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Abstract

Dynamical Mean Field Theory (DMFT) provides an asymptotic description of the dynamics of
macroscopic observables in certain disordered systems. Originally pioneered in the context of spin
glasses by Sompolinsky and Zippelius (1982), it has since been used to derive asymptotic dy-
namical equations for a wide range of models in physics, high-dimensional statistics and machine
learning. One of the main tools used by physicists to obtain these equations is the dynamical cavity
method, which has remained largely non-rigorous. In contrast, existing mathematical formaliza-
tions have relied on alternative approaches, including Gaussian conditioning, large deviations over
paths, or Fourier analysis. In this work, we formalize the dynamical cavity method and use it to give
a new proof of the DMFT equations for General First Order Methods, a broad class of dynamics
encompassing algorithms such as Gradient Descent and Approximate Message Passing.
Keywords: Dynamical Mean Field Theory, Spin Glass Dynamics, Exact Asymptotics.

1. Introduction

Dynamical Mean Field Theory (DMFT) is a framework for analyzing the high-dimensional behav-
ior of dynamics in disordered systems, such as those coming from high-dimensional statistics and
machine learning. Originating in the physics of spin glasses Sompolinsky and Zippelius (1982);
Cugliandolo and Kurchan (1993), DMFT provides closed, finite-dimensional equations for the evo-
lution of macroscopic observables —empirical and population risks, correlation with a planted sig-
nal, etc.— along trajectories that are themselves high-dimensional. In recent years, these ideas have
been used in a wide variety of statistical and machine learning applications, where algorithms such
as Gradient Descent, Approximate Message Passing (AMP) and Power Iteration are often described,
in suitable asymptotic regimes, by DMFT-type equations.

Despite its success, the methodological approaches to DMFT of different communities remain
disparate. In the physics literature, a major derivation technique is the dynamical cavity method,
where one isolates a coordinate and does a perturbative expansion of the rest of the system with
respect to the effect of this coordinate to calculate how the system “reacts” to its presence Mézard
et al. (1987). This approach is powerful and flexible but non-rigorous. By contrast, existing math-
ematical approaches have largely relied on different formalisms: Gaussian conditioning arguments
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Bolthausen (2014); Bayati and Montanari (2011); Celentano et al. (2020, 2021); Yang and Hu
(2021); Gerbelot et al. (2024), pathwise large deviations Arous and Guionnet (1995, 1997); Guion-
net (1997); Ben Arous et al. (2006); Grunwald (1996), or Fourier methods Bayati et al. (2015);
Jones and Pesenti (2024). Notably, Bao et al. (2025); Han (2025) follow an approach that is concep-
tually similar to the dynamical cavity method, but their proof works by first analyzing the dynamics
of AMP and then reducing other DMFT equations to this case, an approach also used in Celentano
et al. (2020, 2021); Dudeja et al. (2024). The dynamical cavity method instead treats both of these
cases in a unified way: the only difference is that in the case of AMP, the perturbative expansion
vanishes after the zeroth order term, while in the general case the first-order term also survives.

This paper gives a rigorous version of the dynamical cavity method and uses it to re-derive the
DMEFT equations for a broad algorithmic class known as General First Order Methods (GFOM)
Celentano et al. (2020). GFOM provides a unified template that captures a wide range of iterative
procedures, including (variants of) Gradient Descent, AMP, Power Iteration, and related algorithms
that alternate between multiplication by a random matrix and its transpose, and coordinate-wise
nonlinearities and external randomness.

1.1. Gradient Descent for Generalized Linear Models Example

To introduce the model that we study, we begin by presenting the special case of Gradient Descent
for a Generalized Linear Model (GLM), which will motivate the general definition.

GLM Setup. The setting is the standard one for supervised learning: we have covariate-label
pairs (x;,y;) fori = 1,..., N, where ; € R? and y; € R. We assume that the pairs (z;, ;)
are i.i.d. across ¢ and that y; depends on x; only through its inner product with a planted signal
vector & € R%. Without loss of generality, we can assume that there exists a measurable function
g : R? — R (on which we will later impose regularity conditions) and a noise vector w ~ N (0, I )
such that

y = g(X0;w).

Above, y = (y1,...,yn), X € RNV*? s the data matrix with rows ;, and it’s understood that g is
applied coordinate-wise, i.e., g(X0; w) € RV with g(X0;w); = g({x;, 0) ;w;).

The goal is to find some v € R such that the map = + (x, v) is “close” to  — (=, 8) . For
this purpose, given some (appropriately regular) loss function £ : R> — R, we aim to minimize the
empirical risk

N
R(v) =Y ({mi, v), i)
i=1
We do this by Gradient Descent (GD), starting from a random v° € R? and iterating
vl =0 —pVR(v') (1)

for some learning rate 7 > 0. Note that the gradient of the risk can be written as

N
VR(v) = Z ol({zi,v) , yi);
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= XTo0(Xv,y).

Above, 0;¢ denotes the partial derivative of ¢ with respect to the first coordinate, which maps R? —
R, and it’s being applied coordinate-wise to each pair ((Xwv);,y;) fori = 1,..., N to obtain a vector
in R™V. For the rest of the paper, we use this coordinate-wise notation without explicit mention.

What we Aim to Describe. Under suitable assumptions (see Section 1.4), the DMFT equations
describe the evolution of various macroscopic observables in the iteration (1). For example, they
can be used to compute the limiting normalized empirical risk at step ¢

1
t__ 7: t
= gim R,

or the overlap between any two GD iterates
Csy = lim 1 <'v5, 'vt>
’ N—oo N
as well as many other quantities of interest along the GD trajectory. To do this, the key objects are
joint empirical measures of the vectors v, y and
bt = X' L
Indeed, note that r* is a functional of the empirical measure % Zf\; 1 6(b§+17yi) and {Cs s h<si<T

is a functional of the empirical measure é Z;l:l 5(1;1. WT)- The DMFT equations will give exact
L]

asymptotic descriptions of these empirical measures, and hence of 7!, Cs ;, and any other functional.
However, in order for the equations to close, it’s convenient to work in a larger space of variables,
describing a richer empirical measure object, and then obtaining these more specialized quantities
as projections. This is what motivates the formulation of the general model that we analyze. We first
write the iteration (1) in this language, and in the next section present the general model abstractly.

GFOM Formulation of Gradient Descent. We introduce the additional vectors
ul = 00(Xvt L y)
=01l(b',y) e RY
and
h! = XTu! = VR(v'™) e R

Now recall that we have y = ¢(X0,w). Defining b* = X6 and absorbing 0;¢ and ¢ into one
function, there exists a function F : R? — R such that

u' = F(b*,b'; w).
Moreover, we have
T
so there exists a function G : RY — R such that
vl = Gy(h', ... A0,

Overall, we can re-write the iteration (1) in the following form.
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« Initialize 9, v° € R, b* = X0 € RY.

e Fort=1,...,let

bt = Xov'! e RN
= F(b*,b"; w) eRY
ht = XTu! € R? ?)

vt = Gy(hY,... ht;0%) e R%

To close the DMFT equations, it will be useful for us to describe the full joint empirical measures
of 0, {h'}L |, {v'}L , and b*, {b'} L, {u'} L, respectively.

1.2. General First Order Methods

We now present the General First Order Methods (GFOM) model, first introduced in Celentano et al.
(2020), which is a generalization of the iteration (2) that also captures algorithms like Approximate
Message Passing, Power Iteration, and many others.

Definition 1 Let X € RV*4 9,00 ¢ R4 b* = X0 € RN. Fort = 1,..., suppose w' €
RN wt € R?, and Fy, Gy : R?*+1 — R. The GFOM orbit is the iteration

bt = Xoi! e RN
u' = Fy(b*,b',... ,bw, ... w') cRY 3)
ht = XTu! € R4
vl =Gy(h', ... hLY0 Wl .. W) e RL
In our notation, we will often write u' = Fy(b*,b',... b') and vt = Gy(h', ..., ht), making the

dependence on w,w and v° implicit.

1.3. DMFT Equations

In this section we present the DMFT equations for the GFOM model of Definition 1. These equa-
tions will hold under some assumptions on the distribution of the data matrix X, the noise vectors
w, 0, the initializations @, v°, and the functions F}, G;. For now, we state the equations, mention-
ing these assumptions only as they are needed for the statement. We refer the reader to Section 1.4
for a formal statement with all assumptions explicitly stated.

We assume throughout that o := d/N is a fixed constant. Given a time horizon 7' > 0, the
DMFT equations will describe a pair of probability measures vy and pp in R?7+2 and R?7+1,
respectively. Under appropriate assumptions, we will prove that they are limits of the empirical
measures

d
1
VN = 5 200, k(o) @)
7j=1
N
Z% A {ut} ) &)
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respectively (see Section 1.4). We will define v and pr as the laws of explicit effective processes
(0, {RyE |, {v'}E) and (6%, {b'}E |, {u!}L ), respectively, which we will specify via sampling
procedures. Moreover, these processes will be defined inductively in 7.

