi1,...,ip(X
{i′1,...,i′q},j(η1, . . . , ηq))

∥∥∥
p+1

≲ (1/
√
N)p.

To prove this, it suffices to show that, for any way to distribute the partial derivatives ∂Xi′1j
, . . . , ∂Xi′qj

among the factors in (∂hsju
t−1
i1/i1j

), · · · , (∂hsju
t−1
ip/ipj

), every factor must have moments that are of or-

der 1/
√
N . Note first that, since Xi′k,j

has been set to zero in ∂hsju
t−1
i′k/i

′
kj
, we can assume that no

derivative ∂Xi′
k
,j

gets distributed to ∂hsju
t−1
i′k/i

′
kj
, since otherwise the corresponding term will be equal

to zero. But recall that the i′1, . . . , i
′
k are unique among i1, . . . , ip. Hence, any factors that get any

derivatives at all distributed to them must have moments that are ≲ 1/
√
N by Theorem 10. Mor-

ever, any term that doesn’t get any derivatives distributed to it is still being acted on by ∂hsj , and

hence again has moments that are O(1/
√
N) by Theorem 10. This proves that

∥∥∥∂hsjgtj∥∥∥pp ≲
p∑
q=0

1

N (p+q)/2
· |Aq| ·

1

Np/2

≲
1

Np/2
.

Plugging this back into (41), we obtain∥∥∥∂hsjhtj − ∂̃h̃sj
h̃tj

∥∥∥
p
≲ 1/

√
N,
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as desired.
To conclude the proof of Claim 19, we elaborate the inductive case for v. By Lipschitzness of

Gt, we have

∥∥vtj − ṽtj
∥∥
p
≲

t∑
s=1

∥∥∥hsj − h̃sj

∥∥∥
p

≲ 1/
√
N

by inductive hypothesis. Similarly, by chain rule we have∥∥∥∂hsjvtj − ∂̃h̃sj
ṽtj

∥∥∥
p

=
t∑

k=1

∥∥∥∂kGt(h1j , . . . , htj ; v0j , w̃1
j , . . . , w̃

t
j)∂hsjh

k
j − ∂kGt(h̃

1
j , . . . , h̃

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j)∂̃h̃sj

h̃kj

∥∥∥
p

≤
t∑

k=1

∥∥∥∂kGt(h1j , . . . , htj ; v0j , w̃1
j , . . . , w̃

t
j)∂hsjh

k
j − ∂kGt(h̃

1
j , . . . , h̃

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j)∂hsjh

k
j

∥∥∥
p

+
t∑

k=1

∥∥∥∂kGt(h̃1j , . . . , h̃tj ; v0j , w̃1
j , . . . , w̃

t
j)∂hsjh

k
j − ∂kGt(h̃

1
j , . . . , h̃

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j)∂̃h̃sj

h̃kj

∥∥∥
p

≲
t∑

k=1

∥∥∥∂kGt(h1j , . . . , htj ; v0j , w̃1
j , . . . , w̃

t
j)− ∂kGt(h̃

1
j , . . . , h̃

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j)
∥∥∥
2p

+
t∑

k=1

∥∥∥∂hsjhkj − ∂̃h̃sj
h̃kj

∥∥∥
2p

≲
t∑

k=1

t∑
k′=1

∥∥∥hk′j − h̃k
′
j

∥∥∥
2p

+
t∑

k=1

∥∥∥∂hsjhkj − ∂̃h̃sj
h̃kj

∥∥∥
2p

≲ 1/
√
N

by Theorem 10 and the inductive hypothesis. This concludes the proof of Claim 19.

Concentration of the coefficients. We now do the second simplification that will lead us to prove
Lemma 17. We will define yet another set of variables, this time denoted with a bar, which will be
equal to the variables with a tilde above, except they will have the terms

∑N
i=1X

2
ij∂b∗i u

t
i(X

ij) and∑N
i=1X

2
ij∂bsiu

t
i(X

ij) replaced by their limiting expectation.
We set θ = θ,v0 = v0, b

∗
= b∗. Moreover, for t = 1, . . . , T, we let

b
t
i = ztj +

∑t−1
s=1 u

s
iαEνT−1∂hsv

t−1 ∀i ∈ [N ]

uti = Ft(b
∗
i , b

1
i , . . . , b

t
i;w

1
i , . . . , w

t
i) ∀i ∈ [N ]

h
t
j = gtj + θjEµT ∂b∗ut +

∑t
s=1 v

s−1
j EµT ∂bsut ∀j ∈ [d]

vtj = Gt(h
1
j , . . . , h

t
j ; v

0
j , w̃

1
j , . . . , w̃

t
j) ∀j ∈ [d]

