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Abstract
We study multivariate linear regression under Gaussian covariates in two settings, where data may
be erased or corrupted by an adversary under a coordinate-wise budget. In the incomplete data
setting, an adversary may inspect the dataset and delete entries in up to an η-fraction of samples
per coordinate—a strong form of the Missing Not At Random model. In the corrupted data setting,
the adversary instead replaces values arbitrarily, and the corruption locations are unknown to
the learner. Despite substantial work on missing data, linear regression under such adversarial
missingness remains poorly understood, even information-theoretically. Unlike the clean setting,
where estimation error vanishes with more samples, here the optimal error remains a positive function
of the problem parameters. Our main contribution is to characterize this error up to constant factors
across essentially the entire parameter range. Specifically, we establish novel information-theoretic
lower bounds on the achievable error that match the error of (computationally efficient) algorithms.
A key implication is that, perhaps surprisingly, the optimal error in the missing data setting matches
the error in the corruption setting—so knowing the corruption locations offers no general advantage.
Keywords: High-dimensional Statistics, Linear Regression, Robust Statistics, Missing Data

1. Introduction

We study regression tasks in settings that deviate from the ideal i.i.d. assumption, motivated by
the prevalence of imperfect or incomplete data in modern machine learning. Missing values can
arise from sensor failures, survey nonresponse, or data aggregation processes such as crowdsourcing
(Vuurens et al., 2011) and peer grading (Piech et al., 2013; Kulkarni et al., 2013). Moreover, datasets
may include corrupted entries, which may stem from data poisoning attacks (Barreno et al., 2010;
Biggio et al., 2012; Steinhardt et al., 2017; Tran et al., 2018; Hayase et al., 2021), out-of-distribution
examples (Yang et al., 2024), or biological anomalies (Rosenberg et al., 2002; Paschou et al., 2010;
Li et al., 2008). These two types of impurities (incompleteness and corruption) have given rise to
two largely distinct lines of research: learning with missing data and robust statistics.

Incomplete data Rubin’s seminal work (Rubin, 1976) classifies missing data mechanisms based
on their dependence on observed values: if missingness is independent of the data, it is Missing
Completely At Random (MCAR); if it depends only on observed values, it is Missing At Random
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(MAR); otherwise, it is Missing Not At Random (MNAR). A common approach to handling missing
data is imputation of missing entries (Josse et al., 2024; Morvan et al., 2021; Ayme et al., 2023),
though not all methods rely on it. Early work in the area focused on parameter estimation (Little,
1992, 1993; Loh and Wainwright, 2012; Rosenbaum and Tsybakov, 2010), whereas more recent
research has shifted toward prediction (Morvan et al., 2020a,b; Josse et al., 2024), a more challenging
task since missing features during test time can prevent model evaluation.

Corrupted data The robust statistics, initiated in the 1960s (Tukey, 1960; Huber, 1992), focuses
on parameter estimation from fully observed data with a small fraction of arbitrary corruptions. A
recent resurgence in this area (Lai et al., 2016; Diakonikolas et al., 2019a) has extended classical
one-dimensional results to high dimensions while preserving sample and computational efficiency
(see Diakonikolas and Kane (2023)). While this literature can also handle missing data by naïvely
imputing erased locations with arbitrary values, this simple strategy ignores the fact that the erasure
locations are known and can potentially be leveraged by a more sophisticated algorithm. Additional
related work on missing data and robust statistics is given in Appendix A.5.

In this work, we study the relationship between these two types of data impurities in the context
of parameter estimation in Gaussian linear regression.

Definition 1 (Linear regression) A labeled example (X, y) follows the linear regression model
with regressor β and additive noise level σ if X ∼ N (0, I) and y = β⊤X + ξ, where ξ ∼ N (0, σ2).

We model data impurities via a coordinate-wise adversary: for each coordinate1, at most an
η-fraction of samples may be modified by erasure or replacement. Unlike much of the robust
statistics literature—which treats each sample as fully clean or corrupted—partial corruptions are
common, especially when coordinates correspond to different sensors or measurement methods
(Troyanskaya et al., 2001). Definition 2 is a strong MNAR variant, as missing-entry locations are
chosen adversarially based on the dataset.

Definition 2 (Coordinate-wise incompleteness) We define the coordinate-wise incomplete version
S̃ of a set S = {(X(i), y(i))}i∈[n] of n labeled examples, where X(i) ∈ Rd and y(i) ∈ R, as follows:
An adversary inspects S and, for each coordinate j ∈ [d], is allowed to erase the j-th coordinate
of up to ηn of the X(i)’s, replacing them with the special symbol ⊥ to yield {X̃(i)}. Similarly, it can
replace up to an η-fraction of the y(i)’s with ⊥ to yield {ỹ(i)}. Then, S̃ = {(X̃(i), ỹ(i))}i∈[n].

Definition 3 (Coordinate-wise corruption) As in Definition 2, but instead of erasing coordinates
(replacing them with ⊥), the adversary may substitute arbitrary values. Crucially, the locations of
the modified values are not known to the algorithm.

The most relevant prior work on Definitions 2 and 3 is Liu et al. (2021), which focuses on mean
estimation. While linear regression has been studied under various missing data settings (Loh and
Wainwright, 2012; Aladin et al., 2020; Cheng et al., 2023), existing work typically assumes much
milder missingness than the fully adversarial pattern in Definition 2. To the best of our knowledge,
even for the most “textbook“ and standard setting of Gaussian covariates used in Definition 2, linear
regression under the aforementioned corruption models remains unexplored, and our understanding
is limited even from an information-theoretic standpoint. Thus, we ask:

1. The corruption budget is applied per coordinate rather than globally, to prevent cases where β has a single non-zero
entry that receives all corruptions.

2



LINEAR REGRESSION UNDER MISSING OR CORRUPTED COORDINATES

What is the optimal estimation error achievable with unlimited samples and computational power?

Due to the adversarial nature of Definition 2, the error need not vanish as the number of samples
grows. Instead, the best achievable error is a positive function of η, σ, d, β that we seek to charac-
terize. We provide matching upper and lower bounds, with the upper bounds attained by algorithms
that are both sample and computationally efficient.

Another question arises from comparing Definitions 2 and 3. When coordinates are missing
rather than replaced, their locations are visible and may be leveraged for improved error, thus:

Is the optimal estimation error under missing data smaller than the error under replaced data?

Prior algorithms for related problems with missing data (Liu et al., 2021; Huber and Ronchetti,
2009), like mean estimation under Definition 2 and low-rank structure (Liu et al., 2021), rely heav-
ily on knowing corruption locations and only handle special cases under replacement corruption.
Surprisingly, for linear regression, the answer to the above question is negative.

1.1. Our Results

We now present the upper and lower bounds that address the two stated questions. The upper bounds
follow from existing computationally-efficient estimators, while the lower bounds are the main
contributions of this work.

We start with three estimators, all applicable to the stronger corruption model of Definition 3 (i.e.,
replaced data) and efficient in runtime and sample complexity. The first, A1, is simply using an esti-
mator from existing robust statistics literature, designed for the setting where ε-samples are (entirely)
corrupted with ε = ηd. The second,A2, is based on the fact that under Definition 1, E[yX] = β, thus
one can estimate each coordinate of β using existing 1D robust Gaussian mean estimators tolerant
to 2η corruption (like trimmed mean or median). The third, A3, is the trivial algorithm returning
always the zero vector. See Appendix A for details on these algorithms. As a note, A1,A2,A3 are
known to generalize naturally to other covariate distributions beyond Gaussians, but for concreteness
and for clear comparison with our lower bounds, we focus on the most basic setting stated below.

Fact 4 (Upper bounds on estimation error) There are three polynomial-time algorithmsA1,A2,A3

that take as input n = O(poly(d/η)) samples from the d-dimensional linear regression model with σ-
additive noise (Definition 1), with η-fraction of coordinate-wise corruptions according to Definition 3,
and output β̂ ∈ Rd that satisfies the following guarantees with probability at least 0.99:

• Guarantee for A1: ∥β̂ − β∥ = O(ηdσ) whenever ηd < 0.49.

• Guarantee for A2: ∥β̂ − β∥ = O(η
√
d
√
∥β∥2 + σ2), whenever η < 0.24.

• Guarantee for A3: ∥β̂ − β∥ ≤ ∥β∥.

Depending on η, σ, and ∥β∥, a different algorithm among A1,A2,A3 achieves the lowest error.
Tables 2 to 4 in Appendix A present this by partitioning the parameter space into regimes based
on which algorithm’s error is best (Appendix A.2 has the explicit construction of the partition). In
Appendix A.3, we show that A1, A2, and A3 can be unified into a single algorithm that adaptively
switches between the three strategies to consistently get the best error (up to constant factors).

We now present the lower bounds (the main results of this paper) in a combined statement
in Theorem 5. Since some parameter regimes in Theorem 5 overlap, we show only the strongest
lower bound in Table 1. A more expanded version is given in Tables 2 to 4 which might be more
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convenient to look at, but due to space constraints are moved to Appendix A. Theorem 5 provides
information-theoretic lower bounds, applying to any estimator, independent of runtime and for any
sufficiently large sample size.2

Theorem 5 (Lower bounds on estimation error; combined statement) The following holds for
every d ∈ Z+, η ∈ [0, 1], σ ∈ R+, b ∈ R+, c ∈ (0, 1), and any algorithm A that takes as input
η, σ, b as well as n labeled examples {(x(i), y(i))}ni=1 with x(i) ∈ Rd and y(i) ∈ R and outputs a
vector in Rd: There exists a β ∈ Rd with ∥β∥ = b such that running A to solve the associated
linear regression problem (Definition 1) in the coordinate-wise corruption model with missing data
(Definition 2), the output β̂ satisfies the following with probability at least 1

2 −
d+1
2 e−Ω(c2ηn) over

the randomness of the clean samples:
(a) (Small-β regime; cf. Theorem 22) If ∥β∥ ≤ σ, A has error Ω(min(∥β∥, η

√
dσ)).

(b) (Large-η regime; cf. Theorem 23) If 7√
d
≤ η ≤ 1, A has error Ω(∥β∥).

(c) (Medium-η regime; cf. Theorem 25) If (2+c)
d ≤ η ≤ 7√

d
, A has error Ω(cη

√
d∥β∥).

(d) (Small-η regime; cf. Theorem 27) If 0 ≤ η ≤ 1
d , A has error Ω(min(ηdσ, η

√
d∥β∥)).

Parameter regime Best lower bound from Theorem 5 Best upper bound from Fact 4

η ∈ (0, 0.49d ), ∥β∥ ∈ [
√
dσ,+∞) (part (d)) Ω(ηdσ) (Alg. A1) O(ηdσ)

η ∈ [0.49d , 7√
d
), ∥β∥ ∈ [σ,+∞)

η ∈ (0, 0.49d ), ∥β∥ ∈ [σ,
√
dσ)

(part (c))*
Ω(η
√
d∥β∥)(part (d))

(Alg. A2) O(η
√
d∥β∥))

η ∈ [0.49d , 7√
d
), ∥β∥ ∈ [η

√
dσ, σ)

η ∈ (0, 0.49d ), ∥β∥ ∈ [η
√
dσ, σ)

(part (a))
Ω(η
√
dσ)(part (a))

(Alg. A2) O(η
√
dσ)

η ∈ [ 7√
d
, 1], ∥β∥ ∈ [0,+∞)

η ∈ (0, 7√
d
), ∥β∥ ∈ [0, η

√
dσ)

(part (b))
Ω(∥β∥)

(part (a))
(Alg. A3) O(∥β∥)

Table 1: Comparison of error bounds across the different possible parameter regimes. *Theorem 5(c)
requires η ∈ [2+cd , 7√

d
] where c > 0 can be any arbitrarily small absolute constant.

A few comments are in order regarding the theorem statement. First, the failure probability
in the theorem statement is close to a half (instead of one) because the lower bound is obtained
from a reduction to a hypothesis testing problem that asks for distinguishing between two parameter
vectors β, β′ (see Section 2 for more details), thus a trivial algorithm that outputs each of β, β′, with
probability 1/2 succeeds with the same probability. Second, parts (b) and (c) hold under arbitrary
additive noise, not necessarily Gaussian. This is because the conclusion as stated in the theorem
holds in the noiseless case (σ = 0), thus by a straightforward reduction this implies hardness under
any noise distribution: given an estimator for the noisy model, one could add the same noise to
noiseless hard instance and then apply the estimator. Finally, in terms of the covariate distribution,

2. Although there is a dependence on n in the theorem statement, it stems from technicalities (our construction deletes an
η-fraction in expectation rather than exactly (as in Definition 2) and this influence vanishes as n grows, so the bounds
remain valid even with infinite samples. Moreover, unless n ≫ d, it is folklore that estimating β to constant error is
impossible even with clean data.
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Theorem 5 shows that the problem is hard even for the most restricted and basic setting of Gaussian
covariates; the hardness trivially extends to any family of distributions that contains Gaussians.

We now discuss the conceptual takeaways and how Table 1 addresses our main research questions.
Missing vs. Replaced Data The upper bounds hold under the stronger model of data replacement

(Definition 3), while the lower bounds assume the weaker model of missing data (Definition 2). Since
the bounds match (up to constants) for essentially the entire range of η, σ, and ∥β∥, both models are
equally hard in terms of optimal estimation error. While this may be unsurprising for the robust statis-
tics framework where samples are either entirely corrupted or uncorrupted, our more delicate lower
bound constructions show that the fact remains true even under coordinate-wise erasure/corruption.

Corruption Threshold for Non Trivial Estimation In the classical robust statistics model with
ε-fraction of (entirely) corrupted samples, estimation becomes impossible at ε = 1/2, since half
the samples could come from two different models and there is no way to tell which are the inliers.
Theorem 5(b) shows that the analogous transition point for Definitions 2 and 3 is η = Θ(1/

√
d).

This is interesting, as there is no equally obvious explanation for this threshold in this model.
∥β∥-Dependence on Error is Necessary Ignoring the regime η ≥ 1/

√
d, where meaningful

estimation is impossible, our results show that ∥β∥-dependence in the error is unavoidable in general
—in stark contrast to the classical robust model (with each sample either fully clean or corrupted),
where optimal error is independent of ∥β∥. Here is the intuition: in that setting, a variant of A2

gives error O(ε(∥β∥ + σ)) (with ε corruption rate). But by shifting labels via y ← y − β̂⊤X ,
one reduces the regression target to β − β̂, which has smaller norm, and can recursively apply
the algorithm to eliminate the ∥β∥-dependence. This technique fails under Definition 3: even one
corrupted coordinate in X corrupts β̂⊤X , and the transformation y ← y − β̂⊤X can amplify the
label corruption rate from η to ηd in a single step. Our results show that no workaround exists.

Role of Label Corruptions As can be inferred from the proofs, all of our lower bounds hold even
if y is never masked. Thus, the difficulty in estimating β comes only from the missing X-coordinates.

Additional Discussion Theorem 5(b) may extend to other activation functions. Since Theo-
rem 5(b) and (c) hold for σ = 0, they imply that for any estimator, the mean squared prediction error
can be bounded below for a broad class of GLMs, such as a class of GLMs with non-decreasing
Lipschitz activations, including ReLUs in particular. See Appendix A.4 for the relevant discussion.

1.2. Overview of Techniques
The general approach for our lower bounds is the following. We first reduce estimation to a hypoth-
esis testing problem. If no algorithm can distinguish between the regressor being β vs. β′, then no
estimator can achieve error less than ∥β − β′∥/2. To show testing hardness, it suffices to construct
a coupling between the distributions of the labeled examples in Definition 1 with regressors β and β′

and with small coordinate-wise disagreements, that is, a pair of jointly distributed labeled examples
(X, y), (X ′, y′) such that P[Xi ̸= X ′

i] ≤ η for all i ∈ [d] and P[y ̸= y′] ≤ η. This is because an
adversary can then delete differing coordinates, making the datasets indistinguishable (cf. Lemma 9).
This leaves us with the (highly) non-trivial task of constructing that coupling, outlined below.