We will assume that the entries (6;, v?) are sampled i.i.d. across j = 1,...,d from a fixed,
known measure. Hence, vy must be set equal to this measure for it to be a limit of (4). Then we set

b* ~ N(0, aE(g 40y [07]) (6)

and pp = Law(b*). This determines the base case 7' = 0. For T' > 1, to define pp we assume vp_q
has already been defined. We sample a centered Gaussian vector (b*, 2!, ..., 2T) with covariance

(:(-.)V(b*7 Zl, o e ,ZT) =« COVVT_l (97 'UO, M 7/UT_1)7 (7)

where the right-hand side means the covariance of (6, °, ..., v"~1) when (0, {h*}] !, {v'} ') ~
vr_1. Independently of (b*, 2!, ..., 27), we sample (w', ..., w") ~ N(0,I7),andfort = 1,...,T,
we set

{bt =2+ aY T R, [Opsvt el ®

ul = F(b*, 0%, ..., bhwt, ... wh).
Finally, we set up = Law(b*, {b'}_;, {u!}L ;).
To define v, we assume that p7 has already been defined. Here we sample (UO, 0) ~ v and,
independently, a centered Gaussian vector (g', ..., g”) with covariance

Cov(gl,...,g7) = COVNT(ul,...,uT). ©)]

Then, independently of v°,60,¢',..., g7, we sample (w',...,w") ~ N(0,Ir), and for t =
1,...,T, we set

{ht = gt + By [0pul]0 + Yty By [Opsut]os (10)

vt = Gy(hY, ... R0 @ L),
Finally, we set vy = Law(6, {h'}_;, {v'}1,).

Remark 2 In (8) and (10), the expressions Opsv'™t, Op-ul and Opsu® are defined recursively. For
instance Oysu is recursively defined as follows:

t
Oput = D1 Fy(b*, b1, .. 0) Do

k=1
k—1
Opsb* =1{s =k} + D Epp_, [0prv* |Opsu"

where 011 means derivative with respect to the k + 1’th input variable to F;. The expressions
Opsv' =1 and Oy-ul are defined analogously.
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1.4. Main Result

We begin by stating the assumptions needed for our main theorem. Below, we assume o > 0 is a
constant independent of V.

(A1) The entries of X are sampled i.i.d. from a o/ v/N-subgaussian measure with mean zero and
variance 1/N.

(A2) The entries of v°,0 € R? are i.i.d. (05, v?) ~ 1p and independent of X, where 1y is o-
subgaussian.

(A3) The functions Fy, G are L-Lipschitz, where L is a constant independent of V.

t t

(A4) The noise vectors w
iid. N(0,1).
We note that the example of gradient descent with a quadratic loss satisfies assumption (A3). As it

turns out, the last assumption is without loss of generality. Assuming the noise to be Gaussian is
done for convenience. We can now state our main theorem.

Theorem 3 Suppose assumptions (A1)-(A4) hold in Definition 1. Let T' > 0, and fix L-Lipschitz

functions ¢ : R?TT2 — Rand ¢ : R?TT! — R. Let vr,N, TN be as in (4), (5), respectively and
vy, pr be defined by DMFT equations (6)-(10). Then as N,d — oo with d/N = « fixed, we have

,w" are independent of each other and of everything else, with entries

in probability.

Remark 4 Note that we are imposing only Lipschitzness on the non-linearities F;, Gy, yet in equa-
tions (8), (10) there are expectations of derivatives of these functions. These derivatives can be
understood in the weak (distributional) sense. Equivalently, one can consider a mollifier (i, :
R%+1 — R like the centered Gaussian density in R**1 with covariance eIy 1, and replace the
Sfunctions Fy, Gy by Fy . = Fy*(i e, Gt e = Gy x(y ¢, respectively. The equations (6)-(10) can then be
solved to obtain measures vy, jir . Finally, the measures vr, T can be defined as (weak) limits
of Ure, T ¢, respectively, as € — 0. The fact that this is well-defined and doesn’t depend on the
choice of mollifier is a standard exercise.

1.5. Notation

We use bold font to denote quantities of diverging dimension as N — oo, which we call high-
dimensional, to distinguish them from quantities of constant (in N) dimension, which we call low-
dimensional. For instance, the vectors of Definition 1 are high-dimensional, while the effective
processes defined in Section 1.3 are low-dimensional. Following spin glass terminology, we call the
matrix X the disorder and its entries the disorder variables. We refer to the entries of the vectors
in the iteration of Definition 1 as dynamical variables, and specifically to the entries of b and h as
fields. We use C7} to denote the class of functions from R* — R for some k which are C with all
partial derivatives of non-zero order uniformly bounded. We use the notation < to denote inequality
up to a multiplicative constant that’s independent of N. Finally, given a random variable X and
p > 1, we use the notation || X ||, := E[| X |P]}/P.
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2. Proof Approach: Dynamical Cavity Method

In this section we describe our proof approach, which is the main technical novelty of the paper. Our
proof can be viewed as a formalization of the dynamical cavity method, a powerful non-rigorous
tool coming from physics that allows one to quickly derive DMFT equations like (6)-(10).

2.1. Smooth Approximation

To carry out the cavity derivation, we will need to assume that all functions we deal with are suf-
ficiently regular. The following proposition allows us to assume this without loss of generality. Its
proof, which follows (Chen and Lam, 2021, Proposition 4.1), is deferred to Section A.1.

Proposition 5 7o prove Theorem 3, it suffices to prove it in the special case where the test functions
¢, and the non-linearities Fy, Gy are all C;.

For the case of C7; functions, we now state a stronger version of Theorem 3 which better lends
itself to the dynamical cavity method proof approach. In Lemma 14 in the appendix we show that
the theorem below implies Theorem 3.

Theorem 6 Suppose assumptions (A1)-(A4) hold in Definition 1. Let T > 0, ¢ : R?T+2 — R and
P R2THL 5 R. Suppose all of ¢, 1, Fy, Gy are Oy, and let vy, it be defined by DMFT equations
(6)-(10). Then as N,d — oo with d/N = « fixed, the following hold.

1. Foralli € [N],j € [d], we have

lim [Ee (05, {h5 1, {viHo) — Eupd(0,{h' ), (0"} ) =0 (11)
lim B (b5, {bf 2y, {uftimy) — Eupp (0%, {0}y, {u'} ) = 0. (12)

2. Foralli #1i € [N]andj # j € [d], we have

lim |Cov (¢(6;, {h: 1y, {vi =), ¢(0;, {ht Y1, {0l 1 g))
lim |Cov (¢ (b5, {bf}_y, {uf 1), (b5, {bl Iy, {ul} o))

0 (13)
=0. (14)

In words, the joint laws of the tuples (6;, {h}}{_, {v}{Z) and (b}, {bi}[_;, {ul}/_,) converge to
v, lr, respectively, in the sense of C7} test functions, and different coordinates become asymptot-
ically independent.

2.2. Dynamical Cavity Method Derivation of DMFT Equations

In this section we carry out the derivation of the DMFT equations by the dynamical cavity method.
A non-rigorous version of this derivation is well-known in physics (see e.g. Mézard et al. (1987)),
and is one of the main ways physicists derive these equations in the first place. We present the
method in a way that closely follows our proof of Theorem 6, which will be carried out in detail
in Section A.3. In this section we focus on the proof ideas and omit several technical details. For
brevity, we only derive the form of the field b’ in (8); the derivation for A! in (10) is analogous, and
the equations of u?, v in (8), (10) follow from those of b', hf, respectively, and Definition 1.
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Warmup: Gaussian Fields Ansatz. To motivate the derivation, we begin by considering an (in-
correct) ansatz that quickly leads to a wrong but instructive version of equations (6)-(10). The fixing
of this ansatz will naturally lead us to the cavity method.

From Definition 1, we have

d
t_ t—1
bi = Z Xijv;
j=1
Consider the ansatz that the vector { X; };1 | is approximately independent of 8, v°, v!, ... vT. If

this is true, conditional on v‘~!, by CLT, bl is approximately Gaussian with variance

d
1 _
Var(btjv'™1) ~ N E (vt- H2,
1

]7

If we further assume that the entries of v'~! are approximately independent, the above will concen-
trate with respect to the randomness of v'~! and we will have

d
ZE
j=

= aE(o})?,

Var( bt

Z\H

where we have used exchangeability of the coordinates of v'~!. Now if we inductively (in ¢) assume
that Law (v 1) ~ Law,,._, (v!1), this yields

Var(b}) ~ o, (v'™1)%

The same argument as above, applied to the whole vector (b%, b1, ..., bT"), yields that this vector is
approximately Gaussian with covariance

Cov(b},b},...,bF) ~ aCov,,._,(0,0°,...,vT71).

1070

Note that this is the same as (7), except in (7) the left-hand side has the Gaussian terms z! only

instead of the full fields b*. What’s missing in this derivation is the non-Gaussian terms that appear in

b' in (8) in addition to 2. These must arise due to dependence between {Xij }?:1 and 0,2°,... vT.

