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Abstract
Diffusion models over discrete spaces have recently shown striking empirical success, yet their the-
oretical foundations remain incomplete. In this paper, we study the sampling efficiency of score-
based discrete diffusion models under a continuous-time Markov chain (CTMC) formulation, with
a focus on τ -leaping-based samplers. We establish sharp convergence guarantees for attaining ε
accuracy in Kullback-Leibler (KL) divergence for both uniform and masking noising processes.
For uniform discrete diffusion, we show that the τ -leaping algorithm achieves an iteration com-
plexity of order rOpd{εq, with d the ambient dimension of the target distribution, eliminating linear
dependence on the vocabulary size S and improving existing bounds by a factor of d; moreover,
we establish a matching algorithmic lower bound showing that linear dependence on the ambient
dimension is unavoidable in general. For masking discrete diffusion, we introduce a modified τ -
leaping sampler whose convergence rate is governed by an intrinsic information-theoretic quantity,
termed the effective total correlation, which is bounded by d logS but can be sublinear or even
constant for structured data. As a consequence, the sampler provably adapts to low-dimensional
structure without prior knowledge or algorithmic modification, yielding sublinear convergence rates
for various practical examples (such as hidden Markov models, image data, and random graphs).
Our analysis requires no boundedness or smoothness assumptions on the score estimator beyond
control of the score entropy loss.
Keywords: Discrete diffusion models, masking diffusion, uniform diffusion, τ -leaping algorithm,
low-dimensional adaptation

1. Introduction

Diffusion models have recently emerged as state-of-the-art approaches for high-fidelity image gen-
eration and video synthesis (Ho et al. (2020); Dhariwal and Nichol (2021); Song and Ermon (2019);
Ho et al. (2022)), and have already led to significant scientific advances in various domains, in-
cluding climate modeling, protein structure prediction, and materials science (Watson et al. (2023);
Zeni et al. (2025); Li et al. (2024)). At their core, diffusion models are built upon two stochastic
processes: a forward process that gradually corrupts the data distribution into pure noise, and a re-
verse process that generates samples by learning the logarithmic gradient of the perturbed marginals,
commonly referred to as the score function.

Despite their broad empirical success, diffusion models have been predominantly developed for
continuous data. Their extension to discrete domains, such as natural language, graph-structured
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data, and categorical labels, has long remained challenging, although already discussed in Sohl-
Dickstein et al. (2015). This perspective began to shift following the seminal work of Austin et al.
(2021), which revealed the promise of diffusion-based approaches in discrete settings. Analogous to
the continuous case, discrete diffusion models rely on a pair of noisy forward and reverse processes,
with sampling achieved by learning appropriate ratios of distributions. Among recent developments
(Campbell et al. (2022); Sahoo et al. (2024); Shi et al. (2024); Ou et al. (2025); Bach and Saremi
(2025)), score-entropy discrete diffusion (SEDD) has demonstrated striking performance in text
generation (Lou et al. (2024)), challenging the long-standing dominance of autoregressive language
models. In contrast to autoregressive approaches, diffusion-based language models are not con-
strained to a fixed generation order (such as left-to-right), and they naturally lend themselves to
more flexible forms of controlled generation, including conditional and structured text synthesis.

The promise of discrete diffusion models has spurred growing interest in their theoretical foun-
dations. A particularly influential line of work formulates discrete diffusion through the lens of
continuous-time Markov chains (CTMCs) (Campbell et al., 2022), in which the forward dynam-
ics is governed by carefully designed rate matrix, and backward dynamics is approximated via a
learned score function. Among the proposed constructions, two choices have emerged as especially
prominent: the uniform rate matrix, which induces a uniform stationary distribution for the forward
process, and the absorbing rate matrix, which yields a degenerate stationary distribution with an
absorbing state. In practice, the performance of the resulting samplers depends sensitively on the
choice of the rate matrix (Lou et al. (2024); von Rütte et al. (2025)). Correspondingly, two parallel
lines of work have sought to understand the sampling efficiency of discrete diffusion models —
specifically, the number of steps required to produce sufficiently accurate samples — under these
respective constructions. Representative results include Chen and Ying (2025); Ren et al. (2025);
Zhang et al. (2025); Pham et al. (2025); Liang et al. (2025b) for uniform diffusion and Park et al.
(2025); Liang et al. (2025a); Conforti et al. (2025) for masking diffusion (also referred to as absorb-
ing diffusion).

Existing theoretical analyses for score-based discrete diffusions suggest that convergence rates
typically scale at least linearly with both the size of the vocabulary size S and the ambient dimension
d. Such scaling can quickly become prohibitive in applications; for instance, in GPT-2-based tasks,
the vocabulary size is S “ 50,257 and the dimension is d “ 102 „ 103 (Lou et al., 2024). These
considerations naturally motivate a fundamental question:

How efficient are discrete diffusion models? When is sublinear convergence possible?

1.1. Sampling efficiency and adaptivity

To put our discussion in context, there has been substantial progress in understanding the sample
efficiency of continuous diffusion models. Seminal work by Chen et al. (2023b) characterizes the
iteration complexity of the DDPM sampler under Lipschitz (or smoothness) assumptions on the
score functions across all steps. Subsequent studies significantly relax these conditions and estab-
lish convergence guarantees for broader classes of continuous distributions (Benton et al., 2024; Li
et al., 2023; Chen et al., 2023a). Nevertheless, it is now well understood that for general distri-
butions, a linear dependence on the ambient dimension d is unavoidable. By contrast, when the
target distribution exhibits additional structure — such as Gaussian mixture models or support on
low-dimensional manifolds — a growing body of work shows that popular samplers can adaptively
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exploit intrinsic low-dimensional geometry, achieving improved efficiency without explicit dimen-
sion reduction (see, e.g., Li and Yan (2024); Li et al. (2025); Huang et al. (2024)).

The landscape shifts considerably as we move to discrete diffusion models. Under the CTMC
formulation, algorithms such as Gillespie’s method and uniformization allow for exact simulation
of the reverse process, free of discretization error (Gillespie, 1976; Van Dijk, 1992; Chen and Ying,
2025). However, these methods suffer from high computational costs in high-dimensional settings.
Moreover, their convergence guarantees are inherently stochastic, as they depend on a random num-
ber of transitions. An alternative and widely adopted approach, particularly in diffusion-based lan-
guage models, is provided by τ -leaping and its variants, including truncated τ -leaping (Gillespie,
2001; Campbell et al., 2022). Originally developed in chemical kinetics, τ -leaping replaces sequen-
tial state transitions with parallel updates across coordinates, offering substantial computational
gains in large systems. Yet, our theoretical understanding of τ -leaping remains incomplete. Current
state-of-the-art results exhibit at least a linear dependence on vocabulary size S, linear dependence
on d for the absorbing case, and quadratic dependence on d for the uniform case (Liang et al.
(2025a,b); Conforti et al. (2025)); see Table 1 for more details. It remains an open question whether
these dependencies are fundamental information-theoretic barriers or merely analytical artifacts.
Furthermore, as in the continuous setting, an ideal sampling algorithm should automatically ad-
just to the intrinsic difficulty of the target distribution. For example, one would expect substantially
faster convergence for Dirac delta measures or uniform target distributions, without prior knowledge
of the structure or modifications to the algorithm. Existing analyses of τ -leaping do not illuminate
whether such adaptivity is possible. More specifically, we aim to address the question:

Can score-based samplers automatically adapt to structured target distributions?

