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Abstract

Differentially private synthetic data enables the sharing and analysis of sensitive datasets while
providing rigorous privacy guarantees for individual contributors. A central challenge is to obtain
strong utility guarantees for meaningful downstream analysis. Many existing methods provide uni-
form accuracy over broad query classes, such as all Lipschitz functions, but this level of generality
can lead to suboptimal rates for statistics of practical interest. Since many data-analysis queries
possess smoothness beyond what is captured by worst-case Lipschitz bounds, it is natural to ask
whether this additional structure can be exploited to improve the utility of private synthetic data.

We study the problem of generating (e, §)-differentially private synthetic data from a dataset
of size n supported on the hypercube [—1,1]%. Utility is measured uniformly over all k-smooth
queries, namely functions with bounded derivatives up to order k. We propose a polynomial-time
algorithm that achieves a minimax error rate of Oy q(n~ min{1.3}) up to a log(n) factor. This
characterization reveals a phase transition at k¥ = d: increasing the smoothness order improves the
sample-size rate until £ reaches the ambient dimension, after which the optimal parametric rate is
attained.

Our algorithm is based on private Chebyshev moment matching. It generalizes the Chebyshev
moment-matching framework of (Musco et al., 2025; Wang et al., 2016) and strictly improves
the error rates for k-smooth queries established in (Wang et al., 2016). The analysis relies on two
approximation-theoretic ingredients: a higher-order global coefficient-decay bound for multivariate
Chebyshev expansions of k-smooth functions, and a multivariate Jackson-type theorem adapted to
the query class. Together, these results reduce uniform control over smooth queries to the control
of finitely many weighted Chebyshev moments, which can then be released privately using the
Gaussian mechanism.

For a broad range of privacy parameters (e, §), we prove a matching minimax lower bound that
any (e, §)-differentially private synthetic data algorithm must incur error at least (ng)~ ™in{1.k/d}
up to constants depending only on k. The proof uses a privacy-aware Assouad construction with
localized smooth bump functions supported on disjoint grid cells. Consequently, our upper bound
is minimax optimal in its dependence on n, and the phase transition at k = d is intrinsic.
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