Basic construction The high-level idea of the coupling construction boils down to two main
steps: (1) induce the same y-marginal distribution for some sufficiently distinct β and β′, and
(2) for each value of y, construct a masking scheme to make X | y and X ′ | y indistinguishable.
Recall that, since X (and X ′) and the linear regression noise are all Gaussian, the conditional
distributions X | y and X ′ | y′ are also Gaussian; denote them by N (µ,Σ) and N (µ′,Σ′). In all
considered regimes of η, our choices of β and β′ are such that the covariances Σ and Σ′ are the
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same. Then, to obtain a masking scheme that makes the two conditional distributions the same
while fully-leveraging the coordinate-wise masking capabilities of the adversary, in Lemma 10,
we construct a sequence of Gaussians N (0), N (1), N (2), . . . , N (d) with the same covariance matrix,
which interpolates between X | y and X ′ | y. Namely, N (0) = X | y and N (d) = X ′ | y, and each
consecutive pair N (i), N (i+1), i ∈ {0, . . . , d − 1}, has means that differ over a single coordinate.
We then construct a masking scheme for the pair N (i) and N (i+1) using a maximal coupling3 that
masks only the ith coordinate, with probability DTV(N

(i), N (i+1)) (cf. Claim 11), and that makes
the pair of Gaussians indistinguishable.

Case ∥β∥ ≤ σ The above basic construction is sufficient for ∥β∥ ≤ σ (Theorem 5(a)). In this
case, we choose β = (r, (b/

√
d)1d−1) and β′ = −β, where b ≤ η

√
dσ, 1ℓ denotes the dimension-ℓ

vector of all ones, and r is chosen to set the norms of β, β′ to the target value.
Handling the case σ/∥β∥ → 0 and η ≫ 1/

√
d4 The basic construction described above is only

meaningful (both in terms of the error and the proof itself) when 0 < ∥β∥ ≤ σ. As σ/∥β∥ → 0,
the conditional distributions X | y and X ′ | y approach Gaussians with singular covariances, making
the TV-distances between the conditionals equal to one. Thus, the distributions cannot be made
indistinguishable by deleting only an η < 1 fraction of coordinates.

Our strategy in this case is to effectively reduce the data dimension by one and treat one of
the coordinates as noise. For this discussion, fix ∥β∥ =

√
d, let β = 1d and β′ = −β; the same

ideas transfer to other values of ∥β∥. The core task again is to couple X | y with X ′ | y′. Now,
given the particular form of β and β′ and that β = −β′, the core task can be re-phrased as coupling
X ∼ N (0, I) conditioned on

∑
iXi = t with X ′ conditioned on

∑
iX

′
i = t′ where t = −t′. Since

there is no noise (σ = 0), the key idea is to treat the last coordinate as “noise”: we couple the
first d− 1 coordinates using the basic coupling method, which gives P[Xi ̸= X ′

i] ≤ |t− t′|/d for
i ∈ [d− 1]. We then set the final coordinate to ensure the total sums are t and t′. This makes the last
coordinate differ with probability 1 between the two scenarios, but randomizing the coordinate order
leads to coupled X,X ′ where each coordinate differs with probability (|t− t′|+1)/d. This idea and
construction is formally stated in Lemma 13 (which gives a construction for general t and t′ instead
of only t = −t′). Finally, since in expectation |t− t′| = 2|t| = 2|y| is O(

√
d), this yields a bound of

Ω(∥β∥) as long as η ≫ 1/
√
d, leading to Theorem 5(b).

Handling 1/d ≪ η ≪ 1/
√
d When 1/d ≪ η ≪ 1/

√
d, the approach described so far fails

because E[|t− t′|] is too large, making the probability of coordinate-disagreement larger than the
assumed η upper bound. Instead, we construct a new hard instance with β and β′ proportional
to (ε1d/2,1d/2) and (−ε1d/2,1d/2) respectively. The coupling proceeds as follows: sample the
labels y = y′ from the distribution N (0, (1 + ε2)/d)), which is the distribution of the labels. Now
consider coupling t :=

∑d/2
i=1Xi and t′ :=

∑d/2
i=1X

′
i, which are the sums of the first half of the

coordinates under each hypothesis. From calculations, the marginals t and t′ are both univariate
Gaussians with the same variance, with difference in mean equal to Θ(εy). We thus sample t and t′ in
a coupled way where t− t′ = Θ(εy) always (this is possible as the distribution of t is the same as the
distribution of t′ shifted by Θ(εy)). Now it remains to couple X | y and X ′ | y′, which we do by first
coupling the first half of the coordinates using the coupling between t and t′, then coupling the second
half of the coordinates based on the values of y, t and y′, t′. More concretely, we use Lemma 13
to couple (X1, . . . , Xd/2) | t and (X ′

1, . . . , X
′
d/2) | t

′. Then, we use Lemma 13 again to couple

3. There is always a coupling (called maximal) between P,Q with P[X ̸= X ′] = DTV(P,Q) (Fact 7).
4. Henceforth, the notation a ≫ b indicates that where exists some sufficiently large constant C > 0 such that a ≥ Cb,

and ≪ is defined similarly. For the discussion in this section, C ∈ [1, 4].
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(Xd/2+1, . . . , Xd) and (X ′
d/2+1, . . . , X

′
d) so their sums are y − εt and y + εt′, respectively. Going

through the calculations, this strategy yields an expected number of disagreeing coordinates bounded
by Θ(1 + ε

√
d), which is at most ηd as long as ε ≪ η

√
d (recall that we assume η ≫ 1/d in this

paragraph). This translates to an estimation error lower bound of Ω(η
√
d∥β∥), proving Theorem 5(c).

The case of small η The remaining regime is η ≪ 1/d (Theorem 5(d)). The (already compli-
cated) construction in the last paragraph does not handle that case, given that the expected number of
disagreeing coordinates there is Ω(1) ≥ 1/d≫ η. For this final regime, we use a similar hard hypoth-
esis test instance, showing the impossibility of distinguishing between β = (B1d/2, E1d/2)/

√
d/2

and β′ = (B1d/2,−E1d/2)/
√
d/2 for appropriately chosen parameters B and E. The main techni-

cal innovation here is a deconstruction of label values into the contribution from the first and second
half of the coordinates and a more refined way to sample them in the coupling construction. This is
sketched in Section 4 and detailed in Appendix D.

1.3. Preliminaries

We include only the essential preliminaries here; the full version appears in Appendix B. For X,Y
with pdfs PX and PY , we writeDTV(X,Y ) orDTV(PX , PY ) for the total variation distance, defined
as 1

2

∫
|PX(u)−PY (u)|du. We writeDKL(X ∥Y ) orDKL(PX ∥PY ) for the KL divergence, defined

as: DKL(PX ∥PY ) =
∫
x PX(z) log(PX(z)/PY (z))dz. For a vector x, ∥x∥ denotes its Euclidean

norm. Let Id be the d×d identity matrix, and 1d the all-ones vector in Rd. We use⊤ to denote matrix
transposes. We write a ≲ b (or O(b)) to mean a ≤ Cb for an absolute constant C > 0, independent
of the parameters involved (similarly for Ω(·)). We write Õ and Ω̃ to hide polylog factors.

Fact 6 (see, e.g., Section 8.1.3. in Petersen and Pedersen (2008)) If X ∼ N (µ, I) is a Gaussian
vector in Rd, ξ ∼ N (0, σ2) is a univariate Gaussian, and u ∈ Rd is a fixed vector, then the distribu-
tion ofX conditioned on u⊤X+ξ = r is the GaussianN

(
ru/(∥u∥2 + σ2), I − uu⊤/(∥u∥2 + σ2)

)
.

If P and Q are distributions over X , a coupling Π between P and Q is any distribution over
X × X such that under (X,Y ) ∼ Π, the marginals are X ∼ P and Y ∼ Q.

Fact 7 (Maximal coupling (see, e.g., Roch (2024))) Let P and Q be distributions. There exists
a coupling Π between P and Q such that P(X,Y )∼Π[X ̸= Y ] = DTV (P,Q). Moreover for
distributions on P,Q on R where P is a shifted version of Q, if µP , µQ denote their expectations, Π
additionally satisfies E(X,Y )∼Π[|X − Y |] = |µP − µQ|.

Fact 8 (Total variation between univariate Gaussians (see, e.g., Petersen and Pedersen (2008))
If D1 = N (µ1, σ

2) and D2 = N (µ1, σ
2) then DTV (D1, D2) ≤ (1/

√
2)|µ1 − µ2|/σ.

2. Warm-up: Coupling via Hybrid Argument and Proof of Theorem 5(a)

We show that our goal reduces to finding a coupling with bounded coordinate-wise disagreements.
We also present a method (the “hybrid argument”) for building such couplings. This alone suffices
for Theorem 5(a), but stronger results require a modification that we give in Section 3.
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Estimation Hardness via Hypothesis Testing To show linear regression hardness with error < ε,
it suffices to show an indistinguishability result for vectors β(0), β(1) with ∥β(0) − β(1)∥ > 2ε:

• (Null Hypothesis) The data follows the model in Definitions 1 and 2 with β = β(0).

• (Alternative Hypothesis) The data follows the model in Definitions 1 and 2 with β = β(1).

This is sufficient because if an estimator β̂ exists with error less than ε, the test that rejects the null
hypothesis when ∥β̂ − β(0)∥ > ∥β̂ − β(1)∥ will succeed, as shown by a simple triangle inequality.

Couplings with Small Coordinate-Wise Disagreements We now argue that constructing a suitable
coupling suffices for proving hardness of the testing problem. One can think of data generation
as follows: a pair of two samples ((X, y), (X ′, y′)) is drawn from a coupling Π between the
distributions of Definition 1 with β = β(0) and β = β(1). Depending on the hypothesis, either
(X, y) or (X ′, y′) is added to the dataset, after which the adversary may modify it (Definition 2).
If E[1(Xi ̸= X ′

i)] ≤ η for all i ∈ [d], then by deleting disagreeing coordinates, the adversary
can make the dataset look identical under both hypotheses, making testing impossible. Lemma 9
formalizes this. This lemma actually uses a slightly relaxed coordinate-wise disagreement condition:
E[
∑

i 1(Xi ̸= Xi)] ≤ ηd. At first glance, this may appear to correspond to a slightly different
definition of the contamination model, in which the adversary is allowed to corrupt ηd coordinates
per sample in expectation. However, Definition 2 instead imposes a budget of ηn corruptions per
coordinate. We can overcome this issue by assuming that the distribution of (X, y) is invariant to
permutations of the coordinates of X , because this would imply that after a random permutation each
coordinate is deleted with equal probability (at most η). Moreover, because the adversary’s budget in
Definition 2 is deterministic (rather than in expectation), there is a small probability—dictated by the
Chernoff–Hoeffding bound—that our randomized adversary does not satisfy Definition 2. In this
case, we may simply assume that the testing problem is solvable. This completes the proof sketch of
Lemma 9. Finally, we note that we will actually require the permutation invariance condition in the
statement of Lemma 9 to hold separately over the first and second halves of the coordinates, rather
than over the entire vector. This modification ensures that the lemma remains applicable in the more
involved construction of Theorem 5(d), which treats the two halves of the coordinates independently.
The formal proof is given in Appendix C.1.

Lemma 9 Let D,D′ be distributions over labeled examples (X, y) with X ∈ Rd, y ∈ R. Assume
that for any two permutations π1, π2 ∈ Sd/2, the distribution of (X, y) ∼ D is the same as that of
(π1(X1), π2(X2), y), where X1 and X2 denote the first and last d/2 coordinates of X , respectively.
Assume that the same property also holds for D′. Consider the hypothesis testing problem where
the null hypothesis is that data are drawn from D under the corruption model of Definition 2, and
the alternative hypothesis is that data are drawn from D′. If there exists a coupling Π between D,D′

such that for some c ∈ (0, 1): P((X,y),(X′,y′))∼Π [y ̸= y′] ≤ η
2 (1− c) and

E
((X,y),(X′,y′))∼Π

[∑d
i=1 1 (Xi ̸= X ′

i)
]
≤ η

2d(1− c), (1)

then no test can distinguish D from D′ with probability greater than 1
2 + (d+1)

2 e−Ω(c2ηn).

Hybrid Argument for Coupling Construction We discuss an argument for constructing couplings
satisfying Equation (1). Instead of coupling the distributions of Definition 1, we will first show, in

8
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Lemma 10 below, how to construct such couplings between two d-dimensional Gaussians D and
D′ with same covariance and different means. As we will see in the next subsection, this directly
leads to a coupling between the distributions of the linear regression model.

Lemma 10 (Hybrid argument for constructing couplings) Let D = N ((µ1, . . . , µd),Σ) and
D′ = N ((µ′1, . . . , µ

′
d),Σ). There exists a coupling Π between D and D′ such that

E
(X,X′)∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
=
d−1∑
i=0

DTV (Qi, Qi+1) ,

where Qi = N ((µ′1µ
′
2, . . . , µ

′
i, µi+1, . . . , µd),Σ) is the Gaussian whose mean has the same values

as µ′ in the first i coordinates and the same as µ elsewhere (Q0 = D and Qd = D′).

The idea is the following: if the two means differ only in the i-th coordinate, we can adapt the stan-
dard maximal coupling (Fact 7) so that any disagreement comes exclusively from the i-th coordinate.

Claim 11 Consider the two d-dimensional Gaussians Q = N ((µ1, µ2, . . . , µd),Σ) and Q′ =
N ((µ1, . . . , µi−1, µ

′
i, µi+1, . . . , µd),Σ). There is a coupling Π between the distributions Q and Q′

such that P(X,X′)∼Π[Xi ̸= X ′
i] = DTV(Q,Q

′) and P(X,X′)∼Π[Xj ̸= X ′
j ] = 0 for all j ̸= i.

Claim 11 holds because the marginals over [d]\{i} are identical underQ andQ′, allowing us to match
these coordinates, and apply Fact 7 to the distribution of the i-th coordinate conditioned on the rest.

To prove Lemma 10 for means differing in more coordinates, we can consider the distributions
Qi from the statement and couple each consecutive pair using Claim 11. Chaining together the
couplings completes the proof of Lemma 10. The formal proofs are in Appendix C.1.

Proof Sketch of Theorem 5(a) We present a proof sketch with routine calculations omitted here;
the full proof is in Appendix C.2. We first focus on the regime ∥β∥ ≤ η

√
dσ/(2

√
2). The remaining

regime can be handled by an argument that essentially reduces to the ∥β∥ ≤ η
√
dσ/(2

√
2) regime and

will be explained at the end. For any b ∈ [0, η
√
dσ/(2

√
2)], we consider the hypothesis testing prob-

lem of distinguishing between the regression vectors β(0) = (b/
√
d, . . . , b/

√
d) and β(1) = −β(0)

from n samples from the models in Definitions 1 and 2. Note that ∥β(0)∥ = ∥β(1)∥ = b and
∥β(0) − β(1)∥ =

√
2b. By the reduction from estimation to hypothesis testing, showing that no algo-

rithm can solve this testing problem implies that no estimator has Euclidean error smaller than b/
√
2.

To use Lemma 9, we need a coupling (X, y), (X ′, y′) where (X, y) follows Definition 1 with
β = β(0) and (X ′, y′) follows the same model with β = β(1), satisfying E[

∑d
i=1 1(Xi = X ′

i)] ≤ ηd
and P[y ̸= y′] ≤ η. We construct this coupling by: (i) drawing t from N (0, ∥β∥2 + σ2), and setting
y = y′ = t (the label distribution is the same for both hypotheses), and (ii) drawing X and X ′ from
an appropriate coupling of the conditional distributions given y = t. We thus focus on how to do
step (ii) with small coordinate-wise disagreements.

Claim 12 For t ∈ R, σ > 0 and b ∈ [0, η
√
dσ/(2

√
2)], let D be the distribution of X|(y = t)

under X ∼ N (0, Id) and y = (b/
√
d, . . . , b/

√
d)⊤X + ξ for ξ ∼ N (0, σ2). Let D′ be defined

similarly but using the conditioning y = −t. There exists a coupling Π between D and D′ such that
E(X,X′)∼Π

[∑d
i=1 1(Xi ̸= X ′

i)
]
≤
√
2d|t|b/(σ2 + b2).