Dynamical Cavity Method Proof Sketch. How do the entries vj._l depend on {X; }?:1?. Recall

that U;-_l depends on X through the fields A7 for s = 1,...,¢ — 1, and from the definition of /7 we
have

N
h;: E X,-/juf,
i'=1

s § : s
= Xijui + Xi/jui,.
i #i

15)

In other words, h} has an explicit dependence on Xj;; it also depends implicitly on { X} eld\{j}
through the variables u®. The idea of our formal version of the dynamical cavity method is to
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do a Taylor expansion of the dynamical variable ’u;_l with respect to the disorder variable X;;
which is driving this explicit dependence. In a nutshell, the zeroth order term in the expansion
(which no longer has this explicit dependence) will give rise to the Gaussian terms 2!, the first
order term will yield the non-Gaussian terms of (8), and the higher order terms will vanish as
N — oo. This essentially follows the physicist’s dynamical cavity method in a rigorous way. The
key technical ingredient in making this rigorous will be to prove sharp bounds on certain derivatives
of the variables v;, h;, u;, b;; see Section 2.3.

Concretely, making the dependence of v§_1 on the disorder explicit in the notation, defining X%/

to be equal to X on all entries except for XZ]] = 0, and letting X% () = (1 —n) X% + 71X, we have

1
LX) ZX26X“11§ LX) + 2/ dn(1—n Z 0%, 05 (XY ().

(16)

We will show that the third term is O(1/v/N) and can therefore be ignored. For the second term,
we note that the iteration of Definition 1 up to time ¢ — 1 depends on X;; only through the variables
b7, b; and h7, where X;; appears multiplied by 0;, v;f_l and u;, respectively, for s = 1,...,¢t — 1.
Hence, by chaln rule we can write

Ox,,;v “HXY) = (0 ab*v (X”)—}—Zv?il(?bfv; LX) ) Zu (9hsvt Lxw).

s=1

We will show that the parenthesized term is also O(1/v/N) and can therefore be ignored. This
yields

d t—1 d
b~ Xyl TN XT) 3 D X Ol (XY | g (17)
j= s=1 \ j=1

To conclude the proof of (8), two main ingredients remain. First, we must show that the parenthe-
sized term concentrates. Once we have this, note that

d
EY X7 0hsvy (XY ZE@hsvt LX)
j=1
~ a]E@hivl

- t—1
~ aBy,_ Opsvy 7,

where the last two steps can be justified by derivative bounds and an induction argument, respec-
tively. Second, we must show that the first term in (17) is approximately Gaussian. This will be
done by a Lindeberg argument, where we replace the disorder variables { X; };;:1 by an independent

copy {Xi; }?:1 and show that this has an O(1/v/N) effect on the expectations of C¢ functions.
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Once we do this, the ansatz of independence between {Xw };l , and v'~1 becomes correct, and the

derivation of the warmup above is what yields the form of the Gaussian terms b*, z* 2L,

To conclude this proof sketch, we give some intuition for why the term E Xz] Vi (XY)
behaves approximately like the Gaussian terms (b*, 2%, ..., 27) in (8) while >_¢ i1 ijv; LX)
does not. As everything else in this section, this will reduce to certain derivative bounds, which
are presented in Section 2.3. To illustrate this reduction, we show how the covariance of the vector
{Z;'l:1 Xijvg-*l (X%)}I_, is approximately given by aCov,,,. , (v°,...,vT 1) asin (7). While this
claim is much weaker than the CLT that is needed to prove the DMFT equations, it allows us to
quickly illustrate some of the essential ideas without the need for the longer Lindeberg argument,
which is carried out in Section A.3. For 1 < s,f < T, we have

d
> X (XY) Z Xiol (XY
j=1

d
= D EXZ0 T (X)X Y EXG s (X o (X))
=1 3#5"
1 & y 3
N Z ot Y EX Xy (X ol (X
j=1 i
~ aCov,,_, (v* 0" 1) + Z EXz'sz‘j/Uj_l(Xij)v;f.,_l(X“/),

J#’
where the last two steps can be justified by derivative bounds and an induction argument, respec-
tively. What remains is to show that the second term above vanishes. For this, again through
derivative bounds, we can use the approximate Gaussian integration by parts, which yields

D EX Xijvi (X)X & N2 > Eox,0x,, (05 (XY )l (X)),

73’ 373’
Now comes the crucial step where we use the difference between X%, X%’ and X. Because e.g.
fuj. -1 (X*™) does not depend on X, it can be treated as a constant when differentiating with respect
to X;;. This lets us write

1 I o
szaXijaxij/(vj I(Xw) t—1 ij 3 ZE aX v 05— 1 X”))(aXij’U;/ I(XZ] )
i#3’ i#3’
1
<~ ;Hax L x H [ox, o) - as)
J7)

Recall by (15) that v; has explicit dependence only on X;; among { X } kelq)- Hence, since i #g,
the dependence of v; on X;;/ is implicit, and in this case our derivative bounds will show that we

have H(?Xij,vj_l(Xij)HQ < O(1/v/N), and similarly HC{)XUU;/_I(Xijf) ) < 1/+/N. Hence

d d
> Xigu HXY) || D XiguH(XY) | = aCovyy, (0" 0",
Jj=1 j=1

as desired.

10
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2.3. Key Technical Theorem: Derivative Bounds

In this section we present the derivative bounds that will let us justify the approximations made
in the proof sketch of the last section. As is suggested by the proof sketch, we need to bound
derivatives with respect to field variables b}, b;, h; as well as disorder variables X;;. We consider

the class of partial derivatives with respect to any multi-set of these variables.

Definition 7 Given a multi-set P of entries from the vectors b*,b° h® s € N, and matrix X, we
let Op denote the partial derivative with respect to all variables in the multi-set. We also let | P|
denote the number of variables in P, counted with repetition.

Example 1 Suppose P = {X;;, X0, b5, b3, Xij, h]l, h]l}, where all of i, ,1", j, j' are distinct.
Then we have
t 2 2t
8pui = 8Xij8Xij,8b; 81)?” 8h;uz

Moreover, we have |P| = T.

Next, we must distinguish when a multi-set P affects a variable like v;*l “explicitly” or “im-

plicitly.” For this purpose, we first associate a graph to the multi-set P.

Definition 8 Given a multi-set of variables P as in Definition 7, we associate a subgraph G(P) =
(V(P) = Vi(P) U Va(P), E(P)) of the complete bipartite graph K, n, with parts V1(P) C [d]
and Vo (P) C [N], as follows.

* For each coordinate j of h® which appears in P for some s € N, we include j in V1(P)
(without repetition).

* For each coordinate i of b* or b° which appears in P for some s € N, we include i in Va(P)
(without repetition).

* For each pair of coordinates i € [N|,j € [d] such that X;; appears in P, we include j in
Va(P), i in Vi(P), and the edge {i, j} in E(P) (all without repetition).

[d] [N]
J =/ 7
e s

Figure 1: The graph G(P) associated to the P of Example 1.

We can now state the definition that formalizes our notion of “explicit” vs “implicit” influence of
variables.

Definition 9 Given a derivative multi-set P as in Definition 7 and a vertex k € [d] U [N] in the
complete bipartite graph Kq n, we say k is all reaching in P if either |P| = 0 or k € V(P) and
the graph G(P) is connected. For each j,t say that a variable v?‘l is all-reaching in P if j is

all-reaching in P.

11
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In the simplest case where P consists of a single disorder variable X;;, the all-reaching notion re-
covers the distinction between explicit and implicit dependence used in the proof sketch above: v;
depends explicitly on X;;, while dependence on other X;;: is only implicit. The more general for-
mulation of Definition 9 will be needed in our proofs, because in order for our inductive arguments
to close, we will need to consider multisets P of all sizes.

Note that no variable is all reaching in the P of Example 1 because in that case G(P) is dis-
connected, as can be seen in Figure 1. On the other hand, if P = {Xij, Xij, b;f‘}, then the only
all-reaching vertices are 7,7’ and j, and the all-reaching variables are the ones with those indices.

We are now ready to state our derivative bounds. The bounds will hold under the same assump-
tions as in Theorem 6. However, for the applications it will be important that we state them in a

more general setting, with assumption 1 slightly relaxed to not require the variance to be exactly
1/N:

(A1’) The entries of X are sampled i.i.d. from a o/ v/N-subgaussian measure with mean zero.

The need for this relaxation is that it will make the theorem hold even after some of the entries of
X have been set to zero (as we did in the proof sketch), or have been scaled down by a constant in
[0, 1] as in the third term of (16).

Theorem 10 Suppose assumptions (A1’) and (A2)-(A4) hold in Definition 1, and Fy, Gy are CT} .
Then, for every t,p > 1 and m > 0, there exists a constant I'y p, , independent of N such that the
following hold for every multiset of derivatives P such that |P| = m and for every i € [N] and

j € [d].
1. Fors=1,...,t, we have

maxc{[|0pbi ], . 19603, , 110pus

[0pR5]l, -

Iy |0pv3||} < Temp-

2. Ifiis not all reaching in P, then
max{||0pb;[l, . 10pY1l, . 10pu;ll,} < Temp/VN.
Similarly, if j is not all reaching in P, then

max{ [ 0phS|, » [0pv]|,} < Temp/ V.

In words, derivatives always have moments at most O(1), and if the variable we are differentiating
is not all-reaching in the differentiating multi-set, then all moments become O(1/+/N). Returning
to (18), note that the derivatives that appear therein have disconnected graphs consisting of three
vertices and one edge. The theorem above justifies the fact that their 2-norm is O(1/v/N).

