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Abstract

We study mean estimation for a Gaussian distribution with identity covariance in R? under a missing
data scheme termed realizable e-contamination model. In this model an adversary can choose
a function r(z) between 0 and ¢ and each sample = goes missing with probability r(z). Recent
work (Ma et al., 2024) proposed this model as an intermediate-strength setting between Missing
Completely At Random (MCAR)—where missingness is independent of the data—and Missing Not
At Random (MNAR)—where missingness may depend arbitrarily on the sample values and can lead
to non-identifiability issues. That work established information-theoretic upper and lower bounds
for mean estimation in the realizable contamination model. Their proposed estimators incur runtime
exponential in the dimension, leaving open the possibility of computationally efficient algorithms in
high dimensions. In this work, we establish an information—computation gap in the Statistical Query
model (and, as a corollary, for Low-Degree Polynomials and PTF tests), showing that algorithms
must either use substantially more samples than information-theoretically necessary or incur expo-
nential runtime. We complement our SQ lower bound with an algorithm whose sample—time tradeoff
nearly matches our lower bound. Together, these results qualitatively characterize the complexity
of Gaussian mean estimation under e-realizable contamination.
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1. Introduction

The fundamental assumption underlying much of classical statistics is that datasets consist of i.i.d.
samples drawn independently from the distribution we aim to learn. In practice, however, this
assumption is often violated. A common violation arises when the observations are incomplete. This
can occur for a variety of reasons, for example due to data collection via crowdsourcing (Vuurens
etal., 2011) or peer grading (Piech et al.; Kulkarni et al., 2013), and has led to the development of a
broad literature studying estimators that are robust to missing data (see, e.g., Rubin (1976); Tsiatis;
Little and Rubin (2019b) for standard references).

Different kinds of missingness patterns can be classified based on their nature. The simplest and
most benign form of missingness is known as “Missing Completely at Random” (MCAR), meaning
that the mechanism causing the missingness is independent of the data itself. A large body of work
studies statistical estimation and inference under MCAR assumptions. Examples include sparse
linear regression (Loh and Wainwright; Belloni et al., 2017), classification (Tony Cai and Zhang,
2019; Sell et al., 2024), PCA (Elsener and van de Geer, 2019; Zhu et al., 2022; Yan et al., 2024),
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covariance and precision matrix estimation (Lounici, 2014; Loh and Tan, 2018) and changepoint
estimation (Xie et al., 2012; Follain et al., 2022).

However, the MCAR assumption fails to capture many settings of interest where missingness
is systematic. For example, individuals with depression are more likely to submit incomplete
questionnaires (Carreras et al., 2021), and data may be missing for patients who discontinue treatment
or go off protocol due to poor tolerability (Little et al., 2012). Other commonly studied missingness
mechanisms include MAR, in which the missigness dependence on the data values is only through
the observed portion of the data (Little and Rubin, 2019a; Seaman et al., 2013; Farewell et al., 2022),
and MNAR, where the missigness may depend in any way on the data (Robins, 1997; Rotnitzky and
Robins, 1997; Scharfstein et al., 1999; Shpitser et al., 2015; Adak et al., 2020; Diakonikolas et al.,
2025a). While these models are more expressive, the resulting statistical guarantees are sometimes
weak, for example failing to ensure identifiability of the target parameters (Ma et al., 2024).

Recent work (Ma et al., 2024), proposed and studied a different model—which they termed
realizable contamination; see Definition 1. This missingness model is not MCAR, but it is milder
than MAR and MNAR: the missingness depends on the data, but in a more structured manner. As we
explain below, the realizable contamination model can also be viewed as an analogue of Massart
noise (Massart and Nedelec, 2006)—a widely studied label-corruption model in supervised learning
that lies between purely random and adversarial corruptions—in the context of unsupervised setting.

Definition 1 (Realizable c-contamination model) Ler ¢ € (0, 1) be a contamination parameter.
Let P be a distribution on a domain X with probability density function (pdf) p : X — R,. An
e-corrupted version P of P is any distribution that can be obtained as follows: First, an adversary
chooses a function f : X — Ry such that (1 — &)p(z) < f(z) < p(x). P is then defined to be the
distribution whose samples are generated as follows:

* With probability [, f(x)dx the sample is drawn from the distribution with pdf f(x)/ [ f(x)dx.
» With probability 1 — fx f(x)dx the sample is set to the special symbol L.

Ma et al. (2024) define this model using a somewhat different formalism that is equivalent to
Definition 1. The equivalence of the definitions is discussed in Section A.1. Below, we discuss
connections between Definition 1 and preexisting concepts in the statistics and ML literature.

First, the realizable contamination model shares some similarities with Huber’s contamination
model from classical robust statistics (Tukey, 1960; Huber, 1964). In Huber’s model, the observed
samples are drawn i.i.d. from a mixture that with probability (1 — €) outputs a sample from the inlier
(clean) distribution and with probability € ouputs a sample from an arbitrary outlier distribution. As
explained in Section A.1, the realizable contamination model of Definition 1 can equivalently be
described as a mixture where, with probability 1 — ¢, a sample is drawn from P, and otherwise from
an MNAR version of P. Thus, the inlier component is the same in both models. That said, Huber’s
model is more powerful due to its ability to introduce arbitrary outlier samples.

Second, the model of Definition 1 can be viewed as an unsupervised analogue of Massart noise
(Massart and Nedelec, 2006). In supervised learning, Random Classification Noise (Angluin and
Laird, 1988) and adversarial noise represent two extremes, and Massart noise was introduced as a
realistic intermediate model. There, the label of x is flipped with probability n(x), with [ n(z)dz
equal to the total corruption rate. As shown in Section A.l, Definition 1 admits an equivalent
description: a sample x ~ P is discarded with probability 1 — f(z)/p(z), closely mirroring the
Massart noise model.
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Lastly, as observed in Ma et al. (2024), realizable e-contamination generalizes several previous
approaches for studying restricted forms of MNAR, including certain biased sampling models (Vardi,
1985; Gill et al., 1988; Bickel and Ritov, 1991; Aronow and Lee, 2013; Sahoo et al., 2022), related
restrictions known as sensitivity conditions in the causal inference literature (Rosenbaum, 1987;
Zhao et al., 2019), and the missingness model used in the truncated statistics literature (Daskalakis
et al., 2018; Kontonis et al., 2019; Diakonikolas et al., 2024a). The latter can be viewed, at a high
level, as corresponding to Definition 1 with € = 1, albeit with important differences between the two
models. A more detailed discussion of related work appears in Section A.1.

In this paper, we study the complexity of arguably the most fundamental statistical task in the
presence of realizable e-contamination: estimating the mean of a multivariate Gaussian with identity
covariance. Specifically, given access to e-corrupted samples from P = N(u, I;) on R? where
the mean vector y is unknown, and a desired accuracy ¢, the goal is to compute an estimate /i that
lies within Euclidean distance ¢ of the true mean p. The only known results for this problem are
information-theoretic. Ma et al. (2024) established matching upper and lower bounds on the task’s
sample complexity. For high constant probability of success, it is

n=9 (62(16[_5)> +exp (e <log(1;”ie))2> . (1)

We note that the first term in (1) corresponds to the standard sample complexity for Gaussian mean
estimation from the n(1 — ¢) clean samples, while the second term captures the additional cost due
to realizable e-contamination. Remarkably, these results hold for all £, € (0, 1), highlighting two
important differences from Huber’s contamination model (and other robust statistics/missing data
models). First, § — 0 implies consistent estimation is possible; that is, one can achieve arbitrarily
small error, whereas under Huber’s model, estimation is only possible for § > . Second, estimation
remains possible even for £ > 1/2, i.e., when the majority of samples are corrupted.

For the sake of completeness, the Appendix provides a self-contained and more concise proof
of the sample complexity bounds, albeit with slightly weaker guarantees: Appendix E establishes a
lower bound in the one-dimensional case, while Appendix F presents a (computationally inefficient)
algorithm using 6% exp((log(1+¢/(1 —¢))/8)?) samples.

Although the information-theoretic aspects of our problem are well-understood, much less is
known about the computational aspects (the focus of this paper). Specifically, essentially the only
known multivariate estimator is based on computing a cover of the unit sphere with 29(9) directions
and applying the one-dimensional estimator to the projections of the samples along each direction.
This has runtime 2°(4) poly(n, d) and therefore begs the following questions:

Is there a sample (near-)optimal and polynomial-time mean estimator in the presence of realizable
contamination? More broadly, what is the computational complexity of this task?

In this paper we provide strong formal evidence (in the form of Statistical Query/Low-Degree
Polynomial or PTF lower bounds) that the problem exhibits an information—computation gap—
meaning that either the runtime or sample size required is inherently large. Second, we give an
algorithm whose sample-time tradeoff nearly matches our lower bound. Together, these results
qualitatively characterize the complexity of Gaussian mean estimation with realizable contamination.
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1.1. Our Results

We begin with our first main result: an information-computation gap for Gaussian mean estimation
in the e-realizable contamination model. As is typical for such gaps, rather than proving them
unconditionally, one usually establishes them under complexity-theoretic hardness assumptions or
for restricted (yet natural) families of algorithms. We state the result for the family of Statistical
Query (SQ) algorithms below (and discuss other models later on). Before stating the result, we
provide a brief summary of SQ.

SQ Model Basics The model, introduced by Kearns (1998) and extensively studied since, see, e.g.,
Feldman et al. (2013), considers algorithms that, instead of drawing individual samples from the
target distribution, have indirect access to the distribution using the following oracle:

Definition 2 (STAT Oracle) Let D be a distribution on R?. A statistical query is a bounded function
f R4 — [~1,1]. For T > 0, the STAT(7) oracle responds to the query f with a value v such that
v = Ex~plf(X)]| < 7. We call T the tolerance of the statistical query.

An SQ lower bound for a learning problem is an unconditional statement that any SQ algorithm for
the problem either needs to perform a large number g of queries, or at least one query with very
small tolerance 7. Note that, by Hoeffding-Chernoff bounds, a query of tolerance 7 is implementable
by non-SQ algorithms by drawing 1/72 samples and averaging them. Thus, an SQ lower bound
intuitively serves as a tradeoff between runtime of §2(¢) and sample complexity of ©(1/7).

Our SQ lower bound for Gaussian mean estimation under e-realizable contamination shows that

any SQ algorithm must either make an exponential number of queries or make at least one query

. ,@(M)Q . , £ (lostite/1-2)) >2
with tolerance d ° (corresponding to a sample complexity of d o for

sample-based algorithms). The lower bound is established for a testing version of the problem:
distinguishing between two means that differ by ¢ in /5 distance. Since any estimator with accuracy
/2 solves this testing problem, the SQ hardness directly carries over to the estimation setting.

Theorem 3 (SQ lower bound) There exists a sufficiently small absolute constant ¢ > 0 such

that the following holds for all ¢ € (0,1) and 6 € (0,ce). Define m = |cy?/log~y| for

v o= %log (1 + 15/52/2) For any dimension d > (mlog d)? we have the following: Any SQ algo-

rithm that distinguishes between N (0, 1) and N (du, 1) for u being a unit vector, under the contam-
L o . o . i
ination model of Definition I needs either 2° W queries or at least one query with d~"™/16 tolerance.

The above result is based on framing our problem as a special case of Non-Gaussian Component
Analysis (NGCA), a general testing problem that is known to be hard in many restricted models
of computation, beyond the SQ model, including low-degree polynomial methods (Brennan et al.,
2021), PTFs (Diakonikolas et al., 2025¢) and the Sum-of-Squares framework (Diakonikolas et al.,
2024b). As such, we highlight that qualitatively similar hardness results to those in Theorem 3 also
hold in these models. The formal statements are deferred to Appendix G.

Our second main result presents an algorithm whose leading term in the sample complexity is

e y5\?
d° (log(1+ = 6> , with a runtime that is nearly polynomial in n and d. In light of our SQ lower
bound, this conceptually means that (up to certain factors that we explain below) our algorithm
achieves the optimal tradeoff between information and computation.
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Theorem 4 (Algorithmic result) Let ¢ € (0,1) and 6 < ¢ be parameters." There exists an

algorithm that takes as input samples from an e-corrupted version of N'(u, 1), the parameters €, §
and returns [i € R such that ||[i — p||2 < 6 with probability at least 0.9. Moreover, the sample

(kd)O(k)

2
complexity of the algorithm is n = *—-5— where k := <% log(1 + ﬁ)) and the runtime of the

algorithm is exp(eé(k)/EQ) poly(n, d).