1.2. Our contributions

The contributions of this work are centered on establishing sharp convergence guarantees for dis-
crete diffusion models, bridging the gap between empirical success and theoretical understanding.
Specifically, our results are threefold:
Optimal rates for uniform diffusion: We establish that for the uniform diffusion process, the
τ -leaping sampler requires only rOpd{εq discretization steps to achieve an ε-error in KL diver-
gence. This result significantly sharpens the previously best-known bound of rOpd2S{εq (Liang
et al., 2025b), effectively removing a factor of d and the dependence on the vocabulary size S.
Fundamental lower bounds: We demonstrate that the linear dependence on the dimension d is
essentially unimprovable for the τ -leaping algorithm. Specifically, we show that under uniform
diffusion, an opdq complexity bound is unattainable unless the target distribution is already proximal
to the uniform measure. This result characterizes a fundamental price of sampling for informative
distributions.
Adaptivity for masking diffusion: For the masking diffusion process, we introduce a refined τ -
leaping sampler, whose complexity is governed by rOpD{εq, where D is the effective total corre-
lation, an information-theoretic measure of the target distribution’s intrinsic complexity. Notably,
while D is always bounded by the classical total correlation and dual total correlation (and thus
by d logS), it can be sublinear or even Op1q for highly structured data, allowing our sampler to
automatically adapt to low-dimensional target distributions.

In contrast to prior work, our upper bounds do not require boundedness of the score estimator or
any auxiliary regularity assumptions beyond a control on the score entropy loss. The key technical
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Paper
Noising
process

Score Est.
Assump.

No Early
Stopping

Sampler
Iteration

Complexity
Adaptation

Ren et al. (2025) Uniform Bounded % τ -leaping d2S2
{ε %

Liang et al. (2025b) Uniform Bounded % τ -leaping d2S{ε %

Our work,
Theorems 1&2

Uniform No requirement ! τ -leaping d{ε ˚ %

Liang et al. (2025a) Masking Bounded % τ -leaping dS{ε %

Conforti et al. (2025) Masking ŝt « st % DMPM dS{ε %

Our work,
Theorem 3

Masking No requirement ! Algorithm 1 D{ε !

Table 1: Comparison with prior work. Logarithmic factors in the iteration complexity are omitted.
Ren et al. (2025) and Liang et al. (2025a) describe bounds without early stopping under
more stringent assumptions on the target distribution, the score function, or the score esti-
mator. The bound in Conforti et al. (2025) depends on additional quantities involving the
score estimator beyond Assumption 1, which are small whenever st « ŝt. The quantity
D (defined in Eqn. (10)), is upper bounded by d logpSq and captures the intrinsic low-
dimensional structure of the target distribution. Entry marked with ˚ indicates sharp rates,
with matching lower bounds established in Theorem 2.

ingredient includes a Girsanov change-of-measure argument, combined with establishing martin-
gale properties of the sampling dynamics, which effectively separates the approximation error from
the discretization error, allowing each to be analyzed independently. For the lower bound, we lever-
age a log-Sobolev inequality together with a strong data-processing inequality along the uniform
noising process. We connect results with interpretable information-theoretic quantities.

1.3. Notation

For a positive integer n, we denote rns :“ t1, . . . , nu, 1n “ p1, . . . , 1q P Rn, and In P Rnˆn as the
identity matrix. Let d ą 0 denote the number of dimensions and S ą 0 denote the vocabulary size.
Let MASK denote a special value outside of rSs. Let X :“ Vd denote the domain, where, depending
on the context, V :“ rSs or V :“ rSs Y tMASKu. We denote the set of all distributions on X by
PpX q. Let H, KL, and I denote entropy, Kullback-Leibler (KL) divergence, and mutual information,
respectively. Let δx denote the Dirac measure at point x. We adopt the standard asymptotic notation
Op¨q,Ωp¨q,Θp¨q, À, and !. Additionally, rOp¨q, rΩp¨q, and rΘp¨q are defined analogously except the
logarithmic dependency on d, S, and 1{ε is hidden. For a vector x “ px1, x2, . . . , xdq P X , i P rds,
and c P V , we define vectors x´i :“ px1, . . . , xi´1, xi`1, . . . , xdq, and x‘i c, xdi c P X as follows:

• for all j ‰ i, px ‘i cq
j “ xj , and px ‘i cq

i “ pxi ` cq mod |V| 1,

• for all j ‰ i, px di cq
j “ xj , and px di cq

i “ c,

For x, y P X , denote the Hamming distance by dHpx, yq :“ |ti P rds : xi ‰ yiu|.

1. In this case, we assume that V has additive structure. We only apply this notation when V “ rSs. We use the
convention that 0 mod S “ S.
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2. Preliminaries of discrete diffusion models

2.1. A continuous-time Markov chain formulation

Our goal is to model d-dimensional discrete data X0 “ pX1
0 , X

2
0 , . . . , X

d
0 q P rSsd. Let qdata “ q0

denote the probability mass function (p.m.f.) of X0 that we aim to sample from, and let qi0 be
the marginal p.m.f. of the i-th coordinate. Analogous to continuous diffusion models, the discrete
counterparts comprise a forward and a reverse process over the discrete space.

The forward process. We define a forward noising process that progressively transforms the data
distribution q0 to a distribution qT that is close to an easy-to-sample distribution. This process is
modeled using a continuous-time Markov chain (CTMC).

Definition 1 (Continuous-time Markov chain) A CTMC with initial distribution q0 and rate ma-
trices pQtqtPr0,T s is a right continuous stochastic process pxtqtPr0,T s such that

• pxtqtPr0,T s satisfies the Markov property: for any 0 ď s ă t ď T , the conditional distribution
of xt given the history txu, u ď su depends only on xs,

• for any 0 ď t ă T , the transition probabilities satisfy, as ∆t Ñ 0`:

Prpxt`∆t “ y | xt “ xq “ Itx “ yu ` Qtpx, yq∆t ` op∆tq. (1)

Here, the rate matrices satisfy Qtpx, yq ě 0 for all x ‰ y P X and Qtpx, xq “ ´
ř

y‰xQtpx, yq.

We refer to Feller (1940); Feinberg et al. (2014) for a rigorous treatment. The marginals pqtq satis-
fying Eqn. (1) are the solutions to the Kolmogorov forward equation: dqt{dt “ QJ

t qt.

The reverse process. For such CTMC, there exists a time-reversed process with initial distribution

qT , rate matrices p
Ð

QtqtPr0,T s, and marginals p
Ð
q tqtPr0,T s, such that qt ”

Ð
q T´t, for t P r0, T s. The

forward and reverse rate matrices are explicitly related (Campbell et al., 2022) by

Ð

Qtpx, yq “ QT´tpy, xq
qT´tpyq

qT´tpxq
, for x ‰ y P X and 0 ď t ď T. (2)

In this paper, we focus on rate matrices that is p1q time-homogeneous, Qt ” Q, (2) Qtpx, yq “ 0
whenever dHpx, yq ě 2, and satisfies (3) if dHpx, yq “ 1 and xi ‰ yi, then Qtpx, yq “ Qtokpxi, yiq,
for some fixed matrix Qtok. In particular, we consider two important instances of CTMCs that are
widely-adopted in practice, namely the uniform noising process and the masking (or absorbing)
noising process, which are defined through the choice of Qtok.

