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Abstract

We consider the problem of estimating Ising models over n variables in Total Variation (TV) dis-
tance, given [ independent samples from the model. While the statistical complexity of the prob-
lem is well-understood Devroye et al. (2020), identifying computationally and statistically efficient
algorithms has been challenging. In particular, remarkable progress has occurred in several set-
tings, such as when the underlying graph is a tree Daskalakis and Pan (2021); Bhattacharyya et al.
(2021), when the entries of the interaction matrix follow a Gaussian distribution Gaitonde and Mos-
sel (2024); Chandrasekaran and Klivans (2024), or when the bulk of its eigenvalues lie in a small
interval Anari et al. (2024a); Koehler et al. (2024), but no unified framework for polynomial-time
estimation in TV exists so far.

Our main contribution is a unified analysis of the Maximum Pseudo-Likelihood Estimator
(MPLE) for two general classes of Ising models. The first class includes models whose interac-
tion matrix has a bounded operator norm. In particular, we focus on the subclass of models that
satisfy the Modified Log-Sobolev Inequality (MLSI), a functional inequality that was introduced
to study the convergence of the associated Glauber dynamics to stationarity. In the second class
of models, the interaction matrix has bounded infinity norm (or bounded width), which is the most
common assumption in the literature for structure learning of Ising models. We show how our gen-
eral results for these classes yield polynomial-time algorithms and optimal or near-optimal sample
complexity guarantees in a variety of settings. Our proofs employ a variety of tools from tensoriza-
tion inequalities to measure decompositions and concentration bounds.

Keywords: Total Variation Distance, Graphical models, Ising model

1. Introduction

Undirected graphical models are a widely used framework for capturing conditional independence
structure in a high-dimensional distribution. One of the earliest and most prominent instances of
these models are Ising models, a family of distributions over n binary variables specified by a
symmetric interaction matrix J* € R™*", with zero diagonal, and a vector of external fields h € R™.
In terms of these parameters, a probability distribution is defined over {—1,1}", assigning to each
vector x € {—1, 1}" probability
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where the normalizing constant

1
ZJ*,h = Z exp <2xTJ*x + th>
ze{-1,1}"

is called the partition function of the model. We will focus on the case h = 0, so we drop the
dependence on h whenever that happens. The matrix J* can also be thought of as the weighted
adjacency matrix of a graph with n nodes. This gives rise to the interpretation of an Ising model as
a Markov Random Field (MRF) Koller and Friedman (2009); Wainwright et al. (2008), where con-
ditional independence relations between variables are encoded as connectivity properties between
nodes in the graph defined by J*. Since its introduction in statistical physics Lenz (1920), the Ising
model has been studied intensely in probability theory, and has found profound applications in a
variety of fields, including computer vision, economics, computational biology, and the social sci-
ences; see e.g. Geman and Graffigne (1986); Ellison (1993); Felsenstein (2004); Daskalakis et al.
(2006); Montanari and Saberi (2010). Motivated in part by these applications, a common challenge
is estimating an Ising model given a number of observations that are assumed to be distributed ac-
cording to some Ising model, e.g. capturing opinions of individuals in a social network, or traits of
species in some phylogenetic tree.

The problem of learning the structure of the underlying graph, i.e. the non-zero entries of J*,
given access to [ independent samples from an Ising model has received significant attention, due to
its importance in capturing conditional independence properties. Under the assumption that the de-
gree of the graph is bounded by d and the non-zero entries of J* are both upper and lower bounded
in absolute value, a breakthrough result by Bresler Bresler (2015) provided a polynomial-time algo-
rithm for identifying the graph topology, albeit with doubly exponential dependence of the sample-
size requirements in the degree d. A flurry of subsequent works Hamilton et al. (2017); Vuffray
et al. (2016); Lokhov et al. (2018); Klivans and Meka (2017); Wu et al. (2019); Zhang et al. (2020)
have culminated in polynomial-time algorithms that estimate every entry of J* up to error ¢, given
1 = 0(e®@ log n/e*) samples from the model, under the assumption that each row of .J* has infin-
ity norm that is upper-bounded. This matches the information-theoretic lower bound of Santhanam
and Wainwright (2012). Thus, the problem of estimating the graph structure of an Ising model is by
now well understood under relatively general assumptions.

However, often the purpose of estimation is to make predictions of events for various down-
stream uses of the model Bresler and Karzand (2020); Daskalakis and Pan (2021); Bhattacharyya
et al. (2021). It is clear that the right metric to capture this property is not graph similarity, but
the total variation (TV) distance (formal definition in Section 2) between the true and the estimated
distribution. Information-theoretically, Devroye et al. Devroye et al. (2020) show that O~(n2 /€?)
samples from some Ising model are both necessary and sufficient for estimating an Ising model that
is e-close in TV. The algorithm proposed in Devroye et al. (2020) involves exhaustive search over
all models and is thus computationally infeasible. This motivates the following natural question.

Is there a polynomial-time algorithm that uses independent samples from an Ising
model and outputs some Ising model that is close to the one providing samples in TV
distance?

While for the problem of structure recovery, there has been significant progress towards computa-
tionally efficient and statistically optimal algorithms under fairly general settings, attaining similar



guarantees for the TV estimation problem has been challenging. Remarkable progress has occurred
across several different directions, such as when the graph is a tree Daskalakis and Pan (2021); Bhat-
tacharyya et al. (2021), when the interaction matrix is sampled from a Gaussian ensemble Gaitonde
and Mossel (2024); Chandrasekaran and Klivans (2024), or when most of the spectrum of the matrix
lies in a small interval Anari et al. (2024a); Koehler et al. (2024), but no unified framework exists
for statistically and computationally efficient procedures for this task. The main contribution of this
work is to provide a refined understanding of a natural, polynomial-time algorithm for Ising model
estimation, under broad conditions, and derive from our understanding near-optimal (and in some
cases optimal) sample-complexity guarantees in a variety of important, specific settings. In particu-
lar, we focus on the so-called Maximum Pseudo-Likelihood Estimator (MPLE) (formally defined in
Section 4), which was introduced in Besag (1974) and is often employed for statistical estimation
of autoregressive models. We study the performance of this polynomial-time computable estimator
for two general classes of Ising models, which we review in the next couple of paragraphs.

(i) Bounded Operator Norm Condition: A variety of interesting models from statistical physics,
such as the SK model Panchenko (2012), involve interaction matrices whose operator norm is upper
bounded by a constant. Since these models exhibit complex behavior and undergo phase transi-
tions, we need to incorporate more information about the distribution. One common way of doing
that is by studying the properties of an associated Markov Chain, called Glauber dynamics, that
has this model as its stationary distribution. In particular, we focus on Ising models that satisfy
the so-called Modified Log-Sobolev Inequality (MLSI), which guarantees fast convergence of the
Glauber dynamics to the stationary distributionBobkov and Tetali (2006)(for formal definitions, see
Section A). This condition has been shown to hold for a variety of Ising models under different
assumptions Anari et al. (2021, 2024b); Caputo et al. (2015); Chen and Eldan (2022); Blanca et al.
(2022); Chen et al. (2021). It is also known to imply many structural properties for the Ising model
distribution, such as fast mixing Caputo (2023) and concentration of measure Marton (2015); Sam-
bale and Sinulis (2019); Gotze et al. (2021). We prove a general result about the performance of
MPLE for estimating Ising Models with bounded operator norm that satisfy MLSI, which implies
optimal or near-optimal sample complexity for learning a variety of Ising models, improving results
from prior work.

(ii) Bounded Width Condition: The second class of models we study are bounded-width models,
where ||J*||cc = O(1). This has been the canonical class of models considered in most studies of
the structure learning problem Santhanam and Wainwright (2012); Bresler (2015); Hamilton et al.
(2017); Vuffray et al. (2016); Klivans and Meka (2017); Wu et al. (2019). For this class of models,
Klivans and Meka (2017) give a polynomial-time algorithm that uses O(n®/e*) samples and learns
an e-multiplicative approximation of Pr j«, which implies e-closeness in TV. We provide a refined
analysis of MPLE, which involves a convex objective that can be optimized efficiently. As a conse-
quence, we show how one could obtain sample complexity guarantees within a single O(n) factor
from optimal, assuming the model satisfies a suitable regularity condition that we appropriately
define.

Our improved general bounds can be applied in a variety of models, yielding comparable or
superior sample complexity to that of prior work. For simplicity, we only discuss examples of
models where we get improved complexity guarantees. Table 1 contains a detailed comparison.

At a technical level, our improvements are made possible by using a connection to the problem
of single-sample estimation of Ising models, which was formulated in Dagan et al. (2021) and im-
plicitly studied elsewhere before; for some references see e.g. Chatterjee (2007); Bhattacharya and
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Mukherjee (2018); Daskalakis et al. (2019); Dagan et al. (2021); Mukherjee et al. (2021); Kandiros
etal. (2021). This line of work assumes that we are only given a single sample from an Ising model
whose interaction matrix lies in some low-dimensional subspace, and our goal is to estimate this
matrix. These works manage to extract a useful signal from a single sample from the model, even in
the presence of strong dependencies within the sample. In contrast, algorithms that rely on multiple
samples make strong use of the independence across different samples to employ generalization
bounds from learning theory within the estimation procedure. In Dagan et al. (2021), the authors
show how to leverage their single-sample estimation methods to obtain a polynomial-time algo-
rithm for learning the structure of an Ising model in the multiple-sample regime. However, their
sample complexity is far from optimal. In this paper, we improve upon this single-sample-based
approach to obtain various state-of-the-art results in the multiple-sample regime. It is crucial for
our development to establish tight upper and lower bounds for the first and second derivatives of the
pseudolikelihood function, which we do by using a variety of tools from high-dimensional proba-
bility and statistics, such as tensorization inequalities, measure decompositions, and concentration
of measure. Along the way, we provide refined guarantees for pseudolikelihood estimation, which
could be of independent interest. We believe the connection between single-sample and multiple-
sample learning could be more broadly applicable to a variety of estimation problems for Markov
Random Fields. Thus, our work serves as a first step towards obtaining efficient and sample-optimal
algorithms for TV learning of high-dimensional distributions with complex dependencies.

2. Results

Let S§ denote the set of all symmetric matrices A € R"*™ with zeroes on the diagonal. We will
make use of the infinity norm of a matrix A € S, which is defined as || A| o 1= maxjepn) >, [Aij,
as well as the operator norm of A, defined as || All2 := sup,q || Az|[2/[|z 2. We will occasionally
denote this operator norm by [|A[|op. Also, the Frobenius norm is defined as [|Al|p == 2, >, Afj.
For A € S, we denote by A; the i-th row of A. For a vector z € R" and i € [n], we denote by x_;
the sub-vector obtained by removing the value of coordinate ¢ from the vector. In general, we will
use lowercase letters for deterministic quantities and uppercase letters for random quantities. When
we refer to an Ising model with interaction matrix J and the external field h is the zero vector, we
will write Pr ; for convenience and simply omit the external field. If we sample X ~ Pr;, we refer
to X; € {—1,1} as the spin of node i. For two probability measures P, Q supported on {—1,1}",
their Total Variation (TV) Distance is defined to be TV(P,Q) := supc¢_1,13» [P(4) — Q(4)] ,
where A ranges over all subsets of {—1,1}".

In this work, we are given [ independent samples from an Ising model Pr ;« as in (1). Our goal
will be to properly learn the model in distribution, i.e., to estimate some matrix J e &g so that
Pr;+ and Pr;; are close in TV. Additionally, we would like an algorithm that runs in polynomial
time. We now state the results of this investigation for the two different classes of Ising models that
we consider.

2.1. Estimating Ising Models with Bounded Operator Norm

A considerable amount of work has focused on identifying classes of Ising models where sampling
and inference from the model are computationally tractable. When interactions are strong, it is
known that in general these tasks become intractable Sly (2010); Sly and Sun (2012); Galanis et al.
(2015). Therefore, a natural direction would be to place limits on the interactions between nodes.



General Class of .. .
Models Applications Our Work Prior Work
~ O 3/.4
Spectrally-bounded O(n?/€?) (n”/e )
. [AJK+24a]
models (Corollary 2, optimal) [Lee23]
Bounded 2-norm _ !
SK/diluted SK model O(n'/e?) O(n?/e®)
(8 <0.295...) (Corollaries 3 and 4) [CK24]
Antiferromagnetic O(n?/e?) O(n /et
expanders (Corollary 5, optimal) [Koe+24]
(1/y/n, 1)-regular O(n?/e?) O(n®/eh)
models (Corollary 10) [KM17]
Bounded-width - 1 O(nije) OnS ety
enera (Corollary 8) [KM17]

Table 1: This table contains the sample complexity bound implied by our work, as well as the best
known bound from prior work, for the problem of estimating an Ising model to within
€ > 0 in TV. The best-known prior bound is discussed, where these results are stated.

One of the weakest such constraints would be to assume that the operator norm of the interaction
matrix of the model is bounded by some constant. This is satisfied by virtually all examples of Ising
models that have been studied in the literature, including the SK model Panchenko (2012) and its
diluted variants Talagrand (2010), as well as the Ising model on regular graphs Sly and Sun (2012).

These models often undergo complex phase transition, necessitating additional structural con-
straints. One natural restriction is to assume that the Glauber dynamics associated with the model
converge quickly to the stationary distribution. It has been shown that the Glauber dynamics con-
verge exponentially fast to the stationary distribution in KL divergence if the model satisfies a Mod-
ified Log-Sobolev Inequality (MLSI), a functional inequality that is weaker than the usual Log-
Sobolev inequality in discrete spaces Bobkov and Tetali (2006). The MLSI has been established for
a variety of Ising models under different constraints Marton (2015); Anari et al. (2021); Chen and
Eldan (2022); Blanca et al. (2022); Anari et al. (2024b).

Our first main Theorem establishes estimation guarantees for Ising models of bounded operator
norm that satisfy MLSI, when running the MPLE over some set of interaction matrices. Crucially,
the only properties that this set needs to satisfy are that J* belongs to a set of matrices of bounded
operator norm. This flexibility with respect to the optimizing set enables us to obtain polynomial-
time algorithms in various cases, particularly when the set is convex and admits efficient projections
(see Section 2.1.2 for more discussion). The estimation guarantees are phrased in terms of Frobenius
norm closeness to the matrix J*, but we will see in Sections 2.1 and 2.1.2 how these can be easily
translated to bounds on the TV distance. Also, in the formal version of the theorem, we have
included the case of a non-zero external field, which doesn’t change the analysis in any significant
way and is omitted here for simplicity.

1. The O(n® /€*) sample complexity can be explicitly derived from Theorem 7.3 of Klivans and Meka (2017). However,
by combining the Frobenius-norm learning result of Dagan et al. (2021) with arguments similar to those in Klivans
and Meka (2017), one can derive O(n*/¢?) sample complexity for MPLE, similar to our result.
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Theorem 1 (informal, see Theorem 28) Suppose we are given | independent samples XV ..., X1 ~
Pr j- and Pr ;- satisfies MLSI. Let R C S§ be a subset of matrices such that sup 4cr ||All2 = O(1)

and J* € R. Then, running MPLE with optimizing set R produces an estimate J € R, such that

with high probability over the choice of samples ||.J* — J||r < ¢, as long as | = Q(n?/€).

As far as we know, a result of this generality has not appeared in the literature. The most related
prior result is Theorem 5.2 from Anari et al. (2024a), where they obtain an elegant result for TV
estimation using MPLE for Ising models satisfying Approximate Tensorization of Entropy (ATE),
which is a stronger functional inequality than MLSI. Moreover, they require that every matrix in
the optimizing set of MPLE satisfies ATE, which places strong constraints on the choice of this
set. Finally, they require the matrices to be of bounded-width, which is a stronger assumption than
bounded operator norm and results in the loss of additional polynomial factors. We remark that
the sample complexity in Theorem 1 has an exponential dependence on the MLSI constant and this
is reflected in the applications of this result, while the prior result is free of such dependence (see
Theorem 28 for the precise dependence). We next present a variety of applications of the main result
for TV learning in classes of Ising models of bounded operator norm.

2.1.1. APPLICATION: ESTIMATING SPECTRALLY-BOUNDED ISING MODELS IN TV

Perhaps the most widely-studied condition that enables computationally efficient sampling and in-
ference in Ising models is Dobrushin’s Uniqueness Condition Dobruschin (1968), which asserts that
[ /]l < 1, or equivalently »_ . |J;j| < 1 for all rows i. This condition has been shown to imply a
variety of structural properties for the Ising measure, such as fast mixing Levin and Peres (2017),
correlation decay Kiinsch (1982), and concentration inequalities Gotze et al. (2021); Adamczak
et al. (2019); Marton (2015).

Unfortunately, this condition is sometimes too strict and does not capture the tractable regime
of an Ising model. A notable example is the celebrated Sherrington-Kirkpatric (SK) model, where
J* is a random matrix with each J;; sampled independently from A/ (0, B%/n), where § > 0 is a
parameter called the inverse temperature of the model. Standard random matrix theory arguments
Anderson et al. (2010) can be used to show that the operator norm is bounded if S is bounded. In
contrast, it is straightforward to observe that the expected /;-norm of each column is ©(/3/n), thus
Dobrushin’s condition is only satisfied if 5 = O(1/y/n). However, it is expected that the model
exhibits weak interactions for all sufficiently small constant 3.

Motivated by this gap, Eldan et al. (2022) introduced an alternative condition for fast mixing.
In particular, we say that an Ising model as in (1) is spectrally bounded if . (J*) — Apin(J*) <
1(note that J* is symmetric, hence diagonalizable). In Anari et al. (2021), they prove that if a model
is spectrally bounded, then MLSI holds and the Glauber dynamics mix in polynomial time. Thus,
we can apply Theorem 1 for this class of Ising models, which results in information-theoretically
optimal sample complexity O(n2 /€?) for estimating spectrally bounded Ising models in TV.