9
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Proof Let β(0) = (b/
√
d, . . . , b/

√
d) and β(1) = −β(0) as before. By Fact 6, D(i) for i = 0, 1 are

the Gaussians N (µ(i),Σ(i)) where

µ(i) :=
t

σ2 + b2
β(i), Σ(1)=Σ(2)=Σ := I−β

(1)(β(1))⊤

σ2 + b2
.

We now use Lemma 10 to couple N (µ(0),Σ),N (µ(1),Σ). For each i ∈ [d] we need to upper
bound the TV-distance between the two Gaussians N (m(i),Σ),N (m(i+1),Σ), where m(i) =

(µ
(1)
1 , . . . , µ

(1)
i−1, µ

(0)
i , µ

(0)
i+1, . . . , µ

(0)
d ) and m(i+1) = (µ

(1)
1 , . . . , µ

(1)
i−1, µ

(1)
i , µ

(0)
i+1, . . . , µ

(0)
d ). First,

by Pinsker’s inequality it suffices to bound 1√
2
DKL(N (m(i),Σ) ∥N (m(i+1),Σ))1/2. The KL-

divergence can then be bounded by (see Equation (11)-(16) in Appendix C.2 for the missing steps):√
DKL(N (m(i),Σ) ∥N (m(i+1),Σ)) ≤

√
1
2(m

(i+1) −m(i))⊤Σ−1(m(i+1) −m(i)) (2)

≤

√
1
2(m

(i+1) −m(i))⊤(I + β(1)β(1)⊤

σ )(m(i+1) −m(i)) ≤
√
2|t|√
d

b

σ2 + b2
.

Adding together all the TV-distance terms for i = 1, . . . , d concludes the proof of Claim 12.
By turning this into a coupling for the full labeled examples as described in the beginning of this

proof sketch, the expected sum of disagreements is bounded by simply taking expectation with respect
to t ∼ N (0, σ2 + b2) above. By using E[|t|] ≤

√
σ2 + b2 and plugging in b ≤ η

√
dσ/(2

√
2), the

expected sum coordinate-wise disagreement becomes at most ηd/2. Applying Lemma 9 completes
the proof of the lower bound Ω(∥β∥) in the regime ∥β∥ ≤ η

√
dσ/(2

√
2).

For the remaining regime ∥β∥ > η
√
dσ/(2

√
2), consider instead the testing problem in Rd

between β = (r, b/
√
d, . . . , b/

√
d) and β′ = (r,−b/

√
d, . . . ,−b/

√
d), where b ≤ η

√
dσ/(2

√
2) is

as before and r is a tunable parameter allowing ∥β∥ to get any desired value larger than η
√
dσ/(2

√
2).

The labels can be written as y = rX1+y0 and y′ = rX ′
1+y

′
0, where y0 = (b/

√
d, . . . , b/

√
d)⊤X2:d+

ξ and y′0 = (−b/
√
d, . . . ,−b/

√
d)⊤X ′

2:d+ ξ′, with X2:d denoting the last d coordinates of X . From
earlier, there exists a coupling between (X2:d, y0) and (X ′

2:d, y
′
0) with expected disagreements at most

ηd/2 per sample which extends trivially to the full (X, y) and (X ′, y′) by adding shared Gaussian
noise N (0, r2) to the labels. Applying Lemma 9 as before completes the proof. ■

3. Improved Core Coupling Construction

The previous strategy has a key limitation that the result holds only for ∥β∥ ≤ σ. When σ = 0, the
matrix Σ in Equation (2) becomes singular, causing the proof to break down and yield no meaningful
bound. For some regimes in Theorem 5, we want to overcome this, for example, to establish the
lower bound Ω(∥β∥) whenever η ≥ 7/

√
d, regardless of the value of σ. The key observation is that,

because β in Claim 12 points in the all-ones direction, the zero-eigenvalue issue disappears when
we restrict our attention to the first d − 1 coordinates. We can thus apply the technique to those
coordinates and adjust the final one to ensure the total sum is correct. This idea is formalized in
Lemma 13, which provides an improved version of Claim 12 for the case b =

√
d and σ = 0 (the

result extends trivially to any scaling of the vector and any σ > 0). We will later use Lemma 13 to
prove our remaining main results.

Lemma 13 (Improved core coupling) For any d ∈ Z+, t, t′ ∈ R, the following hold. IfD denotes
the distribution of (X1, . . . , Xd) ∼ N (0, Id) conditioned on

∑d
i=1Xi = t and D′ the distribution

10
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of (X ′
1, . . . , X

′
d) ∼ N (0, Id) conditioned on

∑d
i=1X

′
i = t′, then there exists a coupling Π between

D,D′ such that E(X,X′))∼Π

[∑d
i=1 1 (Xi ̸=X ′

i)
]
≤ 1 + |t− t′|.

Proof Consider generating the pair (X,X ′) as follows:
• Let Π′ be the coupling from Lemma 10 between the first (d − 1) coordinates of D and D′.

Sample (X1, . . . , Xd−1), (X
′
1, . . . , X

′
d−1) from Π′.

• Set the last coordinate as Xd = t−
∑d−1

i=1 Xi and X ′
d = t′ −

∑d−1
i=1 X

′
i.

By construction, X ∼ D and X ′ ∼ D′, so the above defines a valid coupling between D and D′.
We denote this coupling by Π, and claim that it satisfies the lemma’s guarantee. By Lemma 10 and
the trivial bound 1(Xd ̸= X ′

d) ≤ 1 on the d-th coordinate, we have

E
(X,X′)∼Π

[
d∑
i=1

1(Xi ̸=X ′
i)

]
≤1+

d−2∑
i=0

DTV (Qi, Qi+1) , (3)

where the Qi are as defined in Lemma 10. It remains to determine their exact form and bound their
total variation distances. Applying Fact 6 with u=1d−1 (the all-ones vector in Rd−1) and σ=0,
we find that the first d − 1 coordinates of D and D′ follow N (µ,Σ) and N (µ′,Σ), respectively,
where µ=1d−1t/d, µ′=1d−1t

′/d, and Σ = Id−1−1d−11
⊤
d−1/d. Thus, each Qi is a Gaussian with

covariance Σ and mean µ(i), where µ(i) equals t′/d on the first i coordinates and t/d on the remaining
ones. By Pinsker’s inequality, each term DTV(Qi, Qi+1) in Lemma 10 is

DTV(Qi, Qi+1) ≤
√

1
2DKL(Qi ∥Qi+1) ≤

√
1
4(µ

(i+1) − µ(i))⊤Σ−1(µ(i+1) − µ(i)) (Fact 18)

=
√

1
4(µ

(i+1) − µ(i))⊤
(
I + 1d−11

⊤
d−1

)
(µ(i+1) − µ(i)) (Fact 21)

≤
√

1
4

(
∥µ(i+1) − µ(i)∥2 + |(µ(i+1) − µ(i))⊤1d−1|2

)
=
√

1
4 (|t− t′|2/d2 + |t− t′|2/d2) =

1√
2

|t− t′|
d

. (4)

Thus, plugging this to Equation (3) we obtain E(X,X′)∼Π[
∑d

i=1 1(Xi ̸= X ′
i)] ≤ 1 + |t− t′|.

4. Proofs of parts (b)-(d) of Theorem 5

The proof of Theorem 5(b) is almost the same as the proof of Theorem 5(a): we test between linear
regression setups with σ=0 and β=(1, . . . , 1) vs. β′= − β. It suffices to use σ=0 and ∥β∥=

√
d,

since coupling these cases implies a coupling for any scaling ∥β∥ and σ>0 (see Appendix D for the
full proof). Using Lemmata 9 and 13 completes the proof.

The remaining lower bound proofs also use Lemma 13. However, since we no longer aim to
prove a lower bound of order ∥β∥ (as the upper bound is smaller), we will not use the hypothesis
testing setup with β = (1, . . . , 1) vs. β′ = (−1, . . . ,−1). Instead, we adjust it as follows. The full
proofs for this section are provided in Appendix D.

Proof Sketch of Theorem 5(c) For this lower bound we need a slightly different hypothe-
sis testing problem: Our two hypotheses will use regressors β = s(ε, . . . , ε, 1, . . . , 1) and β′ =
s(−ε, . . . ,−ε, 1, . . . , 1) respectively, where s > 0 can be any scaling factor (so that our lower

11
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bound holds for every possible norm of ∥β∥) and ε ≤ 1 will be chosen shortly. We claim that
Lemma 13 implies a coupling Π between the distributions of Definition 1 for β and β′ such that
P((X,y)(X′,y′))∼Π[y ̸= y′] = 0 and

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
≤ 2 +O(ε

√
d). (5)

We first complete the theorem proof sketch given Equation (5). Setting ε := (η − 4/d)
√
d

2C (for C
the constant in the big-O), the RHS of Equation (5) becomes ηd/2, making Lemma 9 applicable. By
the reduction from estimation to testing, this implies every estimator has error Ω(∥β − β′∥), which
is ∥β − β′∥ = εs

√
d/2 = ε√

1+ε2
∥β∥ ≳ ε∥β∥ ≳ (η − 4/d)

√
d∥β∥ ≳ η

√
d∥β∥, where the last step

used η ≥ 5/d. In Appendix we use better constants so only require η ≥ (2+o(1))/d.
We now prove Equation (5). By scaling, it suffices to do this only for s = 1 and σ = 0 (i.e.,

no additive noise). The coupling is the following: (i) Sample z from the distribution of labels
(which is N (0, σ2 + ∥β∥2) = N (0, (1 + ε2)d/2) for both hypotheses) and set y = y′ = z. (ii)
Sample t and t′ from the distribution of the sum of the first half of the coordinates for the two
hypotheses. By using standard facts for Gaussians, it turns out that these two distributions are
N (εz/(1 + ε2), d/(2(1 + ε2)),N (−εz/(1 + ε2), d/(2(1 + ε2)). We can also choose to have that
t − t′ = 2εz/(1 + ε2) always. (iii) Sample the first half of the coordinates using the coupling of
Lemma 13 such that they sum to z − εt. (iv) Sample the second half using Lemma 13 such that they
sum to z + εt′. The expected disagreements from the two applications of Lemma 13 are

E
[∑d

i=1 1 (Xi ̸=X ′
i)
]
≤ 2 +O

(
E
t,t′

[
|t−t′|

]
+ε E

t,t′

[
|t+t′|

] )
.

Using t − t′ = 2εz/(1 + ε2) with z ∼ N (0, (1+ε2)d/2), ε ≤ 1 and that t, t′ have variance O(d)
proves Equation (5). ■

The constant additive term in Equation (5) breaks the proof of Theorem 5(c) when η < 2/d. To
handle this, we improve the coupling below. Roughly speaking, the idea is to break the variables
we want to couple into smaller parts and couple the parts separately. When the first parts match, we
force the rest to match as well, which (in expectation) reduces the coordinate-wise disagreements.

Proof Sketch of Theorem 5(d) Let B,E ∈ (0, 1) be parameters, let 1d ∈ Rd denote the all-ones
vector, and define the problem of distinguishing between regressor β := ( B√

d/2
1d/2,

E√
d/2

1d/2) and

β′ := ( B√
d/2

1d/2,
−E√
d/2

1d/2). The claim now is existence of a coupling Π between labeled examples

of the linear regression models of Definition 1 with β and β′ such that, P((X,y)(X′,y′))∼Π[y ̸= y′] = 0
and

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
≲
E

σ
+
√
d
E

B
. (6)

As before, we aim to apply Lemma 9 to conclude that the hypothesis testing problem is hard. To do
that, we need to ensure that the RHS above is at most ηd/2. EquivalentlyE/σ ≪ ηd and

√
dE/B ≪

ηd. We thus choose E := 1
2C min(ηdσ, η

√
dB). Noting that ∥β − β′∥ ≳ min(ηdσ, η

√
d∥β∥) con-

cludes the proof of Theorem 5(d).
It remains to argue Equation (6). The coupling for that is the following. We will use the notation

X = (X1, X2) to denote the first and second half of coordinates of X and S1 = 1⊤
d/2X1/

√
d/2,

12
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S2 = 1⊤
d/2X2/

√
d/2 to denote the scaled sums of these coordinates (and we will use similar primed

letters notation for the corresponding parts of X ′). The coupling is the following: (i) Draw y from
the distribution of labels and let y′ = y. (ii) Draw (S2, S

′
2) from a maximal coupling between the

distributions under the null and alternative hypotheses conditioned on y. (iii) If S2 = S′
2: draw X2

from the null distribution conditioned on the value of S2 from the previous step, and set X ′
2 = X2.

Draw (S1, S
′
1) from a maximal coupling between null and alternative distributions conditioned on

(S2, y). (iii a) If S1 = S′
1 draw X1 from the null distribution conditioned on S1 and set X ′

1 = X1.
(iii b) Otherwise use Lemma 13 to jointly sample (X1, X

′
1) conditioned on the values of S1 and S′

1.
(iv) If S2 ̸= S′

2: couple the conditional distributions S1 under the null and S′
1 under the alternative

given (S2, y) and (S′
2, y), respectively. Then use Lemma 13 to jointly sample (X2, X

′
2) conditioned

on S2, S′
2, and similarly for (X1, X

′
1) conditioned on S1, S′

1.
It is true (and straightforward) that this is indeed a coupling, since the labeled examples are

constructed in steps and each step uses the correct conditional distributions under the null/alternative
hypotheses, conditioned on all previous steps.

For the disagreement analysis, one must derive the precise form of all the conditional distributions
mentioned above and apply Fact 7 and lemma 13 appropriately. This requires some technical work,
which we defer to Appendix D. At a high level however, the key point is that the case-splitting in
the coupling construction implies that in some cases there are no disagreements, and Lemma 13 is
applied only to the remaining cases, which occur with probability strictly less than 1. As a result,
the additive 1 term in the disagreement bound from Lemma 13 is scaled by the probability of the
corresponding case. Ultimately, this ensures that the expected total number of disagreements is
strictly less than 1, which in turn allows our theorem to apply in the regime η < 1/d.
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Appendix

The structure of the appendix is as follows: In Appendix A, we provide material omitted from
Section 1 of the main body, including the detailed description of upper bounds for our learning task,
implications for other corruption models, a detailed summary of related work, and open problems.
Appendix B records the notation and mathematical background required for our technical results.
Finally, Appendix C and Appendix D give the technical proofs omitted from Section 2 and Section 4
respectively.

Appendix A. Omitted Details from Section 1

A.1. Discussion on Fact 4

We provide a more detailed presentation of the three algorithms for linear-regression under coordinate-
wise corruptions with the specific references to prior robust statistics literature below.

Fact 4 (Upper bounds on estimation error) There are three polynomial-time algorithmsA1,A2,A3

that take as input n = O(poly(d/η)) samples from the d-dimensional linear regression model with σ-
additive noise (Definition 1), with η-fraction of coordinate-wise corruptions according to Definition 3,
and output β̂ ∈ Rd that satisfies the following guarantees with probability at least 0.99:

• Guarantee for A1: ∥β̂ − β∥ = O(ηdσ) whenever ηd < 0.49.

• Guarantee for A2: ∥β̂ − β∥ = O(η
√
d
√
∥β∥2 + σ2), whenever η < 0.24.

• Guarantee for A3: ∥β̂ − β∥ ≤ ∥β∥.

Proof For the first algorithm, one can use any linear regression algorithm developed in the robust
statistics literature, with the guarantee that if an ε-fraction of the samples are corrupted (i.e., contain at
least one corrupted coordinate), the algorithm’s error is O(εσ). One such polynomial-time algorithm,
which uses Õ(d/ε2) samples and works for any ε ∈ (0, ε0) for a sufficiently small absolute constant
ε0, is the one from Diakonikolas et al. (2023). Our coordinate-wise contamination model can be
reduced to the corruption model for which that algorithm is designed by using ε = η(d+ 1).

For the second algorithm, observe that for (X, y) drawn from Definition 1, we have E[yX] = β.
In particular, for each coordinate j, the expectation E[yXj ] gives an unbiased estimator for the
j-th coordinate of β. Under our corruption model, the samples {yiX(j)

i }ni=1 contain at most a 2η

fraction of corruptions: up to η from the {X(j)
i }ni=1 and up to η from the labels. Moreover, the

distribution of the clean samples has sub-exponential tails and variance bounded byO(
√
∥β∥2 + σ2).