,

where the partial derivatives ∂ are defined in the same way as ∂̃. As we show next, the variables
with a bar and with a tilde are close.
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Claim 20 Recall we are assuming all links in the chain of Section A.3.3 are valid up to and not
including (29), (31) at step T. The following hold for every i ∈ [N ] and j ∈ [d], and t ≤ T :

lim
∥∥∥b̃ti − b

t
i

∥∥∥
2
= 0

lim
∥∥∥h̃tj − h

t
j

∥∥∥
2
= 0.

Proof The proof is again by induction in t = 1, . . . , T. At each step, we assume that, for all times
s < t, we have

lim
∥∥∥b̃si − b

s
i

∥∥∥
2
= 0

lim
∥∥∥h̃sj − h

s
j

∥∥∥
2
= 0,

and we aim to prove this at time t, as long as t ≤ T. Since the proofs of both of the statements above
are analogous, we carry out explicitly the proof of the first claim only.

As a first step, note that by construction of the variables with tilde above, for s ≥ 1 and i ∈ [N ],
the quantities ∂̃h̃sj ṽ

t−1
j can be written as (recursively-defined) C∞

1b functions of the fields {h̃rj}sr=1.

Call these functions ϕt, such that ∂̃h̃sj ṽ
t−1
j = ϕt(h̃

1
j , . . . , h̃

t−1
j ). Note that for j ̸= j′ ∈ [d], we have

Cov(∂̃h̃sj
ṽt−1
j , ∂̃h̃s

j′
ṽt−1
j′ ) = Cov(ϕt(h̃

1
j , . . . , h̃

t−1
j ), ϕt(h̃

1
j′ , . . . , h̃

t−1
j′ ))

≤ Cov(ϕt(h
1
j , . . . , h

t−1
j ), ϕt(h

1
j′ , . . . , h

t−1
j′ )) +O(1/

√
N)

≲ 1/
√
N

where in the first inequality we used Claim 19 and in the second one we used (31) at step t− 1.
Now we have

Var

 d∑
j=1

X2
ij ∂̃h̃sj

ṽt−1
j

 ≲
1

N
+N2max

j ̸=j′
Cov(X2

ij ∂̃h̃sj
ṽt−1
j , X2

ij′ ∂̃h̃s
j′
ṽt−1
j′ )

and, for j ̸= j′,

N2Cov(X2
ij ∂̃h̃sj

ṽt−1
j , X2

ij′ ∂̃h̃s
j′
ṽt−1
j′ ) ≤ N2|Cov(X2

ij ∂̃h̃sj
ṽt−1
j ,

1

N
∂̃h̃sj

ṽt−1
j )|

+ |Cov(∂̃h̃sj ṽ
t−1
j , ∂̃h̃s

j′
ṽt−1
j′ )|+N2|Cov( 1

N
∂̃h̃s

j′
ṽt−1
j′ , X2

ij′ ∂̃h̃s
j′
ṽt−1
j′ )|.

The middle term vanishes as stated above, so we need to control the first and third term, which are
analogous, so we focus on the first term. We have

N2|Cov(X2
ij ∂̃h̃sj

ṽt−1
j ,

1

N
∂̃h̃sj

ṽt−1
j )| ≲ 1/

√
N +N2|Cov(X2

ij∂hsjv
t−1
j ,

1

N
∂hsjv

t−1
j )|

≲ 1/
√
N +N2|Cov(X2

ij∂hsjv
t−1
j/ij ,

1

N
∂hsjv

t−1
j/ij)|

= 1/
√
N + |Cov(∂hsjv

t−1
j/ij , ∂hsjv

t−1
j/ij)|
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≲ 1/
√
N + |Cov(∂hsjv

t−1
j , ∂hsjv

t−1
j )|

≲ 1/
√
N + |Cov(∂̃h̃sj ṽ

t−1
j , ∂̃h̃sj

ṽt−1
j )|

≲ 1/
√
N + |Cov(ϕt(h1j , . . . , ht−1

j ), ϕt(h
1
j′ , . . . , h

t−1
j′ ))|

→ 0,

where we have again used Claim 19 and the inductive hypothesis (31). This shows that