Corollary 2 (informal, see Corollary 44) Suppose we are given | independent samples XV, ... X1 ~
Pr j«, where Aoz (J*) — Apin(J*) < 1 —« and J* has zero-diagonal. Then, there is a polynomial

time algorithm (MPLE) that produces an estimate Je Sy, such that with high probability over the
choice of samples we have TV (Pr ;, Pr ;) < ¢ aslong asl = Q(exp(1/a®*) - n2/e?).

The implicit constant in the sample complexity contains additional sub-polynomial factors of
the form eV1°8™  As far as we know, the most relevant prior work is Anari et al. (2024a), where



they prove that MPLE succeeds in finding a model that is e-close to the true Ising model Pr j+ using
O(n3+C /e*) samples for some C' < 1, by establishing ATE with an inverse polynomial constant.
Subsequent work Lee (2023) has shown that, in fact, ATE holds with a ©(1) constant in this setting,
which can be used to remove the C' from the exponent, yielding O(n3/e*) sample complexity. Our
result thus improves over this bound in terms of the dependence on n, €, by showing that the MPLE
actually achieves the information theoretically optimal sample complexity O(n?/¢?) for estimating
Ising models in TV Devroye et al. (2020). We should remark, though, that the implicit constant in
the sample complexity of Corollary 2 contains a factor that is exponential in 1/a?, while the bound
in Anari et al. (2021) is free of such dependence. As noted above, spectrally bounded models do not
necessarily have bounded width (see Section 2.2 for definition) e.g. for the SK model, ||.J|| could
be O(4/n), so the prior work Klivans and Meka (2017) would give exponential sample complexity.

2.1.2. APPLICATION: ESTIMATING THE SK-MODEL IN TV

As mentioned in Section 2.1, the SK model is one of the canonical examples of a mean-field model
in statistical physics, exhibiting fascinating phase transition phenomena that have been the subject of
extensive study in probability theory Panchenko (2012); Talagrand (2010). The relevant parameter
is the inverse temperature 8 > 0. Standard results from random matrix theory imply thatif 5 < 1/4,
then with high probability the interaction matrix has spectrum inside an interval of size < 1, which
means the model is spectrally bounded. Thus, in this regime, Corollary 2 can be used to learn the
model optimally with O(n?/e?) samples.

However, it turns out that efficiently learning the model in TV distance is possible for much
larger values of 3. In particular, in Gaitonde and Mossel (2024), the authors remarkably prove that
a polynomial time algorithm introduced in Wu et al. (2019) actually estimates the SK model in TV
as long as 8 < 1. In a subsequent work, Chandrasekaran and Klivans (2024) shows that the same
algorithm succeeds even when 5 = O(/n), which extends well into the low-temperature region of
the model.

While these works greatly push the frontiers of efficient learnability, the sample complexity
arising from these results is of the order of O(ng /€®). In the next Corollary, we use Theorem 1
and recently established MLSI in Anari et al. (2024b) to obtain O(n4 /€?) sample complexity for
learning the SK-model up to 8 = 0.295, which is beyond the threshold of spectrally-bounded
models.

Corollary 3 (informal, see Corollary 42) Suppose we are given | independent samples XV, ... X1 ~
Pr -, where J* is sampled according to the SK-model with 5 < C, where C' =~ 0.295. Then, there
is a polynomial time algorithm (MPLE) that produces an estimate J e Sy, such that with high
probability over the choice of samples and the choice of matrix J* we have TV(Pr ;, Pr ;<) < ¢,

as long as | = Q(n*/e?).

While our result can only accommodate a short range of values of 3 beyond high temperature,
compared to the range 3 = O(y/logn) of Chandrasekaran and Klivans (2024), it greatly improves
the sample complexity. An interesting avenue for future work would be to determine whether
this could be further improved to match the optimal sample complexity O(n?/e?) or whether a
computational-statistical gap exists beyond high temperature.

Closely related to the SK-model are diluted versions, where the matrix is supported on a sparse
graph. One such version, which we call for simplicity the diluted SK-model, arises from sampling
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a random d-regular graph GG, where the matrix J* will be supported. Every non-zero entry of
J* is then sampled independently and uniformly from {—3/v/d, 8/+/d}. Standard results from
random matrix theory again imply that if 5 < 0.25, then the model is spectrally bounded with high
probability and O~(n2 /€2) samples suffice by Corollary 2. Chandrasekaran and Klivans (2024) show
that TV learning in polynomial time is possible if 3 = O(y/logn), with O(n®d/e®) samples. We
use the recently established MLSI for diluted SK up to 5 & 0.295 Anari et al. (2024b) to establish
that O(n* /%) samples suffice in that regime if we run MPLE.

Corollary 4 (informal, see Corollary 43) Suppose we are given | independent samples XV, ... . X® ~
Pr j«, where J* is sampled according to the diluted SK-model with 5 < C, where C = 0.295. Then,
there is a polynomial time algorithm (MPLE) that produces an estimate Je Sy, such that with high
probability over the choice of samples and the choice of matrix J* we have TV(Pr ;, Pr ;) < ¢,

as long as | = Q(n*/e?).

Note that in this setting ||.J*||co = O(+/d), so one could use the result of Dagan et al. (2021)
about learning in Frobenius norm together with Lemma 39 that connects TV and Frobenius norms to
prove that 0(69(‘/3) n*) samples suffice for TV learning using MPLE. However, notice that even if
the degree grows mildly with the number of nodes, i.e., d = w(log n), the sample complexity suffers
from additional polynomial factors (or worse). In contrast, the sample complexity in Corollary 43
only contains a sub-polynomial exp(y/log n) factor, regardless of the value of d.

2.1.3. APPLICATION: ANTIFERROMAGNETIC EXPANDERS

Another prominent class of models is the ones where there is a gap between the largest and second-
largest eigenvalue of the adjacency matrix. When the model is antiferromagnetic, then the spectrum
essentially consists of a very negative eigenvalue and a bulk that is concentrated on a small interval.
Prior work Anari et al. (2024b); Koehler et al. (2022b) has shown that one can “ignore” this very
negative eigenvalue and establish MLSI in this case. Thus, if we can efficiently project on this set
of matrices, then MPLE runs in polynomial time and has the optimal sample complexity. We show
that this is indeed possible, which gives rise to the following Corollary.

Corollary 5 (informal, see Corollary 45) Ler o € (0,1),c > 0 be constants and 1 the all-ones
vector. Define the set R C S of matrices that have 1 as an eigenvector with eigenvalue —c and
the rest of the spectrum is on an interval of size o around 0. Suppose J* € R. Then, given |
independent samples from Pr j«, the MPLE over 'R can be implemented in polynomial time and
returns J such that TV(Pr;,Pr;«) < e with high probability, as long as | = Q(n?/e2).

For a canonical example in this set, consider the adjacency matrix Ag of a random d-regular
graph G and take J* = —fBAg. Then, from Friedman (2003) if follows that J* belongs in the set R
with ¢ = fd and o = 45+v/d — 1 when we take 3 < 1/(4y/d — 1). Thus, we can learn this model
in TV distance optimally and efficiently. The most relevant prior work in this case is Koehler et al.
(2024), which covers this class of models since it allows some eigenvalues to be very negative. Yet,
the sample complexity is O(n*R?/e*), where R is the width of the model, which could be ©(y/n)
in that case (see Remark 46 for an example). Since R = ©(y/n) in the worst case, the bounded
width result of Dagan et al. (2021) does not apply.



2.2. Estimating Bounded-Width Ising Models in TV

We say that an Ising model has bounded width, if the interaction matrix is assumed to have infinity
norm bounded by some constant M > 0, i.e. ||Allcc < M. We know that if || Al|oc < M, then
||All2 < M and thus A € R. Hence, this set of matrices is a subset of R that was considered in
Theorem 1. However, note that M could be an arbitrary constant, which means the model could
exhibit long-range correlations, Glauber dynamics might mix exponentially slowly (see e.g. Mossel
et al. (2009)), and concentration of measure in general fails to hold. Our first contribution involves
an improved analysis of the MPLE estimator, which results in the following guarantee for estimating
the model Pr j«.

Theorem 6 (informal, see Theorem 37) Suppose we are given | independent samples XV, ..., X1 ~
Prj«, where ||.J*[|oc < M. Then, if J is the MPLE estimator, with high probability over the choice
of samples we have, as long as | = Q(n?/e),
E [ — JHX|3] < e 2
W B0 - X < @
The implicit constant in the bound above contains a factor exp(M). The guarantee provided by

Theorem 6 might seem non-standard, but we will see that it is well-suited for estimation in TV
distance in the following section.

2.2.1. APPLICATIONS

First, as a direct corollary of Theorem 6 (proved in Section F), we can obtain the following.

Corollary 7 (informal) Suppose we are in the setting of Theorem 6. Then, with high probability
over the choice of samples, we have, as long as | = Q(n2/e),

|J = J*|% < e 3)

Corollary 7 also appears as Corollary 6 in Dagan et al. (2021), hence we recover the previously
established guarantees for learning in the Frobenius norm. Note that in general, if J* is in low
temperature, E «[||(J — J*) X||3] could be significantly larger than ||.J — J*||% (we also give such
examples in Section F), so Theorem 6 is a strict improvement over the result of Dagan et al. (2021).

Now we are ready to state the implications of our results for learning in TV. First, we note that
without imposing any additional assumptions, we can obtain a sample complexity of O(n4) from
the Frobenius norm approximation. The reason is that one can show that an O(¢€) approximation in
Frobenius norm implies an O(ne) approximation in TV, using similar arguments to Theorem 7.3 in
Klivans and Meka (2017). For completeness, we give a self-contained proof of this fact in Section E.
Thus, the following result follows from this connection together with Corollary 7.

Corollary 8 (informal) Suppose we are in the setting of Theorem 6. Then, if | = Q(n*/€?), with
high probability over the choice of sample, TV(Prj, Pr;) <e

We now show how we can improve on the O(n*) sample complexity of Corollary 8 using the
refined analysis of Theorem 6. To do that, we will assume that the second moments of the true model
are “robust” to small perturbations of the matrix. Intuitively, we expect this to happen whenever J*
is away from the critical temperature where a phase transition occurs. Formally, let us introduce the
following regularity assumption.
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Definition 9 We say an Ising Model Pr ;- satisfies (v, C)-regularity for some v,C > 0 if the
following holds: for any J € S§ such that E j«[||(J — J*) X ||3] < 7, we have E ;[||(J — J*) X ||3] <
C-Ey[[I(J - J)XI[3].

Of course, the crucial part of this definition is the scaling relation between v and C' > 0. We
show as a Corollary of Theorem 6 that if a model is (1/n, 1)-regular, then O(n3) samples suffice
for TV learning.

Corollary 10 (informal, see Corollary 38) Suppose we are in the setting of Theorem 6. Addition-
ally, assume there exist constants vy, C' > 0 such that Pr j satisfies (vy/n, C)-regularity. Then, for
any € > 0, if | = Q(n?3/e2), with high probability over the choice of samples TV(Pr;,Pr;«) <e

Note that the sample complexity of Corollary 10 is only a factor O(n) away from the optimal sample
complexity of Devroye et al. (2020). This regularity condition covers a wide range of models that
do not necessarily need to be in high temperature. In particular, in Section G, we prove that the
Curie-Weiss model in low temperature satisfies the condition. Of course, we can also show that
models satisfying more familiar conditions such as Dobrushin’s condition and spectrally-bounded
models also satisfy this regularity condition (see Section G).

3. Related Work

Learning MRFs from multiple samples. The problem of estimating a Markov Random Field
(MRF) from multiple independent samples from the model has a rich history, starting from the
seminal work Chow and Liu (1968) from the 1960s, showing that for the Ising model, if the graph
structure of the model is a tree, then Maximum Likelihood Estimation (MLE) can be solved in
polynomial time. Information theoretically, Devroye et al. (2020) establishes the minimax rate for
estimating Ising models in TV as ©(|E|/€?), where |E| is the number of non-zero entries of the
interaction matrix (see also Brustle et al. (2020) for an alternative argument using linear program-
ming). For the task of estimating the structure of Ising models with arbitrary graph topology and
bounded degree d, the breakthrough work of Bresler (2015) provided the first polynomial time
algorithm, where the sample complexity is doubly exponential in d. Subsequent works Hamil-
ton et al. (2017); Vuffray et al. (2016); Klivans and Meka (2017); Wu et al. (2019) proposed new
algorithms with improved guarantees. In particular, Klivans and Meka (2017) obtains the first poly-
nomial time algorithm for learning the structure of bounded-width models, while only requiring
O(e?logn) independent samples using lo-regularized per-node logistic regression. This matched
the information-theoretic lower bound from Santhanam and Wainwright (2012). In the case of la-
tent variables, Bresler et al. (2019) gives a polynomial-time algorithm for learning ferromagnetic
Restricted Boltzmann Machines. Beyond bounded width, a recent line of work studies Ising models
under spectral constraints on the interaction matrix. Anari et al. (2024a) shows that for spectally
bounded models, MPLE succeeds in TV learning with O(n3+¢) samples for some constant C'. For
the SK model, this implies efficient learning for all 5 < 1/4. Gaitonde and Mossel (2024) is the first
work to obtain a polynomial time algorithm for learning the SK-model all the way up to 5 < 1, and
Chandrasekaran and Klivans (2024) extends the range of efficient learning for all 3 = o(v/logn).

A related line of work studies the problem of learning the structure of MRFs using samples from
the trajectory of Glauber dynamics Bresler et al. (2017); Gaitonde and Mossel (2024); Gaitonde
et al. (2025). The recent work of Gaitonde et al. (2024) provides a near-linear time algorithm that
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learns the structure of a ¢-th order MRF using O(n log n) updates of Glauber dynamics, bypassing
fundamental barriers for efficient higher order MRF estimation from independent samples. The
work Jayakumar et al. (2024), which studies learning from independent samples of a metastable
state of the Glauber dynamics, is also close in spirit.

The particular case of MRFs with tree structure has also received attention, starting with Chow
and Liu (1968). Bhattacharyya et al. (2021); Daskalakis and Pan (2021) establish that the Chow-
Liu algorithm is information-theoretically optimal for finite samples. For the related problem of
estimating the low-dimensional marginals of the model, Bresler and Karzand (2020); Boix-Adsera
et al. (2022) give polynomial-time and sample-optimal algorithms, and Nikolakakis et al. (2021)
studies the setting where noisy labels of the nodes are observed. Finally, Kandiros et al. (2023)
provides guarantees for polynomial-time estimation of latent tree Ising models in TV.

Finally, a recent line of work aims at estimating Ising models using score matching Koehler
et al. (2022a); Koehler and Vuong (2023); Koehler et al. (2024). In particular, as noted in Koehler
et al. (2024), they focus on a class of low-complexity Ising models. Remarkably, they obtain sample
complexity bounds that scale polynomially with the width of the model, in contrast to the exponen-
tial dependence in most prior work on MRF estimation.

Learning MRFs from a single sample. In this line of work, it is usually assumed that the true
model belongs in a class of “low-dimensional” models and the task is to estimate it given a single
n-dimensional observation from the model. In the case of an Ising model whose interaction matrix
is known up to a scalar parameter 3, Chatterjee (2007) initially showed that MPLE is /n-consistent
for 3 using the technique of exchangeable pairs. Bhattacharya and Mukherjee (2018) extended these
results under general conditions on the log-partition function. Ghosal and Mukherjee (2020) studied
the problem when, in addition to 3, there is also an unknown scalar parameter in the external field,
and Daskalakis et al. (2019) generalized the result for logistic regression with dependencies. Dagan
et al. (2021) provided estimation guarantees when the interaction matrix lies in a low-dimensional
subspace. Several variations of these settings have been studied, including optimal joint estimation
of parameters for logistic regression with dependencies Kandiros et al. (2021); Mukherjee et al.
(2021), estimation of tensor Ising models Daskalakis et al. (2020); Mukherjee et al. (2022), estima-
tion of hard-constrained models Bhattacharya and Ramanan (2021); Galanis et al. (2024a), inference
on dense graphs Xu and Mukherjee (2023).

Sampling Ising models. There is a vast literature in probability theory that focuses on proving
fast sampling of Ising models under different constraints. Here, we focus on reviewing the results
that are most relevant to the classes of Ising models that we study. Modified Log-Sobolev inequali-
ties were introduced in Bobkov and Tetali (2006) to prove fast mixing of Markov Chains in discrete
spaces. The classical Dobrushin’s condition has been known to imply MLSI Levin and Peres (2017)
and is tight in the case of the Curie-Weiss model. The class of spectrally bounded models, where
Amax(J) — Amin(J) < 1, was introduced in Eldan et al. (2022) to capture relevant models from
statistical physics, such as the SK-model. They established the Poincaré inequality when 3 < 1/4,
complementing the result of Bauerschmidt and Bodineau (2019) that proved a version of the log-
Sobolev inequality in the same regime. Subsequently, Anari et al. (2021) established the MLSI for
spectrally bounded models, which implies optimal mixing of the Glauber dynamics. A different
proof using localization schemes was given in Chen and Eldan (2022). In the work Lee (2023), they
establish the stronger ATE property for these models. The condition of spectrally bounded models

11



DASKALAKIS KANDIROS YAO

was shown to be tight for polynomial time sampling in Kunisky (2024); Galanis et al. (2024b). A
polynomial time algorithm for sampling from the SK model in Wasserstein distance using algorith-
mic stochastic localization was given for 5 < 1/2 in El Alaoui et al. (2022) and extended to all
B < 1in Celentano (2024). The recent work of Anari et al. (2024b) established an MLSI for the
SK-model for 8 < 0.295. Finally, the class of bounded-width Ising models includes many exam-
ples where sampling from the model is NP-hard. Indeed, for d-regular graphs with 8 > ., where
Be is the Kesten-Stigum threshold, Sly (2010); Sly and Sun (2012); Galanis et al. (2015) show that
approximate sampling from the distribution is NP-hard.

4. Technical Contributions

We first describe the algorithm that is employed for all results. The most common approach for
obtaining an estimate J is to compute the Maximum Likelihood Estimator (MLE) given the samples.
In the case of Ising models, to compute the MLE, one has to calculate the probability of the observed
samples under different models. However, this involves computing the partition function of the
model Z;, which is NP-hard even to approximate in many interesting regimes Sly (2010); Sly and
Sun (2012); Galanis et al. (2015, 2024b).

