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Abstract

We study the algorithmic problem of robust Gaussian mean estimation in the mean-shift contam-
ination model with unknown covariance. Specifically, we are allowed to draw samples from a
statistical mixture of an unknown target Gaussian A (u, 3) (with weight at least 1 — &), and arbi-
trary (unknown) mean-shifts of it, i.e., {\'(u;, X)}, and the goal is to estimate y up to any desired
accuracy € in {o-norm. In the special case where 3 is known to be the identity, prior work gave an
algorithm with a near-optimal sample complexity of poly(d, 2572) and sample-polynomial time. In
this work, we provide a quasi-polynomial time algorithm with sample complexity 2P0y (logd/€) jp
the more general unknown covariance case, markedly improving upon the only previously known
estimator for this setting that incurs exponential runtime.

Keywords: mean estimation, robustness, mean-shift contamination

1. Introduction

Robust statistics studies statistical estimation in the presence of data contamination. Originating in
the pioneering works of Huber (1992); Tukey (1960), the field developed minimax-optimal robust
estimators for a wide range of structured distributions. More recently, a line of work starting from
the theoretical computer science community (Diakonikolas et al., 2016; Lai et al., 2016) has focused
on the computational complexity of robust estimation for high dimensional statistical tasks, includ-
ing but not limited to mean/covariance estimation (Diakonikolas et al., 2017, 2020a; Hopkins and
Li, 2019; Cheng et al., 2019; Diakonikolas et al., 2020b, 2022; Kane et al., 2024), learning mixture
models (Charikar et al., 2017; Li and Schmidt, 2017; Steinhardt et al., 2018; Diakonikolas et al.,
2018), and linear regression (Bhatia et al., 2017; Prasad et al., 2019; Klivans et al., 2018; Bakshi
and Prasad, 2021; Das et al., 2023; Diakonikolas et al., 2025b). See Diakonikolas and Kane (2023)
for a textbook regarding the recent developments.
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The classical model in robust statistics, known as Huber’s contamination model (Huber, 1964),
however, suffers from inherent information-theoretic limitations. Specifically, as it allows for an
arbitrary a-fraction of outlier data points, no estimator can achieve an error better than Q(«) re-
gardless of the sample size for many natural structured distributions, e.g., Gaussians, uniform dis-
tributions, distributions supported on the boolean hypercube, etc. (see Section 1 of Diakonikolas
and Kane (2023)). To achieve consistency, where the estimation error vanishes as the sample size
increases, further assumptions are needed on the specific types of corruption. In this work, we fo-
cus on the mean-shift contamination model, where the outlier distribution consists of a statistical
mixture of arbitrary mean-shifts of a clean base distribution.

The mean-shift contamination model has recently received attention from both the statistics (Cai
and Jin, 2010; Collier and Dalalyan, 2019; Carpentier et al., 2021; Kotekal and Gao, 2025) and the
computer science (Li, 2023; Diakonikolas et al., 2025a, 2026) communities, and is related to large-
scale hypothesis testing (Efron, 2004, 2007, 2008), where the data is often assumed to follow a
mean-shift version of the null distribution in the alternative hypothesis.

For univariate random variables including Gaussian and Laplace distributions, Li (2023); Kotekal
and Gao (2025) provide minimax optimal estimators. While these estimators can be extended using
standard covering techniques to handle high-dimensional distributions, the extension often comes
with a cost in exponential blowup in the runtime of the estimator (see Section 2.1 of Diakonikolas
et al. (2025a) for an example of the covering technique).

On the high-dimensional algorithmic side, Diakonikolas et al. (2025a) provide the first sample-
polynomial time estimators for identity-covariance Gaussian distributions with a sample complexity
of O (d/ e2to(l) 4 9001/ 62)). The main question left open by their work is how to algorithmically
address the more general and realistic setting where the shared covariance X is unknown and arbi-
trary.

In this work, we take the first step towards answering this open question. In particular, we study
the following Gaussian Mean-Shift Contamination Model with unknown covariance.

Definition 1 (Gaussian Mean-Shift Contamination Model with Unknown Covariance) We say
that a distribution D is an a-mean-shift corrupted distribution with clean mean [ and shared co-
variance ¥ if it is a statistical mixture of the form (1 — c)N (1, X) + 237 N (15, 5), | where
{ui}?_, are arbitrary mean vectors.

Our main result is the first algorithm in the unknown covariance setting with quasi-polynomial
sample/runtime complexities in the dimension d.

Theorem 2 (Main Algorithmic Result) Let D be an unknown a-mean-shift corrupted distribu-
tion with clean mean 1 € RY and shared positive definite covariance ¥ € R, Assume that
a € (0,1/2) is at most a sufficiently small universal constant. Then there exists an algorithm that
takes as input an accuracy parameter ¢ € (0,1/2), draws m = 20(ogd/e)* ;g samples from
N (1, Y) under the mean-shift model (Definition 1), runs in poly(m,d) time, and outputs [i such
that with probability at least 2/3? it holds that || — [i|| < e1/||2]]2.

1. Neither the runtime nor the sample complexity of our algorithm depends on the number of mixture components n.
Hence, n here can be taken to be arbitrarily large.

2. The success probability can be boosted to 1 — 7 by running the algorithm for O(log(1/7)) many times and returning
the candidate that minimizes the sum of the ¢ distances to the rest.
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Since the information-theoretic lower bounds of Kotekal and Gao (2025) show that even univari-
ate Gaussian mean estimation under the mean-shift contamination model requires 2P°%(1/ <) sam-
ples, our algorithm’s e-dependence is qualitatively tight. Moreover, when e is treated as a fixed
constant, our algorithm achieves a sample complexity and runtime of 2P°W1°2(4) marking the first
quasi-polynomial time guarantee in the high-dimensional regime for unknown covariance. The only
previously known consistent estimators for this problem required runtime exponential in d.

1.1. Technical Overview

For simplicity, we will assume that ||uu||2 < O(1) and ||[¥—I|| < O(1) throughout this subsection.
It is easy to reduce to this case by first invoking an adversarially robust efficient Gaussian mean esti-
mator from the robust statistics literature (see Lemma 6) and then normalizing the input distribution
with the estimates. Besides, we will also focus on the regime d > poly(1/¢) as otherwise one
could just run a brute-force algorithm in the full space.

Prior Techniques with Identity Covariance We begin by recalling the analysis for the identity
covariance case, i.e., > = 1. At a high level, the framework of Diakonikolas et al. (2025a), which is
also the starting point of this work, is to utilize data-dependent dimensionality reduction to isolate
a low-dimensional subspace, where the mean p retains a significant projection, before applying a
brute-force generalization of the 1d estimator developed in Kotekal and Gao (2025). To achieve the
goal, the algorithm proceeds to iteratively trim subspaces in which p provably does not have a large
projection. The idea behind the iterative trimming approach is the following observation.

Proposition 3 (Mean Size Certification (Informal)) If all components of D have identity covari-
ance and the (uncentered) second moment of D along a direction v is close to 1, then the mean 1 of
the clean component must be small along v.

Thus, if one can identify a subspace V' in which the second moment matrix is close to identity in
spectral norm, V' can then be safely removed. An immediate obstacle is that the outlier components
within the original mixture D may inflate the second moment matrix along nearly all directions.
To reduce their impact, Diakonikolas et al. (2025a) propose to reweight each sample z € R? by
the exponential function exp(—||z||3/(v/dCy)) for some carefully chosen parameter Cy, = poly (¢)
controlling the strength of the reweighting. This effectively suppresses extreme outlier components
whose means are significantly larger than d'/ 4CV1V/ 2 and consequently ensures that the reweighted
second moment matrix will be equal to the identity matrix (contributed by the clean component)
plus a PSD matrix of trace at most v/dCy < d (contributed by the outlier components that are
relatively close to the origin). It is then not hard to show the existence of a non-trivial subspace in
which the reweighted second moment matrix is spectrally close to the identity, suggesting that it can
be safely removed.?

Covariance-Agnostic Mean Certification via Moment Matching While our algorithm for the
unknown 3 setting retains the original framework, it encounters a significant hurdle: the foun-
dational observation in Proposition 3 breaks down when individual mixture components possess
non-identity covariances. To see this, recall that the second moment can be alternatively written

3. While a naive assessment might suggest that the approach only bounds the reweighted mean of the clean component
within the removed subspace V', we can ensure the reweighting bias remains negligible by strategically selecting the
parameter C'.
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as the square of the mean plus the variance; consequently, a substantial projection of mean vector
v along a direction v can be masked if the corresponding variance v ' Yv is sufficiently small. To
fix the issue, we build a more robust covariance-agnostic certification leveraging higher moment
information:

Proposition 4 (Covariance-Agnostic Mean Size Certification (Informal)) If the first 4 moments
of D along a direction v are close to those of a standard Gaussian, then v ju must be small.

See Proposition 12 for the formal statement. Before sketching the proof of this structural result,
we first show how one could complete the algorithm with it. Similar to the prior work, we will
reweight the samples with the exponential function exp(—||z||3/(v/dCy)) with Cy, = poly(e) so
as to remove the outlier components with mean more than d'/ 4poly(e). In this way, to introduce
d = poly(e) amount of deviation along a direction v on the degree-4 moment, the adversary has to
assign at least w > 1/d mass on some outlier component with mean dY/ 4poly(e)v. Consequently,
the adversary could only hope to introduce significant corruption to the moment tensor on a subspace
of dimension at most < d. This therefore ensures the existence of a safe-to-remove subspace of
dimension €2(d), where the first degree-4 moments are all poly(e€) close to the standard Gaussian
moments. *

Moment Matching Subspace Identification It then remains for us to reliably identify such a sub-
space. We first consider the ideal case where we have perfect estimates of the reweighted low-degree
moment tensor 1" of D. Note that unlike the case of second moments, there is strong evidence show-
ing that it is computationally challenging to find even a single direction v in which the projection of
an arbitrary degree-4 moment tensor is large’. We therefore adopt the following relaxation: instead
of searching for a direction v in which (v®*, T') is small, we transform T into T using the Hermite
polynomial basis, flatten it into a matrix M of dimension R® x R?, and simply search for a sub-
space V' in which the singular values of M are smaller than 6 = poly(e). To see why the relaxation
is sufficient, we note that for any vector v € V, (v®4 Ty) < supueRd?’:”u”Q:lW, Muv) < 6. On the
other hand, the hermite moments of a standard Gaussian are indeed precisely 0, ensuring that we
have the desired moment matching condition up to a small slackness of §. Fortunately, even after
the relaxation, we manage to prove the existence of a non-trivial subspace in which the maximum
singular value of M is small. In particular, we compute the Gaussian Hermite moment tensors ex-
plicitly, and demonstrate that its nuclear norm after flattening is still d poly(e), which implies the
existence of a subspace of dimension €2(d) such that the singular values are bounded from above by
poly(e). See proof of item (5) in Lemma 8 for the detailed argument.