Var

 d∑
j=1

X2
ij ∂̃h̃sj

ṽt−1
j

→ 0. (43)

Moreover, by inductive hypothesis, we have∣∣∣∣∣∣E
d∑
j=1

X2
ij ∂̃h̃sj

ṽt−1
j − αEνT−1∂hsv

t−1

∣∣∣∣∣∣ ≲
∣∣∣∣∣∣E

d∑
j=1

X2
ij∂hjv

t−1
j − 1

N

d∑
j=1

E∂hjv
t−1
j

∣∣∣∣∣∣+ 1/
√
N

≲

∣∣∣∣∣∣E
d∑
j=1

X2
ij∂hjv

t−1
j/ij −

1

N

d∑
j=1

E∂hjv
t−1
j/ij

∣∣∣∣∣∣+ 1/
√
N

= 1/
√
N (44)

From (43), (44) and the fact that

∥ũsi − usi∥2 =
∥∥∥Ft(b̃∗i , b̃1i , . . . , b̃ti;w1

i , . . . , w
t
i)− Ft(b

∗
i , b

1
i , . . . , b

t
i;w

1
i , . . . , w

t
i)
∥∥∥
2

→ 0

by inductive hypothesis, we conclude
∥∥∥b̃ti − b

t
i

∥∥∥
2
→ 0, as desired.

Conclusion of Proof of Lemma 17. To conclude the proof of Lemma 17, note that combining
Claim 19 and Claim 20, we have, for all i ∈ [N ], j ∈ [d],

lim
∥∥∥bti − b

t
i

∥∥∥
2
= 0

lim
∥∥∥htj − h

t
j

∥∥∥
2
= 0.

Moreover, from the definition of h
t
j ,we have that there exists a (recursively defined) function ϕ̃ such

that

ϕ({htj}Tt=1; v
0
j , θj , {w̃tj}Tt=1) = ϕ̃({gtj}Tt=1; v

0
j , θj , {w̃tj}Tt=1)

This proves (35). Moreover, by construction,

Eϕ̃({gt}Tt=1; v
0, θ, {w̃t}Tt=1) = EνT ϕ({h

t}Tt=1; v
0, θ, {w̃t}Tt=1).

This proves (36), as desired.
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A.3.7. PROOF OF LEMMA 18

Let {X̃t
ij}i∈[N ],j∈[d],t∈[T ] be centered, jointly Gaussian random variables with covariance EX̃s

ijX̃
t
i′j′ =

δii′δjj′
1
NEusiuti, independent of X and of everything else, and define

g̃tj =
N∑
i=1

X̃t
ij .

We will prove proving that, for every C∞
1b function Ψ : R2×(2T+2) → R, and every j ̸= j′, we have

lim|EΨ({gtj}Tt=1, {gtj′}Tt=1; v
0
j , θj , {w̃tj}Tt=1, v

0
j′ , θj′ , {w̃tj′}Tt=1)

− EΨ({g̃tj}Tt=1, {g̃tj′}Tt=1; v
0
j , θj , {w̃tj}Tt=1, v

0
j′ , θj′ , {w̃tj′}Tt=1)| → 0.

From now on, to avoid clutter, we wrote the above as

lim|EΨ({gtj}Tt=1, {gtj′}Tt=1)− EΨ({g̃tj}Tt=1, {g̃tj′}Tt=1)| → 0, (45)

making the dependence on the other variables implicit in the notation. Note that, once we have (45),
choosing Ψ({xt}Tt=1, {yt}Tt=1) = ϕ({xt}Tt=1) and Ψ({xt}Tt=1, {yt}Tt=1) = ϕ({xt}Tt=1)ϕ({yt}Tt=1)
shows that it suffices for us to show (37), (38) with g̃ in place of g. But (38) is trivially true for g̃
since g̃tj and g̃tj′ are independent. Moreover, by exchangeability we have

Eg̃sj g̃tj =
1

N

N∑
i=1

Eusiuti

= EµT u
sut + o(1)

by inductive hypothesis, since uti is a C∞
1b function of the fields b∗i , b

1
i , . . . , b

t
i. This proves (37).