• uniform noising process: A CTMC is a uniform noising process, if Qtok “ 1
S1S1

J
S ´ IS .

This CTMC converges to the uniform distribution on the domain X :“ rSsd in the limit.

• masking noising procces: A CTMC on the domain X :“ prSs Y tMASKuqd is a masking
noising process, if

Qtokpa, bq “ Ita ‰ MASK and b “ MASKu, for a ‰ b P rSs Y tMASKu. (3)

The corresponding CTMC converges to the Dirac measure pδMASKqbd as t Ñ 8. Note that
we constrain the initial distribution q0 to be supported on non-masked data, i.e., on rSsd.
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2.2. Score estimation

Recall that the reverse process is a CTMC with rate matrices satisfying relation (2), which is similar
to the reverse process in the continuous case. The density ratio here generalizes the typical score
function ∇x log qtpxq in the continuous case, and is often referred to as the (concrete) score function
for discrete diffusion models (Meng et al., 2022). Formally, for x ‰ y P X , we define the score
function stpy, xq as stpy, xq “

qtpyq

qtpxq
.

Score entropy loss. For both uniform and masking noising processes, the marginals pqtq, and
consequently the score function, are intractable in general. In practice, one therefore resorts to an
approximation pstpy, xq of the true score function stpy, xq, which is learned from data sampled from
the target distribution q0. To evaluate the quality of the estimated score, a widely used loss function
is the score entropy loss, originally introduced in Lou et al. (2024), which has since become the de
facto standard for training score-based discrete diffusion models. This loss provides a principled
objective for matching the approximate score pst to the true score induced by the forward diffusion
process. Specifically, for t ě 0 and functions ps, s : X ˆ X Ñ R`, the score entropy loss LSE is
defined as follows:

LSEpt, ps, sq :“ Ex„qt

”

ÿ

y‰x

Qtpy, xqspy, xqDppspy, xq, spy, xqq

ı

ě 0.

Here, for a, b ě 0, Dpa, bq :“ a
b ´ 1 ´ log a

b ě 0 is the Bregman divergence for ϕpaq “ ´ log a.
In practice, to implement any sampling algorithm, one has to discretize the continuous dynamics

and obtain score estimates at discrete time steps. Suppose score estimates psT´t are obtained at
discrete time points 0 ď t0 ă t1 ă . . . ă tN ď T . We make the following standard assumption
regarding the score estimation errors.

Assumption 1 (Approximation error) Let N ą 0 and 0 ď t0 ă t1 ă . . . ă tN ď T . We assume

N´1
ÿ

k“0

ptk`1 ´ tkqLSEpT ´ tk, psT´tk , sT´tkq ď εscore. (4)

This assumption is concerned with the aggregated estimation errors over all N steps. Several works
have constructed estimates that satisfy this assumption; examples include Lou et al. (2024); Ou et al.
(2025); Benton et al. (2024).

2.3. Score-based sampling algorithms

Armed with the score estimates ppsT´tqtPtt0,...,tN u, the objective is to construct a generative model
pq0 that approximates the data distribution q0. A natural approach proposed in Campbell et al. (2022)
is to define a surrogate CTMC that starts from an easy-to-sample distribution p0 « qT and approxi-
mates the backward dynamics in (2). Concretely, we define the time-inhomogeneous rate matrix

pQtpx, yq “ QT´tpy, xqpsT´tpy, xq. (5)

In practice, score estimates are only available on a fixed discretization τ “ pt0, . . . , tN q, and ex-
tending these estimates to the full interval r0, T s introduces discretization error.
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parallel updates CTMC-based

Euler method

Tweedie τ -leaping

τ -leaping alg.

Truncated τ -leaping

Algorithm 1

τ -bridging

Gillespie’s alg.

Uniformization

DMPM

Figure 1: Overview of score-based samplers.
The left part comprises score-based
samplers which allow parallel updates,
defined as τ -leaping strategies in Lou
et al. (2024). The right part are the
samplers that can be defined through
the CTMC framework. At the intersec-
tion are τ -bridging strategies, defined
in Eqn. (7).

τ -leaping algorithm. As mentioned above, a widely-adopted sampler is the τ -leaping algorithm
(Campbell et al., 2022) which approximates Eqn. (5) with multiple possible transitions within each
discretization interval. Formally, for k P t0, . . . , N ´ 1u and t P rtk, tk`1q, given xtk and psT´tk ,
τ -leaping obtains xtk`1

as a random vector, whose coordinates are sampled independently via d
one-dimensional CTMCs: for each i P rds, the initial distribution is δxi

tk
and rate matrices are 2:

pQi
tpa, bq “ pQT´tkpxtk , xtk ‘i pb ´ aqq, for a ‰ b P V. (6)

The formulation in Eqn. (6), however, requires either an additive structure on the state space or
the restriction that each coordinate undergoes at most one transition between discretization points.
Existing analyses for uniform and masking diffusions (Campbell et al., 2022; Liang et al., 2025b)
adopt the latter assumption. In Section 3.1, we explore the necessity of this requirement for the
uniform noising process. Lou et al. (2024) generalizes τ -leaping by introducing a class of samplers
termed τ -leaping strategies, which allow arbitrary transformations xitk`1

“ f i
kppsT´tk , xtkq. Both

the Euler method and Tweedie τ -leaping fall into this class. They however remain challenging for
direct theoretical analysis due to the absence of CTMC structure.

This paper: τ -bridging strategies. We introduce a structured class of samplers that generalizes
the τ -leaping algorithm while keeping it theoretically tractable. We name this class of algorithms
the τ -bridging strategies, which retains the parallel updating structure, while remaining analyti-
cally tractable. A τ -bridging strategy generates xtk`1

from xtk by evolving d independent one-
dimensional CTMCs on rtk, tk`1q. For each coordinate i P rds, the chain is initialized at δxi

tk
and

has a rate matrix
pQi
t “ Gi

tppsT´tk , xtkq, (7)

for some mapping Gi
t : RXˆX

` ˆX Ñ RVˆV . Compared to general τ -leaping strategies, τ -bridging
strategies restrict updates to CTMC-based transitions. This restriction preserves parallel coordinate
updates while facilitating theoretical analysis. Figure 1 summarizes the relationships among these
classes of sampling algorithms.

An representative instance of a τ -bridging sampler is the truncated τ -leaping sampler of Liang
et al. (2025b). For k P rN s and t P rtk, tk`1q, the corresponding rate matrices take the form

Gi
tppsT´tk , xtkqpa, bq “ QT´tkpxtk di b, xtkqpsT´tkpxtk , xtk di bqItxitk “ au for a ‰ b P V.

(8)

2. The algorithm admits an equivalent Poisson formulation, in which dS Poisson random variables corresponding to
coordinate-value transitions are sampled and applied in parallel.
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The indicator Itxitk “ au enforces at most one transition per coordinate i P rds within each dis-
cretization interval rtk, tk`1q. In Section 3.2, we show that an instance of this scheme achieves
sublinear complexity for the masking noising process under mild distributional assumptions. To the
best of our knowledge, this is the first result establishing such a guarantee.