Remark 11 We believe Theorem 10 is sharp, at least in the sense that for all m, there exists t large
enough such that the dependence on N of the bounds above corresponding to t and m cannot be
improved.

Our proof of Theorem 10 will be through an inductive argument in ¢, which bounds the constant
I't,m,p by a function of the constants I';_1 ,,,/ ,v, for m/, p’ which are potentially larger than m, p.
For this to work, cancellations need to be exploited when bounding derivatives of the field variables

12
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Opb;Opb; and Ophj. This is done by a Taylor expansion which isolates the dependence on each
disorder variable. A similar argument was used in Chen and Lam (2021) in the context of proving
universality in the disorder for AMP. In Chen and Lam (2021), a version of part (1) of Theorem 10
was proven in a slightly different model by this strategy. For our purposes, it’s crucial to also obtain
part (2), as is clear from the proof sketch of the last section. Obtaining this strengthening requires
quite a delicate analysis, carried out in Section A.2.
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Appendix A. Remaining Proofs
A.1. Smooth Approximation: Proof of Proposition 5

Proof [of Proposition 5] Let ¢; : R%*!1 — R be a mollifier supported in the unit ball in R%*+! such
that [ ((z)dz = 1, and let (i () = e~ (@**V ¢ (x/e), which is now supported in the -ball. Let
Fio=F; % Ge,Gie = Gt * (e, and let bt ut¢ h'¢ v’ be the result of running the iteration of
Definition 1 with the same values of X, 8, v, w, w as for b’, u!, h! and v!, but with F; ., Gy in
place of F}, G;.

First, we claim that we have

sup|Fy.(z) - Fi(a)| < eL
X

14
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sup [Gre(z) — Ge(z)| < €L,
T
where L is a bound on the Lipschitz constants of Fi, G;. Indeed, letting B, be the e-ball, we have

Fie(z) — Fy(2)] < / G Fi — y) — Ful@)ldy
B.
< Le. (19)

The proof for G is identical.

Next we claim that F} ., G . have all partial derivatives of non-zero order uniformly bounded.
We prove this only for F; ., since the proof for G . is the same. Consider a derivative tuple o €
N2t+1 | where we use the notation

8aFt76 = 8(1)(1 e 2at2_,’t_-{1Ft75.
We assume that |a| := Y21, > 1, let ' € [2t + 1] be such that o,y > 1, and let o =
(a1, — 1,... ageq1). Since Fy is almost-everywhere differentiable, we can write

O, () — / 0% oz — )0, Fily)dy

1 o' r—vY
= EQHO('/(? Ct( - >5r'Ft(y)dy

— cl-le /aa’g(z)é’wFt(x —ez)dz.

Since 9% (;(z) is bounded and supported in the unit ball, and 8, F;(z — £z)dz is bounded, this

shows that 0*F; .(x) is uniformly bounded. Moreover, if |@| = 1, then the uniform bound is
independent of ¢.
Now we claim that all of ||b** — th2 |Jute — ul| 0> |nbe — htH2 and |[v"* — thQ are bounded

by eV/N - Oy 1,(1) with high probability. This will be proved by induction, following the same in-
duction order as the one in which the vectors are defined in Definition 1, i.e. v0 — bl — u! —
h! — v! — b%? — .- . Clearly as a base case we have HUO’E — v0H2 = 0. For the inductive steps,
we carry out b® — u! and u! — h?, since the other inductive steps are analogous. For b' — u’, we
assume that

max 57 — b7l < eVNO.£(1)

S

(note that b*< = b*), and we aim to show that ||u’* — u'||, < ev/NO, 1 (1). We have

|uh — u'||, = ||Fe (b, b5, b5°) — Fy(b*,b',... b,
< HFt,E(b*v bLE? Tt bt76) - Ft,E(b*7 b17 s 7bt)H2
+ || Fre (0,0, ..., b") — Fy(b*, b, bY)],
t

< LO (1)) |6 = b°||, + LeV'N

S=

1
< E\/NOt7L 1)

15
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Above, in the third step we have used that VF; . is uniformly bounded (independently of ¢) to
bound the first term. This proves the inductive step b* — wu!. For u! — h', we assume that
|ub* —ul||, < ev/NO,(1) and we prove that ||h"* — hf||, < ev/NO;(1). Indeed, we have

15 = Bty = [[XTu = X Tt
< [[XT [l = '],
But we have HX TH2 < O(1) with high probability (see e.g. Vershynin (2018)). This proves that
the inductive step u’ — h'.

Finally, let ¢., 1. be obtained from ¢, 1) in exactly the same way that we obtained F} ., G .
from F}, G;. To conclude the proof of the proposition, it suffices to show that we have

SHN

d
D 1685 {1 v }imo) — 0= (6, {h7 Yy, {vy }zo)| < €O, (1)
j=1

N

1 * * € £
NZ‘ (0 AL {ut o) — e (0F, {0 Hoy {u o) < €0r (1),

i=1

Since the proofs are analogous, we prove the first one. By the same reason as in (19) above, we
have the same uniform bound for ¢ — ¢.. Hence we have

005, RS Hr, {vi o) — 0e (05, (RS Hy, {05 }0)

IS
INE

1

<
I

d
Z (07, {h5 Yimr {05 o) = 0=(05, {h5 }izy, {v5Hizo))

Q.M—‘

+ |¢5(0j, (WY fof o)) — 9= (6. (RS Yy Loy }Hoo)]
< Le+ —= Hﬁba (R}, (0" ) — (0, {h"° ), {”t’e}tho)Hg

1
< Le + ﬁou(l) ; |h" = B5E||, + ||o — ",

S 5Ot7L(1)a

as desired. [ ]

A.2. Derivative Bounds: Proof of Theorem 10

The proof will be by induction in the same order in which the different variables are defined in
Definition 1, i.e.,

(v°,0,b*) = b' wu! - h! 50 - b > ... (20)

At each step of the induction, our aim will be to verify the bounds of Theorem 10 for the current
variable in the chain (20), assuming the validity of the bounds for all prior variables in the chain and
all values of p, m

16
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The inductive cases for b’ and u! are completely analogous to those of h! and v, respectively.

Hence, for brevity we only explicitly carry out the arguments for b’ and u’. We will also use

throughout various standard bounds on subgaussian and subexponential random variables which
are stated in Section B.

Base case. As a base case, we begin by checking the bounds of Theorem 10 for v°, 8, b*. Let P
be a multi-set of variables as in Definition 7 such that | P| = m. It’s clear that, for v°, 8, we have
Opv) = 1{|P| = 0}0) + 1{P = {v}}
dpt; = T{|P| = 0}6; + 1{P = {0;}}.

The right-hand sides have all moments O(1) by Lemma 24. Moreover, suppose j were not all-
reaching in P. This in particular would mean that |[P| > 0, P # {v?} and P # {6;}, so the

right-hand sides above would be identically zero. Hence, their moments are trivially O(1/v/N).
Finally we check the base case of b;. We have

d
Opb; = 1{P = {b}} +0p Y _ X0,

=1

d
= ]I{P = {b:}} + Z ]I{Xij S P}ap\Xiij + Xij(?pﬁj

j=1
d d

= 1{P = {5}} + Y I{P = {Xy}}0; + 1{|P| = 0} Y X6,
j=1 Jj=1

SO

d
1opb;1l, < T{P = {0} + Y 1{P = {Xij}} 16,1, + L{|P| = O} |b]],,-
j=1

The middle sum has at most one non-zero term, and hence is always O(1) by Lemma 24. For the
last term, note that since X;; and 0; are ﬁ—subgaussian and o-subgaussian, respectively, their
2
g

product is woi subexponetial by Lemma 23. But then by Lemma 25, their sum across j is v/Co2-

subexponential, and by Lemma 24, we get [[b; ||, < C3?¢%p = O(1). Hence we conclude
10pb7 |, < O(1)

always, checking part (1) of Theorem 10. For part (2), note that if ¢ is not all-reaching in P, then
we can neither have P = {b}} nor |P| = 0 nor P = {X;;} for any j. Hence Opbj is again equal to
zero, and the bound is trivially satisfied.