For such random variables with an O(η)-fraction of corruptions, it is known that classical estimators
such as trimmed mean (cf. Fact 15), yield an error of O

(
η log(1/η)

√
∥β∥2 + σ2

)
using Õ(d/η2)

samples. Due to the additional Gaussian structure (i.e., the fact that yX is not an arbitrary sub-
exponential variable, but the product of Gaussian random variables), the usual log(1/η) factor can be
removed with a more refined analysis (Diakonikolas et al., 2018, Theorem 9) (with sample complexity
O(poly(d/η))).

Finally, the third algorithm is the trivial one that always outputs the zero vector.
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A.2. Derivation of Regimes in Table 1

With Fact 4 in hand, we discuss how the parameter space can be partitioned based on which algorithm
from Fact 4 achieves the best error (up to absolute constant factors). Due to space constraints in
Section 1.1, the regimes were summarized there in a single, somewhat condensed table (Table 1). In
this section, we present a more detailed version of this partitioning in Tables 2 to 4 and explicitly
explain how the different regimes are derived. Table 1 in Section 1 is a combined version of Tables 2
to 4 into a single table.

Regime for η 0 ≤ η < 0.49
d

0.49
d ≤ η <

7√
d

7√
d
≤ η ≤ 1

Best upper bound see Table 4 see Table 3 O(∥β∥) (A3 from Fact 4)
Best lower bound see Table 4 see Table 3 Ω(∥β∥) (Theorem 5(b))

Table 2: Estimation bounds for η regimes (C denotes a large constant).

Regime for β 0 ≤ ∥β∥ < η
√
dσ η

√
dσ ≤ ∥β∥ < σ σ ≤ ∥β∥ <∞

Best upper bound
from Fact 4

O(∥β∥) O(η
√
dσ) O(η

√
d∥β∥)

(alg. A3) (alg. A2) (alg. A2)

Best lower bound
from Theorem 5

Ω(∥β∥) Ω(η
√
dσ) Ω(η

√
d∥β∥)

(part (a)) (part (a)) (part (c))∗

Table 3: Sub-regimes of the 0.49
d ≤η<

7√
d

case. ∗Note: Theorem 5(c) is only for η ∈ [2+cd , 7√
d
].

Regime for β 0 ≤ ∥β∥ < η
√
dσ η

√
dσ ≤ ∥β∥ < σ σ ≤ ∥β∥ <

√
dσ

√
dσ ≤ ∥β∥

Best upper bound
from Fact 4

O(∥β∥) O(η
√
dσ) O(η

√
d∥β∥) O(ηdσ)

(alg. A3) (alg. A2) (alg. A2) (alg. A1)

Best lower bound
from Theorem 5

Ω(∥β∥) Ω(η
√
dσ) Ω(η

√
d∥β∥) Ω (ηdσ)

(part (a)) (part (a)) (part (d)) (part (d))

Table 4: Sub-regimes of the 0 ≤ η < 0.49
d case.

Regime 7/
√
d ≤ η ≤ 1 Algorithm A1 from Fact 4 is not applicable in this regime. Among

the other two algorithms, A3 always has the best error (because the error of A2 is in the order of
η
√
d
√
∥β∥2 + σ2 ≥ η

√
d∥β∥ ≥ 7∥β∥). This explains the last column in Table 2.

Regime 0.49/d ≤ η < 7/
√
d Again, algorithm A1 is not applicable in this regime. Between

A2 and A3, we note that whenever ∥β∥ ≥ η
√
dσ, the error of A2 is O(η

√
d
√
∥β∥2 + σ2) =

O(η
√
d∥β∥+η

√
dσ) = O(∥β∥), i.e.,A2 has the best error (up to constant factors). Moreover, when

∥β∥ < σ, the term that dominates in the error of A2 is η
√
dσ and when ∥β∥ ≥ σ the dominating A2

error term is η
√
d∥β∥. This explains the regimes shown in Table 3.

Regime 0 ≤ η < 0.49/d In this regime, all three algorithms are applicable. For the same reason
as before, the error of A3 is better than that of A2 when ∥β∥ < η

√
dσ and A2 is better than

A3 otherwise. It also outperforms A1, whose error is on the order of ηdσ. In the sub-regime
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η
√
dσ ≤ ∥β∥ <

√
dσ, the error of A2 is at most O(η

√
dσ + η

√
d∥β∥), with both terms being

smaller than O(ηdσ). Thus, A2 achieves the best error in this sub-regime. In the final sub-regime
∥β∥ ≥

√
dσ, the error of A1 is of the order ηdσ, which is smaller than that of A3 (which is of the

order ∥β∥ ≥
√
dσ ≥ σ ≥ ηdσ). Comparing with A2, the dominating term in the error of A2 is the

η
√
d∥β∥ term which is larger than ηdσ whenever ∥β∥ >

√
dσ. Thus A1 has the best error (up to a

constant factor) in the sub-regime ∥β∥ >
√
dσ. This explains Table 4.

A.3. Unified Algorithm with Error Guarantees as in Tables 2 to 4

We further claim that there exists a single algorithm that can automatically adapt to the best choice
amongA1,A2,A3 from Fact 4, and achieve the error upper bounds in Tables 2 to 4, without requiring
a priori knowledge of the regime in which ∥β∥ lies. The algorithm only needs to know η (which
could also be avoided by applying standard techniques like Lepski’s method, but is beyond the scope
of this work).

Theorem 14 There is a polynomial time algorithm A that takes as input a parameter η ∈ (0, 1)
and n = O(poly(d/η)) samples from the d-dimensional linear regression model (Definition 1) after
η-fraction of coordinatewise corruptions according to Definition 3, and returns an estimate β̂ of β
that satisfies the error upper bounds from Table 1 (equivalently Tables 2 to 4) with high constant
probability.

Proof The idea for the meta-algorithm is to first use the knowledge of η to restrict our attention to
the relevant table among Tables 2 to 4 and then estimate the error bound of the three algorithms
A1,A2,A3 (up to absolute constant factors) in order to return the output of the algorithm correspond-
ing to the smallest error bound. We show how this can be done for the regime 0 < η ≪ 1/d; the
other regimes can be handled by the same arguments.

Suppose that η ≪ 1/d and let β̂1, β̂2, β̂3 be the outputs of A1,A2 and A3 respectively. We first
show how to estimate (within a multiplicative absolute constant) the upper bound on the error of A3

from Table 4 (i.e., the quantity ηdσ). Since η and d are known, it suffices to estimate σ. Note that the
expectation of the squared labels y2 under the clean distribution of Definition 1 is E[y2] = ∥β∥2+σ2.
The procedure to estimate σ within a constant factor is then the following: We compute the residuals
y′ = y − β̂⊤1 X for all samples in the dataset. This transformation makes the clean samples as if they
came from the model of Definition 1 with true regressor β−β̂1 (instead of β that we started with). The
expectation of the new squared labels is now E[(y′)2] = ∥β− β̂1∥2+σ2 = σ2(1+O(ηd)) = O(σ2).
We can use an outlier robust one-dimensional mean estimator to find a u such that |u−σ2| ≤ 0.01σ2.
This can be done using Fact 15 below (where ∥(y′)2∥ψ1 in our case is at most O(σ2)):

Fact 15 (Univariate Trimmed Mean, see, e.g., Diakonikolas and Kane (2023)) Let ε0 be a suffi-
ciently small absolute constant. There is an algorithm (trimmed mean) that, for every ε ∈ (0, ε0)
and a univariate distribution D that has ψ1-norm at most σ2 (cf. Definition 16), given a set of
n ≫ log(1/δ)/(ε2 log2(1/ε)) samples from D with corruption at rate ε, outputs a µ̂ such that
|µ̂− EX∼D[X]| ≲ σ2ε log(1/ε) with probability at least 1− δ.

Definition 16 (Sub-exponential Random Variables) We call ∥Y ∥ψ1
:= supp≥1 p

−1 E[|Y |p] the
sub-exponential norm of the random variable Y .
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By using the above, so far we have shown how to obtain an estimate e1 such that |e1−ηdσ| ≤ 0.1ηdσ
(i.e., e1 is a multiplicative approximation to the error bound of A1 listed in Table 4). By using
Fact 15 again we can similarly obtain an estimate for the error bound of A2 from the table, i.e.,
e2 that satisfies |e2 − η

√
d
√
∥β∥2 + σ2| ≤ 0.1η

√
d
√
∥β∥2 + σ2. Let C,C ′, C ′′ be sufficiently

large absolute constants with C ≪ C ′ ≪ C ′′. The meta-algorithm that chooses which of the
outputs β̂1, β̂2, β̂3 to return is the following. If Ce1 < e2 the meta-algorithm returns β̂1, otherwise
it does the following: if ∥β̂2∥ > C ′e2 the meta-algorithm returns β̂2, otherwise it returns β̂3. The
correctness follows easily: In the regime ∥β∥ ≫

√
dσ where A1 has the best error, the first check

yields e2 = Ω(η
√
d
√
σ2 + ∥β∥2) = Ω(η

√
d∥β∥)≫ e1 thus the meta-algorithm will indeed return

β̂1. If it is the case that that we are in the regime where A3 has the best error, i.e., ∥β∥ < Ce2
then we can easily see that the meta-algorithm will return β̂3. This is because the first check
will yield e2 ≤ Ce1 (since e2 = O(η

√
d
√
σ2 + ∥β∥2) = O(η

√
dσ) = O(ηdσ) ≤ Ce1) and

the second check will yield ∥β̂2∥ ≤ ∥β∥ + ∥β − β̂2∥ ≤ Ce2 + O(η
√
d
√
∥β∥2 + σ2) ≤ C ′e2.

If we are in the regime where A2 has the best error, i.e., ∥β∥ > C ′′e2 the first check will yield
e2 ≤ Ce1 (since e2 = O(η

√
d
√
σ2 + ∥β∥2) = O(ηdσ) ≤ Ce1) and the second check will yield

∥β̂2∥ ≥ ∥β∥ − ∥β − β̂2∥ ≥ C ′′e2 − O(e2) > C ′e2 thus the meta-algorithm will indeed yield β̂2.
Note that we left out the regime C ′e2 ≤ ∥β∥ ≤ C ′′e2. In that case, it does not matter which of β̂2, β̂3
we output because their errors are within a constant factor from each other.

A.4. Other Implications of Our Results

In this brief subsection, we discuss some immediate implications of our results.

Implications on Models with a Restricted Set of Corrupted Coordinates In this paper, we pri-
marily discuss the case in which every coordinate is subject to an η fraction of corruptions. However,
another reasonable model would be to consider the case where only a subset S ⊂ {1, 2, . . . , d}
of |S| = r ≤ d coordinates is subject to adversarial erasures as in Definition 2 or more general
corruptions as in Definition 3. It is straightforward to verify that all our results generalize to this
model, with estimation error bounds now depending on r in place of d and on ∥βS∥2 in place of
∥β∥2, where βS =

∑
i∈S βiei and ei denotes the ith standard basis vector.

Implications for Generalized Linear Models While our primary focus in this work is on lower
and upper bounds for the attainable estimation error ∥β − β̂∥2, some of our lower bounds have
broader implications on the attainable squared error of generalized linear models (GLMs)—where
the “ground truth” labels follow f(β⊤X) for some possibly more general function f called the
activation, instead of β⊤X corresponding to the case of linear regression (where f(t) = t is the
identity function). In this case, the focus is usually on bounding the mean squared error for a
predictor β̂, defined by L(β̂) = E(X,y)∼D[(y − f(β̂⊤X))2] for (X, y) jointly distributed according
to a distribution D. It is immediate that in the case of linear regression model from Definition 1, we
have

L(β̂) = σ2 + E
X∼N

[(β⊤X − β̂⊤X)2]

= σ2 + E
X∼N

[(β − β̂)⊤XX⊤(β − β̂)]
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= σ2 + ∥β − β̂∥22.

Thus, our lower bounds on ∥β − β̂∥2 directly imply lower bounds on the mean squared error for
linear regression, using the above derivation.

Concerning GLMs in broader generality, let us consider the realizable case, where all labeled
examples (X, y) satisfy y = f(β⊤X) for some fixed vector β and activation function f. Notice
first that the lower bounds in Theorem 5(b) and Theorem 5(c) apply even when σ = 0.5 Our
lower bounds for linear regression are proved by constructing a coupling between the distribution
of X conditioned on the value of y = t under two distinct hypotheses corresponding to sufficiently
different prediction/weight vectors β and β′. Since for σ = 0 in the case of linear regression this is
equivalent to conditioning on the value of β⊤X = (β′)⊤X = t, the same lower bounds (implying
impossibility of distinguishing between β and β′) generalize to the case where y = f(t). This is
because considering more general functions f that are not identity (as in the case of linear regression)
can only further obscure information if f is not invertible (as is the case, for example, for ReLU
activations where f(t) = max{0, t}).

The above discussion implies that the same lower bounds as in Theorem 5(b) and Theorem 5(c)
apply for the value of ∥β̂ − β∥2, where β is the “ground truth” predictor and β̂ the predictor that
can be constructed by an algorithm. A consequence is that the mean squared error can be bounded
below as a function of ∥β̂ − β∥22 for a broad class of GLMs. In particular, for the class of (a, b)-
unbounded activations—namely, monotonically non-decreasing functions f that are b-Lipschitz,
satisfy f(0) = 0, and are such that f ′(t) ≥ a > 0 for t > 0—known results (cf. Li et al. (2024);
Wang et al. (2023)) imply that for X distributed according to the standard normal distribution, we
have L(β̂) = Ω(poly(b/a))∥β̂ − β∥22. In particular, since ReLU activation is (a, b)-unbounded with
a = b = 1, we have that for the ReLU activation, L(β̂) = C∥β − β̂∥22 for a universal constant
C > 0. As a consequence, the mean squared error is of the order Ω(∥β∥22) for η ∈ [7/

√
d, 1] and

of the order Ω(c2η2d∥β∥22) for η ∈ [(2 + c)/d, 7/
√
d]. In other words, unless both η and ∥β∥2 are

small, no meaningful prediction—as measured by the mean squared error—is possible.
These observations reinforce the argument that linear regression is the most basic model to study

when considering limitations imposed by adversarial coordinate-wise corruptions studied in our
work.

A.5. Related Work

There is a vast literature on learning with missing data in various forms. To the best of our knowledge,
this work is the first to address the fully adversarial missingness model of Definition 2 in the context
of high-dimensional regression. The most relevant prior work is Liu et al. (2021), which considers
fully adversarial missingness, but for the simpler task of mean estimation. Hu and Reingold (2021)
also considers mean estimation and uses a milder setting for the missingness model. We provide a
discussion of these works below, followed by a broader (though not exhaustive) review of related
literature, with an emphasis on settings most closely aligned with ours.

Comparison with Liu et al. (2021) This work studies the optimal error of Gaussian mean esti-
mation in the same coordinate-wise adversary of Definitions 2 and 3 (among others). Concretely,
it considers a slightly more general problem than the vanilla Gaussian mean estimation where data

5. While constructions of other lower bounds (from Theorem 5(a),(d)) may also have implications on the mean squared
error of GLMs for σ ̸= 0, here we focus on Theorem 5(b),(c) as the implications are more direct.
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has some additional low-dimensional structure: each sample xi follows N (µ,Σ) but can be written
as xi = Azi, where A ∈ Rd×r and z ∈ Rr is some lower dimensional Gaussian. The goal is to
estimate µ. Their lower bounds on the estimation error are based on the approach of constructing
couplings with small coordinate-wise disagreements (as in the present work). In terms of algorithms,
the approach of Liu et al. (2021) for the missing data of Definition 2 is a two-step algorithm that
first estimates the missing values and then runs existing estimators on the imputed dataset. They
show that the first step becomes NP-hard when data is replaced (Definition 3) instead of missing.
However, they are able to get some preliminary results by a randomized algorithm for special cases
(like when A is known). In the most general case for the mean estimation problem of Liu et al.
(2021), the answer to the question of whether missing data are easier to handle than replaced data
remains unclear. In the case of the linear regression problem considered in this paper, we find that
the answer is negative. On the technical side, our work builds on the coupling technique of Liu et al.
(2021), but significantly extends it to handle new challenges in the linear regression setting. The main
difficulty is that the estimation error behaves differently across many distinct regimes, each requiring
a separate analysis. As discussed in Section 1.2, a direct application of the Liu et al. (2021) coupling
fails when the additive noise σ is small, leaving several regimes unaddressed. We resolve this by
coupling only the first d − 1 coordinates and treating the last one as additive noise. This regime
also requires a redesigned hypothesis testing setup. The original test inspired from Liu et al. (2021)
that compares β = (1, . . . , 1) and β′ = (−1, . . . ,−1), is tailored to show an Ω(∥β∥) lower bound,
i.e., that no non-trivial estimation is possible. In our case, however, some non-trivial estimation is
possible, so we design a finer test: we split the coordinates into two halves with differing values
in β and β′ and apply separate couplings to each half. Finally, one particularly challenging regime
remains, which we address by further splitting both the coordinates and the labels into two parts, and
using a more delicate coupling between the parts of covariates and labels.