Next we turn to the case where we have to compute empirical estimates of the reweighted
moment tensor. Similar to the prior work, we show that one can effectively estimate the low-degree
moments up to error § in Frobenius norm with poly(d/d) exp(C2) many samples. We remark
that the exponential term exp(C2) is qualitatively tight. Indeed, for z distributed like a standard
Gaussian, ||z||3 is a x? distribution with mean d and standard deviation about v/d. This means
that after reweighting, most of the weight will come from points with ||z||3 < d — ©(v/dCy). By

4. The astute readers may note that this only ensures that the moments are close to those of the clean Gaussian compo-
nent, which is not necessarily a standard Gaussian. However, since the covariance matrix is close to the identity in
Frobenius norm, it is not hard to show that there must at least exist a subspace of dimension Q(d) such that the clean
component has variance d~1/2, which is less than poly(e) by our regime assumption.

5. For second moments, this boils down to computing the eigen-decomposition of the second moment matrix.
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Gaussian norm concentration, the mass of such points is at most exp(—0(v/d/(v/dCy))?) and so
one would need to sample at least exp(£2(C2)) many points to see one with reasonable weight.

We remark that this indicates that the use of higher moments beyond the 4th is unfortunately
out of reach. Indeed, to ensure the existence of a non-trivial moment-matching subspace up to
degree 6, one would need to choose Cy, to be at least d'/®, which would consequently require at
least exp(©(d/?)) many samples for accurate estimation of the moment tensor, a far cry from the
desired sample complexity budget.

Proof of Proposition 4 Fortunately, moment matching up to degree 4 is already sufficient for
certifying the boundedness of y according to our structural result. We now provide its proof sketch
for completeness of the argument. Given an arbitrary direction v, D is distributed as Y + Z where Y
is a mean 0 Gaussian (potentially with non-unit variance) and Z is an independent random variable.
Our goal is to show that if Y + Z has its first degree-4 moments matched with a standard Gaussian
up to slackness 4, then Z cannot put too much mass on a single point far from the origin. We first
provide some intuition why this should be the case. In particular, standard results from the theory
of moments state that if Y + Z has its low-degree moments matched with a Gaussian distribution,
then the two must be close in CDF distance (see, e.g., Klebanov and Rachev (1996); Rachev et al.
(2013)). If Z were to put much mass far from the origin, it would make the CDF of Y 4 Z deviate
significantly from the standard Gaussian, constituting a contradiction. This effectively certifies that
the point mass of Z corresponding to the clean component must sit near the origin. However,
classic results typically require a distribution to match at least O(1/¢?) many moments to certify
e-closeness in CDF distance. As discussed previously, it is crucial for us to leverage only the
information from the first four moments to construct the certificate.

To provide a tight characterization, we appeal to a more delicate argument based on LP duality.
As the first step, we show that the moment matching condition implies that the variance of Y, which
we denote as o2, cannot be too small. Assume for the sake of contradiction that 62 < 1 —C§ 1/2 for
some sufficiently large constant C'. Then, by deconvolution, the moment matching condition implies
that Z := Z/+/1 — o2 must have its first 4 moments approximately matched with the standard
Gaussian up to a slackness of C~!. We argue that this certifies sufficient anti-concentration of
Z. Specifically, we formulate a linear program searching for the maximum amount of mass any
probability measure could put on a single point ¢ subject to the degree-4 moment constraints. Via
explicit construction of solutions to the dual of this linear program, we demonstrate that the point
mass can be at most 2/3 + O(C~1) for Z. © Yet, Z clearly should have a point mass of at least
2/3 + ¢ corresponding to the mean of the clean component as assumed by the noise model. This
then leads to a contradiction if ¢ > O(C~1). This therefore allows us to conclude that o2 must be at
least 1 — O(5'/2). After that, we note that the second moment of Y + Z is on the one hand at most
1 + & as implied by the moment matching constraints, and on the other hand at least 1.542 + o2.
Combining this with the bound o2 > 1 — O(6'/?) then shows that ;1 < O(6'/*). See Section 5 for
the detailed argument.

6. We remark that if one is allowed to leverage information from higher moments, we could tighten the bound to be
arbitrarily close to 1/2.
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1.2. Open Problems

We conclude the section with two open problems. First, we remark that the information theoretic

sample complexity of the problem is poly (d2€72) , where the lower bound follows from the univari-

ate lower bound of 2(¢) from Kotekal and Gao (2025) and the standard high-dimensional mean
estimation lower bound of £(d), and the upper bound follows from the univariate algorithm from
Kotekal and Gao (2025) plus a standard covering technique. Hence, the most obvious direction
is whether one can further improve the sample complexity of our algorithm to this information-
theoretic limit (while making sure the runtime is still sample-polynomial). It would also be interest-
ing if one can demonstrate that the problem exhibits a significant information-computation tradeoff.

Second, we note that there may be room for improvement for the breakdown point of Theorem 2,
which currently requires « to be smaller than some universal constant instead of 1/2. There are
mainly two bottlenecks. First, our algorithm begins by invoking the adversarially robust covariance
estimator from Diakonikolas and Kane (2023), which requires the corruption rate to be at most some
universal constant. To the best of our knowledge, we are not aware of any such estimators with a
breakdown point close to 1/2. Second, our mean size certification (Proposition 12) also requires
an upper bound of 1/3 — ¢ on the corruption rate. Although the rate can be improved to approach
1/2 by leveraging higher moments, as discussed earlier, the use of higher moments beyond 4 is
unfortunately out of reach within the current dimensionality reduction framework.

2. Preliminaries

For a vector z, we denote by ||z||2 the 5 norm of x. For an integer k € Z, we denote by R[] the
space of polynomials of degree < k with coefficients in R. For a matrix A, we denote by || A|. :
the nuclear norm of A. For a square matrix ¥ € R9*?, we denote by o;(2) the i*" eigenvalue of ¥,
2|2 its operator norm and ||X|| its Frobenius norm. For V' a subspace of R? with dim(V) = &,
we define the projection matrix ITy, € R¥*? to be any matrix whose rows form an orthonormal basis
of V. For a measurable function f : R — R and ¢ € Z>1, we denote by || f||; the £; norm of f under
standard Gaussian, i.e. || f[l; :== ([z (If(@)|"Par0,1) (%)) dx) Vi (Ezno,1) [|f(:c)\2])1/Z For a
distribution D, we denote by pp its probability density function. Given two vector spaces V; C V5,
we denote by V5 © V; the orthogonal complement of V; within V5.

A tensor T of order k and dimensions (d; );c[ is a multilinear map defined by a k—dimensional

where [; € [d;]. We denote by ||T||r := \/Elh_,’lk TlQllk the

Frobenius norm of 7'. For two tensors 77, T of same order k and dimensions (d;);c[;), we denote by
(T1, To) == >, .. 1, (T)1y, 4, (T2)1y - 1, their inner product. For positive integers , y satisfying
x +y = k, we denote by flat, . (T') the flattening of T into a matrix of dimension d* x d¥, where
the vectorization operation is conducted in lexicographic order. We will also be extensively working
with Hermite tensors to perform some basic computations about them.

array with real entries 1j, ... ;, ,

Definition 5 (Normalized %-th Hermite Tensor) For k € N and € RY, denote by Hy, : RY
R the k'™ Hermite tensor of order k, where for (i1,i2,--- ,ix) € [d]F, (H()) iy g i =
ﬁ ZPartitions P of [k] into H{mb}eP(_(Id)imib) H{C}GP Li - For a distribution D, denote by EwND[Hk(x)]

sets of size 1 and 2
its degree-k Hermite moment tensor.
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We require the following robust estimation algorithm that can give a coarse constant-error esti-
mate of the unknown mean and covariance for an adversarially corrupted Gaussian distribution. We
defer the proof to Section A.

Lemma 6 (Proposition 4.15 in Diakonikolas and Kane (2023)) Ler d € Z~ and let o € (0,1)
denote the contamination rate. Let n € R% and let ¥ € R¥? be positive definite. Assume that
« is at most a sufficiently small universal constant. There exists an algorithm that, given n =

poly(d/ «) a-adversarially corrupted samples from N(u,X), runs in poly(n) time and outputs
i € R and a positive definite matrix S € R4 gych that: (1) HE 129 5-1/2 IH2 <0.1,(2)

=228 12 — 1|, <0.1, and (3)| =~ V2(f — p)||,, < 0.1.

We will also need the following estimator whose runtime scales exponentially in the sample
dimension. The proof is deferred to Section A.

Lemma 7 (Inefficient Estimator) Lerd € Z~p, 0 < € < a < 1/4, § € (0,1) be parameters,
and denote by 1 € R the unknown target mean and positive definite ¥ € R**? be the unknown
covariance matrix where |¥ — I4||2 = O(1). Then, there exists an algorithm that on input € and
any set of n > 20(1/€%) (d+1og(1/8)) a-corrupted set of points from N (u, 32) under the mean-shift
contamination model (Definition 1), outputs a ji such that || — p|| < € with probability at least
1 — 6. Moreover, it runs in time 2°@poly (n, d).

3. Gaussian Mixture Reweighting

The key ingredient of our algorithm is the weight function w : R% — R defined as exp ( Cy ”:1’/”22 ) ,

where CY, is some weight parameter that will be chosen later. In this subsection, we analyze the
effect of this weight function on an a-mean-shift corrupted distribution . As we have mentioned
in Section 1.1, since the algorithm starts by normalizing the input distribution with the mean and co-
variance learned from the standard adversarial robust estimator (Lemma 6), we will readily assume
that the clean mean of D is of size O(1) and its covariance matrix is close to the identity.

In particular, our main result of this subsection shows that the reweighted distribution will be a

new mixture where the mixing weight of each component with mean p; will be adjusted by an extra

lli3
di/2

with mean > d/4 /v/Cy weigh significantly less compared to before, and the weight of the target
component remains roughly the same. As an important consequence of the mixing weight adjust-
ment, the size (in a technical sense) of the Hermite moments of the new mixture will become much
smaller. The formal statement is as follows, and we defer the proof to Section B.

multiplicative factor proportional to roughly exp (—C’W ) As a result, the noisy components

Lemma 8 (Properties of Reweighted Mixture) Let C,, > 1, ¢ > 0 be a small constant, o €

(07 1/3_0)’ My 21500 Znsy
0.1, | - I(1 = C,/Vd) " ||r = 0.1, and C,, < d'/?. Furthermore, define

N c, \ ! . -
Y= ( ) =", 5 =30 (1)

dl/2
NG D) + &Y N (2, 8), w(x) be a

Let D be a Gaussian mixture defined as D :=
Cull
2d1/2

weight function of the form w(x) = exp (f ) Then there exist another Gaussian mixture
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Dy = BN (i1, %) + 0, BiN (%, %) for some mixing coefficients 3*, By, - -+ , By such that the
following holds: (1) % is positive definite and ||S|2 < 2, (2) pp(z)w(z) < pp, (), (3) B* >
2/3 4+ ¢/2, (4) Vv € ¥ v i — UTM = O(C’W/dl/Q), and (5) for all positive integers k < 4,
the nuclear norm of the (k — 1, 1)-flattening of degree-k Hermite moment tensor of D,, satisfies

[t 1 1) (Banp,, [Hi(@))]|, < O(d/Cy).