Inductive case, b'. We assume that the bounds of Theorem 10 are true for all variables prior to b*
in the chain (20) and aim to verify them for b for some i € [N]. Let P be a multi-set of variables
as in Definition 7 such that | P| = m. Using that b} = Z;-lzl Xijvfl, we have

d
lopbf]|, = |1{P = i3+ D Opx, vl Y Xigopul !

je[d]:XijEP Jj=1

17
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d
<HP={+ Y Hap\xijv;fl H,, + 13 xyopol ! 1)
jeld: X;;€P j=1 »

For the middle term, each term in the summand is < I'; ,;,_1 ;, by inductive hypothesis, so this term
is always O(1). Moreover, suppose that ¢ was not all-reaching in P. Note that P # {b!}, and
G(P \ Xjj) is precisely the graph obtained from G(P) by starting at ¢ and taking a step towards
neighbor j, deleting the edge we traveled through behind us. From this interpretation it’s clear
that j is also not all reaching in G(P \ X;;) and hence in this case every term in the summand is
< Ft,mfl,p/\/ﬁ-

In summary, we have shown that the first two terms in (21) are always O(1), and are O(1/v/N)
if ¢ is not all-reaching in P. What remains to conclude this inductive case is to check that the same
is true for the last term in (21). We have

p
d
= Y EXyy .. X, (0p0fh) - (9p08h). (22)

Jp
Jiyejp=1

d
t—1
Z Xij0pv;
j=1

p

Now, given a tuple of indices (j1,...,jp), let U(j1,...,Jp) € {j1,.-.,Jp} be the subset of indices
which appear in the tuple (ji,. .., jp) exactly once. For 0 < g < p, we say that (ji,...,J,) € Ay

if |U(j1,...,Jp)| = ¢, namely, the number of indices appearing exactly once in the tuple is exactly

q- Below, for (ji,...,jp) € Ay, we will label the indices in U(ji, - - -, jp) as ji, -, jg, and note

that, by definition, the j{, cey j(’l must all be distinct. Moreover, to avoid clutter we use the notation
-1 -1

Vit (X) 1= (@pvj 1) - (Op0) 1), (23)

where the dependence on X is made explicit. Now, we want to expand Vj, ;. (X) around X, =
-+ = X;j = 0. To thatend, for ny, ..., 7g € [0, 1], define the the matrix Xi’{ji""’jt/z}(m, S Tg) €
RNXd as

o, X, ifk=dand! = j/
XTI (g ) = e, ' Je (24)
X otherwise.
Then, by applying fundamental theorem of calculus ¢ times, we have
s . 4
Vi (X) = Vi3, (X0 + /[o o i+ 0 Vi (090 o)) L] Ky
; (=1
(25)
where V/| . (X) is made up of a sum of terms, each of which sets at least one of the variables
Xiv]‘i’ e Xi,j{; to zero. Hence, using the fact that the Xz‘,j,g have expectation zero and appear only
once in (j1,. .., jp), we can simplify (22) as follows:

p

d
§ : t—1
Xijapvj
1
J p
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p
T R SR B I

/=1 (11,...,ip)€Aq f:jz%U(jl ..... jp) fe q]
-/ -
0%, - 05y Vi (X0 ()

H N~ pra) /2 p+q Z Haxzyi o 8Xij{1 ijthp (Xi’{jl’m,jq}(nl’ oy nq))H

(jl ----- jp)E-Aq

<Z/

)
p+1

(26)

[0,1]9 5

where in the last step we have used Lemma 24 and the general version of Holder’s inequality, and
the notation < means inequality up to a multiplicative constant independent of N. We now make a
claim that will be proved below.

Claim 12 Given a tuple of indices (j1, . .., jp) € Aq, define the two quantities

ug, -+ gp) = L€ [pl - je € V(P)}]
u'(fr,- - dp) = L€ [g] - g € V(P

Then, we always have

0%,y - 03 Vi (XU )| < 00, &)

and if i is not all-reaching in P, we also have

1\ P—tltedn) =t ()
HaX’L aAX— / jl, ,] (XZ {Jl ----- jq}(nl""’nq))‘)p+l é O (\/N) .

(28)

Before proving Claim 12, let us conclude the inductive case for b} from it and (26). Recall that it
suffices for us to bound (26) by O(1) in general and by O(N~P/2) in case that i is not all-reaching
in P. For the first case, note that each tuple in A has at most ¢ + (p — ¢q)/2 = (p + ¢)/2 distinct
indices, and hence |A4,| < N (p+9)/2_ This and the first case of Claim 12 lets us conclude that

d p
ZXijapU;fil S 0(1)
J=1 »

in general, as desired. Now suppose that ¢ is not all-reaching in P. Then the second case of Claim 12
and (26) imply that

F e 1\ P uleds) = Groedp)
ZijaPU S, Z N p+q)/2 Z <\/N>

q=0 (.71""».7'11)6"4‘1

t¢j@

<

1 p—u—u
E P
(]1,~~-»jp)€~'4q ( \% N>

I
=)

q
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— N— /2 NU’N(ufu/)/Z
Z ]17 Jp E-Aq

where we have used the shorthand notation u = u(ji, ..., Jp),w = @' (j1,-..,Jp), so to conclude
it suffices to show that
E  NYNEI2Z <o)
(J1,-p)EAg

Note that (j1, ..., jp) ~ A, may be sampled in three steps. First, we sample distinct ji, . . . , j, uni-
formly at random in [d]. Then, We sample jy, ..., j,_, uniformly at random from [d] \ {j1,...,J,}
conditional on the fact that no Jn appears uniquely in j7,. .., jz/)/—q' Finally, we let (j1, ..., jp) be
the union of j1,..., jq and j7, ..., jp,q arranged in a random order. Then v’ is the number of jj,
that lie in V(P) and u — v/ is the number of j; that lie in V(P). Hence we have

—q)/2 o
Zgl;oq)/ ZSE([d]\{]l """ ) Z{h ree }=5: N s

Jp q
(u—u')/2 -/ ] no uniques
GG |:N {‘71’ Y ’]q} B (p—q)/2 1
1rip—q ZS:O Z ([ ]\{Jl ,,,,, ]q Z{jl, va =5
no uniques

,,,,,

<

ng: 0q>/2 |([d1\{J;8 g} |

Now we have

Z AP+ 1sapo(p—q—25)/2

-/ -/ S
< ‘([d] \ - ,]q}>‘ (1 + Z Pr [[SNP[= k]dk+(p—q)/2—s>
§ oA (CACIRR 7))
[\ {71, o dgb - k (p—q)/2—
< q 1 (p—q)/2—s
S ‘ ( . +Y 2|P|fd
k=1

< ag(r—0)/2s ‘ ([d} \ it ,j;})

N s

< N@e-9/2,
Thus we get

/ d(r—a)/2
E d(u—u)/2 {j,,--oaj/} 5 _
1s0p—q [ ‘ ' ! ] Zgl);()q)m |([d]\{]187.-~7]f1})|
<.

Hence

E  NYNe)/2< E [N“/ E [N(ufu’)/z ’ {ji,---ajé}}]

(j1,.‘.,jp)€¢4q (j17~--,jp)€-’4q 31» Jp—q
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SE,
ji’nﬂl]
SL
where in the last step we have used that j{,. .., j(’l is a uniformly-random set of size ¢ in [d], and
u’ is the number of the ji, ..., j, that lie in a subset of [d] of size O(1). This concludes the proof

of this inductive step of b® modulo Claim 12. Below, we prove this claim and hence conclude the
proof of the inductive step of b.

Proof [of Claim 12] Let Q = {X; ) ,X,-jé}. We have

AR
0QVjyogy (X UT=Tad (L )

p
= > I@qopv Hx Vida i, .. ng))
QuUQy=Q k=1

where the sum is over all partitions of () into p sets, and the sets in the partition are allowed to be
empty. Hence, by the triangle inequality and Holder inequality, we have

[0Vis. (X )|
p+1

p
= max 9o, Opvt 1) (X ULad s H
025 o 11 [l (1, 10))

p(p+1)
To conclude the proof, we will show that every term in this max satisfies (27), and if ¢ is not
all-reaching in P, also (28). For the first part, note that, if all the coordinates of X are o/ VN-
subgaussian, so are all the coordinates of X REE (m1,...,nq), since the only possible difference
between the two is that some coordinates are scaled down. Hence, by inductive hypothesis, every
term is O(1), as desired.

Finally, suppose i is not all reaching in P, and let ¢/ € V' (P) be such that there is no path from ¢
to £ in G(P). To conclude the proof, we will show that, for every element in the max above, at least
p—u(j1,.-,Jjp) — ' (j1,-..,Jp) of the p terms in the product are such that ¢ is also not reachable
from jj in G(Qj U P). To see this, note that there are at least p — u(j1, ..., Jp) — @ (j1,- -, Jp)
terms jj, such that ji ¢ V(P) and Q) only connects vertices outside V' (P) to i. But now, since
Jk ¢ V(P) and Qy, consists only of connections from points outside V' (P) to i, any path going from
Jr to £in G(QUP) must first travel to 4, and then from 4 to £ within G(P), which is a contradiction.
This concludes the proof. |

Inductive case, u!. To address this case, we first prove a general lemma.

Lemma 13 Let f : R¥ — R be a smooth Lipschitz function, with all derivatives of order k also
Lipschitz with Lipschitz constant Ly, for k = 0,1,.... Let x1, ..., x, be random variables, and
forl =1,... k, let ag = ay(x1,...,x,) be smooth functions of these random variables. Then for
every tuple P = (iy,...,iy) € [n]™, define

Op := 8%.1 . Oy,

m
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Then, for all p > 1, we have

m

'
d <Y Leg kT ~ [T 105,05 :
10p f(ay, ... ap)ll, < 2 b o max g ll i) Plu_rflggrzpez 10P, a5 [l g1

Before proving the lemma, note that the inductive case for u’ follows from it. Indeed, since

ul = Fy(bi, b}, ... b)

7971

and by inductive assumption all moments of partial derivatives of the inputs to F} above are O(1),
the same holds for all moments of partial derivatives of u! by Lemma 13. Moreover, suppose i is
not all reaching in P. Note that, for every partition P, U - - - Ll P, of P, there must exist some ¢ such
that 7 is not all-reaching in F,. Hence, in Lemma 13, by the inductive hypothesis, all terms in the
max have a term in the product that is O(1/+/N), and hence so will be the max itself. We conclude
the inductive case for u! by proving Lemma 13.

