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Abstract

We study community detection in the symmetric k-stochastic block model, where n nodes
are evenly partitioned into k clusters with intra- and inter-cluster connection probabilities
p and g, respectively. Our main result is a polynomial-time algorithm that achieves the
optimal misclassification rate

exp(—(l + 0(1))%)7 where C = (y/pn — \/qn)?,

whenever C > K k? log k for some universal constant K, matching the Kesten—Stigum (KS)
threshold up to a log k factor. Notably, this rate holds even when an adversary corrupts an
n <exp(—(1+ o(l))%) fraction of the nodes.

To the best of our knowledge, this optimal error rate was previously only attainable either
via computationally inefficient procedures (Zhang and Zhou, 2015) or via polynomial-time
algorithms that require strictly stronger assumptions such as C' > Kk3 (Gao et al., 2017).
In the node-robust setting, the best known algorithm requires the substantially stronger
condition C' > Kk'%? (Liu and Moitra, 2022). Our results close this gap by providing the
first polynomial-time algorithm that achieves the optimal error rate near the KS threshold
in both settings.

Our work has two key technical contributions: (1) we robustify majority voting via
the Sum-of-Squares framework, (2) we develop a novel graph bisectioning algorithm via
robust majority voting, which allows us to significantly improve the misclassification rate to
1/ poly(k) for the initial estimation near the KS threshold.

Keywords: Stochastic Block Model, Community Detection, Sum-of-Squares, Robust
Algorithms.

1. Introduction

The stochastic block model (SBM), introduced by Holland et al. (1983), is a fundamental
statistical model in network analysis and has been extensively studied over the years (Abbe,
2018).

In this work, we focus on the symmetric balanced k-stochastic block model (k-SBM).
Given k,n € Z", let (G, Z) ~ SBM,,(d, ¢, k) denote the k-SBM with expected degree d > 0
and bias € € [0,1]. The label matrix Z € {0,1}"** is generated by partitioning the n vertices
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of the graph uniformly at random into k& communities of size n/k each; the ith row Z(7) is
the indicator vector of the community containing vertex 7. Conditioned on the latent labels
Z, the edges between distinct vertices i, j € [n] are sampled independently with probability

p=1+(1-1)e) 2, if Z(i) = Z(j),

Py = (1 — %) .4 otherwise.

n’

P{(i,5) € E(G)} = { (1.1)

Given an observation of the graph G ~ SBM,,(d, ¢, k), the central statistical problem
is to recover the latent community structure Z. This naturally raises the question of how
accurately the labels Z can be recovered as a function of € and d; see the survey Abbe (2018)
for a detailed overview.

The strongest possible goal is to recover all labels without error, a task known as exact
recovery. This is not always possible. For instance, when d = O(1), the graph G typically
contains isolated vertices, whose labels cannot be inferred from the graph. Hajek et al. (2014)
and Abbe et al. (2015); Abbe and Sandon (2015) showed that exact recovery is achievable
by efficient algorithms above the Chernoff-Hellinger threshold, that is, when Cy. > klogn,
and is information-theoretically impossible otherwise.

When exact recovery is out of reach, a natural weaker task is to output a labeling that
performs better than random guessing. This task, known as weak recovery, has been a
central topic in the study of the SBM. The key threshold governing weak recovery is the
Kesten—Stigum (KS) threshold, given by €2d > k?. For the symmetric balanced k-SBM, a
sequence of works Decelle et al. (2011); Massoulié (2014); Bordenave et al. (2015); Abbe
and Sandon (2016); Mossel et al. (2018) established that weak recovery can be achieved in
polynomial time whenever 2d > k?; see also Mohanty et al. (2024) for a related above-KS
algorithmic result for more general constant-community SBMs. Conversely, for fixed k, and
more generally for growing k < y/n, a rich line of work Hopkins and Steurer (2017); Hopkins
(2018); Bandeira et al. (2021); Ding et al. (2025); Sohn and Wein (2025); Chin et al. (2025)
suggests that weak recovery below the KS threshold, e2d < k?, is computationally hard.

These results delineate the regimes in which exact recovery is possible and those where
only weak recovery can be hoped for. Between these two extremes, it is natural to ask: for
fixed € and d, what is the best achievable recovery rate, either information-theoretically or by
polynomial-time algorithms? This question leads to the notion of the optimal misclassification
rate for the SBM.

Optimal misclassification rate. For a family © of k-SBMs, we define the misclassification

error as
k

. 1
errorg(Z,Z) = Heusn %Z
TESK

N

2(5) = 2,7 ()| -

1

The corresponding worst-case risk is then

inf sup Eg [errork(z, Z)} ,
Z 0€0O

where the infimum is taken over all estimators Z, the supremum over parameters 6 € ©, and
Ey denotes expectation with respect to the k-SBM with parameter 6. For the symmetric
balanced model of Eq. (1.1), the family © is obtained by fixing the model parameters n, k, d,
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and varying only the planted balanced partition. Equivalently, 6 specifies a partition of [n]
into k£ communities of size n/k, and conditional on this partition the edges are sampled with
probabilities pi,ps as in Eq. (1.1). Thus, the optimality claim in this paper is uniform over
balanced community assignments, not over a larger heterogeneous SBM class with varying
community sizes or edge probabilities.

Zhang and Zhou (2015) showed that, for this balanced homogeneous family in the sparse
regime d = o(n), whenever Cy./(klog k) — 0o, the optimal misclassification rate is

exp(—<1 +o<1>>c,;“),

where C’d’el is defined as

Cue = (VApT — v/ip3)? = <\/<1+ (1—;)5)d— (I—Z)d>2 L2

In the same work, they constructed a statistically optimal but computationally inefficient
estimator that attains this rate for the same k-SBM family.

Polynomial-time algorithms achieving the optimal error rate are known in two regimes.
For k = 2, Mossel et al. (2014); Fei and Chen (2019) gave polynomial-time algorithms,
based respectively on belief propagation and semidefinite programming, that achieve the
optimal error rate when Cy. is sufficiently large. For general k, Gao et al. (2017) gave a
polynomial-time algorithm based on majority voting that achieves the optimal error rate
under the stronger assumption £2d > Q(k3). Thus, there remains a gap between the KS
threshold £2d > k? and the threshold e2d > Q(k?) achieved by known efficient algorithms.
This motivates the following question.

Question 1 Can the optimal error rate exp(—Cyqc/k) be achieved by efficient algorithms
under the condition €*d > Kk? for some universal constant K ?

Node robustness. Robustness to adversarial perturbations is a desirable property for
community detection algorithms, as real-world networks often contain corrupted or noisy
data. A particularly challenging corruption model introduced in Acharya et al. (2022) is
node corruption, where an adversary is allowed to arbitrarily modify all edges incident to an
7 fraction of the vertices. For the symmetric k-SBM, Liu and Moitra (2022) recently gave the
first polynomial-time algorithm that achieves the optimal error rate under n < exp(—Cg./k)
node corruption. However, their result requires e2d > Q(k!°2), which is very far from the
KS threshold. This leads to the following natural question.

Question 2 Given an n-node-corrupted k-SBM and assuming £2d > Kk?, can we achieve
the optimal error rate exp(—Cq./k) in polynomial time when n < exp(—Caqc/k)?

1. Cg,c differs from e2d by a constant factor.
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1.1. Results

In this work, we give the first polynomial-time node-robust algorithm that achieves the
optimal error rate when e2d > Q(k?log k). This resolves the above questions affirmatively
up to a multiplicative log k factor. Moreover, our algorithm applies to all k < n0-00%,
substantially improving over prior robust results that handle only constant k.

Theorem 3 (Informal main theorem, see Theorem 24 for the formal version)

There exist universal constants Cy > C1 > 0 and K > 0 such that the following holds.
Let k < n%00 5 < k=% and d = o(n). Suppose e2d > Kk*logk. Then there exists
a polynomial-time algorithm that, given an m-node-corrupted graph G ~ SBM,(d, ¢, k),
produces, with high probability, a labeling with error at most

exp <—CZ’E + O(@E)) + k.

For comparison, the best known node-robust algorithm by Liu and Moitra (2022) achieves
error o
exp (—Z + 0(k50\/&5)> +O(kn),
which exhibits a substantially worse dependence on k. Moreover, even to obtain weak
recovery, their algorithm requires e2d > k'02, which is far above the KS threshold.

Open problem. We leave as an open problem whether there exist polynomial-time
algorithms that achieve the optimal error rate exp(—Cy./k) under the weaker condition £2d >
Q(k?). This problem remains open even without adversarial corruption. Note that, since
Cae/k = Q(k) when e2d > Q(k?), the optimal error exp(—Cy./k) is at most exp(—Q(k)).
Thus, a positive resolution would yield the optimal error rate exp(—(1+ o(1))Cy./k); at
the KS scale e2d = ©(k?), this corresponds to an error rate of exp(—0(k)).

1.2. Comparison to previous work

Liu and Moitra (2022) gave the first polynomial-time algorithm that attains the optimal error
rate under node corruption. Their algorithm is based on an iterative refinement framework:
it starts from a weak initialization and repeatedly boosts the accuracy via an SDP-based
majority-vote procedure. For this boosting step to succeed, however, their analysis requires
an initialization with error at most 1/ poly(k), which they obtain only under the stringent
condition e2d > Q(k10?).

We circumvent this bottleneck by designing an initialization algorithm that reaches the
same accuracy under the much milder condition e2d > Q(k%log k). Our key ingredient is a
new robust graph bisectioning algorithm that reduces the initialization error from a constant
to 1/ poly(k). We apply this procedure recursively, reducing the k-community detection
problem to a sequence of two-community problems, and thereby obtain a final initialization
with error 1/ poly(k).

Building on this initialization, we design a one-shot boosting algorithm based on the
Sum-of-Squares (SoS) method. This avoids both the iterative refinement framework and
the auxiliary test-function machinery of Liu and Moitra (2022). Our use of SoS for robust
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community detection is inspired by the recent work of Ding et al. (2023); Chen et al. (2024a,b,
2025). The main innovation in our SoS algorithm is a new family of constraints enforcing
patrwise majority-vote consistency, which allows us to boost the accuracy to the optimal
error rate in two rounds.

2. Techniques

2.1. Two communities

For notational simplicity, we first illustrate some of the ideas underlying our algorithm for
the case of two communities. Let (G, x) ~ SBM,(d, ) denote the stochastic block model
with degree parameter d > 0 and bias parameter ¢ € [0,1]. Here, we choose & € {£+1}"
uniformly at random among all unbiased vectors so that » ;" «(i) = 0, where we take
n > 2 to be even. We can view x as a balanced bipartition of the vertex set [n]. We refer
to its parts £ 1(1) and ~!(—1) as blocks or communities. Then, for every pair of distinct
vertices i, j € [n], we decide independently at random whether to join them by an edge with

probability,

P(ij € B(G) |2} = (142 2(i) (7)) - © (2.1)

Basic recovery approach. In the stochastic block model without adversarial corruptions,
the most basic approach for approximately recovering the underlying blocks uses spectral
techniques (Boppana, 1987; Guédon and Vershynin, 2016; Coja-Oghlan, 2010; Massoulié,
2014; Chin et al., 2015). As a slight abuse of notation, for an n-vertex graph G with degree
parameter d, let Ag denote its ordinary adjacency matrix, with zero diagonal. For the fixed
bias parameter ¢, we also write G for the centered adjacency matrix

d d

Gi=Ag -2 (11T - In> + .. (2.2)
n n

Equivalently, the off-diagonal entries of G are 1 — % on edges and —% on nonedges, and

G(iyi) = %. Then, for the stochastic block model (G, x) ~ SBM,,(d,¢),

ElG | z] = % cxa! (2.3)

At the same time, conditioned on x, the matrix E := ;G — xx" has zero diagonal and, up
to symmetry, independent mean-zero off-diagonal entries, and enjoys a spectral norm bound
|E| < n/(eVd) for d > logn. In this way, the best rank-one approximation of G allows us
to approximately recover & up to sign as long as € - v/d > 1 and d > logn. After carefully
truncating high-degree nodes, we can even drop the logarithmic-degree condition d > log n.
It turns out that for approximately recovering the underlying blocks, the only remaining
condition, d > 1/€2, is also information-theoretically necessary.

Sum-of-squares lens on the basic approach. It will be instructive to formulate this
basic approach in terms of the sum-of-squares method. While this sum-of-squares formulation
is certainly overkill for approximate recovery in the vanilla version of the model, it will give
us node-robustness essentially for free (whereas basic spectral techniques or even semidefinite
programming techniques cannot handle node corruption). The basic spectral algorithms and
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majority voting algorithms are known to be brittle under node corruptions, while the basic
semidefinite programming algorithms are only known to be robust against O(nde) corrupted
edges.

As a starting point for our sum-of-squares formulation, we note that a spectral norm
bound || E|| < A-n certifies the following universally quantified inequality over the hypercube,

Vu,v € {£1}",  (u, Ev) < \-n?. (2.4)

Moreover, this spectral norm bound constitutes a degree-2 sum-of-squares proof of the above
inequality.

For our purposes, it will be useful to introduce sum-of-squares proofs as mathematical
objects in their own right. For n-variate polynomials p,qi, ..., ¢, € R[z], we say that a
real-valued square matrix R is a degree-f sum-of-squares proof of the inequality p > 0 subject
to the constraints g1 > 0,...,q, = 0 if

p="TrRR" - Momy(qs, ..., qm), (2.5)

where Momy(qi, .. ., qm) is a block-diagonal matrix with entries in R[z] and (possibly empty)
blocks Mg indexed by multisubsets S C [m] such that for all pairs of monomials z, z? with

deg %, deg 2P < % (0 — ZiGS deg qi),

Ms(a, B) == (Hies Qi) e af (2.6)

We remark that sum-of-squares proofs are more commonly defined in terms of sum-
of-squares polynomial multipliers for (products of) the constraint polynomials ¢, ..., ¢n.
However, it will be beneficial for our purposes to represent them as matrices (corresponding
to the monomial-coefficients of the polynomial multipliers). Crucially, our definition makes
it apparent that sum-of-squares proofs are solutions to a system of quadratic equations of

Eq. (2.6).
Note that each block Mg has size O(nf/?) by O(n*/?) and the number of non-empty
blocks is O(mg) (as we may assume the polynomials ¢y, ..., ¢, to have degree at least 1).

Therefore, R has size O(nm)* by O(nm)* and the number of quadratic equations in Eq. (2.5)
is polynomial in n and m for every constant £.

We denote that R is a degree-f sum-of-squares proof of the inequality p > 0 subject to
the constraints g1 = 0,...,gm = 0 by

R:{qi(2) 2 0,...,qm(x) > 0} 7 p(x) > 0. (2.7)

If the variables x quantified by the proof or the degree bound ¢ are clear from the context,
we may drop them in the above notation.

A fundamental property of sum-of-squares proofs is that they are automatizable. If a
matrix R as above exists, we can find it in time polynomial in its bit complexity (Barak and
Steurer, 2014, 2016; Raghavendra et al., 2018). A simple but very important consequence
for estimation problems is that given as input a system of polynomial constraints A(x), we
can compute in polynomial-time a vector & that satisfies all convex polynomial inequalities
that can be derived from A(z) by a sum-of-squares proof with polynomial bit complexity.
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In this way, referred to as the proof-to-algorithm paradigm, we obtain efficient estimation
algorithms from the mere existence of small identifiability proofs.

In order to apply this terminology for approximate recovery of the stochastic block model,
we consider the following polynomial constraints for the set of possible label assignments
(for the case of two communities),

Alabel () == {x% = ... == 1,2?_1 x; = O} . (2.8)

Next, we consider a system of quadratic equations for matrices F that are certifiably
pseudo-random, in the sense that they are uncorrelated with all possible label assignments,

Arana (B, Bs X) = { R Auaber (), v (0) F5™ (u, Bo) < A2} (2.9)

Here, the auxiliary variables R represent the sum-of-squares certificate for the correlation
bound. When we combine systems of polynomial constraints, we usually take these auxiliary
variables to be unrelated. In this case, we do not keep track of these variables explicitly and
suppress them in the above notation. We emphasize that the system Eq. (2.9) has only F
and R as variables but not w or v. Instead u, v determine the quadratic equations we impose
for the variables F and R. We also remark that Eq. (2.9) is a proxy for requiring that E
satisfies the universally quantified inequality Eq. (2.4). In this sense, Eq. (2.9) allows us to
encode 2" constraints as a polynomial number of constraints.

With the above two polynomial systems at hand, we can mimic the basic recovery
approach by the following combined system,?

Abasic (G523 0) = Alapel () U Arand (LG — 2273\, (2.10)

where we choose A < 1/(ev/d). These constraints are useful for recovery because for the same
graph G, essentially only one label assignment = can satisfy the constraints. Concretely, we
have Gt
7337m
-Abasic(G; € A), Abasic(Ga .’L'/; )‘) IT %(xa wl>2 >1-2\. (211)
We emphasize that the above fact is deterministic and thus independent of any statistical
model. Ignoring some details, its proof boils down to the following direct calculation,

n? — (z,2')? = <:m?T - (IL‘I)(IL‘/)T,{L‘{L‘T> = <E' - E,mz:T> (2.12)
= (z,E'z) + (—z, Ex), (2.13)

where E = 2G — z2" and E' = 2G — (2/)(2/)". At the same time, the pseudorandomness
constraints Eq. (2.9) allow us to bound both terms on the right in the same way by A - n?,

Arand(E', Ry M), Alaper (7) l@ (z,E'z) = An® — Tr RR" - Momy(Ajapel (1)) (2.14)
< An?. (2.15)

2. In the constraint system Apasic we choose to treat the graph G as a variable. As a consequence, our
sum-of-squares proof will be for statements universally quantified over G. While this property would not
be necessary for recovery in the non-robust setting, it will turn out to be crucial in the robust setting.
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In the second step, we use that A .nq(E’, R) contains the constraint A-n?—(u, E'v) = Tr RRT-
Momg (Ajapel (¢), Alabel(v)), where u, v are formal variables, and that we can substitute z for
both u and v. In the third step, we use that Tr RRT - Momg (Ajape(2)) is a sum-of-squares
polynomial in variables  and R modulo the constraints we have on z*. Combining the
previous two calculations, we derive a bound of 2\ on the distance 1 — (z, 2')?/n? from the
constraints Apasic (G, ), Apasic (G, ).

The stochastic block model (G, x) ~ SBM,,(d, €) satisfies the constraints Ap.sic(G, z; A)
for A < (ev/d)~! with high probability if ev/d > 1 (even for constant degree d (Guédon
and Vershynin, 2016)). Thus, the now standard proof-to-algorithm paradigm for sum-of-
squares (Ding et al., 2022, 2023) yields a polynomial-time algorithm to recover the underlying
blocks up to an error of 0(5\/8)_1.

Handling node corruptions using sum-of-squares. We will now see that the sum-of-
squares formulation Eq. (2.11) of the basic recovery approach directly implies that we can
handle a constant fraction of node corruptions.