3. Main results

In this section, we characterize the sampling efficiency of samplers in the class of τ -bridging strate-
gies, for both uniform and masking noising processes. We develop sharp convergence guarantees
and point out cases where adaptivity is automatically achieved. Proof sketches for all results appear
in Appendix B, with full proofs deferred to the corresponding sections of the Appendix.

3.1. Uniform discrete diffusion

3.1.1. A SHARP CONVERGENCE CHARACTERIZATION

We begin with the uniform discrete diffusion models, whose forward dynamics are given by the
uniform noising proecss. We establish explicit sampling guarantees for the τ -leaping algorithm,
measured in KL divergence. The proof is given in Appendix D.1.

Theorem 1 Let qdata “ q0 be the data distribution on X :“ rSsd. For 0 “ t0 ă t1 ă . . . ă tN “

T , let ∆ :“ maxkttk`1 ´ tku “ Op1q. Set p0 “ UnifpX q. Under Assumption 1, the τ -leaping
algorithm initialized at p0 generates a sample from poutput “ pT , such that

KLpqdata } poutputq À εscore ` e´Td logpSq ` ∆d logpS{∆q. (9)

As expected, the KL divergence bound in Theorem 1 decomposes into three terms. The first
term εscore quantifies the quality of score estimation and captures the accumulation of estimation
errors over the N discretization steps. The second term corresponds to the initialization error,
arising from initializing the sampler with the uniform distribution p0 instead of the true terminal
distribution qT ; this term decays exponentially in the diffusion horizon T . Finally, the third term
accounts for the discretization error incurred by approximating the continuous-time reverse process
with a discrete-time τ -leaping scheme.

To further interpret Theorem 1 and place it in context with existing results, we highlight several
of its salient features. First, the discretization error scales linearly with the dimension d and only
logarithmically with the vocabulary size S. This matches the result obtained for the random walk
model (Conforti et al., 2025) and reveals that the discretization error is insensitive to the distribution
scale, as has been shown for continuous diffusion models (e.g., Huang et al. (2024)). Second, the
theorem permits a flexible choice of step size schedules and does not require early stopping. In
contrast to prior analyses that rely on carefully selected step sizes and introduce an early stopping
time δ (where the algorithm outputs pT´δ in place of pT ), the bound in Theorem 1 depends only
on the maximum step size. Moreover, the same bound applies uniformly to early stopping variants:
the right-hand side of (9) remains unchanged for any δ ! 1. The only requirement we have on
score estimation is Assumption 1, with no additional boundedness or regularity conditions (typically
assumed in existing literature). As a result, the theorem applies to a broad class of score estimation
procedures commonly used in practice.

Next, we specialize Theorem 1 to a concrete choice of discretization schedule to derive the it-
eration complexity required to obtain an ε-accurate sampler in KL divergence. For a simple step
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size schedule, it turns out that d{ε steps (up to logarithmic factors) suffice for convergence, signifi-
cantly improving upon the state-of-the-art complexity of d2S{ε from Liang et al. (2025b). Refer to
Appendix D.2 for the proof.

Corollary 1 For the setting in Theorem 1 and ε ą 0, the output of the τ -leaping algorithm with
constant step size schedule tk`1 ´ tk “ T {N for k P rN ´ 1s, achieves KLpqdata } poutputq À

εscore ` ε, provided that time horizon T “ logpd logpSq{εq and iteration number N “ rO pd{εq .

Other step size schedules commonly adopted in practice, such as exponential-then-constant and
log-linear (Lou et al., 2024), satisfy the same iteration complexity as discussed in Appendix D.2.

3.1.2. A MATCHING LOWER BOUND FOR τ -LEAPING

While Theorem 1 establishes an upper bound for τ -leaping algorithm scaling nearly linearly with
the dimension d, and logarithmically with the vocabulary size S, the fundamental question remains:
is this dependence an intrinsic limit or merely a technical artifact? We show that the former is indeed
the case by establishing a matching lower bound.

We note that for target distributions sufficiently close to uniform, sampling can be achieved with
very few steps, as the forward CTMC converges efficiently to its limit. To avoid these pathological
instances, we restrict our focus to the class of distributions that remain sufficiently well-separated
from the uniform distribution. Specifically, for any γ P r0, 1s, define subset PγpX q Ď PpX q as

PγpX q “
␣

q0 P PpX q : Hpq1q ď p1 ´ γq ¨ HpUnifpX qq “ p1 ´ γqd logpSq
(

,

where q1 is the marginal distribution at t “ 1 of the uniform noising process initialized at q0,
UnifpX q is the uniform distribution on X , and Hp¨q denotes the entropy function of a distribution.
Intuitively, for γ P p0, 1q, the class PγpX q imposes a structural constraint on the convergence
of the forward process; it describes distributions that do not mix rapidly. In this sense, for γ “

Op1q, PγpX q contains distributions that remain informative enough in the forward process when
t “ 1, which covers most of the interesting distributions in practice, since they carry non-trivial
information characterized by relatively low entropy.

When sampling from a distribution in PγpX q with τ -leaping algorithm, it turns out that the iter-
ation complexity bound in Corollary 1 can not be improved up to logarithmic factors. We formalize
this statement with the following lower bound. The proof is given in Appendix D.3.

Theorem 2 For any target distribution q0 P PγpX q and early stopping time 0 ď δ ! 1, denote

the path measure of the backward process by Q
d
“ t

Ð
q tutPr0,T´δs and the sampling process by

P
d
“ tptutPr0,T´δs. Let γ “ Ωp1q. Then, for any step size schedule 0 “ t0 ă t1 ă . . . ă tN “ T ´δ

with maxkttk`1 ´ tku ď 1
2 it takes τ -leaping algorithm at least

N “ Ωpd logpSqq

number of iterations to achieve

KLpQ }P q ď εscore ` Op1q.

We make several remarks concerning the nature and implications of our lower bound.
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Theorem 2 reveals that for informative target distributions in PγpX q, ensuring that the KL di-
vergence between the sampling process and the reverse process is small requires the number of steps
to scale at least linearly with the dimension d, which cannot be avoided for general distributions. In
addition, the lower bound is uniform over both early stopping schedules (0 ă δ ! 1) and non-early
stopping schemes (δ “ 0).

This lower bound is algorithm-dependent: it relies on structural properties of the τ -leaping
algorithm and therefore differs fundamentally from information-theoretic or minimax lower bounds.
In principle, alternative sampling schemes may circumvent the linear dependence on d. Indeed, in
Section 3.2, we show that a modified τ -leaping procedure achieves sublinear dependence on d for
structured target distributions under the masking noising process. Whether analogous improvements
are possible for uniform discrete diffusion through modified algorithms remains an open question.

When the target distribution has high entropy, the lower bound need not apply. Indeed, when
qdata satisfies KLpqdata}UnifpX qq “ opdq, one can show that Hpq1q “ Θpd logSq, and that a
sample from a distribution with the KL error at most εscore ` ε can be obtained using N “ opdq

steps. A precise formulation of this claim is given in Appendix D.4.
We remark that the quantity controlled in Theorem 2 is the KL divergence between two path

measures, rather than the divergence between the terminal output distributions, which may appear
weaker than the upper bound in Corollary 1. However, to the best of our knowledge, all existing
upper-bound analyses for the KL divergence, including ours, proceed by first bounding the KL
divergence between path measures and then invoking the data-processing inequality. Consequently,
the lower bound applies to all current analysis techniques. In this sense, Theorem 2 establishes
the optimality of the iteration complexity in Corollary 1 within the scope of the existing analysis
techniques.