An attractive alternative, first proposed in Besag (1974), is the so-called Maximum Pseudo-
Likelihood Estimator (MPLE). Computing the Pseudo-Likelihood of a given model involves com-
puting the conditional probability of the spin of a node ¢ conditioned on the spins of all the other
nodes. Formally, suppose we get independent samples X (1), ... X () ~ Prj«. Then, the MPLE
over a set of matrices R C S is defined as

Il n

7. x (1 Dy . (k)| (k)

J = argmax PL(J; xW L x0) = arg rjrgécg H1 PrX;" X1 4)
The set ‘R will be chosen depending on the particular class of Ising models we are trying to estimate.
One useful property of this objective function is that it is a concave function of J, which makes it
easy to optimize using first-order methods whenever R is a convex set that admits efficient projec-
tions. To make calculations more convenient, we will consider instead minimizing the negative log
pseudolikelihood, which we call ¢. The advantage is that the objective in MPLE has a simple closed
form that does not involve the partition function, which is why it is preferred over MLE. Since the
optimization takes place in a high-dimensional space, we will be interested in computing the first
and second derivatives of ¢ at a point J € S and at direction A € Sj. These are given by the
formulas (see also Section(A))

*

I n 2 I n
=53 (Ax®) (tanh (X B - x M), 0 8%42 =33 (A4ix®)2 sech(J; X )2
&)

k=1 i=1 k=1 i=1

The standard way of analyzing the MPLE in the single sample literature Chatterjee (2007);
Bhattacharya and Mukherjee (2018); Daskalakis et al. (2019); Dagan et al. (2021) is to upper bound
the first derivative at J* for all directions A and to lower bound the second derivative for all J and
for all directions A. This, combined with a union bound argument, suffices for obtaining estimation
guarantees for J. Since these derivatives are random quantities that depend on the samples, to
bound them, we introduce a number of technical novelties and combine a variety of tools from
high-dimensional probability. We now highlight these contributions in the two settings we study.
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4.1. Bounded Operator Norm Models

The work that is closest in spirit to the level of generality we are aiming for is Dagan et al. (2021),
where they analyze the MPLE when the infinity norm of the matrix is O(1)(bounded-width). In
our case, we only know that the operator norm is bounded, which allows for potentially unbounded
infinity norm (as is often in applications, e.g. the SK model). As we shall see, establishing tight
upper and lower bounds for the first and second derivatives of the pseudolikelihood function ¢ when
the infinity norm is unbounded poses additional challenges, which we now describe.

The first step towards that goal is to establish upper bounds for the first derivative of the pseudo-
likelihood function d¢(.J*)/0A for all directions A € R, where R is the optimizing set. In Dagan
et al. (2021), the authors rely on concentration bounds which hold assuming the Approximate Ten-
sorization of Entropy (ATE) inequality holds, which is a stronger functional inequality than MLSI.
Instead, we show that MLSI suffices by using a general result about two-level concentration from
Sambale and Sinulis (2019). In the proof, we show that even if we only know that the operator
norm of the matrix A is bounded, the concentration radius from Sambale and Sinulis (2019) can be
bounded by O(l - ||A||%). Since the expectation of the first derivative is 0 when evaluated by J*,
this implies that with high probability O|0¢(J*)/0A| = O(l - ||A[|%).

The second and most crucial step in the analysis of MPLE is to lower bound the second deriva-
tive 92¢(J)/9A? of the pseudolikelihood function for all J and all directions A. Ignoring the term
involving sech momentarily, which comes with additional challenges, the second derivative in (5)
is a second-degree polynomial of the Ising model. Using again the machinery from Sambale and
Sinulis (2019), we can show that this polynomial concentrates at an O(l - || A||%) radius with high
probability. To conclude that the second derivative is large, we need to establish that, on expectation,
this polynomial is Q( - || A||%). This lower bound would certainly hold if we had a product distri-
bution instead of an Ising model. Motivated by that, we use the well-known Hubbard-Stratonovich
transform to decompose the model into a mixture of product distributions with external fields. The
distribution of the external fields in this mixture is well known, and we use it to lower bound the
expectation of this polynomial for the majority of these product measures, which suffices to obtain
the desired lower bound on the expectation.

Finally, if we wish to lower bound the second derivative, we have to lower bound the term
involving sech in (5). If the infinity norm of the matrices was bounded, as in Dagan et al. (2021),
then this step is trivial, as |J;X*)| = O(1) always. In contrast, with an operator norm bound,
this term could be as large as ©(y/n), which would result in an exponentially small lower bound
for the second derivative in the worst case. Our solution is to write J; X(¥) = J*Xx®) 1 (J; —
JHX (k) Since J* is fixed, we can use the previous concentration results to bound JiX (k) with
high probability. For (J; — J;) X (k)| we can also use the preceding concentration results to bound
it by ||J — J*||r with high probability. However, since we are considering an arbitrary matrix .J,
we cannot know a priori that ||J — J*||  will be small. Intuitively, J is any matrix we wish to show
satisfies ¢(.JJ) > ¢(J*). To address this issue, we instead focus the analysis of the second derivative
only on a ring of matrices

Re:={JeR:e<|J—Jr <2}
The reason we take a ring is that on the one hand we would like ||.J — J*|| ¢ to be upper bounded

in order to lower bound the sech term, but on the other hand we would like ||J — J*|| ¢ to be lower
bounded, so that we are guaranteed that with high probability the second derivative dominates the
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first. Indeed, using all the previous observations and some careful union bound arguments over
a suitable discrete net of points, we can establish that with high probability VJ € R, we have
¢(J) > ¢(J*). It turns out that this also implies that ¢(.J) > ¢(J*) for all J with ||J — J*||p > 2e,
by using the convexity of ¢. Thus, we can conclude that ||.J — J* || will be small.

4.2. Bounded Width Models

In Klivans and Meka (2017), they obtain TV learning guarantees by using the guarantees for struc-
ture learning, which ensures that max;; [J;; — J5| < € using O(logn/ ¢*) samples. They subse-
quently set the accuracy to ¢ /n?, so that it guarantees closeness in TV. However, requiring accuracy
for each entry of J* is a very strict condition, which results in sample complexity O(n®). In this
work, we instead obtain guarantees of closeness to J* through different metrics, which, while coun-
terintuitive at first, are more suitable for implying closeness in TV.

We first discuss how to get the improved guarantee of Theorem 6. Since bounded-width models
could be in low temperature, we cannot, in general, rely on concentration bounds for the original
distribution Pr ;. We follow the strategy presented in Dagan et al. (2021), which involves finding
a small (O(logn)) collection of subsets I; C [n], such that conditioned on each subset the model
satisfies Dobrushin’s condition, and every node ¢ € [n] is contained in a constant fraction of the
subsets. For the second derivative, we notice that it can be lower bounded by a larger quantity than
that in Dagan et al. (2021), without breaking it into parts, by simply conditioning on one of the
subsets /;. Indeed, using (5) and the bounded-width property, we can lower bound the conditional
expectation of the second derivative by the variance of a linear function of the model as follows.

E[ a%) X_Ij] > sech(M)zgiz:;E [(AiXUf)) ’X(_k}j]
! n
— sech(M)? ; ; (Var (AZ-X('“) \Xﬁ’“}j) +E [AZ-X(’“) \Xﬁ’“}j] 2)

In the above, we have used the definition of the conditional variance. We can show that the con-
ditional variance summed over all nodes is of the order O(|| Az, ||%), since the conditional model
satisfies Dobrushin’s condition. For the variance of the conditional expectation, there is no general
formula, so we would like to approximate it by its expectation E[[| E[AX|X_; ]|3]. Simply using
the Chernoff bound for the independent samples does not suffice, because we would like this lower
bound to hold uniformly for all directions A, and the union bound will incur additional polyno-
mial factors. We avoid this union bounding argument by a careful application of matrix Bernstein’s
inequality. This enables us to approximate the second term in the sum by E[[| E[AX|X_; ]||3] uni-
formly over all matrices. These insights result in a lower bound of Q(I-E j+[||AX||3]) for the second
derivative.

For the first derivative, we can upper bound it by O( - E j«[|| AX|3]) uniformly for all matrices
A by using the technique of splitting it into parts and a similar application of matrix Bernstein’s
inequality. Since both the first and second derivatives are upper and lower bounded by the same
quantity, we can proceed as previously using a Taylor expansion for ¢ and establish that £ y-[||(.J —
J*)X 3] < € with high probability.
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Appendix A. Preliminaries

In this Section, we collect useful definitions, notations, and facts. Throughout the proofs, we will
use generic constant notations such as C, C’, K, K'. These refer to absolute constants that could
be different from place to place, unless it is specified that some constant depends on some other
quantity. For some matrix A € Sf, we denote by A% € R™*!" the corresponding block diagonal
matrix with each block equal to A and a total of [ blocks. Similarly, for some set of matrices
R C R™™, we denote RY := {J®) : J € R}. For a symmetric matrix J € S} and a subset
I C [n], we denote by J; € R|I X7 the matrix consisting only of the rows of J that are indexed by
elements in /. We also denote J;; € RHIIXII the submatrix with rows and columns indexed by I.

We start by reviewing properties of the negative log-pseudolikelihood function ¢, which is de-
fined as

l
&(J) := —log PL(J; XU ..., xO) ZZ(logcosh JiX®)y - i(k)JiX(k)+log2> ©6)
k=1 i=1

We define the first and second derivatives of ¢ at a matrix J € S in the direction of a matrix
A € 8 as in Dagan et al. (2021)

d‘b(‘]d':tA) = % Z(Aix)(tanh(Jia? + hi) — ;) 0
t=0 =1
9 n
W = % S (A X + i) sech(J; X + hy)? ®
t=0 i=1

Since the second derivative is always non-negative, we conclude that ¢ is a convex function.
We have included a known external field 4 € R™ in the expression, since the general result does not
require O external field.

We now introduce some important functional inequalities that will be used in this work. The
definitions below are standard and can be found, e.g., in Van Handel (2014). For a measure y in
the hypercube {—1,1}", we write E,,, Var,, for the expectation and variance with respect to this
measure . The Dirichlet form associated with the Glauber dynamics for a measure . can be defined
as the following operator on two arbitrary functions f, g : {—1,1}" — R

> (B0 - 7)) - (Bl )1 - g<X>)] ©

1
E(f,g) = EE
=1

We define the entropy of a positive function f : {—1,1}" — R™ as
Enty, (f) = E[f(X)log f(X)] — B[f(X)] - log E[f(X)] (10)

We will need two notions of a modified log-Sobolev inequality. To define the first one, let G be
the set of all functions {—1,1}" +— R and G’ the subset of all positive functions. LetT" : G — G’

be a so-called difference operator. We say a measure p supported on the hypercube satisfies a
I’-MLSI(p), for some p > 0, if and only if for all f € G

Ent, (ef> < g};l] [F(f)2ef} ,
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This notation is a classical notion of the Modified Log-Sobolev inequality and has been used in prior
work for proving concentration inequalities Bobkov and Gotze (1999); Sambale and Sinulis (2019).

There is a related notion of MLSI based on the Glauber dynamics. We say p satisfies the
modified log-Sobolev inequality for the Glauber dynamics with constant C' > 0 and write Glauber-
MLSI(C), if for every function f : {—1,1}" — R

Ent,, <ef> <C-n-E¢€f)

This version of the Modified Log-Sobolev inequality arises naturally when considering the rate
of contraction of the KL-divergence between the distribution of a Markov Chain at a given time and
the stationary distribution of the chain Bobkov and Tetali (2006).

Also, we say a measure y satisfies a Poincare inequality with constant p > 0 and write Po(p), if
for every function f : {—1,1}" — R

Var(f) < p-n-£(f.f) (11)

Both the Poincaré inequality and Glauber-MLSI have been established in prior work for spec-
trally bounded Ising models.

Lemma 11 (Eldan et al. (2022)) If Apax(J*) — Amin(J*) < 1 — «, then Pr j+ satisfies Po(1/ ).

Lemma 12 (Anari et al. (2021); Chen and Eldan (2022)) If Aax(J™) — Amin(J*) < 1 —q, then
Pr - satisfies Glauber-MLSI(1/ ).

Furthermore, it is a well-known identity (for example, Bobkov and Tetali (2006)) that, in gen-
eral, the Glauber MLSI implies the Poincaré inequality with a slightly worse constant. For com-
pleteness, we give a proof below.

Lemma 13 [f for some p, Glauber-MLSI(C) satisfies, then it also satisfies Po(2C').

Proof Consider F(t) = Cn&(e'f,tf)—Ent, (e'/). We know that F'(0) = 0. Since we have F' > 0,
if we have F’(0) = 0, we must have F”/(0) > 0. Taking the derivative, we have

Zl (1;;[6” X i) — e ) (lg[tf\X_iJ - tf)] )

nl (E[fetf!Xi] - fetf> (g[tﬂxi] - tf)

+
Y
N
=
s
CBH-

~
N—
7 N
=
=
5
|
~
N———
—
N——

o (E[femx_i] - fetf> (E[f el )D

23



DASKALAKIS KANDIROS YAO

When we set ¢ = 0, we have

E ) —om (|(Br1x- 1) (Birix-a- 1) ) = 20800

de?

Also, we have

d? i) _ 4 tf tf tf
B, (e ):(W(]E[e -tf] ~ B[] log Ble ])

_4 (E[etf F 41— Elfe] log Ble] - E[feth)
dt \ » T 1 1

E,[fe]?

- (E[zetf 4t - Bl o Bl] - g

— E[f2e! ])
nw
Therefore, we have

fa ()] = (23021 - PP - BUIP) = var()

Therefore, we have F”(0) = 2Cn&(f, f) — Var,(f) > 0, which means that Po(2C') holds. W

The reason I'-MLSI is useful is that concentration results for second-order polynomials are
proven in Sambale and Sinulis (2019) when the distribution g satisfies this property. On the other
hand, Glauber-MLSI is usually the property that follows from results about fast mixing Eldan et al.
(2022); Chen and Eldan (2022); Anari et al. (2021). It would thus be desirable to connect the two
notions of MLSI in order to establish concentration results for the Ising model. To facilitate that
connection, following Sambale and Sinulis (2019) we define the operator 0" as follows

n
) = || SOB[((F00) - S X)) X (12)
i=1
In the above, we use (X/, X_;) be a shortened random vector (X}, X5, ..., X]) that has all other

coordinate j, X ; = X, and X is sampled independently of everything else according to the distri-
bution conditioning on X’ ; = X_;. Also, we have used the shorthand notation z := max(0, x).
The quantity 9 f () can be thought of as the lo-norm of a discrete derivative of f at z. Itis therefore
capturing the Lipschitzness of f in some appropriate sense and will thus be important for proving
that f(X') concentrates. The connection between the two definitions is that Glauber-MLSI(p) im-
plies 97 -MLSI(2p), since by direct calculation we can get that E,,[0F f - e/] > n&(f, e/) Sambale
and Sinulis (2019). Indeed, in the following lemma, we use this fact and derive a generic concen-
tration result involving 0.

Lemma 14 Suppose that u satisfy Glauber-MLSI(p). Then, for any functions f,g : {—1,1}" — R
and constant b > 0 such that 0 f < gand 0+ g < b, we have for any t > 0

Pr{[£0) ~ B/(O]| > 6 < exp (1o min (Efg] H)-
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Proof By Proposition 2.18 in Sambale and Sinulis (2019), if u satisfies Glauber-MLSI(1/«), it
follows that the same Ising model also satisfies 9" —MLSI(2/«). Thus, we can apply Corollary 1.2
from Sambale and Sinulis (2019) and the result immediately follows. |

We now state a useful lemma for upper-bounding second moments of the model.

Lemma 15 Let A be any matrix, and x© ~ p be an Ising model satisfying Po(p). We have the
following:
2 2
E(JlAz|?) < || BlAa]|? + pllAll;

Proof By the Poincaré Inequality, we have that

E[(A;2)%] — (E[A;z])* = Var(4;z) < pEZ E[A;z|r_;] — Aix)? < pZA?j.

7j=1
Therefore, we have in total
n
E(|Az]?) <) (B[4 +pZZA = | E[Az]||* + p| All7 .
i=1 i=1 j=1

Another useful consequence of MLSI is the simpler concentration of Lipschitz functions, which
is well known. Below is one version of this implication from Cryan et al. (2019).

Lemma 16 (Lemma 15 in Cryan et al. (2019)) Let P be the transition matrix of a reversible
Markov Chain with stationary distribution w on a finite set ), and f : (0 — R be some observ-

able function. Then,
2

;El;r(f(x) — :Er)f >a) < exp(—m)
where a > 0 and
v(f) := max ZPwy f(y))2 )

€N
yeQ

if m satisfies Glauber-MLSI(p(P)).

Finally, we also require the Hubbard-Stratonovich transform, which is a way to decompose any
Ising model distribution into a mixture of product distributions. Formally, suppose X ~ Prj« and
G ~ N (0, I,). Let us consider the random variable

Y =X +J V2@ (13)

An easy calculation now shows that the distribution of X conditioned on Y is an Ising model with
zero interaction matrix and external field J*Y (for details see e.g. Theorem 3.12 in Liu et al. (2024)).
Thus, if 7, is the distribution of Y, we can decompose any Ising measure as

gmzémbwgﬁMy (14)
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Appendix B. Learning Ising Models with Bounded Operator Norm

In this Section, we study Ising models of the form (1) with a known and bounded external field h
whose interaction matrix has bounded operator norm and satisfy the modified log-Sobolev Inequal-
ity. In particular, throughout the section, we will make the following assumption.

Assumption 17 The set of all candidate matrices, R C S, contains J*. The Ising model, as in
(1) with h a known external field, satisfies ||J*|op < X for some constant X > 0. Also, it satisfies
Glauber-MLSI(p). Finally, maxi<i<yn |hi| < Amax-

Without loss of generality, we assume p, A > 1.