Up to the kO /2 factor (which is independent of the dimension), the sample complexity
achieved by our algorithm matches our SQ lower bound. The runtime of our algorithm is polynomial
in n and d, up to the term exp(e?*) /c2) (which is also dimension-independent).

1.2. Our Techniques

SQ lower bound. Our SQ lower bound builds on the framework of Diakonikolas et al. (2017),
which establishes the following. If A is a one-dimensional distribution whose first m moments
match those of A/(0, 1), then distinguishing between N (0, ) and the d-dimensional distribution
that agrees with A along an unknown direction and is standard Gaussian in all orthogonal directions
requires either ¢ = 9d?® queries or tolerance 7 < d—*("™) in the SQ model. We show that the robust
mean estimation problem we consider can be cast in this form. The main challenge is to design
an adversary, as in Definition 1, that corrupts A(4, 1) so that it matches m = Q(log(1 + £)/6)?
moments of N'(0, 1). We accomplish this via a two-step approach.

First, we construct a function f for the adversary in Definition 1 that uses €/2 of the corruption
budget to match the standard Gaussian over a large interval x € [~ B, B], where B = log(1+1=;)/0.
This relies on the observation that the probability density functions of two unit-variance Gaussians
whose means differ by § are within a (1 + ¢) multiplicative factor of each other, except in the B-tails.

After this step, the moments do not exactly match those of A'(0, 1) due to discrepancies outside
the interval [—B, B]. However, for a small constant c, the difference in the first cB? moments
is exponentially small because the mass in the tails decays exponentially for Gaussians. Con-
sequently, by adding a very small polynomial p(x) to f(x) on [—1, 1], we can eliminate these
remaining discrepancies. By imposing the moment-matching constraints and expanding the poly-
nomial p(zx) in the basis of Legendre polynomials, we show that such a polynomial indeed p(-)
exists. Adding this polynomial correction corresponds to censoring each point z with probability
e/4+p(x)(1 —e/4)1(|z| < 1)/¢(x), where ¢ denotes the standard Gaussian pdf.

Algorithmic result. As discussed in the introduction, from an information-theoretic perspective,
a number of samples as shown in Equation (1) suffices to estimate the mean up to error 6. The
algorithm achieving this guarantee relies on the fact that two Gaussians whose means differ by ¢ have
probability density functions that are within a multiplicative factor of 1 &+ € of each other, except in
the (log(1 + 1=2)/6)-tails. Consequently, by accurately estimating the densities in these tails using
exp((log(1 + 152)/6)?) samples, one can rule out any candidate mean 4’ that lies at distance more
than § from the true mean . This yields a one-dimensional estimator; (also see Appendix F for more
details). A multivariate extension can be obtained by repeating this procedure along every direction
in a fine cover of the unit sphere, thereby learning an ¢5-approximation of 1. However, such a cover
must have 29(4) size, rendering the resulting algorithm computationally infeasible.

1. If 6 > e, pre-existing algorithms from robust statistics (see, e.g., Diakonikolas and Kane (2023)) obtain error O(9).
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For computational efficiency, rather than computing tails, we rely on moments as a substitute.
Our approach is motivated by the following observation. Let k& > (log(1 + =2)/d). Then, for
two unit-variance Gaussians whose means differ by 6 (e.g., NV'(0,1) and N (4, 1)), there must exist
a moment of order ¢ € [k] that differs by at least ¢ (Lemma 12). This structural result motivates
the following algorithm: First, we compute a rough estimate i of the true mean y and translate all
samples via the transformation x <— = — [i. After this preprocessing step, the samples behave as if
they were drawn from a distribution with mean p — i, and the remaining goal is to estimate this
difference to error 0. For each t € [k], we compute the order-t moment tensor 7;. By the structural
result of Lemma 12 we can certify that for all v such that (v®*, T}) is small below a certain threshold
7 it should hold |v " (u — fi)| < 6/2 (Claim 14). It therefore suffices to restrict attention to the
subspace V' corresponding to directions with large moments, and to apply the inefficient estimator
described above only within this subspace to estimate ;— fi up to error 6 /2. By the triangle inequality,
the resulting estimate has error at most 4. The runtime of this approach is 90(dim(V)), Crucially,
we show that dim (V") is small—bounded solely as a function of £ and §, with no dependence on d.
This follows from the fact that the /5-norm of the full moment tensor is bounded in terms of ¢, 4, a
property that continues to hold under our corruption model (cf. Lemma 15). A small norm implies
that only few eigenvalues can be large, which in turn bounds dim (V).

There are two technical complications. First, identifying the subspace V' is computationally hard:
even finding a single direction v with a large projection of a degree-4 moment tensor is intractable.
To circumvent this, instead of searching for directions v with small (v®, T;), we flatten T} into a
matrix M € R? x RY™" and define V' as the span of singular vectors of M with singular values
exceeding 7, which is computable in polynomial time. This relaxation suffices since, for any v € V,

W Ty) < supueRdt_1:||u||2:l<v,Mu) < 4.

The second challenge concerns the initial rough estimate ;. While the robust statistics literature
offers many black-box estimators, most assume stronger contamination models and require ¢ < 1/2,
failing when a majority of samples are corrupted. To our knowledge, no polynomial-time rough
estimator exists for Definition 1 when ¢ > 1/2. We therefore use a list-decodable estimator, which
tolerates a majority of outliers but, due to non-identifiability, outputs a list of candidate means,
one of which is close to u, but all others could be arbitrarily inaccurate. Fortunately, there is a
tournament-based procedure known in the literature that we can use to identify an element of the
list that has error comparable to the best among all of them. This enables us to end up with a single
warm start vector and completes the proof sketch of the algorithm.

2. Preliminaries

Basic Notation We use Z for the set of positive integers. We denote [n] = {1,...,n}. Fora
vector x we denote by ||x||2 its Euclidean norm. Let I; denote the d x d identity matrix (omitting
the subscript when it is clear from the context). We use T for the transpose of matrices and vectors.

For a tensor 7', we define by || T'||2 = />, T? the ¢3 or (Frobenius) norm. We use a < b to denote
that there exists an absolute universal constant C' > 0 (independent of the variables or parameters on

which a and b depend) such that a < Cb. In our notation a = O(b) has the same meaning as a < b
(similarly for Q(-) notation) We use O and 2 to hide polylogarithmic factors in the argument.
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2.1. Non-Gaussian Component Analysis (NGCA)

We give a brief background on the SQ hardness of the Non-Gaussian Component Analysis problem
(NGCA). First, the testing version of NGCA is defined as distinguishing between a standard Gaussian
and a Gaussian that has a non-Gaussian component planted in an unknown direction, defined below.

Definition 5 (Hidden direction distribution) Let A be a distribution on R. For a unit vector v,
we denote by Py, the distribution with the density Pa ,(z) := A(v'2)¢1,(z), where ¢, (z) =
exp (—|lz — (v z)v[|3/2) /(2m) =112 i e, the distribution that coincides with A on the direction
v and is standard Gaussian in every orthogonal direction.

Problem 6 (Non-Gaussian Component Analysis (NGCA)) Let A be a distribution on R and Py ,,
the distribution from Definition 5. We define the following hypothesis testing problem:

 Hy: The data distribution is N (0, I).
* Hy: The data distribution is Pa ,, for some vector v € S%=V in the unit sphere.

A known result is that NGCA is hard in the SQ model if A matches a lot of moments with the
standard Gaussian. Here we use the statement from Theorem 1.5 in Diakonikolas et al. (2023) using
A=1/2and ¢ = (1 —\)/8 = 1/16 and v = 0. Hardness results for other models, beyond SQ are
summarized in Appendix G.

Condition 7 (Moment matching condition) E,.4[z'] — E, o1 [z'] = 0 foralli € [m)].

Proposition 8 (Theorem 1.5 in Diakonikolas et al. (2023)) Let d, m be positive integers with d >
(mlogd)?. Any SQ algorithm that solves Problem 6 for a distribution A satisfying Condition 7

9d?(™) m/16

requires either many queries or at least one query with accuracy d—

3. Statistical Query Lower Bound: Proof of Theorem 3

In order to show Theorem 3, we will prove the following moment-matching proposition.

Proposition 9 (Moment Matching) There exists a sufficiently small absolute constant ¢ > 0 such
that the following holds. For every ¢ € (0,1) and 6 € (0, ce), there exists a distribution A on R such

that the following statements are satisfied for m = |cy?/log~y| where v := +log (1 + 112/2) :

A is the conditional distribution on the visible (non-deleted) samples of an e-corrupted version
of N'(6,1) according to Definition 1.

o It holds By a[3'] = Epno1 (2] fori=1,...,m.

We briefly explain how Proposition 9 yields Theorem 3. First note that the conclusion of Proposition 9
is phrased in terms of the conditional distribution on the visible samples. However, in Theorem 3
we are interested in the hypothesis testing between the corrupted versions of N'(0, 1) and N (u, d),
i.e., the entire distributions on both visible and non-visible samples. Although this might seem like a
discrepancy, it suffices to focus on the conditional distributions on the visible samples since one may
also randomly delete an e-fraction of points from the null hypothesis, so that the number of deleted
points matches the corresponding number in the alternative hypothesis.

For v being the unit vector in the direction of p, let Py, be the distribution as in Problem 6.
Then, P4, is an e-corrupted version of AV (dv, I'), and the hypothesis testing problem of Theorem 3
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is an instance of non-Gaussian component analysis testing with A as the hidden direction distribution.
An application of Proposition 8 with m = |cy?/log | then yields Theorem 3. Finally, note that
Theorem 3 shows hardness of distinguishing between the ground truth ¢ = 0 and |||z > . This
immediately implies hardness of the problem of estimating p up to error 6 /2. This is because if one
has an estimator it can run it to obtain i with ||z — p|l2 < 0/2 and reject the null hypothesis iff
Ifill2 > 6/2.

3.1. Proof of Proposition 9

Denote by ¢ the pdf of N'(0, 1). Following the Definition 1 we need to find a function f : R — R,
such that (1 —e)¢(z—9) < f(x) < ¢(x—0) and the distribution with pdf f(z)/ [ f(z)dz matches
the first m moments with N (0, 1). The argument to do so consists of two parts:

1. We will show that there exists g : R — Ry such that (1 — e)¢p(x — 0) < g(x) < ¢(z — 9),

Joer 9(x)dz =1 — /2 and 5 (E/)Q = ¢(z) forall z € [~ B, B] for B := %log (1 + 112/2)
This means that g defines an e-corrupted version of N (, 1) that matches exactly A/(0, 1) in the
entire range [— B, B]. Due to the mismatch outside this interval, the first m moments will not
match exactly, but will differ by only a small amount.

2. In order to correct the moments, we will find an appropriate polynomial p(x) to add to the
function g from the previous step in [—1, 1] so that (i) the distribution with pdf proportional to
f(z) :=g(x) + p(z)1(]z| < 1) now matches the m first moments with A/ (0, 1) exactly and (ii)
f satisfies (1 — e)p(x — 0) < f(z) < ¢p(x — I), i.e., it is still a valid e-corruption of N/ (4, 1).

We now present the proofs of the two steps in Lemma 10 and Lemma 11, respectively.

Lemma 10 Denote by ¢(z) the pdf of N(0,1). For any €,6 € (0,1) there exists a function
g+ R = Ry such that (1 — e)p(x —0) < g(x) < ¢(x —9), [ cpg(z)dz = 1 —¢/2 and

L) = 6(a) forall w € [~B + /2, B+ /2] where B := } log <1+ 15/82/2)

Proof Sketch The full proof is provided in Appendix C. For convenience, we will prove the claim
with everything shifted by ¢ /2 to the left, i.e., we will show that,

(1—¢e)p(z —0/2) < g(x) < d(x —6/2) 2

aswellas [ _pg(z)dz =1—¢/2and 5 (8)2 = ¢(xz + 6/2) for all x € [—B, B]. For simplicity of
notation, we will use py (x) := ¢(x — §/2) and p_(z) := ¢(x + 6/2) to denote the two Gaussian
densities for the rest of the proof.

The main idea is to let g(x) = (1 — ¢/2)p_ (=) for as all x in an interval around zero which is as
large as possible without violating the condition (2). Once we find which is the biggest possible such
interval, we will need to correct g(z) outside of it so that it still respects condition (2).

For the first part of our proof argument (finding the largest interval for which setting g(z) =
(1 — e/2)p_(x) inside it satisfies condition (2)) we solve the equations (1 — £/2)p_(x) = py(x)
and (1 —e/2)p_(z) = (1 — €)p+(x). The two solutions are

1 1—¢/2 1
9:+:510g< 1_62) and x_:glog<1—§).