To this end, we formulate the node distance between graphs in terms of polynomial
equations,

Actose(G1, Ga, 2;m) := {D(2)? = D(2),D(z) - (G1 — G2) - D(2) =0, TrD(2) = (L — ) - n},
(2.16)
where D(z) denotes the diagonal matrix with z on the diagonal. A pair of graphs G; and
(2 satisfy the above constraints for some z if and only if the two graphs differ in at most
1 -n nodes. Here, the binary vector z indicates the set of nodes where the two graphs agree.
As before, we will omit the auxiliary variables z in the above notation whenever there are
no relations to other variables.
To handle node corruptions, we use that Apage 18 Lipschitz with respect to this node
distance and restrictions,

G,G x,z
Actose (G, G, 230), Abasic (G, 5 X) o= Apasic(D(2) - G' - D(2), 250 +2) . (2.17)

The above statement is not surprising: If we have a good label assignment x for G, then it
continues to be one if we were to remove a small fraction of nodes (the complement of the
set indicated by z). After removing this set of nodes, the two graphs G and G’ agree. (Note
that, in general, we cannot hope for G’ to satisfy the pseudorandomness constraints Ayang
with respect to x and that the restriction to the vertex set indicated by z is necessary.)
Letting E = G — 22" and E' = & D(z) - G’ - D(z) — 22" and omitting some technical
details, the above Lipschitz property follows from the fact,

Aclose(Gv G/, 23 7))7 Alabel(u)> Alabel(v) lﬁ <u7 E/U> < <u7 D(Z) B - D(Z)U> + 277n2 ) (218)

where 2nn? accounts for the entries where E' and D(z) - E - D(z) differ. Each of these entries
is either 1 or —1 and is located in the union of nn rows and nn columns. Hence, the sum of
the absolute values of these entries is at most 2nn?.

Given a corrupted graph Georrupted s input, we can recover the underlying blocks using
the following polynomial constraints in variables G' and z,

Arobust (Ga T3 A, "7) = AC]OSQ(G7 Gcorrupted; "7) ) Abasic(Ga Ty A+ 477) . (2~19)

3. See Theorem 55 for details
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The previous Lipschitz property of Apasic together with the vanilla analysis of Apagic for
recovery implies that any two solutions to the above system for the same input graph
Gleorrupted are close (and this fact has low-degree sum-of-squares proofs),

Arobust(G7 T; A, 77)7 Arobust(G/a x,§ A1) 16 1- #<x7 .%'/>2 < 2A + 167. (2'20)

Indeed, since we impose both G and G’ to be n-close to Georrupted, the graphs G and G
have to be 2n-close and we can derive Acose(G, G, 2;2n) for an appropriately chosen z
by a low-degree sum-of-squares proof. By the Lipschitz property of Ay,sic, we get that
x and 2/ satisfy Apasic for the same graph H := D(2) - G - D(z). Concretely, since the
robust constraints already give Apasic(G, ;A + 4n) and Apasic (G, /5 X + 4n), we can derive
Apasic (H, z; \+4n+2-2n) and Apasic(H, 2’5 \+4n+2-2n) by Eq. (2.17). Applying Eq. (2.11)
with parameter A+8n, we conclude that x and 2’ are close by Eq. (2.11). As before, Eq. (2.20)
means that the sum-of-squares meta algorithm recovers the underlying blocks with error
O(ev/d)~" + O(n) for the stochastic block model with degree parameter d and bias € in the
presence of an 7 fraction of adversarial node corruptions, recovering one of the results of Liu
and Moitra (2022).

The algorithm obtained in this way is essentially the same as in Liu and Moitra (2022)
with only superficial differences. However, we believe the analyses differ substantially. While
the analysis in Liu and Moitra (2022) requires significant ingenuity tailored to the particular
algorithm, our analysis in contrast is purely mechanical.

Boosting accuracy robustly. While the techniques discussed so far capture up to
constant factors the information-theoretically necessary parameters to achieve small error,
say error at most 0.01, they do not capture the optimal error rate.

In the non-robust setting, we can boost the accuracy of a solution with small error by
several rounds of majority voting, where we assign each node the most common label among
its neighbours. This strategy however fails dramatically in the presence of node corruptions.
Concretely, when 1 2 ¢, even without changing the degrees of nodes, an adversary can fool
majority voting by corrupting only an O(n) fraction of nodes (Liu and Moitra, 2022).

For simplicity, suppose that we start with the ground-truth label assignment & and an
adversary can select random vertex subsets S and 7" with |S| = O(nn) and |T'| = n/2. Then,
the adversary can use S to poison the votes for T by setting all edges from S to random
nodes in 7" with the opposite label. This corruption flips the majority vote outcome for most
of the nodes in T with high probability. Hence, majority voting applied to @ results in an
assignment that agrees with  in a random subset of roughly half of the nodes and thus has
large error.

In this example, a tiny fraction of nodes is responsible for roughly half of the majority
vote outcomes. However, in a random-like graph, the expander mixing lemma certifies that
small fractions of nodes cannot change many majority vote outcomes. Concretely, in the
previous example, the expander mixing lemma implies for the uncorrupted graph that the
number of edges between S and T'is £[S|- |T|£0(d - |S|-|T|)Y/2 = Indn - (1 £ O((nd)~/?)).
On the other hand, in the corrupted graph we have about ndn edges between these sets,
which is about two times larger than before the corruption as nd > ed > ¢2d > 1 when
1 2, € and the blocks are recoverable.

More formally, we can limit the effect of small sets on majority vote outcomes if we have
a label assignment = consistent with the majority votes for most of the nodes such that the
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matrix £ = 245G — ra' satisfies the following pseudorandomness constraints, strengthening
Arand(Ea R; A)’

Awi(E, B A) i= { Bs F55 (u, Bo) < on- 3(lul® + ol?) } (2.21)

Since the previous pseudorandomness constraints A,,nq defined in Eq. (2.9) consider vectors
u,v with ||ul| = ||v|| = V/n, the above normalization for A is the same as in Eq. (2.9). We
remark that in our applications E is symmetric. Hence, due to the characterization of the
above inequality in terms of matrix factorizations, an equivalent formulation of the above
system would be

{R —(Re,R_): RR,T=dn-I,— B, R.RT=Xn I+ E} :

We use the following polynomial constraints to encode that x is consistent with the majority
votes for most of the nodes,

Auaf (G, B 8,7) i= { Rt Ar(2) 5 (D(2), G) > (1= m)ed(|z] = )}, (2.22)

where |z = 21 4 -+ 4 2, and Aget(2) == {D(2)* = D(2) }. Note that for the stochastic block
model (G, x) ~ SBM,,(d, ), we expect that (Gx); ~ ed - x; for most nodes ¢ € [n]. Since the
inequality in Eq. (2.22) is linear subject to simple constraints, sum-of-squares proofs capture
all valid inequalities of this type up to a small error. If the inequality in Eq. (2.22) is valid,
then we can have at most Sn/y nodes i with (Gz); - x; < (1 — 27y)ed. At the same time,
if the total deficit Y, ((1 — v)ed — (Gx); - z;) , is at most (1 — y)ed - Bn, then the above
inequality is valid.*

Liu and Moitra (2022) show that the stochastic block model satisfies the above constraints
for A < (ev/d)™' and In1/3 ~o(1) VCd,e/2 with high probability (after removing a negligible
number of nodes). They also provide an iterative algorithm that boosts the accuracy of a
solution to a rate that is asymptotically optimal.

Simplifying their approach significantly, we show that the sum-of-squares meta-algorithm
can boost to such a rate in one shot. To this end, we combine the previous constraints as
follows,

Aboost(Ga 33) = Alabel(x) U Ale(E%G - wa; )‘) U Amaj (Gv z; 1, fyl) U Amaj (Ga ; B2, 72) )
(2.23)
where we choose A < (eVd)™!, 71 = 0.01, 81 = X\, 72 = 1 — 10\, and B = exp(—Cqae/2 +
Xﬁd,e) for some sufficiently large absolute constant x. The following property of these
constraints allows us to boost the accuracy of a solution,

+

Lle—a/)1? < 0.01, Avoest (G, ), Avoest (G, ') [ L|lo—a/|* < exp(—~Cue/2+ O(VCay))

(2.24)
For similar reasons as before, we can use Lipschitz and restriction properties of these
constraints in order to obtain error bounds in the robust setting at the cost of an additional
O(n) error for an O(n) fraction of node corruptions.

4. Note that for random-like graphs, the expander mixing lemma implies a bound on this total deficit once
we have a bound on the number of nodes i with (Gz); - z; < (1 — vy)ed.
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Toward establishing Eq. (2.24), we consider the vector z with z; = i(l’z — x;)z Since
x and 2’ have Coordlnates in {£1}, the vector z has coordinates in {0,1}. Indeed,
Alabel () Alabd I— Aset(2). Furthermore, the vector z also satisfies D(2)z = — D(z)2/
and x — 2’ = D(2) - (x — 2') because z indicates the set of coordinates, where x and 2’ differ.

Now since the labelings z and 2’ agree in at least a 0.99 fraction of the nodes, the
majority voting based on x or z’ will agree in all but a § fraction of the nodes (when there is
no node corruption). This gives us the intuition that the constraints from expander mixing
lemmas (namely Ap.j(G,z; 5,7) and Amaj(G,z'; 3,7)) ensure that x and z’ are close to
each other in distance 5.

Concretely, using these relations between z, x, and 2’ together with majority-voting
consistency constraints Amaj(G,x; 5,7) and Amaj(G,2’; B,7), we get

A (G 23 8,7), Aumag (G, 25 8,7) FE225 (1 = y)ed(|2] — Bn)
< ((D(z)x, Gz) + (D(2)2/, Gw’>>

= (D(2)z,GD(2)x) .

We can upper bound the quantity on the right using the constraints Apix(E; A) for the
matrix £ = 25G — zx" as well as the label-assignment and set constraints for z and z,

Amix (E; A), Aset (2), Ataber () IM (D(2)x, GD(2)x)
= % ({2,D(2))” + (D(2), ED(2)x))
< L(|D(z)z )" + An - [D(2)x])
= (121 + an - |])

Combining the lower and upper bounds on (D(z)z, G D(2)x), we get the following upper
bound on |z,

Amaj (Ga xz; 67 7)7 Amaj(G7 1‘,; 67 7)7 AmiX(E; )‘)? 'Aset(z)7 Alabel(x>7 Alabel(x/) (225)
Gz, x' \E,z,x _
li ’Z‘ < 1i71)\5n + (1,71,)\)n|z’2 . (2'26)

While this bound alone is not enough to conclude an absolute bound on |z|, it does allow us

to boost assumed bounds on |z|. Suppose Y+ < 1 and A < 3(1—+). Then, m < (14 =3
1—y

Moreover if We add the constraint |z| < I n to the previous constraints, we can derive
(==Y \z|2 %|2| and thus, by subtracting || from both sides of the inequality Eq. (2.25),

|2 < 5, 2] < 252580 + i P 12l < 26m. (2.27)
Our target derivation Eq. (2.24) contains the inequality 4|z] = ||z — 2/||> < 0.01n as an
initial assumption. Hence, we get to assume |z| < 1_47171 from the get-go as 7, = 0.01. By
substituting v; and S for v and g in Eq. (2.27), we derive |z| < 251n. Since y2 = 1—2X—8p,
we can compose this derivation with Eq. (2.27) with v and Sy substituted for 5 and . In
this way, we derive the desired bound |z| < 2f2n for In By = —Cy./2 + O(\@d@) on the
distance between the label assignments x and z’.
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Concluding the two-community case. Using the polynomial constraints and sum-of-
squares proofs developed above, we obtain a polynomial-time algorithm for robust recovery in
two-community stochastic block models with asymptotically optimal error rates. Concretely,
supposing d > (1/£2) and n sufficiently small, we use the constraints Agpust in Eq. (2.19)
to obtain, with high probability, a label assignment Z € {£1}" with error at most 0.005n.
Since the true bipartition is invariant under a global sign flip, we fix the sign of = so that
|z — z||> < 0.005n. We then solve the sum-of-squares program for the following system of
constraints:

Arobust—boost(Ga Z; 77) = -Aclose(Ga Gcorrupted§ 77) U {H:U - i'||2 < 0005”} (228)
U Aboost(Ga l‘) .

Here, Georrupted denotes the n-node-corrupted input graph, and Z is the rough label
assignment obtained in the preprocessing phase, with the global sign chosen so that
%Hi — x|? < 0.005. As discussed above, after pruning a tiny fraction of high-degree
nodes, the stochastic block model (G,x) ~ SBM,(d,¢) satisfies the above constraints
with high probability, uniformly over all n-corruptions of G, when we substitute G
and x for G and z. By Eq. (2.24), any two solutions x,z’ for the same graph G are
exp(—Ca,./2 + O(y/Cq,))-close. The required hypothesis ||z — 2/[|* < 0.01 follows from
the constraints 1|z — #||2, 2||2’ — #||? < 0.005, since %|la — b||? is Hamming distance on
{£1}" and Hamming distance satisfies the triangle inequality. Using restriction arguments
analogous to Eq. (2.17), the same bound extends to n-close graphs G and G’ at the cost of
an additional O(n) error.

We emphasize that this algorithm relies on the same structural properties of the stochastic
block model as the algorithm by Liu and Moitra (2022). Concretely, both algorithms try
to rule out a small fraction of nodes swaying a disproportionate number of majority vote
outcomes. However, the final algorithms end up being quite different. While our algorithm
and its analysis exploit the structural properties directly and don’t require additional
concepts besides the generic SOS framework, Liu and Moitra introduce several non-trivial
technical tools such as the notion of resolvable matrices. Furthermore, they need to keep
track of invariants satisfied throughout the iterations of their algorithm. Our algorithm
avoids this complication by boosting to “full accuracy” in one shot.

2.2. More than two communities

Extending our techniques to more than two communities requires overcoming several new
challenges. First, the initialization step must be adapted to handle £ > 2 communities.
Second, pairwise majority voting requires a symmetry-breaking initialization with small
per-community error, whereas basic recovery only gives a global error guarantee. We address
these issues below.

Basic recovery for more than two communities. The basic recovery step from the
two-community case extends in a straightforward way by replacing E[G | ] = %mwT by

its natural analogue for k£ communities E[G | Z] = %d 22:1 (Z)(Z,)" — % 117, where
Z, € {0,1}™ is the indicator vector for community a € [k].

12
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Boosting basic recovery accuracy via robust bisectioning. The basic recovery step
yields a labeling with misclassification error at most 0.001 whenever €2d > k2. Our goal
is to refine this rough clustering to the optimal error rate exp(—(1 — o(1))Cy./k) using
pairwise majority voting, as in the two-community case. However, pairwise majority voting
requires that each community contain a clear majority of correctly labeled nodes, and an
overall 0.001 error bound does not preclude the errors from concentrating on a small number
of communities.

Our key idea for the initialization procedure is to reduce the k-community detection
problem to a sequence of two-community problems, which can be solved using the two-
community majority-vote procedure. More precisely, we design a robust bisectioning algorithm
that, given a graph with k£ communities and a basic recovery with error at most 0.001,
outputs a bisection that approximates the union of k/2 ground-truth communities versus its
complement, with bisection misclassification error exp(—e2d/k?) + poly(k) - . The basic
framework of the robust bisectioning algorithm is the following:

e Given a basic recovery with error at most 0.001, identify k/2 clusters such that at
least a 0.99 fraction of the nodes in each cluster come from the same ground-truth
community. This is done by a robust verification algorithm that, given a candidate
cluster of size n/k, can certify whether at least a 0.99 fraction of its nodes belong to a
single ground-truth community.

e Place the k/2 verified clusters on one side of the bisection and the remaining nodes on
the other, yielding an initial bisection with constant error (e.g. 0.01). Then boost this
bisection error to exp(—e2d/k?) + poly(k)n using pairwise majority voting between
the two sides.

By recursively applying the robust bisectioning algorithm, we obtain a rough k-clustering
with misclassification error 1/ poly(k) + poly(k) - n when e2d > Kk?logk for a sufficiently
large universal constant K > 0.

Achieving the optimal error rate. Finally, we boost the rough k-clustering with

misclassification error 1/ poly(k)+poly(k)-n to the optimal error rate exp (—(1 —o(1)) C,‘i’s ) +

poly(k) - n. This is done using a sum-of-squares program similar to the two-community
case, but with new robust mixing and pairwise majority-vote constraints tailored to the
k-community setting. These constraints prevent a small corrupted set of nodes from
swaying a disproportionate number of vote outcomes, and imply that any feasible solution
of the resulting sum-of-squares program must agree with the ground truth on all but an
exp(—(1 — 0(1))Cyac/k) fraction of nodes.” To obtain the final clustering, we round the
sum-of-squares solution using the standard node-distance Lipschitzness argument, incurring
an additional poly(k) - n loss and obtaining the desired error rate.
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Appendix A. Organization

In Appendix B, we cover notations and basics of the Sum-of-Squares method. In Appendix C,
we establish the statistical properties of the k-SBM model with a focus on the majority voting
concentration result. In Appendix D, we outline our algorithmic framework and present our
formal main results. The proofs of these results are subsequently detailed in Appendix E
(initial rough clustering), Appendix F (identifying clusters with a 0.99-fraction of the vertices
recovered), and Appendix G (robustly boosting the rough bisection accuracy to the optimal
bisection error rate), respectively. These ingredients are then combined in Appendix H to
obtain our robust bisectioning algorithm. In Appendix I, we show how to recursively apply
the robust bisectioning algorithm to robustly find a k-clustering of the graph with error rate
1/ poly(k) for symmetry breaking. Finally, we conclude in Appendix J by boosting the error
rate from 1/ poly(k) to the optimal error rate using robust pairwise majority voting. In
Appendix K, we provide additional details on the Sum-of-Squares method. In Appendix L,
we collect several spectral norm bounds used in the analysis. In Appendix M, we provide
the proofs of several statistical properties of the k-SBM model stated in Appendix C.
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Appendix B. Preliminary
B.1. Notation

Random variables. We use boldface to denote random variables, e.g., X,Y, Z.

Asymptotics. We write f < g to denote the inequality f < C - g for some absolute
constant C' > 0. We write O(f) and Q(f) to denote quantities f_ and f satisfying f_ < f
and f < fy, respectively.

Vector. For any vector, we use the notation || -[|; for the ¢;-norm, || -||2 for the f2-norm,
and || - ||oo for the ¢o-norm. Furthermore, for any two vectors z,y € R", we use = ® y for
the Hadamard (entrywise) product of the two vectors. We write 1 and O for the all-ones and
all-zeros vectors (or matrices) of the appropriate dimension. For a subset S C [n], we denote
its indicator vector by 1g € {0,1}", where 15(i) = 1 if i € S and 15(i) = 0 otherwise.