3.2. Masking discrete diffusion

We now turn our attention to the masking noising process. Our main result in this setting is an upper
bound that intrinsically depends on the structural properties of the target distribution qdata, rather
than scaling with the ambient dimension d. This aligns with the intuition that for highly structured
distributions — such as a sparse mixture of Dirac measures — a sensible sampler should converge
at a sublinear scale, or perhaps even logarithmically, with d.

3.2.1. PRELIMINARIES

We begin by recalling two fundamental quantities in information theory: total correlation and dual
total correlation: for a distribution q over rSsd and x „ q, The Total correlation Cpqq and Dual
total correlation Bpqq, are defined as

Cpqq :“
d
ÿ

i“1

Hpxiq ´ Hpxq and Bpqq :“ Hpxq ´

d
ÿ

i“1

Hpxi | x´iq.

We now introduce a time-dependent quantity associated with the masking noising process. Consider
a masking noising process defined by Eqn. (3) with marginals pqtqtě0. For x P prSs Y tMASKuqd

and i ‰ j P rds, let x´pi,jq denote the collection of all unmasked elements of x, excluding i-th and
j-th coordinates. For xt „ qt, define

10
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Iptq :“
ÿ

i‰jPrds

Ipxit;x
j
t | x

´pi,jq

t q ě 0 and Dpq0q :“

ż 8

0
minp1, tqIptqdt, (10)

where IpA;B | Cq denotes the conditional mutual information. We refer to Dpq0q as the effective
total correlation of the target distribution. Lemma 16 shows that total correlation and dual total
correlation can be expressed through Iptq by

Bpq0q “

ż 8

0
Iptqdt and Cpq0q “

ż 8

0
pet ´ 1qIptqdt.

Consequently, Dpq0q ď minpBpq0q, Cpq0qq. The statement and its proof are given in Appendix F.1.
Note that both Bpq0q, Cpq0q, and hence Dpq0q are upper bounded by d logpSq. Moreover, there

exist distributions q0 with Bpq0q “ Op1q while Cpq0q “ Ωpd logpSqq, and vice versa. We refer
to Austin (2020) for a detailed study of total correlation and dual total correlation. Importantly,
there also exist natural distributions, for which both Bpq0q and Cpq0q are of order d, while Dpq0q

remains small. See Proposition 5 for an example of such distribution.

3.2.2. AN ADAPTIVE CHARACTERIZATION

Equipped with the above notation, we present our main result on masking diffusion models.

Theorem 3 Let qdata “ q0 be a distribution on rSsd. For 0 “ t0 ă t1 ă . . . ă tN “ T , let
hk :“ tk`1 ´ tk be the step size and assume that ∆ :“ maxk hk “ Op1q. Let

p0 :“

˜

`

1 ´ e´T
˘

δMASK ` S´1e´T
S
ÿ

k“1

δk

¸bd

.

Under Assumption 1, Algorithm 1 initialized at p0 produces a sample from poutput “ pT , such that

KLpqdata } poutputq À εscore ` e´Td logpSq `

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt. (11)

The proof is given in Appendix E.1, and a few remarks on the consequences and implications of
Theorem 3 are in order.

As in Theorem 1, the last term in the upper bound corresponds to the discretization error mea-
sured using integrated mutual information defined in Eqn. (10). While the first two terms are
generic, the third term governs the dependence on the dimension d and reflects the information-
theoretic properties of the target distribution. For structured distributions, our algorithm implicitly
adapts to the underlying structure of the target distribution without requiring any prior knowledge
of that structure or any modification to the algorithm itself.

We analyze the performance of truncated τ -leaping as an alternative to Algorithm 1 in Ap-
pendix E.3, which has an additional d{N2 term in the upper bound Eqn. (11), ignoring lower-order
contributions. Although for structured target distributions the resulting iteration complexity already
scales as

?
d rather than d (as in the existing literature), it does not fully adapt to the geometry of

the target distribution. To provide some intuition, the standard (or truncated) τ -leaping algorithms
informally satisfies for t P rtk, tk`1q (see Eqn. (8))

Gi
tpsT´tk , xtkq « Gi

tk
psT´tk , xtkq, and thus pQt «

Ð

Qtk
, (12)

11
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Algorithm 1: Modified truncated τ -leaping

Input:
Initial distribution: p0,
Discretization steps: 0 “ t0 ă t1 ă . . . ă tN “ T ,
Score estimate function: psT´t for t P tt0, . . . , tN´1u.
Output: Sample px P rSsd.
Sample x0 from p0
for k “ 0, . . . , N ´ 1 do

for i P mpxtkq :“ ti, such that xitk “ MASKu do
pQi
kpaq Ð psT´tkpxtk di a, xtkq, for a P rSs

pQi
kpMASKq Ð ´

ř

aPrSs
pQi
kpaq

if k ă N ´ 1 then
∆k Ð peT´tk ´ 1q log

´

eT ´etk

eT ´etk`1

¯

Pk Ð expp pQi
kpMASKq∆kq

end
else

Pk Ð 0
end

xitk`1
Ð

$

&

%

MASK, with probability Pk,

a, with probability
pQi
kpaq

ř

bPrSs
pQi
kpbq

p1 ´ Pkq, for a P rSs.

end
end
return xtN

where we recall the mapping Gi
t from Eqn. (7). That is, even when the score estimation is exact,

psT´tk ” sT´tk , the τ -leaping algorithm introduces a mismatch between the surrogate and true rate
matrices as sT´tk ı sT´t. Algorithm 1 corrects this discrepancy by enforcing

Gi
tpsT´tk , xtkq « Gi

tpsT´t, xtkq, and thus pQt «
Ð

Qt, (13)

through the rescaling of the score estimate function: psT´t “ eT´tk´1
eT´t´1

psT´tk . As it is a linear
transformation of the score estimate function, we can simulate its dynamics only at discrete points
T ´ t0, . . . , T ´ tN , see Algorithm 1 and Lemma 13. This leads to a sharper upper bound in
Theorem 3 relative to the analogous bound for truncated τ -leaping (Theorem 5; see also Remark 3).
Empirically, the benefit of rescaling the score function in masking discrete diffusion models has
also been observed in prior work; see, for example, Lou et al. (2024); Ou et al. (2025).

Notably, our results are closely connected to an intriguing parallel line of work on masking dif-
fusion models (Li and Cai (2025); Chen et al. (2025)), which focuses on the design of unmasking
schedules without adopting a CTMC perspective. In particular, Chen et al. (2025) derives opti-
mal unmasking schedules and discusses two representative instances, in which the number of steps
scales linearly with Bpqdataq and Cpqdataq, respectively. Their algorithms require an a priori estimate
of Bpqdataq and Cpqdataq or a doubling search procedure to calibrate the unmasking schedule, and

12
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rely on a different sampling mechanism. The fact that our score-based samplers automatically ex-
ploit similar information-theoretic quantities without additional hyperparameters underscores both
the fundamental nature of these quantities and the robustness of the CTMC framework.

Next, we derive iteration complexity guarantees for our algorithm under specific choices of step
size schedules, whose proof is given in Appendix E.2.