This means that if we define B := 3 log (1 + &L 2/2> we have that the function defined as g(x) :=

p—(x)(1 — e/2) satisfies condition (2) forall z € [-B, B|.
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We now need to show how to define g(z) outside of [— B, B]. We show in the full proof provided
in Appendix C that it is possible to extend the definition outside of [— B, B] in a way that condition
(2) continues to hold and [, _p g(x)dz = 1 — /2. A first, unsuccessful approach would be to set
g(x) = (1 —¢)py(x) for x > B and g(z) = p4(z) for z < —B. Although this ensures condition
(2), we can show that fR x)dzr < 1 — /2 is not satisfied. However, this is not the only choice
for defining g(z) outside of [ B, B]. As we show in Appendix C, choosing the other extreme of
g(x) = p—(z)inz > Bresultsin [ g g(x)dz > 1 — /2. By continuity this would mean that
there exists a way of defining g(x) in z > B that achieves [ _p g(z)dz =1 —¢/2. [ ]

Lemma 11 Lere € (0,1),0 < € and g(x) be as in Lemma 10. There exists a polynomial p(x)

such that the function f(x) := g(x) + ( JL(|x| < 1) satisfies (1 —e)p(z —9) < f(z) < ¢p(x —0)
and the distribution with pdf f(x)/ fR x)dx matches the first m moments with N'(0, 1) for some

m = Q(v2/log~), where y := 5log( 15/52/2)'

Proof Sketch Recall that g(z) from Lemma 10 satisfies (1 — e)¢(z — §) < g(z) < ¢(x — 9) for all
x € R, integrates to 1 — ¢/2 and is exactly g(z) = ¢(z)(1 —¢/2) forx € [-B+§/2,B + /2]

where B := 4 log (1 + 11 2/2> . We will show the existence of a polynomial p such that

1. |p(z)] < ce, where ¢ is a sufficiently small absolute constant,
2. fil p(z)dz =0,

3. foi% = Jg&'¢(z)dx forall i € [m].

This suffices because of the followmg. First, the moment matching property in the conclusion of
Lemma 11 directly follows by the third item in the above list. We now show how the part that
(1 —¢e)p(x—9) < f(x) < ¢(x — 9) for all x € R follows from the above. This can be seen by
verifying that (i) ¢(x —0) — g(x) = Q(e) forall z € [—1, 1] and (ii) g(z) — (1 —€)p(z — §) = Q(¢)
for all z € [—1, 1]. We show the part (i) since the other part can be seen with identical arguments.
The smallest value of ¢(x — §) — g(x) happens at x = —1. On that point:

bz —8) = (1= ¢/2)(x) = ¢la — 9) = $(x) + S6(x) = —O(3) + Q) = Ne),

where the first inequality uses the fact that ¢(z — ) — ¢(z) = zp(x)d + 522_1¢(§)5 for some
x — 0 < & <z, by Taylor’s theorem), and we also used that ¢(z) = (1) for z € [—1, 1]. The last
inequality above used that § < ¢.

We now turn to showing the existence of the polynomial p for which we draw some analytic
ideas from Diakonikolas et al. (2017). Recall the moment matching condition that we want to ensure:
[ aip(a)de = [ aip(x)de — [ a's (E/)de Using the fact that g(x)/(1 — £/2) = ¢(z) in

the interval [—B + §, B + §] the moment matching condition becomes:

1
/ zip(z)de = / zlo(x)dr — / zt 9(z) dz, 3)
1 R\[—B+5,B+0] R\[-B+5,B+5] 1 —¢&/2

fori =1,...,m. First, we can express p(z) as a linear combination of Legendre polynomials Pj:
p(z) = > arPy(x), where aj, = % fil Py (z)p(x)dzx. By properties of Legendre polynomi-
als (see Fact 26 and relevant background in Section B.1) we have that |p(x)| < >/ |ag| forall z €
[—1, 1], thus it suffices to bound the coefficients ay. The idea towards that end is to use Equation (3)
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and focus on upper bounding ‘fR\[—B+5,B+5] Pk(x)qﬁ(:v)d:c‘ and UR\[—BM,BM] Pk(x)lg_(i;%dx :

As we show in Appendix C, ‘fR\[iBH B+4] Pk(ac)gb(:c)dx‘ < 4ke=(B=0)*/4kk which is enough to
yield the conclusion in Lemma 11. The details can be found in Appendix C. |

4. Efficient Mean Estimation with Realizable Contamination: Proof of Theorem 4

The algorithm will be based on the lemma below establishing that if the ground-truth Gaussian has a
mean that deviates from zero, then some sufficiently high-order moment must necessarily deviate
from the corresponding standard Gaussian moment. The proof follows by explicit computations and
is provided in Section D.2. Background on Hermite polynomials can be found in Section B.2.

Lemma 12 (Structural Lemma) Lete € (0,1) and § € (0,log(1 + %)) be parameters. Let
k be an even integer which satisfies k > 3(3log(1 + ££))* and P = N(6,1) be a Gaussian

distribution. Then for any e-corrupted version P of P under the model of Definition 1, if P’ denotes
the conditional distribution of P on the non-missing samples, it holds |E,.p/[hi(x)]| > W
where hy, is the normalized probabilist’s Hermite polynomial.

The pseudocode for the algorithm is given in Algorithm 1. It begins by invoking a list-decodable
mean estimation procedure as a black box, i.e., a procedure that returns a poly-sized list L of candidate
means such that at least one element zig is O(y/log(1/¢)) from the true mean. As explained in
Section 1.2 this vector would be a good warm start for the subsequent steps. However, since the
identity of this good candidate is unknown we use a standard tournament-style selection procedure
from robust statistics (Diakonikolas et al., 2025b) to select a vector fiy from the list L, with error
approximately the best among the errors of L’s candidates.

Having this jip warm start vector in hand, the algorithm draws a dataset and shifts all samples
by jig. After this translation, the data may be viewed as having ground truth mean p — jig, and
the task reduces to estimating this offset. We then have the main, dimension-reduction part of the
algorithm. For many values ¢, it computes the ¢-th order moment tensor and considers the subspace
V; spanned by eigenvectors whose corresponding eigenvalues exceed a carefully chosen threshold.
The algorithm then sets V' to be the span of all the V;’s. By the structural result in Lemma 12, we
show that 1 — [ig is largely contained inside V. Finally, the algorithm applies a computationally
inefficient estimator restricted to V' to recover the component of the ground truth mean that lies in
this subspace. In the proof of correctness, we will show that the dimension of V' is small, thus the
complexity of this step is as stated in the theorem.

Due to the lack of space, we defer formal statements for the guaranties of the two subroutines
(estimation of mean estimated on the list and selection based on tournaments) to Section D.1. In the
remainder of this section we prove Theorem 4, with some details deferred to the Appendices. We
first argue that the final output has error §. We then bound the complexity of the algorithm.

Error analysis In the second line, we know that the list L contains one estimate ig with ||fip —
pllz2 = O(y/log(1/(1 —¢€))). In what follows we will analyze the for loop and show that the
estimator produced in its last line has ¢o-error at most .

Consider a Jig for which ||zio — p||2 = O(4/log(1/(1 — €))). Because of the centering transfor-
mation, we can equivalently analyze things as if there was no re-centering transformation but instead
all samples come from the model with mean p of bounded norm ||ps]|2 = O(4/log(1/(1 —¢€))).

10
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Algorithm 1 Spectral algorithm for multivariate mean estimation

Input: Sample access to the distribution of Definition 1, parameters €, 6 € (0, 1).
Output: Vector i € R%.

2
Let C be a sufficiently large absolute constant, k := [C (% log(1 + 1%5)> —‘ and 7 := %W

Use a list-decoding algorithm to compute a list L of candidate mean estimates in R¢ such that L

contains at least one jip with ||io — pf|2 = O(y/log(1/(1 —€))). // Using Fact 34
tp + TOURNAMENTIMPROVE(L, e, O(1/log(1/(1 — €)))). // Using Fact 35
Draw samples S = {z1,...,,} from Definition 1 for n = (kd)“*/<2.

Recenter the dataset S” < {z — fip : © € S}.
fort=0,1,...,kdo
Compute the empirical Hermite tensor T} < LN es He(®). // cf. Definition 27
Let M (T}) be the flattened d x d*~! matrix.
Compute the right singular vectors vy, ..., vg of M (fft) with singular values oy, ..., 04.
Define Z; = {i € [d] : o; > n} and V; = span({v; : i € I;}).
Let V =span(Vy,..., V).
Compute i < BruteForce(Projy, (5'),¢,6/2). // Using Theorem 45
return 7i + io.

First we will require the following concentration lemma, which we show in Section B.2.

Lemma 13 (Hermite tensor concentration) Let n,c € (0,1) be parameters, C be a sufficiently
large absolute constant and p € R® be a vector with ||pll; = O(y/log(1=2)). Let P be an -
corrupted version of N'(u, I) (cf. Definition 1) and let P’ denote the conditional distribution ofl5
on the non-missing samples. Let x1, . .., x, ~ P’ be i.i.d. samples and define T := % Yoy Hi(i),

and T := E,p/[Hy(z)], where Hy(x) denotes the Hermite tensor from Definition 27. If n >
d3%20() (k log( 1 ))k/2

1—¢ . e ~
aT=a)r = , then with probability at least 1 — T we have that HT — TH2 <.
We will use n := % m as in the pseudocode. The number of samples in Theorem 4 has been

chosen to allow a union bound over ¢t = 0, ..., k and all iterations of the for loop of the algorithm so
that we have

Hﬁ_TtHQSU Vi=0,...,k )

with probability at least 0.99. Using the formula for the sample complexity of Lemma 13 and sim-
plifying it bit, it can be seen that this concentration event can be achieved with (kd)?*)e=2 samples.

We now focus on showing that the estimate 1 towards the end of the for loop has error 6. We
will first argue that the mean has a small component of size at most 6 /2 in the subspace V1. Since
we estimate the mean up to error §/2 on the subspace V/, this will immediately mean that the total
error is at most d.

Claim 14 (Mean certification) Consider the notation of Algorithm 1 and that the event of (4)
holds. The subspace V mentioned in Algorithm I satisfies v € V- = |vTpu| < §/2.

11
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Proof Let P denote the e-corrupted version of A/(y, I) according to Definition 1 and let P’
denote the conditional distribution on the non-missing samples. We prove the claim by contra-
diction. Suppose that [v"y| > /2. Then by Lemma 12 there exists a t € {0,...,k} with
| Egpr[he(vT2)]] > 1. Using the Hermite tensor property (see Section B.2 for background on
Hermite tensors) Eq [l (v 2)] = (0%, Eypr[Hy(z)]) this means that [(v®!, T})| > 7. By the
concentration of the event in (4), we have that |(v®*, T};)| > 7. Therefore, v belongs to V;, which
contradicts our assumption v € V. |

Claim 14 shows that ||Projy . (1)||2 < ¢/2. For the orthogonal subspace our algorithm computes
ap €V with ||+ o — Projy (1)]|2 < /2 (because of the guarantee stated in Theorem 45). Thus
by the Pythagorean theorem, our estimator fi towards the end of the for loop has error at most §.
This concludes the error analysis part of the proof. In the remainder of this section we analyze the
complexity of the algorithm.

Complexity of the list-decoding and tournament subroutines The sample complexity of this
part is given by Fact 34 and it can be checked that it is smaller than the (kd)o(k) that is mentioned in
the statement of Theorem 4. The runtime of list-decoding is poly(n). It can also be checked that the
sample complexity and runtime of the tournament subroutine step, stated in Fact 35 are smaller than
what is stated in Theorem 4.

Complexity of a single iteration of the outer loop We will bound the runtime of the main for
loop, conditioned on the event that i is within O(y/log(1/(1 — ¢))) of the true mean. The runtime
of every step except the application of the brute force algorithm is polynomial on all parameters n, d
and 1/(1 — ¢), so it remains to analyze the runtime of the brute force algorithm. By Theorem 45, the
runtime is 29(dm(V)) poly (n, d) thus we need a bound on dim(V').

Suppose that we have shown a bound ||7}||2 < . Having that bound will allow us to argue as

follows: If o; denote the singular values of M (7}), then \/27:1 o2 = [|[M(T)||g = |Tell2 < v

(2

which means that for the set Z; = {i : 0; > n} it holds |Z;| < v%/n?. This means that dim(V},) <
¥?/m?. Thus dim(V) < 38 dim(V;) < (k + 1)72/7*.