Comparison with Hu and Reingold (2021) This work also studies mean estimation under a
missing data model. Their setting involves a combination of two types of erasures: up to an η-fraction
of coordinates may be missing, and up to an ε-fraction of entire samples may be deleted. The second
type of deletion (entire samples) can be fully adversarial, while the first type (coordinate-wise) is less
adversarial than in our model, because in Hu and Reingold (2021) the adversary must commit to
the missingness pattern before seeing the data. The algorithms proposed in Hu and Reingold (2021)
are based on imputing missing values, and thus do not naturally extend to the contamination setting,
where adversaries may replace values rather than erase them.

Literature on Missing Data The study of missing data has a long history, motivated by concerns
like those discussed in Section 1. In a seminal work, Rubin (1976) distinguishes three types of
missingness: when missingness is independent of the data, it is called missing completely at random
(MCAR); when it depends only on the observed data, it is missing at random (MAR); otherwise, it
is missing not at random (MNAR), where missingness depends on both observed and unobserved
values. See also Tsiatis (2006); Tang et al. (2003); Little and Rubin (2019); Mohan and Pearl (2021)
for a more in-depth review.

Much of the literature on regression with missing data has focused on parameter estimation. Early
works include Little (1992, 1993), as well as Rosenbaum and Tsybakov (2010), which proposes
a sparse variant of the Lasso estimator. More recent approaches revisit the problem from the
perspectives of imputation and collaborative learning (Aladin et al., 2020; Cheng et al., 2023).
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Other recent efforts have shifted focus to the label prediction problem, which is a fundamentally
different goal, as the test set is also expected to contain missing entries. Notably, the Bayes optimal
predictor in this setting decomposes into a sum over predictors for each missingness pattern, and
the number of such patterns can be exponential. This pattern-specific structure has been studied in
Morvan et al. (2020a,b); Ayme et al. (2022), which characterize minimax-optimal rates under MAR
and MCAR (and in Sell et al. (2024) for classification). A body of work also focuses on the idea
of using a two-step procedure: first impute the missing entries, then apply algorithms designed for
complete data. This method has been shown to be Bayes optimal in various settings (Josse et al.,
2024; Bertsimas et al., 2024; Morvan et al., 2021).

In light of the above, our work fits into the MNAR setting, but to the best of our knowledge, is
not directly related to any of the aforementioned works. Unlike the prediction-focused literature
(which is more challenging and often incurs exponential complexity) we study parameter estimation.
Moreover, prior work on parameter estimation for linear regression either assumes MAR (Loh and
Wainwright, 2012; Cheng et al., 2023) or considers much more benign forms of MNAR; for instance,
Aladin et al. (2020) assumes that the missingness pattern is drawn i.i.d. from an arbitrary distribution.

Truncated Statistics Although technically this literature falls into the Missing Not At Random
category from the previous paragraph, it is sufficiently well developed to have its own place in the
literature. Truncated statistics refer to the situation where samples falling outside of a fixed set are
censored. Parameter estimation under this setting traces back to the early work of Galton, Pearson
and Lee (Galton, 1897; Pearson, 1902; Pearson and Lee, 1908). Despite early interest in the problem,
computationally efficient algorithms for multivariate Gaussians were developed relatively recently,
with some notable works being Daskalakis et al. (2018); Kontonis et al. (2019) for mean estimation
and Daskalakis et al. (2019, 2020, 2021) for linear regression. While the previous works operate
under a setting where each sample is either entirely censored or entirely visible, Bhattacharyya et al.
(2025) extends the setting to partially truncated data, which each coordinate individually visible
or censored (for the problem of Gaussian mean estimation). That said, the setting considered in
Bhattacharyya et al. (2025) is still milder than ours. It considers either (i) a setting where each
coordinate is erased based on membership in a fixed, predetermined set (to which the algorithm
has oracle access), or (ii) erasures based on a simple projection rule. Under this model, consistent
estimation is possible, as shown in Bhattacharyya et al. (2025), whereas in our fully adversarial
erasure setting, it is provably not.

Robust Statistics Robust Statistics was developed in the 1960s (Tukey, 1960; Huber, 1992) to
handle scenarios where a small fraction of the data points are arbitrarily corrupted. As in the
setting of this work, such corruptions do not allow for consistent estimation. Early work focused
on characterizing the information-theoretic error for univariate Gaussian mean estimation. Since
then, a large body of work developed estimators for various tasks (Huber and Ronchetti, 2009).
However, these estimators were computationally inefficient for high-dimensional tasks. The field
saw a resurgence with the work of Lai et al. (2016); Diakonikolas et al. (2019a) that tackled high-
dimensional robust mean estimation in polynomial time. In the last decade, a plethora of robust
estimators have been introduced for different tasks, including linear regression (Klivans et al., 2018;
Diakonikolas et al., 2019b; Pensia et al., 2024; Cherapanamjeri et al., 2020) considered in this work.
For a comprehensive treatment, see the book Diakonikolas and Kane (2023). The key difference
is that the de facto contamination models in robust statistics treat each sample as either fully clean
or fully corrupted, making non-trivial estimation impossible as the corruption rate approaches 1/2.
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This fails to capture cases where each coordinate is only mildly corrupted, i.e., few samples are
corrupted per coordinate, even if most samples are affected overall. Such settings may still allow for
meaningful estimation, but algorithms from the robust statistics literature are inapplicable.

A.6. Open Problems

While our work addresses the estimation error for the standard model of linear regression with
coordinate-wise corruptions by providing matching upper and lower bounds for essentially all possible
parameter regimes, there are several avenues for future research that merit further investigation.

First, it would be interesting to consider X ∼ N (0,Σ) in the linear regression problem, with
Σ ̸= I and unknown to the algorithm in the linear regression model. Does the conclusion that dealing
with missing data is no easier than handling adversarially replaced data still hold in this setting?

Second, although the algorithms are efficient in terms of runtime (i.e., polynomial time) and
sample complexity (using Õ(d/η2) samples), the optimal sample complexity for the problem remains
unclear. In the clean setting (where all samples follow the distribution of Definition 1), the optimal
sample complexity is d/u2, where u is the target estimation error. In some regimes of Tables 2
to 4, the estimation error scales with ∥β∥, which can be very large. This implies that (at least in the
noiseless setting) fewer samples are needed to achieve that level of error.

Third, as discussed in Appendix A.4, some of our lower bounds directly imply lower bounds for
the mean squared error of a broad class of generalized linear models that includes ReLU as a special
case, even with perfect, noise-free labels (i.e., in the realizable case). It is however unclear if those
lower bounds are tight or if they can be strengthened further, since non-invertible activations like
ReLU can further obscure information available to the algorithm (because the label is zero whenever
the argument β⊤X is negative). Relatedly, it would be interesting to develop polynomial-time
algorithms that can match the information-theoretic lower bounds (or prove no such algorithms exist,
even when restricted to classes such as Statistical Query algorithms).

Finally, our results demonstrate that adversarial coordinate-wise deletions make both estimation
and prediction challenging, even in the most basic model of Gaussian linear regression and with
infinite samples. On the other hand, a fully random model of deletions (where deletions are
independent of the observed data) allows for the diminishing estimation error as the sample size
is increased. These two extremes beg the question of what lies in between, when the deletions are
neither fully adversarial nor fully random.

Appendix B. Preliminaries

We provide the full version of the preliminaries here.

B.1. Notation

Basic Probability Notation We write X ∼ D to denote a random variable X that is distributed
according to the distribution D. We use PX(x) to denote the pdf of X . For multiple variables, we
use (X,Y ) ∼ D to denote that X and Y are jointly distributed according to D, and write PX,Y (x, y)
for the pdf of that joint distribution. If (X,Y ) ∼ D we will also use the notation X|Y = y to denote
the random variable distributed according to the conditional distribution of X given the occurrence
of the value y for Y , i.e., the distribution whose pdf is the conditional density function PX|Y (x|y) =
PX,Y (x, y)/PY (y), and we denote by X the random variable distributed according to the marginal
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distribution of D, i.e., the distribution with pdf PX(x) =
∫
PX,Y (x, y)dy. We use EX∼D[X] for

the expectation of X . If X ∼ PX and Y ∼ PY are continuous random variables over some domain
X , with pdfs PX(x) and PY (y), we denote by DTV(X,Y ) = 1

2

∫
x∈X |PX(x)− PY (x)|dx the total-

variation distance between the distributions PX and PY (by slightly abusing notation, DTV(X,Y )
may some times be also denoted asDTV(PX , PY )). We denote the Kullback–Leibler (KL) divergence
between distributions X ∼ PX and Y ∼ PY by DKL(X ∥Y ) =

∫
x∈X PX(x) log

(
PX(x)
PY (x)

)
dx,

assuming PX is absolutely continuous with respect to PY .

Basic Notation We use Z+ for the set of positive integers. We denote [n] = {1, . . . , n}. For a
vector x we denote by ∥x∥ its Euclidean norm. Let Id denote the d× d identity matrix (omitting the
subscript when it is clear from the context). We use 1d for the all-ones vector in Rd. We use ⊤ for
the transpose of matrices and vectors. We use |A| to denote the determinant of matrix A. We use
a ≲ b to denote that there exists an absolute universal constant C > 0 (independent of the variables
or parameters on which a and b depend) such that a ≤ Cb. In our notation a = O(b) has the same
meaning as a ≲ b (similarly for Ω(·) notation) We use Õ and Ω̃ to hide polylogarithmic factors.

Couplings If P and Q are probability distributions over X , then a coupling Π of P and Q is any
distribution over X ×X such that the marginals of Π coincide with P and Q. We write (X,Y ) ∼ Π
to denote random variables that are distributed according to the coupling; X is marginally distributed
according to P and Y according to Q.

B.2. Useful Probability and Linear Algebraic Facts

We start with some facts about Gaussian distributions, namely the inner product of a Gaussian and
a fixed vector is another Gaussian, and the distribution conditioned on one of the variables is also
Gaussian.

Fact 17 (see, e.g., Petersen and Pedersen (2008)) If X ∼ N (µ,Σ) is a multivariate Gaussian
vector in Rd, and u ∈ Rd is another fixed (deterministic) vector, then u⊤X ∼ N (u⊤µ, u⊤Σu).

Fact 6 (see, e.g., Section 8.1.3. in Petersen and Pedersen (2008)) If X ∼ N (µ, I) is a Gaussian
vector in Rd, ξ ∼ N (0, σ2) is a univariate Gaussian, and u ∈ Rd is a fixed vector, then the distribu-
tion ofX conditioned on u⊤X+ξ = r is the GaussianN

(
ru/(∥u∥2 + σ2), I − uu⊤/(∥u∥2 + σ2)

)
.

The following fact provides a closed-form formula for the KL-divergence between two multivari-
ate Gaussians. The formula can be derived by direct computation and using properties from Section
8.2 of Petersen and Pedersen (2008).

Fact 18 (KL-divergence between multivariate Gaussians) The KL-divergence betweenN (µ1,Σ1)
and N (µ2,Σ2) is

DKL (N (µ1,Σ1) ∥N (µ2,Σ2)) =
1

2

(
log
|Σ2|
|Σ1|

− d+ tr(Σ−1
2 Σ1) + (µ2 − µ1)⊤Σ−1

2 (µ2 − µ1)
)
.

We will bound total variation distances using the previous fact combined with Pinsker’s inequality,
stated below.
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Fact 19 (Pinsker’s Inequality (see, e.g., Tsybakov (2008))) Let P and Q be two probability dis-
tributions over the same measurable space. Then,

DTV(P,Q) ≤
√

1

2
DKL(P ∥Q).

Combining the above two facts we obtain the following bound on the TV distance between
univariate Gaussians.

Fact 8 (Total variation between univariate Gaussians (see, e.g., Petersen and Pedersen (2008))
If D1 = N (µ1, σ

2) and D2 = N (µ1, σ
2) then DTV (D1, D2) ≤ (1/

√
2)|µ1 − µ2|/σ.

The following fact states that there exists a coupling between two distributions such that the
probability of disagreement is at most their total variation distance.

Fact 7 (Maximal coupling (see, e.g., Roch (2024))) Let P and Q be distributions. There exists
a coupling Π between P and Q such that P(X,Y )∼Π[X ̸= Y ] = DTV (P,Q). Moreover for
distributions on P,Q on R where P is a shifted version of Q, if µP , µQ denote their expectations, Π
additionally satisfies E(X,Y )∼Π[|X − Y |] = |µP − µQ|.

We also require the multiplicative version of the Chernoff-Hoeffding bound for binary random
variables:

Fact 20 (Chernoff-Hoeffding Bound (see, e.g., Dubhashi and Panconesi (2009))) Let g1, . . . , gn
be random variables in {0, 1} such that E[gi] = p for all i ∈ [n]. Then, for all ε ∈ (0, 1) the following
holds:

P

[
1

n

n∑
i=1

gi > p(1 + ε)

]
≤ exp

(
−ε

2

3
pn

)
.

Finally, the following linear algebraic fact provides a useful formula for inverting matrices of the
form identity minus a rank-one matrix.

Fact 21 (Sherman-Morrison formula (see, e.g., Fact 3.21.3 in Bernstein (2018))) The matrix Σ =
I + uv⊤ is invertible if and only if 1 + v⊤u ̸= 0. In this case, Σ−1 = I − uv⊤

1+v⊤u

Appendix C. Omitted Details from Section 2

C.1. Couplings with Small Coordinate-Wise Disagreements

We restate and prove the following statements.

Lemma 9 Let D,D′ be distributions over labeled examples (X, y) with X ∈ Rd, y ∈ R. Assume
that for any two permutations π1, π2 ∈ Sd/2, the distribution of (X, y) ∼ D is the same as that of
(π1(X1), π2(X2), y), where X1 and X2 denote the first and last d/2 coordinates of X , respectively.
Assume that the same property also holds for D′. Consider the hypothesis testing problem where
the null hypothesis is that data are drawn from D under the corruption model of Definition 2, and
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the alternative hypothesis is that data are drawn from D′. If there exists a coupling Π between D,D′

such that for some c ∈ (0, 1): P((X,y),(X′,y′))∼Π [y ̸= y′] ≤ η
2 (1− c) and

E
((X,y),(X′,y′))∼Π

[∑d
i=1 1 (Xi ̸= X ′

i)
]
≤ η

2d(1− c), (1)

then no test can distinguish D from D′ with probability greater than 1
2 + (d+1)

2 e−Ω(c2ηn).

Proof Given a coupling that satisfies Equation (1), we describe below a procedure that generates
samples for each hypothesis and uses a simple adversary to edit the samples so that the resulting data
set is (with high probability) the same regardless of the hypothesis in effect. The procedure consists
of simply drawing paired samples from the coupling and the adversary erases all coordinates where
the samples differ.

1. Let Π denote a coupling that satisfies Equation (1).

2. Initialize empty sets S ← ∅, S′ ← ∅.

3. Initialize corruption budgets r1 ← η n, . . . , rd+1 ← η n for each of the d coordinates as
well as the labels.

4. For i = 1, 2, . . . , n do:

(a) Draw ((X, y), (X ′, y′)) ∼ Π.