Matrix. For a matrix M € R™™  we denote its (i, 7)-th entry by M (i, j), its i-th row
by M(i,-), and its j-th column by M (-, ). For two matrices of the same dimension, we
also use M ® N for their Hadamard (entrywise) product. We use || M| (and also [|M]|,)
for the spectral norm of M and [M]|[r for the Frobenius norm of M. We denote by
|M||sum and ||M||max the sum and the maximum of the absolute values of the entries
in M, respectively. For two matrices M, N € R™* ™ we denote their inner product by
(M,N) =TrMNT = > i M(i,§)N(i, 7). We write I,, for the n x n identity matrix, and
J =11" for the all-ones matrix.

Graph. We write G € {0,1}"*"™ for the adjacency matrix of a (possibly corrupted) graph
on vertex set [n]. When an average degree parameter d is specified, we define the centered
adjacency matrix

@::G—gJ.
n

When we need to distinguish the uncorrupted graph sampled from the stochastic block
model from a corrupted observation, we write G° for the uncorrupted adjacency matrix and
G°=G° — %J for its centered version.

B.2. Sum-of-Squares hierarchy

In this paper, we employ the sum-of-squares hierarchy Barak and Steurer (2014, 2016);
Raghavendra et al. (2018) for both algorithm design and analysis. As a broad category
of semidefinite programming algorithms, sum-of-squares algorithms provide many optimal
or state-of-the-art results in algorithmic statistics Hopkins and Li (2018); Kothari et al.
(2018); Potechin and Steurer (2017); Hopkins (2020). We provide here a brief introduction
to pseudo-distributions, sum-of-squares proofs, and sum-of-squares algorithms.

Pseudo-distribution. We can represent a finitely supported probability distribution over
R™ by its probability mass function p: R" — R such that x> 0 and 3 o000 #(7) = 1.
We define pseudo-distributions as generalizations of such probability mass distributions,
by relaxing the constraint ¢ > 0 and only requiring that p passes certain low-degree
non-negativity tests.
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Definition 4 (Pseudo-distribution) A level-¢ pseudo-distribution p over R™ is a finitely

supported function p1: R™ — R such that Y, cqupn #(@) =1 and 3= copn00 (@ )f(x)?2 >0
for every polynomial f of degree at most £/2.

We can define the formal expectation of a pseudo-distribution in the same way as the
expectation of a finitely supported probability distribution.

Definition 5 (Pseudo-expectation) Given a pseudo-distribution p over R™, we define
the pseudo-expectation of a function f : R™ — R by

Bofi= > @) (). (B.1)

x€supp(p)

In later sections, when the underlying pseudo-distribution w is implicit, we write E for its
pseudo-expectation operator and use the shorthand E[p] for IEMp.

The following definition formalizes what it means for a pseudo-distribution to satisfy a
system of polynomial constraints.

Definition 6 (Constrained pseudo-distributions) Let p: R™ — R be a level-¢ pseudo-
distribution over R™. Let A= {f1 > 0,..., fm = 0} be a system of polynomial constraints.
We say that 1 satisfies A at level r, denoted by 5= A, if for every multiset S C [m] and
every sum-of-squares polynomial h such that deg(h) + 3, g max{deg(f;),r} <,

E.h-[]fi=0. (B.2)

We say p satisfies A and write |= A (without further specifying the degree) if u l? A.

We remark that if p is an actual finitely supported probability distribution, then we
have p |= A if and only if i is supported on solutions to A.

Sum-of-squares algorithm. The sum-of-squares algorithm searches through the space
of pseudo-distributions that satisfy a given system of polynomial constraints, by solving
semidefinite programming.

Theorem 7 (Sum-of-squares algorithm) There exists an (n 4+ m)°©-time algorithm
that, given any explicitly bounded® and satisfiable system” A of m polynomial constraints in
n variables, outputs a level-f pseudo-distribution that satisfies A approximately.

Sum-of-squares proof. We introduce sum-of-squares proofs as the dual objects of pseudo-
distributions, which can be used to reason about properties of pseudo-distributions. We
say a polynomial p is a sum-of-squares polynomial if there exist polynomials (g;) such that

P=>4;

6. A system of polynomial constraints is explicitly bounded if it contains a constraint of the form ||z||*> < M.
7. Here we assume that the bit complexity of the constraints in A is (n +m)°®).
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Definition 8 (Sum-of-squares proof) A sum-of-squares proof that a system of poly-
nomial constraints A = {f1 = 0,..., f;m = 0} implies ¢ > 0 consists of sum-of-squares
polynomials (ps)scim) such that®

a= > s ][#

multiset SC[m] i€S

If such a proof exists, we say that A (sos-)proves q > 0 within degree ¢, denoted by A |7 q = 0.
In order to clarify the variables quantified by the proof, we often write A(x) |% q(z) = 0.
We say that the system A is sos-refuted within degree ¢ z'f.A|7 —1 > 0. Otherwise, we say
that the system is sos-consistent up to degree £, which also means that there exists a level-f
pseudo-distribution satisfying the system.

B.3. Stochastic block model

Definition 9 (Symmetric balanced k-community stochastic block model) As-
sume that k is a power of 2 and n is a multiple of k. Let (G, Z°) ~ SBM,(d, e, k) denote
the symmetric balanced k-community stochastic block model with degree parameter d > 0 and
bias parameter € € [0,1]. The model is defined as follows:

o Communities. The communities Z° are selected uniformly at random from even
partitions of the nodes, i.e. uniformly at random partition the graph into k sets of 7
vertices each.

e Edges. For every pair of distinct vertices i,j € [n], they are connected by an edge
independently at random with probability

p=0+0-ha)t 26 =220,

d
P2 = (1 — %) o otherwise.

P{(i,j) € BE(G)} =

Definition 10 (Community membership matrix) For a given community member-
ship matriz Z € {0,13"*F we define the associated centered community membership matriz

1
X=2z7" -2
kJ

In particular, the true centered block matriz is
o o o\ T 1
X°=2Z%(z°)" — %J .

Let G° be the uncorrupted adjacency matriz and G° = G° — %J be the centered adjacency

matriz, it follows that

E[G°| z°] = = e,
n

8. Here we follow the convention that Hies fi=1for S =0.
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Definition 11 (Signal-to-noise ratio (SNR)) The signal-to-noise ratio (SNR) for the
symmetric balanced k-community stochastic block model (Theorem 9) is defined as

nl, where I = Dy(Ber(p1)|| Ber(pz))

is the Rényi divergence of order 1/2 between two Bernoulli distributions with parameters
p1 and pa, as specified in Theorem 9. In the sparse regime where d = o(n), this expression
simplifies to

nl = (Vo — v/pan)? - (1 + o(1)).

Throughout this paper, we denote this simplified expression by Cy..

Appendix C. Statistical properties of stochastic block models

In this section, we focus on the statistical properties of majority voting in SBM. At a
high level, majority voting for a single vertex u asks whether its centered signed degree
(GY)y - yu is positive. Aggregating this test over a set of candidate vertices S amounts to
lower bounding the linear form (Gy ® y, 2) for indicators z € {0,1}" supported on the
level-i bisection (or on a pair of communities in the k-clustering step). The voting bounds
in Theorems 14 and 16 show that, with high probability, this inner product is uniformly
large whenever ||z||1 is not too small and remains not too negative even for very small ||z||1,
while the masked variants in Theorems 15 and 17 guarantee the same after restricting to
a large trusted subset. We will use these properties to certify that a small set of possibly
adversarial vertices cannot flip many majority votes at once and to enable robust boosting.
The proofs of the results in this section are deferred to Appendix M.

Concentration bound of single-vertex majority voting. The following result provides
a concentration bound for a mixture of binomial distributions. The argument follows a
generic Chernoff bound approach similar to lemma 5.6 in Liu and Moitra (2022). The
main difference is that we need to find the right bound (i.e. SNR) for induced bisections of
k-SBM. This boils down to bounding the moments of the following summation of binomial
distributions.

Theorem 12 Fiz parameters 3 € (0,1] and o € (0, 5]. Consider the distribution
D = Binom(an, a/n) + Binom((8 — a)n, b/n) — Binom(Bn, b/n) ,

where the three binomials are independent. Let v := «/f and define
~ ~ = 1_
G=ab', b=b, = (Va-Vh)' R = p(1q) ‘
q
Then for every 6 € R,

-~ -
< < — — .
XIBD[X <0] < exp( BC + 5 log R(a/n, b/n))
As an immediate corollary, we get:
Theorem 13 Fiz a leveli € {1,2,...,log, k} and let 3; == 27" (with a; = 1/k). Leta,b,C
and R(-,-) be as in Theorem 62, evaluated at this («, ). Then for every 6 € R,
(log2)? de&?
4 Bi k2

PIX <0] < exp<— + glog R(a/n,g/n))
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Majority voting for bisections. We first give a theorem for the error of majority voting
in induced bisections of the graph.

Theorem 14 Fix a level i and set 5; = 27%, n; = 2Bin, and k; = Bik. Let v € [0,0.99].
Choose p = exp(— fyﬂZC’ /2), and set t = 0.001(1 — ~)C;. Then with probability at least
1 — exp(—100k) — 5, for every z € {0,1}", and for every valid bisections y € {0, £1}" at

level i. we have
96pfyknz>

9

Gy oy, > L2 )<H -

where G is the centered adjacency matriz.

For establishing the feasibility of the program constraints in Appendix G and Appendix J,
we need to bound the error of majority voting when a small fraction of the vertices in the
graph are removed, i.e. the following corollary.

Corollary 15 Fiz a level i and set B; = 27%, n; = 2Bin, and k; = Bik. Let v € [0,0.99].
Choose p, = exp(— 'yﬁzC' /2), and set t = 0.001(1 — ~4)C;. Then with probability at least
1 — exp(—100k) — ns, for every z € {0,1}", for every s € {0,1}" such that ||s|l1 > (1 —
exp(—2Cy.))n, and for every valid bisections y € {0, £1}" at level i, we have

~ (1 —~)ed 640p kn;
GO ssTy(Dy,z 27 *77 )

where G is the centered adjacency matriz.

Majority voting for pairwise communities. We give a similar theorem for bounding
the error of majority voting for each pair of communities.

Theorem 16 Let Cy. = (y/a—Vb)%. Lety € [O 1— 10(10}"%] Choose py = exp(—7Cqc/k).

Then with probability at least 1 — exp(—100k) — ng, for every z € {0,1}", and for every pair
of communities y € {0, £1}". We have

(Gyonz) > LD (g - T

8
where G is the centered adjacency matriz.

Similarly, for establishing the feasibility of the program constraints in Appendix J, We need
the following corollary, which bounds the error of majority voting when a small fraction of
the vertices are removed from the graph.

Corollary 17 Let v € [0 1-— 10?%’“] Choose p, = exp(—yC). Then with probability at

least 1 — exp(—100k) — %, for every z € {0,1}", for every s € {0,1}" such that ||s||y >
(1 — exp(—2Cqe))n, and for every pair of communities y € {0,£1}". We have

640/)7 k:n)

R s el (B

where G is the centered adjacency matriz.
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Appendix D. Algorithmic framework and results

In this section, we give a sketch of our robust optimal recovery algorithm (see Algorithm 42)
with its key building blocks. Algorithm 42 contains two main steps: initialization and
boosting based on pairwise majority voting. The goal of initialization is to get a 1/ poly(k)
approximation such that, in each community, we have error rate at most 0.001. Given the
1/ poly(k)-initial estimation, we can apply pairwise majority voting to boost the accuracy
to the optimal error rate.

D.1. Robust bisection algorithm

The key component of our initialization algorithm is the following robust bisectioning
algorithm that finds bisections in the graph with bisection error exp(—(l —o(1)) C‘“) +

k’2
poly(k)n.

Algorithm 18 (Robust bisection algorithm)
Input: A graph G sampled from the k-stochastic block model SBM,,(d, e, k) with nn
corrupted nodes.

1. Graph splitting: We let G be the graph obtained by subsampling each edge in G
independently with probability 0.99 and let Go = G\ G1.

2. Rough initialization: Run a rough k-clustering algorithm on graph Gy to obtain
rough initialization Zyougn with error rate 0.001 + 10%n.

3. Identifying well recovered blocks: Use graph G and Zgug, to identify k/2
clusters in which 0.99-fraction of the nodes belongs to the same community. Con-
struct rough bisection Tyoygn by putting the k/2 identified clusters on one side of
the bisection.

4. Bisection boosting: Use majority voting on bisections with T ougn as the initial-
Ca,e
&) + poly(k)n.

ization to obtain a bisection & with error rate exp (—(1 —o(1))

Output: .

We will now briefly explain and state the results for the subroutines rough initialization,
identifying well recovered blocks and bisection boosting, then state the initialization guarantee
that is achieved by recursively applying the bisection algorithm.

Rough initialization. Previous work based on semidefinite programming and spectral
algorithms can get a rough initialization with error 0.001 4+ 10* k7 (Lemma 7.3 of Liu
and Moitra (2022)). In our work, we show that a rough initialization procedure based on
Sum-of-Squares (SoS) can get an improved guarantee (see Appendix E for details).

Theorem 19 (Robust rough initialization) Let (G°,Z°) ~ SBM,,(d,e,k) be generated

from the k-stochastic block model and G be generated by adversarially corrupting n-fraction
of the nodes in G°. Assume k < n%%1 5 < m, d = o(n), and £2d > Kk? for some
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sufficiently large constant K. There exists a polynomial-time algorithm that, given observation
of G, outputs an estimator Z € {0,1}"* such that, with probability 1 —exp(—Q(k)) — m,

errory(Z, Z°) < 0.001 + 10% 7.

Identifying well recovered clusters. Once we have a rough initialization with misclassi-
fication rate at most 0.001, at least k/2 clusters must be “well recovered”, in the sense that
at least 0.99 of the nodes in these well recovered clusters belong to the same community. We
show that there exists an algorithm that can robustly identify these well recovered clusters
(see Appendix F for details).

Theorem 20 (Robust identification of well recovered clusters) Let (G°,Z°) ~
SBM,,(d, e, k) be generated from the k-stochastic block model and G be generated by adversar-
ially corrupting n-fraction of the nodes in G°. Assume k < n%%1 5 < m, d = o(n), and
e2d = Kk? for some sufficiently large constant K. For any set S C V of n/k vertices, there
exists a polynomial-time algorithm that, with probability 1 — exp(—Q(k)) — m, outputs

o YES if at least 0.99 of the vertices in S belong to the same community;

e NO if no more than 0.98 of the vertices in S belong to any single community.

Bisection boosting. Given k/2 well recovered clusters, we can construct a rough bisection
Trough by putting them on one side of the bisection. We show that, given this rough bisection
with error rate 0.001, we can use majority voting to boost the bisection accuracy to obtain
a bisection with optimal bisection error (see Appendix G for details).

Theorem 21 (Robust bisection boosting) Let (G°,Z°) ~ SBM,(d,¢,k) be generated
from the k-stochastic block model and G be generated by adversarially corrupting n-fraction
of the nodes in G°. Assume k < n%%01 5 < m, d = o(n), and £2d > Kk? for some
sufficiently large constant K. Let S1,Sa,...,Sk/2 CV be disjoint subsets of size n/k such that
in every S; at least 0.99-fraction of the nodes belong to the same community. Let z° € {£1}"
be the ground-truth community bisection with the underlying communities of S1,52, ..., Sk/2
on the same side. There exists a polynomial-time algorithm that, given observation of G and

81,89, ..., Sk2, outputs & € {£1}" such that, with probability 1 — exp(—Q(k)) — 71)01}1,(”)7

1, . ¢
5H9«° —2°|* < exp (—(1 - 0(1))8> + poly(k)n,

- 2
where C = (v a%bl_2 - \/5) 1s the bisection SNR.

Robust bisection algorithm. As a corollary, by combining Theorem 19, Theorem 20
and Theorem 21, we have a robust bisection algorithm for the k-stochastic block model with
optimal bisection error rate (see Appendix H for details).
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Theorem 22 (Robust bisection algorithm) Let (G°, Z°) ~ SBM,,(d, ¢, k) be generated
from the k-stochastic block model and G be generated by adversarially corrupting n-fraction

of the nodes in G°. Assume k < n%%01, n < ﬁ(k)’ d = o(n), and £2d > Kk? for some

sufficiently large constant K. There exists a polynomial-time algorithm that, given observation

of G, outputs & € {£1}" such that, with probability 1 — exp(—Q(k)) — m,

HER exp<—(1 —o<1>)§> + Ok

- 2
where C = (v arb "k — \/5) is the bisection SNR and z° € {£1}" is a true community

bisection of G°.

D.2. Robust initialization for symmetry breaking

By recursively applying Theorem 22, we can cluster the vertices into £ communities with error
rate exp(— (1—o0(1)) Cd‘5> +poly(k)n (see Appendix I for details). When Cy. > Q(k%log k),

k2
we get an error rate of 1/ poly(k) + poly(k)n.

Theorem 23 (Robust initialization for symmetry breaking) Let (G°,Z°) ~
SBM,,(d, e, k) be generated from the k-stochastic block model and G be generated by adver-
sarially corrupting n-fraction of the nodes in G°. Assume k < n%%1, n < m, d=o(n),
and €2d > Kk? for some sufficiently large constant K. There exists a polynomial-time

algorithm that, given observation of G, outputs an estimator 7€ {0, l}nXk such that, with

probability 1 — exp(~Q(k)) — oy

errory(Z, Z°) < exp ((1 —o(1)) Cgf) + poly(k)n.

D.3. Boosting via pairwise majority voting

Given the initialization with error 1/ poly(k) + poly(k)n, we can apply pairwise majority
voting to boost the accuracy of the estimator to the optimal error rate. The formal main
theorem of our robust clustering algorithm for node-corrupted k-stochastic block model is as
follows. The algorithm and proofs of Theorem 24 are presented in Appendix J.

Theorem 24 (Robust recovery in k-SBM with optimal rate) There ezist universal
constants Cop > C1 > 0 and K > 0 such that the following holds. Let (G°, Z°) ~ SBM,,(d, ¢, k)
be generated from the k-stochastic block model and G be generated by adversarially corrupting
n-fraction of the nodes in G°. Assume k < n% n < k=%, d = o(n), and e2d > Kk*logk.
There ezists a polynomial-time algorithm (see Algorithm 42) that, given observation of G,

outputs an estimator Z € {0, 1}"Xk such that, with probability 1 — exp(—Q(k)) — m,

errory(Z,2°) < exp(—(l - 0(1))%) + k%1

Here o(1) denotes a quantity tending to zero in the regime £2d/k* — oo.
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Appendix E. Robust rough initialization

In this section, we prove Theorem 19 via a natural SoS-based initialization procedure. Our
analysis is of independent interest as it both simplifies and strictly improves upon the
initialization guarantees of Liu and Moitra (2022). In particular, we distinguish two regimes
based on the adversarial corruption fraction #:

o Ifn~ exp(—C’d,a/k) (the critical, minimax regime), our goal is to obtain an initial
recovery error bounded by a small constant (e.g. 0.001).

e If n is significantly larger than exp(—C’[L6 / k), the recovery error is dominated by the
corruption level, meaning that one can only hope to recover the community structure
up to the inherent corruption threshold.