We will show in Lemma 15 the ¢3-norm bound || E[Tft] ll2 < ¢O) Under the event (4) that we
conditioned on in the beginning, this will also imply that ||1A“t ll2 < Oh), Having this and plugging
v = Ok), n = O(e/(k + 1)¥/2) to the bounds of the previous paragraph we will finally have the
bounds below which conclude that the runtime of the algorithm is exp(eé(’“) /e%) poly(n, d).

dim(V) < (k + 1)22 < ke(;(?k) o < OOk + 1)f < KOW < eO®

)

772 - 2 - g2 — g2

Lemma 15 (Moment tensor norm bound) Let P be the e-corrupted version of N (p, I) mentioned
in the statement of Theorem 4 and P’ denote the conditional distribution on the non-missing samples.
Assume that ||ull2 = O(y/log(1/(1 —¢))). Let T, = E,p/[H¢(x)] denote the tensors used in
Algorithm 1. We have that

Tl < =0 (log(1/(1 ~ ) + 11— exp (O (tlog(l/(1 =) (®)

1

We defer the proof to Section D.2. Note that the RHS in inequality (5) can be further bounded
from above by the simpler expression %) by using t < k, k = (3log(14+¢/(1 - E)))Q, 0<e.

12



HIGH-DIMENSIONAL GAUSSIAN MEAN ESTIMATION UNDER REALIZABLE CONTAMINATION

5. Conclusions

We studied mean estimation under the realizable e-realizable contamination model. Our results
suggest several natural directions for future work. One direction is to extend this framework to
other statistical tasks, such as linear regression and covariance estimation. A second direction is to
investigate broader distributional assumptions. While the Gaussian setting serves as the canonical
starting point, a natural next step is to consider subgaussian distributions. However, in full generality,
consistency is known to be impossible in this model (Ma et al., 2024). This raises the question of
identifying structured subclasses of subgaussian distributions, or alternative distribution families, for
which consistent estimation remains achievable.
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Appendix A. Omitted Details from Section 1

A.1. Additional Discussion on Related Work

Comparison of Definition 1 with the definition in Ma et al. (2024) As described in Section 1,
the contamination model (Definition 1) studied in this paper was proposed in the recent work of Ma
et al. (2024) as an attempt to formalize missingness mechanisms that are non-MCAR yet milder than
MAR or MNAR. At first glance, the model appears to be defined slightly differently in eq. (6) of
Ma et al. (2024). The e-corrupted version P of the original distribution P there is defined as any
mixture of the form (as a note regarding notation in that paper, we are using ¢ = 1 in the notation of
that paper, i.e., there is no MCAR component in eq. (6))

(1—-¢e)P +eQ, (6)

where () is any MNAR version of P that the adversary can choose.

However, Ma et al. (2024, Proposition 2) provides a characterization that establishes its equiva-
lence with the definition used in this paper. As explained following Proposition 2, if samples are
interpreted as being generated by first drawing a value and then applying a missingness mechanism,
and if h(z) denotes the probability that a sample is missing conditional on the original value being z,
then Proposition 2 shows that the realizable e-contamination model is equivalent to the condition
1—¢e < h(z) < 1. In the language of our paper, this characterization leads to the alternative definition
of the realizable -contamination model stated in Definition 16 below.

Definition 16 (Contamination model; Alternate definition) Let P be a distribution on a domain
X with pdfp : X — R,.. An e-corrupted version P of P is any distribution that can be obtained as
follows: First, an adversary chooses a function f : X — Ry with (1 —e)p(x) < f(z) < p(z). Pis
then defined to be the distribution whose samples are generated as follows:

1. Draw x from P.
2. With probability 1 — f(x)/p(z), replace x by a special symbol L.

As shown below, it is then straightforward to check that Definition 16 is equivalent to Definition 1.
Claim 17 Definition 1 and Definition 16 are equivalent.

Proof Let us denote by X the initial value of the sample before the missingness pattern is applied
and by Z the sample after its application. In Definition 16 we have

IP’[Z;&J_]:/XIP’[Z;AJ_ X = 2] P[X = 2]do = X]"; /f

and we also have

P[X:x]Z;éJ_]:]P)[Z#J_ | X = 2] P[X = z] _ (1-P[Z =L |X =z])p(x)

P[Z #1] Jx f(2)dz

f f( >dw T [y f@)da

which agrees with Definition 1.
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Robust Statistics The field of robust statistics was initiated in the 1960s through the seminal works
of Huber and Tukey (Tukey, 1960; Huber, 1964), with the goal of developing estimators that are
robust to data contamination. In this setting, data corruptions are formalized by allowing a small
fraction € < 1/2 of the samples to come from an arbitrary distribution. While early work in the
1960s studied the information-theoretic aspects of one-dimensional inference in this model (including
optimal error rates and sample complexity), extensions of these algorithms to higher dimensions
required exponential time. It was not until 2016 that the first polynomial-time algorithms were
obtained (Lai et al., 2016; Diakonikolas et al., 2019a). This led to a revitalization of the field, with
improved algorithms for a variety of problems such as mean estimation (Kothari and Steurer, 2017;
Diakonikolas et al., 2018a, 2022b) and linear regression (Klivans et al., 2018; Diakonikolas et al.,
2019b; Pensia et al., 2024; Cherapanamijeri et al., 2020).

Apart from the fact that robust statistics considers data corruptions rather than missingness, the
differences with the current work are as follows:

(i) Due to the arbitrary nature of outliers, identifiability is only possible when the corruption fraction
satisfies ¢ < 1/2. If a majority of the samples are corrupted, the dataset may consist of two equally
sized subsets corresponding to different underlying distributions, in which case it is impossible
to determine which subset contains the inliers. The robust statistics literature has nevertheless
considered the regime ¢ > 1/2. Since identifiability is impossible in this case, the goal shifts to
outputting a list of candidate solutions with the guarantee that at least one is close to the ground
truth. Algorithms of this type are known as list-decoding algorithms (Balcan et al., 2008; Charikar
et al., 2017), and such algorithms have been developed for several tasks, including mean estimation
(Charikar et al., 2017; Diakonikolas et al., 2018b, 2022a) and linear regression (Karmalkar et al.,
2019; Raghavendra and Yau, 2020).

(ii) Even in the regime ¢ < 1/2, where identifiability is possible, consistency—i.e., the property that
the estimation error vanishes as the number of samples tends to infinity—is still unattainable in robust
statistics. For example, for Gaussian mean estimation with an ¢ fraction of arbitrary corruptions,
the optimal error is ©(¢), regardless of the sample size (and analogous lower bounds hold for other
distributions, with different dependencies on ¢). In contrast, Definition 1 allows for consistency due
to the additional structure imposed on the missingness pattern.

Truncated Statistics Although it is a form of Missing Not At Random, this large subfield of
statistics—tracing back to Galton, Pearson, and Lee (Galton, 1897; Pearson, 1902; Pearson and
Lee, 1908)—developed largely orthogonally to the rest of the missing data literature. Truncated
statistics concerns scenarios in which there is a truncation set (which may be known or unknown
to the learning algorithm), and only samples that fall within this set are observed. Despite early
work on this problem, efficient algorithms for fundamental tasks were obtained only in the last
decade, including Gaussian mean estimation (Daskalakis et al., 2018; Kontonis et al., 2019) and
linear regression (Daskalakis et al., 2019, a,b).

More concretely, the notion of missingness used in truncated statistics is defined as follows (we
state it for identity-covariance Gaussians to match the inlier distribution considered in this paper).
Samples are drawn from N (y, I) but are revealed only if they fall in some subset S C R? whose
probability mass is assumed to be lower bounded by a parameter o > 0; otherwise, the samples
are hidden (e.g., represented by a special symbol _L). More generally, the literature also considers a
setting in which hidden samples are completely unobserved, so the algorithm does not know the ratio
of missing to visible samples.
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At a high level, this can be viewed as a special case of the e-realizable contamination model
considered in this paper (Definition 1) with € = 1, but there are important differences. First, there is
no analogue in Definition 1 of the requirement that the truncation set have probability mass bounded
away from zero. As a result, the adversary in Definition 1 could make all samples missing, which
is the main reason the problem is unsolvable when € = 1 (the sample complexity in Equation (1)
diverges as € — 1).

Second, even when such a lower-bound condition is imposed, additional nuances arise in the
truncated statistics literature depending on whether the truncation set S is known to the algorithm.
If the set is unknown, mean estimation remains information-theoretically impossible to arbitrary
accuracy (Daskalakis et al., 2018). Estimation becomes possible only if (i) the algorithm has oracle
access to S (Daskalakis et al., 2018), or (ii) the set has bounded complexity, for example bounded
VC dimension or bounded Gaussian surface area (Kontonis et al., 2019). In the latter case, there is
an information—computation trade-off, providing evidence that polynomial-time algorithms often
require more samples than the information-theoretic optimum (Diakonikolas et al., 2024a).

Appendix B. Omitted Details from Section 2

B.1. Useful Facts
Fact 18 (Gaussian tail bound) Let Z ~ N(0,1). Then for all x > 0,

P[Z > z] < ! e 712,
TV 2T

ﬁ

Fact 19 (Mills ratio inequality Gordon (1941)) Let ¢, ® denote the pdf and cdf of N (0, 1) respec-
tively. The following holds for all x > 0:
¢(x) 1
< — < —.

TSI O(x) v x
Fact 20 (Dvoretzky—Kiefer—Wolfowitz (DKW) inequality) Let X1,..., X, be i.i.d. real-valued
random variables with cumulative distribution function F', and let the empirical cumulative distribu-
tion function be Fy,(z) := 1 3™ 1{X; < x}. Then, for all e > 0,

T on

P|sup|F,(z) — F(z)| > ¢| < 2e72n"
zeR

Fact 21 (Maximal coupling (see, e.g., Roch (2024))) Let P and Q) be distributions on some do-
main X. It holds that Drv (P, Q) = infr P(x yyr[X # Y| where the infimum is over all possible
couplings between P and Q. Moreover; there exists 11 such that P x yy..i[X # Y| = Drv (P, Q).

Fact 22 (see, e.g., Corollary 4.2.13 in Vershynin (2018)) Let & > 0. There exists a set C of unit
vectors of R such that |C| < (1 +2/£)¢ and for every u € R with ||ul|2 = 1 it holds minyec ||y —
ullz <&

Corollary 23 (see, e.g., Exercise 4.4.3 (b) in Vershynin (2018)) There exists a subset C of the d-
dimensional unit ball with |C| < 7¢ such that ||z||2 < 2max,cc|v' z| for all z € R and || Allop <
3maxycc x| Ax for every symmetric A € R4,
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Fact24 Letx ~ N(0, 1) and let j > 1. Then E[||z||] < (2V/5d)7.

Proof For a standard normal z ~ N(0, 1) it is well known that E |z} < (2,/7)7. Since ||z|/ =
(Z‘-i, xz)]/g and for » > 1 we have (Zgzl a;)" < d ! Z?ﬂ a?, applying this with a; = 27 and

=117

r = j/2 gives

d
2l < 7Y
=1

Taking expectations and using identical marginals,

E ol < &2 B2 < di? (/)7 = (21/jd)

Proposition 25 (Le Cam’s lemma) For any distributions Py and Ps on X, we have

i%f{ P (U(X)#1D)+ P (¥(X)+# 2)} =1— Drv(P1, P),

X~Py X~Pp

where the infimum is taken over all tests U : X — {1,2}.

Legendre Polynomials In this work, we make use of the Legendre Polynomials which are orthog-
onal polynomials over [—1, 1]. Some of their properties are:

Fact 26 (Szego (1967)) The Legendre polynomials Py, for k € 7, satisfy the following properties:
1. Py is a k-degree polynomial and Py(x) = 1 and Py (z) = .
2. f Pi(x)P;(x)dx = 2/(2i + V)1{i = j}, foralli,j € Z.
3. |Pp(z)| < 1forall x| < 1.
4. |Py(x)| < (4]z))* for |z| > 1.
5. Pi(z) = (1) Py(—2).
6. P(w) = 278 7T () (. F) 2
B.2. Hermite Analysis

Definition 27 (Hermite tensor) For k € N and x € R", we define the k-th Hermite tensor as

(Hi(2))irig,e..iy, = \ﬁ > Q) (~TLini) @ =i -

Partitions P of [k] {a,b}€P {c}eP
into sets of size 1 and 2

Fact 28 [fv € R% is a unit vector it holds Hy(v' ) = (v=* Hy(z)).