(b) For every j = 1, 2, . . . , d+ 1

i. If j ≤ d and Xj ̸= X ′
j and rj > 0:

A. Xj ←⊥, and X ′
j ←⊥.

B. Update rj ← rj − 1.
ii. If j = d and y ̸= y′ and rj > 0:

A. y ←⊥, and y′ ←⊥.
B. Update rj ← rj − 1.

iii. S ← S ∪ {(X, y)}
iv. S′ ← S′ ∪ {(X ′, y′)}

Each time the adversary above deletes the j-th coordinate (lines 4(b)iA, 4(b)iiA) it reduces the
budget rj by 1. If the budget reaches zero, the adversary can no longer keep deleting that coordinate.
Importantly, if E denotes the event that none of the rj’s for j = 1, 2 . . . , d+ 1 reach zero, the dataset
S at the end is the same regardless of the hypothesis that is under effect. This means that under
that event, no algorithm can distinguish between the two hypotheses. It remains to show that the
probability of the event E is at least 1 − (d + 1)e−Ω(c2nη). For simplicity let us first focus on the
corruptions of covariates only (and will discuss label corruptions at the end). That is, let E1 denote
the event that none of the rj’s for j = 1, 2 . . . , d reach zero, and we will show that this happens with
probability at least 1− de−Ω(c2nη). A similar argument will work for the labels thus we only focus
on showing that the dataset restricted to the covariates becomes indistinguishable.
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Let gi,j ∈ {0, 1} be 1 if and only if lines 4(b)iA, 4(b)iiA caused a deletion of the j-th coordinate
of the i-th sample during the process described above. By assumption we have that for every i ∈ [n],

E

 d∑
j=1

gi,j

 ≤ η

2
d(1− c).

By the assumption in the lemma statement, we can assume that the first half of the coordinates
undergo a random permutation and that the second half of the coordinates also undergo another
random permutation. If we denote by g′i,j ∈ {0, 1} the random variable that is 1 if and only if the
i-th sample has its j-th coordinate corrupted after the aforementioned two random permutations, then
we have the following for every i ∈ [n] and j ∈ [d/2] (i.e., we are only analyzing the first half of
coordinates for now as the analysis is the same for the second half):

E[g′i,j ] = P[g′i,j = 1] =

d∑
k=0

P

g′i,j = 1

∣∣∣∣∣∣
d∑
j=1

gi,j = k

P

 d∑
j=1

gi,j = k


≤

d∑
k=0

k

d/2
P

 d∑
j=1

gi,j = k

 =
2

d
E

 d∑
j=1

gi,j

 ≤ η(1− c).
where the second line used that in the worst case where the k disagreements all happen within the
first half of the coordinates, after randomly permuting these coordinates, the probability of our fixed
coordinate j to experience a disagreement is k

d/2 . This means that fixing a coordinate j ∈ [d/2], the
number of corruptions in that coordinate across all n samples,

∑n
i=1 g

′
i,j , is a sum of independent

binary variables with expectation η(1− c) each. By Chernoff-Hoeffding bounds (Fact 20), we obtain

P

[
1

n

n∑
i=1

g′i,j > η

]
≤ e−(1−c)ηn( 1

1−c
−1)

2
/3 = e−Ω(c2nη).

The same analysis applies for coordinates j in the second half of the coordinates. By a union bound,
the probability that there exists a coordinate j ∈ [d] with 1

n

∑n
i=1 g

′
i,j > η is at most de−Ω(c2nη).

This means that the event E1 defined earlier has probability at least 1− de−Ω(c2nη). Finally, we can
define a similar event E2 for the label corruptions, i.e., E2 being the even that rd+1 does not reach
zero. With another application of the Chernoff bound we can also conclude that E ′ happens with
probability at least 1 − e−Ω(c2nη). Combining with a union bound, the probability of both E and
E2 happening is at most 1 − (d + 1)e−Ω(c2nη). This means that the distributions of the sets S, S′

output by the pseudocode have total variation distance at most 1− (d+ 1)e−Ω(c2nη). Consequently,
by Le Cam’s inequality (LeCam, 1973), any test that distinguishes between the two distributions has
probability of failure at least 1

2(1− (d+ 1)e−Ω(c2nη)).

Lemma 10 (Hybrid argument for constructing couplings) Let D = N ((µ1, . . . , µd),Σ) and
D′ = N ((µ′1, . . . , µ

′
d),Σ). There exists a coupling Π between D and D′ such that

E
(X,X′)∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
=

d−1∑
i=0

DTV (Qi, Qi+1) ,
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where Qi = N ((µ′1µ
′
2, . . . , µ

′
i, µi+1, . . . , µd),Σ) is the Gaussian whose mean has the same values

as µ′ in the first i coordinates and the same as µ elsewhere (Q0 = D and Qd = D′).

Before presenting the proof, we note that although the statement is written in terms of Gaussian
distributions (which is the setting we will apply it to later), the argument applies to any distributions
D and D′, where D′ is a shifted version of D (in the sense that a random variable from D′ can be
written as a random variable from D plus a deterministic vector).
Proof

This lemma essentially follows from the observation that two Gaussians with the same covariance
and means differing in only one coordinate can be coupled so that the disagreement occurs only on
that coordinate (and with probability at most equal to their total variation distance) while all other
coordinates always agree. This is formalized in the claim below:

Claim 11 Consider the two d-dimensional Gaussians Q = N ((µ1, µ2, . . . , µd),Σ) and Q′ =
N ((µ1, . . . , µi−1, µ

′
i, µi+1, . . . , µd),Σ). There is a coupling Π between the distributions Q and Q′

such that P(X,X′)∼Π[Xi ̸= X ′
i] = DTV(Q,Q

′) and P(X,X′)∼Π[Xj ̸= X ′
j ] = 0 for all j ̸= i.

Proof (Proof of Claim 11) Without loss of generality we use i = 1 in this proof. Denote by
(X1, . . . , Xd) a random vector distributed as Q = N ((µ1, µ2, . . . , µd),Σ) and by (X ′

1, . . . , X
′
d) a

random vector distributed as Q′ = N ((µ′1, µ2 . . . , µd),Σ). Also, for any Z ∈ Rd−1 denote by
PZ the distribution of X1 conditioned on (X2, . . . , Xd) = Z and by P ′

Z the distribution of X ′
1

conditioned on (X ′
2, . . . , X

′
d) = Z. The coupling Π that satisfies the guarantee in the claim statement

is the distribution between the pair of vectors (X̃1, . . . , X̃d), (Ỹ1, . . . , Ỹd) created as follows:

1. Draw Z ∈ Rd−1, according to the marginal distribution of Q in the coordinates 2, 3, . . . , d.
(Note that this marginal is the same under Q and Q′).

2. Set (X̃2, . . . , X̃d) = Z and (Ỹ2, . . . , Ỹd) = Z.

3. Draw X̃1, Ỹ1 from the maximal coupling Π∗
Z (given in Fact 7) between the distributions PZ

and P ′
Z .

By construction, the marginal of (X̃1, . . . , X̃d) is Q and that of (Ỹ1, . . . , Ỹd) is Q′ thus Π is a valid
coupling. We also trivially have that P(X,X′)∼Π[X̃j ̸= Ỹj ] = 0 for all j ̸= 1. For the first coordinate,
we have

P
(X̃,Ỹ )∼Π

[X̃1 ̸= Ỹ1] = E
Z

[
P

(X̃1,Ỹ1)∼Π∗
Z

[X1 ̸= Ỹ1 | Z]

]
= E

Z

[
DTV

(
PZ , P

′
Z

)]
(using Fact 7)

= DTV

(
Q,Q′) . (law of total expectation)

We now show how Lemma 10 follows given Claim 11. We will show a procedure to generate
random variables X(i) ∈ Rd for i = 0, . . . , d and the coupling Π that realizes Lemma 10 will be the
joint distribution of X(0) and X(d). The generating procedure is the following:
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1. Let Π1 be the coupling that Claim 11 gives for the Gaussians Q0 = N ((µ1, µ2, . . . , µd),Σ)
and Q1 = N ((µ′1, µ2, . . . , µd),Σ). Draw X(0) and X(1) from Π1.

2. Let Π2 be the coupling that Claim 11 gives for the GaussiansQ1 = N ((µ′1, µ2, µ3, . . . , µd),Σ)
and Q2 = N ((µ′1, µ

′
2, µ3, . . . , µd),Σ). Draw X(2) from Π2 conditioned on the value of X(1)

from the previous step.

3. In general, in the i-th step, let Πi be the coupling that Claim 11 gives for the Gaussians
Qi−1 = N ((µ′1, . . . , µ

′
i−1, µi, . . . , µd),Σ) andQi = N ((µ′1, . . . , µ

′
i−1, µ

′
i, µi+1, . . . , µd),Σ).

Draw X(i) from Πi conditioned on the value of X(i−1) from the previous step.

The expected number of coordinates that disagree is bounded as follows:

E

[
d∑
i=1

1(X
(0)
i ̸= X

(d)
i )

]
=

d∑
i=1

E
X(i−1)

[
E
X(i)

[1(X
(i)
i ̸= X

(i−1)
i ) |X(i−1)]

]

=
d∑
i=1

E
X(i−1),X(i)

[1(X
(i)
i ̸= X

(i−1)
i )]

=

d∑
i=1

DTV(Qi−1, Qi),

where the first line follows from the fact that a disagreement between X(0) and X(d) in the i-th
coordinate can occur only during the i-th step of the generation process (by the design of the couplings
in Claim 11). The transition from the second to the third line uses the law of total probability to
rearrange the expectations; and the final line follows from the guarantee provided by the couplings in
Claim 11.

C.2. Proof of Theorem 5(a)

We restate and prove the following lower bound.

Theorem 22 (Lower Bound for regime ∥β∥ ≤ σ) Let c be a sufficiently small positive absolute
constant. For any d ∈ Z+, σ, η, b ∈ R+ with η ∈ [0, 1], σ > 0 and b ≤ σ the following statement
holds. For every algorithmA that takes as input η, σ, b as well as n labeled examples {(x(i), y(i))}ni=1

with x(i) and y(i) ∈ R and outputs a vector β̂ ∈ Rd, there exists a β ∈ Rd with ∥β∥ = b such that
running A on input η, σ, b and n labeled examples from the model of Definition 1 with regressor β,
standard deviation σ for the additive noise, and η-fraction of missing data per coordinate according
to the contamination model of Definition 2, the output β̂ satisfies∥∥∥β̂ − β∥∥∥ ≥ c min(∥β∥, η

√
dσ). (7)

with probability at least 1
2(1− (d+ 1)e−Ω(ηn)).
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Proof We first focus on proving the result for ∥β∥ ≤ η
√
dσ, in which case min(∥β∥, η

√
dσ) = ∥β∥.

We describe at the end how to extend it for ∥β∥ > η
√
dσ.

For any b ∈ [0, η
√
dσ] we define the hypothesis testing problem of distinguishing between the

regression vectors β(0), β(1) defined below from n samples from the models of Definitions 1 and 2:

1. (Null Hypothesis) β(0) = (b/
√
d, . . . , b/

√
d).

2. (Alternative Hypothesis) β(1) = −β(0).

Note that ∥β(0)∥ = ∥β(1)∥ = b and ∥β(0)−β(1)∥ =
√
2b. By the standard reduction from estimation

to hypothesis testing, showing that no algorithm can solve the above testing problem will imply
that no estimator has Euclidean error smaller than b/

√
2. By Fact 6, for each of the two hypotheses

i ∈ {0, 1} above, the conditional distribution X|(y = t) of the covariates given that the label is t is a
Gaussian N (µ(i),Σ(i)) where

µ(i) :=
t

σ2 + b2
β(i), and Σ(1) = Σ(2) = Σ := I − β(1)(β(1))⊤

σ2 + b2
. (8)

In order to prove that the testing problem is not solvable, it suffices to find a coupling between
N (µ(0),Σ),N (µ(1),Σ) such that for each i ∈ [d], only up to η-fraction of samples have their i-th
coordinate corrupted. By Lemma 10, for each i ∈ [d] we need to upper bound the TV-distance
between the two Gaussians N (m(i),Σ),N (m(i+1),Σ), where

m(i) = (µ
(1)
1 , . . . , µ

(1)
i−1, µ

(0)
i , µ

(0)
i+1, . . . , µ

(0)
d ), (9)

m(i+1) = (µ
(1)
1 , . . . , µ

(1)
i−1, µ

(1)
i , µ

(0)
i+1, . . . , µ

(0)
d ). (10)

We will do this by bounding the KL-divergence and relating it to the total variation distance via
Pinsker’s inequality (Fact 19). By Fact 18, we have

DKL(N (m(i),Σ) ∥N (m(i+1),Σ)) (11)

≤ 1

2
(m(i+1) −m(i))⊤Σ−1(m(i+1) −m(i)) (12)

≤ 1

2
(m(i+1) −m(i))⊤

(
I +

β(1)β(1)
⊤

σ2

)
(m(i+1) −m(i)) (using Fact 21)

≤ 1

2
∥m(i+1) −m(i)∥2 + 1

2

((m(i+1) −m(i))⊤β(1))2

σ2
(13)

≤ 2t2

d

b2

(σ2 + b2)2
+

1

2σ2

(
2t√
d

b

σ2 + b2
b√
d

)2

(see explanation below)

=
2t2

d

b2

(σ2 + b2)2
+

1

σ2
2t2

d

b2

(σ2 + b2)2
b2

d
(14)

=
2t2

d

b2

(σ2 + b2)2

(
1 +

b2

dσ2

)
(15)

≤ 2t2

d

b2

(σ2 + b2)2
(1 + η2) (using assumption b ≤ η

√
dσ)

≤ 4t2

d

b2

(σ2 + b2)2
, (using η ≤ 1)
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where the fourth inequality above follows from equations (8) to (10) as follows: the vector
m(i+1)−m(i) has zero in all coordinates except the i-th, where it equals t

σ2+b2
· b√

d
.

Combining the above with Pinsker’s inequality (Fact 19), we obtain

DTV(N (m(i),Σ),N (m(i+1),Σ)) ≤
√
2|t|√
d

b

σ2 + b2
. (16)

By Lemma 10, there exists a coupling Π between N (m(0),Σ),N (m(d),Σ) such that

E
(X,X′)∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
≤
√
2
√
d|t|b

σ2 + b2
. (17)

As explained earlier, the Gaussians involved in the above coupling are the conditional distributions
of the covariates in our linear regression model (Definition 1), given that the label y equals t. We can
easily extend this coupling to a new coupling Π′, which couples the entire labeled examples from our
linear regression model under the two hypotheses, as follows (recall that the distribution of labels
under both hypotheses is N (0, σ2 + ∥β(i)∥2) = N (0, σ2 + b2):

1. Draw t ∼ N (0, σ2 + b2) and set y = y′ = t.

2. Draw (X,X ′) from the coupling Π that satisfies Equation (17).

3. Return (X, y), (X ′, y).

By construction, (X, y) is marginally distributed according to the linear regression model with
regressor β(0) and (X ′, y′) is marginally distributed according to the linear regression model with
regressor β(1), thus Π′ is a valid coupling. Moreover, the expected number of disagreements is

E
((X,y),(X′,y′)∼Π′

[
d∑
i=1

1(Xi ̸= X ′
i)

]
≤
√
2
√
d bEt∼N (σ2+b2)[|t|]
σ2 + b2

≤
√
2
√
d b√

σ2 + b2

(using Equation (17))

≤
√
2
√
d b

σ
(using b ≥ 0)

=

√
2
√
dησ
√
d

σ
(using b ≤

√
dησ)

≤
√
2ηd ≤

√
2ηd.

The labels always agree in this coupling. The constant
√
2 in front of η above is not particularly

important; we could obtain the same bound with a smaller constant, such as 1/3, in front of d by
simply redefining η as η/(2

√
2) at the beginning of the proof. This would allow us to apply Lemma 9

to conclude that no algorithm can solve the hypothesis testing problem (except with probability
1
2(1− (d+ 1)e−Ω(ηn))), thus completing the proof of Theorem 22 for the regime ∥β∥ ≤ η

√
dσ.