Hence, to conclude the proof it suffices to show (45). Similar to the base case, we consider an
interpolation: for 0 ≤ k ≤ N, we define

St,kj =
k∑
i=1

Xiju
t
i/ij +

N∑
i=k+1

X̃t
ij

St,−kj =
k−1∑
i=1

Xiju
t
i/ij +

N∑
i=k+1

X̃t
ij

so that St,Nj = gtj and St,0j = g̃tj . We now need the following additional lemma, which is also
proved at the end of the section. We state the lemma for the second moments because that’s all we
need, but the lemma in fact holds true for all moments.

Claim 21 Let St,kj , St,−kj be defined as above, with the Xij being any σ√
N

-subgaussian random
variables. Then, for every t ≥ 1 independent of N and j, j′ ∈ [d], k ∈ [N ], including j = j′, we
have ∥∥∥St,kj ∥∥∥

2
≲ 1∥∥∥∂Xkj′S

t,−k
j

∥∥∥
2
≲ 1/

√
N.
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Telescoping, for j ̸= j′, we have

|EΨ({gtj}Tt=1, {gtj′}Tt=1)− EΨ({g̃tj}Tt=1, {g̃tj′}Tt=1)|

≤
N∑
k=1

|EΨ({St,kj }Tt=1, {S
t,k
j′ }

T
t=1)− EΨ({St,k−1

j }Tt=1, {S
t,k−1
j′ }Tt=1)|.

Now we expand the above around {St,−kj }Tt=1, {S
t,−k
j }Tt=1. To avoid clutter, below we write Ψ−k =

Ψ({St,−kj }Tt=1, {S
t,−k
j }Tt=1) and, for t = 1, . . . , 2T ,

j(t) =

{
j if t ≤ T

j′ if T < t ≤ 2T.

We have

|EΨ({St,kj }Tt=1, {S
t,k
j′ }

T
t=1)−EΨ({St,k−1

j }Tt=1, {S
t,k−1
j′ }Tt=1)|

≲
2T∑
t=1

|E(∂tΨ−k) · (Xkj(t)u
t
k/kj(t) − X̃t

kj(t))|

+
2T∑
s,t=1

|E(∂s∂tΨ−k) · (Xkj(s)Xkj(t)u
s
k/kj(s)u

t
k/kj(t) − X̃s

kj(s)X̃
t
kj(t))|

+N−3/2, (46)

where, to bound the last term by ≲ N−3/2, we have used Claim 21 and the Lipschitzness of Ψ. We
now want to show each of the terms in the two sums above are also ≲ N−3/2. We begin with a
term in the first sum, assuming without loss of generality that t ≤ T. Since X̃kj is independent of
everything else, we have

|E(∂tΨ−k) · (Xkju
t
k/kj − X̃kj)| = |E(∂tΨ−k) ·Xkju

t
k/kj |.

Expanding around Xkj = 0 and using Claim 21, we have

|E(∂tΨ−k) ·Xkju
t
k/kj |

≲ |E(∂tΨ−k)(X{kj}) ·Xkju
t
k/kj |+ |E(∂Xkj

∂tΨ
−k)(X{kj}) ·X2

kju
t
k/kj |+N−3/2

≲
1

N
E|(∂Xkj

∂tΨ
−k)(X{kj})|+N−3/2,

where in the second step we have used that the first term is equal to zero. Now ∂tΨ is a smooth
function with all non-zero derivatives uniformly bounded. Hence

E|(∂Xkj
∂tΨ

−k)(X{kj})| ≲
T∑
t=1

∥∥∥∂Xkj
St,−kj

∥∥∥
2
+
∥∥∥∂Xkj

St,−kj′

∥∥∥
2

≲ 1/
√
N
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by Claim 21. This proves that the terms in the first sum of (46) are ≲ N−3/2. For the second term,
the situation is simpler: using Claim 21, we have

|E(∂s∂tΨ−k) · (Xkj(s)Xkj(t)u
s
k/kj(s)u

t
k/kj(t) − X̃s

kj(s)X̃
t
kj(t))|

≲ |E(∂s∂tΨ−k(X{kj(s),kj(t)}) · (Xkj(s)Xkj(t)u
s
k/kj(s)u

t
k/kj(t) − X̃s

kj(s)X̃
t
kj(t))|+N−3/2

≲
1

N
|δj(s)j(t)E[usk/kj(s)u

t
k/kj(t)]− δj(s)j(t)E[uskutk]|+N−3/2

≲ N−3/2,

where we have used Theorem 10 in the last step. This proves (45), completing the proof of
Lemma 18 and hence of Theorem 6.