Corollary 2 Consider the setting in Theorem 3. Let T “ Θplogpd logpSqqq. For fixed ε ą 0, it
obeys KLpqdata } poutputq À εscore ` ε,

• under constant step size schedule, tk´tk´1 “ T {N for all k P rN s, for N “ rO pBpqdataq{εq;

• under exponential-then-constant step size schedule, when tk`1 ´ tk ď κminp1, T ´ tk`1q

for k P t0, . . . , N ´ 2u, T ´ tN´1 “ ε{pd logpSqq, and κ “ N´1pT ` logpε´1d logpSqqq,
for

N “ rO pDpqdataq{εq ď rOpmintBpqdataq, Cpqdataqu{εq.

In words, Corollary 2 shows that the sampling complexity of Algorithm 1 required to obtain
an ε-accurate distribution is governed by intrinsic complexity measures of the target distribution,
which are dimension-independent up to logarithmic factors for distributions such as uniform and
sparse mixture of Dirac measures. Under a constant step size schedule, the iteration complexity is
controlled by the dual total correlation of the target distribution, whereas under an exponential-then-
constant schedule, the effective total correlation becomes the relevant quantity.

Important examples and adaptation. To further illustrate the implications of Theorem 3, we
consider some representative distributions for which one or more of the quantities Bpqdataq, Cpqdataq,
or Dpqdataq are small. Since the iteration complexity scales linearly with these quantities, our result
shows that discrete diffusion models can provably achieve efficient sampling. Appendix A develops
these examples in detail and provides rigorous proofs of the stated claims.

• Hidden Markov models. Here, the observed variables correspond to words or tokens in a
sentence, while the hidden states encode latent semantic topics. Under the natural assumption
that topics evolve slowly, we show that Bpqdataq grows sublinearly with the sequence length.

• Low-dimensional structures. Motivated by image generation, when the discrete data arise
from a quantization of a continuous distribution with intrinsic dimension k, the dual total
correlation Bpqdataq scales linearly with k rather than with the ambient dimension d.

• Random graph models. Such models define distributions over d “
`

n
2

˘

binary variables
corresponding to edges of a graph with n vertices. Besides Erdős-Rényi random graphs,
which have independent edges and are therefore easy to sample, we consider both sparse
random regular graphs and stochastic block models. In these cases, Bpqdataq grows at most
linearly (up to logarithmic factors) with n, rather than quadratically.

• Latent parity model. Finally, we present an example in which both total correlation Cpqdataq

and dual total correlation Bpqdataq are of order d, while Dpqdataq remains of constant order.
Such distributions are motivated by applications such as error-correcting codes and DNA
sequences, where substantial noise may be present, yet the underlying signal is highly struc-
tured.

13
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4. Discussion

In this work, we establish novel theoretical results for both uniform and masking discrete diffusions.
For uniform diffusion models, we show that a τ -leaping algorithm requires rO pd{εq iterations to
achieve ε accuracy in KL divergence, improving upon the prior bound rO

`

d2S{ε
˘

. We further
establish the first algorithmic lower bound for the τ -leaping sampler, which shows that the upper
bound we achieved is unimprovable for a large class of distributions. For masking discrete diffusion,
we derive an upper bound that captures the intrinsic complexity of the data distribution and can
scale logarithmically with the ambient dimension. Importantly, our results for both models only
require small score estimation error and, in contrast to prior work, do not rely on early stopping or
boundedness assumptions of the score estimator.

The improved bound for the masking noising process is achieved via a modification of the τ -
leaping algorithm. This modification falls within a structured subclass of τ -leaping strategies that (i)
allow for parallel coordinate updates, and thus sublinear rates, and (ii) preserve CTMC dynamics,
which facilitates theoretical analysis. We hope that this perspective motivates the development of
adaptive samplers for uniform discrete diffusion as well in the future.

Several other open questions remain. Understanding which noising mechanisms — masking,
uniform, or discrete Gaussian — are best suited to different classes of target distributions is an
important direction for future work. Moreover, the problem of learning accurate score functions in
discrete diffusion models remains largely unexplored and warrants further investigation.
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Appendix A. Examples of low intrinsic dimensions

A.1. Details and formal results

In this section, we revisit the examples outlined in Section 3.2.2 and develop them in full detail. We
formalize the statements in this section, and provide rigorous proofs in Appendix A.2.

Hidden Markov models. A hidden Markov model (HMM) is a Markov model in which the ob-
servations are dependent on a latent Markov process (referred to as z), which is widely used in
natural language processing and other pattern recognition tasks (Mor et al., 2021; Gales and Young,
2024). For example, in natural language modeling, the hidden states zi can represent the underlying
grammatical structure or semantic meaning of paragraphs, while the observed states xi correspond
to the actual words or tokens in a sentence.

Consider the following HMM: tziuiPrds is the discrete hidden state, Markov chain supported
on Z and txiuiPrds is the observed chain generated by xi “ fipz

i, εiq, where tεiuiPrds are i.i.d.
noise variables independent of tziuiPrds. If zi indicates the semantic topic of the i-th paragraph in a
document, we can expect that in natural language, the topic transitions are rare, i.e., zi is likely to
remain the same as zi´1 for i ą 1. For data generated from this model, we can show the following
proposition:

Proposition 1 For the above HMM, suppose the transition probability of tziuiPrds is at most p, i.e.,
Prpzi ‰ zi´1q ď p for all i P t2, . . . , du. When 1{d À p ! 1, it holds that

Bpqdataq ď pd log

ˆ

|Z|

p

˙

.

To develop some intuition, consider generating a document with a constant number of paragraphs,
where the transition probability scales p “ Θp1{dq. Suppose further that the latent space Z P rSsk

for some k ! d and S denotes the vocabulary size. Then, the above bound yields

Bpqdataq À k logpSdq,

which is much smaller than the ambient dimension d logpSq. As such, with Theorem 3, the sampling
complexity scales with the intrinsic topic dimension k rather than the document length d.

Low-dimensional Structures. In image generation tasks and some other tasks with structured
data, it is commonly assumed that the data lies on or near a low-dimensional manifold embedded in
a high-dimensional space, which is often referred to as the manifold hypothesis (Gorban and Tyukin,
2018; Pope et al., 2021). For example, natural images may be viewed as points on a manifold
parameterized by a small number of underlying factors, such as lighting conditions, pose, and object
identity.

In discrete settings, the notion of a manifold is not mathematically well defined. To capture
low-dimensional structure, we instead model the data as arising from a continuous mapping from a
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latent representation into a high-dimensional observation space. For some latent continuous random
variable z supported on Z Ă Rk, consider a decoding procedure f : r0, 1sk Ñ Rd as

xcon “ fpzq ` εnoise,

for additive perturbations εnoise. Thus, data lies close to a manifold tfpzq : z P Zu. The final
discrete observation is obtained via a quantization operator QS , i.e., x “ QSpxconq „ qdata.

To align the model with standard image processing pipelines, we work with the uniform lattice
quantization function QS : Rd Ñ rSsd defined coordinate-wise as rQSpxqsi “ clipptxiu, 0, Sq for
i P rds, where clippx, a, bq :“ mintmaxtx, au, bu is the clip function and t¨u is the floor function.
To ensure regularity of both the manifold and the induced data distribution, we focus on the case
where Z is a compact set and f is a Lipschitz function. The noise εnoise is taken to be Gaussian for
simplicity of analysis; the arguments extend readily to more general smooth noise distributions.