23



DIAKONIKOLAS KANE PITTAS

Fact29 E, (. n[Hk(z)] = n®*/VEL

Hermite polynomials form a complete orthogonal basis of the vector space Lo(R, N(0,1)) of
all functions f : R — R such that E,_xro,1)[f*(2)] < oc. There are two commonly used types
of Hermite polynomials. The physicist’s Hermite polynomials, denoted by Hy, for k € Z satisfy
the following orthogonality property with respect to the weight function e==: for all k,m € Z,
Jz Hy,(x)Hp(2)e " dz = 72%k!1(k = m). The probabilist’s Hermite polynomials H,, for
k € Z satisfy [p He, (2)He,, (z)e=*/2dz = k!v/271(k = m) and are related to the physicist’s
polynomials through H,, (z) = 27*/2Hy(x/\/2). We will mostly use the normalized proba-
bilist’s Hermite polynomials hy(z) = He, (z)/V'k!, k € Z for which [, P (2) T ()€™ 2d 2 =
v271(k = m). These polynomials are the ones obtained by Gram-Schmidt orthonormalization
of the basis {1,z,z?,...} with respect to the inner product (f, DN©0,1) = Egnro,n[f(7)g()].
Every function f € Lo(R, N (0, 1)) can be uniquely written as f(z) = >, a;hi(x) and we have
limy, 00 Egpnro,)[(f(2) — 2000 a;hi(z))?] = 0 (see, e.g., Andrews et al. (1999)). Extending
the normalized probabilist’s Hermite polynomials to higher dimensions, an orthonormal basis of
Ly(R4, N (0, I)) (with respect to the inner product (f, g) = E.nr(0,1,)[f (%) g(z)]) can be formed
by all the products of one-dimensional Hermite polynomials, i.e., hy(x) = H?Zl hq, (x;), for all
multi-indices a € Z? (we are now slightly overloading notation by using multi-indices as subscripts).
The total degree of h, is |a| = Z?Zl a;.

Claim 30 (Univariate Gaussian shift bound) Ler p : R — R be a polynomial of degree at most d
satisfying EINN(OJ)[P(CIJ)Q} = 1. Then for every pn € R, By p(0,1) [p(x + ,u)2] < edr?,

Proof Let 1 (z) = Hey(z) /! denote the normalized probabilists” Hermite polynomials. Expand
p in the orthonormal Hermite basis:

d d
p(z) = Z cx hi (), Zci =Esn0,1) [P(ﬁ)z] =1
k=0 k=0

The following identity holds for the normalized probabilists’ Hermite polynomials:

o) =3 ("“)M " he(a)

r=0

Using orthonormality of {h, } and independence of the coefficients in the expansion, we have

that i i
k 2 r! k ,uzs
E 21 _ 2(k—r) 1* _
LB =X (F) e m = (F)EL

r=0 s=0

where s = k — r. Bounding (lz) < k*®/s! yields

Therefore
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Now expand p(z + p):

d

E E [ M < = i,
zNN(o,l)[p(x+'LL Zc x~/\/(01)[ (x4 p)? Z:: e kzock e

Claim 31 (Multivariate Gaussian shift bound) Let p : R" — R be a polynomial of total degree
at most D satisfying B, xr0,1)[p()?] = 1. For a multi-index o € N", define ho (%) = []i_; ha, ()
and || = Y7 ovi. Then for every ju € R", it holds B0 1)[p(@ + 11)?] < ePllullz,

Proof Expand p in the multivariate orthonormal Hermite basis:

p@) = Y cahal@), Yoa= E @) =1

~N(0,1
la|<D la|<D eN(0.1)

Because hqo () = [, ha, (2;), and the coordinates of x are independent, we have

n

E o+ =11 E (@it p)?)
i=1 ’

Applying the univariate bound of Claim 30 to each coordinate,
E h.. Ty 2 < aiﬂ?7
:cNN(O,l)[ az(l‘l pi) <e

SO

E [ha(z + p)?] < exp (Z am?> < exp(lo] [|]3) < ePIH3,

z~N(0,1) =

Finally,
Ep(X + w2 = 3 EEha(X +p)?] < 202 DIy — Dl
lo]<D
|

Claim 32 Let Hy, denote the k-th Hermite tensor for d dimensions. Then, the following bound
holds: || Hy(x)||l2 < d*/?(1 4 ||z||%)20),

Proof

For a degree-k tensor A, we use A™ to denote the matrix that A7,

||All2 = [|A™||2. Then from the definition of Hermite tensor, we have that

= Ar(iy,....i)- Note that

Lk/2]

1 1 o\
NG Z 2 201(k — 2t)] (I®t$®(k 2t)>

t=1 Permutation 7 of [k]

Thus the norm is
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[k/2]
1 ot @k—-2t)\"
| ()]l = Z > gy ()
' t=1 Permutation 7 of [k] 2

lk/2] \F
k!
< st oy s (11l 1)

k/2
\/7
- Z 2ttl

k:/2
=2 Qtt,f (@225 +1)

k/2j \F
- Z Qttl

max(dt/2||x”k 1)

(dt/Q max(||z[5,1) + 1)

[k/2] VE!

Kl
<2020+ 21 3 s
t=1 ' .

One can see that the denominator is minimized when ¢ = k/2 — O(v/k). Using that, we have that

the right hand side above is at most d*/2(1 + ||z||¥)20().
|

We restate and prove the following concentration of Hermite moments.

Lemma 13 (Hermite tensor concentration) Let n,ec € (0, 1) be parameters, C be a sufficiently
large absolute constant and p € R? be a vector with ||p|ls = O(y/log(122)). Let P be an -

corrupted version of N'(u, I) (cf. Definition 1) and let P’ denote the conditional distribution of P

on the non-missing samples. Let x1, ..., x, ~ P be i.i.d. samples and define T := % oy Hi(xi),

and T := E,.p/[Hy(x)], where Hy(x) denotes the Hermite tensor from Definition 27. If n >

d3k20(k)(k10g(i))k/2
(1—e)n?7

, then with probability at least 1 — T we have that Hf - TH2 <n.

Proof Consider one entry ﬁ-m...i ., of the estimator. It holds

1
Var( inig-eip) = — Var (Hg(2)iyigiy)

< n xFP,[(Hk (m)11121k)2]

< n(ll—s) N /\I/E(M,I) [(Hp ()41 )] (by Definition 1)

L

- (1 — 6) xNN(},L I)
dk/290(k) (1

= n(l—e)

[l H(2)13]

k: .
E [||x||2D (by Claim 32)
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deO(k)kk/Q .
= mu ( )
where the last step can be shown as follows:
E k| _— E k
JE lIalt] = B[+ wlf]
< E k
< B [0l + )
< ok—1 k k
<t (B [1a08] + )
< 20() ((k:al)k/2 + 200 1og(1/(1 — 5))k/2> (using Fact 24)

< 20 ER/2 gk 216g(1/(1 — £))F/2.

Having the variance bound of inequality (7), an application of Chebyshev’s inequality yields that
d2k20(R) kk/2 10g(1/(1—€))k/2 h
(e then

if the number of samples is n > C

- 0 7 _ 200K log(1/(1 — ) _
P [|TZ11211€ - E1121k’ > dkﬂ} = n(l _ 6)?72 =T

We will use 7/ = 7d~*. By union bound the probability of having |ﬁ”2@k — Tiyigeiy|

I IA

—irs for all entries simultaneously is at least 1 — 7. In that event we have that 1T = Tl

\/Z“lk \ﬁmzk — Tiyig-i|> < m which completes the proof.

Appendix C. Omitted Details from Section 3

We restate and prove the following two lemmata.

Lemma 10 Denote by ¢(z) the pdf of N(0,1). For any €,6 € (0,1) there exists a function
g R = Ry such that (1 — e)p(x — 0) < g(x) < ¢(z —9), [, cpg(z)dz = 1 —¢/2 and

xT

g(z) _ ¢(x) forallx € [~B +6/2, B + 6/2] where B := %log (1 + 15/52/2)

Proof For convenience we will prove the claim with everything shifted by §/2 to the left, i.e., we
will show that,

(1—e)p(x —§/2) < g(z) < ¢(z — §/2) (8)

aswellas [ _pg(r)dz =1—¢/2and 1‘1(:/)2 = ¢(x + §/2) for all z € [—B, BJ. For simplicity of
notation, we will use p (x) := ¢(x — §/2) and p_(z) := ¢(x + 0/2) to denote the two Gaussian
densities for the rest of the proof.

The main idea is to let g(z) = (1 — ¢/2)p_(z) for all  in an interval around zero which is as
large as possible without violating the condition (8). Once we find which is the biggest possible such

interval, we will need to correct g(z) outside of it so that it still respects condition (8).
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For the first part of our proof argument (finding the largest interval for which setting g(z) =
(1 — ¢/2)p_(z) inside it satisfies condition (8)) we solve the equations (1 — ¢/2)p_(z) = py(x)
and (1 —e/2)p_(z) = (1 — €)p+(x). The two solutions are

1 1—¢/2 1
a:+:610g< 152) and x,:glog<1—%>.

This means that if we define B := 5 Liog (1 + 18/ 2/2) we have that the function defined as g(x) :=

p—(z)(1 — £/2) satisfies condition (8) for all z € [—B, B].

We now need to show how to define g(x) outside of [—B, B]. We show that it is possible
to extend the definition outside of [—B, B] in a way that condition (8) continues to hold and
Jyer 9(x)dz = 1 — /2. A first, unsuccessful approach would be to set g(x) = (1 — €)p; (z) for
x > Band g(z) = py(x) for z < —B. Although this ensures condition (8), the other desideratum
fR r)dr=1-—¢ / 2 is not satisfied. To see this, let us define A and As be the following areas:

+o00o
A= [ (= apale) — (- e/2p- (),

BfB
A= / ((1—e/2)p_ () - py (x)) da

Then the integral of g is

“+o00 B
/ g(z)dz = / (1 - /2)p_(x)de+ / (1 e/2)p(a) — (1 — )pa(a)))dz + Ay — Ay
zeR —o0 T4
(©)]

<1—%—|—A1—A2,

where the first integral is simply 1—¢/2 and the integral from z to B is negative (by definition of ).
We can finally check that Ay > A; to conclude the proof of f cR g(x)dx < 1—¢/2. To see this, first
note that we can rewrite Ay = f_oo p+(—2)—(1—¢/2)p_(—x)dz = [5 (1—¢/2)p4(z)—p—(z)dax
where we used that p; (—z) = p_(«) and a change of variable. Then,

Ao =i = [ 75 0sta) — p-(@) da >0,

However, the above choice of g(z) for x > B is not the only one allowed by condition (8). We
could alternatively choose any g(z) € [(1 — €)p+(z), p+ ()] for x > B. We just saw that the first
extreme choice g(z) = (1 — €)p4(z) results in [ _p g(z)dz < 1 —&/2. We will now show that
the other extreme choice of setting g(z) = p_(z) in z > B results in [, _p g(z)dz > 1 —¢/2.
By continuity this would mean that there exists a way of defining g(x) in > B that achieves
Jrep 9(@)dz =1 —¢/2.

We now show the remaining claim above, that the choice g(x) = py(x) for all z > B (and
g(x) = py(x) forx < =B, g(z) = (1 — ¢/2)p4(x) for x € [—B, B] as before) results in
Jyer 9(x)dx > 1 — /2. In this case, similarly to inequality (9), we have

+00 .
/ g(z)dx = / (1 —¢/2)p_(x)dz + A; — A
zeR

—00
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where A, is the same as before, but A; = [5 (p4(z)dz — (1 — €/2)p_(z)) dz. Now, this gives

Ay — Ay — /: 0+ (a) + (@) dz > 0.

Lemma 11 Lete € (0,1),0 < € and g(x) be as in Lemma 10. There exists a polynomial p(x)
such that the function f(x) := g(x )—|—p( J1(|x| < 1) satisfies (1 —e)p(xz — ) < f(z) < ¢p(x—0)
and the distribution with pdf f(x)/ fR x)dx matches the first m moments with N'(0, 1) for some

m = Q(y2/log~), where y := 5 Log ( 15/52/2)'

Proof The function g(z) from Lemma 10 satisfies the following:
. (1—¢)p(x—96) <g(x) <p(x—0)forallz € R
2. [pgle)dz=1—¢/2

3. g(x) = 6(x)(1 — £/2) for w € [~B +8/2, B + §/2] where B i= Hlog (14 125

We will show the existence of a polynomial p such that

1. |p(z)| < ce, where c¢ is a sufficiently small absolute constant,
2. f_llp(x)dx =0,

3. fpat RS gy — [ 2ig(2)dx forall i € [m].