To conclude, we prove Claim 21.
Proof [of Claim 21] We have∥∥∥St,kj ∥∥∥

2
≤

∥∥∥∥∥
k∑
i=1

Xiju
t
i/ij

∥∥∥∥∥
2

+

∥∥∥∥∥
N∑

i=k+1

X̃t
ij

∥∥∥∥∥
2

.

The second term satisfies ∥∥∥∥∥
N∑

i=k+1

X̃t
ij

∥∥∥∥∥
2

2

=
1

N

N∑
i=k+1

∥∥uti∥∥22 ≲ 1

by Theorem 10. The first term on the other hand is bounded in the same way that we bounded∥∥∥∥∥
N∑
i=1

Xij∂hsju
t
i/ij

∥∥∥∥∥
p

p

in the proof of Claim 19 above. Next, again using the same expansion as in the proof of Claim 19,
we have∥∥∥∂Xkj′S

t,−k
j

∥∥∥2
2
= E

(
k−1∑
i=1

Xij∂Xkj′u
t
i/ij

)2

=
k−1∑
i=1

EX2
ij(∂Xkj′u

t
i/ij)

2 +
∑

1≤i ̸=i′<k
EXijXi′j(∂Xkj′u

t
i/ij)(∂Xkj′u

t
i′/i′j)

≲ 1/N +

∫ 1

0

∫ 1

0
dηdη′

∑
1≤i ̸=i′<k

EX2
ijX

2
i′j(∂Xij∂Xi′j )(∂Xkj′u

t
i/ij)(∂Xkj′u

t
i′/i′j)(X

{i,i′},j(η, η′))

= 1/N +

∫ 1

0

∫ 1

0
dηdη′

∑
1≤i ̸=i′<k

EX2
ijX

2
i′j(∂Xi′j∂Xkj′u

t
i/ij)(∂Xij∂Xkj′u

t
i′/i′j)(X

{i,i′},j(η, η′))

≲ 1/N

by Theorem 10, since i, i′ and k are all distinct, i and i′ are isolated in the graphs of ∂Xi′j∂Xkj′ and
∂Xij∂Xkj′ , respectively. This concludes the proof.
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Appendix B. Subgaussian and subexponential random variables

Here we state a few standard facts about subgaussian and subexpoential random variables that we
use throughout our proofs. All proofs can be found in standard texts, e.g. Vershynin (2018). In the
lemmas below, for simplicity and without loss of generality, we take all the absolute constants to be
the same, denoted by C.

Definition 22 Let X be a random variable in R. We call the quantities

∥X∥ψ1
:= inf{t > 0 : EeX/t ≤ 2}

∥X∥ψ2
:= inf{t > 0 : EeX

2/t2 ≤ 2}

in R+ ∪ {∞} the subexpotential and subgaussian norms of X , respectively.

Lemma 23 For every pair of random variables X,Y in R, we have

∥XY ∥ψ1
≤ ∥X∥ψ1

∥Y ∥ψ2
.

Lemma 24 There exists a universal constant C > 0 such that the following holds. For every
random variable X in R and p ≥ 1, we have

∥X∥p ≤ C ∥X∥ψ1
p

∥X∥p ≤ C ∥X∥ψ2

√
p.

Lemma 25 There exists a universal constant C > 0 such that the following holds. Suppose
X1, . . . , Xn are independent, centered random variables. Then we have∥∥∥∥∥

n∑
i=1

Xi

∥∥∥∥∥
2

ψ2

≤ C

n∑
i=1

∥Xi∥2ψ2∥∥∥∥∥
n∑
i=1

Xi

∥∥∥∥∥
2

ψ1

≤ C
n∑
i=1

∥Xi∥2ψ1
.

36


	Introduction
	Gradient Descent for Generalized Linear Models Example
	General First Order Methods
	DMFT Equations
	Main Result
	Notation

	Proof Approach: Dynamical Cavity Method
	Smooth Approximation
	Dynamical Cavity Method Derivation of DMFT Equations
	Key Technical Theorem: Derivative Bounds

	Remaining Proofs
	Smooth Approximation: Proof of prop:smooth-approximation
	Derivative Bounds: Proof of thm:derivative-bounds
	Proof of Main Result
	Reduction to thm:main-strong
	Reduction to Fields
	Induction Outline
	Base Case
	Inductive Case
	Proof of lem:inductive-case-lemma1
	Proof of lem:inductive-case-lemma2


	Subgaussian and subexponential random variables