4. Subspace Identification

Recall that in Lemma 8 we have shown that the low-degree Hermite moments of the reweighted
mixture will be small in a technical sense. In particular, we show that its nuclear norm will be of the
order of O(d/C\,), where C\, is the weight parameter, after flattening it into a linear transformation
taking vectors from R? as input. Thus, by a simple counting argument, there must exist a subspace
of dimension at least {2(d) such that the projected Hermite moments of the reweighted mixture is at
most O(1/Cy,) . In this subsection, we present an algorithm that can reliably identify the subspace
with samples from the unweighted mixture D.

Lemma 9 (Subspace Identification) Ler C,, > 1,a,¢,7,€ (0,1/2), p, 21, -2, € R% and
> € R4 pe a positive definite matrix. Assume that ||u1]|?> < 0.1, [|Z — (1 — C,,/Vd) ' I||r < 0.1,
|Z[| = O(1), and C,, < d/?. Let D be a Gaussian mixture defined as D := (1 — a)N (11, ¥) +

as o N(z, %), and w(x) be a weight function of the form w(x) = exp (—%) Define
Cn = Epoplw(z)). Then Algorithm 1 given m = d*e 2 exp(© (C2))r ! i.i.d. samples from D,

runs in time poly(m, d), and with probability at least 1 — T outputs a subspace V' of dimension at
least d/2 satisfying & |Ezmp [hj((v, 2))w(z)]| = O(C1). for all j € [4] and unit vector v € V.

Towards showing Lemma 9, we will first show that the reweighted Hermite moments have good
concentration properties. The formal statement is as follows, and we defer the proof to Section C.

Lemma 10 (Concentration) Let C,, > 1,a € (0,1/2), p,21,- -2, € RY and ¥ € R4
be a positive definite matrix. Assume that ||p|| = O(1), |Z]2 = O(1), and C,, < d'/2. Let
D be a Gaussian mixture defined as D := (1 — a)N(u,X) + 237" | N(2;, X), and w(x) be a

weight function of the form w(x) = exp (—%) Define Cy = E,plw(x)]. Let {x;}",

be m = exp(CC2) - d*/(6€%) iid. samples drawn from D, where C > 0 is a sufficiently
large constant. Then we have that with probability at least 1 — 0, for j = 0,1,--- 4, it holds

[ i et — B [ <

Note that the actual empirical moment tensor ﬁ computed in line 7 of Algorithm 1 uses the
normalization factor Cy, which is an empirical estimation of the true normalization factor Cy =
E[w(z)]. However, since Lemma 10 (applied with j = 0) guarantees that Cy will be a good
approximation to C'y up to small multiplicative factor, as a simple corollary, we obtain the following
concentration bounds for the actual empirical moment tensor ﬁ-, and we defer the proof to Section C.

Corollary 11  Let a,e,7,€ (0,1/2), p, 21, 2n, € R%, and & € R? be a positive definite
matrix. Assume that ||| = O(1), |2|l2 = O(1), and e 2 < d'/2. Let D be a Gaussian mixture
definedas D := (1—a)N (1, 8)+2 3" N (2, 5), w : R? s Ry be the weight function defined
as in line 4 and Cy = E,plw(x)]. Then the empirical moment tensor T, computed in line 7
T, — ON'Epp [Hi(2)w(z)] HF < € with probability at least 1 — T.

satisfies ‘

8
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The desired algorithm is Algorithm 1, and the full analysis (proof of Lemma 9) is in Section C.

Algorithm 1 Subspace Identification

Input: dimension d, constant C\,, set S of m i.i.d. samples from a distribution over RA.
Output: A subspace V.

Let C' > 0 be a sufficiently large universal constant.

Define the weight function w(z) = exp(—Cy||z||?/d/?).

Compute the empirical normalization factor Cy := - > _cw(z).

AN A o

For i € [4], compute the degree-i empirical weighted Hermite tensors using S: JA} =
 Dses w(z) Hi(x)CRh

~

Flatten every 7} into a matrix M; € R 'xd,

Y), cee U((;) and let O'Y), . ,ac(li) be their singular values.

=

8: Compute the right singular vectors v
9: Let Z = Span {vj@ :3i € [4],7 € [d] s.t. Uj@ > CC\;l}.
10: return the orthogonal complement of 7.

5. Mean Deviation and Hermite Moment Matching

In this section, we prove the main one-dimensional structural result described informally in Propo-
sition 4. We view a one-dimensional mixture of shifted N(0,0?) Gaussians as a convolution
X = Z+ oY, where Y ~ N(0,1) and Z encodes the random mean displacement. Since the
target component carries more weight than the sum of all noisy components, Z has substantial
probability mass at the target mean p (i.e., Pr[Z = p] is large). We show that if X approximately
matches the first four Hermite moments of A/(0, 1), then this heavy point of Z must be near the
origin—in particular, y is small.

Proposition 12 (Moment Matching implies no heavy point) Let o > 0, ¢ > 0 be a small con-
stant, Y be standard Gaussian random variable and Z be another random variable over R inde-
pendent of Y. Define the random variable X as the convolution X = Z + oY. If Pr[Z = p] >
2/3 +¢/2, and fori = 1,2,3,4, |E[hi(X)]| < ¢, then = O(e'/*).

Intuitively, classic results from the theory of moments imply that X and the standard Gaussian
must be close in CDF distance. If Z were to have a point mass far away from the origin where the
standard Gaussian has relatively low density, that would result in X having significantly more mass
within the nearby interval while compared to the standard Gaussian. We can then conclude that the
heavy point mass of Z, which corresponds exactly to p in Proposition 12, must be small.

Alas, these classic results are only applicable when we match €2(1) many moments. A more
delicate argument is hence needed to establish Proposition 12, which crucially only assumes mo-
ment matching up to degree 4. In what follows, we provide a more detailed proof sketch, deferring
the formal arguments to Section D.

We first use some basic variance related equalities to show that o2 cannot significantly exceed
1. Next, we proceed to show that with the approximate Hermite-moment-matching constraints, o>
cannot be much smaller than 1 either. Assume for the sake of contradiction that o2 is much less than

1. We can then explicitly write X = oY ++/1 — o2 \/% which views X as the result of applying
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z
V1—0o?2’
that the Hermite moments of \/% is as small as the Hermite moments of X up to polynomial

the Gaussian noise operator U, on

Then it is not hard to show via a deconvolution argument

inflation in (1 — %) ~!. The formal statement is as follows, and the proof is deferred to Section D.

Lemma 13 Leto € (0,1), Z and X be real-valued random variables and Y be standard Gaussian

random variable, where X is defined as the convolution X = oY + Z, and let Z = \/1{7 If for
i=1,---,k

E[hi(X)]| = O(e). then fori =1, .k, |E [hi (2)]] = © (=52 )-

From Lemma 13 and the assumption that o is much less than 1, we know that Z = Z//1 — o2
must also have its moments approximately matched with A'(0, 1). This ends up putting significant
constraints on how much mass Z can put on any single point. In particular, we show the following
anti-concentration property.

Lemma 14 For § € R>, let 7 be a real-valued random variable, and k > 2 be an even integer.
Iffori =1,--- k, E[hZ(Z)H < 0§, where h; is the degree-i Hermite polynomial, then ¥t € R,

7 _ 1+8-v/k-3%/2
Pr[Z =t| < (25:/3 hi(t)Q)'

To show Lemma 14, we formulate the problem of maximizing the point mass at a single point
with approximate Hermite-moment-matching constraints as a linear program in the measure space,
and construct an explicit feasible solution for its dual using the Hermite polynomials. The actual
calculations are rather technical and thus deferred to Section D.

By invoking Lemma 14 with appropriate parameters on Z, we demonstrate that Z can put at
most 2/3 + ¢/2 mass at any single point for a small constant c. On the other hand, we know that
Pr|Z =pu/V1— 02} = Pr[Z = u| > 2/3 + ¢/2 by the assumption of Proposition 12, whence
giving the desired contradiction.

At this point, we have shown that the variance o must live within a small interval around 1. This
essentially reduces the problem to the unit-variance case and so we can employ an almost identical
argument as the one used in Diakonikolas et al. (2025a) to conclude the proof of Proposition 12.

2

6. Proof of Main Theorem

We first argue that the property is satisfied by the whitened distribution D.

Lemma 15 (Coarse Normalization) Letd € Z, and C,, the parameter defined in Algorithm 2.
Assume that C,,/ Vd < 0.1. With probability at least 0.99, it holds that the whitened distribution
D (line 7 of Algorithm 2) is an a-mean-shift corrupted distribution with clean mean [i and positive
definite shared covariance ¥ satisfying that |fil|2 = O(1), ||Z — (1 — C\,/V/d) " ||p = O(1).

We defer the proof to Section E. We next argue that after each iteration of the main loop of

Algorithm 2, the estimation difference f]a Y Q(H — o) projected onto the subspace removed, i.e,
Vi © Vi41, must have small /5 norm.

Lemma 16 (Effective Dimensionality Reduction) Let d € Z,. Let C,, be the parameter de-
fined at line 4 of Algorithm 2, and V;, k = dim(V}), be the subspace of R identified at it-
eration t (line d). Assume that C,, < +/d and the whitened distribution D (line 7) is an o-
mean-shift corrupted distribution with clean mean [i and covariance Y. satisfying that ||fi||z =

10
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Algorithm 2 Robust Mean Estimation via Reweighted Moments

1: Input: dimension d, contamination rate & < 1/4, accuracy € € (0, 1), sample access to an
a-mean-shift corrupted distribution D (see Definition 1).
2: Output: estimator i € R? with ||7i — || < €4/]|X|| with probability at least 2/3.

Let C' be a sufficiently large absolute constant.