B.1. Concentration of the first derivative

The first derivative of the pseudolikelihood is given by the formula in (7). Even though this function
is not a polynomial, intuitively it behaves similarly to a second-degree polynomial if we linearize
the tanh function. Indeed, our goal in this section will be to prove that it concentrates similarly
to a second-degree polynomial. This was shown to hold in Dagan et al. (2021) in the case where
|J*]|c < 1, using the Approximate Tensorization of Entropy (ATE) and the bound on the infin-
ity norm. Here, we will show that it still holds under MLSI and bounded operator norm, using
Lemma 14.

Theorem 18 Suppose X € {—1,1}" is sampled from an Ising model with interaction matrix J*
satisfying Assumption 17. For a fixed vector b € R™ and fixed symmetric matrix A € R™"™ with
zero diagonal, let us define the function

=1

Then, we can take C' = m > 0, such that for allt > 0

8 t? ¢
Pr[|f(X)| >t < - exp | —C'min ’
FXOI>1] < 3 ( <HA||%+”E[AX—|—bH§ ||A||op>>

Proof Let us define for a vector X € {—1,1}" the vector X()) € {—1,1}", where the i-th coor-
dinate is flipped. Also, define vectors X 1) X (=) which X ]( Yo x J(k_) = Xj; holds for all

coordinates j = 1,...,n,j # k, while X,gkﬂ = 1,X,£ - Moreover, let us define the
matrix W = W (X) € R"*", where the element in the jth row, kth column is equal to

Wi, = tanh(J; X *P) + h) — tanh(J7X*) + h) — 275,

In the sequel, we might omit the dependence of W on X for brevity. Note that 1 is not necessarily
symmetric. We denote by W), the kth column and W the k-th row of W. First, Let us bound
|W ||op. Where ||[W{|op = v/ [|WW T ||op Note the well-knownn fact that for all a,b € R

|tanh(a) — tanh(b) — (a — b)| < =(a — b)? (15)

DO | —
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Then using (15), we can bound each entry W, of the matrix as

1 * *
Wik < 5(2 jk)Q = 2( jk)2 ;

Thus, the /1 norm of every column j of W (X) can be bounded as follows
n n
Wil =Y Wi <23 (Jp)? =2]1J5[I5 < 2A% .
k=1 k=1

The last inequality follows from the fact that the /o norm of every row of J* is bounded by
| J*|lop- Thus ||W s < 2A2. Similarly, we can get that ||W||; < 2\%, which implies that

Wlop = \/IIWWTHop < \/||WWT||1 < VIWlloo - W]l < 207 .

We start by bounding 0T f. We first notice that for any given X (again, E in the following
expression is same as Equation (12): X/ is sampled according to the conditional distribution with
fixed X_,),

2

B[ ((£(0) — £(X0 X)X

-

s
Il
—

T f(X))* =

I

@
I
—

Pr(X] =1— X;|X_i](f(X) — f(X_i,1 - X3))}

)

I

@
Il
—

(r(x) = F(x@

‘We also define the vector functions
g(x) :=Azx+b , h(z):=tanh(J*z+b) —z ,

which allows us to write f(z) = g(x)"h(z). Here, we write h(z) as a vector, with h(z); =
tanh(J;z 4+ b) — x;. Therefore, we can calculate that

h(z); — h(z®); = tanh(J}z + b) — tanh(J7z(®) + b) — 22;1(i = j).

So, we have

h(z)—h(z®) = tanh(J*z+b)—tanh(J*z(D+b)—2z;e; = 1, Wi+2x;J; —2xie; = 2;(Wi+2JF —2¢;),

where e; is the standard basis vector with all coordinates O except for the i-th that is 1. With
that, we can further bound the discrete derivative as follows. For all z € {—1,1}", we have

(0" f(2))?
n — —\2
<> (9@ h(2) - g@®) (D))
i=1

=3 (o600~ 96) " 160) + (o
=1

n 2
=> <2xz~AiTh(x) + 22, A - ai (207 Wi —2e;) + (Az +b) "z (2TF + W — 261»)) .
=1

T _ _ 2
)= al@)) " (ko) = D) + 90 (1) - 1)) )

27



DASKALAKIS KANDIROS YAO

By Cauchy-Schwartz inequality, (z + vy + 2)? < 3(2? + y? + 2?), and we know that z; = &1,
we have the above expression is no larger than

n Thix 2 T R o 2 N . . . )
32(4(& h( )) +4<AZ (2JF + W; 21)) +((A +0)" (2JF +W; -2 ))>

First, we deal with the middle term (A, (2J; + W; — 261‘))2- Using Cauchy-Schwartz inequal-
ity for vectors (z "y < [||| - [|y[]), for the middle term, we have

2
(A7 @7 + Wi —260))” < Ail13 - 127 + Wi — 263
<[IAill3 - 2117 l2 + [Willz +2)* < (242X + 2X%)7(| Al .
Here, the last inequality is because ||.J;||2 < A and ||W;||2 < 2\2. Therefore, summing over 4,
we have
n 2 n
334 (AT 27 + Wi 2¢)) <34 (24 22+ 207 A2 = 48(1 + A+ ) Al
i=1 i=1
Now, we deal with the last term. ((Az +b)" (2J7 +W; — 261'))2 By Cauchy-Schwartz in-
equality again, for the last term, we have
- 2
((A:U w07 (205 + Wi — Zei))
T 2 T2 T \2
<12(Alz+b) +12((Ae+0)707) +3 ((Az+6) W)

Again, after summing over 4, then using the fact that ||J*||,, < X and ||[W ||y < 2A2, we can
deduce that

n 2 2 2
So12(Ale+b) +12((Az+0)777) +3 (A +0) W)
=12|/(Az 4 b) " J7||? + 3|/(Az 4+ b) TW||? + 12|| Az + b|3

<12)02|| Az + b||3 + 12X\ Az + b||3 + 12|/ Az + b))

=12(1+ A + M)Az + 0| = 1201+ X + A1) > (Al z + ;)
=1

Combining them together, we have

(0" f(x))? <3 Z < (AT (e ) +4 (AT @I+ W - 260)2 + (4w +0)7 (27 + Wi - 261’))2)

3

n 2
<AB(L+ A+ 222 AR + (3 12)(1+ A2+ AN Y (Al z +6:)? +33 4 (Ajh(x))
1=1 =1
n 2
<A8(1+ A+ N2 AJE +36(1+ 72 + 31 S (AT 5+ )% + (AT () )

i=1
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q(z) = [ 48(1 + A+ A2)2|| A% + 36(1 + A2 + %) Z(ij +b:)2+ (AT (@)% (16)
=1

We thus have 07 f(2) < q(z) for all z € {—1,1}". Let us first bound E [¢(X)]* < E[q(z)?]. First,
notice that
E[h(X)] = E[X — tanh(J*X + h)] =0 .

This enables us to write.
E[(A] h(X))?] = Var[A] h(X)]
We can now use the Poincaré inequality to bound the above variance. Note that by Lemma 13, if p

satisfies Glauber MLSI(p), then it also satisfies Po(2p). So we get

Var[A] h(X)] < 2& E |Var [A] h(X)|X_]|
k=1

<20 B (47 (%) - %:)’]
k=1

We have that
Al (M Xpy) — h(X32)) = A/ (tanh(J* Xy + h) — tanh(J* Xj_ + h) — 2e;)
= —2A;, + AiT(QJ*ek) + AiTWk
= 24 + 241 T + Al W,

Applying the Cauchy-Schwarz inequality now yields

(AT((X0) — (X)) < 3 (143 + 4(AT ) + (AT WH)?)

Summing over all £ now gives

n

S (A7) — hXo)) €337 (143, + (AT 72 + (AT W)
k=1 k=1

= 12]| 4|3 + 12]| T A |13 + 3| W T A3
T
< 12| AlJ3 + 12)|% 12N All3 + 3T T(IZ, )1 A3

Using the fact that || J*||,, < A and ||W||,p < 2A%, we have

S (AT(CXi) — hXe)) < 1200422 4 X 43
k=1

Therefore, we have

E[(A] h(X))?] < 24p(1+ N> + 214> .
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For the second term, the analysis follows along similar lines if we apply a suitable centering to
make the variance appear. In particular, we can write

2
E[(A]X + b)Y - E [AJX + bi} = Var[A] X]
<23 E [Var[AZ-TX|X_Z-]
k=1
< 2PZA?k
k=1
= 2p| 413

Summing over all ¢ and using (16) gives

E[g(X)]2 <48(14+ X+ M\)2|A||% +36(1 + A2 + 2 zn:(AIx +b;)? + (Ajh(a;))
=1

2

<48(1+ A+ A% All%
+36(1+ A%+ A% Y 24p(1 + A2 + X412 + 20(| A ]1? + E[AT X +8]?)
=1
<21+ A1+ p) (1141 + 1E[Az +8]]3) (a7)

We will now focus on bounding 9 ¢(z). We have

g(w) =, [48(1 + A+ A2)2[[ A% + 36(1 + X2 + X) Y (AT x + b;)2 + (A] h(z))?
=1

n

SVAS(L+ A+ 2| Allp + 671+ 22+ 2 | 3 (AT 2 +6:)2 + (AT h(2))”.

=1

Letr(z) = \/2?21(14?90 +b;)%+ (AiTh(:U))z. Then we define
K9(z) = Al h(z); LO(z)= Az +0b.

We first notice that 9" g(x) < 6v/1 + A2 + \* - 07 r(z). This is because for all positive a, b, ¢,
we have |va + b — /a + ¢| < |[vb — \/c|. We define the vector function s = s(x) € R?", with
s(x); = KW (z) if i <nand s(z); = L™ (z) if i > n. We then have that

r(z) =|s(x)ll2 = sup (s(z),v) .
ves2n—1
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Let us denote © = (1, 72) := argmax, cg2n—1(s(z),v) the unit vector (in R*", where 91, 2 € R™)
that is in the direction of s(z). Then, we can write

@ |Ir(@))? <§jm =l

:§<<s(x),ﬁ>— sup <8(5€(’“)),U>>

veS2n—1 +
<3 (ts(0),8) — (a0, 7))
k=1

<|Is-al*,

where S € R"*2" is the matrix with k-th row equal to s(z) — s(z(*)). We can write in block form
S = (S1|S2), where S1, S € R**". Let us bound ||.S1||op, || S2|op- We have that

(S0 = 17 (x) — 51 (a®)
= A/ (h(z) — h(z(®)))
= 2, Al (2T + W), — 2¢p)
=2, (2(J Ak + WAk — 2A1)

For a vector x € R", we denote diag(z) the diagonal matrix with diagonal entries equal to . Then,
we can write in matrix form

[S1]lop = [|diag(z)(2J°A + WA —24)|,,
< [|diag(z)|[op - [[2J"A + WA — 2A]|op
<2/ Allop + 17" llop - | Allop + W llop - | Allop
< (24 A+209)]A]op -

For S5 the situation is similar and we can write
(S2)ki = A/ (z — (k)

Thus
1S2lop = 2 |[|diag(z)All,, < 2[|Allop

‘We can now conclude
1S - 9||* = | 8171 + Saba|?
< 2/|8151 > + 2[| S22
< 2[|S1112, 1115111 + 21| Sa2llZ, | 52|
< 2max([|S1]2,, [1S112,) < 2+ A +2)3*)? 412,

where we used the fact that || |2 + ||52|* < 1.
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To summarize, we have shown that 9" f(z) < ¢(z) for all z. Furthermore, by (17) we proved
that

Elg? < 2" (1+ ) (1+) (1417 + B[4z + 8I3) A1} o%a(@) < @+A+2)3)%| Al

We also know that

o[2477]»

Thus, applying Lemma 14, take C' = > 221)1\4,)2 we obtain that for every ¢ > 0

1 1
T6p 25(1HA D) (1+7)

>t]<8exp<—0min< t* ! ))
~ 3 IAIZ 1Allep /)

We are now ready to establish the concentration of the first derivative for Ising models satisfying
MLSI. This basically follows as a direct Corollary of Theorem 18

pe 220

Lemma 19 Suppose X € {—1,1}" is sampled from an Ising model satisfying Assumption 17.
Then, if ¢ is the pseudolikelihood function evaluated at X and A € S, then there is a constant
C' = m such that for any t > 0:

9¢(J")
<t|A
2| < i
with probability at least
8 : Ll All
1——exp <—C” min <t2,
3 [1Alop
Proof We apply Theorem 18 and substitute || A|| p for ¢, completing the proof. [ |

B.2. Anti-Concentration of the Second Derivative

We want to show that the second derivative is lower bounded with high probability. First, we present
the lemma, as the second form of Corollary 1.2 in Sambale and Sinulis (2019) (the inequality right
after Corollary 1.2 in Sambale and Sinulis (2019), which does not have a specific number)

Lemma 20 (Corollary 1.2 in Sambale and Sinulis (2019)) Assume that u satisfies a T'-MLSI(p)
for some difference operator " and p > 0. Let f, g be two measurable functions such thatT'(f) < g
and I'(g) < b. Then there is a universal constant c such that for all t > 0 we have

i 12 t
Pr[f - :E)[f] Z t] S eXp <_len (p(EN 9)2 + 2b2p27 \/ipb>> . (18)

From (8), it is clear that the second derivative is almost equal to a second-degree polynomial,
up to a factor that involves the sech function. We thus start by stating a concentration bound for
second-degree polynomials that essentially follows from Sambale and Sinulis (2019).
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Lemma 21 Suppose X € {—1,1}" is sampled from an Ising model with interaction matrix J*
satisfying Glauber-MLSI(p) and external field h € R". Also, let S € S§. Then, there exists an
absolute constant ¢ > 0, such that for any t > 0,

2 t
Pr(z' Sz — E[z' Sx >t gexp< ¢ mln( , >>
[ [z Sr] 21 20 [SE T TEGAR 1570

For the other side, it is analogous.

Proof As remarked in the proof of Lemma 14, combining Theorem 12 from Anari et al. (2021) and
Proposition 2.18 from Sambale and Sinulis (2019) yields that our model satisfies Glauber-MLSI(p),
01T-MLSI(2p) and Po(2p). Thus, we can use the second form of Corollary 1.2 in Sambale and
Sinulis (2019):

Let f(x) = x' Sz. By the proof of Lemma 2.17 in Sambale and Sinulis (2019), we know that
we can take I' = 2%, g(x) = 4||Sz||, and b = 8||S||op- It now remains to upper bound E[[|SX||])2.
To do that, we can again use the Poincaré inequality (Lemma 11).

E[|SX[]* < B [IISX]*))
= ZE[(STXV]

_ Z ( E[S] X2 + Var[SZ-TX])

= | B[SX]|I3 + ZVar[SiTX]
=1

< | E[SX]II3 +2p ) lISill3
i=1

= I E[SX][3 + 2018117

By substituting this upper bound into (18), and notice that ||.S||,, < ||S||F and p > 1 by assumption,
we obtain the desired inequality. |

Having obtained this concentration result, showing that the second derivative is large with high
probability boils down to the following two tasks.

(a) First, we need to establish that the second derivative is lower bounded by a degree 2 polyno-
mial. To do this, we need to show that the terms sech(.J; X )? are lower bounded by a constant
with high probability.

(b) Second, we need to show that the degree 2 polynomial that lower bounds the second derivative
is large enough on expectation.

We next show how to establish each of these two properties. We start by addressing (b), namely
establishing a lower bound for the expectation of the second moment part of the second derivative,
which will prove useful later. The proof involves using the Hubbard-Stratonovich transform to
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decompose the Ising model into a mixture of product measures. For each product measure, lower-
bounding the second moment is a much simpler problem. However, some product measures in
the decomposition will have large external fields, giving weak lower bounds. We use properties
of this decomposition to establish that with at least a constant probability, the external field in the
decomposition will be bounded.

Lemma 22 Let x ~ u be an Ising model satisfying Assumption 17. Let A be any matrix. Then, we
have the following anti-concentration bound.:

E(:" AT Az) - || BlAz]|? > &

(1 — tanh?(4\y/p)) || All% -
Proof We use the decomposition described in (14) and (13). In particular, let 7 be the distribution
of vector y and Prg j+,(z) ~ exp((J*y, x)) the corresponding product measure. We can have that

n

TAT Az)—||E[Az]||? =)  Var(4;z) > E V: E A% (sech?((J*y);
E(z z)—| E[Az]|| Z ar(A;r) : ar ( ZZ@M (sech”((J*y);))

~TT e~
-1 x”(y) i=1 j=1

We know that (J*y) = (J*z) + ((J*)'/2g) is a multivariate Gaussian distribution with means
J*x and covariance matrix J*. So for each (J*y), we have mean J"x and variance is .J;;. Therefore,
our plan is to prove that .J;*z and NV (0, J;) are small with high probability.