Proof [of Lemma 13] It’s shown in (Chen and Lam, 2021, Lemma 5.1) that we have

orfan.a)=% Y Y O DT O O,
r=11<j1,....5r <k PiLU---LUP.=
SO
Han(al)”'aak)Hp
<> Do @05 ) an) gy 19205 gy - - 102,05 g1y
r=11<j1,...,7r<k PiU---UP.=P
S T S e (Il o o) 19y Pl

11<j1,.crjr<k PiU--LIP,=P

m
<ZL_.kT+1.m. . Ha .
=t " ' jo,?%n}é[k] o lpgr- PP = =P 19P:a5¢lpr11)
as desired. ]

A.3. Proof of Main Result

In this section we prove Theorem 6 and Theorem 3. We begin by showing that the former implies
the latter.

A.3.1. REDUCTION TO THEOREM 6

Lemma 14 Theorem 6 implies Theorem 3.

Proof Suppose Theorem 6 holds. By Proposition 5, it suffices to prove Theorem 3 in the special
case where ¢, 9, Fy, G are all CTp. But part (1) of Theorem 6 implies that

IE/qbduN,T — /(bdl/T,
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and part (2) implies that

Var (/ ¢dVN7T> — 0.

Chebyshev’s inequality then implies that

/¢dVN,T — /¢dVT
[ vdun = [ wir

in probability. |

in probability, and similarly

For the rest of the section, we prove Theorem 6.

A.3.2. REDUCTION TO FIELDS

We begin by noting that, to prove Theorem 6, it suffices to consider functions of the field variables
only.

Theorem 15 Let [ip, Ut be the extensions of the measures defined by the DMFT equations (6)-(10)
defined as follows:

fir := Law(b", {0}y, {u' Yoy, {w'Hy)

vr := Law(0, {ht}tT:h {Ut}tT:Oa {wt}thl)~

Note that ur and vy can be obtained from fip and Ut by marginalizing out the noise variables
{wtYL | and {w*}L_,, respectively. Under the same assumptions as Theorem 6, for every pair of
CSs functions ¢ : R?T2 — Rand ¢ : R*TT1 — R, the following hold:

1. Foralli € [N]andj € [d],
i [E¢({h}imrs 0, 05, {05 }im1) = Bop o({R 100", 0, {0 }0) [ =0 29)
lim [Ee (07, {bi }=s {wi b)) — B (0, {0 {w' Ho)l = 0. (30)
2. Foralli#1i € [N]andj # j' € [d], we have

hm‘COV (@b({h;}tT:l;U979j>{w§}?:1)> ¢({h§'/}tT:1§U?'aej’a{lbj'/}rirzl))} 0 (€29)
lim |Cov (9 (b;, {01} =; {wi} 1), (05, {0h Yy {wh ) =0 (32)

Lemma 16 Theorem 15 implies Theorem 6.

Proof This follows from the fact that we have u} = Fy(bf,b},...,b};w}, ..., w}) and v} =
Gt(hjl-, e h;; v?, w}, . ,121;-), and we can absorb all functions F}, G; into ¢, 1. The composition

of two C7} functions is also CT, so the lemma follows. |
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A.3.3. INDUCTION OUTLINE

The proof of Theorem 15 will be by induction. The induction order will be, as usual, the same as
the order of definition in Definition 1:

{(29)-(32) at T = 0} — {(30),(32) at T = 1} — {(29), 31y at T = 1} — {(30), (3 at T =2} — - --

At each step in the chain above, we will prove the corresponding statement while assuming all
prior statements in the chain. There are two types of inductive statements: proving (29), (31) at
step 1, and proving (30), (32) at step 7. Since the proofs of these two types of inductive cases are
completely analogous, we will carry out only the former explicitly.

A.3.4. BASE CASE

For T' = 0, equations (29) and (31) are immediate since (v ?, H?) is equal in distribution to W0, 0

under v and (vf, 67), (v),,6%) for j # j' are independent.

To prove equations (30) and (32), we must show that for every C7; function ¢ : R — R, and
forall i # i’ € [N], we have

[Eqp(b7) — Eqp(b")[ = 0, (33)
max B (7)1 (bir) — By (b7 )Eep(bir)| — 0, (34)

i#1'€[N]
where b ~ N (0, aE,,[0?]). Now recall that we have

d

by = Xij0;

j=1

where the X;; are independent and independent of the 6;. Hence (33) follows from the classical
Berry-Esseen Theorem. The case of (34) is similar, but we carry it out explicitly for completeness.
Let {93 };V: ; be i.i.d. samples equal in law to 61, but independent from 6. For 0 < k < d, define

ZX”e + Z X0,

j=k+1
-3ty 3 i
j=k+1
so that Sﬁ = bj,. Note that (34) can be equivalently written as

e [E(5)(S%) — Ew(b)(S{)| - 0

Now we have

U

B (b} ) (S5) — By (b)9(S9)| < > [Ea) SEY —w(SETh)|

k=1

1
(85 7) (Xirj0; — Xirs0y)| + 5\Ew(bi)w”(sik)((&/ﬂj) — (Xi;07)%)]

M&

=
Il
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Sup ,l/}/,/ z * >
+ S 07 0y 67)°) + B 8) 603607,
The third term inside the outer sum is clearly O(N ~3/2), so it suffices to show that the first two are
as well. Note that the first term is equal to zero because neither b} nor S, k depend on X;/;. Finally,

for the second term we have

By (b7)9" (5 ) (Xirg0)* = (X65)°) = % (B (070" (57%)62 — B (650" (57 )3

1 . 3 B . B
< 7 (Bu0r — Xut)v" (57963 + EIXu050" (5563 — E(6))u (5, )E6})
<~ Ev (b} — X,50;)¢" (S; " )EO? — Ep(b7)y" (S, *)E6? + 1)
~ N ? J 7 j \/N
5 N—3/2

where in the second and last steps we have used the Lipschitzness of v, and in the third step we
have used that b; — X;;0; is independent of ¢;. This concludes the base case.

A.3.5. INDUCTIVE CASE

Here we do the inductive case. As explained in Section A.3.3, we only prove equations (29), (31) at
time 7. For the rest of Section A.3, we assume all previous links in the chain in Section A.3.3 hold.

Our proof of (29), (31) at time 7" will be split into two lemmas. To state the lemmas, we use the
notation

N
g5 = Xijui(X")
=1

fort = 1,...,T, where recall that X% is equal to X on all entries except for X szg =
Lemma 17 There exists a C7; function QB such that, for every j € [d],

lim [ $({g}} oy 08, 0 {05 HEL) = oA s o) 0, (Y ) | = 0. (35)
Moreover, we have

Eé({gt};zl; 7)07 97 {'th}?zl) = EPT¢({ht}?:1; U07 97 {wt};:l)a (36)

where on the right-hand side, { gt},?:1 is a Gaussian vector with covariance given by (9), which is
independent of (v°,0) ~ vo and {w'}_; ~ N(0, Ir).

Lemma 18 Let ), and {g*}L_| be as in Lemma 17. For all j € [d), we have
lim [E@({g;} =15 v, 05, {5 }i=1) — Eo({g'}imy; 0", 0, {0} 20)[ = O (37)
and for all j # j' € [d], we have
tim | Cov (({g}} 509, 05, {0} L), SULgh s ol 0y {0 ¥ ))) | = 0. G38)

Note that (29), (31) at time 1" follow from them. Indeed, (35) and (36) show that (37) and (29) are
equivalent. Similarly, (35) shows that (38) and (31) are equivalent.

To conclude the proof of Theorem 6, it remains to prove Lemma 17 and Lemma 18. We do this
in the next two subsections.
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A.3.6. PROOF OF LEMMA 17

Using the same expansion as in (16), we have
N
1
*ZXW (X) +Z 1 uf(X7) + 2/ dn(1—n ZX 0%, ub (X ().

Now by chain rule, we have

t t—1
Ox, ub(XY) = 050 ub(XY) + 3 o5 HX)Dpsuf (X7) + D uf (X9)Opsub(XY)
s=1 s=1
SO we can write
= gh+0; > X50uul(X7)+ ) vt N XY) Y XD Opeul (XV) + Al (39)
=1 s=1 i=1

t—1 N
- . 1
:Zuf(X”)Zijah;ug(XU)Jr2/ dn(1—n Z 50%,,ub (XY ().
s=1 i=1

The proof of Lemma 17 will be split in two parts, which will gradually simplify (39). In the
first part, we show that the partial derivatives Opx uf(X¥) and O uf(X) can be approximated by
operators that are defined in the same way that Oy« and Ops are defined in Remark 2. This amounts to
showing that Opx uf(X4 ) Ops u; t(X7) can be approximated by considering only the explicit influence
of the fields b;“, b on u!, since the implicit influences through other dynamical variables are lower-
order. In the second part, we show that the terms 21:1 XZQJ pruf(X ) and Zz 1 X5 2.0, Opsuf (X i)
concentrate.

t

For the rest of the section, to avoid clutter, we use the notation w; Jij = uf(X¥), and similarly

= Opruf(X) and v7, L= vl L(Xx1).