Define the weight parameter Cy, := C <10g d )

/¥*Coarse normalization®/
Draw ng = (d/a)¢ samples from D and apply the Robust Gaussian Estimator of Lemma 6 to

obtain 7ip € R? and 5y € R satisfying |5, " (1 — fio)|| = O(1) and ||&; /28,2 -
I =0O(1).
. S = L 125 1/2
7: Define the whitened distribution D whose sample is given by (1 - Cy/ \/ﬁ) I

AN A

o), where x ~ D.
8: /*Dimension-reduction loop*/

9: Initialize t < 1, k + d, and V; + RY. while k > C C2 do
a Define D; to be the distribution of IIy,z € R¥ where z ~ D.
b Draw a sample set S of n; = 200 /€2 i.i.d. points from D;.
¢ W < Algorithm 1(k, Cy,, S), where W C RF.

d Update Viy1 < IIy W, k <= dim(Viq1), t < t + 1.

end
10: /*Low—dimensional exhaustive search*/
11: Run exhaustive search of Lemma 7 using ny = log4(d)20/ ¢ samples to obtain fi; € R¥.

12: return (1 — CW/\/ﬁ) 1/2 V,u1 + L.

o), |~ (1—C,/Vd) " | = O(1). Then with probability at least 1 — 1/(101og(d)) it holds
: —1/4
that | Projy, .., (1)]| = O(Ci™"").

Proof Let w : RF — R be the weight function defined as in line 4 of Algorithm 1. Let ITy, € R¥*¢
denote the (orthogonal) projection matrix onto the subspace V;. Let W C R* be the subspace
returned by Algorithm 1. By line d, V11 = HV W+ and hence V; © Vi = HV W. Denote by D,
the projection of D onto V; (line a), i.e. the distribution of Iy, x where  ~ D. Since D is an -
mean-shift corrupted distribution with clean component N/ (fz, 32), D; must also be an a-mean-shift
corrupted distribution with clean component N (p, X¢), where py = Ily, i and ¥y = Iy, EH%

Moreover, since IIy, is a pI‘O_]CCthH matrix, it holds that ||l = [Ty, allz < ||Ellz = O(1).
Denote by ¢ == (1 — Cy/v/d)~!. We then have that |Z; — cI};||r = HHVz —clg) Iy, HF <
Ty, Iz [12 — eZall 117 |12

= |8 = ely||lr = O(1). Therefore, since Dy satisfies the assumptions of Lemma 9 and the sample

size given is at least d*C2 exp(CC2) (by line b), with probability at least 1 — 1/(101log(d)) for all
J € [4] and every unit vector u € W we have

|Cx' Eanp, [hy((v,2))w(z)]| = O(CR1) 2

11
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for Cy = E,p, [w(z)]. Denote by D}’ the distribution proportional to D; weighted by w. By
Lemma 8, Dj" is exactly proportional to another a-mean-shift corrupted distribution with clean
mean /i and covariance X satisfying that

a>3/4, 3)
i — p1e]|2 = O(Cy /Vd). 4)

In particular, Equation (3) implies that D}’ projected onto an arbitrary unit direction v € W must
be a univariate distribution X that can be written as a convolution of the form X =Y + Z, where
Y is a univariate Gaussian random variable and Z is some random variable satisfying Pr[Z =
{u, j1)] > 3/4. Moreover, Equation (2) implies that E[h;(X)] = O(C,!) for i € [4]. Hence,
Proposition 12 is applicable and yields |(u, ii)| = O(Cy 1 4). Combining this with Equation (4)
gives [(u, )| = O(Cy, Y %) for every unit vector u € W. Therefore,

IProjy,ev,., ()2 = || Projy (u)]l2 = O(Cy ).

This concludes the proof of Lemma 16. |

We are now ready to conclude the proof of Theorem 2.

Proof By Lemma 15, with probability at least 0.99, the whitened distribution D (line 7) is an
a-mean-shift corrupted distribution with clean mean 7 and shared covariance Y satisfying that
|l = O1), || = (1 = Cy/vd)~'I||r = O(1). Condition on this event, we thus have that
D satisfies the assumption of Lemma 16. Therefore, for any iteration ¢, it holds that the Sub-
space Identification algorithm of Lemma 9 succeeds in identifying a subspace V; satisfying that
Projy,cv,,, (B) < O(C’;l/4). with probability at least 1 — 1/(10logd). Since dim(W) > k/2,
line d gives dim(V;11) = dim(W+) < k/2. Hence, with high constant probability, the while loop
will run for at most log(d) iterations. Denote by T the last iteration when the algorithm exits the
main while loop. With high constant probability, we must have that

Projy,ay,., (1) = O(Cy ). )

for all ¢ € [T]. We will condition on the above events in the rest of the analysis. By Lemma 7, the
final mean fi; obtained with probability 0.99 must satisfy

70 =Ty o2 < €/2. (6)

In particular, Equations (5) and (6) together implies that

T
T, i = ll3 = Y 1 Projy,ev,., All3 + 171 — vy, ill3
t=1
< O(logdCy /%) + €2/2
< 2.
_ /2512 ~ e
Recall that Lemma 15 shows that: i = (1 —Cw/ \/(j) Yo" (n — o) , which implies

Cw 1/2 12T ~ —~
l-—= o My, B+ o — p

C \M? a1/2 T o~ a1/2
& g(l—ﬂ) IS5, . 7 — lls < O(ISY2 o).

2

12
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where in the last inequality we have again used our regime assumption that Cy, < v/d. Note that
IZ0ll2 = O(]|Z||2), which is implied by the guarantee of robust covariance estimation (Lemma 6)
stating that || f)a Y ziig V2 ||F < 0.1. Moreover using the union bound we have that the proba-
bility of success is at least 2/3.

Lastly, we analyze the sample complexity and the runtime of the algorithm. The Robust Gaus-
sian Estimator of Lemma 6 consumes at most ng = poly(d/«) many samples and runs in poly(dng)
time. The Subspace Identification algorithm consumes at most n; = 20(C%) = 2, for Cy =
O (log(d)/€)*, and runs in poly(dn;) time. Moreover, we invoke it for at most log d many times.
The exhaustive search algorithm is executed on a distribution of dimension O(C2). Therefore, it
consumes at most ng = 0(03)20(672) samples and runs in time 20108 ¢/ 9", Hence, both the sam-
ple complexity and the run-time complexity of the algorithm is given by 205 +1/€* This concludes
the proof of Theorem 2. |
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Appendix

The appendix is structured as follows: Section A includes additional preliminaries required in sub-
sequent technical sections. Section B contains the proof of Lemma 8, establishing key properties of
the reweighted samples. Section C proves the guarantee for the subspace identification algorithm
(Algorithm 1). Section D contains the full proof of our moment matching result for a gaussian mix-
ture with a very heavy component (Proposition 12). Finally, Section E contains the proof omitted
from Section 6.

Appendix A. Omitted Facts and Preliminaries

Algebra While Definition 5 provides an entry-wise definition, Hy(x) has a coordinate-free equiv-
alent representation that sums over permutations to capture the underlying partitions as follows

Lk/2]
1 E —2i i
Hk(.’L’) = ﬁ Ck7i Sym <$®(k 2 ) & I&g) ) s
=0

where the operator Sym(7T);, i, = 7 > permutations o of i Ti maps any order k tensor 7’

o(1)»"" 7io'(k)
to a symmetric tensor with same order, and cj, ; := W is the constant scalar that ensures each
unique partitions is only counted once.

We will also use the following fact on entries of Hermite moment tensor under the Gaussian

distribution.

Fact 17 (Lemma 2.7 in Kane (2021)) Forz ~ N (u, I +%), k € N, and iy, --- i}, € [d]F

(E[Hk(@)]);, .. 4, = 1]{:, > I =i IT

* Partitions P of [k] into {a,b}€P {c}eP
sets of size I and 2

Equivalently, the coordinate-free representation is as follows

1 k2

E[Hy(z)] = i > G _k;i)!i!Sym (u@’(k_%) ® E®i) .
© =0

Probability Theory and Robust Statistics We require the following facts in our proof.

Definition 18 (Gaussian noise (Ornstein-Uhlenbeck) operator) For p € [0, 1], the Gaussian noise
operator U, maps a univariate distribution P : R — [0, 1] to the distribution of random variable
pX ++/1—p2-Y where X ~ PandY ~ N(0,1) are independent.

Fact 19 (Gaussian Noise Operator Preserves Hermite Moments) For p € (0, 1) and univariate
distribution P : R — [0,1], it holds that E,_y; (p[hi(x)] = p' - Eg~plhi(z)).

Fact 20 (Gaussian Hypercontractivity inequality Bonami (1970); Gross (1975)) Let f : R —

R be a degree < k polynomial and q > 2, then ||p|l, < (¢ — 1)*/?||p|l2. Specifically, when q = 4
we have that ||p||s < 3%/2||p||a.

17
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Lemma 6 (Proposition 4.15 in Diakonikolas and Kane (2023)) Ler d € Z~( and let a € (0,1)
denote the contamination rate. Let ;1 € R% and let ¥ € R¥*? be positive definite. Assume that
« is at most a sufficiently small universal constant. There exists an algorithm that, given n =
poly(d/ @) a-adversarially corrupted samples from N(u,X), runs in poly(n) time and outputs
i € R and a positive definite matrix S € R4 sych that: (1) HE 129 5-1/2 IH2 <0.1, (2)

|S 22812~ 1], < 01, and (3|72 - |, < 0.1

Proof We first show property 1. [|[S1/2E5-1/2 [, < [S712E8 Y2 [||p = O(alog(1/a)).
Equivalently, we have that V2 € S%! (27125512 — 2T = O(alog(1/a)), then since
$-1/2 and $1/2 nonsingular whence injective, suffices to substitute x with z’ $-1/251/2 Indeed,
(71285712 - ()T = O(alog(1/e)) < 0.1,V € S, for carefully chosen constant in
n as desired.

We next show property 2.

Hifl/QEifl/Q _ IH _ H( 1/221/2)(/\71/22%71/2 _ )(A71/221/2)TH
< H( SREY)||(ETYPEETVE - D)|R||(ET2EY2) T2
OMI(E?E572 — 1)l = O(alog(1/a)) < 0.1,
where the second inequality follows from singular value decomposition, Cauchy-Shwarz inequality,
and the fact that Frobenius norm is unitarily invariant, and the last inequality follows from Lemma 6

and the property of operator norm that || AT A||o = ||AAT || = || A|3, as desired.
Property 3 was shown in Diakonikolas and Kane (2023), which concludes the proof. |

We need the following facts to prove Lemma 7.

Fact 21 (see, e.g., Corollary 4.2.13 in Vershynin (2018)) Let & > 0. There exists a set C of unit
vectors of RY such that |C| < (1 + 2/€)? and for every u € R? with ||u|| = 1 it holds minyec ||y —
ull <&

Fact 22 (One-dimensional estimator, see, e.g., Kotekal and Gao (2025)) There exists a sufficiently
large constant C' > 0 such that the following hold. Let ;n € R,o0 > 0 be the (unknown) mean
and variance and a < 0.49. There is an algorithm that given, ¢ > 0, 6 € (0,1) and a set of
n = 20(ac/e)? log(1/6)/a? a-corrupted samples from N (u, o) according to the mean-shift model
(Definition 1), finds i € R such that, with probability at least 1 — 0, it holds |fi — pu| < e. The
runtime of the algorithm is poly(n).