In the former case, both our method and that of Liu and Moitra (2022) achieve the desired
0.001 recovery error, which is sufficient to bootstrap our subsequent boosting step. In the
latter regime, however, our SoS formulation offers a significant improvement by tolerating a
constant corruption fraction 7 independently of k. By contrast, the guarantee in Liu and
Moitra (2022) requires that 7 < 1/k in order to maintain the misclassification error (on the
order of kn) bounded, rendering their bound vacuous as k diverges.

Theorem [Restatement of Theorem 19] Let (G°,Z°) ~ SBM,(d, e, k) be generated from
the k-stochastic block model and G be generated by adversarially corrupting n-fraction of the
nodes in G°. Assume k < n%00 5 < m, d=o(n), and e?d > Kk? for some sufficiently
large constant K. There exists a polynomial-time algorithm that, given observation of G,
outputs an estimator Z € {0,1Y"* such that, with probability 1 — exp(—Q(k)) — m,
errory(Z, Z°) < 0.001 + 10% 7.

We consider a constant-degree sum-of-squares relaxation for the following program:

2e2d
cog=¢ (U= (1-n—en(-—))n

n

Z0O04=7 YA =1 Z(1 = —

@ ) z% (Z7a) ) Z (Z7 a) k?

Ainit (ga Ga Za Ginputa n) = ae[ } ZE[”] (El)
HG—dllT—ed(ZZT—lj) < xVd,
n n k op

\G © §§T = G(input © {{T Y,

For simplicity of notation, we let

Apool(§,2) =8E0E=¢6202=2  Z(i,a)=1,Y_ Z(i,a) =n/k

aclk] i€[n]

=d ! < x\/g}

— (zz" - =)

g 4T
ety {1 ]

op
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Acorr (€, G5 Ginpuis ) i= { G © €67 = Gnpue @ €67, (6,1) > (1= 1 — exp(—2:%d/k))n |
Then we have
Ainit (&, G, Z; Ginput, 1) = Abool (&, Z) U Aspec (G, Z) U Acorr (&, G Ginputs 1) -
We first show that the program is feasible with high probability.

Lemma 25 Let Giyput be an n-corrupted stochastic block model (SBM) graph on n nodes
partitioned into k communities. Suppose that

e2d > K k2,

for a sufficiently large constant K > 0. Then, with high probability, the feasibility conditions
in Eq. (E.1) are satisfied by the choice £ = & ® 1g (where S is as in Cor. 58), Z = Z°, and
a suitable G agreeing with Ginput on the subgraph induced by the set of vertices indicated by
£.

Proof By Corollary 58, there exists a subset S C [n] with S| > (1 — exp(—2Cy,.))n such
that

H ed <xVd

GO— 7{]_? (ZOZOT _ %J)) @]_S]-:S’r

op
where x is a universal constant. Let & be the indicator of the uncorrupted nodes intersected
with S, i.e., £ := & ® 1g, and take Z° € {0,1}"** to be the ground-truth membership
matrix. Define G to agree with Ginpye on the block indexed by supp(§) and to equal
the model mean %J + %(ZO(ZO)T — %J) outside this block. Then the centered matrix
G — %J - %(ZO(ZO)T - %J) vanishes outside supp(§) and, on supp(&), its operator norm
is bounded by xv/d by Corollary 58. Hence the spectral constraint in Eq. (E.1) holds.
Moreover, (£,1) > (1 -n— exp(—2C’d7€))n, which satisfies Acorr- Therefore, with these
choices of &, Z = Z°, and G, all feasibility conditions in Eq. (E.1) are satisfied with high
probability. |

Now, we give the SoS proof for the recovery guarantees.

Lemma 26 Let Gippur be an n-corrupted SBM graph with n nodes and k communities, and
assume that
e2d > Kk?,

for some sufficiently large constant K. Then, we have
Ainit(§(1)7 G(l)y Z(l); Gmput) 77)7 zmt(g(Q) G(2) Z( ); Gmputa 77)

1) @) 1) g2 7)) Zz(2)
e E G2 Y HZ“)(Z(U)T—Z<2>(Z(2>)THF<(0.001+10n)n2/k.

Proof Since the constraints G @MW (ENT = Gippu ©EM (M) T and G @@ (¢ T =
Ginput © E@(E@NT hold, let € = €M © ¢3). We then have a degree-8 sum-of-squares proof
that

GV ©EeT = Ginpu @667 and GP ©EET = Ginpur © €7

27



DING HuA LINDBERG STEURER STOROZHENKO

Therefore, we have GV ©&¢T = G ©&€T. By the min-max characterization of the spectral
norm,

G zM d ed 1
Aboot (61, ZW) U Agpee (G, 20) F—— ‘(G“)—nJ —(Z0(z)T -+ ))Q&T < xVd
op
G,z d ed 1
Anoat(€?, Z) U Aspec(GP), 22)) F— (“”—nJ n<”%ﬂ%T—kﬂ)@&T < xVd
op

By the triangle inequality, this yields a degree-8 sum-of-squares certificate that

ed (20(20)T ~ 22T ) oeeT| <2V

n

op

Since Z(M) and Z®) are community membership matrices, each Gram matrix Z®)(Z®)T

has rank at most k, so (Z(l)(Z(l))T - Z(Q)(Z(Z))T) © €7 has rank at most 2k”. Thus, we
obtain a degree-8 sum-of-squares proof that
8X2k:n2

e2d

(0@ -2z e <
Finally, since ||£]|1 = (1 — 2 — 2exp(—2¢2d/k))n, we have

At (€D, G ZW: Ghipues n)s Ainie (€, G, 2P Gipus, 1)
|£(1) ¢@ ) @ zO) 72

LD EROBIDIE | 700 700)T - 20(22)T| < 8122”

+ 10nn?/k .

Finally, we conclude with the rounding step.

Proof [Proof of Theorem 19] Let us write M° := Z°(Z°)T for the ground-truth matrix. By
Theorem 25, the ground-truth community matrix Z° is feasible for Eq. (E.1). Hence, any
pseudo-distribution satisfying these constraints obeys

8x 2k n?
e2d

122" — M°|% < 10nn?/k +

Standard rounding then yields a community matrix M = EZZT € [0,1]"*" such that

2

107 n 8x“k

k e2d
Having established the Frobenius-norm bound, the rest of the proof mirrors Lemma 7.3 of Liu
and Moitra (2022); we present it below for completeness. Since the rows of M lie in R", we
can apply a Euclidean k-means algorithm with a v = 7 approximation guarantee Grandoni
et al. (2021). Evaluating the k-means objective at the ground-truth partition (Si,...,Sk)
shows that

10 — M3 < ( ) n?. (E.2)

10n 8 X2k> )

e n
k e2d ’

9. Indeed, letting D = diag(€) and A = ZW(ZW)T — Z(Z) T we have A © €67 = DAD, hence
rank(A © £67) < rank(A) < 2k.

k-meansqpe (M) < HM—MOHQF < (
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where the last inequality is Eq. (E.2).
Now fix any alternative clustering S7, ..., S}, of the rows, and consider the same clustering
evaluated on M°. For one cluster, say S, let

sp=1|S1 NSy forbe [k

As in Lemma 7.3 of Liu and Moitra (2022), the k-means objective contributed by S7 on the
rows of M° is at least

n

i (E.3)

(51 + -+ s — max{sy,.. sk})

Summing (E.3) over all clusters S/ lower-bounds the k-means objective on M° for the
partition S7,...,S}. Let the computed clustering be S7,...,S}. Define

k
1
0 =— min SI\ Sr]s == min S
n  m:k]—[k] ;| \ ( )| n f: [k]—)[k]z| \ fla
7 invertible “
Here ¢ is exactly the misclassification error of Si,..., S} relative to the ground truth. As

in Liu and Moitra (2022), one has § < 2§’. Moreover, using (E.3) and summing over clusters
shows that the k-means objective of S7,..., S} on M° is at least % ¢’. Combining this lower

bound with the y-approximation guarantee on M and Eq. (E.2) (exactly as in Lemma 7.3
of Liu and Moitra (2022)) yields

2k
<10tk XF
5 < 10 k<k+€2d>,

which is the desired bound. |

Appendix F. Robustly identifying well-recovered clusters

In this section, we show that given a set of n/k vertices in the graph sampled from
SBM,,(d, €, k), we can decide between

e Case I: at least 0.99 of the vertices in the set belong to the same community;
e Case II: no more than 0.98 of the vertices in the set belong to any single community.

Restriction to the given set. Let S C [n] denote the given set of |S| = n/k vertices,
and let 1 =1g € {0,1}" be its indicator. We define the matrices restricted to S as

Gy=Go(1g1ly) and  J,=1g1].

Throughout this section, every appearance of G and J inside operator norms or inner
products is to be understood as G and J respectively. We also view all vectors (e.g., z, T, ()
as elements of R™ supported on S.
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Theorem [Restatement of Theorem 20] Let (G°,Z°) ~ SBM,(d, e, k) be generated from
the k-stochastic block model and G be genemted by adversarially corrupting n-fraction of the
nodes in G°. Assume k < n%%1 5 < poly(k) d = o(n), and £2d > Kk? for some sufficiently
large constant K. For any set S C V of n/k vertices, there exists a polynomial-time algorithm
that, with probability 1 — exp(—Q(k)) — m, outputs

o YES if at least 0.99 of the vertices in S belong to the same community;

e NO if no more than 0.98 of the vertices in S belong to any single community.

We will show that the feasibility of the degree-2 SoS relaxation of the following program
satisfies Theorem 20.

z@z:z<21> (099 n— p)

Averify(Z;G777) = H( ) QZZTH X\/ ’ (Fl)
<(Gs ng) o ZZT, 1 1T> > 0.97(k};1)z—:dn
where a = d+ (1 — %)ed, 7 is the corruption rate, x is the universal constant defined in the
spectral result in Theorem 57, and p = exp(—2Cy.) is the fraction of high-degree vertices
that need to be trimmed to obtain the spectral norm bound (see Theorem 58).

Lemma 27 Given a set of n/k vertices in the graph sampled from SBM,(d,e, k) where
at least 0.99 fraction of the vertices in the set belongs to the same community (Case I),
when n < Cy for some constant C,, that is small enough, Program Eq. (F.1) is feasible with
probability at least 1 — n~ 1),

Proof Let 7 € {0,1}" (supported on S) be the indicator vector for the largest set of
uncorrupted and degree-bounded nodes (according to Theorem 57) that are in the same
community. We will show that, with probability 1 —n=(1), 7 is a feasible solution to the
program Eq. (F.1).
By assumption, |7, = (%2 —n — p)n. Therefore, T satisfies the integrality and norm
constraints of program Eq. (F.1).

By Theorem 57, with probability at least 1 — 2, we have H G — oJs ) OTT Hop < X\/%
Therefore, T satisfies the spectral constraint of program Eq. (F.1).

Now, consider <GS — %JS, TTT>. Notice that <GS, TTT> is equal to 2 times the number
of edges in the induced subgraph Gs(7) where each edge is sampled independently with
probability ©. Therefore, by Chernoff bound, it follows that, with probability at least

1— n—lOOj
«a alog
(Gorr™) > Sl - o( a8, Hl)

d 1
<Gs - nJS’”T> > —O( o), Hl>

Hence,
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Since o = d + (1 — +)ed, a < 2d and ||7]|; = (%2 — 5 — p)n, it follows that

d T 0.98(k — 1)edn
- P R A —
<Gs an,TT > = 13 ()< dlog(n))

0.975(k — 1)edn

Thus, 7 satisfies the sum constraint of program Eq. (F.1), which finishes the proof. |

Lemma 28 Given a set of n/k vertices in the graph sampled from SBM,,(d, e, k) where at
most a 0.98 fraction of the vertices in the set belongs to the same community (Case II),
when 1 < Cy for some constant Cy, that is small enough, Program Eq. (F.1) is not feasible
with probability at least 1 — n~ D),

Proof We will show that there is an SoS proof of

o d 0.963(k — 1)ed
Averify(z; Ga 77) l? <<Gs - an> ®© ZZT, 1 1T> < ( i3 )E o y

which is a refutation to constraint <(Gs — %Js) ®zz",1 1T> > W in Ayerity (2; G, ).

Let us denote the set of uncorrupted and degree-bounded (according to Theorem 58)
nodes by ¢ € {0,1}" (supported on S). By Theorem 58, it follows that [|(||; = (1 —n —p)}
and ||((Go)s — £J5) ® (CTHOP < x\/d/k, where (Gg)s == Go ® (117). Consider the largest
set of vertices in ¢ that are from the same community, denoted by 7 € {0,1}" (supported
on S). By our assumption, it follows that |7, < 0.98%.

We will decompose <( s — %JS) ®zz',1 1T> into the following three terms and bound
them separately

<<GS — ZJS) ©z2z",1 1T> :< (GS — ZJS> Ozz', 7 + (C—71)(¢— T)T>
—|—< <GS - ZJS> ® zzT,2(( - T)TT> + <(Gs — ZJS> ®zz',117 —((T> )

(F.2)

Term 1. For the first term ((Gs — 4J,) ©@ 22", 777 +(( —7)(( —7) "), we can further
decompose it into the following two terms

<<Gs - ZJS> ©zz 1 4+ (C—-7)(¢ - T)T> _< (GS - ZJS> ® zzT,TTT>

+ <<Gs — ZJS) ®zz",(C—T7)(¢ — T)T> .

The two terms can be bounded using the same method. Consider the first term
<( s — %JS) ® ZZT,TTT>, it follows that

<<Gs - ZJS> ® ZZT,TTT> = <(Gs — %Js> ® ZZT,TTT> + <a ; dJs ® ZZT,TTT>
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= <(Gs - %Js> @zzT,TTT> + a;d<7,2>2-

Since Ayerify certifies H (GS — %Js) ® zzTHOp < xv/a/k, it follows that

Averity (23 G 1) l% <<Gs - iJs) ©) zzT7TTT> <

Using the same analysis by replacing 7 by ( — 7, we can also obtain

d<7’, z>2.

2 d —d
A (G ( (6= 20) 0527 (= (¢ = 1T ) </l - ol g

Combining the two inequalities, we get
z d T T T
Averify(Z;Ga 77)'? Gs - EJS Ozz 7T + (C_T)(C_T)

iy (F.3)
L tn 2+ (¢ = 2?) + xark (I + ¢ - 7I) -

<

Since Averity(2; G, 1) I% 0 < z < 1, it follows that (7,z) < ||7]|; and (¢ — 7, 2) < || — T]];-
Moreover, since [|7]|; < 0.98% angl I¢]l; < %, the value of 7|13 + ||¢ — 7|7 is upper bounded
by (0.98%)% + (0.02%)? < 0.961%;. Therefore, we can obtain

n?

Averity (G0 5 (1,2 + (¢ =2 < rlf + ¢ =7l <0961 5. (F4)

Since 7 and ¢ are Boolean vectors and 7 C (, it follows that
2 2 2 1
177+ 16 =7l = lIcl” < = - (F.5)

Plugging Eq. (F.4) and Eq. (F.5) into Eq. (F.3), we can obtain

Averlfy Z; G 77 l% ( > QZZ TTT+(C—T)(C_T)T>
0. 961(a —d)n  x/an
< 2 + T

Plugging in a = d + (1 — })ed and a < 2d, we get

0.961(k — 1)gdn+2xx/&n

3 N
(F.6)

Ay (G b (6~ L) 02277 4 - )C- 7T ) <

Term 2. For the second term <(GS - %Js) ®zz",2(¢ - T)TT>, since we are summing over
entries in the set of uncorrupted vertices (, it follows that

<<Gs - ZJS> © 227,20 - T)TT> - 2< <(Go)s - ZJS> 0T, (¢ o zzT> |
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To simplify notation, let us denote My = ((Go)s — %Js) ® (¢, Tt follows by SoS Cauchy-
Schwarz (Theorem 52) that

2<Md, ¢ )T o zzT> —2My- (1®2),(C—7)O2)

o 1My (TGZ I”
< +XVAE|(C =) @27
xv/d/

Since we chose ¢ such that || Mg, < x+/d/Fk, it follows that

2( My, ((= )T © 22T ) < xXVATR(IC = 1) @ 2P + I @ 2117)

Since Ayerity (23 G, 1) I% 0 < z < 1, it follows that ||(C —7) ® z||> < ||¢ = 7||* and ||7 ® 2|
|7]|*. Moreover, since ¢ and 7 are Boolean, we have ||7||*> + ||¢ — 7||* = ||¢||* < #. Hence,
we can obtain

d

s (Q(C - T)TT) ® zzT> < xdn

T

Term 3. For the third term <(GS — %Js) ©zz,117 —C(T>, we can further decompose it
into

<<GS . dJ5> ©220,117 gcT> <<G - —J) ©220, 117 —ggT>+<<a_ dJS> ©221, 117 —ggT>.
n n
(F.8)

Since Ayerify certifies ||(Gs — 2Js) @zzTHOp < xva/k and |€][; = (1 —n — p)%, we can
apply Frobenius Cauchy—Schwarz and get

Averify(z; G7 77) l% <Gs - (F?)

2xv/n + p/an
Vi3

Since a < 2d, p < 1 (due to Theorem 58) and the assumption that n < 1, it follows that

xVdn
N

Since Ayerity (23 G, 1) I% 0<z<landa=d+ (1- %)Ed, it follows that

2 —d 2(k -1 d
Averify<z;G7 ,,7) l3 <<anJS) ® ZZT, 1 1T _C<T> < ( )(77+P)€ n .

Averity (23 G,) [ <(Gs - %JS) 22,117 —¢4T> <

Averity (25 G [ (6o = S) 227,117 —¢¢T) < (F.9)

k3

Since p < 1 (due to Theorem 58) and the assumption that n < 1, it follows that

2 —d 0.001(k — 1)ed
Aserity (2; G, n) l? <<a - Js) ®zz',117 —§<T> < ( Jedn . (F.10)

k3
Plugging Eq. (F.9) and Eq. (F.10) into Eq. (F.8), it follows that

o . d ToaaT T 0.001(k — )edn  xVdn
Averlfy(z,G,n)lg<<Gs—an>@zz , 117 —(C¢ >< 13 + i (F.11)
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Conclusion. Plugging Eq. (F.6), Eq. (F.7) and Eq. (F.11) into Eq. (F.2), we can obtain

‘ . d T 0.962(k — )edn  4xVdn
Avcrify(za G777) l? <(Gs - an> ® ZZ 1 1 > k’g + \/]{;>3 .