For the remaining regime η
√
dσ ≤ ∥β∥, consider instead the hypothesis testing problem over

Rd: distinguish β = (r, b/
√
d, . . . , b/

√
d) from β′ = (r,−b/

√
d, . . . ,−b/

√
d), where b ≤ η

√
dσ is

as before and r is a tunable parameter allowing ∥β∥ to get any desired value larger than η
√
dσ. The

labels can be written as y = rX1+y0 and y′ = rX ′
1+y

′
0, where y0 = (b/

√
d, . . . , b/

√
d)⊤X2:d+ ξ
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and y′0 = (−b/
√
d, . . . ,−b/

√
d)⊤X ′

2:d + ξ′, with X2:d denoting the last d coordinates of X . As
shown earlier, there exists a coupling between (X2:d, y0) and (X ′

2:d, y
′
0) with expected disagreements

at most ηd/2 per sample. This extends trivially to a coupling between (X, y) and (X ′, y′) (by
adding shared Gaussian noise N (0, r2) to the labels), preserving the disagreement bound. Applying
Lemma 9 as before completes the proof.

Appendix D. Omitted Details from Section 4

In this section we restate and prove the lower bounds corresponding to parts (b),(c) and (d) of
Theorem 5. Since these bounds depend on Lemma 13, we restate that lemma below for convenience:

Lemma 13 (Improved core coupling) For any d ∈ Z+, t, t′ ∈ R, the following hold. If D denotes
the distribution of (X1, . . . , Xd) ∼ N (0, Id) conditioned on

∑d
i=1Xi = t and D′ the distribution

of (X ′
1, . . . , X

′
d) ∼ N (0, Id) conditioned on

∑d
i=1X

′
i = t′, then there exists a coupling Π between

D,D′ such that E(X,X′))∼Π

[∑d
i=1 1 (Xi ̸=X ′

i)
]
≤ 1 + |t− t′|.

We start with Theorem 5(b)

Theorem 23 (Lower bound for regime η ≥ 7/
√
d) The following holds for every d ∈ Z+ and

σ, η, b ∈ R+ with 7/
√
d ≤ η ≤ 1. For every algorithm A that takes as input η, σ, b as well as n

labeled examples {(x(i), y(i))}ni=1 with x(i) ∈ Rd and y(i) ∈ R and outputs a vector β̂ ∈ Rd, there
exists a β ∈ Rd with ∥β∥ = b such that running A on input η, σ, b and n labeled examples from the
model of Definition 1 with regressor β, standard deviation σ for the additive noise, and η-fraction
of missing data per coordinate according to the contamination model of Definition 2, the output β̂
satisfies ∥∥∥β̂ − β∥∥∥ ≥ 1√

2
∥β∥, (18)

with probability at least 1
2(1− (d+ 1)e−Ω(ηn)).

Proof Let β = s(1, 1 . . . , 1) be the all-ones vector and β′ = −β the vector with −1 in every
coordinate where s is a tunable parameter so that ∥β∥ can have any desired value (we want to prove
that the lower bound holds for any ∥β∥). We consider the following hypothesis testing problem:

• (Null Hypothesis) The regression vector is β.

• (Alternative Hypothesis) The regression vector is β′.

It suffices to show that no algorithm distinguishes between the two hypotheses with probability
better than 1

2(1 + (d+ 1)e−Ω(ηn)). Since ∥β − β′∥ =
√
2d ≥

√
2max(∥β∥, ∥β′∥), by the standard

reduction between estimation and hypothesis testing, this would imply that no algorithm can estimate
β with error smaller than ∥β∥/

√
2.

First, it is easy to see that the coupling construction from Lemma 13 allows us to couple
the distributions of labeled examples for the two hypotheses while ensuring a small number of
coordinate-wise disagreements. This is shown in the lemma below:
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Lemma 24 Let σ ≥ 0 and a scaling parameter s ≥ 0. Define β = s(1, 1, . . . , 1) as a scaled version
of the all-ones vector in Rd and β′ = −β. If D denotes the distribution of a labeled example (X, y)
drawn from the linear regression model of Definition 1 with regressor β and standard deviation
of additive noise σ, and D′ denotes the distribution of a labeled example according to a linear
regression model with regressor β′ and standard deviation of additive noise σ, then there exists a
coupling Π between D and D′ such that P((X,y),(X′,y′))∼Π[y = y′] = 1 and

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1
(
Xi ̸= X ′

i

)]
≤ 3
√
d. (19)

Proof (Proof of Lemma 24) It suffices to prove the lemma for s = 1 and σ = 0. This is because if
((X, y), (X ′, y′)) is distributed according to a coupling with the desired properties (P[y = y′] = 1

and E
[∑d

i=1 1 (Xi ̸= X ′
i)
]
≤ 3
√
d) for the case of s = 1 and σ = 0, then we can let ξ ∼ N (0, σ2)

and the pair ((sX, sy+ξ), (sX ′, sy′+ξ)) will be the final coupling that corresponds to the case with
positive σ and s ̸= 1 and continues to satisfy P[y = y′] = 1 and E

[∑d
i=1 1 (Xi ̸= X ′

i)
]
≤ 3
√
d.

The coupling for the case s = 1, σ = 0 is the following:

• Draw z ∼ N (0, d) and set y = y′ = z.

• Draw ((X1, . . . , Xd), (X
′
1, . . . , X

′
d)) from the coupling of Lemma 13 applied with t = z and

t′ = −z.

It is easy to verify that the labeled example (X1, . . . , Xd, y) is marginally distributed according
to the linear model that uses β = (1, . . . , 1) as the regressor, and the example (X ′

1, . . . , X
′
d, y) is

distributed according to the linear model using β′ = (−1, . . . ,−1). Moreover, by Lemma 13, the
expected number of disagreements is

E
(X1,...,Xd),(X

′
1,...,X

′
d)

[
1(Xi ̸= X ′

i)
]
≤ 1 + E

t,t′
[|t− t′|] = 1 + E

z∼N (0,d)
[|2z|] ≤ 3

√
d.

The proof of Lemma 24 is completed.

When η ≥ 7/
√
d the right hand side of Equation (19) is at most ηd3/7. Thus, by Lemma 9 ,

no algorithm can solve the hypothesis testing defined in the beginning with probability higher than
1
2(1 + (d+ 1)e−Ω(ηn)).

We now move to Theorem 5(c) which is restated and proved below.

Theorem 25 (Lower bound for regime 2+c
d ≤ η ≤

7√
d

) There exists a sufficiently large absolute
constant C such that the following holds for every d ∈ Z+, every c ∈ (0, 1), every σ ≥ 0, every
η ∈ [2+cd , 7√

d
], and every b ∈ R+. For every algorithm A that takes as input η, σ, b as well as n

labeled examples {(x(i), y(i))}ni=1 with x(i) ∈ Rd and y(i) ∈ R and outputs a vector β̂ ∈ Rd, there
exists a β ∈ Rd with ∥β∥ = b such that running A on input η, σ, b and n labeled examples from the
model of Definition 1 with regressor β, standard deviation σ for the additive noise, and η-fraction
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of missing data per coordinate according to the contamination model of Definition 2, the output β̂
satisfies

∥∥∥β̂ − β∥∥∥ ≥ η c√d
C
∥β∥, (20)

with probability at least 1
2(1− (d+ 1)e−Ω(c2ηn)).

Proof
Let s ≥ 0 be a scaling factor to control the norm of the regressor. We will use a parameter

ε ∈ (0, 1) that will be specified later. Fix β = s(ε, . . . , ε, 1, . . . , 1) and β′ = s(−ε, . . . ,−ε, 1, . . . , 1)
as two vectors in Rd, where the first d/2 coordinates are εs for β and −εs for β′, while the last
d/2 coordinates are all equal to s. By the estimation to hypothesis testing reduction discussed
in Section 2, it suffices to show that no algorithm that uses n η-corrupted samples can solve the
following hypothesis testing problem:

• (Null Hypothesis) The regression vector is β.

• (Alternative Hypothesis) The regression vector is β′.

Note that we can use s to make the norm of ∥β∥ and ∥β′∥ have any desired value b (as in the
statement of Theorem 25). Thus we focus on showing hardness of the testing problem in what
follows.

Using the coupling construction from Section 3, we can construct a coupling between the linear
regression distributions corresponding to the two hypotheses such that the number of disagreements
per coordinate is upper bounded as stated in Lemma 26 below.

Lemma 26 Let d be a power of 2, ε ∈ [0, 1], σ ≥ 0, and s ≥ 0. Let β = s(ε, . . . , ε, 1, . . . , 1) and
β′ = s(−ε, . . . ,−ε, 1, . . . , 1) be the two vectors in Rd, where the first d/2 coordinates are s ε for β
and −s ε for β′, while the last d/2 coordinates are all equal to s. If D denotes the distribution of a
labeled example drawn from the linear model of Definition 1 with regressor β and standard deviation
of additive noise σ, and D′ denotes the distribution of a labeled example according to a linear model
with regressor β′ and standard deviation of additive noise σ, then there exists a coupling Π between
D and D′ such that P((X,y),(X′,y′))∼Π[y = y′] = 1 and

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1
(
Xi ̸= X ′

i

)]
= 2 +O

(
ε
√
d
)
. (21)

The proof of Lemma 26 is somewhat tedious, so we defer it until after we show how the theorem
follows from Lemma 26. Denote by C the absolute constant hidden inside the big-O notation in
Equation (21), and denote by c′ an additional parameter that is less than 0.25. We will re-parameterize
things as follows: η = 2

(1−c′)d + Cε
(1−c′)

√
d
, or equivalently ε := (η − 2

(1−c′)d)
√
d
C . This is so that

the right-hand side of Equation (21) becomes equal to ηd(1 − c′) and we can use Lemma 9 to
conclude that no algorithm can solve the hypothesis testing problem with probability better than
1
2(1 + (d+ 1)e−Ω(c′ηn)). By the estimation to hypothesis testing reduction, this means that every
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estimation algorithm has error at least Ω(∥β − β′∥). For the precise form of this error we have the
following lower bounds:

∥β − β′∥ = s ε
√
d/2 (by definition of β, β′)

=
ε√

1 + ε2
max(∥β∥, ∥β′∥) (∥β∥ = ∥β′∥ = s

√
d(1 + ε2)/2)

≳ εmax(∥β∥, ∥β′∥) (ε := (η − 2
(1−c′)d)

√
d
C ≤ 1 since η ≤ 7/

√
d)

≳

(
η − 2

(1− c′)d

)√
dmax

(
∥β∥, ∥β′∥

)
(using ε := (η − 2

(1−c′)d)
√
d
C )

≳ c′η
√
dmax

(
∥β∥, ∥β′∥

)
, (this step holds if η ≥ 2+10c′

d .)

where the last step uses that η ≥ 2+10c′

d implies η ≥ 2+10c′

d ≥ 2
(1−c′)2d and means that the terms in

the parentheses from the previous step can be lower bounded as η − 2
(1−c′)d ≥ c′η. The fact that

η ≥ 2+10c′

d is due to the assumption in the theorem statement that η ≥ (2 + c)/d (and the fact that c′

is a parameter that we can choose to be c′ = c/10).
We now prove Lemma 26 that was used earlier.

Proof (Proof of Lemma 26) We first note that it suffices to prove the claim for s = 1 and σ = 0. To see
that, let us momentarily use the notationDs,σ, D

′
s,σ for the two distributions of the statement explicitly

indicating the values of s and σ. Suppose that there exists the desired coupling Π between D1,0 and
D′

1,0 (i.e., for s = 1 and σ = 0). If ((X, y), (X ′, y′)) ∼ Π then ((sX, sy), (sX ′, sy′)) is a coupling
with the desired properties for Ds,0, D

′
s,0, i.e., P[sy = sy′] = 1 and E[

∑d
i=1 1 (Xi ̸= X ′

i)] =

2 + O(ε
√
d). If we further consider ξ ∼ N (0, σ2), then the pair ((sX, sy + ξ), (sX ′, sy′ + ξ)) is

the desired coupling between Ds,σ, D
′
s,σ.

For the remainder of the proof, we thus use s = 1 and σ = 0. We now define how the coupling
that generates the pair ((X, y), (X ′, y′)). While the definition may initially appear complicated, we
will argue below that the resulting distribution is indeed a valid coupling and ultimately show that it
satisfies y = y′ as well as Equation (21).

1. We first sample z ∼ N (0, (1 + ε2)d/2) and set y = y′ = z.

2. We then sample t and t′ from a coupling such that the marginals are t ∼ N (εz/(1 +
ε2), d/(2(1 + ε2)) and t′ ∼ N (−εz/(1 + ε2), d/(2(1 + ε2)) and it also holds t − t′ =
2εz/(1 + ε2) always (i.e., with probability 1).

3. We sample (X1, . . . , Xd/2), (X
′
1, . . . , X

′
d/2) according to the coupling from Lemma 13, i.e.,

the distribution of (Z1, . . . , Zd/2) ∼ N (0, I) conditioned on
∑

i∈[d/2] Zi = t and the distribu-
tion of (Z ′

1, . . . , Z
′
d/2) ∼ N (0, I) conditioned on

∑
i∈[d/2] Z

′
i = t′.

4. We sample (Xd/2, . . . , Xd), (X
′
d/2, . . . , X

′
d) from the coupling of Lemma 13 but now using

the conditioning
∑d

i=d/2+1 Zi = z − εt and
∑d

i=d/2+1 Z
′
i = z + εt′ respectively.

We start by verifying that this is indeed a valid coupling, i.e., that (X1, . . . , Xd, y) follows the
linear model with regressor β and (X ′

1, . . . , X
′
d, y

′) the linear model with regressor β′. We will
perform the check for the first part (i.e., check that (X1, . . . , Xd, y) indeed follows the linear model
with regressor β). Checking the other part can be done with the same argument and replacing ε
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with −ε. For notational purposes only, we let another example (X̃1, . . . X̃d, ỹ) be a random labeled
example distributed according to the distribution D from the lemma statement.

First, the marginal distribution of ỹ is ỹ = β⊤X̃ ∼ N (0, ∥β∥2) = N (0, (1 + ε2)d/2). This
explains the first step (Item 1 in our coupling procedure). To explain the rest of the steps, we
want to argue that (X1, . . . , Xd)|(y = z) in our procedure is distributed in the same way as
(X̃1, . . . , X̃d)|(ỹ = z) (i.e, in the same way as under the distribution D from the lemma state-
ment). The distribution under D can be viewed as follows: First we sample a value t from the
distribution of

∑
i∈[d/2] X̃i conditioned on ỹ = z (let us call this distributionD1 for later referencing),

then we sample the coordinates (X̃1, . . . , X̃d/2) from the distribution of a standard Gaussian vector,
conditioned on

∑
i∈[d/2] X̃i = t and finally we sample the rest of the coordinates (X̃d/2, . . . , X̃d)

from the distribution of a standard Gaussian vector, conditioned on
∑d

i=d/2+1 X̃i = z − εt (so that

ỹ = β⊤X̃ =
∑d/2

i=1 εX̃i +
∑d

i=d/2+1 X̃i = εt+ z − εt = z). It can be checked that the distribution
D1 mentioned earlier isN (εz/(1 + ε2), d/(2(1 + ε2)). This can be seen as follows: First, by Fact 6
applied with u = β and σ = 0, the conditional distribution of the entire vector, given y = z is

X̃1, . . . , X̃d/2, . . . , X̃d|(ỹ = z) ∼ N
(
z

β

∥β∥2
, Id −

ββ⊤

∥β∥2

)
.

This means that

X̃1, . . . , X̃d/2|ỹ = z ∼ N

(
z
β1:d/2

∥β∥2
, Id/2 −

β1:d/2β
⊤
1:d/2

∥β∥2

)
,

where the notation β1:d/2 denotes the vector formed by taking the first d/2 coordinates of β and Id/2
is the (d/2) × (d/2) identity matrix. Note that β1:d/2 is the vector in Rd/2 with value ε in every
coordinate. Then, by Fact 17 applied with u being the all-ones vector, we have

d/2∑
i=1

X̃i

∣∣(ỹ = z) ∼ N
(

εz

(1 + ε2)
,
d

2

1

(1 + ε2)

)
.