Lemma 7 (Inefficient Estimator) Lerd € Z-o, 0 < ¢ < o < 1/4, § € (0,1) be parameters,
and denote by 1 € R the unknown target mean and positive definite ¥ € R**? be the unknown
covariance matrix where |¥ — I4||2 = O(1). Then, there exists an algorithm that on input € and
any set of n > 20(1/€%) (d+1og(1/8)) a-corrupted set of points from N (1, 32) under the mean-shift
contamination model (Definition 1), outputs a [i such that ||t — p|| < € with probability at least
1 — 6. Moreover, it runs in time 2°@poly (n, d).

Proof
Denote by 7' = {x;}",,z; € R? the points from the a-corrupted version of A'(u,Y) and
denote by C the cover set of Fact 21. The algorithm is the following: First, using the algorithm

18
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from Fact 22, calculate a m,, for each v € C such that ‘mv — ,u| < €/8 (see next paragraph for
more details on this step). Then, output the solution of the following linear program (note that the
program always has a solution, as it is satisfied by 1 = pu):

Find 7i € R?s.t.
<e/4,YveC.

)vTﬂ_ My

The claim is that this solution jz is indeed close to the target y, since

|l — il < 2macx’vT(,u—ﬁ)’ (using Fact 21)
ve
< Qmax(‘v—ru — My| + ’mv — UT,L/I’)
veC
<2(e/8+¢€/4) <e€. (7

We now explain how to obtain the approximations m, with the guarantee ‘mv — UT,U,| < €/8.
Fixing a direction v € C, we note that when z ~ N (y,¥) then v’z ~ N(v'p, v Xv), thus
{vT2;}, is a set of samples from an a-corrupted version of A'(v'u,v"¥v). Note that since
|2 —I4]lF = O(1) we have that forany y € R? : ||y|| = Litholds y ' Sy = y " (S~ Ip)y+y ' Ly =
O(1). Hence the variance in the direction v is v' v = O(1). Thus, if we apply algorithm
from Fact 22 with probability of failure ' = §/|C|, the event |m, —v'u| < ¢/8 will hold
with probability at least 1 — ¢/|C|. By union bound, the probability all the events for v € C
hold simultaneously is at least 1 — §. The number of samples for this application of Fact 22 is
20((a/6)2) 10g£)12/6’) _ 20((a/e)2) d+10§2(1/6) .

We conclude with the runtime analysis. The runtime to find the m,’s is O(|C|poly(nd)) =
20 poly(nd) since for each fixed v € C we need poly(nd) time to calculate the projection {x; v}
of our dataset onto v and poly(n) time to run the one-dimensional estimator. The linear program can
be solved using the ellipsoid algorithm. Consider the separation oracle that exhaustively checks all
20(@) constraints. We need poly (d) log(g) calls to that separation oracle, where R, r are the radii of
the bounding spheres of the feasible region. First, R < ¢, because we have already shown in (7) that
the feasible set belongs in a ball of radius € around p. Regarding the upper bound r, note that all jz
inside a ball of radius €/8 around . are feasible since ‘vTﬁ — mv‘ < ’UTZZ - UT,u{ + ‘UT,U — mv} <
|t — pll + €/8 < €/4. This means that » = ¢/4. Hence the total runtime for solving the LP is
20 poly(d) or simply 29(9). Noting that for any C' > 0, 20(0‘/6)2/&2 < 230/€* concludes the
proof. |

Linear Programming We derive duality of Linear Programs to view the problem through a dif-
ferent lens. Below are the two different dualities and the corresponding property that we use in
our proofs. We start by introducing the widely used weak duality of Lagrange duality that works
for any optimization problem and can be easily derived by hand via the standard method of linear
combinations (see e.g. Bertsimas and Tsitsiklis (1997)).

Lemma 23 (Weak Duality of Lagrange duality (Chapter 8 of Luenberger (1997))) Any constrained
optimization problem, including those defined over infinite dimensional measurable spaces, has a
Lagrange dual. Furthermore, if the primal is the maximization problem with optimal objective value

p*, and denote by d* the optimal objective value of its Lagrange dual, then p* < d*.
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While weak duality of Lagrange duality captures the relation of the optimal objective values
between primal and dual, Gauge duality establishes a fundamental correspondence between the set
of optimal rays for the primal and dual problems (see, e.g. Tyrrell Rockafellar (1970)). We will use
the homogeneous duality stated as below which is a special case of Gauge duality suited to a more
constrained family of problems under consideration.

Lemma 24 (Homogeneous Duality) Ler IC be a cone, and F,G : K — R be positively homoge-
neous functionals of degree 1, i.e. Ya € R>g and f € K, F(af) = aF(f) and G(af) = aG(f).
Then the optimal value opt(LP : inf) of LP:inf and the optimal value opt(LP : sup) of LP:sup are
reciprocals, i.e. opt(LP : sup) = (opt(LP : inf))_l. Moreover, LP:inf and LP:sup are radially
equivalent, i.e. the optimal solutions of LP:inf and these of LP:sup are positive constant scalar
multiple of each other.

inf F(f) supG(f)
feC fecC
st. G(f)=1 (LP:inf) st. F(f)=1 (LP:sup)

Proof Denote by v;, ¢ and Usyp the optimal solution of LP inf and LP:sup, respectlvely We will
show that v;,y = (vsup) by showing v;, < (vsup) and vjpp > (vsup) . And we can see
along the proof that each optimizer of LP:inf can induce a corresponding optimizer of LP:sup in the
same direction, and vice versa.

We first show that v, > (vmf)_l. Let f* be a minimizer of LP:inf, then F(f*) = vy
and G(f*) = 1. Denote by g := f ~_, then by degree-1 homogeneity of F' we have that F(g) =

—L_F(f*) = 1 whence g is in the fea51ble region of LP:sup. Since G(g) = —

Vinf Vinf )
1
Vsup = Tp? as desired.

we know that

We next show that v, < (vin f)fl Let g* be an maximizer of LP:sup. Then G(g*) = vgyp
and F'(¢*) = 1. Denote by f := -Z— then by degree-1 homogeneity of G we have that G(f) =

LG(g*) = 1 whence f is in the fea51ble region of LP:inf. Since F(f) = 1p, we know that

Vsup Vsu

Ving < ——, which concludes the proof.

The rad1a1 equivalence of LP:inf and LP:sup follows from noting that the above construction of
¢ via minimizer f* of LP:inf gives an optimizer of LP:sup in the same direction as f*, and similarly
the above construction of f via maximizer g* of LP:sup gives an optimizer of LP:inf in the same
direction as g*. |

Appendix B. Omitted Proofs for Section 3

Lemma 8 (Properties of Reweighted Mixture) Let C,, > 1, ¢ > 0 be a small constant, o €
(0,1/3 —¢), pt, 21, - 2n, € R% and ¥ €
0.1, | - I(1 = C,/Vd) " ||r = 0.1, and C,, < d'/?. Furthermore, define

I N

Y= <2 i3 > =SS 5 =2 ()
Let D be a Gaussian mixture defined as D := (1 — a)N(p, X) + 37" N (2, 2), w(zx) be a
Col|||”
2d1x/2

weight function of the form w(x) = exp ( ) Then there exist another Gaussian mixture
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Dy = BN (i1, %) + 0, BiN (%, %) for some mixing coefficients 3*, By, - -+ , By such that the
following holds: (1) % is positive definite and ||S|2 < 2, (2) pp(z)w(z) < pp, (), (3) B* >
2/3 4+ ¢/2, (4) Vv € ¥ v i — UTM = O(C’W/dl/Q), and (5) for all positive integers k < 4,
the nuclear norm of the (k: — 1, 1)-flattening of degree-k Hermite moment tensor of D,, satisfies
| flatx—1,1) (Bznp,, [He(@)])||, < O(d/Cy).

Proof We give the proof of each of the items in the lemma statement in order.
Cy
di/2
and |32 < 2 Indeed, the eigenvalues of ¥ are all positive follows from the fact that ¥ is positive
definite and & Zi/z > 0. Furthermore,

. -1
Covariance Spectral Analysis First, we show that ¥ = (E_l + 1 ) is positive definite

- 1 G\
190 < (g + o) < 19l <2

where the last inequality follows from Lemma 6, which concludes the proof of (1).

New Gaussian Mixture Expression Secondly, we analyze the effect of the weight function w(x)
on a single Gaussian component.

Claim 25 (Reweighting a single component) For any vector u € R% and any positive definite
matrix S € R it holds that

Co V2 1o fo a2\
DA (u,5) () - w(z) = det (Id + Ve S> exp | —5u S+ C—Id U p/\/(ﬂ,é)(x) ,

where S = (St + (C’W/dl/Q)I)fl, = SS"1u.

Proof For convenience, we define A = C,,/d"/2. Note that we have

DA (&) () = (2m) /2 det(S) /2 exp (—;x ~ TS (e —w) ;xﬁd:c) .

By treating w(x) as (QT’T)d/2

(2012) we have that,

"Pa(0,11,) (x) then applying Section 8.1.8 of Petersen and Pedersen

_ 1 1 \"!
PA) (@) - (@) = det (Ig+AS) ™ exp (-M (”ﬂd) U> Par(a.8) @) -

This concludes the proof of Claim 25. |

For convenience, we define

o ~1/2
Ciyot = det (Id + 2) , (8)
1
. 1 dl/?
B = exp —iﬂT (Z + C’Id> 8
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_ 1 dl/? !
B; = exp —521 X+ C—Id zi | Vi € [n]

Applying Claim 25 to each of the Gaussian component within D gives that pp(z)w(x) is equal to

po(@)w(@) = (1= ) CaaB'Prr(ns) (@) + = Caa D Biby(z,5)()
i=1

where [i, Z;, Y are defined as in Equation (1). Furthermore, if we define C'yy as the sum of the
coefficients in front of the Gaussian density functions on the right hand side, i.e.,

— a n —
Cn = Cet ((1 —a) g+ - 251) ; ©))
then we immediately have that
(1 — a) Clet B* U - an~! Clet Bz s
S N (u, 2) +3 TN (zz,z) (10)

i=1

is a proper Gaussian mixture. We can therefore set

(1 - a) Cdet B* 5 - an_l Cdet Bz
CN ) (2 CN )

and conclude that pp(z)w(z) = Cn pp,, (x) for Dy, := B*N (u, ) + >0 BN (zz, ) . This

concludes the proof of (2).