¢
e.g. Opru
g O; /i

i/ij
Simplification of the partial derivatives. We will define a new set of variables which approxi-
mate those of Definition 1, and are denoted by a tilde. We set 8 = 0, 9% = v°, b* = b*. Moreover,

fort=1,...,T, welet
d

Z Xij UJ /i ”LJ

and
b = 2 + 3y @ o X500 Vi € [N]
at = Fy(b;, b}, b; Z,...,wf) Vi € [N]
hj :gj+0j L 1 X5 813* D D 05" 'YL X?jagfﬁ’; Vj € [d]
i = Gh(RY, .. B0,k ) vj € [d).
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Above, the action of the operators 0 are defined exactly the same as in Remark 2. Explicitly, we can
define
0 ifs>t
‘ t—1 ~ 5 ~t—1 -
Dore 853 ’;ZJ 1 Xizj(?};;vj if s <t,

05 b5 = Z&* ZX26~ i

with 652 i):‘ = 1, 555 l;;" = 0, and 555 ay, 55;‘ u; defined inductively by applying chain rule as in
Remark 2. The operator ;. is also defined analogously. Our first simplification is that we can
J

replace b}, h’; by b, h;, respectively.

Claim 19 Foreveryt,p > 1,i € [N] and j € [d], we have

7t
i — b;

: t 7t
lim |1 — 2| = o.

Proof [of Claim 19] The proof is again by induction. At each step of the induction, we assume that
forall s,t <T —1,allp > 1landalli € [N],j € [d], we have proved that

t 7t t . pt
max{”hj—th | ns 1t = 35 5 p}gl/x/ﬁ

maX{HU ~al

Tt
i — b
P

H@hsv ~ O, p} <1/VN
NV }gwﬁ
4 p

max{
t ~1
max{uu,. — .

and aim to prove the same for s < ¢t = T (since in the case s = ¢, all partial derivatves are equal
to 1 so the statement is trivial). Note that the base case T' = 0 is trivially true. Since all inductive
cases are analogous, we elaborate only the cases of h and v. For h, we have

N
ZX% (0]85ju —0; 85*'&2/” + Z vsT 18l;su — ’Uj/ljab ul/lj)>
i=1

s=1
t
2p+z
s=1

We can bound each term individually. For HA; H , using Theorem 10, we have
P

b _5&?65
@ lp

. ~t
— 85;’11,2

— Oy }51/\/N

| = s]| = A

p

N
L~ (3,6,
=1

1=

{}j_légf ]/zyab ul/lj)H2p> + HAEHp

Z/Z]leahsul/l_]

N
NES»
s=1 i=1

/dnl— ZH 0%, ul (XY ()|

p
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t—1 N

1 N
SN o, 45 [ - m > s [k ueetan],
s=1 i=1 =1
t—1 N 1 N 1
Szlleg/Q / dn(l—n);]\,g/g
<1/VN.

we have

Similarly, for Héjégj it — 00|,

2/7,] 7,/1]

n.9. ~t . t
ngabrul — 0J8b;u

= He Oy — 0,0 !

Hﬁ*u — Oyl

2/2]

= Hai’?ui O 4p

T

i/ij ]|,

The first term is O(1/v/N) by inductive hypothesis. For the second term, we can write

1
Hab;*uf - 8bfu§/ij o < /0 dn || Xi50x,; Opr uf (XY (n)H4p (40)

<1/VN

again by Theorem 10. A similar proof to the above shows that

as well.
Next we show that we have

~s—149 ~t
Uj al;fuz j/z]absul/lj)H2p ,S, 1/\/N

t A7t
“8h§hj - 8}~L§thp S l/vN.
Here we can write

t a7t
o],

N t
215 0.9 at t 3. ~s—1§
< “8hj9§“p + Zle (8 ;0. t; — ahjej(‘)b;ui/ij + Zl(@;l;vj 3l~)fu — Ops UJ/UOb uz/”)>

p

t

2 s—1 t t

ij <9jah§ Doy i+ Z”j/z’jahﬁ O “i/z’j) + Hah‘i Aij
s=1 p

~s—129
< Hah;9§Hp+ (Hf?hée Bt — Ons 0,0 | +Z 057571853t = onevs ol 2p>
1 ¢ s—1 t t
A5 (il Sl ) oo, o
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The second and last terms above can be bounded in a completely analogous way to how we bounded

the corresponding terms in Hh; — l~1§ H . The summands in the third term above can similarly be
P

bounded since e.g.

t
|630m 00z i,

< H@hs(%*u
,s 1/VN

i/ij 4

by Theorem 10. What remains is to bound the first term Hahj' gg H . To bound this term, we use the
P

same Taylor expansion as in (25). In this case we set

Vit (X) 1= Ozug 3 ) - (O ). (42)

Following the same argument as in the proof of Theorem 10, we obtain

P
o]
H 379 p
P q 1 i ,
< Z/a"wi/ 7.j
NZ/[OHquan(p+q)/2 Z HaXz’lj 8X/ 11,0000p (X brta (7717‘-'77711))”1)_1_1
g=0" 12" =1 (i1,.-yip) EAq
We claim that, for each of the terms in the sum above, we have
|0, 0y Vi (X0 )| (1 VNP,
v tqd p+1
To prove this, it suffices to show that, for any Way to distribute the partial derivatives Ox , IR Ox, ;
‘1 q

among the factors in ((9hsuz /m) . (8h sl iy ]) every factor must have moments that are of or-

der 1/v/N. Note first that, since X ; has been set to zero in 8h§u§,_ /lz.,j, we can assume that no
’ k'K
derivative Oy, ; gets distributed to 8h5 u;?,_ /1l., It since otherwise the corresponding term will be equal
ko K/

to zero. But recall that the 4/, ..., ¢} are unique among i1, ...,%,. Hence, any factors that get any
derivatives at all distributed to them must have moments that are < 1/v/ N by Theorem 10. Mor-
ever, any term that doesn’t get any derivatives distributed to it is still being acted on by Gh;_, and

hence again has moments that are O(1/v/N) by Theorem 10. This proves that

L]1P 1 1
Hahjngp S z_(:) N@+a)/2 A - NP/2
< 1 .
~ Np/2

Plugging this back into (41), we obtain

t . 1t
|nsnt aﬁjthp < VN,

29



DANDI GAMARNIK PERNICE ZDEBOROVA

as desired.

To conclude the proof of Claim 19, we elaborate the inductive case for v. By Lipschitzness of

Gy, we have

sS=
<1/VN

by inductive hypothesis. Similarly, by chain rule we have

J 2V
t ~ ~ ~
:ZHath(h], s @k )0 b — 0GR, Bt ~1,...,w§)aﬁ§h§H
k=1 P

t

<3G B O — ORGi(RL, B )0
k=1 P
t ~ ~ ~ ~

3 orGey B0 BE — BGRB8 B
k=1 P
t ~

< Hakc;t(hj, R0 @kt — ORG(hl, . R0, B, ’w§)H2

P

k=1
t ~

+ > [|onsns - 82|
t ot

<SS i, s -],
k=1k=1

<1/VN

by Theorem 10 and the inductive hypothesis. This concludes the proof of Claim 19. |

Concentration of the coefficients. We now do the second simplification that will lead us to prove
Lemma 17. We will define yet another set of variables, this time denoted with a bar, which will be
equal to the variables with a tilde above, except they will have the terms > | X fjab; uf(X¥) and

S"ivy X2 0psul(X'7) replaced by their limiting expectation.

Weset @ = 0,70 = UO,E* = b*. Moreover, fort =1,...,T, we let
BE =25+ Ztil u? aIEVT LOpsvtl Vi € [N]
Hﬁth(bZ,bz,...,bz,w cowh) Vi € [N]
-1 . )
h; =g; + 0B, 0 ut + 370, v; "B, Opsut Vj € [d]
1 —t g -~ - .
U?—Gt(hj,...,h], ?, Jl,...,wﬁ-) Vi € [d]

where the partial derivatives & are defined in the same way as 0. As we show next, the variables
with a bar and with a tilde are close.
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Claim 20 Recall we are assuming all links in the chain of Section A.3.3 are valid up to and not
including (29), (31) at step T The following hold for every i € [N]and j € [d], andt < T':

i, =0
2
. Tt -t

Proof The proof is again by induction in ¢t = 1,...,7. At each step, we assume that, for all times
s < t, we have
lim

b; —b; , =0

and we aim to prove this at time ¢, as long as ¢ < T'. Since the proofs of both of the statements above
are analogous, we carry out explicitly the proof of the first claim only.

As a first step, note that by construction of the variables with tilde above, for s > 1 and i € [N],
the quantities 8~9 t ! can be written as (recursively-defined) C7p functions of the fields {h’” o1

Call these functlons @4, such that 8;15{ ; L= (bl Gre h; 1). Note that for j # j' € [d], we have
J

cOv(aﬁsvt ! ahs T = Cov(ge(hy, - 5, de(hr, . BET)
< Cov(¢u(hj, ..., 1), u(hjs, ... b)) + O(1/VN)
<1/VN

where in the first inequality we used Claim 19 and in the second one we used (31) at step ¢t — 1.
Now we have

d
. 1
245 ~t-1 - 2~~t12 ~t—1
} :Xijah;% < ~ + N? rjr;ngov(X 0505, X ahs v )

and, for j # j/,
NQCOV(X26hS’Ut 1 X2/8~ ~t 1) <N2|COV(X20~ ~t—1 78~ ~t 1)‘
+ | Cov(dy, 0" 8,35 471 4+ N?|Cov(— éhb ot ! X2,8~ 5.