Before showing that such a polynomial exists, we first show how Lemma 11 follows given the
above points. First, the moment matching property in the conclusion of Lemma 11 directly follows by
the third item in the above list. We now show how the part that (1 — €)¢p(x — 0) < f(x) < ¢(x — 0)
for all z € R follows from the above. This can be seen by verifying that (i) ¢(x — 0) — g(x) = Q(e)
forall z € [—1,1] and (ii) g(x) — (1 — €)p(x — §) = Q(e) for all z € [—1, 1]. We show the part (i)
since the other part can be seen with identical arguments. The smallest value of ¢(z — ) — g(x)
happens at z = —1. On that point:

bz —8) = (1= ¢/2)(x) = ¢la = 9) = $(x) + S6(x) = —O(3) + Q) = Ne),

where the first inequality uses the fact that ¢(z — ) — ¢(z) = z¢p(x
x — 0 < & <z, by Taylor’s theorem), and we also used that ¢(z) =
inequality above used that § < ¢.

We now turn to showing the existence of the polynomial p. This part of the proof follows an
argument similar to the one in Diakonikolas et al. (2017). Recall the moment matching condition
that we want to ensure: [ z'p(z)dz = [ zi¢(x)dx — [z lg(f/)Qd:r. Using the fact that
g(x)/(1 —e/2) = ¢(x) in the interval [—B + , B + §] the moment matching condition becomes:

1
/ a'p(x)de = / zio(x)dr — / zt 9(z) dez, (10)
1 R\[~ B+6,B+] R\[-B+5,B+5] 1 —¢€/2

fori =1,...,m. First, we express p(z) as a linear combination of Legendre polynomials Py:

52_1(;5(5)5 for some
[—1,1]. The last
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Fact 33 We can write p(z) = 31" ar Py (z), where aj, = 25+ f_ll Py(x)p(z)de.

By properties of Legendre polynomials (Fact 26) we have that [p(z)| < > ;" |ax| forall z € [—1,1],
thus it suffices to bound the coefficients a;. Towards that end,

1
‘/ Pi(x)p(z)dx| = / Pk(x)é(x)dx—/ Py(x) 9(z) dz
1 R\[—B+6,B+] R\[—B+6,B-+6] 1—¢/2
(due to Equation (10))
g/ Pu(z)o(z)dz +/ P2 _aq
R\ [~ B+3,B+9] R\ [~ B+5,B+0] 1—¢/2

We will show how to bound the first term (the proof for the first term is almost identical). First,

Py(x)¢(x)dz| < 4k |z F p(z)da (by Fact 26)

/R\[—w—a)w—an
—(B-9) 00

g/ 4kx|k¢(x)dx+/ Ml b(z)da
4

—00 B—

/R\[—B-HS,B-HS]

= 2/00 4k gk p(z)dz

B¢

< 4F / zFe = 2dg (denote 3 := B — §)
B

< 4k /00 ghe B /2By
B
(—372/2 + x is decreasing for x > 1)

< 4k /00 ghe P /2B =2y
0
[o@)
§4ke_'82/2+ﬁ/ rFe *dx
0

= 4k~ P20 () 4 1) (I'(-) is the Gamma function)
< ghem P IAEE

Combining the inequality [p(x)| < > _;* |ax| with the formula for aj, and the above bound, we have
that

m

m m
|p(l’)’ < Z \ak\ S Z 2k;_ 14]’36752/4]{71C S 4m€*,32/4mmz %T+1 5 4meﬂ32/4mm+2_
k=0 k=0 k=0

If m is a sufficiently small multiple of bgﬁ% then the RHS above is at most €. Note that by

our assumption § < & we have 8 := B — § = 3log(1 + 112/2) — 6 =0(5log(1+ 112/2)) and

. . 2_
B—log(l/e) =0© <% log(1+ 112/2)> Thus we can further simplify % = Q(y?log7)
c/2

T /2>. Thus the moment matching can be achieved for m as high as a

sufficiently small multiple of v2/ log .

where v := %log (1 +
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Appendix D. Omitted Details from Section 4

D.1. Useful Subroutines from Robust Statistics

We require two subroutines used in Algorithm 1. The first handles mean estimation when more than
half the samples are corrupted and, since exact recovery is impossible, outputs a list of candidate
means containing one close to the truth.

Fact 34 (Mean list-decoding algorithm (see, e.g., Diakonikolas et al. (2022a))) Let ¢ € (0,1)
be a corruption rate parameter and T € (0,1) be a probability of failure parameter. There ex-
ists an algorithm that uses e-corrupted samples from N (i, I) in the strong contamination model*
and finds a list L of candidate means such that, with probability at least 0.99, there is at least
one jig € L with ||jzg — pll2 = O(y/log(1/(1 —€))). The sample complexity of the algorithm is
n = (log(1/(1 — €))d)9Met/0=)) the size of the returned list is |L| = O(1L.) and the runtime
of the algorithm is poly(n).

The second component is a pruning procedure that selects a near-optimal estimate from the list.
The procedure runs a one-dimensional robust mean estimator along the line connecting each pair of
vectors in the list. For each pair, it disqualifies the element that lies farther from the estimated mean
along that line. At the end, any remaining element can be returned.

The proof is identical to that of Diakonikolas et al. (2025b), with the only difference being the
choice of the one-dimensional robust mean estimator. Here, we may use an estimator designed
for Gaussian mean estimation under an e-fraction of arbitrary corruptions (unlike Definition 1,
where arbitrary corruptions allow the adversary to modify an e-fraction of the samples arbitrarily).
In particular, the median or trimmed mean suffices, with sample complexity log(1/7)/2 in one
dimension. We set 7 = 1/k? to allow a union bound over all pairs in a list of size k.

Fact 35 (Tournament pruning (see Lemma 4.1 in Diakonikolas et al. (2025b))) Let C be a suf-
ficiently large absolute constant. Let ¢,6 € (0,1) be parameters. Let L = {1, ,up} C R? be

a set of candidate estimates of ;. € R%. There exists an algorithm TOURNAMENTIMPROVE that

takes as input the list L, the parameters €, and draws n = O (106g2k) samples according to the

data generation model of Definition 1 with mean j € R and corruption rate €, and outputs some
estimate yi; € L such that ||ji; — pll2 < 2min;epy || — pll2 + 6/2 with probability at least 0.99.
The runtime of the algorithm is poly(n, k, d).

D.2. Omitted Details from the Proof of Correctness

We restate and prove the following structural result.

Proposition 36 Let = € (0,1) and § € (0,log(1 + %)) be parameters. Let k be an even integer
2
which satisfies k > 3 (% log(1 + %)) and P = N (6,1) be a Gaussian distribution. Then for any

e-corrupted version P of P under the model of Definition 1, if P' denotes the conditional distribution
of P on the non-missing samples, it holds E . p/[z*] — E. Ar0,1) [2F] > e.

2. Unlike Definition 1, in the strong contamination model (1 — €)n samples are drawn from N (u, I) and an adversary
can add the remaining en points arbitrarily.

31



DIAKONIKOLAS KANE PITTAS

Proof We will prove this by showing the following two claims:
L EyuplyF] > (14 2¢/(1 - €)) Eono, 2]
2. Epopr[z¥] > (1 — ) Eyop[yF].
These two claims suffice because if we combine them, we obtain

xlEP/[xk] > (1—¢) y@P[yk] >(1—-e)(14+2¢/(1—¢)) zNJ\I/E(OJ)[Zk] > (1+¢) z~A%0,1)[Zk] .

Rearranging, this means that B, ps[2*] — E.n0,1) [2F] > ¢ E.Ar0,1) [2*] > £. We now show the

two claims. The second claim follows directly by the definition of the contamination model: if f
denotes the function used in Definition 1, then f(z) > (1 — &)p(z) (where p is the pdf of P). Thus

w_ [ ok f(=) B K p(z) B k o k
$£ljlp/[x ] —/Rl' fRf(Z)dde > (1 5)/Rac fRf(z)dzdx > (1 6)/RJ? p(z) = (1 e)y@P[y ].
We now move to the first claim, i.e., that B, xr0,1)[(z + 6)*] > E, a0,y [2*](1 +2¢/(1 — ¢))

2
when k > 3 (% log(1 4+ 1%)) . First, we recall that E, . x(g,1)[2*] = (k — 1)!!. Using the binomial
theorem, we can write the other non-centered moment as follows:

k k
K kN ok k—j1 kN k.
zNJ\IEO,l)[(Z +0)"] = E <]> J zNJ\I/E(O,l)[Z I = E <]> W (k—gj—1N".  (12)

J=0 J=0
j even j even

We will now rewrite the right hand side above. First, for the (k — j — 1)!! we have the following. We
can rewrite this as follows by taking the first j/2 odd factors of (k — 1)!!:

(k—1)! (k— 1)1

kiD= s G i > BR

13)

where we used that every factor in the denominator is at most k. We also have the following for the
binomial coefficient:

B k(k—1)--(k—(j—-1) iy A= N\ kgl K
(- S o
) " i=0 T i=0

v g

Combining equation (12) with inequalities (13) and (14), we have E..r(o1)[(z + 6k > (k —
i ijzo (@)J. The sum can be lower bounded by a specific term of the sum. For this we will
J even

chose j to be a sufficiently small multiple of vk to obtain

E [(z+6)F>(k—11eVB3 = E [F]eVF/3,
ZNN(O,l) ZNN(O,l)

2
Thus, if k > 3 (% log(1 + %)) then B._xro.)[(2 + 6)F] > (14 2¢/(1 — ) Booniop) [2F].

We will need a Hermite-polynomial version of Proposition 36, obtained by expansion in the
Hermite basis and an application of Cauchy—Schwarz.
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Lemma 12 (Structural Lemma) Lete € (0,1) and § € (0,log(1 + %)) be parameters. Let
k be an even integer which satisfies k > 3(3log(1 + ££))* and P = N(6,1) be a Gaussian
distribution. Then for any e-corrupted version P of P under the model of Definition 1, if P’ denotes
the conditional distribution of P on the non-missing samples, it holds |E,p:[hi(x)]| > m,
where hy, is the normalized probabilist’s Hermite polynomial.

Proof Proposition 36 states that ;. pr [1*] — ., _xr(0,1)[2"] > €. We now expand the function z* in
the Hermite basis, i.e., 2% = Zf:o athy(z) where a; := E,pr(0,1) [2¥h¢(z)]. Combining the result

from Proposition 36 with Cauchy-Schwarz gives the following

2
o | B @] - B ()
k 2
; (acilj:P’[ht(x)] - z~, IFJ;O,l)[ht(Z)]>
E, )]~ _E ()
ZNJ\]/E(O,I){Z]C] “
> €

€
CVEFLY SR a2 VEF LB o [2]
€ €

- >
— (

(k+1) 28

k4 1)k/2°

Finally, noting that E. s 1)[l(2)] = 0 concludes the proof. [
We restate and prove the following lemma.

Lemma 15 (Moment tensor norm bound) Let P be the e-corrupted version of N'(u, I) mentioned

in the statement of Theorem 4 and P’ denote the conditional distribution on the non-missing samples.

Assume that ||ull2 = O(y/log(1/(1 —¢))). Let T, = E,p/[H¢(x)] denote the tensors used in
Algorithm 1. We have that

1 1
ITill2 < -0 (log(1/(1 — ) + ——exp (O (tlog(1/(1 =€) . ()
Proof Using the variational characterization of the ¢>-norm, we have

[Till2 = sup (A, T;) = sup E [(A, Hi(x))].
| All2=1 |Afl2=1 &~F
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Since Hy(x) is a symmetric ¢-tensor and depends only on the symmetrization of A, we may restrict
without loss of generality to symmetric A. For such A, the function p4(x) := (A, H¢(z)) is a degree-
t polynomial satisfying E, o, ry[pa(2)?] = [|A]|3 = 1. Moreover, every degree-t polynomial
that is orthonormal with respect to the Gaussian measure can be written in this way from a unique
symmetric tensor A. Therefore,

ITil2 = sup E_[p(z)]. (15)

p degree t z~P
E. (0,1 [P(2)?]=1

Thus we need to show that the E . p/[p(x)] is bounded for every unit-norm polynomial p of
degree t. To this end, recall the definition of the distribution P’ from Definition 16

E[p(z)1(z not missing)]

. - ¢ missine] —
INP/[p(m)] " N(MJ)[P(@“)WHO missing] P\ (1) | nOt missing]

1
< E 1 (2 not missin
< B pla)t (o not missing)
1 1
< E — E
T 1 =€ a~N(pl) [p(x)} 1 — € a~N(pI)

<5 i - ( E [p(z)L(z missing)]D .