B* = (11)

Lower Bound on Clean Component Weight We next proceed to bound from below 5*. Since

B = %, it suffices if we can bound from above Cx and bound from below 3*. For 5%,

_ 1+ ar 7
* = —= Y4 —1,
B* = exp 5 H + e

1
> exp H HZ d1/2
4+3c

4+66

we have that

12)

where in the first inequality we use that the minimum singular value of E+ I is at least d'/2 /Cyw,

and the last inequality follows from the assumption that || u||2 < 0.1 and Cy, < 200d1/ 2log (1+ 7) +3C>

d1/2

For Cl, since X is positive definite, then (Z + 1, d) e 0, which implies that

(E + %Id) p > 0. Hence, 5%, 3; < 1foralli =1,---n. Thus,

Q (Cdet) S CN S Cdet; (13)

where the first inequality follows from Equations (9) and (12). Combining Equations (11) to (13)

gives that 5* > (1 — «) iigg > e iigg = 2 4 £. This concludes the proof of (3).
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Bound Reweighting Bias Next, we show that at any direction the mean of the clean component
N (p, ¥) won’t deviate too much after reweighting. Indeed, for all v € S¢!

C _].
(<I+ Gy ) "
Co N\
‘ (I + dl/22> -1

where the second inequality follows from Cauchy Schwartz inequality and the definition of operator
norm, and the last inequality follows from the fact that ||x|| = O(1) and O(1)I; = ¥ > 0 hence

-1
H (Id + d(f;g Z) ~Ll =1-—-21— =0 (C’W/dl/Q) as desired, which concludes the

1+0(Cw/d1/?)
proof of (4).

C _].
vl (2 + dml) Slu—oTul =

= 0(Cw/d'?),
2

< lull

2

Bound Low-degree Hermite Moments Lastly, we show that the (k — 1, 1)-flattened degree-k
Hermite moment tensor of the new mixture distribution D,, has its nuclear norm bounded from
above by O(d/Cy,). For this purpose, we will first bound from above the Frobenius norm between
the reweighted covariance matrix 3 and the identity.

Claim 26 1t holds that Hz - IHF — 0(1).

Proof For convenience, we define the scalars v = (1 — Cy,/v/d)~" and ¢ = C\//d, noting that
1 — ¢ = y~L. We can then rewrite the deviation of the updated matrix as

YS-I= )T I =TT+ T = T+ ()T - 1L
By factoring (I + ¢X)~! to the left, we get that

S—I=(I+¢) Y2 - I +¢R)
= +¢X)7'(E1-¢) 1)
=(I+¢X) ' 1-OE-1-07')
= +¢X) (1 =QE =)

Given the assumption that ¢ = Cy,/v/d < 1/2 hence |1 — ¢| = O(1). Since ¥ > 0 and ¢ > 0, all
eigenvalues of I + (¥ are at least 1, hence ||(I 4+ (%) 7tz < 1. Therefore ||(I +¢X) 11— ()|]2 <
1—¢=0(1).

Recall by assumption || — T PyH% = O(1). Hence, we have that the i-th singular value of a
matrix product can be bounded from above by the product of the spectral norm of one factor and
the i-th singular value of the other. Thus, we have that

1

0i(E—1) < (I +¢E) (1= Oll20i(E —7I) S 0i(2 =),

Consequently, we can conclude that |X — I||% = 3, 03(X — )2 < 32, 04(2 — 4I)? = O(1). This
concludes the proof of Claim 26. |

We then proceed to bound the low-degree Hermite moment tensor of each of the Gaussian
distribution N\ (u, ) within the reweighted mixture D,,.
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Claim 27 Let u € R? and My, (u) be the (k — 1,1)-flattening of the degree-k Hermite moment
tensor of N'(u, X). Assume that |X — I||p < O(1). Then it holds that

|4 < O (Jlullh + v [lul® + Va) ,
|Ms (). < O (Il + Va|ul) .
|02 < O (Jluly + V) ,

1M, < O (Jlull2)

Proof We focus on bounding from above the nuclear norm of the (3, 1)-flattening of the degree-4
Hermite moment tensor as the arguments for the lower degree Hermite moment tensor are similar
and simpler. To analyze the nuclear norm of the flattened matrix My (u) derived from the fourth-
order Hermite tensor E,..p[H4(z)], we first apply Fact 17 to expand the components of M into
sums over partitions of {1, 2, 3,4} into sets of size one and two. Specifically, the entries M;, ;, i i,
are given by a constant multiplied by a sum of terms involving tensor products of the mean compo-

nents u and covariance perturbations A := (f) —1TI ) . For all the terms whose last tensor component

is u, we note that the resulting tensor product will be a rank-1 matrix after flattening. In such cases,
the nuclear norm is the same as the Frobenius norm of the tensor, which is at most O (||u||*) for
u®* or O (||u||?) foru ® A ® w and A ® u ® u. For all the terms whose last tensor component
is A, the nuclear norm after flattening is at most the nuclear norm of A multiplied with the Frobe-
nius norm of either uu' or A. In other words, the nuclear norm can be bounded from above by

VA|Allp (|A]F + ul3) <O (\/&+ \/&Huug). The bound for Ms(w), Ma(w), and M (u) can

be established via a similar case analysis on the tensors u®3, u®A@u, A®u®?, u®?, A, u. This
concludes the proof of Claim 27.
[ |

We note that the (k — 1, 1)-flattening of degree-k Hermite moment tensor of D,, can be bounded
from above by a convex combination of

1 -+ d1/2 -1
exp —§u Z—FCiId w | ([ My (u) ||«
w

for u € {u, 21, - - 2z, }. Combining Claims 26 and 27 gives that

1 - d1/2 -t
exp —iu Y4+ —1y u | || Mg (u)]]

-1

1 d1/2

< O(1) exp —iuT <E + C’Id> u (HUH% + ||ulls + Vd|ul|3 + Vd||ul|2 + \/g>
w

C| )
< 001) exp (= Sul) (ol + ulf + Valul} + Vallul + Va)
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where in the last inequality we have again used the fact that the minimal singular value of (E + %1 d)

is at least CW/\/;i.
Note that the each of the term is of the form fi(z) = 2* exp(—~y?), where v = Cy /v/d = o(1)
and k € [4], multiplied by powers of d. Hence, we will first prove the following generic claim.

Claim 28 For any x > 0 and k € [4], it holds that fi,(x) = z* exp(—vz?) < (k/(2e7))*/2.

Proof This follows by solving the maximum value of fj, using calculus. |

It thereby follows that
exp (=l ) (Il + Il + VLl + Valula + va)

<o) <(¢a/cw)2 +(Vajes) +vi (Vae) + m)
<0(d/cy),

whenever 1 < Cy, < v/d. This concludes the proof of (5) as well as Lemma 8.

~

Appendix C. Omitted Proofs for Section 4

Lemma 10 (Concentration) Let C,, > 1,a € (0,1/2), p1, 21, - 2p € R and ¥ € R4 pe

1
a positive definite matrix. Assume that ||u]| = O(1), (1), and C,, < d'/2. Let D
be a Gaussian mixture defined as D := (1 — a)N (1, X) + £>°" | N (2, %), and w(zx) be a

weight function of the form w(x) = exp (—%) Define Cy = Eyplw(x)]. Let {x;}",
be m = exp(CC2) - d*/(6€%) iid. samples drawn from D, where C > 0 is a sufficiently

large constant. Then we have that with probability at least 1 — 90, for j = 0,1,--- .4, it holds
| o, el g, [Re@] | <

Proof Fix j € {0,...,4} . For simplicity, denote by 7" := L 3™, %NM E.wD [%ﬁ(m)]
the difference tensor between the empirical and the populatlon weighted Hermite moment tensors.

Our goal is to show that ||T||% < €2 with high probability. To do so, it suffices for us to show an
upper bound on the expected value E [HTH%] < €2, and then the result will follow from Markov’s
inequality. Note that x1,--- , z,, are i.i.d. samples drawn from some Gaussian mixture where all
the Gaussian components share the same covariance matrix 3. We will condition on an arbitrary se-
quence of Gaussian components from which each sample is drawn and z1, - - - , z,,, can be viewed as
independent samples drawn from the Gaussian distributions N (u1, 2), - -+, N (u,, 2) respectively.
We therefore have that

u“ 1, W)

Z E[Tﬁll]} Z Vary, ...z~ [;Z h,

ll,'”,lj =1
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Hj(2))y, .y

1 ( "
= — g Varg.p [ =
m CN

lly"'vlj

% Z E.wD [(Hg(x))ilj wQ(xi)]
Lol

w(:c,-)]

IN

Ck

_n @) e )
m z~D C]QV
1
< —max By [HH( )% 0(2 )] a4

where the first inequality follows from the definition of variance, and the second inequality follows
from the fact that D is a mixture of Gaussian with covariance . We therefore focus on bounding

2
from above the term E,.zr(, 5) [||H( )||37 (wc(]ﬂé))

Cullz|? 20:) |1z
w($)2 :eXp<— dll‘/ZH ) :exp<—( Qdi’/2 H ) )

Therefore, by Claim 25 applied with the parameter 2C,,,

for an arbitrary u € R?. Note that

20, ) ? 1 a2\
PNy (T) - w(z )2 = det <Id + FIvE] ) exp —§u X+ fld u pN(aj)(x),

. -1 .
where ¥ = (Z_l + 283 Id> and 7 = XY~ 'u. Thus, we have that

2
ErN(u,) [HHJ(@Hi’ (%}?)

101120 v 1Tzd1/21_1 E H:(z)|]?
- g et (L Jom) e gt (B4 Gt ) w) B 1]

15)

We analyze the right hand side of the equation term by term. The following claim helps us control
the square Frobenius norm of the Hermite tensor under N (1, X).

Claim29 Let x ~ N(u,S) be a random vector in R%, where the covariance matrix satisfies
IS]l2 < O(1). Then, for any j € {1,2,3,4}, the expected squared Frobenius norm satisfies:

E [||H;(2)||3] S [Jully + &

Proof Recall that the degree-;j Hermite tensor H;(xz) can be expanded as a sum of terms involving
tensor products of x and the identity matrix I;. Specifically, we have that

l5/2]

7 2 cusm (#0 w 17).
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By the triangle inequality and the fact that Sym is an orthogonal projection (hence non-expansive
in Frobenius norm), we have

S

| Hj(z)||F < —= |cj
1 L§J

< — |Cj,l
Vil =

ISym (20720 @ I7)

I

=070 @ 1]

Moreover, using | A @ Bl[r = ||Al|¢||B|r, [+¥||r = [l[5, and || I4]|r = v/d, we get
122020 @ 15| = [l allf = [l a2,
Defining ¢}, := |c;;|/+/J!, we obtain the pointwise bound
13/2]
| H@)llr < Y lleld™ d? < (lalls + Vay,
=0

where the last inequality follows from the binomial theorem and the fact that max; c;-7 ;= O(1) for
fixed j (in particular, for 7 < 4). Squaring this expression yields:

23 i
1H; @) < (lally’ + 7).