Since k? < £2d, we can obtain

4xVdn _ 0.00001 edn _ 0.001(k — 1)edn
Ve Ve R k3 '

Thus, it follows that

0.963(k — 1)edn
Averity(2,G,1) 5 << ) ®zz' 11T> (k:3 ) :
This is a refutation to constraint <(G J ) ®zz',1 1T> > Wgﬂ in Averity (2; G, 1),
which finishes the proof. |

Proof [Proof of Theorem 20] By Theorem 27 and Theorem 28, it follows that, given a
set of n/k vertices in the graph sampled from SBM,(d, e, k), we can check feasibility of
Averity (2; G, m) (interpreted with G, J; as above) in time n?W to decide whether the set of
vertices is in Case I or Case 1I:

e Case I (at least 0.99 of the vertices in the set belong to the same community): feasibility
follows by Theorem 27. Since the SoS SDP has small bit complexity and there exists a
Boolean solution, by arguments analogous to those in Raghavendra and Weitz (2017),
the ellipsoid method will be able to find a feasible solution in time n@®),

e Case I (no more than 0.98 of the vertices in the set belong to any single community):
By Theorem 28, the SoS program is infeasible; hence no feasible solution exists (and,
in particular, none can be found in time no(l)).

The success probability is 1 — n~21). [ |

Appendix G. Robust boosting algorithm for bisection

In this section, we prove Theorem 21 for the robust bisection algorithm in the k-stochastic
block model. The procedure essentially constitutes recovery in the 2-SBM model by aggre-
gating communities into two global groups, each comprising k/2 local communities.

G.1. Algorithm and constraint systems

We first introduce the polynomial constraints that we use in the algorithm.
(i) Labeling constraints. The feasible label variable Z € {0,1}"** satisfies

Alabel (Z) = {Z(z a Z(i,a) ZZ i,a) =1, ZZ i,a) } (G.1)
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(ii) Initialization. Let Zi,;; € R™¥F be an initializer 0.001-approximation error and recovers
0.99 fraction of the vertices in communities a € [k/2], we add constraints to enforce the SoS
variable Z is close to Zinit,

1Z(-,a) = Zinit (-, a)||* < 0.001n/k  Va € [k/2]

Ainit (Z; Zinit) = 2
Hzae[k/Q] Z(,a) — Zae[k/Q] Zinit (- a)H < 0.001n

(G.2)

(iii) Corruption mask / node distance. We model node corruptions through a binary
mask £ € {0,1}" and require the program matrix to agree with the observed graph outside
the corrupted rows/columns:

Actose (Y, €1, G) = {(Y —G)O1-HA-9) =0 0= &< %n} , (G3)

where 6, = exp(—2Cq.) + 1.

(iv) Community structure and spectral condition. We encode the decomposition of
the centered adjacency into pairwise components and bound the spectral norm of the noise

blocks:
) < (x + 2) \/&} . (G.4)

(v) Majority-vote consistency. The final constraint system characterizes the constraints
for the consistency of bisection majority voting, i.e. enforcing that the induced bisection of
X (bisection of vertices in community [5] and (%, k]) is consistent with the concentration
result for majority voting:

ed

1
AmiX(Y7 Z) = {X = ZZ—r - %J, Y - —X
n

Amai(Y, Z, R; 7, C‘) = {R: Aset (2) % (Ya(Z),2(Z2) © z) > ay <Z 2 — 677(:‘71) } , (G.5)

where o, = u;g,gsd, & = % exp(—7C/2), Aset(z) = {z®z=2}, and z(Z) =
2 Y Z(,a)-1'
a€lk/2]
For our algorithm, we define polynomial system A(Y, Z, ¢, R; G, Zinit, 0, 7, C’) based on
the set of constraints defined above !

A(Y, Z, 5, R; é, Zinita 79, é)

= Alabel(Z) U Ainit(Z§ Zinit) U -Aclose(Ya g; m, G) U Amix(}/a Za ‘S) U -Amaj (}/7 Zv R; v C) .
(G.6)

10. We write x for simplicity when Z is clear from context
11. For simplicity, we use A(Y, Z, &) to denote A(Y, Z,&, R; G, Zinit, 1,7, C) when the input is clear from the
context.
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Algorithm. Now we describe our algorithm in Algorithm 29.

Algorithm 29 (Robust bisection boosting algorithm)

Input: The graph G sampled from the k-stochastic block model SBM,,(d, e, k) with nn
corrupted nodes, and initial clusters Sy, S2, ..., S,/ C [n] with its corresponding label
matric Zinit -

1. Finding degr_ee—O(l) pseudo-distribution satisfying the polynomial constraints
A, Z, &, R; G, Zinit,m, 7y, C) where G = G — %J is the centered adjacency matriz,
. 2
7:% and C = (\/a%blfz—\/l;) .
2. Rounding the pseudo-distribution by sign to obtain the bisection & € {+1}" from
2(Z) =2 aefpyz Z(a) — 1.

G.2. Feasibility and time complexity

We first show that the program is feasible with high probability and runs in polynomial
time.

Lemma 30 Let G° be the centered adjacency matriz of the uncorrupted graph and S be
the set of nodes with degree larger than 20d. Let T be the set of corrupted nodes. Let Z°
be the ground truth label matriz. Under the setting of Algorithm 29, program A(Y,Z,€) is
satisfied by (G° ® (1513), Z°, 1sur) with probability at least 1 —n~*M) — exp(—Q(k)).

Proof Note that Ajapel(Z°) and Aipnit(Z; Zinit ) is satisfied by definition. Let X° = Z°(Z°)T —
%J . By Theorem 58, the size of set S is bounded by exp(—2Cy ) n and the spectral norm
of G° — %X ° is bounded by xv/d with high probability. Notice that

- ed ed
HGOQ(lslg)—nX" +;HX°@(J—1S1E

op

)

op

_ ed
<[ G°—=Xx° 1:1%
op H( n > ®( ° S)

d
< yVd+ %HX ©(J - 151g)HF

2ed
<+ e aip),

< Vi + 4%& exp(—Cyo)Vd
= xVd + 4Cy . exp(—Cy)Vd
1

Therefore, Apmix(G° ® (1 glg),Zo) is feasible with probability 1 — n~?(1).  Moreover,
I1surll < [S|+|T| < 6,n with probability 1—n~?("). Hence, Acose(G°©(1511), Lsurin, G)
is feasible with probability 1 — n=0().
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By Theorem 15, the voting lower bound in Apmaj(G° ® (lglg), Z°, R;~, C) is feasible for

. 2
v=3and C = (\/ arbl "t — \/l;) with probability 1 —exp(—Q(k)) —n 1. The existence
of the SoS proof of Theorem 14 follows by Theorem 55 and Theorem 56.
The feasibility proof is completed by a union bound over all failure probabilities. |

Lemma 31 Algorithm 29 runs in polynomial time.

Proof Since the sum-of-squares relaxation is at a constant degree, the resulting semidefinite
program involves only polynomially many constraints and can be solved in polynomial time.
[ |

G.3. SoS guarantees for robust bisection boosting

Now, we show that A(Y, Z, &) boosts the bisection error rate from 0.001 to 1/ poly(k). To

do this, we consider two feasible solutions (Y (1), Z(D My and (Y, 22 ¢@)) of A(Y, Z,€).

We will show that the constraints in A(Y, Z, €) allow us to prove that any two good solutions

will be close to each other in the bisection sense. Since Z° will also be a good solution, this

implies that any feasible solution of A(Y, Z, &) will be close to Z° in the bisection sense.
Throughout this section, we define the following terms:

o Let z(1) =2 > aclk)2] ZW(.,a) =1 and 2? = 2> ek Z?)(-,a) — 1 be the induced
bisections of Z(1) and Z(2).

o Letv= M be the set of nodes where the bisections z(!) and z(? differ.

Let s=1— (1 —£&W)® (1 —£®) be the set of nodes where Y1) and Y?) differ.

Let w = v ® (1 — s) be the set of vertices in the shared part of Y1) and Y(?) such that
the bisections (1) and z(?) differ.

o Let g=1— (1 —v)®(1—s) be union of v and s, notice that, equivalently g = w + s.

To prove the algorithmic guarantee of A(Y, Z, &), we need the following observations on
properties of the variables defined above.

Lemma 32 zW, 2 and v satisfies
Mov=-2®c0v and z2Mo@-v)=2P o1 -1),

and,

1—z® 1423 1—2® 1+
=v0® and v©® =00 )

Ve 2 2 2

Proof By the definition of v = M, it follows that

L) _ 2@

5 :—x(2)®v,

e o=

37



DING HuA LINDBERG STEURER STOROZHENKO

and,
1 )
3:(1)6(1—1)):%:95(2)@(1—@).
Now, we show v ® 1*;3(1) =v0® 1+§(2) , and the other side follows by symmetry. By plugging

. —e(Mo(2) . .
inv= lmfox, the left hand side is

(O] 9 - 4 )

and the right hand side is

v© = .

2 4

_ (1) (2)
Therefore, we have v ® L 57— =00 HTI [ |

Lemma 33

A(y(l)’ Z(l),f(1)>,A(Y(Q),Z(Q),g@))

YD),z () y(2) 7(2) ¢(2)
| o (YO o1 -g)aMow)=-(YPe®o@1-g),:?ow).

Proof Plugging in the definition of g and w, the left hand side can be written as
(YO o -9,V ow) = (YOeDo@-vo@d-s)sMovel-s)
- <(y<1> ©1-s)(1- S)T)(xﬂ) o1 -v),20 e v> .
By Actose(Y; €1, G), we have
YDoa-s1-s)=Gol-s)1-s5) =YPo@-s)1-s)",
and, by Theorem 32, we have
tMov=-2Pcov and z2Weo@-v)=2® o1 -1),
Thus,
<Y(1)(x(1) ©(1—g),2M e w> = —<(Y<2> ©(1-s)(1— S)T) @@ o1 -v),z? 6 v>

— _<y(2) @@ 61— g),2? 6 w> _
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Lemma 34 The norm of v, s and g satisfies the following SoS inequalities

A(Y(l)Z 5(1)) ( ), 7@ ¢ )IMHUH < 0.004n,

and,
¢ @
A(Y D, 20, 6W), A(Y®, 2@, 6@ ) gt || < 26y,
and,

(1) 7(2) ¢(1) ¢(2)
A(y(l) e 5(1)) ( (2)’Z<2>,§(2));Z S llw|* < 0.004n,

and, for any b € (5] and t € {1,2},

(1) 7(2) (1) ¢(2)
Ay, 200,60, (v, 70, @) ZLo L0 <Z(t)("b)’w><0.0](€)4n.

Proof For the bound on v, by constraints in Ajinit(Z; Zinit ), it follows that

ol 1— 20 ez a0 _ @]
v = 2 2
2
— Z ZM (. Z A
a€lk/2] a€lk/2]

2 2
<2 Z Z(l) Z Zlnlt CL +2 Z Z(2 Z Zlmt
a€lk/2] a€lk/2] a€lk/2] a€lk/2]

< 0.004n.

For the bound on s, by constraints in Agese(Y, &1, G), it follows that

ol =3 s =31 -0 o (-6 =3 e + 36
<> e+ 3 <26m.
Now, consider w = v ® (1 — s). Therefore,

| = v e (1 - )| < [Jv]|> < 0.004n.

For the last inequality, for b € [£], it follows that
(206 0.0) = 2060t - 5) < 200

Since v = oM © (C o 20 0) = Loepyz 22(1a)) and 2V © 20(5) = Z0(,b)

for b € [%], we have

ZZ” i\ b)o; = Zz 1( A Z@)(z',a))

ack/2] a€lk/2]
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:ZZ(l)(i,b)— PP ARICROVARI (N
i a€lk/2]

§jz 22(i,6)2" (i, )
:Zz (i,b) (1 — 2P (4,b))

= HZ(I)("b) _ Z(Q)("b)H2

< QHZ(I)("b) — Zit( H 4 QHZ(2 ,b) — Zinit('vb)Hz

/
o>

Thus,

< (1) > ZZ(I < 0.02471.

Lemma 35 For any a € [£] and t € {1,2},

A(y(Uj Z(l),§(1)>,A<Y(2), Z(2),§(2))
Iy<1),z(l),ﬁ((l))(,;@),z(z),g(m <X(t) (x(t) ® w>,$(t) Owoe Z(t)("a)> < 0.0}2871 <w,Z(t)(-,a)>,
and,
A(Y®, 20, 60) A(y®), 2 ¢)

(D), 7D () y(@) 7(2) ¢2)
IY Z ,sog) AR <X(t)($(t)®w>’1:(t)GMQZ(t)(.7a)> —0'0£4n<w,Z(t)(-,a)>.

WV

Proof Recall that X = Z()(Z)T — £J. We consider ZW(ZzO)T and 1J separately. For
the ZM(Z®)T part, notice that, since z; = 2 > aclk/2) Z(i,a) — 1, we have acgt) - ZW(i,a) =
ZW(i,a) for a € [k/2]. Therefore, it follows that

<z<t>(z<t>)T (;N) ® w) 2 owoe Z(, a)> = <z<t>(-, D ZO(,b)T (x(t) ® w) 2® owe z0(, a)>
belk]

=3z ( e, w)Z(t)(-,b)T(m(t) owo Z9(,a)

be(k]
=290 @" 0 w)29(,0) (" o w o 29(,a))

_ <Z(t)(',a),w>Z(t)(-, a) (wo Z2W(-,a))
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< 0.0]8471 <w, Z(t)(-, a)> ’

where the last inequality is by Theorem 34. Moreover, from the last equality, we can also
obtain

<Z<t>(z<t>)T(x<t> @w),xa) Owo Z(.7a)> >0

For the %J part, we have

k: k:
< %(1,w><w,Z(t)(-,a)>

< 0.0£4n <w, Z(t)(-,a)> ‘

<1J<x(t> o w),at @w@g(.,a)> _ 1<1,x<f> ou) (120 0we 20(.a))

Equivalently, we can obtain

<;J<x(t) ©) w),w(t) OQwo Z(-,a)> > —0‘0]84n<w, Z(t)(‘,a)> .

Therefore, we have

(xO (20 0w),2" owe 20(,a)) = <
0

and,

Corollary 36 For anyt € {1,2},
A(y(1)7 7). 5(1)), A(y(2)7 72 5(2))

(1) (1) () y(2) 7(2) £(2) ® 11 .
= <X(t)<g;(t)®w>,:c(t)®w®x ; ><0028”yw\|2

)

and,
A(y(l)’ 70, 5(1))’ A(y(Q)’ 7 6‘2))

YD),z £ y(@) 7(2) @) ® 1 0.004
| ¢ 3 <X(t)<x(t)®w),x(t)®w®$ + >>_ 2 fwlf?

o@) 2 k
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Proof Recall that () =2 > aclk)2] Z®(.,a) — 1. Therefore,

®
<X<t> <$<t> - w),xu) Swe (@“+1)> _ <X<t> (a;(t) o w),x(t) owe Y 20, a)>

2
a€lk/2]

= 3 (xO(s0 0w).20 o wo 20, a).
a€lk/2]

Applying Theorem 35, we can get

(t)
a€lk/2]

0008/ =z +1
ok A\ 2

0.008n
<l

and,

<X(t> (ac(t) o w) 20 owo (l’(t)+1)> . 0-0]‘34“ <w’ 20, a)>

a€lk/2]

0.004n < z® 4 1>
— ’u)’
k 2

0.004n
> -2 .

The following bound on <Y(t) (x(t) ® g),:):(t) ® w> will be the key thing that we need in
the proof of the algorithmic guarantees.

Lemma 37 Forte {1,2},
A(y(1)7 70, 5(1))7 A(y(2)7 7). g@))

(1), 7(1) (1) y(2) 7(2) £(2) 0.016ed
e 50(3 7 ¢ <y(t)($(t)@g>’x(t)@w> < kE [w||? + 4edd,n.

Proof Without loss of generality, we prove the statement for ¢ = 1. Let Yél) =YD @
(1 —5)(1—35)", we use decomposition

<y(1) (x(l) o) g) FASNG! w> — <<y(1) _ Ys(l)) (:E(l) o g) ARG w>+<y5§1) (x(l) o) g) FAONO w> )

(G.7)
For the term <(Y(1) — Yé”) (a:(l) ® g),x(l) O] w>, since YW® — Ys(l) =
YO o (J-1-s)1-5)T), ¢ = w+ s and w = v @ (1 — s), we
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have <(Y(1) - YS(I)> (x(l) © w),az(l) O] w> = 0 and (J-(1-s)(1-5") ©
(:U(l) ® s) (x(l) ® w)T = (x(l) ® s) (x(l) ® w)T. Therefore,

<<Y(1) — Yél)) (:1:(1) ©) g) ISNO! w> :< (Y(l) - Yél)) (a:(l) © s) RIONC! w>
:<Y(1) ©) (J —(1-95)(1- S)T), (a:(l) O] s) (:6(1) ©) w)T>
—<Y(1), (x(l) ©) s) <$(1) ® w)T> .

let Y = € x M) 4 PO where X = ZzW(ZW)T —1jand EW =y — 4 x O it follows

that
(r® —y®) (20 0 g).a 0 w) ‘jj<z< (Z0)7, (29 0 5) (a0 0 w>T>
4 (0 (00) )
<“*@ (@ ew)’).
For the first term, since 0 < ZW(ZW)T < J and 2 < 1, it follows that

ii<Z(1)(Z(1))T, (:13(1) ® s) (ZL‘(l) ® w)T> < %1<J, sz> = % (Z si> (Z wi> < 2eddy||lw|?.

For the second term, since 1) > —1, it follows that

;fl<<], (x(l) ® s) (:];(1) @w>T> < %<J, sz> = % <ZL: 5i> (ZZ: wi) < 282517”10”2-

For the third term, Anix(Y, Z) and SoS Cauchy-Schwarz inequality, it follows that

(£ (0 0s) (o ow) ) < (vr gVl oo+

< (v g )Vt (x5 )fwn

Since €2d > k2, we have (X + )\f < skd, we can obtain

T\ _ 0.0001eds 0001 d
<E(l),<$(l)®s> (x(1)®w> >< kg T+ = .

Thus, it follows that

(O -y (xW 0g).2® 0 w) < OOMH % + dedsn. (G-8)
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Now, we consider the term <YS(1) (gg(l) ® g),gg(l) ® w>. By Acose(Y, &;n, G), we have

YOo1-s)1-5)"'=Go1-s)1-s) =YPo@-s1-s".

By Theorem 32 and w =v ® (1 — s),

1 — (D 1 (2)
x Ow= +z

5 w 5 Ow and x(1)®w:—:p(2)®w.

Therefore, we have

<YS(1) <x(1) © g) , +M e w>

1) )
= <Y(1> A0 w),x(l) Owoe +2x > - <Y(2) (1:(2) ® w),:c@) owo L2
Consider the first term, it follows that

(1) (1)
<Y(1>(:c(1) ®w>,x(1) owo - > 8d<X(1)<x(1> @w)w(l) owo 2

2 T

By Theorem 36, we have

(1)
n 2 k

By Amix(Y; Z) and SoS Cauchy-Schwarz inequality, we have

&y
<E<1)<x<1> @w),xm oweLT® > < <X+i‘:>\/&|yw\|2.