N ()
We will analyze each term separately. For the first term we have the following:

[p(x)1(z missing)]

MMW”‘ ¥

E z)| <
rN/\/W)[p( )] <

E  [Hi()]

x~N (1) 2
= ([l /v <l v
= O (log(1/(1 —£)))"* (by Fact 29 and [|uu||2 = O(/log(1/(1 = €)))

(by the variational characterization of {3-norm)

For the second term, we have the following:

E [p(x)l(z missing)]‘ < E  [p?(z)]\/P[z missing]

z~N (1) z~N (1)

< E 2(x)]e
< xNN(M)[P( )]

It remains to bound E, (., 1)[p?(z)]. We know that E,. o ry[p?(2)] = 1 however we need to
bound the expectation over a translated Gaussian. By Claim 31 we have that ;. s, 1) [p?(x)] <

etllul® < O(tlos(1/(1-))) (where we used |[ul2 = O(y/log(1/(1 —¢))). Overall, by putting
everything together, we have that

B [p(0)] < =0 (log(1/(1 — )2 + T exp (O (t1og(1/(1 ).
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Appendix E. Sample Complexity Lower Bound
We restate and prove the following result.

Theorem 37 (Sample complexity lower bound) For every ¢ € (0,1),6 € (0,log™"/?(1 + =)
and n € 7 the following holds. If A is an algorithm that uses samples from an e-corrupted version
of a Gaussian N (1, 1) and outputs ji such that ||jn — fil|a < § with probability at least 0.9 then the
sample complexity of A is

2

log (1 + %)
exp [ © o\ =)

>
n_l—a 1)

(16)

Remark 38 Some remarks follow:

* The bound in Equation (16) agrees with the sample complexity upper and lower bound shown
in Ma et al. (2024) (Theorems 5 and 6 therein): Our model coincides with theirs when o = 1
and q = 1. Solving for the second term (which is the dominant term) in Theorem 5 or 6 to
be equal to 6% vyields (up to constant factors) the same expression as the right-hand side of
Equation (16).

* (Small € regime) When & — 0 the bound becomes exp(Q(g/68)?).
* (Large ¢ regime) When € — 1 the bound behaves like exp (Q(% log(%_a)y).

The argument for showing the theorem consists of showing that there exist two distributions in
this contamination model that are close in total variation distance.

Lemma 39 Foreverye € (0,1),0 > 0,n € Z the following holds. Consider the two Gaussians
Py =N(=6/2,1) and P, = N(5/2,1). There exist distributions QQ1, Q2 on R such that

* Q1 is an e-corrupted version of Py according to Definition 1 and ()9 is e-corrupted version of
Ps.

o Drv(QF",Q5™) < e Rlos(lte/(1-2))/8)°,

We first show how Theorem 37 follows given the lemma

Proof [Proof of Theorem 37] Define the following hypothesis testing problem: With probability 1/2
all samples come from () and with probability 1/2 all samples come from Q2. If a mean estimator
existed that had accuracy §,/2 with probability 0.9 then we would be able to solve the testing problem
with probability 0.9. However by Le Cam’s lemma (Proposition 25), every testing algorithm has

probability of failure at least § (1 — Dy (QF", @5™)). In order for that probability of failure to be
less than 0.1 we need n > ieg(log(lﬁ/(l_s))/éf. u

log (14 7=
Proof [Proof of Lemma 39] Fix the threshold ¢ := M through this proof. Let p; (), p2(z)
denote the pdfs of P, P>. We define the functions ¢, g2 as shown below:

p1(x) x € (0,00) (1 —¢e)p2(z) =z € (t,00)
@1(x) = | pa(z) x € [-t,0] @2(x) = { p1(z) z € [0,1]
(I—¢e)pi(z) =z € (—o0,—1) pa(z) z € (—00,0)
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Claim 40 [t holds (1 —e)p1(x) < qi(x) < pi(x) and (1 —e)pa(x) < qa(x) < pa(x) forall x € R.

Proof We do the check for the first part of the claim involving p; and ¢;. The check for the second
part is identical. The only non-trivial part of check is showing that pa(x) > (1 — €)p1(z) for all
€ [-t,0].
Recall that ps is the pdf of A(0,8/2) and p; is the pdf of A'(—4d/2,1). We thus want to solve
for (1 — €)p1(x) < po(x). Plugging in the pdf of the two Gaussians

xr — 2 T 2
exp<_( 25/2) 4 +25/2)>21—5

Solving the above yields # > —log(1+ =) /4. Therefore, p2(z) > (1 —¢)p1(z) forall z € [t,0].
|

Since (1 — €)p1(z) < ¢i(x) < pi1(x) the function ¢; induces a definition of an e-corruption of
P according to Definition 1. That is, a sample from @) is generated according to the following
procedure With probability fR ¢1(x)dz the sample is drawn q; (x)/ fR q1(x)dz, and with probability
1-— fR q1(z)dx the sample is set to the special symbol L.

Srmrlarly, (1 —¢)pa(z) < ga(z) < p2(x) and g2 induces an e-corrupted version of Pj, that we
denote by (Qs. Samples from ()2 are generated as follows: with probablhty fR g2(x)dx the sample is
drawn from ¢2(z)/ fR g2(z)dx, and with probability 1 — fR g2(z)dx the sample is set to the special
symbol L.

By symmetry of our setup, the probability of the sample not being deleted (set to L) is the
same [ q1(z)dz = [ g2(x)dz. Denote by « this probability. Also denote by Q1 the conditional
distribution of ()1 conditioned on the sample not being | and let @2 denote the corresponding
conditional distribution for Q5.

In the following we will show that Dy (Q¥™, Q5™) < &efﬂ(log(lﬁ/(l*))/‘s)a By Fact 21
it suffices to find a coupling II between the two joint distributions Q?", ?" with probability of
disagreement at most fﬁse_ﬂ(log(lﬁ/ (1-))/9)*  That is, we need to define a joint distribution II on
two sets of n samples ((X1, ..., Xy), (Y1,...,Yy)) such that (i) the marginals are (X1, ..., X;) ~
@?” and (Y7,...,Y,) ~ ®" respectively (i.e., it is a valid coupling) and (ii) the probability of
disagreement is Py [( X1, ..., Xn) £ (Y,...,Y)] < e os(l+e/(1-0))/0)7

We define the coupling by defining the data generatlon process for ((X1,..., X n)s (Y1,...,Y))
bellow. In the construction bellow, we will assume that we already have a coupling Iy for the
conditional distributions of single samples, i.e., a distribution IIy such that if (X,Y) ~ IIj it
holds X ~ @1, Y ~ @2 (i.e., Iy is a coupling between @1 and @2) and P(x y )i, [X # Y] <
%G_Q(log(lﬁ/(l_e))/‘s)z. We will show why Fj exists at the end; for now we will conclude the

construction of II using II;. We define the sample generation process for II as follows:
1. Draw ¢; ~ Ber(a) for ¢ € [n] (recall that « is the probability of “missing” samples).
2. Foreachi € [n]:
(a) If ¢; = 1, then draw (X;,Y;) ~ II,.
(b) Else, set (X;,Y;) = (L, L).
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Note that in the above construction, each X; is distributed according to ()1 and each Y; follows
()2 thus the above defines a valid coupling between Q?", Q%im. For the probability of disagreement
we have the following:

n

P{(X1,...,Xn) # (Yi,...,Y,)] P[X; # Y]

IN

= zn:P[Xl # Yile; = 1] ]P)[CZ‘ = 1] —I-P[Xi # Yile; = O]P[Cl = 0}

= P X #Y;
; oyt 7
1 1 ?
n 0g ( + %—5)
—Q
—1-¢ exp )

It suffices to show that the coupling 1y with Px yy o, [X # Y] < 17175e—Q(log(1+a/(1—£))/5)2

exists. We show this by bounding the TV distance between the conditional distributions @1, @2 and
defining I1j to be the maximal coupling (cf. Fact 21).

SO 1 [T q(x) g2 ()
. Gy L B 17
TV(Ql Qz) 9 /—oo qul(x)dx fRQQ(CC)dx ( )
1 o0
A NCRGIL (18)
1 —t +oo .-
=5 </_ ep1(x)dx +/t 8P2($)d33> (by definition of ¢1, g2)
—t +o0
- L < [ cowrsimans [ ot 5/2>dx> (¢ is the pdf of N'(0, 1))
oo t
< IOCQE_QG log(1+157)—/2) (see below)
- %8 ~(3100+750))” (see below)

Where the second to last line uses the standard Gaussian tail bound P, ar(o,1)[z > 7] < e /2 for
every r > 0. We are using this with 7 := }log(1 + t=-) — §/2. Note that this is non-negative
because ¢ € (0,1) and 62 < log(1 + /(1 — ¢)). The final line uses & := 1 — e and ¢ € (0,1) and
62 <log(l+¢/(1—¢)).

|
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Appendix F. Sample Complexity Upper Bound

We restate the main result for the sample complexity of one dimensional estimation below. We will
then use this together with a cover argument to show a multi-variate estimator in Theorem 45.

Theorem 41 (Sample complexity upper bound) There exists a computationally efficient algo-
rithm such that the following holds for any € € (0,1), 6 € (0,log"?(1 + 1=)) and T € (0,1).

1 1+L 2 -
The algorithm takes as input €, 6, T, draws n = exp | O < o 515)> L%g((ll_/ 6))

samples from an

e-corrupted version of N (11, 1) under the contamination model of Definition 1, and it returns [i such
that it holds |1 — p| < 0 with probability at least 1 — T.

Remark 42 Some remarks follow:

* If ¢ is not known to the algorithm it can be easily estimated by taking the fraction of samples
that are equal to L.

» The algorithm’s sample complexity matches the lower bound of Theorem 37 and the sample
complexity upper bound of Ma et al. (2024) up to the €2 factor.

We start with the claim that if the cdfs of two Gaussians are multiplicatively close to each other,
then the means of the Gaussians must also be appropriately close. The following structural lemma
quantifies this.

Lemma 43 Let £, t, ¢ be real numbers with £/2 > 0, t < —£/2 and € € (0,1). Let two Gaus-
sians Py = N(£/2,1) and P- = N (—£/2,1) and denote by F. (z) and F_(x) their cumulative

R . o . log (1472 )
distribution functions (cdfs). If t is a point for which F1.(t) > (1 — e)F_(t), then § < —
Proof

It suffices to prove the claim for the extreme case, i.e., that ' (t) = (1 — &)F_(t) implies
log(l—&-i)

< 0 . Let ®(z) denote the cdf of N'(0,1). Then the equation Fy (¢t) = (1 — &) F_(x) is
equivalent to ®(t — £/2)/®(t + £/2) = 1 — . Taking logarithms on both sides and doing some
further rewriting, we have

(202
(1~ 2) = log (1 =120 ) = lor(®B(t — £/2)) ~ og(@(¢ + €/2)
- t+£/2i - t+£/2 é(y)
B /tg/Q dy log 2(u)dy = /t§/2 (y)d% 1)

where ¢(y) denotes the pdf of A'(0, 1). Recall the Mills ratio inequality (cf. Fact 19):

1
<z4+ - Vz > 0.
xT
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However, due to our assumption ¢ < —&/2, the variable y inside the integral in Equation (19) is
always negative. We can obtain a version of Mill’s ratio inequality for negative reals by using the
symmetry properties ¢(z) = ¢(—x), 1 — ®(z) = &(—x):

1
W Ly

~ 2(y) y

Combining the left part of the above inequality with Equation (19), we obtain

t+£/2 t+£/2 qb(y)
dy > —/ —dy = log(1 — ¢).
/t£/2 v —es2 P(y) Y 3 )

Using ftﬁf/; ydy = 2((t +£/2) — (t — £/2)?) = 2t£/2 = —2|t|¢/2 and rearranging the above
inequality, we finally obtain

€

—log(l—¢) log (1 + E)
i i '

£ <
|

We will use the contrapositive and shifted version of Lemma 43 that is stated below. This is
contrapositive because it is saying that large difference in the mean of two Gaussians translates to
large multiplicative gap of their cdfs, and it is shifted because it includes an arbitrary shift z in the
means of both Gaussians.

Corollary 44 Let p1, &, t, ¢ be reals with, £ > 0, t +&/2 < 0Oand e € (0,1). If P, = N(p,1)

log(14+7—=
and Py, = N(u + &,1) are two Gaussians with & > Og(ml_a)

Bt+p+&/2) < —-e)F(t+p+¢/2)

, then their cdfs F, Fy satisfy

Proof
First, with 1" samples one can learn an approximation F' to the cumulative distribution function
F of the corrupted distribution of the non-missing samples (Fact 20). That is, with probability at
2
least 1 — 2e2™7" we have

F(a)— F(@)| < 20)

[
for all x € R. For the remainder of the proof fix ¢ := w. We will use 7 := ¢®(—t) (where
® denotes the cdf of (0, 1)) and we will set n a sufficiently large multiple of =2 log(1/7) so that
the probability of failure is at most 7.