Next, we decompose the random vector as = u + S¥/2z, where z ~ N (0,14). Using the
inequality |ja + b||3 < 2||al|3 + 2||b]|3 and the operator norm bound ||S/?||; = O(1), we have

2|13 < 2||ull3 + O(1)]|2]|3. Consequently, the 2j-th moment satisfies:
0 0i 0 .
E [Jle)] < Il + EI=) + &

Since 2 is a standard Gaussian vector, E[||z||>] < d/. Substituting this back into the bound for the
Hermite tensor, we conclude that:

E[|Hj(@) 7] S llully’ +d .

This concludes the proof of Claim 29. |
- - —1
For the distribution A/ (@, 33), recall that 3 = (E_l + %Id) . Hence, writing a := %,
- _ 1 1 1
5 :HE*1 I IH: - - < A (2) = 12
1212 (37 +aly) 2 Amin(E7M+als)  Anin(ETH) 4a g 1(E) +a = M (&) =112

In particular, as long as |||z = O(1), we get |2]|2 < O(1). Moreover, the £ norm of @ is at most
3% tulla = O(|Jul|2). Applying Claim 29 then gives that

1 7 a2\ 2

27



DIAKONIKOLAS GAO IAKOVIDIS KANE L1U PITTAS

N

-1
j 2 1 d'?
(& + [|ul|*) exp —Eu X+ ffd u

= |lu||* - exp < \[ Hu||2) + (for a sufficiently small constant ¢ > 0)

< ((x/&/cw)j +dj> — o)

where the last line uses Claim 28 and the assumption that C' > 1.

(16)

Next, we proceed to bound from above det (Id + 31%) /C%. Using Equation (13), we have

1/2
that Oy > Q(Clet) for Cger = det (Id + G 2) 1Tt follows that

det (Id + S z)
1/2
det (Id + 20 2)
1+ S az(z))

172
+ jlc/wg i(2)>

det <Id+ 3§2> /0% < 0(1)

[T

)

—

—_
r—t/—\

Cu sy G
d

Wi (2)? —|—o(1/d)>>>

(Taylor Expansion of In(+).)

a7

where the last inequality uses the assumption that ||X||% = O(d). Combining Equations (15) to (17)

then gives that

w(z)

2 .
) ] < @ ep(0(C2)

Es o) [nH( >||%<

Substituting this back into Equation (14) yields that

S R[] S esp(0(Ch))

Lyl

Applying Markov’s inequality to the nonnegative random variable ||T'||%:

Pr(|[T]|p > € = Pr|T|I% > €] <

< BTl 00 exp(0(CE))

me?
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Hence, if m = d’/ exp(O(C2))e 26" then Pr[||T||r < €] > 1 — 4. For j at most a constant (4
in our case) we have that m = d* exp(O(C2))e~25~! samples suffice. This concludes the proof of
Lemma 10. u

Corollary 11 Let a,e,7,€ (0,1/2), p, 21, 2n, € R%, and ¥ € R¥™*? be a positive definite
matrix. Assume that ||u|| = O(1), O(1), and €2 < d'/?. Let D be a Gaussian mixture
definedas D := (1—a)N (1, 8)+ 23" N (2, 5), w : R? = Ry be the weight function defined
as in line 4 and Cy = By p[w(z)]. Then the empirical moment tensor T; computed in line 7

N Eeop [Hi(2)w(z)] HF < € with probability at least 1 — T.

satisfies ‘ Al

.0

Proof Fix i € {1,2,3,4) and let z1, ..., zm "<& D. Write

L bl LSHu@) g L
Eg :L‘t T; = m; CN 5 T; = ExND[Hz( ) ( )]

Also define the C'y-normalized empirical tensor
m :
Then

~ (1 " Hy(x)w(xy)

t=1

(Bama)e oo

First we control the second term. Apply Lemma 10 with index j = 4 and failure probability 7/3
(and accuracy parameter €/2). With probability at least 1 — 7/3,

IT; — Tillp < €/2. (18)

Now we control the first term. Note that the first term in frobenius norm is at most 1’

| T; || 7. Apply Lemma 10 with index j = 0 and failure probability 7/3 and error d ™~ exp( C C2)e
for a sufﬁmently large constant C > 0. (Recall Ho(x) = 1, so this is concentration of Cy/C\y.)

1‘ < d*exp(—O(C3)). Onthisevent, Cy € [3Cy, 2Cy],

hence B ‘
Oy _q —4 2
Cn Cn ed exp( — CC’W) _4 9
— —1| = = < = — .
‘ o 1‘ o < 12 ed *exp( — CCy) (19)
N

Now it remains to bound ||T;|| . By the triangle inequality and (18),

ITllF < I TllF + 1T = Tillr < | TillF + /2. 20)
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Moreover, by Jensen,

2
< Ewa

m%—\
F

By H2)012)]

Cn

’Hi(x)w(ﬂf)
Cn

i

The second-moment bound established in the proof of Lemma 10 gives

) 2
Eznp Hilz)u(z) < d'exp(0(CY)), (21)
Cy  lp
and hence
IT||r S d®exp(O(CR)). (22)

Hence combining the above, since we set the constant C' sufficiently large, we have that
Cn —
1| Tl < ez
Cn

Applying the union bound concludes the statement. |

Lemma 9 (Subspace Identification) Let C,, > 1,c,¢,7,€ (0,1/2), pt, 21, - 2n € R%, and ¥ €
R¥? pe a positive definite matrix. Assume that ||p||?> < 0.1, |2 — (1 — C,,/Vd) " ||p < 0.1,
|Z|| = O(1), and C,, < d/2. Let D be a Gaussian mixture defined as D := (1 — a)N (11, ¥) +

as ot N(z, %), and w(x) be a weight function of the form w(x) = exp (—%). Define

Cn = Epoplw(z)). Then Algorithm 1 given m = d*e 2 exp(© (C2))r ! i.i.d. samples from D,
runs in time poly(m, d), and with probability at least 1 — T outputs a subspace V' of dimension at
least d/2 satisfying % Eop [hi((v,2)w(x)]| = O(CY). for all j € [4] and unit vector v € V.

Proof We will show that Algorithm 1 is the desired algorithm. Fix i € [4]. For simplicity, denote
by T; := CK,IE% p [Hi(xz)w(x)] the normalized reweighted degree-i Hermite moment tensor, and
denote by M its (¢ — 1, 1)-flattening. By (5) of Lemma 8, the (i — 1, 1)-flattening of 7T; satisfies
that

1Mi], = O(d/Cw). (23)

By Corollary 11, with probability 1 — 7 the empirical moment tensor satisfies that

with probability at least 1 — 7. We will condition on Equation (23)in the rest of the analysis. In
particular, by Cauchy’s inequality, this implies that

T, - T

ngVi (24)

<e. (25)

*

-

Combining Equations (23) and (25) and the triangle inequality for the nuclear norm then gives that

M|l = | M; — M; + M|« < || M; — Myl + [|Mi]|« = O(d/Cy). (26)
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Now let agi), . ,a((;) be the right singular values of ]\/ZZ and let ¢ > 0. Define r := [j : 0; > t|.

Since all o; > 0, we have ||]\/4\ZH* = >_;0; > rt, hence r < ||]\/4\Z|]*/t = O(d/(Cywt)). If we set
to be the cutoff threshold in Line 9,i.e., t = CCy,! for a sufficiently large constant C' > 0 we have
that » < d/8. Hence, the dimension of Z is at most d/2, showing that V' is a subspace of dimension
d/2.

It then remains to show that the Hermite moments are small within the subspace identified.

Denote by Z the subspace constructed at line 9. By the definition of Z, we have that
|Mivll> = O(CFY)

w

for all unit vectors v over Z+. Next note the flattening identity
(W T}) = <U®(i_1)aﬂa’ﬂ(i—1,1)(ﬁ)v> = (¥ M),
Hence, by Cauchy—Schwarz and ||v||2 = 1,
W, T)| = [P, Miv)| < [0V s | Mol = [ Moll2 = O(CY).
Finally,
[ T)| < [, T)] + [0 T = T)| < OGN + 1T = Tillr - [v® e < O(CY) + 1T = Till

and under the concentration event, this is O(Cy,!). This concludes the proof of Lemma 9. |

Appendix D. Omitted Proofs for Section 5

Lemma 13 Leto € (0,1), Z and X be real-valued random variables and Y be standard Gaussian
random variable, where X is defined as the convolution X = oY + Z, and let Z = LQ If for

i=1,--,k |E[hi(X)]| = O(e), thenfori=1,--- |k, }E[h( )H— (W)

Proof Indeed, X = m Z+4+0-Y =U \/—( ) Thus, from Fact 19 we know that
UE [h ( ) ‘ = ‘ 1— 02 T_oi/2 * ‘ = (7/2> as desired. H

Lemma 14 For § € R, let 7 be a real-valued random variable, and k > 2 be an even integer.
If fori =1,---, [hZ(Z)H < 0, where h; is the degree-i Hermite polynomial, then ¥Vt € R,
PI' Z =t < M

Z=1] (S5 hi()?)

Proof For an arbitrary point ¢ € R, consider the following linear optimization problem over the
cone of non-negative measures on R that maximizes the point mass at ¢ satisfying normalization
constraint and first ¥ Hermite-moment-matching constraints up to slack d:

sup Pr [Z =1
P is a non-negative measure on R Z~P
subject to / pp(z)dr =1 (Primal)
R

<é fori=1,--- k.

/ hi(z)pp(z)dzx
R
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Since there is no general closed form solution for measurable LP Equation (Primal), we derive its
Lagrange dual by hand to provide a formulation that is more amenable to analyze. Formally, we
have that

k
erih x0T z; i
1=
subject to Z cihi(t) > 1, (Dual)

z 0

ZCZ i(x) >0, VaeR\{t}.

By Lemma 23, the objective of Dual forms an upper bound on the objective of Primal. While in
Primal the goal is to maximize the expected value of the indicator function 1) (x) over p satisfying
the Hermite moment constraints, the Dual seek to a degree k polynomial f(z) := Zf o Cihi(x)
as an upper bound on 1 (x) and minimizes the worst case expected value [, f(x)du(z) under
all p satisfying the Hermite moment constraints. This insight suggests that we upper bound the
objective of Dual by an equation in f(x) as a unity as oppose to dealing with ¢;’s separately. On
one hand, since all but the 0*"* Hermite moment of standard Gaussian vanishes, and the fact that f
is nonnegative, we can replace cy in the objective by Expr0,1)[f(X)] = Ex o, [[f(X)]] =
| £]]1- On the other hand, to bound from above Zle |ci|, we have that

k k 2
Z|Cz‘|§\/%' ZC?:\/E‘ Ex~n,1) (ZCZ i > Z\/E'||f||2>
i=1 i=0

where the first inequality follows from Cauchy Schwartz, the first equality follows from the fact
that the normalized probabilists’ Hermite polynomials are orthonormal with respect to standard
Gaussian measure. Thus, we can formulate a new LP that has objective value of any feasible solution
upper bounding the optimal objective value of Dual as follows:

inf £l + 6VE - || f]2

JER[2]
subject to ft) >1, (UB)
Fx) >0, VreR\{t}.