Consider P to be the Glauber Dynamics of the Ising model. Consider f(z) = Z 15 5xj. So,
because of the distribution, we know that J;"x has zero mean. Also, we can calculate that

1 — 4\2
< — 4J- <—

We know that p satisfies Glauber-MLSI(p). Therefore, by Lemma 16, we can bound the prob-
ability that y; is large:
P((J7y); > a) <P(f(z) > a/2) + P(N(0, Jii) > a/2)
a? a a?
——)<2 — .
Soyz) T eXp(—g) < 2exp(— )

Therefore, we take a = 4,/pA, we can get that the probability that (J*y); < 4,/p) is at least
1 —2/e% > 1/2. Therefore, we have

<exp(—

n

> Var(Aiz) = ZZy]NEWa (1 —tanh?((J*y);)) > = (1 — tanh?(4\y/p)) || 4| 7.
=1 7=1

l\D\l—‘

We are now ready to prove our main Lemma about lower-bounding the second derivative of the
pseudolikelihood. The proof essentially involves addressing (a), i.e., showing that sech(.J; X)?
lower bounded by a constant with high probability. Since we only know a bound on ||.J||2, in general,
this quantity could be very small. We use concentration results for second-degree polynomials to
relate sech(J; X') with sech(.J*X'), which does not depend on the matrix direction .J. The result is
stated for one sample for simplicity, but we’ll see how to apply it for multiple samples in the sequel.
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Lemma 23 Suppose X € {—1,1}" is a sample drawn from an Ising model satisfying Assump-

tion 17. Let A € S§ be a symmetric matrix with \/ |All% + || E[Ax]||? < M for some constant

M > 0. Let us also denote J' = J* + A. Then, for any J that lies in the line segment connecting
J* and J', we have

0%¢(J)
DA

> Ko - (|| Allf + || E[Az]|?) - min sech?(|J7 X V| + by + K1 M)
with probability at least

C . 2 C . 2
1- eXP(_ﬁ -min(ty, 1)) — eXP(_p*g -min(t3, t2)),

where c is an absolute constant as in Lemma 21, and the expression K1, Ko are as follows:
Ki=+vti+2p

Ky = (1 —tanh?(4\/p)) — t2

N

Proof We have that

9%¢(J)
DA

(A; X)%sech?(J; X)

I
.M:

@
I
—

(A:X)?sech? (|7 X | + [ (J; — J7) X])

M-

@
Il
—

> Y (A;X)%sech?(|JF X| + |A: X))

-

@
Il
—

The last inequality follows since |(J; — JF)X| < |((J'); — J;)X| = |A; X]|, since J lies in the
segment connecting .J/, J*. Now, let us use Lemma 21 for the quadratic form ' AT Az. When
substituting ¢ < ¢(||A||% + || E[AX]]||?), this gives

XTATAX —E[XTATAX] =) (AX)? - E[XTATAX] < t(|A|} + | E[AX]|?). (19)
=1

This bound of X means in particular that

zn:(AiX)Q < E[XTATAX] + t(| All7 + || B[AX][).
i=1

By Lemma 21, this happens with probability at least

(1A% + I EAX]P)?  t([AlF + E[AX]II2)))_
IATA|IE + || BIATAX]|>” AT Allop

1 — exp(—c/p* min(
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Using the well known properties [[AT All,, = [|A]2,. | E[ATAX]|? = |AT E[AX]||* <

| Allopl| E[AX]||? and | AT A||p < || A||#||Al|op> We can lower bound the probability by

(A% + I EAX]*)?  t([AlF + | E[AX]]?)

1 —exp(—c ,02 min ,
T AR S EATAX T AT AL, )
o P(IAE + I BAX])P)?  t(lAlE + | E[AX]]?)
>1 — exp(—c/ P min , )
IA[IZ, (Al + [ BIAX]]?) 1A11Z,
All? E[AX]|?
:1—exp(—c/p2H I TJHQ[ I min(t, t?)).
op

Now, to finally deal with upper bound of E[X T AT AX], we use lemma 15 (since p satisfy
Glauber-MLSI(p), hence also Po(2p)) to decude that, if (19) holds, then.

Zn:(AiX)Q < E[XATAX] + t(| Al + | E[AX]|*)
1=1
<1+ (1 BIAXIP) + (t+2p) [All 7 < (£ + 20) (1 E[AX]|? + (| A7) < (¢ + 2p)M>.

2 2
We know that (19) holds with probability at least 1 — exp(—C(HA”’; j”L%AX”‘ ). min(t2,¢)), thus
op

the same probability that the above chain of probability holds. Denote K1 = +/t + 2p. It follows
that with the same probability we have | A; X | < Ky M for all 7. Thus, we have that

0%¢(J)
DA

> (A X)? sech?(|JF X | + |4, X])
=1

> (AiX)?sech?(|J; X| + K1 M)
=1

> min sech?(|J; X | 4+ K1 M) Z(AiX)2

i€[n] Py

We now need to lower bound E[X " AT AX] in order to get a high probability lower bound for
> 1 (A;X)2 Using Lemma 21 we have

XTATAX > BIXTATAX] - (A% + | BIAX]P)

2 2
holds for at least 1 — exp(— C(HA”i;ﬂlI‘:igAx]” ). min(¢2,t)) probability. Thus, by Lemma 22, if the
op

above inequality holds, we can deduce that
XTATAX > E[XTATAX] — t(J|A||% + | E[AX]|]?)
1
> (51~ tanh®(4A/p)) — ) (| All% + | E[AX][*)

Denote K> = (1 — tanh?(4\\/p)) — to. Using the union bounds, and noticing that ||A|r >
|| Al|op, we can finish the proof. [
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We now use Lemma 23 to lower-bound the second derivative when we have multiple inde-
pendent samples. The main issue is that we need to choose the parameters ¢, 5 to ensure Ks is
bounded away from 0, while at the same time obtaining a probability of failure that decays expo-
nentially with the number of samples [. As we see, the particular block structure of the matrix in
that case is crucial for the argument to go through.

Theorem 24 Suppose XV ... x(1) ¢ {=1,1}" are independent samples from an Ising model

satisfying Assumption 17. Let A € R™"*™ be a symmetric matrix with \/HAH% + || E[Ax]]]2 < M <

1 for some constant 0 < M < 1. Let us also denote J, = J* + A. Then, for any J that lies in the
line segment connecting J* and Jy, we have

82¢( l) 2 2 2 * X
FeamE =T L (LA + I BLA) - min sech®(7; XD+ K p)M + 1)

with probability at least 1 — exp(—C'(\, p) - 1), where 7(X, p), C(\, p) are constants that depend
only on \, p. More specifically,

100574/ X
P p) = OO PP/ O p) = g sech(AVD)s KA p) = =05
where c is the constant defined in Lemma 2 1.
Proof Using the block structure of the matrix, we can write
) = 3 S (A Pt X
2sech?(J; X ) + hy)
k=1 1i=1
G
The random variables G1, ..., G} are independent and identically distributed. We use Lemma 23
with the substitution
2 log(22 ) p?
sech(4\,/p) , og( ot2 )p
2 = ) 1= .
4 c

We can clearly see that to < 1/4 and t; > 1 (we, without loss of generality, take the absolute
constant ¢ in Lemma 21 smaller than 1). Therefore, we have

1 — exp(—c/p” - min(t7,t1)) — exp(—c/p” min(t3, t2))
=1 —exp(—c/p” - t1) — exp(—c/p” - 13)
2
, log(%z)r? )
1 exp(—c/p? )~ exp(—c/ P )
=1—c/p* - t5/2 — exp(—c/p” - 3)

We know that for small x < 1/4,1 — e™™ — /2 > x/3. So, for all k, with probability at least
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sech(4\/p)*

1
p:=c/p 16 3 > ¢/p? - sech(4\y/p)* /48,

the following holds
G > Ko (Al + | B[A]|P) - minseeh® (17X W] KOM + )
where K1, Ko are defined in Lemma 23. We have
Ky = %sech2(4)\\/ﬁ) — 1y > sech?(4\/p)/4,

and

10[05/4\/X

2 22 2 32p2
Ky =i+ 20 <28 = =2+ flog(F7) = =2 /log (=) + dlog(cosh(41/p)) < ——

e\ TR e T Ve

We will now use the independence of the different samples. Let’s call the above event Ej, then
1{E}} is a Bernoulli random variable with probability at least p. By the standard Chernoff bound
for Bernoulli random variables, we have that for all § € (0, 1)

l

S B} <(1- 5)127] < exp(—6°lp/2),

k=1

Pr

Choosing § = 1/2 yields that with probability at least 1 — exp(—Ip/8) at least an Ip/4 fraction of
the events Ej, will be satisfied. We conclude that with the same probability

@
?¢(J1) S Z G

N2 =
8(A( )) k:1{E;}=1
>p2/4- - (| A% + | E[Az]|?) - L min sech? (\J;Xf’“)\ + KM + hi)
Plugging in p, K1, M yields the result. |

B.3. Learning in Frobenius norm

After establishing the concentration of the first derivative and anti-concentration of the second
derivative, we now combine them to show that we can learn in the Frobenius norm.

The precise statement is given in the following lemma. Its purpose is to show that if for some
matrix J; the norm ||J* — Jy||F is large, then with high probability .J; will have a lower pseudo-
likelihood value than J*, which means that it will not be selected as the maximizer of the pseu-
dolikelihood. The proof essentially combines the concentration and anticoncentration properties of
the two derivatives for a single matrix J;.
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Lemma 25 Let X be a sample drawn from an Ising model with interaction matrix J* satisfying As-
sumption 17 and let J, € R be a different matrix, with A = J,—J*. Assume \/||AH% + || E[Az]||2 <

M < 1, for some M > 0. Then, there exist constants C,C’,r, K that depend only on p, )\, such
that for any t > 0, with probability at least

1 —exp(—C 1) —8/3exp (—C" -1 - min(t*,¢) - MQ) ,
holds

6(J1) = 6(J)4r -1 M* - tnin, }sech2(|Jin(k)| + KM +hi)—t-1- M2
cll],ien
Here, C,r, K are the constants C(p,\),r(p,\), K(p, \) defined in Theorem 24, and C' =
22%%)\4 is the constant defined in Theorem 18.

Proof [Proof of Lemma 25] We begin as in Lemma 1 in Dagan et al. (2021) by defining the function
J:[0,1] = R™™as J(t) = (1 — t)J* + tJ;. Let A = J; — J*. By definition, then we have

de(J(t)) _ 94(J) (I (1) _ 9*o(J)
dt - 0A J=J(t) ’ dt? 04 J=J(t)
Now define dng(J( ) do(J (1)
. t t
a:tg%(l),lhT y Y= tho

By Taylor’s theorem, we have that

6(J(1) > 6(J(0) +7+ 3

By the definition of J(¢), this is equivalent to

O(11) 2 6(J7) + 7+ 5 -

Now, using Theorem 24 immediately gives

a>r-1-|Al|%- min sech2(|J~*X-(k)| + KM)
F kell],ic[n) o

with probability at least 1 — exp(—C'- 1), where r, C, K are constants that depend only on p, A, as
in Theorem 24. At the same time, we can apply Lemma 18, where A is now A" and so instead
of t « t(||A||% + | E[Az]||?) we have t < tIM?. After replacing ¢ with ¢||A||r and notice that
|Allop < [|AllF < 1 we obtain

Prlly| > 117 < S exp (~C' -1 min(t,2) - M?)

Where C' is the constant in Lemma 19. Thus, with probability at least

1 _ eXp(—C . l) — 8/3 exp (_Cl . l . min(t,tz) N M2)
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we have that

o(J1) > o(J*)+r -1 - M?. min sech2(|Ji*Xi(k)|
kell],ig[n]

+KM)—t-1-M>
And the proof is complete. |

We now have to establish a similar property as in Lemma 25 but across all directions J; with
high probability. If we had this property, we could conclude that whatever matrix is returned from
maximizing the pseudolikelihood function, it needs to be close to the true matrix J* in Frobenius
norm. To do this, we utilize the fact that ¢ is Lipschitz with respect to the spectral norm.

Lemma 26 (Lemma 10, Dagan et al. (2021)) For any symmetric matrices J1, Jo € R™*", and for
[ samples,

6(J1) = d(J2)| < n-l-[|J1 = J2|lop
We next define the important notion of an e-net.

Definition 27 Given a metric space (U, d) and € > 0, we say that a subset N' C U is an e-net for
U if for every u € U there exists a v € N such that d(u,v) < e. The cardinality of the smallest
possible c-net is denoted by N' (U, d, ). We also refer to N' (U, d,e) as the e-covering number of
the set J.

The strategy now will be to show that all matrices that are far from J* in Frobenius norm will
have a higher pseudolikelihood value with high probability. Arguing simultaneously over all such
matrices is a daunting task, since this is an infinite set. The strategy that was employed in Dagan
et al. (2021) was the following: first, we construct an e-net to cover the entire space of matrices.
By choosing € sufficiently small and using the Lipschitzness property, we can show that any point
in the space has a pseudolikelihood value close to some point in the net. Consequently, if we can
guarantee that with high probability all points in the net have pseudolikelihood value smaller than
that of J*, then the same should be true for all points in the set as well.

However, this approach cannot work in our case, because by Lemma 25 we can only argue about
the value of ¢ for points that are close to J* in Frobenius norm. Thus, our goal will be to show that
there is a shell of matrices of the form {.J : ¢ < ||J* — J||p < M}, such that all points in this shell
have a higher pseudolikelihood value than J*. It will then follow from the convexity of ¢ that the
same is true for points outside of this shell as well. It would then follow that the true minimizer J
should satisfy ||J — J*|| < e, which is our final estimation bound. The challenge is to show that
for ¢ taking a relatively small value, this property will hold, as this will result in a small estimation
error. To argue about that, we are aided by the fact that we can choose [ large enough to make ¢
smaller than M, so this shell is not empty. The details are given below.

Theorem 28 Ler X1, ..., X; be independent samples drawn from an Ising model with interaction
matrix J* satisfying Assumption 17. Let J € R"™ "™ be the estimate of J* that is obtained by
maximizing the pseudo-likelihood function (6), i.e.

JO = argmax ¢(J; X) .
JWeRr®)
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Then, for any €,6 € (0,1), if

2
1 exp (Co (V20 + Avpy/log(n/(82)) + P/ 'V Ae + B ) ) - 5.

with probability at least 1 — 9,

VI = I3+ | B - J)X|2 <
holds. Here, Cy is a universal constant.

Before we go to the proof, we should clarify that J may not satisfy MLSI(p). We only need the
fact that at the ground truth J*, the MLSI satisfies. If .J satisfies MLSI(p) (and moreover for all
t € [0,1], tJ* + (1 — t).J, if it satisfies MLSI(p)), the bound of TV distance from KL divergence
may be better (see Lemmas 39 and 40.)

Proof Let ¢ € (0,1/2) and set M = 2¢. Let us define the shell

Re:={J €R:e < \/IT— JI% + | EI(J — J9)X]|]? < 2¢)

Our goal will be to choose [ such that with high probability J ¢ R.. First of all, since R. C R, we
have that for any 6 > 0
NRe |l Nlop: 0) < N(RL | - llop, 0)

Here, we have defined the set R, :={J € R : ||J — J*||p < 2¢}.

Thus, it suffices to bound N (R, || - |lop,#). To that end, we can view R as a subset of n>-
dimensional Euclidean space, where the basis vectors are matrices {Eij}zjzl, where F;; has the
1,7 entry 1 and the rest 0. Thus, we seek to cover the ball of matrices with spectral radius at most
1 with balls of radius 6. Notice that the ball with spectral radius 6 is contained inside the ball with
Frobenius radius . Since the ball of spectral radius 1 is a centrally symmetric convex body, we
can apply Corollary 4.1.15 from Artstein-Avidan et al. (2021), which is based on a standard volume
argument, to obtain

2e\"
€
N(Re [l llops 0) < N (R, [ - llops 0) < N (R, |- [, 0) < (1 + 0) (20)
Let i/ C R be an 0/n-net of R. of cardinality N'(R., || - |lop, @/n), where 6 will be chosen in the
sequel. Then, applying Lemma 25 and a union bound gives that for all £ > 0, with probability at

least
L= NRL | llops 0/n) (exp(—C - 1) +8/3exp (—=C' - 1 - min(¢*,t) - %)) .

We have that the following event occurs.

€:={o(7) 2 ¢(J) +1-(r- in ]sech2(|Ji*Xi(k)|+2K€—|—hi)—4t)~M2 YT eUy .
cll],zen

Here, C,r, K are defined in Theorem 24, and C’ is defined in Theorem 18. Now let us assume &
happens. We now upper bound |.J* X (k)|. Indeed, using Lemma 16 we have that for each

L o
8p)\2a >

Pr(|J; X®)| > a] < exp <—
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By union bound over all i € [n], k € [I], we have

1
P TIFXE>a<l.n- _ 2
r[ieﬁ?}i[lﬁ ! |zal<i-n exp( 8p)\2a

Thus, by choosing a = C”\y/plog((nl)/§) for some suitable absolute constant C”, we get that
with probability at least 1 — §/2 (we remind the readers that hy,,y is the maximum value of |h;|)

Jnin ]sechz(]Ji*Xi(k)] +2Ke) > sech? (C")\\/p log(nl/8) + 2Ke + hmax) = ¢(n)L
€ll], €n

We notice that {(n) grows sub-polynomially, i.e. {(n) = o(n") for any » > 0. Thus, we
conclude that with probability at least

1-N(RL |- llop, 0/1) (exp(—C 1)+ 8/3exp (—C’ o min(t2,t) . 52))) - g,
we have that
() > ¢(J*)+r-l-e® () —4t-1-e MIelU .

Now, choosing ¢ < r¢é(n)~1 /8. Notice that r is really small compare to C and C’, we have exp(—C"
l) <exp (—C'-1-min(t?,t) - €?)) = exp (—C’ -1 - t? - €?)) and we have that with probability at
least 1 5

L= S NRL | lop, 0/m) exp (=C"- 12 - €(n) 7 - 1 £2/64) = o,

the following event holds

1
£ = {gb(J) > o(J*) + g7l e2.¢(n)”t W e u}
Let us now see how we should choose [ so that
/ ! 2 —2 2 5
N(RL, | - llop, 0/n) exp (—C’ re(n) e /64) < 3

Using the covering number bound (20), it suffices to pick

- 64¢(n) (n*log(1 + 2en/0) + log(10/6))

! C’T252

2D

Finally, let us see how to choose . We would like to show that, if event £ holds, then for an arbitrary
element J € R. we have ¢(J) > ¢(J*). By definition, there exists J € U with ||J — J||op <
6/(2n). This, combinined with Lemma 26, implies that

6J) 2 6(T) — 2 (1) +5r 12 £m) & 1

The last quantity is > ¢(J*) if we pick 0 = 3r -2 - £(n)~!. Thus, (21) becomes

. &(n) (n?*log(1+ 2n - &(n)/(re)) + log(10/4))

- C'r2e? 22)
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Thus, with this choice of I, we know that with probability at least 1 — §/2
o(J) > ¢(J%) \VJER. .