This completes the proof that the procedure generating X̃1, . . . , X̃d, y that is described in the bullets
at the start of this proof matches the distribution of a labeled example under the linear model with
regressor β. The check for the marginal of X ′

1, . . . , X
′
d is similar and we skip it. So far we have thus

shown that the generating process from the bullets defines a valid coupling Π between D and D′.
Finally, we analyze the expected number of disagreements to show Equation (21). Because of

our two applications of Lemma 13, this expected number of disagreements is

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1
(
Xi ̸= X ′

i

)]
= E

t,t′

[
2 +O

(
|t− t′|+ |z − εt− (z + εt′)|

)]
= 2 +O

(
E
t,t′

[
|t− t′|

])
+ εO

(
E
t,t′

[
|t+ t′|

])
. (22)

the second term above is O(εE[|z|]/(1 + ε2)) because we have defined the coupling between t and
t′ to always satisfy t− t′ = 2εz/(1 + ε2). The term can be further bounded by O(ε

√
d) using that

z ∼ N (0, (1 + ε2)d/2) and ε ≤ 1. Regarding the last term in Equation (22), we have

ε E
t,t′

[
|t+ t′|

]
≲ ε E

t,t′
[|t|] + ε E

t,t′

[
|t′|
]
≲ ε
√
d,
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where we used the triangle inequality and the fact that the variance of t and t′ is at most d/2. This
concludes the proof of Equation (21) and Lemma 26.

Since the proof of Lemma 26 is complete, this also completes the proof of Theorem 25.

We restate and prove Theorem 5(d) below.

Theorem 27 (Lower bound for regime η ≤ 1/d) There exists a sufficiently large absolute con-
stant C such that the following holds for every d ∈ Z+, σ ≥ 0, η ∈ [0, 1/d], and b ≥ 0. For
every algorithm A that takes as input η, σ, b as well as n labeled examples {(x(i), y(i))}ni=1 with
x(i) ∈ Rd and y(i) ∈ R and outputs a vector β̂ ∈ Rd, there exists a β ∈ Rd with ∥β∥ = b such
that running A on η, σ, b and n labeled examples from the model of Definition 1 with regressor β,
standard deviation σ for the additive noise, and η-fraction of missing data per coordinate according
to the contamination model of Definition 2, the output β̂ satisfies∥∥∥β̂ − β∥∥∥ ≥ 1

C
min

(
ηdσ, η

√
d∥β∥

)
, (23)

with probability at least 1
2(1− (d+ 1)e−Ω(ηn)).

Proof We let B ∈ R+, E ∈ (0, 1) be parameters where E will be specified later on as a function of
B and η, d, σ, and B is a parameter that is chosen to ensure that the norm of β and β′ below is equal
to b (recall that as stated in Theorem 27, we want our lower bound to hold for any value of ∥β∥). We
will consider the following hypothesis testing:

• (Null Hypothesis) The regressor is β :=

(
B√
d/2

1d/2,
E√
d/2

1d/2

)
.

• (Alternative Hypothesis) The regressor is β′ :=
(

B√
d/2

1d/2,− E√
d/2

1d/2

)
.

To clarify the notation, 1d/2 is the vector in Rd/2 having the value 1 in all its coordinates, thus β
above is the vector having B/

√
d/2 in the first d/2 coordinates and E/

√
d/2 in the second d/2

coordinates and β′ is defined similarly, but with −E instead of E.
By the standard reduction from estimation to hypothesis testing (described at the beginning of

Section 2), showing that the above hypothesis testing problem is unsolvable implies an estimation
error lower bound of Ω(∥β − β′∥) = Ω(E).

In order to prove hardness of the hypothesis testing problem we prove the following lemma:

Lemma 28 LetB ∈ R+ andE ∈ (0, 1) withE ≲ B. Let d ∈ Z+ σ ≥ 0 β :=

(
B√
d/2

1d/2,
E√
d/2

1d/2

)
and β′ :=

(
B√
d/2

1d/2,− E√
d/2

1d/2

)
. If D denotes the distribution of a labeled example (X, y)

drawn from the linear regression model of Definition 1 with regressor β and standard deviation
of additive noise σ, and D′ denotes the distribution of a labeled example according to the linear
regression model with regressor β′ and standard deviation of additive noise σ, then there exists a
coupling Π between D and D′ such that

E
((X,y),(X′,y′))∼Π

[
d∑
i=1

1(Xi ̸= X ′
i)

]
= O

(
E

σ
+

√
dE

B

)
, (24)
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and E
((X,y),(X′,y′))∼Π

[
1(y ̸= y′)

]
= 0. (25)

We will prove the lemma at the end. In order to use the conclusion of Lemma 28 in combination
with Lemma 9 we need the right hand sides in Equations (24) and (25) to be at most ηd/2. For this
it suffices to assume that CE/σ < ηd/2 and C

√
dE/B < ηd/2, where C is the hidden constant

in the big-O notation. Equivalently, we need to assume E < 1
2C min(ηdσ, η

√
dB). Also note that

our assumption η ≤ 1/d from the lemma statement also ensures that E/σ < 1, which is required
by Lemma 28. Using the value E := 1

2C min(ηdσ, η
√
dB) we can thus apply Lemma 9 and obtain

that the hypothesis testing defined in the beginning is not solvable with probability better than
1
2(1 + (d+ 1)e−Ω(−ηn)). By the estimation to hypothesis testing reduction, the error lower bound
against any estimator is at least a constant multiple of

∥β − β′∥ ≳ E

≳ min(ηdσ, η
√
dB)

= min

(
ηdσ, η

√
d(B + E)

B

B + E

)
≳ min

(
ηdσ, η

√
d(B + E)

)
(see explanation below)

≳ min(ηdσ, η
√
d∥β∥) (by construction ∥β∥ = Θ(B + E))

where the fourth line used the following: first, since η ≲ 1/
√
d we have E ≲ η

√
dB ≲ B, and

then this further implies B/(B + E) ≳ B. We now move to showing Lemma 28.
Proof (Proof of Lemma 28)

The coupling we claim satisfies the guarantee in the lemma statement is the procedure that
generates (X, y) and (X ′, y′), which we will describe shortly in pseudocode form. Before presenting
the pseudocode of that procedure, we introduce some notation: letX1 denote the first d/2 coordinates
of X , and X2 the second half; we use similar notation, X ′

1 and X ′
2, for the corresponding coordinates

of X ′. Additionally, for reference purposes only, we will use another pair of labeled examples,
(X̃, ỹ) and (X̃ ′, ỹ′), drawn from the distributions D and D′ defined in the lemma statement (the goal
in our generating procedure will be for the output example (X, y) to match the distribution of (X̃, ỹ)
and for the second output example (X ′, y′) to match the distribution of (X̃ ′, ỹ′)). We will also let the
notation X̃1, X̃2 for denoting the first half and second half of coordinates of X̃ , and similar notation
for X̃ ′. Finally we will denote S̃2 := 1⊤

d/2X̃2/
√
d/2 and S̃′

2 := 1⊤
d/2X̃

′
2/
√
d/2 (where 1d/2 is the

all-ones vector of length d/2). We will use similar notation S̃1, S̃′
1 for the scaled sum of the first half

of the coordinates. The procedure defining our coupling is as follows.

1. Draw t from the distribution of ỹ and set y = t and y′ = t.

2. Draw s2, s
′
2 from a coupling that couples the distribution of S̃2 conditioned on ỹ = t and the

distribution of S̃′
2 conditioned on ỹ′ = t, and also has the additional property that P[s2 ̸=

s′2] = DTV(S̃2, S̃
′
2) and E[|s2 − s′2|] = |E[s2]− E[s′2]|. Note that such a coupling exists by

Fact 7.

3. If s2 = s′2:
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(a) Draw s1, s
′
1 using a coupling from Fact 7 that couples the distribution of S̃1, conditioned

on S̃2 = s2 and ỹ = t and the distribution of S̃′
1 conditioned on S̃′

2 = s2 and ỹ′ = t.

(b) If s1 = s′1: Draw X1 from the distribution of X̃1 conditioned on 1⊤
d/2X̃1/

√
d/2 = s1.

SetX ′
1 = X1. DrawX2 from the distribution of X̃2 conditioned on 1⊤

d/2X̃2/
√
d/2 = s2.

Set X ′
2 = X2.

(c) If s1 ̸= s′1: Use Lemma 13 to couple the distribution of X̃1 conditioned on 1⊤
d/2X̃1/

√
d/2 =

s1 and the distribution of X̃ ′
1 conditioned on 1⊤

d/2X̃
′
1/
√
d/2 = s′1 and draw the pair

(X1, X
′
1) from that coupling. Draw X2 from the distribution of X̃2 conditioned on

1⊤
d/2X̃2/

√
d/2 = s2. Set X ′

2 = X2.

4. If s2 ̸= s′2:

(a) Draw s1, s
′
1 using a coupling that couples the distribution of S̃1, conditioned on S̃2 = s2

and ỹ = t and the distribution of S̃′
1 conditioned on S̃′

2 = s′2 and ỹ′ = t, and satisfies
E[|s1 − s′1|] ≤ |E[s1]− E[s′1]| (by Fact 7).

(b) Use Lemma 13 to couple the distribution of X̃1 conditioned on 1⊤
d/2X̃1/

√
d/2 = s1 and

the distribution of X̃ ′
1 conditioned on 1⊤

d/2X̃
′
1/
√
d/2 = s′1 and draw the pair (X1, X

′
1)

from that coupling.

5. Return (X1, X2, y), (X
′
1, X

′
2, y

′).

By construction (X, y) follows the same distribution as (X̃, ỹ) (i.e., D from the lemma statement)
and (X ′, y′) follows the same distribution as (X̃ ′, ỹ′) (i.e., D′) thus it is a valid coupling between
D and D′. This can be seen by tracking how (X, y) was created (and identical argument will apply
to (X ′, y′)). The construction samples (X, y) by following the chain rule decomposition of the
joint distribution under D: we first sample y, then sample S2 and X2 conditioned on y, and finally
sample S1 then X1 conditioned on all previously sampled quantities. Since each step uses the correct
conditional distribution under the (null) model, the resulting joint distribution matches that of (X̃, ỹ).

We now bound the coordinate-wise disagreements. Towards that end, we will need to derive the
forms of all the conditional distributions mentioned in the pseudocode. This can be done using the
following fact about Gaussians.

Fact 29 If
[
y1
y2

]
∼ N

([
µ1
µ2

]
,

[
Σ11 Σ12

Σ21 Σ22

])
, then y1|y2 ∼ N (µ̄, Σ̄), with µ̄ = µ1 +Σ12Σ

−1
22 (y2−

µ2) and Σ̄ = Σ11 − Σ12Σ
−1
22 Σ21.

Using this fact, the conditional distributions of S̃2 and S̃′
2 conditioned on the label values are

S̃2|ỹ = t ∼ N
(

Et

B2 + E2 + σ2
, 1− E2

B2 + E2 + σ2

)
, (26)

S̃′
2|ỹ′ = t ∼ N

(
−Et

B2 + E2 + σ2
, 1− E2

B2 + E2 + σ2

)
. (27)
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Again, using the fact, the conditional distributions of the sum of the first half of coordinates S̃1 and
S̃′
1 given the sums of the second half of coordinates and the label values are:

S̃1|S̃2 = s2, ỹ = t ∼ N
(
B(t− Es2)
B2 + σ2

, 1− B2

B2 + σ2

)
, (28)

S̃′
1|S̃′

2 = s′2, ỹ
′ = t ∼ N

(
B(t+ Es′2)

B2 + σ2
, 1− B2

B2 + σ2

)
. (29)

We are now ready to analyze the expected number of disagreeing coordinates. We will start with
the analysis of the disagreeing coordinates, conditioned on the value of the label being t (and will
take expectation over t at the end). We also consider the first half of coordinates and second half of
coordinates separately. We will also denote by Ebad the event that s1 ̸= s′1 or s2 ̸= s′2.

For the second half we have the following:

E

 d/2∑
i=1

1(X2(i) ̸= X2(i)
′)

∣∣∣∣∣∣ y = t


= E

 d/2∑
i=1

1(X2(i) ̸= X2(i)
′)

∣∣∣∣∣∣ Ebad, y = t

P [Ebad | y = t]

(since disagreements occur only if Ebad happens)

≤

(
1 + E

[
|s2 − s′2|

√
d

2

∣∣∣∣∣ Ebad, y = t

])
P [Ebad | y = t] (using Lemma 13)

= P [Ebad | y = t] + P [Ebad | y = t]E

[
|s2 − s′2|

√
d

2

∣∣∣∣∣ Ebad, y = t

]

= P [Ebad | y = t] + E

[
|s2 − s′2|

√
d

2

∣∣∣∣∣ y = t

]
. (30)

Regarding the two terms above, first, we have that by Fact 7, (in particular the last part of the
conclusion of that fact)

E
[
|s2 − s′2|

∣∣ y = t
]
= |E[s2]− E[s2]| =

2E|t|
B2 + E2 + σ2

. (31)

For the first term in Equation (30) we will use a union bound to relate it to the probabilities of
s2 ̸= s′2 and s1 ̸= s′1. Then we note that the former is equal to the total variation distance between the
distributions of s2 and s′2 (conditioned on y = t), which are the same distributions as the Gaussians in
Equations (26) and (27). Similarly the probability of s1 ̸= s′1 is the total variation distance between
the Gaussians in Equations (28) and (29). Thus,

P [Ebad | y = t] ≤ P
[
s2 ̸= s′2

∣∣ y = t
]
+ P

[
s1 ̸= s′1

∣∣ y = t
]

=
2E|t|

B2 + E2 + σ2
+
E B E[|s2 − s′2| | y = t]

B2 + E2

=
2E|t|

B2 + E2 + σ2
+

E B

B2 + E2

2E|t|
B2 + E2 + σ2

.
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Taking expectation over t ∼ N (0, B2 + E2 + σ2) (which is the distribution of the label values in
our linear model) in the above inequality we obtain:

P [Ebad] ≤
2E√

B2 + E2 + σ2
+

E B

B2 + E2

2E√
B2 + E2 + σ2

≲
E

σ
, (32)

where the last step uses that E ≲ B, σ,E,B ≥ 0.
Combining Equations (30) to (32) and taking expectation over the label value t ∼ N (0, B2 +

E2 + σ2) for the terms that we have not done it already, we have that the expected number of
disagreeing coordinates in the second half of the vector is

E

 d/2∑
i=1

1(X2(i) ̸= X2(i)
′)

 ≲
E√

B2 + E2 + σ2
+

√
dE√

B2 + E2 + σ2
≤ E

σ
+

√
dE

B
.

We now work similarly in order to bound the expected number of disagreements in the first half
of the coordinates. First, conditioned on t we have that

E

 d/2∑
i=1

1(X1(i) ̸= X1(i)
′)

∣∣∣∣∣∣ y = t


= E

 d/2∑
i=1

1(X1(i) ̸= X1(i)
′)

∣∣∣∣∣∣ Ebad, y = t

P [Ebad | y = t]

(since disagreements occur only during Ebad)

≤

(
1 + E

[
|s1 − s′1|

√
d

2

∣∣∣∣∣ Ebad, y = t

])
P [Ebad | y = t] (using Lemma 13)

= P [Ebad | y = t] + P [Ebad | y = t]E

[
|s1 − s′1|

√
d

2

∣∣∣∣∣ Ebad, y = t

]

= P [Ebad | y = t] + E

[
|s1 − s′1|

√
d

2

∣∣∣∣∣ y = t

]
. (33)

The probability term (after taking expectation over t) has been bounded in Equation (32). For
the expectation term, we can again take into consideration that s1, s′1 have been generated from
the coupling of Fact 7, and because the means of the distributions are as shown in Equations (28)
and (29), we have

E
[
|s1 − s′1|

∣∣ y = t
]
= E

[
B E |s2 − s′2|
B2 + σ2

∣∣∣∣ y = t

]
=

BE

B2 + σ2
2E|t|

B2 + E2 + σ2
. (34)

Combining Equations (32) to (34) and taking expectation over t ∼ N (0, B2 + E2 + σ2) we have
that

E

 d/2∑
i=1

1(X1(i) ̸= X1(i)
′)

 ≲
E

σ
+

√
dBE

B2 + σ2
E Et∼N (0,B2+E2+σ2)[|t|]

B2 + E2 + σ2
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≲
E

σ
+

√
dBE2

(B2 + σ2)
√
B2 + E2 + σ2

≲
E

σ
+

√
dE

B
.

This completes the proof of Lemma 28.

The proof of Theorem 27 is now complete.
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