The middle term vanishes as stated above, so we need to control the first and third term, which are
analogous, so we focus on the first term. We have

~ 1 - 1
N?|Cov(X7;05. 951, Nc‘),;s;ﬁ;‘lﬂ S 1/VN + N?|Cov(X 0 v ,fahwt.—l)\
J J

S 1/VN + N?|Cov(X7;0ps 0!

J/zJ N
=1/VN + ]Cov(@hsv Opsv

J/U)|

8ha UJ/lJ)‘
3/ig’
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S 1/VN + |Cov(Opsvi dpsvi )|
S 1/VN +|Cov (85047, 95,0471
J J

S1/VN +[Cov(y(h], ..., hEY), du(hs, ..., BET)]

— 0,

where we have again used Claim 19 and the inductive hypothesis (31). This shows that

d

24, ~t—1
Z;Xijaﬁjvj — 0. 43)
J:

Moreover, by inductive hypothesis, we have

EZX28~ ot —aR,,.  Opsvt T < Ezdsz?jahjv; - ZE@h = 1/VN
N EZ hi Jﬁf*ZE%”j/é +1/VN
= 1/\/N (44)
From (43), (44) and the fact that
s =l = || b B Bl ) = BB B Bl
—0
by inductive hypothesis, we conclude —> 0, as desired. |

Conclusion of Proof of Lemma 17. To conclude the proof of Lemma 17, note that combining
Claim 19 and Claim 20, we have, for all i € [N}, j € [d],

-t
i b

1

=0

. t =t
hmth _ th2 -

.. —t . . .
Moreover, from the definition of hj, we have that there exists a (recursively defined) function ¢ such
that

¢({E§}$=1a ’U?, 0]7 {wg}?:1) = é({gg}tT:h U?a 6]7 {w;}?:1)

This proves (35). Moreover, by construction,

Eé({gt}?zl; UO? ‘9’ {u~)t}3;1) = EVT¢({ht}z:1? Uov 9? {wt}gzl)'
This proves (36), as desired.
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A.3.7. PROOF OF LEMMA 18

Let {X i ] Fielv, ]e[d} zte[T) be centered, jointly Gaussian random variables with covariance ]EX X ¢ =

05105 Eu independent of X and of everything else, and define

N ~
AW
i=1
We will prove proving that, for every C7p function W : R2X
11H1|]E\I’({g§»}?:1, {gﬁf}tT:ﬁ U;')’ eja {ﬂ)‘;}tT:h Ujrs 0] ) {w ’}t 1)
- qu({gg}?zla {gj"}?:la Uj ) Hja {wé}tzlv vj’: 9]"7 {wﬁf}le)‘ — 0.
From now on, to avoid clutter, we wrote the above as
L [EW ({g5}/ 2y, {9} 1) —BY({g5 0 {dh o)l = 0, (45)

making the dependence on the other variables implicit in the notation. Note that, once we have (45),

choosing W ({z'}/_1, {y'}{21) = o({x'} 1) and T({a'}y, {y'} 1) = o({a"H1)e({y'Hy)
shows that it suffices for us to show (37), (38) with g in place of g. But (38) is trivially true for g

since g; and g;, are independent. Moreover, by exchangeability we have

Eg;g; = ZEU

= IEMTusut +o(1)

’LZ’

(2T+2) _, R, and every j # j', we have

by inductive hypothesis, since u! is a C5 function of the fields b7, bi,...,bL. This proves (37).

Hence, to conclude the proof it sufﬁces to show (45). Similar to the base case, we consider an
interpolation: for 0 < k < N, we define

5" = Zquz/@ﬁ >

i= k+1

ZXmuz/m Py

i=k+1

so that S;’N = ¢ and S]t-’o = g} We now need the following additional lemma, which is also
proved at the end of the section. We state the lemma for the second moments because that’s all we
need, but the lemma in fact holds true for all moments.

Claim 21 Let Sjt.’k, S;’fk be defined as above, with the X;; being any
variables. Then, for every t > 1 independent of N and j,j' € [d],k € [N], including j = j', we
have

o .
-subgaussian random
I~ g

fs <
o 54 < v
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Telescoping, for j # j’, we have
BV ({g}}i—1, {95 }im1) — BO ({35} iz, {35 1)
N
ke ik k—1 k-1
< STEWUSTIL, (ST — BU (ST, (S,
=1

Now we expand the above around {S;-’_k}tT:l, {S;f_k}tT:l. To avoid clutter, below we write U % =
\I/({S;’fk}le, {S;ﬁk}f:l) and, fort =1,...,27T,

. j ift<T
i) =47, .
] if T <t <27,

‘We have

\E\P({S;v’“}?:l,{s;;k}?d)—Ew{sff’“‘l}?_1,{sff’“‘l}?:m

< Z |E(0, ¥ ij( )uk/kj(t) Xlij(lt))|
+ Z [B(D500% ™) - (Xiji(s) X0 ka0 ki) — Xt Xkgco)
s,t=1
N3 (46)

where, to bound the last term by < N —3/2 we have used Claim 21 and the Lipschitzness of . We
now want to show each of the terms in the two sums above are also < N~3/2. We begin with a
term in the first sum, assuming without loss of generality that ¢ < T'. Since X k; 18 independent of
everything else, we have

(00" - (Xpjup g — Xig)| = B0 ) - X -

Expanding around X}; = 0 and using Claim 21, we have

B0 W) - Xjuf sl
S B0, *)(X W) X ;| + [E(9x,, 000 ) (X)X | + N7

1 . -
< Bl 0x,, 00 (xh] 4 N2,

where in the second step we have used that the first term is equal to zero. Now 9, ¥ is a smooth
function with all non-zero derivatives uniformly bounded. Hence

E(8ij8’5\11_k)(X{kj})‘S’ZTIH(9 Xiej J H +H8Xk] 7’ kHQ
t=1

<1/VN
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by Claim 21. This proves that the terms in the first sum of (46) are < N —3/2_ For the second term,
the situation is simpler: using Claim 21, we have

IE(Ds0:% ™)+ (X () X)) Ui g () U k1) — X)X ko))
S !E(a 0,0 F (X RICIRIODY (X0 X 00U () Uk ) — KXo Xhioy)| + N2

t -3/2
N N| i@ OB ki) W i )] — ierin Elufuk]] + N7
SN2,
where we have used Theorem 10 in the last step. This proves (45), completing the proof of
Lemma 18 and hence of Theorem 6.

To conclude, we prove Claim 21.
Proof [of Claim 21] We have

N ~
> X5

i=k+1

gt
ig Wi/

Stn’“H <
H I 2

2

The second term satisfies
2

N
> X

i=k+1

1 N H|2 <
“LS s

) i=k+1

by Theorem 10. The first term on the other hand is bounded in the same way that we bounded

p

N
> XigOngiyg

i=1

p

in the proof of Claim 19 above. Next, again using the same expansion as in the proof of Claim 19,
we have

2
Han,St—kH _E<,§X”8Xk, ZM)

-1

B

EX '2'(8ij 2/132 Z EXin’i'j(anj’ug/ij)(axkj/ug’/i’j)
1<i#i’' <k

//dw7 EXZ X3, (0x,,0x,,)(0x,, 1 15) (O, s ) (X 71 ()

1<i#i <k

- 1/N +/ / d?”]d?? Z EX aX/ 8Xk i’ l/lj)(aXuan /uz’/z j)(X{ZZ }7](77 n ))

1<i#i' <k

I
T M

S 1/N

by Theorem 10, since ¢, ¢’ and k are all distinct, ¢ and 4’ are isolated in the graphs of 8)(2,,], Bij, and
0x,;0 X, /- respectively. This concludes the proof. |
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Appendix B. Subgaussian and subexponential random variables

Here we state a few standard facts about subgaussian and subexpoential random variables that we
use throughout our proofs. All proofs can be found in standard texts, e.g. Vershynin (2018). In the
lemmas below, for simplicity and without loss of generality, we take all the absolute constants to be
the same, denoted by C.

Definition 22 Let X be a random variable in R. We call the quantities

X\, =inf{t >0:Ee¥/t <2
Y1

X[, :=inf{t>0:ReX/" <2
P2

in Ry U {oo} the subexpotential and subgaussian norms of X, respectively.
Lemma 23 For every pair of random variables X,Y in R, we have
[ XYy, < Xy, 1Y 1Ly, -

Lemma 24 There exists a universal constant C' > 0 such that the following holds. For every
random variable X in R and p > 1, we have

1X1l, < C Xy, p

IX1, < ClIXIl,, Vb
Lemma 25 There exists a universal constant C' > 0 such that the following holds. Suppose
X1,...,X,, are independent, centered random variables. Then we have

n 2

n
2
DXl <o) X,
=1 lyy i=1

n 2

n
YoXi| <CyIXilly, -
i=1

i=1 P1
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