2

Since €2d > k2, we have (X + %)\/& < %d, and, therefore,

(1)
<Y(1) (xu) @w)7x(1) Owo 1+ > < O.OlsdeHz'

2 k

Using similar analysis on the lower bound side, we can obtain

(2)
<Y(2) (x@) @w),x@) Owo 1+ > > —0'0058d||’wH2-

2 k
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Thus,

<YS(1) (xu) @g),x(l) ®w> < O.O;SSd”sz. @9)

Plugging Eq. (G.8) and Eq. (G.9) into Eq. (G.7), it follows that

(YO (20 0 g)a) 0w) < 0026“5” I? + dedb,n.

Now combining Theorem 33 and Theorem 37, we can prove Theorem 38.

Theorem 38 Consider the setting of Algorithm 29. We have
A(y(l) 7 5(1)) ( Y®, 7z, §<2>)

2 -
k ~C
<O ——) 494 .
(0.96 — (eXp( 5 )+ ”) ”)
Proof By Theorem 33, we can obtain

<y(1) @V o (1 - g), 2V e w> = _<y(2) @@ o1 -g),2®@06 w> .

1—20@z®
2

| YD),z ) y(2) 7(2) £(2)
I 0o(1)

Therefore, we have
<Y(1>(x(1>), O] w>+<Y(2) (z?),2? @ w> = <Y(1)(ﬂc(1) ®g),2M e w>—|—<Y(2) (z? o g),2? @ w> .
By Awmai(Y, Z, R;, C), it follows that

<Y(1)(:U(1)),3:(1) © w> + <Y(2) (2®),2@ @ w> > 2a7(||w||2 - B%én> .
By Theorem 37, we have for each ¢t € {1,2},

(YO (2 09,20 0 w) < O'OZGEde\P + deddyn.

Therefore, we have

0. 0166d

0‘7(”“’”2 —5%@71> < [|w]|? + deddyn .

By rearranging terms and plugging in ay = ﬂ and B, & = 140 exp(—yC/2), we can

16k
obtain

,C
k
2 <
ol o(( ) )

Since w = v ® (1 — s), it follows that

k C
0] = lw + v © s||* < 2/jw|* + 2|lv © s|* < O<0‘96 — (exp(—g) + 5n) n) :
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G.4. Algorithmic guarantees for robust bisection boosting

Now, we are ready to prove Theorem 21.

Theorem [Restatement of Theorem 21] Let (G°,Z°) ~ SBM,(d, e, k) be generated from
the k-stochastic block model and G be generated by adversarially corrupting n-fraction of the
nodes in G°. Assume k < n%0 5 < ﬁ(k)’ d=o(n), and e2d > Kk? for some sufficiently
large constant K. Let S1,S52,...,8,/9 CV be disjoint subsets of size n/k such that in every
S; at least 0.99-fraction of the nodes belong to the same community. Let x° € {£1}" be the
ground-truth community bisection with the underlying communities of S1,S2,...,S,/2 on

the same side. There exists a polynomial-time algorithm that, given observation of G and

81,82, ..., S92, outputs & € {£1}" such that, with probability 1 — exp(—Q(k)) — rl;(n),
1. c
Ech —2°|> < exp <—(1 - 0(1))8> + poly(k)n,

- 2
where C = (v a%blfg — \/5) is the bisection SNR.

Proof Since the program is feasible for the spectrally truncated graph G° ® (1 glg) with
ground-truth label Z° with the ground-truth bisection be z° € {£1}", by Theorem 38, it

follows that
2 k ~C
< - _ =
\O<0.96V<QXP( 4 )+5’7>>’

. 2
where C = (\/ arbl "k — \/5) . Plug in v = % and 9, = exp(—2Cy.) + 1, it follows that

‘< O(k(exp(—i) +n>> .

Let 2 = sign(fEx). Since the entrywise error of sign rounding increases by at most a
multiplicative factor of O(1), it follows that

%Hiﬁ —z°|? < O(k: (exp(—?) + n)) = exp (—(1 - 0(1))2) + O(kn) .

11~
7HE.I—1‘O
n

111~
fHEx—azo
n

Appendix H. Robust bisection algorithm

In this section, we combine results from Appendix E, Appendix F and Appendix G to design
an algorithm for robust bisectioning and prove Theorem 22.
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Algorithm 39 (Robust bisection algorithm)
Input: A graph G sampled from the k-stochastic block model SBM,,(d, e, k) with nn
corrupted modes.

1. Graph splitting: We let G be the graph obtained by subsampling each edge in G
independently with probability 0.99 and let Go = G \ G1.

2. Rough initialization: Apply the algorithm from Theorem 19 on graph G to
obtain a rough k-clustering Zougn with error rate 0.001 + 10477.

3. Identifying well recovered blocks: Apply the algorithm from Theorem 20 on
graph G and Zougn to identify k/2 clusters Sy, 52, ..., Sy 2 in which 0.99-fraction
of the nodes belongs to the same community.

4. Bisection boosting: Apply the algorithm from Theorem 21 on graph G with

51,82, ..+, Sz and Zyougn as input, find a bisection & that separates the identi-
fied blocks from the remaining blocks with an error rate exp(—(l — 0(1)) C;:f) +
poly (k)n.

Output: .

Theorem [Restatement of Theorem 22] Let (G°,Z°) ~ SBM,(d, e, k) be generated from
the k-stochastic block model and G be generated by adversarially corrupting n-fraction of the

nodes in G°. Assume k < n%0 5 < m, d=o(n), and e?d > Kk? for some sufficiently
large constant K. There exists a polynomial-time algorithm that, given observation of G,

outputs & € {£1}" such that, with probability 1 — exp(—Q(k)) — pobl,(n) )

~le - 27| < exp<—(1 —o<1>)§> + k).

- 2
where C = (v arb =k — \/5) is the bisection SNR and z° € {£1}" is a true community

bisection of G°.

Proof For Theorem 21, it suffices to establish the guarantees required by the initialization
phase. Specifically, we must obtain k/2 disjoint subsets S, So, ..., S} /2, €ach of size exactly
n/k, 12 such that, with high probability, at least a 0.99 fraction of the vertices within each
subset belong to the same community.

By Theorem 19, we obtain with high probability disjoint subsets Vi, Va,..., Vi C [n],
such that for at least 0.99 fraction of these subsets, each contains at least 0.999 fraction of
its vertices from one ground-truth community, with fewer than 0.001n/k vertices from other
communities. Without loss of generality, let these well-aligned subsets be Vi, Va, ..., Vg gok-

To guarantee that each subset has exactly n/k vertices, we rebalance the subsets by
redistributing vertices appropriately. Specifically, surplus vertices are transferred from

12. We assume that k is a power of 2 and n is divisible by k, ensuring that n/k is an integer and eliminating
rounding issues in the partitioning process.
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subsets exceeding size n/k to subsets with fewer than n/k vertices. Let the resulting
balanced subsets be denoted by S7,.5,..., 5.

The key observation here is that, initially, each of the subsets V1,..., Vjggr contains
between 0.999n/k and 1.001n/k vertices. Consequently, the number of vertices added to
or removed from each of these subsets during rebalancing is at most 0.001n/k. Thus, each
subset retains at least 0.998n/k vertices from its dominant community. Therefore, for at
least 0.99 fraction of the subsets, a 0.998 fraction of their vertices still belongs to a single
ground-truth community.

Now, we have k/2 disjoint subsets S1,S52,...,Sy/2, each of size n/k, satisfying the
condition that at least 0.998 fraction of vertices in each subset originate from the same
community. By Theorem 20, the algorithm will accept these subsets as valid clusters and
reject subsets with recovery rates below 0.99. Combining this with Theorem 21 concludes
the proof of the theorem. |

Appendix I. Robust initialization for symmetry breaking

Building on the robust optimal bisection algorithm from Appendix H, we present a robust
polynomial-time algorithm for clustering vertices into k£ communities. Our approach attains
a misclassification error strictly below the critical 1/k symmetry-breaking threshold.

Algorithm 40 (Robust k-clustering via recursive bisections)
Input: Graph G drawn from the k-stochastic block model SBM,,, (d;, €, ki) with corruption
fraction at most n;.

1. Apply the robust bisection algorithm (Algorithm 39) on G to obtain bisection
x € {£1}m.

2. Letxt:={ien]:z; =1} and x~ := {i € [n] : z; = —1}. Partition G into two
induced subgraphs G1 = Glxt] and Gy = G[x~] such that each distributes as
SBMy,,, (dit1, €, kit1)-

3. Recursively apply Algorithm 40 to G1 and Go with parameters n;11,d;+1,€, kit1-

4. After |log k| levels of recursion, merge the resulting clusters into a final community
assignment vector Z € {0,1}"*¥.

Output: 7.

Now, we restate and prove the algorithmic guarantees of Algorithm 40.

Theorem [Restatement of Theorem 23] Let (G°,Z°) ~ SBM,(d, e, k) be generated from
the k-stochastic block model and G be generated by adversarially corrupting n-fraction of the
nodes in G°. Assume k < %%, n < —L < d=o(n), and e2d > Kk? for some sufficiently

poly (k)
large constant K. There exists a polynomial-time algorithm that, given observation of G,
outputs an estimator Z € {0,1Y"* such that, with probability 1 — exp(—Q(k)) — m,

A~

errory(Z,7°) < exp(—(l —o(1)) C,;?) + poly(k)n.
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Proof We follow the level-wise parametrization of Appendix M.1: for level i €
{1,...,logy k|} set B; == 2% n; = 2B;n, and k; = fBik. There are 2! subproblems at
level 7, each on n; vertices and k; communities. Let C; be the level-i bisection SNR and err;
the (per-vertex) bisection error of Algorithm 18 on a level-i subproblem.

The original instance has at most nn corrupted vertices. Restricting to any level-i vertex
set V; of size n; gives at most nn corruptions inside V;, so the effective corruption fraction
satisfies

<o L T,
Bi

TS T 28
since f; > 1/k for i < logy k. Applied at level i, Theorem 22 (with k; communities and
corruption 7;) gives, for some absolute Cy > 0,

Ci

err; < exp (—(1 — 0(1)) 5

) + Cokin;.

By Theorem 63, /Bi@- is nondecreasing in ¢ and Blél = O(Cy./k?), hence

exp(—(l - 0(1))%) < exp(—(l —o(1)) C}ia) .

Moreover k;n; < (Bik)(n/B;) = kn, so

C(d,z-:
k.2

err; < exp(—(l —o(1)) ) + Cokn for all . (I.1)

At level i there are 2 disjoint subproblems, each with error at most err;, so the number of
newly misclustered vertices at that level is at most 2%err;n;. Since n; = 2Pin = 2 7'n, we
have 2'n; = 2n, and the contribution of level i to the global error is at most

%
2'err;n;

< 2err;.
n

Summing over i = 1,..., |logy k| and using (I.1),

error(Z, 2°) < Z 2err; < O(log k)(exp(—(l —o(1)) C];d;) + Cokn).

Absorbing the O(log k) and Cy factors into poly(k), we obtain

C
errorg(Z,Z°) < exp(—(l —o(1)) kd;) + poly(k) n,

as claimed. ]

As a direct consequence of Theorem 23, we obtain the following corollary, capturing the
symmetry-breaking improvement:

Corollary 41 Ifds? > Kk?logk for some sufficiently large constant K, then Algorithm 40

achieves, with probability at least 1 —exp(—Q(k))— m, a labeling error at most O(W) .
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Appendix J. Robust optimal recovery algorithm

In this section, we build on the guarantees from Appendix I and give a robust polynomial-
time algorithm that partitions the vertices into £ communities with the optimal error rate.
The algorithm is a constant-degree sum-of-squares (SoS) relaxation of polynomial constraints
that encode pairwise majority voting. These constraints closely mirror those used for robust
bisectioning. The key difference is the symmetry-breaking guarantee from Theorem 41,
which ensures that across all feasible solutions the community labels are aligned. This
alignment allows us to analyze the majority voting guarantees for each pair of communities.

J.1. Algorithm and constraint systems

We first introduce the polynomial constraints that are used in our robust optimal recovery
algorithm.

(i) Labeling constraints. The feasible label variable Z € {0, 1}"** satisfies
wel(Z) = Z(i,a)? = Z(i Z(i,a) =1 Z(i,a) =~ 1. 1
Al b 1( ) { (Z,CL) (Zaa’)a Za: (Z7a) ) Zz: (Z,CL) k} (J )

(ii) Initialization (symmetry breaking). Let Zi; € R™** be an initializer with -
approximation error. We constrain the SoS variable Z to remain close to Zjyj:

Asym—break(Z; Zinit, M) = {HZ - ZinitH% < :U'} . (J2)

(iii) Corruption mask / node distance. We model node corruptions through a binary
mask £ € {0,1}"™ and require the program matrix to agree with the observed graph outside
the corrupted rows/columns:

Actose (Y, &G, ) = {(Y —o1-9A -9 =0, £0t=¢, Z& < 5,7n} . (J3)

where 0, = exp(—2Cq.) + 7.
(iv) Community structure and spectral condition. We encode the decomposition of
the centered adjacency into pairwise components and bound the spectral norm of the noise

blocks:
) < (x + ;) \/&} : (J.4)

(v) Majority-vote consistency. For each pair a,b € [k] define x4, = Z(-,a) — Z(-,b). We

require that the pairwise labels satisfy the majority voting constraints.

(1 —~)ed
16k

ed

1
Amix(Y, Z) = {X =777 - %J, Y -—X
n

R: Aset(2) B (YZap, 2 © 2ap) >
Tah = Z('va’) - Z(ab)

2
abl|” — 640
Awai (Y, 7, By, ) = (I © was|* ~ 64030

)

(J.5)
where Aget(2) := {z ® 2z =2z}. We will use two parameter settings, corresponding to a
two-round majority vote that achieves the optimal error rate '

13. Two rounds are needed to sharpen the error from a constant-factor exponent to the optimal exponent.
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Ca,e
o 1= gty 1 = 0.99, 51 = 1000k exp( ~0.99%< ).

Ca,e
o = ep(-0990—o)%E), qew = 1 = PE =

V Cd,E 10xl<: Cd,s
oy XP{ — 1*@ * )

For our algorithm, we define polynomial system Aopt (Y, Z, &, R; G, Zinit, 1, 11,7, ) based on
the set of constraints defined above

Aopt(Yy Z7 57 R7 G: Zinitv 17, 6)

= Alabel(Z) U Asym-break(Z§ Zinita ;UJ) U -Aclose(Ya 5; Ga 77) U Amix(Ya Z) U Amaj (Y, Z: R; v B) .
(1.6)

Algorithm. The complete robust optimal recovery algorithm for k-SBM is described in
Algorithm 42.

Algorithm 42 (Robust optimal recovery algorithm)
Input: The centered adjacency matriz G drawn from SBM,(d, e, k) with at most nn
corrupted nodes.

1. Run Algorithm 40 to obtain an initializer Zim-t.

2. Find degree-O(1) pseudo-expectation E satisfying Aopt(Y, Z,€, R; G, Zinit, 0,7, 8) with
Zinits 7 = 0.99, 1 = 55t 8 = 1000k exp( 0,995 ).

3. Round E by labelling vertex i with label argmax, E[Z(i,a)] to Z.

4. Find degree-O(1) pseudo-expectation IEopt satisfying Aopt(Y, Z,&, R; G, Zinit, 1,7, B)

with Z, p = exp(—0.99(1—0(1))CZ’5), v = 1 - \I/OTX%; g =

\ Cd,s 10xk Cd,s
W expl — 1-— 7,@ % |-

5. Round Eopt by labelling vertex i with label argmax,, ]Eopt[Z(i, a)] to Zops.

Output: Z,p.

J.2. Feasibility and time complexity
We first establish feasibility of Aqpt(Y, Z,&) and time complexity of Algorithm 42.

Lemma 43 Let G° be the centered adjacency matriz of the uncorrupted graph and S be
the set of nodes with degree larger than 20d. Let T be the set of corrupted nodes. Let Z° be
the ground truth label matriz. Under the conditions of Theorem 24, program Aop (Y, Z,§) is
satisfied by (G° © (131%), Z°,1sur) with probability at least 1 — exp(—100k) — 1/n3.

14. For simplicity, we use Aopt (Y, Z,€) to denote Aopt (Y, Z, €, R; G, Ziniv, 1,7, B) when the input is clear from
the context.
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Proof The proof parallels Theorem 30. For Ay, feasibility follows from Theorem 17. The
mixing constraints HY — %IX Hop < (X + %) V/d follow from applying Theorem 58 and similar
analysis as Theorem 30. The feasibility of initialization constraint follows from Theorem 23.
The feasibility of corruption constraint follows from Theorem 58. |

Lemma 44 Algorithm 42 runs in polynomial time.

Proof The SoS relaxation has constant degree and therefore produces an SDP with
polynomially many variables and constraints, which can be solved in polynomial time. W

J.3. SoS guarantees for robust optimal boosting

We now prove Aqpt(Y, Z, &) boosts the accuracy to the desired rate. To do this, we consider
two feasible solutions (Y1), Z() ¢y and (Y, Z2(2) @) of Ay (Y, Z,€). We will show
that the constraints in Aqp (Y, Z, &) allow us to prove that any two good solutions will be
within the optimal error scale of each other. Since Z° is also a good solution, this implies
that any feasible solution of Aqp (Y, Z, ) achieves the optimal error rate.

Throughout this section, we define the following terms:

o Let li? = x(tb) ® 1‘5;2 be the support of ac((ltb) for ¢t € {1,2}. Notice that, equivalently,

a

1Y = Z0( a) + 20(-,b),

o Let lgp = l(? ® 1Y be the intersection of l(? and l((li).

a ab a

1D @ _z (D) 50 (2) . . . (1)
o Let vy = -eb—ab—-ab—ab he the coordinates where two feasible pairwise labels x

and xﬁ) differ.

e Let s=1—(1—£6W)® (1 —£@) be the set of nodes where Y1) and Y2 differ.

o Let wap = vgp © (1 — s) be the set of vertices in the shared part of YD and Y@ such
that the bisections () and =2 differ.

o Let gspy =1 — (1 —vgp) © (1 — s) be union of vy, and s, notice that, equivalently
Jab = Wah + S.

To prove the algorithmic guarantee of Aqpt(Y, Z, ), we need the following observations
on properties of the variables defined above.

Lemma 45 For any a,b € [k], x((l?, xﬁ) and vgp satisfies

x((l? O Vgp = —:1:((37) Ovep and xg? © (lgp — vap) = :z:((li) © (lap — Vap) s
and,
L, — W I (2) L, — 2@ I (1)
UaanbT%b:vab % and UaanbT%b:vab w
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Proof The proof follows by similar analysis as Theorem 32.

Lemma 46 The norm of vep, s and gap satisfies the following SoS inequalities

IONIC)
Aopt (Y( Z(l) 5 ) opt( (2)7 Z(2)7€(2)> lw ||3||2 < 2577”7

and,
Aapn (Y00, 200,60, Aogy (Y, 22,2 LI | < g
and,
Aapi (Y00, 200,60, Aoy (Y12, 22),60) FEoEZm g 2 < i,
and,

7)) 7(2) ¢(1) £(2)
Aopr (YD, 20, 60), Ao (Y2, 22,62 ) =505 gl < o+ 40ym.