We now prove that if we select

2

12 exp (Co (W0 -+ ABVI0B(1/(2)) + P/ Ve + huna ) ) - 2.

for some absolute constant Cy > 1, the inequality (22) holds. First, we know that, for any
positive number A, B, D, if X > 64(A%? + AV/B + D), we have X/2 > 4(Av/X + B + D). This
is because

X/2 > X/4+16(A% + AVB + D) > 4AVX + 16AVB + 16D > 4(AVX + B + D).
Consider

log(1 + 2n/(re)) + log(10/6)

A= C"\/p, B=log(n*/ (%)), D = 2Ke + hmax + log( C'r2 )

Let X = 64(A% + AvVB + D). So, we can deduce that, if [ > exp(64(A% + AVB + D)) - %,
we have
£(n) = sech?(C"\\/plog(nl/8) + 2Ke + huay)
< exp(2C" \/py/1og(1€2/n?) +log(n3/(52)) + 2(2K ¢ + hmax))
< exp(24+/log(le2/n2) + B + 2D)
< exp(2AVX + B +2D) < exp(X/4).

Therefore, we have

> ’;22 -exp(64(A% + AVB + D)) > :j cexp(X) = Zz -exp(X/4)? - exp(X/2)
2 ) 2 o (P a0
. Zj'g(”) ' (log(l +2n£(n)é/(:;‘)) +10g(10/5))
> £(n)- (n2 log(1 + 2n§(gz/lé(;«2s)) - log(lO/(S))

A, B can be seen directly in the bound of /, now we estimate the D. We know that D contains
2K e + hpax, which correspond to p5/ LW e + Amax in 1 (K = O(p5/ 4 ﬁ), according to Theorem
24). The rest of the terms for log (‘2821 %fzg“og(w/ 9 is upper bounded by a linear combination
of log log(n), loglog(1/6), loglog(1/e) and log(1/C"), log(1/r), where log(1/C") = O(log(p) +
log(A)) is log(1/r) = O(A\/p - log p) according to Theorem 24. The previous three terms are
absorbed by A\/p\/log(n/(d¢)), and the last two is absorbed by A?p. Hence, we can prove that this
[ satisfies the condition of the inequality (22).

We now go back to the main part. We call the event ¢(J) > ¢(J*),VJ € R. as E”. We argue
that if £” holds, then for all J with ||J — J*||r > 2¢ we have ¢(J) > ¢(J*). Indeed, for any
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o(J") > 6(J7)
= ¢(J) > ¢(J7)

</

I1I

Figure 1: The set R, naturally partitions the whole space into three regions, I, II, and III. We know
that all J in region II satisfy ¢(J) > ¢(J*). If we consider an arbitrary .J in region III,
then by appropriate scaling, we can find .J’ in region II that lies on the line connecting .J
and J*. The assumption about J* combined with the convexity of the pseudolikelihood
¢ allows us to conclude that ¢(.J) > ¢(J*). Thus, J lies in region .

such J, the line segment connecting .J to J* intersects R. in at least one point, call it J’. This is
because the inequalities defining R scale by a constant as we move from J to J* (see Figure 1 for
an illustration).

Thus, for some ¢ € (0, 1) we can write J' = (1 —¢)J* +t.J. Now, since ¢ is a convex function,
it holds

¢(J') < (L=1)p(J") +to(J) < (L= t)p(J') + td(J)

The last inequality holds by definition of event £”. By rearranging we get ¢(J) > ¢(J*). Thus, J
can only lie inside the Frobenius norm sphere of radius ¢ around J*, which concludes the proof.

Appendix C. Learning Ising Models with Bounded Width

In this section, our goal will be to establish sample complexity guarantees for learning Ising Models
of bounded width in TV distance. We say an Ising Model has width bounded by M > 0, if and only
if || /¥l < M. This enables us to handle the second derivative more easily since the sech terms
are always lower bounded by a constant that depends on M.

Assumption 29 [n this section, we assume h = 0 and R = {J* € S§§ : ||J*||oc < M} for some
M > 0.

For this Section, R C S} will denote the set of matrices with ||A||oc < M. In Dagan et al.
(2021), it was established that we can learn the interaction matrix in the Frobenius norm. Here,
we will need a more refined analysis, which will result in stronger guarantees that will enable us to
bound the total variation distance between the estimated and the true model.

For the reader’s convenience, we remind some important notation that will be used in this sec-
tion. For a symmetric matrix .J € R"*™ and a subset I C [n], we denote by .J; € RI*™ the matrix
consisting only of the rows of .J that are indexed by elements in I. We also denote .J;; € RI/I*I|
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the submatrix with rows and columns indexed by /. For non-square matrices, the Frobenius norm

extends in the usual fashion
PAREDD Z
el j=1

We start by briefly highlighting some of the technical tools used in Dagan et al. (2021), as they
will prove useful in our case as well. An important observation is that we can select O(logn)
subsets of nodes, such that each submatrix of J* satisfies Dobrushin’s condition. Furthermore, we
require that each node belongs to a constant fraction of these subsets. Formally, the following result
was proven in Dagan et al. (2021).

Lemma 30 (Lemma 2 from Dagan et al. (2021)) Ler J* € R™ "™ be a symmetric matrix with
|J*loc < M and let n € (0, M). Then, there exist subsets I, ..., I. with r < CM?logn/n?
such that the following properties hold.

1. Foralli € [n]

jeblzien] =]

2. Forall j € r],

<

This Lemma will allow us to split the first derivative sum into terms, where each term is a sum
over the nodes of each subset. Then, for each subset I;, by property 2, conditioned on the values
X_1;, the model is in high temperature, so we can apply concentration bounds that are valid in that
case. For simplicity, for j € [r] we use the notations

l
6= <1og cosh(J; X)X ®) 1, x ®) 4 1og 2)

k=1i€l;
k= 116[
¢ (J l
3;1(2) =Y sech?(J;X M) (A XH))2

k=14i€l;

The above are random variables, but we omit the dependence on X for simplicity. We will argue
about each component ¢; separately, conditioned on the variables X_j,. By property I, we have

that
SM
=—> 6;(J) (23)
j=1

Our goal will be to show that this bound of the first derivative is of the same order as [-E[|| AX ||?]
with high probability, which is a quantity independent of the conditioning. To do that, we will bound
the deviation between the empirical and true mean of the variable || E[AX (*)|X (_k])] |2, uniformly
over all matrices A with small Frobenius norm. The challenge here is that X_;, comes from a
model at low temperature, so we do not have information about its concentration properties. If
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we naively use the Chernoff bound, then the large magnitude of || E[AX (¥ ]X ]H2 will incur a
large concentration radius, which, combined with a union bound over a high- dlmensmnal subset
of matrices, will result in high sample complexity. Instead, we notice that because of the special
structure of the random variable, it is enough to upper bound the deviation of the random matrix
E[X|X (_kI) JE[X|X (_kl) |7 from its mean, which can be done using matrix concentration results. This
avoids the]costly union bound over the set of matrices and results in a polynomial reduction in the
number of samples required. Let us introduce the set of matrices of small Frobenius norm

Ac :={J e R |A||lp < €},
The details are given in the following Lemma.

Lemma 31 Suppose X1, ... X1 ¢ {=1,1}" are independent samples from an Ising model
with interaction matrix J* satisfying ||J*||c < M and zero external field. Then, for any t > 0 we
have that with probability at least

1t )2
1-2 -
nexp < in? + 2nt/3> ’
the following holds

l
1 k
7 IEAXOLX )2 ~ B[ EAX|X_1])2]| < tlAl} VA

k=1

Proof We first notice that we can write
IE[AX|X_/]|I2 = E[X|X_/]TATAE[JX|X_/] = Tr (E[X|X,I]TATA E[JX|X,I])
= Tr(AE[X|X_/|E[X|X_;]TA") .
Let S = E[X|X_;]E[X|X_;]" be this random matrix and denote by S®) := E[X| X ¥ E[x|x*)]T

and S = E [E[X|X_;]E[X|X_;]"] the  independent samples from the distribution of S. Then,
we can write the difference between the empirical and the true mean as follows

[ (a (325 - mis) )

<t 24)

l
S IEAX O X WP — B [ BlAX|X ]
k=1

1
1

Assume momentarily that we somehow know that

l

Z Sk _g

k;:

2

Then, by the previous calculation and the definition of A € A,, we would have

l n l
‘ﬁ (A (} > o sh - E[S]) AT> <> JAS (; > M® - E[M]) A;
k=1 =1 k=1

<t llAlz=t-0J - %

i=1
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In the above, we have used A; to denote the i-th row of matrix A, together with the fact that A is
symmetric. Thus, to prove the claim, it suffices to establish (24) with high probability. We turn our
attention to that task now.

First of all, we notice that S(*) are sampled independently from the same distribution of matri-
ces. Since X is a binary vector, each entry of the random vector E[AX|X _; ] lies within [—1, 1].
Thus, so each S*) is a symmetric rank-1 matrix with all its entries bounded by 1 in absolute value.
Therefore we know that ||S®) — E[S]||2 < 2n. And finally, | E[(S*) — E[S])?]||» < 4n?. There-
fore, if we use the matrix Bernstein concentration inequality (see Theorem 1.6.2 in Tropp et al.
(2015)), we can have

Pr >t =2nexp<

—1t2/2 )

4n? 4 2nt/3

l
1
7 > 5H B[]
k=1

op

This concludes the proof. |

The next step will be to use this concentration property to obtain a uniform upper bound for the
first derivative of the pseudo-likelihood. We start by proving such a bound for a single direction.

Let us define the following event, which depends on the values of X (_kl) fork=1,...,1.

J
Ej,u = {

Lemma 32 Suppose XV, ... . X1 ¢ {=1,1}" are independent samples from an Ising model
with interaction matrix J* satisfying Assumption 29. Let A € R™ ™ be a symmetric matrix with

l
1 2 * k 7 *
T IEIT = )X B X )12~ B (1Bl - )X |X )|
k=1

<u-[|AlF ,VA}

|Al|co < M. Suppose we condition on the values of X(_kl)j for all k and that these values are such
that E;,, holds. Then we have that with probability at least

1 —exp (—emin(t, %) (1- (E[|AX]3])))

we have that

PRI < ot-1- (B[|AX|2]) .

9¢;(J*)
0A

Proof We know that if we choose n = 1/3 the distribution X,|X ;. satisfy || A [[op < 1, satisfy

Glauber-MLSI(6) and Po(6). First, we use Theorem 18. Consider a large Ising model, with diagonal

matrix blocks Ay, and also external fields A_; —;, X (ff)] This large Ising model is a tensor product

of i.i.d. Ising models of X I | X (fl)J Therefore, we have, with at least

l
8 . k
1 5 exp(=Cmin(t, *)(I - [ Ap I3+ Y I BIAL X P 1X{P]%)

=1

probability, we have

l
9¢;(J*) P k)| v (B)7p2
2 <o 1A+ 30 A, XL )
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If E; ., holds, we have, with at least probability
1 —exp (—emin(t, %) (I- (1A |7 + E[| E[AX]|X_1]|]* —u - |AlIF))) .

we have that

’ 99;(J")

e <t (A1 + Bl EIAX X1+ u- A1)

We now use the following Lemma, which connects the variance of linear functions of Ising
models in high temperature with the Frobenius norm and has been repeatedly used in our analysis
so far.

Thus, we can write

B[ AX 3 ZE (A7 X7
_ZE[ (A] X) IXJ]»]]
—Z< [Var((A] X)X ]| + [(E[A%TX'X‘”]YD

= Z( [Var (A X)X _1, ]D +E [HE[AX’X—IJHE]

Now, we can apply Lemma 22 and Poincaré Inequality to the conditional Ising model condi-
tioned on the values of X _ I there are absolute constants ¢y, C'ps such that

enl| A} < Z (B [Varl(a! x)?X_1]] ) < Ol |15

Thus, the preceding bound implies

E[|AX 3] = © (| A7, [IF + | E[AX|X_1]]%)

Thus, by adjusting the constants, we know that for any A € R™*", with probability at least
1 — exp (—cmin(t,*) (- (B[|AX|] — u- [|Al|%)))

we have that

“W <t-1- (BAX|Z +u-|Al2)

0A

Notice also that by Lemma 22, we can absorb the term || A||% inside E[||AX|?] in the upper
bound, with the possibility of incurring an extra constant factor. Also, by choosing u to be a small
enough constant, again by Lemma 22 we can write

E[|AX 3] - ul|AlF > 5 B[] AX|]3]

> 1g
=
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Thus, under even E; , for this choice of constant u, we have that with probability at least

1 gexp (—cmin(t,tQ) (l : (E[HAXHS])))

we have that

‘%U*) < Ct-1- (B|AX]3]) -

0A

We would like to prove that the bound of Lemma 32 holds uniformly for all matrices A in a
given set. To do that, we first establish a Lipschitzness property of the first derivative of the pseudo-
likelihood, similar to the one that was established for the pseudolikelihood itself in Dagan et al.
(2021).

Lemma 33 Let A, B be two symmetric matrices with || A||eo, || Blloco < M. Then

'8@-(}*) _09;(J7)

<9.].n-1lA —
-~ S <2l A= Bl

Proof We have that

l

- Z Z <<Az - Bi) X(k)) (tanh(Ji*X(k)) _ Xi(k))

‘6¢j(‘]*) _99;(J7)

04 0B k=14€l;
l n
<2 (45 — B x®)|
k=1 1=1
l n
<2v/my |30 (Ai - B)x®?
k=1 =1

<2-0-n-|A-B|s .

In the last step, we used the fact that | X*)||; < /n for all k and the definition of the operator
norm. u

Our method of bounding the first derivative uniformly is similar to the one employed in Dagan
et al. (2021). In particular, we construct a net over the set of matrices and then take a union bound
over all the elements of the set to bound the first derivative for all these points. If the radius is chosen
small enough, then the upper bound of the first derivative extends to all elements in our set.

Since the probability of failure is governed by E[|| AX|?], we need to choose a set of matrices
for which this quantity is large, if we wish to prove high probability bounds. Thus, we define the
following set of matrices.

Ry = {A: B[JAX|]] > s}
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Lemma 34 Suppose XV, ... X1 ¢ {=1,1}" are independent samples from an Ising model
with interaction matrix J* satisfying Assumption 29. Let A € R™ "™ be a symmetric matrix with

|Alloc < M. Consider the netUs :== N (Rs, || - ||2,0). Then,

aq;(j) SSCM't-l-E[||AX||%]—|-2.l.n.9 VA€ R,
n

with probability at least

1~ S (logn) - [Us] - xp (—cmin(t,2) -1 - ) — 2n(logn) - ex __ L2
Proof
By taking a union bound over the elements of U/, by definition of the set R we know that
“Wﬂ)

el <ol (BIAXIR) VA €U,

with probability at least
1 — [Us| - exp (—cmin(t, %) - 1 - 5)

Using the Lipschitzness of the first derivative, this implies that with the same probability, we

have 56:(J*
‘gbéil) <C-t-1-E[|AX|3] +2-1-n-0 YA€ R,
This bound holds conditional on XV ..., X () assuming they have values that satisfy the event

Ej .. But we have already bounded the probability that this event occurs in Lemma 31. Thus, for
the choice of constant u that we have made, we have established that with probability at least

1 — |ty - exp (—cmin(t t2)~l-s) — 2nexp —%
B ’ 4n? +2u-n/3)’
it holds

o <C-t-l-E[JAX|3]+2-1-n-0 \VAER,.

We will see in the sequel what the optimal way is to adjust these parameters. Finally, by taking
another union bound with respect to all different subsets I; and using (23), we have that

9¢(J")
0A
with probability at least

‘ 0¢;(J")

8C M
< ; t-l-E[|AX |3 +21-n-0 VA€ R,,

l-u?/2
1 — (logn) - |Us| - exp (—cmin(t,tQ) -1 s) —2n(logn) - exp <_4n2—|—2u/n/3> .

|
This is the uniform bound on the first derivative that we were aiming for. We will see how to
pick the value of s later.

We now focus on the second derivative. We start with a Lipschitzness property for the second
moment in the second derivative.
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Lemma 35 Let A, B be two symmetric matrices with || A||sc, || B||co < M. Then

<M-l-n-[|A- Bl

l
> (14X 3~ | BxD3)
k=1

Proof We have that
! l n
Z (HAX(’C)Hg - ||BX(’€)||%> — Z ((AiX(k))Q (B X(k))g)
k=1 k=1 i=1

We are now ready to state the uniform guarantee for the second derivative. The proof will again be
based on Lemma 31 to avoid unnecessary union bounds.

Lemma 36 Suppose XV, ... X1 ¢ {=1,1}" are independent samples from an Ising model
with interaction matrix J* satisfying Assumption 29. Let A € R™ ™ be a symmetric matrix with
| Alloc < M. Consider the net Us := N (R, || - ||2,6). Then, with probability at least

l-u?/2
1— ]Z/{s|exp(—c- l- S) — 2n-exp <—ZWW%>

we have
D*¢(J)
0A2

>C-1-E[|AX|?] - M -1-n-6 VAcR,

Proof

We use the same argument as the first derivative. If we take n = 1/3, take any j, the distribution
of each X I | X_ I; is Glauber MLSI(6) and Po(6). When we do the tensor product of all the samples,
the same Glauber MLSI and Poincaré inequality holds. By Lemma 23, we have that there exists
absolute constants ¢, C' such that

2¢(J l N
022 e (lHAIjH% + > I EAX® X )2
k=1

with probability at least

l
k
1 —exp (—c- (z AL+ E[AXUWXE}J.HP))

k=1
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The previous arguments have already established that
AL 17 + | E[AX|X_1,]|5 = ©E[|AX|]%).

Using the concentration of Lemma 31 as before, we can establish that if event £ ,, holds for a

small enough constant u, then conditional on X (_kj)] for kK = 1,...,1 we have, there exists absolute
constants ¢, C' such that
*¢(J)
>C-1-E[|AX|?
S = CL-E[|AX )

with probability at least
1—exp (—c-1-E[|AX]|]?])

We can now implement the exact same union bound argument that we had for the first derivative.
The only thing we need to check is the Lipschitzness of the second derivative, which will determine
the size of our net.