Let u := F~1(®(—t)), i.e, the point for which it holds F(u) = ®(—t). Consider the Gaussian
distribution N (110, 1) where pg := u + t. This is exactly the Gaussian whose cdf Fy satisfies
Fy(u) = ®(—t). The algorithm then is this: We simply return 1 = po = w + t.

Given Theorem 44 it is easy to see why this has accuracy O(d): Let F™* be the cdf of the ground
truth Gaussian (inlier distribution). By the fact that F'(u) = ®(—t), Equation (20) and the definition
of our contamination model, we have that (1 — O(¢))®(—t) < F*(u) < (1 4+ O(¢))®(—t). By
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Clog(lJrlL_E)

N u—po—9o/2
then it would hold F'(t) < (1 — C'e)®(—t). Thus, this Gaussian could not be the ground truth one
as its cdf evaluated on point ¢ falls ouside of the interval [(1 — O(e))®(—t), < (1 + O(¢g))P(—1)].

Theorem 44, if F is the cdf of a unit-variance Gaussian with mean larger than pg +

. . . Clog(1+7 .
Similarly we can rule out any Gaussian with mean smaller than po — u_gm_é/; from being the
‘ ‘ o 2Ceg(1475)  2CI0g(14 1)
ground truth. This means that the point pg is within T yo R 55/2 = O(9) from

the ground truth Gaussian’s mean, where in the last step we used that ¢t = log (1 + 1%&) /0 and

62 <log(1+ 71—z )- By adjusting the constants we can turn this O() into just d. [ |
We now show the extension of the algorithm to multiple dimensions.

Theorem 45 (Multivariate estimator) Ler d € Z. denote the dimension, and C be a sufficiently
large absolute constant. Let ¢ € (0, 1), be a contamination parameter and § € (0, log!/? (1 + 15:))
be an accuracy parameter. Let ;i € R? be an (unknown) vector. There exists an algorithm that takes

) log(14+ 1) 2 d+log(1/7)
as input €, 0, draws n = exp | O . 52(%—5)

points from an e-corrupted version of

N (i, 1) under the contamination model of Definition 1, outputs a i such that ||fi — pll2 < & with
probability at least 1 — 1. Moreover, it runs in time 20(d) poly(n, d).

Proof [Proof of Theorem 45] Denote by T = {x;}!' ;,x; € R? the points from the e-corrupted
version of N'(u, I') and denote by C the the cover set of Theorem 23. The algorithm is the following:
First, using the algorithm from Theorem 41, calculate a m,, for each v € C such that |m, — v ' p| <
/8 (see next paragraph for more details on this step). Then, output the solution of the following
linear program (note that the program always has a solution, as it is satisfied by iz = p):

Find fi € R?s.t.
v i —my| <8/4,YveC.

The claim is that this solution /z is indeed close to the target u, since
e — fll2 <2 maCx]vT(,u — )l (using Theorem 23)
ve
< 2max(v” 1 = my| + m, — i)
veC
<2(/8+¢/4)<ce. (21)

We now explain how to obtain the approximations m,, with the guarantee |m, — v'u| < §/8.
Fixing a direction v € C, we note that v’z ~ N(v'p, 1) thus {v"z;}7, is a set of samples
from an e-corrupted version of A'(v "y, 1). Thus, if we apply algorithm from Theorem 41 with
probability of failure 7/ = 7/|C|, the event |m, — v | < §/8 will hold with probability at least
1 — 7/|C|. By union bound, the probability all the events for v € C hold simultaneously is at least
1 — 7. The number of samples for this application of Theorem 41 is 20(log(1+</(1-¢)/ 0)? I;g((llﬂ =

—¢)
9O(log(1+¢/(1—¢)/6)? 10g(ICl/T) _ 9O(log(1+¢/(1—¢)/5)? d+log(1/T)
e2(1—e) e2(1—e
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We conclude with the runtime analysis. The runtime to find the m,’s is O(|C| poly(nd)) =
20(d) poly(nd) since for each fixed v € C we need poly(nd) time to calculate the projection {z; v}
of our dataset onto v and poly(n) time to run the one-dimensional estimator. The linear program can
be solved using the ellipsoid algorithm. Consider the separation oracle that exhaustively checks all
20(d) constraints. We need poly(d) log(%) calls to that separation oracle, where R, r are the radii of
the bounding spheres of the feasible region. First, R < ¢, because we have already shown in (21) that
the feasible set belongs in a ball of radius ¢ around p. Regarding the upper bound r, note that all 1z
inside a ball of radius §/8 around y are feasible since [v i — m,| < [0 T — v p| + v —my| <
|t — p|| +6/8 < e/4. This means that r = ¢/4. Hence the total runtime for solving the LP is
200 poly(d) or simply 20(4),

|

Appendix G. Hardness in Other Restricted Models of Computation

We give a brief summary of known information-computation gaps for Non-Gaussian Component
Analysis problem Problem 6 for different restricted models of computation. Since we have already
shown that our problem is an instance of NGCA, we obtain immediately corollaries for Low-
Degree Polynomials (Corollary 48) and PTFs (Corollary 50). The result for SoS has a few mild but
cumbersome to verify conditions, so we refer the readers directly to Diakonikolas et al. (2024b) for
the formal statements.

G.1. Hardness in the Low-Degree Polynomial Class of Algorithms

We start with the Low-Degree Polynomial (LDP) model, which we describe in more detail. We will
consider tests that are thresholded polynomials of low-degree, i.e., output H; if the value of the
polynomial exceeds a threshold and Hj otherwise. We need the following notation and definitions.
For a distribution D over X, we use D®" to denote the joint distribution of 7 i.i.d. samples from
D. For two functions f : X — R, g : X — R and a distribution D, we use (f, g)p to denote the
inner product Ex.p[f(X)g(X)]. We use || f||p to denote \/(f, f)p. We say that a polynomial
f(z1,...,z,) : R™9 — R has sample-wise degree (7, ¢) if each monomial uses at most ¢ different
samples from z1,...,x, and uses degree at most r for each of them. Let C, ; be linear space of
all polynomials of sample-wise degree (r, £) with respect to the inner product defined above. For
a function f : R — R, we use <" to be the orthogonal projection onto Cr¢ with respect to
the inner product (-, -) pen- Finally, for the null distribution Dy and a distribution P, define the

likelihood ratio F®n(x) = P®”(ZE)/D8§TL($)-

Definition 46 (n-sample 7-distinguisher) For the hypothesis testing problem between Dy (null
distribution) and D1 (alternate distribution) over X, we say that a function p : X™ — R is an

n-sample T-distinguisher if | EXNDggn [p(X)] — EXND?" p(X)]| > T\/VarXNDém [p(X)]. We call
T the advantage of the polynomial p.

Note that if a function p has advantage 7, then the Chebyshev’s inequality implies that one can
furnish a test p’ : X™ — {Dy, D1} by thresholding p such that the probability of error under the
null distribution is at most O(1/72). We will think of the advantage 7 as the proxy for the inverse
of the probability of error and we will show that the advantage of all polynomials up to a certain
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degree is O(1). It can be shown that for hypothesis testing problems of the form of Problem 6, the
best possible advantage among all polynomials in C, 4 is captured by the low-degree likelihood ratio
(see, e.g., Brennan et al. (2021); Kunisky et al. (2022)):

UNE(S) {(Pﬁj:’) <M] -1

)

n
DO

where in our case Dy = N(0, I).
It has been known by Brennan et al. (2021) that a lower bound for the SQ dimension translates to

an upper bound for the low-degree likelihood ratio. Given this, one can obtain the corollary regarding
the hardness of NGCA:

Theorem 47 (Information-computation gap for NGCA in LDP) Let c be a sufficiently small pos-
itive constant and consider the hypothesis testing problem of Problem 6 the distribution A matches the
firstt moments with N'(0, I). Forany d € Z.y withd =t/ anyn < Q(d)+D/10/52(A, N(0,1))
and any even integer { < d€, we have that

UNE(S) [(PE?Z)SOM] -1

The interpretation of this result is that unless the number of samples used n is greater than
Q(d)t+1/10 /3 2(A, N(0, ), any polynomial of degree roughly up to d¢ fails to be a good test (note
that any polynomial of degree ¢ has sample-wise degree at most (¢, ¢)).

<1.
D§™

We now show the corollary for the robust mean estimation problem of this paper. Recall that
the hypothesis testing problem of Theorem 3 includes as a special case the NGCA problem with
A being the e-corrupted version of N (dv, I) where v is a unit vector and the corruption adversary
from Definition 1 uses as f(z) the function from Lemma 11. For this distribution A we have that

(i) it matches the first Q( ?/log ) moments with A'(0,1), where v := % log(1 + 16/52/2) and (ii)

x*(A,N(0,1) = O(7L.); this part is not included in Lemma 11 because it was not needed for the

SQ lower bound, but it immediately follows by using that f(z)/ [ f(z)dz < M <
¢>(x 6 )+e

(in the proofs of Lemmata 10 and 11 it can be seen that g(z) bounded by a translated
Gauss1an and that the polynomial p(x) has small absolute value in [—1, 1]).

Corollary 48 (Hardness of mean estimation against Low-Degree Polynomials) Consider the same
hypothesis testing problem as in Theorem 3 and let m be defined as in Theorem 3. There is a way for
the adversary of Definition 1 to corrupt the alternative hypothesis P = N (0u, I) into a distribution

P such that the following holds. Let c be a sufficiently small positive constant. For any d € 7 with

d = mY9) anyn < Q(d)™H)/10(1 — &) and any even integer £ < d°, we have that

ontl($) [@@n)w} -

This is interpreted as a tradeoff between d2m) (1 — £) and super-polynomial runtime.

<1.
D§"

42



HIGH-DIMENSIONAL GAUSSIAN MEAN ESTIMATION UNDER REALIZABLE CONTAMINATION

G.2. Hardness in the PTFs Class of Algorithms

In the LDP class of the previous section, the goodness of a test is quantified by the advantage,
defined in Theorem 46. Hardness of a problem in this class are shown by ruling out existence of
polynomials with small advantage. That definition is based on the idea that one can obtain a test
by thresholding the polynomial in the midpoint of the expectations for the two distributions. Thus
rulling out existence of polynomials with small advantage rulls out the construction of such tests.
However it still leaves open the possibility of some other kind of thresholded polynomial might
still succeed. As such, a more natural class of tests is the one consisting of all possible thresholded
polynomials (i.e., with arbitrary thresholdings).
The information-computation gap for NGCA in this class is the one below.

Theorem 49 (Information-computation gap for NGCA in LDP (Diakonikolas et al. (2025¢c))) There
exists a sufficiently large absolute constant C* such that the following holds. For any c¢* € (0,1/4),
d,k,n,m € Z such that (i) m is even, (ii) max(k, m) < d¢/C" and (iii) n < dM4=<I™ we have

that if p : R"*% — R is a degree-k polynomial, and A is a distribution on R that matches the first m
moments with N'(0, 1), then:

<0.11.

vU(S) sgn(p(x, -+, x) zU)WWmUUNAKOJ)[Sgn(p(X S )X

(22)

where Py ,, denotes the hidden direction distribution from Definition 5, and sgn : R — {0, 1} is the
sign function with sgn(z) = 1 if and only if x > 0.

The corollary for robust mean estimation is stated below.

Corollary 50 (Hardness of mean estimation against Low-Degree Polynomials) Consider the same
hypothesis testing problem as in Theorem 3 and let m be defined as in Theorem 3. There is a way for
the adversary of Definition I to corrupt the alternative hypothesis P = N (du, I) into a distribution

P such that the following holds. There exists a sufficiently large absolute constant C* such that the
following holds. For any d,k,n,m € Z. such that (i) m is even, (ii) max(k,m) < de/C", and (iii)

n < d¥™) e have that if p : R"*% — R is a degree-k polynomial, then:

E M ... xmy] = E @ o x| <o.11.
s sgn(p(x', .-+, x\")) RO [Sgn(p(x X ))} <
:E(U,...,x(")NPAW

(23)

where Py ., denotes the hidden direction distribution from Definition 5, and sgn : R — {0, 1} is the
sign function with sgn(z) = 1 if and only if x > 0.

For an arbitrary polynomial p, the runtime for this computation is on the order of poly((nd)*)

and thus, Theorem 49 implies an inherent trade-off between the exponential runtime (nd) dQ(l), and
the sample complexity d*(™) for the family of PTF tests.
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