Proposition 2 Let Z Ă Rk be compact with diameter D, and let f : Z Ñ Rd be L-Lipschitz.
Assume the noise satisfies εnoise „ N p0, σ2Idq independenly generated for each obersvation. Then
the resulting distribution satisfies

Bpqdataq ď k log

ˆ

2 `
2DL

σ

˙

. (14)

In image generation, the “ideal image” xcon may be interpreted as the vector of continuous pixel
intensities prior to quantization, while the observed image x is obtained by applying pixel-wise
quantization to xcon. When k ! d, the above bound yields

Bpqdataq “ rOpkq “ opdq,

and hence we can efficiently sample such images despite the high dimensionality of the observation
space.

Random graph models. Discrete diffusion models have also found applications in scientific do-
mains such as molecular generation and protein design, where data are naturally represented as
random graphs with fixed vertex sets and random edges (Ingraham et al., 2019; Xu et al., 2022). To
make this concrete, we consider two widely studied random graph models on n vertices, which can
be viewed as a discrete distribution over adjacency matrices of dimension n2.

• Regular graphs: A k-regular graph is a graph in which each vertex has degree exactly k.
Suppose we want to sample a random graph G from some distribution supported on the set of
k-regular graphs with n vertices.

Proposition 3 For sparse regular graph model, i.e., k ď n{ logpnq, we have

BpGq À kn log
´n

k

¯

“ opn2q. (15)

• Stochastic block models: A stochastic block model (SBM) is a generative model for random
graphs that captures community structure within networks. In an SBM, n vertices of the graph
are partitioned into r distinct communities or blocks, represented by latent variables tziuiPrns
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taking values in rrs. Conditioned on the latent labels, edges are generated independently. For
two vertices i, j P rns, an edge is created with probability

pItzi “ zju ` qItzi ‰ zju,

where p, q P r0, 1s govern the within- and between-community connection probabilities, re-
spectively.

Proposition 4 Let G be a random graph drawn from the above r-block SBM. Then

BpGq ď n logprq “ opn2q.

For both random graph models, as the number of vertices n grows large, the complexity satisfies
BpGq “ opn2q, which is strictly smaller compared to the ambient dimension n2. This indicates that
diffusion-based methods can sample efficiently from such graph distributions.

In fact, the analyses of Propositions 2 and 4 extend naturally to generalized random geometric
graphs. Consider the following example. Let each vertex i P rns be associated with latent variable
zi P Z . For distinct vertices i and j, an edge is placed independently with probability

β exp

ˆ

´
dpzi, zjq

r0

˙

,

where β P r0, 1s, r0 ą 0 and dp¨, ¨q is an appropriate metric in the latent space Z .

• When latent variables tziu are discrete with opnq entropy, as is the case, for example, when
it takes value in a fixed-dimensional latent space, the dual total correlation of the resulting
random graph is opn2q.

• For continuous latent variables, suppose Z “ Sdz´1, the unit sphere in Rdz . Under some
regularity conditions, the dual total correlation scales with dz ¨ n, followed by an analogous
covering number argument in Proposition 2. In particular, whenever dz “ opnq, the complex-
ity is again subquadratic, leading to sublinear (in n2) convergence rates for diffusion-based
sampling.

Latent parity model A prototypical example of a distribution with small dual total correlation
Bpq0q and large total correlation Cpq0q is the mixture of two Dirac measures:

pm :“
1

2
δ0 `

1

2
δ1,

where 0 and 1 are vectors of all-zeros and all-ones, respectively. It can be easily computed that
Bppmq “ logp2q, whereas, Cppmq “ pd ´ 1q logp2q.

The opposite happens, for instance, for the following XOR distribution pXOR:

x1, . . . , xd´1 i.i.d.
„ Bernp1{2q and xd “

d´1
ÿ

i“1

xi mod 2.

In this case, BppXORq “ pd ´ 1q logp2q, and CppXORq “ logp2q.
Real-world data distributions can combine features of both extremes: a strong low-dimensional

signal corrupted by weakly correlated noise. In such cases, both Bpqdataq and Cpqdataq can be large,
while Dpqdataq remains small. To illustrate this phenomenon, consider the following entrywise
mixture of the two preceding examples.
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1. Fix a bi-partition rds “ I0 \ I1 for non-empty index sets I0 and I1;

2. For all indices i P I0, set xi “ b for b „ Bernp1{2q;

3. Among all indices i P I1, sample all but one xi „ Bernp1{2q independently;

4. For the last index i˚, set xi˚ “
`

b `
ř

i‰i˚ xi
˘

mod 2.

Denote this distribution as pex, and let x “ px1, . . . , xdq „ pex.

Proposition 5 Suppose that mint|I0|, |I1|u{d “ Θp1q. Distribution pex satisfies

Bppexq “ Θpdq, Cppexq “ Θpdq, and Dppexq “ Op1q.

By Proposition 5, pex, which can be viewed as a non-trivial mixing of pm and pXOR, satisfies

Dppexq ! mintBppexq, Cppexqu.

This example highlights the fundamental role of the effective total correlation in characterizing
sampling efficiency.

A.2. Proofs of results in Section A.1

Variants of the following lemma will be used repeatedly throughout this section. We state it here for
convenience and to streamline the proofs.

Lemma 1 Consider any d-dimensional discrete random variable X and any random variable W
such that Xi KK X´i | W for any i P rds, where X “ pX1, . . . , Xdq and X´i is the pd ´ 1q-
dimensional marginal of X with i-th coordinate excluded. Then,

BpXq ď IpX;W q.

If W is discrete, we additionally have BpXq ď HpW q.

Proof of Lemma 1. We first notice that for any random variable W such that Xi KK X´i | W for
any i P rds, we have

HpXi | X´iq ě HpXi | X´i,W q “ HpXi | W q,

where the first inequality follows from the definition of the entropy. Recalling the definition of Bp¨q,
we obtain

BpXq “ HpXq ´

d
ÿ

i“1

HpXi|X´iq ď HpXq ´

d
ÿ

i“1

HpXi | W q.

Using the conditional independence condition again, we have

HpX|W q “ H
`

pX1, . . . , Xdq|W
˘

“

d
ÿ

i“1

HpXi | W q,

which implies

BpXq ď HpXq ´ HpX|W q “ IpX;W q
paq
“ HpW q ´ HpW |Xq

pbq

ď HpW q,

where (a) and (b) apply when W is a discrete random variable.
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A.2.1. PROOF OF PROPOSITION 1

The hidden Markov structure of tpxi, ziquiPrds satisfies xi KK xj | pzi, zjq, since εi KK εj | pzi, zjq.
Considering Lemma 1 above, we can upper bound Bpqdataq by Hpzq, which is the entropy of the
latent Markov chain. By the additivity of the entropy, we have

Bpqdataq ď Hpzq “ Hpz1q `

d
ÿ

i“2

H
`

zi|tzjujPri´1s

˘

“ Hpz1q `

d
ÿ

i“2

Hpzi|zi´1q.

When tziuiPrds is supported on a single point, we have |Z| “ 1 and Hpzq “ 0. When the state
space Z satisfies 2 ď |Z| ă 8, the maximum entropy distribution is achieved when

z1 „ UnifpZq and zi|zi´1 „ p1 ´ pqδzi´1 ` pUnif
`

Z z tzi´1u
˘

.