Now, again by considering the net U := N (R, ||-||2, #), taking a union bound over its elements
and using the lipschitzness of the second derivative, in exactly the same fashion as with the first
derivative, we get that conditioned on £ ,,

9%¢(J)
0A?
with probability at least

>C-1-E[|AX|?] —=M-1-n-6 VAeR, (25)

1 — |Uslexp(—c-1-s)
Removing the conditioning and using Lemma 31, we have that (25) holds with probability at least
l-u?/2
1— ’Z/{s| exp(—c -l S) —2n - exp <_47’LZ—}—2un/3>
|

We are now ready to use the above lemmas to argue about the value of the pseudolikelihood for
matrices that are “far” from J*.

Theorem 37 Let X1, ..., X; be independent samples drawn from an Ising model with interaction
matrix J* satisfying Assumption 29. Let J € R"™ "™ be the estimate of J* that is obtained by
maximizing the pseudo-likelihood function (6), i.e.

JO = argmax ¢(J; X) |
JWeRr®)

where R = {J € 8 : ||J||oc < M. Then, for any € € (0,1) and § > 0, if
=@ (n2 (log(1/(d¢)) + log n))

€

then with probability at least 1 —
B{(J ~ X3 < .

where O hides exp(M) factors.
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Proof For any matrix J € [J)s, an application of Taylor’s Theorem yields
R T L Co T
gA 1A=I-J T 5T lA=)-J

where J¢ belongs in the line segment connecting J, J*. Thus, using the preceding arguments, we
know that with probability at least

¢(J) = o(J) +

[-u?/2
1 — (logn) - [Us| - exp (—cmin(t,#?) - 1 - s) — 2n(logn) - exp <_4n2+2u/n/3> ’

we have

o(J) > ¢(J*)+C-1-B[||(J - J)X|3] - C"-t-1-B[||(J - T)X|3] -C"-1-n-0 ,\NJ:J—-J" € Rs.

(26)
We now show how to choose the various parameters. First, we choose ¢ to be a small enough
constant so that C't < C'/4. We also choose § = O(s/n) so that C" -1 -n -0 < Cs/4. These
choices mean that (26) can be written as

¢(J)2¢(J*)+%-l-s,VJ:J—J*ERS 7)

This means that all matrices J such that J — J* € U have a higher negative pseudolikelihood
value than J*, which means that they will not be selected by the optimization procedure. Thus, this
allows us to conclude that J — J* ¢ R, which implies that E[||(J — J*)X||3] < s. We now turn
to analyze the probability that this event occurs. Let us set s = €. We would like to have

(logn) - [Us| - exp (—c min(t,t?) - 1 - €) < g (28)

for the specified error probability § > 0. As we argued in the previous section, using Corollary
4.1.15 from Artstein-Avidan et al. (2021) gives

iz ()" —o((u+%)")

n?log(n/e) + loglogn + log(1/6)
€
for some constant C' > 0 that depends on M, we can satisty (28). We would also like to have

1-u?/2 4]

Thus, if we choose

[>C

(29)

In the above, u is a sufficiently small constant. To satisfy (30), it suffices to choose
> C (n*logn +n*log(1/4)) (31)

samples. The conditions (29) and (31) give us the final sample complexity.
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C.1. Proof of Proof of Corollary 10
Finally, we give a formal version of Corrolary 10 and then its proof.
Corollary 38 Suppose we are in the setting of Theorem 37. Additionally, assume there exist con-

stants 7y, C' > 0, such that Pr j« satisfies (y/n, C)-regularity regularity. Then, for any ¢ > 0, if
I = Q(n?/e?), with probability 1 — o(1) over the choice of samples TV(Pr ;,Pr-) < €.

Proof Using the same representation for KL between Ising models as Lemma 20 of Dagan et al.
(2021), we get that for some matrix Jg = £J* + (1 — §)J

1 .
KL (P:||P;) ==V [XT(*— )X}
(Bil|Pr) =5 Var | X7 (=]
where in the above, the notation X is sampled from an Ising model with interaction matrix J¢. The

Cauchy-Schwarz inequality now implies that

pG [XT (J* - j) X} = JE;[(XT (J* - j) X)?]

<n-E[|(J - J)X3]
3

By [l (Je — T)XIB)
1-&p

Without loss of generality, assume that €2 < ~. By Theorem 37, we know that if | = Q(n?/€?), we
have with probability 1 — o(1)

Then, by scaling, this implies
E(|(Je - ") X[ <

Thus, since we know J* satisfies (/+/n, C')-regularity, we have that

* 62‘(1_5)2
B (e - ) X[} < 0 L=

which implies
KL (P;||Py) <C- €

Using Pinsker’s inequality as in Lemma 40 concludes the proof. |

Appendix D. Applications of Learning with MLSI

In this Section, we present the proofs for the applications of Theorem 28. The step that remains is to
bound the total variation distance between two Ising models by the Frobenius norm of the difference
of their interaction matrices. We give two such bounds. The first is cruder and makes no additional
assumptions about the matrices.
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Lemma 39 Suppose i, u* are the distributions corresponding to two Ising models with interaction
matrices J, J* € Sy and zero external fields. Then, we have the following property:

I = p*llrv < nllJ = J*|F.
We give our version of the proof in Section E. Note that an alternative proof can be given using
the technique in Klivans and Meka (2017) Lemma 7.3.
The second Lemma additionally assumes that both matrices, as long as any matrix in the line

that contains them, satisfy MLSI. In that case, we can obtain much more precise guarantees without
losing polynomial factors.

Lemma 40 Suppose Jy, Jo € Si are such that for every t € [0,1], Pr, satisfies MLSI(p), where
Jp=tJy + (1 — t)JQ. Then,

TV(PJUPJz) <p- HJl - J2||F
Proof First, using Pinsker’s inequality, we get

KL (PJ1HPJ2)

TV (Py,,Py,) < 5

Thus, it suffices to bound K L (Py, || Py,). For this, we rely on a standard calculation for exponential
families that connects the KL divergence to the variance of the sufficient statistic. In particular, fol-
lowing the derivation in Lemma 20 of Dagan et al. (2021), we get that for some matrix J¢ contained
in the line segment connecting J; and Ja

1
KL(Py|Py) = 5 Var [XT (7= ) X]

where in the above, the notation X is sampled from an Ising model with interaction matrix J¢. Since
J¢ satisfy MLSI(p), it also satisfies Po(2p)), which yields

Var [XT (/i = 22) X| <2 B_[II(/1 = J2)X]]
~ 20 Yag (- a7 ]
<4p22|| — Jo), |2

= 4p* HJ1 — J

This concludes the proof.

We are now ready to present the proof of the applications.
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D.1. Application: SK/diluted SK model

First, using Lemma 39 and Theorem 28, we can derive the following corollary:

Corollary 41 Let X1, ..., X; be independent samples drawn from an Ising model with interaction
matrix J* satisfying Assumption 17. Let J € R"™ "™ be the estimate of J* that is obtained by
maximizing the pseudo-likelihood function (6) for a set of matrices R C S{f, which is convex and

admits efficient projections in Frobenius norm. Then, for any ¢ € (0,1), if | = 0 (%)

then with probability at least 1 — 6, TV (P}, Py«) < ¢, where O hides sub-polynomial factors of n,
and other terms involving X\, p and hy,.x. Moreover, we can implement MPLE in polynomial time.

Proof The proof follows immediately by setting € = € /n in the guarantees of Theorem 28. The
optimal value of the pseudolikelihood can be found in polynomial time using projected gradient
descent. |

Corollary 41 says that if we can find a set R that is convex and admits efficient projections, we
can solve the pseudolikelihood estimation problem in polynomial time. We instantiate this fact in
the cases of SK/diluted SK model now.

Corollary 42 Suppose we are given | independent samples XV ... X ~ Pr ., where J* is
sampled according to the SK-model with 3 < C, where C' ~ 0.295. That is, every J;; = Jj; is
chosen i.i.d. from N'(0, 32/n). Then, there is a polynomial time algorithm (MPLE) that produces
an estimate J € Sy, such that with probability 1 — o(1) over the choice of samples and the choice
of matrix J* we have TV(Pr ;, Prj+) < ¢, as long as | = Q(n*/e?).

Proof By Anari et al. (2024b), when 8 < C, with 1 — o(1) probability over the choice of random
matrix J* it satisfies ATE, which by Chen et al. (2021) means it also satisfies MLSI. Therefore, we
can run MPLE on the set of matrices R = {J € S§ : || J|lop < 4}. We know that J* € R with
probability 1 — o(1). Also, it is clear we can efficiently project to R by eigenvalue clipping. Thus,
applying Corollary 41 finishes the proof. |

Similar guarantees can be obtained for the diluted SK model.

Corollary 43 Suppose we are given | independent samples XV, ..., X ~ Prj., where J* is
sampled according to the diluted SK-model with 8 < C, where C' = 0.295. That is, consider a

random d-regular graph G. If i and j are not connected, J;; = 0. If i and j are connected, then

Jij = Jj; is chosen from { \/dﬁj, — \/dﬁTl} with the same probability, independently for all such

pairs. Then, there is a polynomial-time algorithm (MPLE) that produces an estimate J e Sy,
such that with probability 1 — o(1) over the choice of samples and the choice of matrix J * we have
TV(Pr;,Pry-) <e¢ aslong asl = Q(n*/é?).

Proof The proof is similar to Corollary 42. By Anari et al. (2024b), when § < C, with 1 — o(1)

probability it satisfies ATE, thus also MLSI with a constant that depends on the distance of 3 from
C. Thus, we can use Corollary 41 to obtain the result. |
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D.2. Application: Spectrally Bounded Models

For spectrally bounded models, the set ‘'R can be naturally restricted to only include matrices that
satisfy MLSI. We thus get optimal guarantees for TV learning.

Corollary 44 Let X1, ..., X; be independent samples drawn from an Ising model with interaction
matrix J* € Sg that belongs in the set R = {J € S : Apaa(J) — Amin(J) < 1 — a}, for
some o € (0,1), and zero external field. Let J € R™" pe the estimate of J* that is obtained
by maximizing the pseudo-likelihood function (6) over RO, given | independent samples from J*.
Then, for any € < 1, with probability at least 1 —

TV(Pjva*) <e,

whenever
n?log(1/(d¢)

g2

1 e (00 (BT 1)

Where Cy is a universal constant. Moreover, the algorithm can be implemented in polynomial time.

Proof First, let us argue that R is a convex set. We know that for two symmetric matrices, using the
Rayleigh quotient, we can derive that for any ¢ € (0, 1)

Amax (A1 + (1 — t)A2) < tAmax(A1) + (1 — ) Amax(A2)
)\min(tAl -+ (1 — t)AQ) > tAmin(Al) + (1 — t))\min(AQ)

soif A1, A2 € R, tA; + (1 —t)Ay € R.

By Lemma 12, every J € R satisfies MLSI(1/c). Also, clearly ||J||,, < 1 for every J € R,
since the zero diagonal implies J will have both positive and negative eigenvalues. Thus, combining
Theorem 28 and Lemma 40 gives the desired guarantee in T'V.

Now, let us argue about the computational efficiency of the method. Since the pseudolikelihood
function is convex, to find .J we can use the projected gradient descent algorithm as in Theorem 3.2
of Bubeck et al. (2015). Thus, we only need to argue that at every step we can efficiently project on
the set R.

We have shown that R is a convex set, and the distance from it, which is measured in Frobenius
norm, is a convex function. Thus, one way of computing the projection would be using the result
in Lee et al. (2018), where they optimize the distance in polynomial time using only a membership
oracle for R, which is, of course, easy to implement in our case. Alternatively, one could write
the projection as a semi-definite program (SDP) Boyd and Vandenberghe (2004) and then solve it
efficiently using Jiang et al. (2020). For convenience, we spell out the details of the SDP approach
below.

The SDP in standard form minimizes (C, X') subject to (4;, X) < b; and X »= 0. We can use
a diagonal block matrix X so that X > 0 is equivalent to X7, Xo,..., X > 0, and furthermore,
using the linear constraints (A4;, X) < b; (both (A, X) < band (—A, X) < b to build an equation)
we can encode linear relationships between matrices X1, Xo, ..., Xi. Therefore, we can actually
write several, rather than one, positive semi-definite constraints of matrices, where each element has
a linear relation to the other.

Therefore, we can first encode two matrices .J (the matrix that needs to be projected) and J’
(the projected matrix), and three values A1, Ao, in X;’s off-diagonal and put free variables on the

57



DASKALAKIS KANDIROS YAO

diagonal of X so that X; > 0 if we can make the diagonal large enough. In the linear constraints,
we encode the information that J and J’ are both zero-diagonal symmetric matrices. Then, we
encode \\I — J" = 0and J' — Aol = 0 and A\; — A\ < 1 — a to make the constraint Apax(J) —
Amin(J’) < 1— «. Finally, we flatten the elements in J — .J into a column vector v, and we add the

constraint <vT 1;) = 0 which is equivalent to ¢ > ||J — J'||%. Finally, we optimize ¢ to make it

as small as possible. We solve this SDP to find .J/, which is the projection from .J to R. This SDP
has a polynomial size in 7 and a polynomial number of constraints. By Jiang et al. (2020) (the main
result), we can get an efficient algorithm solving the SDP, thus we can project on R efficiently. W

D.3. Application: Antiferromagnetic Expanders

Corollary 45 Given 0 < o < 1 and ¢ > 0. Let 1 be the all-one vector. Let A be the set of matrices
such that forall A € A, A1 = 0and 0 < A < (1 — a)l. Suppose we are given | independent
samples XV ... X ~ Pr ., where J* is from

t
R=8S'N{3IreRO<t<c,Ac A, st J +r[=—-11" + A}.
n

Then, there is a polynomial time algorithm (MPLE) that produces an estimate J € R, such that with
high probability over the choice of samples and the choice of matrix J* we have TV (Pr ;, Pr ;) <
€ aslong as | = Q(n?/e?).

Proof First, we know that, from Anari et al. (2024b), any matrix in R satisfies ATE, and thus satisfies
modified-LSI. Following the previous recipe, we just need to prove that R is convex. First, we know
that A is convex. Since the average of two positive semi-definite (PSD) matrices is PSD, for any
A1, A2 € A, (A1 + A2)/2 = 0,and (1 — a)I — (A1 + A2)/2 > 0. Therefore, (A1 + A2)/2 € A.
Therefore, for Jq, Jo € R, there exists real numbers rq, ro, t1,t2, A1, Ao, such that J; + r, 1 =
Li117 + A4, fori = 1,2. Therefore, we have (J; +.J2) /2 + 172 = (t1+Tth)/211T +(A1+A2)/2,
and thus (J; + J2)/2 € R, and thus R is convex.

Again, we have shown that R is a convex set, and we are optimizing a convex function. And
the constraints of being a matrix in R are spectral or linear, as in the proof of Corollary 44. Thus,
we can formulate the problem as an SDP again and solve it efficiently Jiang et al. (2020). As in the
proof of Corollary 44, we encode matrices J (matrix need to be projected) and J' (the projected
matrix) and scalars 1, g, t/n,v. We also encode M = J' —t/n - 11" and 0 < ¢ < ¢ in the linear
constraint. We make M = M ', M has equal-diagonal, and M1 = 0 in the linear constraints as
well. In addition, we have \;I — M = 0, M — Aol > 0 as a positive semi-definite constraint and
A1 — A2 < 1 — « as a linear constraint. Finally, we repeat the steps in Corollary 44 for the final
step of the Frobenius norm. As we can write the SDP like that, we can get an efficient projection
algorithm. |

Remark 46 We should mention that in this antiferromagnetic expanders model, despite the con-
straints, it could still be that || J* ||~ is unbounded. Indeed, consider a Paley graph G of a 4k + 1
type prime p (that is, © and j are connected if and only if i — j is a quadratic residue), and con-
sider J — I — 2G, where J is the all-one matrix. We know that G has all the eigenvalues 0 once
with the all-one vector, and +./p appears (p — 1)/2 times. Then, we know that if we consider
J* = ;Tg(J—I—m) —t-(J—1I)for0<t<c—1,itwilbeinR.
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Appendix E. Bounding the TV distance by the Frobenius norm (Proof of Lemma 39)

Suppose we have two Ising models with interaction matrices J, J* € S respectively and zero
external fields. The following lemma bounds their TV distance in terms of ||.J — J*|| .

Lemma 47 Suppose i, u* are the distributions corresponding to two Ising models with interaction
matrices J, J* € S and zero external fields. Then, we have the following property:

I = p v < nllJ = TP

Proof We consider the TV distance of the X; conditioning on u, *. By Pinsker’s inequality, we
have

2| — p* |Gy < KL(p|p*)

Consider the symmetric KL distance, we have

Allp = 1|7y < KL(ullp®) + KL(n" () = XEM(XT(J —J)X) + XPM*(XT(J* - J)X)

We expand one of them, and the second one is analogous.
We can write

XE(XT(J—J* ) =2 (Ji =) XX ) =2 (Jij - 2Pr(XX 1)—1).
~p
i<j 1<j

Therefore, after we group them, we have

E (XT(J-JX)+ E (X' (J ) =4 (Ji—J55)( X;X;=1)— Pr (X;X,;, =1
XNM( ( ))XNM( (J* ; ( j )XNM*( i=1))

The probability of X;X; = 1 can be upper—bounded by coupling. First, we consider the dis-
tribution of X and X’ according to p and p*, respectively. We couple X and X’ to achieve the
probability X_;_; # X', ; as small as possible. We call the event X_;_; # X', ; tobe Ey, and
X ij=X" ;_j tobe E2 Therefore we can split the difference in probability to be

E (X'"(J-JH)X)+ E (X"(J" —J)X)

Xrop Xrop*
=4 (Jij - (Pr (X Xj=1)— Pr (X;X; =1))
1<J "
<4 | i - |Pr(XX =1)— Pr (XX =1)]
1<J
<4Y |y - 3 ( r(Ey) - ';Nru(Xin =1[E1) = Pr (X;X; =1]E)
1<J

+PF(E2) . I)FNI‘#(XZ‘XJ' = 1‘E2) — XEZ*(XZXJ = 1’E2>

)
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For E; case, We have Pr(£;) < ||u — p*||7v along with the naive bound
’PI‘(XZXJ = 1’E1) — PI'(XZXJ = 1’E1)‘ < 1.