Proof For the bound on s, by constraints in A (Y, €57, G), it follows that

1|2 Zsz Zl— —eMoa-?) Zs +Z§
Zg<1>+25(2> 26,7

For the bound on vy, by constraints in Ajyit(Z; Zinit), it follows that

» 19 0i® W @ 120 0@ @ g W)
l[va)? =|[ -2 . Lap ab :| ab_~ “ab . ab
] <dlevea-soeof +Jlevcn-soeaf
<|1ZW (-, a) = Zinie (-, H +HZ(2) a) — Zmit(',a)HZ
2
200~ st + 20 - o)

<NZ = Zimitllf < -
The bound on |Jwgl||? follows by
lwap|* = l[vap © (1 = 8)II* < fJvanl® < o
For the bound on HgabHQ, since ggp = Wap + S,

196> = llwap + slI* < 2llwap® + 2[|s]1* < 1+ 48y
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Fact 47 Fiz a,b € [k], there is a constant-degree SoS proof of
(YO @l o (1= ga))aly) Owa) = ~(Y? @) (1= gu) a2l ©wa).
Proof Plugging in the definition of g,; and wgy, the left hand side can be written as
(YD) 0 (1 g2y @ wa) = (YO © (1) © (1= 9),24) ©w o (1 -5))
= <<Y(1) ©((1-s5)(1- s)T> (xl(l? ©(1- vab)>,x$7) ©) vab> .
By Actose(Y, &1, G), we have
YW o1-—s)1-s) =Gol-s)1-5)"=YPo@a-s)(1-s",
and, by Theorem 45, we have
( ) ® Vap = —m(ﬁ) ®vg and x((l? © (lagp — vap) = a:((j)) ©® (lap — vap) ,
Thus,
<Y(1)(a:27) © (1 = gap))s l‘((l? ® wab> = —<<Y(2) ®©1-s5)(1- S)T)(xﬁ) ©(1- vab)),xﬁ) ® vab>

=~ (YOEl o (1 - gu) 2l ©wa).

We next upper bound the contribution of the signal on the set g.

Lemma 48 In the setting of Theorem 2/, for any § € [0,0.001] and t € {1,2},
Aopt( YW,z ¢ >> opt <y(2)7 A2 5(2))

(YD) Z20) 1) y(@) 7(2) £(2) ) (t) ed edd,
| : (YO (2 © gur) 2lf) © wan) < oty e + =2

Proof For notational simplicity, we ignore the superscript (¢) throughout the proof. We
decompose the left hand side in the following way

ed ed
(Y(xap © 9), Tap © Wap) = ;(X(%b ® Gab)s Tab © wab>+<(Y - ;X)(Sﬂab ® Gab)s Tab © wab> ~

For the first term, since X = ZZ " — %J, we have —J < X < J such that o
%<X(xab ® gab) Tab © Wap) < %d (Z(Qab)i) (Z(%b)i) = %||gab||2”wab”2 :
Since [|gap||® < g+ 40,n, it follows that
%(X(xab © Gab)s Tab © Wap) < <é”;l’“‘ + 45d5n> [wasl|” - (1.8)
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For the second term, by Anix(Y, Z) and SoS Cauchy-Schwarz, we also have
ed 1 1 9 9
(¥ = ZX) (o © gav): T O was ) < 5 (x+ 7 ) Va(llzas © ganll® + 70 © was )
1 1 9 9
<5 (x+ 7 ) Va(Bllwa > +21s/?)
1 1 )
<5 (x5 ) Va(3lwal? + 26,m)

Since Vd < %, it follows that

ed edd,
<<Y— nX) (mangab) xawaab> HwabH + Tn (J.Q)
Plugging Eq. (J.8) and Eq. (J.9) into Eq. (J.7), it follows that
d edd
(Y(@ab © 9); Tabp © Wap) < <6n'u + 45d5,7> lwas | + Tn”
|
Now, we are ready to prove the algorithmic guarantee of Agps.
Theorem 49 In the setting of Theorem 24,
Aopt ( ) 5 ) opt (Y(z) Z 5(2)>
(Y Z() £0) y@) 702 £2) 2 < 0 (1 —v)k%Bn + k%nn 2
Proof For any pairs of communities a, b € [k], by Theorem 47,
<Y(1) (552;) © (1 = gab)), $$,) ©) wab> = —<Y(2) (5853)) © (1= gap))s l‘((j,) ©) wab> .
Therefore,
< (l)xéb)> gb) ©) wab>+<Y(2)$ﬁ)>$g) © wab> = <Y( )( ((11;) ©g),z, G ) © wab>+<y( )( Ezb) ®g), Ezb) © wab>
(J.10)
By Anaj(Y, Z, R; 7, B), it follows that
1—7)ed
<Y<t>:c§g,x52 ® wab> > (1672 (H@wabuz - 640671) , (J.11)
for t € 1,2. By Theorem 48, we have
d dé
<y< )( G gab) VRO wab> < <€ ML geds >”wab”2 + ET% (J.12)

for t € {1,2}.
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Therefore, plugging Eq. (J.11) and Eq. (J.12) into Eq. (J.10) and rearranging terms, we

can obtain
(1 —7y)Bn+nn

1—~—pk/n—nk’
Since ||vap|* < 2||wan||* + 2]|s]|%, it follows that

1—)k? k2
ZHvabHQ < O<( V)R & k7im + /{:Q/HL) .
a,b

lwa||* <

1 —~—pk/n—nk

J.4. Algorithmic guarantees for robust optimal recovery

In this section, we prove our main theorem and establish the algorithmic guarantees of our
robust optimal recovery algorithm for k-SBM.

Theorem [Restatement of Theorem 24] There exist universal constants Co > C1 > 0 and
K > 0 such that the following holds. Let (G°,Z°) ~ SBM,,(d,e,k) be generated from the
k-stochastic block model and G be generated by adversarially corrupting n-fraction of the
nodes in G°. Assume k < n%00 n < k¢, d = o(n), and £2d > Kk*logk. There exists
a polynomial-time algorithm (see Algorithm 42) that, given observation of G, outputs an

estimator Z € {0,1}"* such that, with probability 1 — exp(—Q(k)) — m,

errory(Z,Z°) < exp(—(l - 0(1))%) + k1.

Here o(1) denotes a quantity tending to zero in the regime €2d/k* — co.

Proof Let xi, be the ground-truth pairwise labels. Notice that Algorithm 40 provides a
polynomial-time computable initializer Zi,pye with error at most n/poly(k) that we can
use in step 2 of Algorithm 42. Plugging in Zinput = Zinput, 1t = ﬁ(k), v = 0.99 and

6 = 1000k exp<—0.99%> in Theorem 49 and rearranging terms, we can obtain E such that

_ 0.99C
S IBe2, ~ wanlf < exp (1 = o) “E5 Y+ poly .
a,b

Since the rounding introduces a constant multiplicative error, we can use the rounded

solution Z in step 3. Repeating Theorem 49 with Zinpue = Z., 1 = exp (—0.99(1 —o(1)) CZ’E ),

\/Ca.c N
y=1- \1/()c>‘<Tk’ 8= 10;’ exp<— (1 — %) CZ‘), we can obtain Egp such that

- o C
S By — sl < exp( ~(1 = o(1) G -+ poly (yn.
a,b

Combine this with the rounding guarantees, we obtain the desired bound. |
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Appendix K. Sum-of-Squares proofs

In this section, we introduce some Sum-of-Squares (SoS) results that are used in our proofs.

K.1. Basic Sum-of-Squares inequalities
We start with a Cauchy-Schwarz inequality for pseudo-distributions.

Fact 50 (Cauchy-Schwarz for pseudo-distributions Barak et al. (2012)) Let
f, g be vector polynomials of degree at most d in indeterminate x € R™. Then, for any level
2d pseudo-distribution D,

El(f.9)] < VEolIfIP) - VEollgl?].

We will also repeatedly use the following two SoS versions of Cauchy-Schwarz inequality:

Fact 51 (Sum-of-Squares Cauchy-Schwarz I) Let x,y € R? be indeterminates. Then,
x,y 2
< (D) (30).
i i
Fact 52 (Sum-of-Squares Cauchy-Schwarz IT) Let x,y € RY be indeterminates.
Then, for any C > 0,
Ty C 2 1 )
5 (ey) < Slel® + 551l
and,
L (ay) > el ~ gl

We will use the following fact that shows how spectral certificates are captured within
the SoS proof system.

Fact 53 (Spectral Certificates) For any m x m matriz A,
2
5 (u, Au) < [|A] [[u])3-
Combining these facts, we have the following lemma as a corollary:

Lemma 54 For any constant L > 0, for variables E € R™" v € R",w € R", we have
constant degree SoS proof that

L1d - EET = 00T %Y 1By, w)? < Lijvl||wl)?.
Proof We have

EC
=2 (Bo,w)? < ol ? | ETw)?
= (w, EETw) - |[v]]?.

Since LId — EET = CCT, we have (w, EETw) < L||w||?>. As a result,

E,Cvw
Lld— EE" = CCT === (Bv,w)? < L|jv|)?|Jw]?.
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K.2. Sum-of-Squares certificate

Theorem 55 Let x,y € R? and pi(z),p2(),...,pm(z) be a set of polynomials RY — R.
If there exists y° such that pi(z) = 0,p2(z) 2 0,...,pm(z) =0 I% q(z;y°) = 0, then the
degree-(¢ + 2) SoS relaxation of the following program is feasible

A= {pi(@) > 0,p2(x) 2 0,.....pm(x) > 0,(x,5) = T (RR Moma(p1,p2, .- pm)) }

where Momg(p1, ..., pm) is a block-diagonal matriz with entries in R|x| and (possibly empty)
blocks Mg indexed by subsets S C [m] such that for all pairs of monomials x®,z" with
deg %, deg 2P < % (0 — ZiGS deg p;),

Ms(e, 8) = (T _ypi) -2 a”.

We also have the following SoS proof
z,y,R
AFES ala,y) > 0.

Proof Let R° € R4 he the matrix corresponding to a degree-¢ SoS proof of py(z) >
0,p2(z) > 0,...,pm(z) > 0 qx;9°) > 0, ie.

Q(.ZU, Z/O) = T‘I'<RO(RO)TM0md(p17p2> s 7pm)) )

Now, the degree-(¢ + 2) SoS relaxation of A is feasible with R = R° and y = y°. The SoS
proof follows by

Y,R
A % q(z,y) = Tr(RRTMomd(pl,pg, ... ,pm)> >0.

K.3. Sum-of-Squares subset sum

Next we give an SoS proof for a formulation related to the minimum subset sum.

Lemma 56 For any vector v € R™ such that for any subset S C [n] we have ), gv; >
¥(|S| — B), there is a SoS proof that

{z0z=2}E (z0) = 72l - B).

Proof We note that lemma is equivalent of showing

{z@z:z}%(z,v—”yD}—v-B.

If v; <« for all 7, then
{zoz=2} 5 (zv—91) > (Lv—91) > =7 8.
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Else, w.l.o.g assume that v is in non-decreasing order and vy, is the last element that is at
most 7y, i.e. v SV <+ < v <y < Vg1 < Up. Now, we have

h
Mw

{z@z:z}%< — 1) ZZ+Z

z:l i=k+1
k
> Z(w )
i=1
> =70
where the second last inequality is because {z ® z = z} I% 0<z<1. [ ]

Appendix L. Spectral bounds

A well-known challenge in analyzing sparse SBMs is that high-degree nodes can inflate
spectral bounds by an additional logn factor. To establish identifiability in Appendix G,
we leverage a classical result from random matrix theory, which demonstrates that pruning
nodes with degrees above a certain threshold suffices to achieve the desired spectral bounds.

Theorem 57 (Originally proved in Feige and Ofek (2005), restatement of theorem 6.7 in Liu an
Suppose M is a random symmetric matriz with zero on the diagonal whose entries above
the diagonal are independent with the following distribution

A = ML TP wp pi
1y
—Dij w.p. 1 — pij

Let o be a quantity such that p;; < o? and My be the matriz obtained from M by zeroing out
all the rows and columns having more than 200%n positive entries. Then with probability
1 — 1/n2, we have | M;|| < xo/n for some universal constant x.

As a consequence of the above, we admit the following spectral bound for the adjacency
matrix of a pruned SBM.

Corollary 58 (Corollary 6.8 in Liu and Moitra (2022)) Let G° be a graph sampled
from the k-stochastic block model SBM,,(d,e,k) and Z° be the true community membership

matriz. Then, with probability at least 1 — 17227 there exists a subset S C [n] of size at least
(1 — exp (—2C’d,€))n such that

ed

H <G° — —J - X°> ©1s1§|| < xVd,

op

where X is a universal constant and X° = Z°(Z°)T — %J is the signal part of G°.
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Appendix M. Concentration inequalities for stochastic block models
M.1. Level-wise SBM statistics.

Let us consider a level ¢ € {1,2,...,|logy k]} in the recursive bisection as described in
Appendix I. We define the parameters

Bi=2"" n; = 203;n, ki = Bik,

so that one side of the level-i bisection has n;/2 vertices and contains k; communities. We
let a; == 1/k denote the mass of a single ground-truth community and define the mixing
parameter

Yi = Oél/ﬁ@ S [0, 1],

as the fraction of the side occupied by the community of a fixed vertex. Using ~;, we
introduce the geometrically weighted connection probabilities at level i, so that

G =a”'"% . bi=b .

This geometric weighting reflects that a random neighbor on the same side belongs to the
relevant community with mass +; and to an irrelevant community with mass 1 —~;. A simple
uniform bound on the mixed probabilities will be used repeatedly through the section.

Lemma 59 Fix k > 2 and 0 < e < 1. Then, for every level 1,

\/?ﬁ—l—@ﬁ\/dﬂ- :\/d(2+8(1—i)) <m (Ml)

Proof Since a > b and v; € [0,1], we have b= < @' and hence @; = aYibl™ <
a¥ia'™Y = q; also b; = b. Therefore @; + b; < a + b, which implies the first inequality in
(M.1). A direct computation gives

a+b= <1+(1—%)€+1—%>d: (2+s(1—%))d<(2+€)d<3d‘
m

To encode the same-side vs. opposite-side separation in a form amenable to multiplicative
bounds used throughout the section we consider the per-edge log-odds ratio. For p,q € (0,1)

set
p(1—¢q) =

R(p,q) = d1=p)’ R; = R(@/n, bNZ/n)

The following lemma provides a useful lower bound on log R;.

Lemma 60 Fiz k> 2 ande € (0,1), and let d = o(n). Then, for every level i,

Yi €
2

<log R; < vielog3+o(1), (M.2)
where o(1) = o, (1) is uniform in i.
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Proof By definition,
1— fi);/n

~ @
log R; = log = +1 e
og R ogb‘—l— Ogl—ai/n

Lower bound. Since a;/b; = (a/b)" and @; > b;,
~ a
log R; > ;log 7
With a = (1+ (1— })e)d, b= (1— £)d,
a
logg =log(1+(1—3)e) —log(1—2) > (1—$)e—2(1— %)252—1—% >e—-5 23,
hence log R; > i /2.
Upper bound. Using 1 — b;/n < 1 and —log(1 — z) < /(1 —x) for z € (0,1),

1objn
1—a;/n

log log(1-2) < <2,
n

SO
1ogfii<%-10g9+ ¢
b n-—a
Moreover, for k > 2,
a 14+ (1— 1) 1+¢/2
log - =1 B L1 <elogd .
Ogb o8 11—z Og1—5/2 =08

We, thus, get

logéi < vielogd + ‘.
n—a

Since a = O(d) and d = o(n), we have a/(n — a) = o(1) uniformly in ¢, yielding the desired
upper bound. [ |

M.2. Concentration inequalities

We now prove Theorem 63, a bound on the success probability of majority voting for the
held-out vertex. Let us start with a short convexity lemma.

Lemma 61 Let a,b,n >0 and v € (0,1]. Assume a < n and b < n. Define f:[0,1] - R
by
n n 1- My Ty 1—
o n_qy Ny (MYt g
Fo) == (o o 1) e Do) ()

Then f(x) >0 for all x € [0,1].
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Proof [Proof of Lemma 61] If y = 1 then f(z) = 0, thus we restrict attention to 0 < v < 1.
We certify nonnegativity by showing that f is convex on [0, 1] and minimized at x = 1.

Let u(z) =2+ 2 — 1 and v(z) =z + § — 1. A direct differentiation gives
fi@)=1=yu(@) @)™ = (1= y)u@) v(z) 77, (M.3)

Evaluating (M.3) at 2 =1 (so u(1) = 2, v(1) = ¥) yields

a

rw=1-+(3)"-a-2(2) <o

a
where we used the weighted AM-GM inequality

b

1— Y
yva+(1—)b>a"b'™ = 7(%) 7—1—(1—7)(@) > 1.

Differentiating (M.3) once more and factoring,

F(@) = (1= ) ulz) (@) 77 = 291 = ) ul@) " o(@) 7+ (1 =) ulz) v(z)
=71 =) u(@) 2 v(@) 7 (v(z) — u(@))” > 0.

Hence f is convex on [0,1]. In particular, f’ is nondecreasing on the interval. Since f’(1) < 0,
we have f'(z) < 0 for all z € [0,1], i.e., f is decreasing on [0, 1]. Finally,

m=1-(5)'G) T+ G) -
so f(z) = f(1) = 0 for every z € [0, 1], as claimed. [ |

Theorem 62 Assume a < n and b < n. Fiz parameters § € (0,1] and o € (0, 5]. Consider
the distribution

D = Binom(an, a/n) + Binom((8 — a)n, b/n) — Binom(fn, b/n) ,

where the three binomials are independent. Let v := o/ and define

T=a'bl Y P A~ ~ /5?2 .:p(l_Q)
G=ab'™ , bi=b, C=(\a-Vb)?., R(p.aq: T

Then for every 6 € R,

~ 0 . ~
P X <0< exp(—ﬁC + 3 log R(a/n, b/n)) .

Proof [Proof of Theorem 62] Let ¢ > 0 to be fixed later. By Markov’s inequality,

PX < 0] =P > e ) <Ele ]! .
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Since the three binomials are independent and E[e® Birom(mp)] = (pes + 1 — p)™, we have

Ele™"X] = (a/mne t+1-— a/”)an(b/” e+ 1~ b/”)(ﬂia)n (b/nel +1- b/n)ﬁn

- ((a/n et+1—a/n)’(b/net+1— b/n)1_7 (b/net+1— b/n))ﬁn :

apply Lemma 61

where v = a/ € [0,1]. Applying Lemma 61 with z = e~ € (0,1] gives
(a/mne”*+1—a/n)’(b/ne " +1— b/n)1_7 < (a/n)et +1—a/n,
with @ = a”b'~7 and b = b. Hence

—tX a ¢ q_ayb o o by
Bl < (e +1- ) (ze'+1-2))

We choose

It then follows that

1-— W)Q,Bn exp(g log R(Zi/n,fl;/n)>
< exp(—ﬁé + glog R(Zi/n,g/n)) :

Theorem 63 Fiz a level i € {1,2,..., |logy k|} and let §; = 27" (with a; = 1/k). Let
a,b,C and R(-,-) be as in Theorem 62, evaluated at this (o, 3). Then for every 6 € R,

(log2)? de&?
1 BR

PIX < 0] < exp(— + glog R(’d/n,g/n))

Proof [Proof of Theorem 63] By Theorem 62 (applied with (3, ) = (8, a4)),
PIX <0] < exp(— 8 Ci + glog R(&/n,@n)).