We focus on finding the optimal solution s that minimizes || f||; subject to the above constraints,
and using a similar argument we can show that s also has minimal /5 norm over the feasible region,
whence is the optimal solution of UB. Indeed, consider the following LPs:

f(®)
f f
i lﬂg 1 £1lx i lﬂg 1 £1lx fesﬁszz]llflh
st f(t) > 1, LP1) st f(t)=1, LP2) st ft)=1, (LP 3)
f(z) > 0,Vz € R\{t}. f(x) >0,z € R\{t}. f(z) > 0,Vz € R\{t}.
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k/2
sup f(t) ch i
feRy o] s ](g(t))2 e,
9ERE o[ k/2
.. —1, LP 4
71l (LP4) st. |glla=1. (LP5) st. Y =1

f(z) > 0,Vx € R\{t}.

(LP 6)

Our goal is to show that the optimal solution of LP 6 is a scalar multiple of the optimal so-

lution of LP 1 by showing the pairwise radial equivalence of the above linear programs. And

since LP 6 is the problem of finding the direction (co, - ,¢cj/2) that maximizes the projection

of the vector (ho(t),- -, hy/2(t)) onto it, we immediately know from basic linear algebra that
the optimal solution of LP 6 is the unit vector in the same direction as (ho(t),- - - , hy/2(t)), i€

k/2 ha( 2
1 75 (ho(t), -+, hi2(t)) whence the optimal solution of LP 1 is s(z) := ( i) )

(S22 ha0)?) (Zf/?)(h 1))

after rescaling according to the constraints in LP 1. Formally,
Claim 30 LP 6 is radially equivalent to LP 1.

Proof We start by showing that LP 1 and LP 2 are equivalent, and it suffices to show that for LP
1, f(t) > 11is an active constraint. Indeed, for any ¢ in the feasible region with g(¢) > 1, we can
obtain a better solution ¢’ = % in the feasible region with smaller /1 norm ||¢’||1 < ||g||1. Thus,
the optimal solution f* of LP 1 must have that f*(¢) = 1, as desired.

The radial equivalence of LP 2 and LP 4 follows immediately from applying Lemma 24 to
positively homogeneous degree-1 functionals ' : f — ||f||1 and G : f — f(t) over the cone of
nonnegative degree < k real polynomials.

Next, we show that LP 2 is equivalent to LP 3, and then we show that we may assume that the
optimal solution of LP 3 is of the form f(z) = (g(z))?, whence so does LP 2. Combining these
facts, it immediately follows from the argument in the last paragraph that optimal solution of LP 4
is of the form f(x) = (g(x))?, whence LP 4 is equivalent to LP 5. Indeed, we first show that LP 2
is equivalent to LP 3. This immediately follows from the fact that f # 0 because f(¢) = 1 whence
|| f]l1 > 0. Next, we proceed to show that we may assume that the optimal solution of LP 3 is of
the form f(z) = (g(x))?. Indeed, since any univariate nonnegative polynomial can be decomposed
into sum of squares, let f* be an optimal solution of LP 3, then we can write f* := Zk/ 2 f? where
fi € Ri[z]. Then, we have that

) il filh)* <  max Silt)”
171" S8 g2~ e A7

where the first equality follows from linearity of expectation and the inequality follows from the

k
fact that 21711)1 < max bl for nonnegative values ay,- -+ ,ax, b1, - , bg. Thus, it must be the case

i=1""
that f2 f w2 18 a solution that is no worse than f*. Hence, we may safely assume that
argmax;_q ... 7,6/2“}.7“1

the optimal solution of LP 3 is of the form f(z) = (g(x))? for g € Ry 5[], as desired.
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The equivalence of LP 5 and LP 6 simply follows from using Hermite analysis to decompose g,
which concludes the proof. |

(S22 hiyma0)”

We next proceed to compute the objective value of s(z) := in UB. Indeed,
(Sh2mi0)?)”

for the first term [|s||1 = Exar(0,1)[s(X)], we have that

) [/ k)2 2
Exnon[s(X)] = 2 5 EX~A(0,1) Z hi(t)hi(X)
(Zi:o hi(t>2) | \=0
1 [(k/2 k/2
= SExono) | DD hi()hi(H)hi(X)hy(X) 27
(e m2) EEE
k
_ Sl 1 08)
B 2T k/2 ’
(Somw2) Tomy?
where the third equality follows from orthonormality of /;(x). On the other hand,
1 k/2 4 . k/2 2
L el tht)hi(X) air-esseed | DOLION R
<Zz o hu( 2) =0 (Zi:O hi(t)z) =0 4
3k/2 k/ 2 ? 3k/2
= T il = S (29)
(= , Silom)

where the first inequality follows from Fact 20, and the last equality follows from the same compu-
tation as in Equation (27). Denote by J(-) the objective function of UB. Combining Equation (28)

ion (2 < 146-VE3F/2 146-v/k-3k/2 .
and Equation (29) we have that J(s(z)) < S e BF S e (Zfﬁ) hi(t)2) , which concludes the

proof.
|

Equipped with Lemma 14, we are now ready to show the main result in this section.

Proposition 12 (Moment Matching implies no heavy point) Let o > 0, ¢ > 0 be a small con-
stant, Y be standard Gaussian random variable and Z be another random variable over R inde-
pendent of Y. Define the random variable X as the convolution X = Z + oY. If Pr[Z = p] >
E[hi(X)]| < € then = O(eY/*).

Proof We first show that we have an upper bound on ¢. Denote by 7; > 0 the moment-matching
slack, i.e. fori = 1,2,3,4 we have that |E[h;(X)]| = 7; for 7; < e. By law of total variance,
Var(X) > o2. Moreover, E[he(X)] = (E[X?] —1)/v2 = (Var(X) + E[X]? — 1)/v/2, which
implies that Var(X) = 1 4 /27, — 7. Hence, we obtain the upper bound 02 < 1 + /275, and it
suffices for us to consider o2 within (0,1 + v/27).
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Towards showing the desired upper bound on p, at a high level, we first consider the case
(Claim 31) when 02 € (1 — 2\/@ 61/2, 14 \/§Tg> for a universal constant C' > 0 to be de-
termined later in the proof, we obtain the desired upper bound on y. Then, we show Claim 32 that
states that it must be the case that o2 falls within this interval (1 — 2@ et/ 21+ \/iTQ) that

is close to 1 by the moment matching constraints. Combining the two claims concludes the proof.
It remains to formalize the proof of the claims.

Claim 31 Ifo? ¢ (1 —2,/6C/ce?, 1+ \/QTQ), we have that i = O(e'/*).

Proof Recall that by matching moments E[ho(X)] = +7» which implies that E[X?] = 1 & /2.
We proceed to show that E[X?] > o2 + 242, Indeed, write X = oY + Z where Y ~ N(0,1) is
independent of Z. Then

E[X?] = E[(cY + Z)?] = 0?E[Y?] + 20 E[Y Z] + E[Z?)].

By independence and E[Y] = 0 we have E[YZ] = E[Y]E [ ] = 0, and E[Y2] = 1, whence
E[X?] = 02 + E[Z?] > 0® 4+ 242, which implies that i < 3(1 + V21 — 0?) = O (e + 61/2) ,
and thus 1 = O(e'/*) which concludes the proof of this Claim. |

Claim 32 It holds that 0% € (1 —2./6CTc V21 + \/572).

Proof Assume for contradiction that o2 € (0, 1—2/6C/ce 2}. By applying Lemma 13 with
k = 4, we obtain that for each i € {1,2, 3,4},

Ehi(2)]| < C —-rs. 30
For simplicity, denote by
- € €
6 = fgfgio (1—o02)i2 ¢ 1- 022

Since 02 < 1 — 2/6C/c €'/? implies 1 — 02 > 2,/6C /c €'/2, we have that
< c
4] —.
- 24
On the other hand, since Z has point mass > 2/3 + ¢/2 at u, Z = Z/+/1 — o2 has point mass
>2/3+4c/2atu/V1—o02ie.

_ " 2

Pr|Z = ——| > - +¢/2
[ V1-— 02] 3 /

Applying Lemma 14 with k = 4 and slack ¢ gives that for every t € R,

_ 146232 146232 2 -2
PriZ =t] < < = — 126 < =
z2=t1 < 5.0 T 32 T

€
27
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which contradicts the assumption that Pr[Z = u/v/1 — 2] > 2/3 + ¢/2. Thus, we must have that

02 >1-26C/ce/?,
which concludes the proof. |

This concludes the proof of Proposition 12. |

Appendix E. Omitted Proofs for Section 6

Lemma 15 (Coarse Normalization) Let d € Z, and C\, the parameter defined in Algorithm 2.
Assume that C’W/\/g < 0.1. With probability at least 0.99, it holds that the whitened distribution
D (line 7 of Algorithm 2) is an a-mean-shift corrupted distribution with clean mean [i and positive
definite shared covariance ¥ satisfying that ||fi]|2 = O(1), |Z — (1 — C\,/Vd) " ||F = O(1).

Proof By the guarantee of Lemma 6, the robust estimators fig and f]o returned in line 6 satisfy

an . 1
et (M—uo)H2=0<a10ga) =0(1), 31
1S5 2 852 — 1| = 0(1). (32)

Then the whitened distribution D defined as in line 7 must be an c-mean-shift corrupted distribution
with clean mean /i and shared covariance > defined as follows:

-1/2
= (1= cuVd) S5 (- ) (33)

_ -1 < ~
S=(1-cyvd) 5Pt (34)

From the assumption it follows that 1 — Cy,/v/d = ©(1). Combining Equations (31) and (33)
then gives that ||z]| = O(1). Combining Equations (32) and (34) then gives that |¥ — (1 —
Co/Vd) | = (1 - C’W/\/&)_lHigl/ingl/z — I||p = O(1). Finally, note that ¥ is posi-
tive definite. This is because (1 — Cy/v/d) > 0 and 261/2E§61/2 is a conjugation of X. Since
> 0and io is invertible by Lemma 6, it follows that ¥, 1/ 22?36 12 0. Indeed, for any nonzero
z,

xTEgl/zﬂialmx = (Zgl/Qar)TE(ial/zw) >0,
and therefore ¥ > 0. [ |
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