For the F case, we bound Pr(F5) < 1, and we upper bound the probability difference by the
largest possible difference of the conditional probability. That is:

< max
i

' Pr (XZX] = 1‘E2) — Pr (XZX] = 1‘E2) PI‘ (X X = 1|X_l J) — Pr (XZX] = 1‘X—i—j) .
Xrp Xrop* Xrop*

To sum up, we have the following inequality:

E (X'(J-J)X)+ E (X' (J*=J)X)
~ X~op*

<4 | i = T (Pr(El) ‘PNru(Xin:1\E1)—XI:Z*(XZ-X]~:1\E1)

1<j

Pr (XX, = 11X ) = Pr (XX =1|X i)

+PT(E2) . '})NI‘M(XZ'X]‘ = I‘EQ) — XEZ*(XZX] = I‘EQ)

)

For Ising model p with interaction matrix J, denote h; = Zk# j Jik, and h; = Zk# j Jjk we
can calculate that

<4y |y — T3] <||M v + max

1<j Xoiey

PI‘(Xin = 1)
_ exp(Jij + hi + hy) + exp(Ji; — hi — hy)
exp(Jij + hi + hyj) + exp(Jij — hi — hyj) + exp(—Jij + hi — hy) + exp(—Jij — hi + hy)

Denote v = h; + h;j and w = h; — h;. So, we have the following

o exp(Jyj) cosh(v) o -
PriXX; =1) = exp(J;;) cosh(v) + exp(—J;j) cosh(w) F(Jgyu,0)-

Denote v* = 3, ;  Ji + Zk?é” feand wt =0 o0 — > s i . Our target is to

upper bound | F'(J;;, u, w) — F'(J55, u*, w )| We take the derivative to show the Lipschitzness of F

to achieve this. By taking the derlvatlve directly, we have

or 2 cosh(v) cosh(w)
dJi;  (exp(Jij) cosh(v) + exp(—Jij) cosh(w))?
or sinh(v) cosh(w)
dv  (exp(Jij) cosh(v) + exp(—J;;) cosh(w))?
or sinh(w) cosh(v)
v (exp(Jij)cosh( ) + exp(—J;;) cosh(w))?’
By AM-GM ineqiality, we have | | < 3. By furthermore |sinh(z)| < |cosh(z)|, we have

both \aF | and |gF | < 1. Therefore, we have the bound:

[P, w) = P )] < L = T+ o ="+ flo —w
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Plugging back the expression of v, w, v*, w*, we use the triangle inequalty, we have

o= | =D Ja Y T > T Y

k#i,j ki, k#i,j ki,

=" T = T+ Tip = T <> ik = Jinl + Tk — T3l
k+#i,j k#i,5

And, we can get the same for w — w*. Therefore, we can deduce that

1 * 1 * *
|F(Jij, u, w) — F(J55,u", wh)| < §’Jij = Jil+ B Z [Jie = Ji| + [Jiw — Tl
ey

Therefore, we can have the following inequality:

E(X'(J-JH)X)+ E (X'(J" =J))X)

X~ Xrop*
<4 |y — Tl <||u #*lrv + max | Pr (XX =1|X_i ) — Pr (XX =1]X; J))
1<j Xeie
* 1 * *
<A = Tyl e+ 1 = Tl 5 S = Tl i — T3
i<j k#w

By the Cauchy-Schwarz inequality, we have

S = Tl = 5 S0y = Tl < 51 = Tl

i<j Z#J

Also, the rest of that is

1 L1 . .
> i = I | gl =il 5 > ik = Tl + ik — T3l

i<j k#i,5
1 o1
—ZZ‘JM Tl g1 = sl + 5 3 Vi =
i=1 j#i k#i.5
n 2
1 1 1 \
S I A gl =Tl 5 Do =Tl | =35 | 21 — 7
i=1 j#i k#i,j =1 j#i

By the Cauchy-Schwarzartz inequality, we know that

Z|J1J ;;| <nZ|J1J Z]

JFi JFi
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Thus, we can have

Z’Jij_Jij|' §|Jz’j—Jz‘j|+§ Z ik = Jikl + ik = Tl

i<j k#i,j
2
n n
1 n " n
S St DOARNAT) BES i S VA L PR
i=1 G i=1 " j#i

So, in summary, we have

XEM(XT(J — JX) + XE)M*(XT(J* - J)X)

) 1 1
<A Ty = TGl | e = ety + i = Jijl + 5 > ik = Tl + ik — T3l
i<j k#i.j

<onllp— ey - | = T*|F + 20| T = J*||E
Because in the beginning we have established
Hu—wlry = B (X'(T=T)X)+ E (XT(J" = J)X),
We have the quadratic formula
2\l — w iy < vl —wllzv - 1T = T p +nlld = T E,
which yields that || — p*||7v < nllJ — J*||F. |

Appendix F. Discussion of guarantee from Theorem 37

Notice that for Ising model with bounded with, Lemma 6 in Dagan et al. (2021) has established
that (also in the proof of Theorem 48) there is a constant (depending only on M) that E j«[||(J —
J)X|]] > Cpl|J — J*||% and thus we know that the condition E[[|(J — J*)X||?] < &2 implies
that | J — J*||% < &2/C)s. Therefore, the Corollary 7 follows from Theorem 6.

Now, we use an example to show that in some cases, it is strictly stronger. Let 51, 32 > 1 be
two numbers and J* = %11T, and J = %HT.

It is well known that (see e.g Ellis (2007)) for Curie Weiss model with inverse temperature
B > 1, we have with probability at least 1 — exp(—C'y/n) that

1 n
=3 X = =(2s(8) — 1)+ O(n~ )
[
where s(3) is the (larger) maximum in the optimization problem
s(B) = argmax —slog(s) — (1 — s)log(1 — s) +20s(1 — s).
S

Now, the condition given in Theorem 6 for matrices J, J* says that E «[||(J — J*) X||?] < &2 .

. . . — 2 .
This implies that % E [0, X)) <e%orn (81— B2) S W Therefore, this

implies ||J — J*||r < ﬁ stricter than ||J — J*||p S e.
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Appendix G. Verifying the regularity condition

In this section, we will demonstrate how the regularity condition of Theorem 37 can be verified
whenever our model satisfies two natural high-temperature conditions. These include the following
two cases: (1) Dobrushin’s condition holds, (2) the model is spectrally bounded. We also show
that it can be true even in low temperature settings, with the notable example being the Curie-Weiss
model.

We start with the first claim.

Theorem 48 Suppose J* € S satisfies ||J*||c < 1 — 0, where § > 0. Then, there is some ey > 0
that depends on 6, such that the Ising model with interaction matrix J* satisfies (6(2), C)-regularity,
where C' depends on § and e.

Proof We compare E[||(J—J*) X ||?] with ||(J—J*) X ||%. Specifically, because || J* |l < 1—3, we
can show that, by Lemma 6 in Dagan et al. (2021), there exists a universal constant C such that for
alla € R", Ey[||a’ X||] = Var[a" X] > C}||a||?. Therefore, we know that E[||(J — J*)X||?] <
£3 implies that

1T —J*F <Cpt E[ll(J - JIXIP < Crle

which then implies that ||J — J*|lo < 1/Cy 0. So, we know that ||J||ec < 1 —6 + 1/C; 0.

Thus, if we take £g < 1/C16/2, we know that || J||e <1 —§/2.

Then, by Theorem 3.7 in Adamczak et al. (2019), we know that for the Ising model with inter-
action matrix .J, there exists a constant Cy such that the Poincaré inequality holds with coefficient
%. Therefore, we know that

BII(J - J)X|?) = 3 Varl(] = I X] < 52 3 I = T = 21T = TIF
=1 i=1

We conclude that

Co

Cs
g% 2<7 o *2<7
B[ - 7)XIP < 20T - T < 52

B~ )X
[ |
Theorem 49 Let J* € S§ satisfy Amax(J*) — Amin(J*) < 1 — 0. Then, there exists eg > 0 that

depends on 6, such that the Ising model with interaction matrix J* satisfies (6%, C')-regularity, where
C > 0 is a constant that depends on 9.

Proof Like the previous lemma, we compare E[||(J — J*) X ||?] with ||(J — J*) X||%. Specifically,
because Apax(J*) — Amin(J*) < 1 — 9, we can show that, by Lemma 22, we have

2 2
1 1
|J — J*||% < 2cosh (4 1_||J*||> et < 2cosh <4\/;> €5,
V op

which then implies that ||J — J*||r < v/2 cosh(44/1/0)eo. So, we know that
Amax (J) = Amin (J*) <1 =8 + 2v2cosh(41/1/6)ep .
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Then, if we take g < 6/(4+/2 cosh(4+/1/5)), we know that Apax (J*) — Amin(J*) < 1 —6/2.

We can then apply Lemma 15, which says that there exists an absolute constant C'y, such that the
Ising model with interaction matrix J satisfies the Poincare inequality with coefficient %. There-
fore, we know that

. c .
E(|(J — T)X|P) < 2T — T

We conclude that

2
Cs 20, 1
E —JNX|H < ==2||J - J|% < ==cosh [4/——— | E - JHX|4 .
Elll(J = J)XIF] < —7l1lJ = Tl < =5~ cos <”1_HJ*H0}7> Efll(J = J7)XI]

This finishes the proof. n

We conclude the section by showing that the Curie-Weiss model satisfies the regularity condition
even at low temperatures.

Theorem 50 Let J* be the matrix for the Curie-Weiss model. That is, J* = g(J — I) where J
is the all-one matrix and 8 > 1. Then, we have J* satisfies (c1/n, ca) regularity, where ¢y, co are
constants that depends on .

Proof We know that the distribution is symmetric for all X;. Therefore, the covariance matrix of
X1,...,Xp, denoted by ¥, is a matrix of the form a.J + (1 — a)I for some 0 < a < 1. By Deb and
Mukherjee (2023), we can calculate that a converges to (2s — 1)2 where s > 1/2 is the solution of
the equation 2(2s — 1) = log(1%5). Therefore, for any A, we can calculate that

E[AX[*] = Te(AB[X X ']A) = Tr(A(al + (1 = a)])4) = (1 = o) | Al|F + a]| AL|]*
Now, suppose E j«[|| AX[|?] = £, where £ < ¢;. We will prove that
Bl AX|?] < o> B[ AX]?] .

for some constant ca > 0.
First of all, by assumption we have a - (||A1]]?) + (1 — a)[|A[|7 = £. Therefore, we have

[Allop < |AllF < \/% and A1) < /=

Also, we can calculate the following:
%[XTAX] =Tr(AEXX ")) =Tr(A(al + (1 —a)J)) = (1 —a)1T A1 ,

since A has zero diagonal.
Thus, we can derive that

e
1741 < Vn - ||AL| < V- ,/a—n =/¢/a.

The quantity X " AX is important, since it represents the difference in Hamiltonians of .J and J*.
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First, we show an inequality: for some universal constant ¢ (without loss of generality ¢ < 1)

t2 t
XTAX — |1TA1\‘ > t} < 2exp <—cmin (, ))
A% 1| Allop

Pr {
J*

This means that the difference in Hamiltonians is upper-bounded with high probability.

To do that, we can use Deb and Mukherjee (2023) and the Hanson-Wright inequality. By Propo-
sition 4.2 in Deb and Mukherjee (2023), the Curie Weiss model can be written as a mixture of i.i.d.
distributions of X;. Importantly, each of these mixtures has the property that all variables have the
same mean. Therefore, by Hanson-Wright inequality for each product measure u, there exists a
universal constant ¢ (for all 1) such that

t2 t
Pr[|X"AX —E[XTAX]| > 1] < 2exp <—cmin ( : )) .
z B AN + B [AX]2 (1A op

Therefore, if we denote b, = 1 — E,,[X?] (remember this value is the same for all i by Deb and
Mukherjee (2023)), then

]E[XTAX] = Tr(AE)[XXT]) = Tr(AE)(bHI +(1=by)J)) .

Therefore, we have for all i.i.d. measures y in the decomposition

E)[XTAX] = Tr(A(buI + (1 —b,)J)) = (1 = b,)Tr(AJ) = (1 —b,) (1T A1) < |17 A1),

Also, we can calculate that for any i.i.d. p, E,[XX "] =b,J + (1 —b,)I < I + J and therefore,

e/n
max E[|||AX|]?] < [|A1]]? + || 4]|% < ——— ,
ax BI|[[AX7) < |AL]" + [l Al < o0—a)
where the maximum is with respect to all product measures in the decomposition. Let v = |17 A1]
e/n

and v = ali=a) Then, for all u, by Hanson-Wright inequality

2
PriXTAX—[1TA1| > ] < Pr[X TAX-E[XTAX] > #] < 2exp <—cmin < ’; : ! >>
K K s ”AHF + v’ [[Allop

Taking expectation with respect to the random choice of measure p in the decomposition, we
can derive the tail bound

t? t
Pr(X"AX — |1TA1| > t] < 2exp (—cmin ( , >) ,
J* IAIE + " [ Allop

which is what we wished to show. Similarly, we can prove for the lower tail,

t? t
PriXTAX 4+ [17TA1] < —#] < 2exp <—cmin ( , )) .
I IAIE + " [ Allop

Now let A = J — J*, so we can write that

Z(J*)exp(A X TAX)

o lAx?

B[ AX|) = E
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We first lower bound % We have
Z(J) 1 T
=E - X AX)|.
2 =B g an)

We note that, for a bounded random variable Z and a differentiable increasing function f(z)
such that f(0) = 1, if we want to lower bound E[eZ], we can do the following: let Y = min(Z, 0).
Therefore, we have

0 0
E[f(Z)] > E[f(Y)] = E[1 - /Y Fod)=1-B[[ 1= V)7
0 - 0
=1- / FOELt>Y]dt=1- / f(t)Pr[Z < t]dt.

The second line is by Fubini. By the above inequality and the tail bound, when we view Z to be
XTAX +wand f(x) = e*/2, we can calculate that

1 T o —u/2 1 T
% [exp <2X AX)] =e E [exp(2(X AX 4 u))

1 [e.e]
>emu/2 . (1 _ 2/ e PPrXTAX +u < —t]dt)
0

>eu/2. (1—/Ooexp <—t—cmin( r t ))dt)
- 0 2 IANE + v [|Allop '

Since we know [|Al|op < [|Al|F < v, we have that

(XTAX + u))]

J <
> t t2 t
>eu/2. 1—/ exp (——cmin< , >>dt)
0 2 TATZ + o T4l

=t (12 )

We choose the ¢ small enough such that /v = | /m < ¢/8, so we have

1
E XTAX)>e 2. (1-|4Alp - ——
Bloxp(X"AX)] 2 /2 (1 Al - )

>e W2 (1—1/4—1/4) > e Ve/4/2)2,
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Finally, we upper bound the expectation as follows
1
B [ex (374 1P| < B [enp (1 14X1) 14X

Using the Hanson-Wright inequality as before, replacing A with A2, we have

¢ t
Pr[||AX > — max E[|||AX]|?] > t] < 2exp <—cmin( , )>
I e 1A2]1% + max,, B, [[| A2X[]2 " || A2 [lop

t2 t
<2exp (—cmin ( , )) .
1A% + Al max, B[ AX?] || Al

Here, as before, max, is taking max function for all i.i.d. measure in the decomposition of the
Curie Weiss model Deb and Mukherjee (2023).

Similar to the proof of the lower bound from before, if Z is a bounded random variable and f
is an increasing differentiable function such that f(0) = 0, if we want to upper bound E[f(Z)], we
can let W = max(Z,0) and have

w 0o
E[f(2)] <E[f(W)] = E[/ f(t)dt] = E[/ 1t < W]f'(t)dt]
/ It W>tdt_/ f'(t) Pr[Z > t]dt.

Let f(t) = teV™/2, and f/(t) = exp(\ﬁ)(l + \ﬁ) The random variable Z will be ||AX||%.
We will now use the concentration result for ||AX H2 to upper bound the expectation. Below, we
will use the simple observation that we made before max,, E,[||AX||?] < v. Using the identity

exp( \ﬁ)(l + ‘ﬁ) < exp(v/nt) in the rest of the calculation, we can calculate that

B [oxp (414X ) 4]

g/ooo exp <‘/2”7> (1 + */2"7> Pr(|AX|2 > £)dt

g/ooo exp (\/E) Pr(|AX |2 > t)dt
g/OM”A”QF exp(\/ﬁ)dwr/:o exp(Vnt) - 2exp (—cmin( (t —v)” 775—@)) dt

vl A%+ [|Al 20" | AlI%

2v+||A]|% oo t—
—/ exp(Vnt)dt + / exp(v/nt) - 2exp < > dt
0 2 “TAT%

v+ All%

Here, the first inequality is by taking Z to be ||AX||? and f(z) = xeV"*. The second one is because

of the inequality we mentioned, the third one is by the following: if ¢ < 2v + || A||%, the probability

of || AX||? > tis at most 1. Otherwise, we use the concentration tail bound and get the upper bound.
We know that nv = £/(a(1 — a)), and || A||% < &/(n(1 — a)) < v, so we have

20+ A2
[ e/ < (2o e TR < e (5,
0

“a(l—a a(l —a)
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Also, if we take ¢ < 1 — a, we have

oo

> t— t—
exp [ Vnt) - 2exp —07;} dt < exp(vnt) - 2 exp —07;} dt
A A
20+ A% A% v+ A% A%

g/ exp(1/(4c) + ent) - 2exp (_C|7|5A_||g> dt

+Al% F
1 9 9 c 1/c
—oxp (4 0+ A1) con = Al )
(& . P TARE) T —n
1 1/c € 1 e-(2—a) 1/c £
< - AlZYen —e) - —LC L& < I C L) A I
exp<4c—|—(v+|| I)en C) l—a-—c¢ neXp<4c+ a(l —a) c> l—a—-¢ n

Therefore, summing up all the things above, we have

Bl AX|" < <a(13_a) exp <a(13ia)> +exp <1 L2z c) 1/C>.2e¢€/7/2.

dc  a(l —a) l-a—c¢

Since a is a constant depending on 3, and we can take ¢ as a sufficiently small constant depend-
ing on 3, the result follows. |
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