It remains to lower bound @5’1 Starting from the definition,

G = (Va—Vh)?
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(1)

where 7v; = «;/B3;. Writing r := a/b > 1, we have
Pt —1=¢e"8" _ 1 >ylogr forall u>0,

so with u = v;/2,

a\ /2 s a
- -1 > — log—.
(b) 2 %%

Hence

~ Vi a\?

i =zbl 51 *)

C b<2 g
2

—p i o2 &

—b4log =

Multiplying by 5; and using ; = % and a; = %, we get

N

SN
(Ol
WV
IS
S
=13
<)
o
no
SHES

NS N R
iss

Recall a = (14 (1 — 1)e)d and b= (1 — £)d, so

gilJr(l—%)e b*l—

and therefore

Define 1
2 1 + (1 — E)E

-

H(e k) = = log , e€ (0,1], k> 2.

A direct computation shows that H (e, k) is decreasing in k, so

log?(1
inf (e, k) = lim H(e k) = 25 1T
k>2 k—oo £

Moreover, log(1 + ¢) /e is decreasing on (0, 1], hence

log?(1 +¢)

5 >1log?2 forall e € (0,1].

e
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Thus H(e, k) > log??2 for all € € (0,1], k > 2, and we obtain

~ _ (log2)? de?
C; > :

Substituting this into the Theorem 62 inequality yields

log2)? de* 0 o~
( g4) B‘k2+2logR(a/n,b/n)>,

PIX <0] < exp<—

as claimed. [ |

M.3. Voting lower bound
In this section, we will leverage the results of Section M.2 to prove the global voting

concentration theorems Theorem 14 and Theorem 16.

Theorem 64 (Claim 6.2 in Liu and Moitra (2022)) Let n,ny,ny be parameters with
ni,ny < 107%n. Let M € R™™ be a random matriz whose entries are independent, have
mean 0, variance at most o2 for some o > 20/+/n, and are almost surely bounded in [—1,1].
Then, with probability at least

1-— exp(—S (n1 + n2) log(% + %)),

the magnitude of the sum of the entries over any ni X ne combinatorial subrectangle of M is
at most (n1 + ng) o /n.

As a corollary, we get the following theorem which applies for rectangles which are long
and thin.

Theorem 65 Let n,ni,ng be parameters with ny < 1071 and ng > 107%n. Let M € R™*™
be a random matriz whose entries are independent, have mean 0, variance at most o2 for
some o = 20/~/n, and are almost surely bounded in [—1,1]. Then, with probability at least

1-— exp(—S (nq + 107 %n) log(nﬂ1 + 106)),

the magnitude of the sum of the entries over any ny X ne combinatorial subrectangle of M is
at most 2 (n1 + na) o /n.

Proof Let us fix a set S C [n] of rows with |S| = n; and define
v = ZMW" je [n]
€S

Set 6 := 107%. By Theorem 64 with parameters (ni,én), with the stated probability we
have for all U C [n] with |U| = dn that

Soul=] 3

Jjeu (4,5)eSxU

< (ny + dn) oy/n.
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We now use a simple averaging inequality: for any integers K > L and any vector w,

sup ‘Zw ‘ — sup ’Zw]’

T|=K Lyj=r

Indeed, for any fixed T' with |T| = K, each j € T lies in exactly ( B ) subsets U C T of

size L, so
K—1\""
So=(321) ¥ T
jer UCT jeU
UI=L
and taking absolute values yields the desired result since (IL( )/ (12:11) = K/L.
Applying this with w = v, K = ng, and L = dn yields, uniformly for all T" with |T'| = nq,

3, wnl= (ol
(4,§)€SXT JjET

n2
< — sup
on Ul=én'’cry

< 22 (ny + 6n) ov/n
n

Uj

Since Theorem 64 is uniform over all choices of S and U of the specified sizes, the bound
holds simultaneously for all ny x ns combinatorial subrectangles, as claimed. |

Theorem 66 Fiz a level i € {1,2,...,|logy k|} and set B; = 27%, n; == 2B;n, and
v = a;/Bi = 2/k with a; = 1/k. Let y € {0,£1}" be a valid level-i bisection labeling. Fizx
parameters t > 1 and 0 < p < 1075, and set

Qi = BiCi — log(1/p) — 3t.

Assume a > b, a,b < n, and a > 400. Then, with probability at least 1 — e~ — 1/n3, for
any z supported on {j : y; # 0} with ||z||1 = pn,;, we have

(Gyoy, z) >2Pni< Qi —m).

log R;

Proof Imagine sampling the matrix G' by independently drawing the entries G;; for i < j
and then filling in the remainder symmetrically, with Gj; = G;; and G;; = 0. If i and j are
in the same community then Gj; ~ Bernoulli(a/n); otherwise G;; ~ Bernoulli(b/n). Fix a
level-i bisection with sides S;” and S; of size n;/2 each, and write o = 1/k. For a vertex
u € S;r consider the signed difference

X'u,: Z Guv_ ZGUU .

veSH\{u} vES]
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We observe that the neighbors of u split into three disjoint sets: its own community C'(u)\ {u}
of size an — 1 where edges have bias a/n; the remaining (3; — a)n vertices on the same side
where edges have bias b/n; and the (;n vertices on the opposite side where edges have bias
b/n. Independence across disjoint unordered pairs implies that these three contributions are
independent binomials, hence

X, 2 Binom(an — 1,a/n) + Binom((8; — a)n,b/n) — Binom(B;n, b/n) .

We note that since (Gy ® y, 2) is linear in z and only coordinates with y; # 0 contribute, it
suffices to take z = 1g for some S C {j : y; # 0} with |S| = pn; (if pn; ¢ N, take |pn;| and
[pn;]; any other z € [0, 1]™ with the same ¢;-norm is a convex combination).

Let us first construct an auxiliary matrix G in which, for each fixed row u, the variables
{Gind}, are independent Bernoullis with the same means as above (and different rows are
also independent); define XL“d analogously. Then

(GMyoy, 1s) = X0
u€eS

We now apply Theorem 62 to the sum Z X,if‘d by independence across rows with the

uesS
parameter _ _
~ ;C; —log(1/p) — 3t ;
0; = 2pn; GiCi 0g(~/p) = 2pn; Qz~ .
log R; log R;

This yields
P[> X <) <exp (— 1816+ §log R) = exp ( —[S](1og(1/p) +31)) .
ues
A union bound over all S C {y # 0} with |S| = pn; gives

P [35: ZXLnd < oﬁz} < (nz > e~ |51(log(1/p)+3t) < e—tpni’

-
uesS pri

using (p’";;i) < exp(pni(log(1/p)+1)) and t > 1. Therefore, with probability at least 1 —e =",
simultaneously for all such S,

Qi
log R;

S X G- 28] oL

u€esS

It remains to pass from the independent sampling used above to the actual symmetric
SBM with zero diagonal. We, first, note that zeroing the diagonal affects the sum by
at most |S| = pn;. We, further, note that only the block S x S differs between the two
sampling procedures. Let A(S) be the difference between the contributions of S x S to
>ues XIdand to Y, g Xu. As in Liu and Moitra (2022), A(S) is a sum/difference
of independent, mean-0, bounded variables, each supported in [—1, 1] and nonzero with
probability at most a/n (so 02 < (a +b)/n). Apply Theorem 64 with ny = ny = |S| and
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02 = (a+b)/n (hence o > 20//n because a > 400). Since i > 1, we have n; < n and hence
|S| = pn; < pn < 107%n, so the conditions hold. We obtain

P[|A(S)] > 2S|Va+b] < exp (- 1615|log (7)) -

ng

A union bound over all (pni) choices of S shows that, with additional failure probability at

most 1/n? (for all large n), we have |A(S)| < 2|S|va + b simultaneously for all such S.
Finally, intersecting the two high-probability events and noting that the level-i bisection
is balanced so we get

<Gy®y7 1S> :Zyuzyv (Guv_dz) = ZXU 251'—2‘5’\/614'1).

u€esS v u€esS

Substituting |S| = pn; and the definition of 0; yields the desired conclusion. |

Theorem 67 Fiz a level i € {1,2,...,|logy k|} and set B; = 27%, n; == 2B;n, and
Vi = oy /B = 21k with a; = 1/k. Assume 0 < e <1 and k > 2, and take other parameters
as in Theorem 62. Define
' /1 e2d
p.y = m1n< g,exp(fg))
If, in addition, €d > 9k*, then for any 0 < p < min{p,,107%} and t = 2d/k, with

probability at least 1 — e~ tPmi — % we have

(Gy ©y,z) > —12pyned for every z with ||z||1 = pni,
where y € {0, £1}" is any valid bisection labeling at level i.

Proof Let t = £2d/k and fix any 0 < p < min{p,, 107°}. By Theorem 66, with probability

at least 1 — e~ " — n—l?,, we have for all z with ||z]|; = pn;,

3

(Gy Oy, 2) = 2pm (B’Ci — Ei%/p) =3 e b) . (M.5)

We now bound the three potentially negative contributions on the right-hand side of (M.5).
For the —log(1/p) term, Theorem 60 yields
2pn; 1 4pn;

1
————=log— > log — .
log R; P Vi€ p

<

By the monotonicity of zlog(1/x) on (0,e7!] and p < py < e™!, we have

1 1
plog — < pylog —,
P Py
and therefore
2pn; 1 4p 1 S ~Apyni

1
— —log— > — lo > - — = —4pned - — = —4pnied .
logR; P vie Py vie  k T ik v

™
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For the —3t term, using t = ¢2d/k and Theorem 60 we obtain

20m; - 3t 12pn; t 12pn; €2d
— pnlN > — prat _ 2P E4 —12pn;ed - B; = —6 pyn;ed .
log R; Vi € Yi € k

Finally, by Theorem 59, we have that
—2pn;va+b = —2p,n;V3d = —2pyned .

Combining these three bounds in (M.5) yields
(Gyoy,z) = — (4 + 6+ 2) pynied = =12 pynzed > —12pyn;ed,

which is the desired inequality. The probability statement is exactly that of Theorem 66
with ¢ = e2d/k, completing the proof. [ |

Lemma 68 Fix a level i and set $; = 27" and n; = 2Bin. Let y € {0,£1}" be a valid
bisection labeling at level i. Choose 0 < py < 1075 and set t = €2d/k. Then, with probability
at least 1 — 2e7t — n;2, the inequality

(Gy©y,2) 2 —12pyned
holds simultaneously for every vector z € {0, £1}" with ||z]1 < pyn;.

Proof We discretize over the admissible ¢ sizes: since z € {0, £1}" , the quantity ||z||; is
an integer, hence p = ||z||1/n; ranges over the set {j/n; : 1 < j < [pyn;]}. For a fixed value
p we invoke the level-i voting lower bound (Theorem 67) with this p. It states that, with
probability at least 1 — e~ —n; 3 the estimate

(Gy©y,2) 2 —12pyned

holds simultaneously for all z with ||z||; = pn;. Taking a union bound over the at most
| pyni] distinct values, the failure probability is at most

Lpymi] —t

: — : 1 1
—tj .*3) < Loyni] e <2t =
> (e ) <=t STt S +N?

J=1

On the complementary event, the desired bound holds for every value in the set, and hence
for every z € {0,£1}" with ||z||1 < pyn;, as claimed. [ |

Next we give a lemma for lower bounding the inner product when the size of the set is
large.

Lemma 69 Fiz a level i and set B; = 27%, n; = 2B, and k; = Bik. Let y € {0,4+1}" be a

valid bisection labeling at level i. Let v € [0, 1-— 10:%1“]. Define

. Ci o
by e exp<_%), t == 0.001 (1 — ) §; C:.
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Then for every p > p~, with probability at least 1 — exp(—tpn;) — %, the inequality

ed
( ’7) Py T

(Gyoy, z) > o

holds for all z € {0,1}" with ||z||1 = pni, where G is the centered adjacency matriz.

Proof Let us fix p € [py,1] and 2 € {0,1}" with ||z||; = pn;. By Theorem 66 applied to G,
with probability at least 1 — e~ — n;® we have

_ 0; - - 1
<Gy ®y, Z> = 2pn; Q~ —Va+b|, Qz = B@Cz - log - — 3t (MG)
log Ri p

Since p > py = exp(—y 3:C;/2), we have

~log(1/p) = — :C;/2,

and hence

(1—f—0003 1 ))5,-5,
> 0.997(1 — ) B:C:. (M.7)

By Lemma 60, log R; < ;¢ log 3 + o(1). Therefore

Ql > 0.997 (1 B 7) /81 Cz
log R; vielog3 +o(1)
(log 2)? ed
1—7)— M.
using
_ 2 2
5,3 > (log2)® de

4 B k?
by the monotonicity shown in Theorem 63.
For the last term, Lemma 59 gives va + b < v/3d. We thus have

a+b< \/ﬁéo.OOl(l—y)%. (M.9)
Combining (M.6), (M.8), and (M.9), we obtain
(Gy©y, z) = 2pn; <0.109 (1—7) % —0.001 (1 —7) 5:)
(=) pm,
;Z (1 =) pymi
as claimed. |
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Corollary 70 Fix a level i and set B; = 27% and n; = 2B;n. Let y € {0,£1}" be a valid

bisection labeling at level i. Let v € [0, 1-— lof%ki], and define

Pry = exp(—%a), t = 0.001 (1 — ’y) /Bz 52

Then, with probability at least 1 — 2e~tPr™i — n;z, the inequality

_ ed
(Gyoy,z) = 573(1—7)pwz’

holds simultaneously for every vector z € {0,1}" with ||z||1 = pyni, where G is the centered
adjacency matrix.

Proof We discretize over the admissible ¢; sizes. Since z € {0,1}", the quantity ||z||; is
an integer, so p = ||z||1/n; ranges over {j/n; : mo < j < n;}, where mgy = [pyn;|. Fix
j € {mo,...,n} and set p = j/n; > p,. By Lemma 69 (applied with our choice of p), with
probability at least 1 — e~tP"i — n;3 =1—-et— n;g, we have

- d
(GyoOuy,z) > c (I =7v)pyn; forall z € {0,1}" with ||z|[; = j.

5k
Taking a union bound over all j € {my,...,n;}, the total failure probability is at most
U ) —tmo L 1 1
S (e n®) < S T gty
1—e n;

j=mo A 7

On the complementary event, the claimed lower bound holds simultaneously for all sizes
J = myg, and hence for every z € {0,1}" with ||z||1 > pyn;, as desired. [ |

Now we conclude the proof of the majority voting lower bound of bisections.

Theorem [Restatement of Theorem 14] Fiz a level i and set B; = 27%, n; = 2B;in, and
ki = Bik. Let v € [0,0.99]. Choose p, = exp(—B3;Ci/2), and set t = 0.001(1 — +)C;. Then
with probability at least 1 — exp(—100k) — n—lg, for every z € {0,1}", and for every valid
bisections y € {0,£1}" at level i. we have

~ (1 —~)ed 960, kn;
>\ U7 _ Pyt
(Gyoyz) = ok IE2IR )

where G is the centered adjacency matric.

Proof We first prove the claim for fixed bisection y. When the size of the set is at least pyn,
the lower bound easily follows from Theorem 70. When the size of the set is at most p,n, the
lower bound follows from Theorem 68 with probability 1 — exp(—e2d/k), as ||z||1 = 0. From
the proof of Theorem 63, we know that 8;C; > Q(e2d;/k?) > Q(2'log(k)). It follows that
C’Z-pyn > 100k log(k). Since there are at most 22¥ possible choices for community bisections
1, we can take union bound and the claim follows. |

Finally we give the bound for larger values of v which will be helpful for obtaining the
optimal recovery rate in the final k-clustering.
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Theorem [Restatement of Theorem 16] Let Cyq. = (v/a — Vb)%. Let v € [0,1 — %].

Choose p = exp(—yCqc/k). Then with probability at least 1 — exp(—100k) — n%, for every
2z € {0,1}", and for every pair of communities y € {0, £1}". We have

96pfylm>

Gy oy, > L2 )<H o - 2

where G is the centered adjacency matriz.

Proof The proof is very similar to Theorem 14. However, now for the probability bound,
we only need to use pyn > 1 and C' > 100k, and we only need to take union bound over k?
pairs of communities. |

Corollary [Restatement of Theorem 15] Fiz a level i and set B; = 27%, n; = 2,8m and
k; = Bik. Let v € [0,0.99]. Choose p = exp( vB:C;/2), and set t = 0.001(1 — ~)Cy. Then
with probability at least 1 — exp(—100k) — n3 , for every z € {0,1}", for every s € {0,1}"
such that ||s||1 = (1 —exp(—2Cq.))n, and for every valid bisections y € {0,£1}" at level i,

we have
640p7kn, >

(@ (55T o) > LT (g, - S

where G is the centered adjacency matriz.
Proof Notice that

(Go(ssyoy.2)=(Goy ) (z0s)s)
=(Goy),zos)T) —(Goyy"),(zos)(1—-:").

By Theorem 14, it follows that, with probability 1 — exp(—100k) — =,

- 1-— d 96p~k
(G0 o) = L (o g, - 00
1—7)ed 96p~kn
> C2 (hell = 1 - sl - 2227 )
(1 —7)ed 96p,kn
> = (Yl — exp(—2Ca)n —
. 411 = exp(~2Cac)n — 7
) 200p kn
-
By Theorem 65, it follows that, with probability 1 — #
~ 100p kn
(G (") (0 )1 =) < VBl + exp(-2Cam) < T (1all+ ).
Therefore, with probability 1 — exp(—100k) — 7723’
~ T (1 —7)ed ) 200p7kn - (I =79)ed 100p~kn
Go (s oy > I e
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(1 —~)ed 640pkn
> e \IFh——=——)"
16k -y

Corollary [Restatement of Theorem 17] Let~y € [0,1 — H:P}"“] Choose p = exp(—C).

Then with probability at least 1 —exp(—100k) — %, for every z € {0,1}", for every s € {0,1}"
such that ||s|l1 = (1 — exp(—2Cy.))n, and for every pair of communities y € {0, £1}". We
have
640p7kn>
’y )

5 T (I —7)ed
(G (s o) > o (e -
where G is the centered adjacency matric.

Proof The proof is very similar to Theorem 15. The only difference is that the voting lower
bound is via Theorem 16. |
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