We obtain

Hpzq ď logp|Z|q `

d
ÿ

i“2

„

´p1 ´ pq logp1 ´ pq ` ´p|Z| ´ 1q ¨
p

|Z| ´ 1
log

ˆ

p

|Z| ´ 1

˙ȷ

paq

ď logp|Z|q ` pd ´ 1q ¨

ˆ

2p ` p log

ˆ

|Z|

p

˙˙

pbq

ď pd log

ˆ

|Z|

p

˙

,

where in (a), we use ´ logp1 ´ pq ď 2p, since p ! 1; in (b), we use the condition p Á 1{d and
|Z|{p ě 2{p " 1. This completes the proof of the desired result.

A.2.2. PROOF OF PROPOSITION 2

Write εnoise “ pε1noise, . . . , ε
d
noiseq. Since εnoise „ N p0, σ2Idq, we have εinoise KK ε´i

noise for any
i P rds. Processing through the decoder f , rxconsi “ rfpzqsi ` εinoise for any i P rds, which leads to

rxconsi KK rxconsp´iq | z, (16)

where rxconsp´iq is the pd ´ 1q-dimensional marginal of xcon with i-th coordinate excluded. Note
that QS is a entry-wise quantization, i.e., we can write QSpxq “ p rQSpx1q, . . . , rQSpxdqq for entry-
wise deterministic quantization function rQS : R Ñ rSs, and xi “ rQSprxconsiq by the generation
process. Eqn. (16) therefore implies that for any i P rds,

xi KK x´i | z.

Applying Lemma 1, we obtain

Bpqdataq “ Bpxq ď Ipx; zq ď Ipxcon; zq, (17)

where the last inequality follows from the data processing inequality of the mutual information.
In the following proof, we proceed to control Ipxcon; zq. Since εnoise is independent noise, using

data-processing inequality, we reach

Ipxcon; zq ď I
`

fpzq ` εnoise; fpzq
˘

“ I
`

fpzq; fpzq ` εnoise
˘

. (18)

23



DMITRIEV HUANG WEI

Without loss of generality, we assume Z Ď r0,Dsk. Partition r0,Dsk into hypercubes of size
hJ “ σ{L, and write this partition as tC1, . . . , CrD{hJ sku such that

r0,Dsk Ď

rD{hJ sk
ğ

i“1

Ci.

Define J “ Jpzq to be the hypercube index ipzq such that z P Cipzq, and FJ to be σ-algebra
generated by Jpzq. By the chain rule and data processing inequality for mutual information, we
have

I
`

fpzq; fpzq ` εnoise
˘

ď I
`

Jpzq, fpzq; fpzq ` εnoise
˘

“ I
`

Jpzq; fpzq ` εnoise
˘

` I
`

fpzq; fpzq ` εnoise | J
˘

ď k log

ˆ

1 `
D

hJ

˙

` I
`

fpzq; fpzq ` εnoise | J
˘

, (19)

where in the last line, we use IpJpzq; fpzq ` εnoiseq ď HpJpzqq ď logp|supppJpzqq|q. To upper
bound the second term above, we introduce the following lemma on Gaussian channel, whose proof
is given in Section G.1.

Lemma 2 For any random variable W P Rd and independent noise εnoise „ N p0, σ2Idq, we have

IpW ;W ` εnoiseq ď
Tr
`

VarrW s
˘

2σ2
,

where Trp¨q is the trace function.

In Lemma 2, taking W
d
“ fpzq | FJ , we arrive at

I
`

fpzq; fpzq ` εnoise | J
˘

ď

Tr
´

Var
“

fpzq | FJ

‰

¯

2σ2
. (20)

To further control the right hand side, direct calculations show

Tr
´

Var
“

fpzq | FJ

‰

¯

“

d
ÿ

i“1

Var
“

rfpzqsi
ˇ

ˇFJ

‰

“ E
„

›

›

›
fpzq ´ E

“

fpzq | FJ

‰

›

›

›

2

2

ˇ

ˇ

ˇ
FJ

ȷ

. (21)

It is therefore sufficient to consider the quantity }fpzq ´ Erfpzq | FJ s}22. We make the observation
that

›

›

›
fpzq ´ E

“

fpzq | FJ

‰

›

›

›

2

paq

ď sup
wPConvpfpCJpzqqq

›

›fpzq ´ w
›

›

2

pbq
“ sup

wPfpCJpzqq

›

›fpzq ´ w
›

›

2

pcq

ď }f}Lip ¨ sup
z1PCJpzq

›

›z ´ z1
›

›

2

pdq

ď L
?
khJ ,
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where } ¨ }2 denotes Euclidean norm in Rd, and Convp¨q denotes the convex null of a given set.
In (a), we use the fact that Erfpzq | FJ s P ConvpfpCJpzqqq; in (b), we adopt f is continuous and
hence fpCJpzqqq is bounded, and the property of the convex hull that

diam
`

ConvpAq
˘

“ diampAq for any bounded subset A Ď Rd;

in (c), we recall the Lipschitz condition on f ; in (d), we notice that diampCiq ď
?
khJ for any

hypercube Ci. Putting pieces together gives

Tr
´

Var
“

fpzq | FJ

‰

¯

ď
`

L
?
khJ

˘2
“ kσ2. (22)

Finally, plugging Eqns. (20) and (22) into Eqn. (19), we obtain

I
`

fpzq; fpzq ` εnoise
˘

ď k log

ˆ

1 `
DL

σ

˙

`
k

2
ď k log

ˆ

2 `
2DL

σ

˙

.

Combining the above inequality with Eqns. (17) and (18), we conclude

Bpqdataq ď Ipxcon; zq “ I
`

fpzq; fpzq ` εnoise
˘

ď k log

ˆ

2 `
2DL

σ

˙

.

A.2.3. PROOF OF PROPOSITION 3

Define the set of all k-regular graphs with n vertices as Gn,k. Without loss of generality, we assume
that nk is even, as otherwise Gn,k is empty. By a corollary of Liebenau and Wormald (2024,
Theorem 1.4), we have the following asymptotic result:

|Gn,k| “ Θ

˜

ˆ

n ´ 1

k

˙nˆnpn´1q

2

m

˙ˆ

npn ´ 1q

2m

˙´1
¸

.

where m “ kn{2. By Stirling’s formula of the form

logpa!q “ a logpaq ´ a ` Oplogpaqq,

we can compute that

logp|Gn,k|q À n log

ˆ

n ´ 1

k

˙

` log

ˆnpn´1q

2

m

˙

´ log

ˆ

npn ´ 1q

2m

˙

“
kn

2
log

ˆ

n ´ 1 ´ k

k

˙

`
npn ´ 1q

2
log

ˆ

n ´ 1

n ´ 1 ´ k

˙

ď
kn

2
log

´n

k

¯

`
n2

2
log

ˆ

1 `
k

n ´ 1 ´ k

˙

ď
kn

2
log

´n

k

¯

`
kn2

2pn ´ 1 ´ kq
À kn log

´n

k

¯

,

where in the last line, we use the condition that k ď n{ logpnq ! n´1´k. Recalling the definition
of Bp¨q, we have

BpGq ď HpGq ď logp|Gn,k|q À kn log
´n

k

¯

“ opn2q.
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A.2.4. PROOF OF PROPOSITION 4

By the definition of r-block SBM, the latent variable tziuiPrns supported on rrsn, which satisfies

H
`

tziuiPrns

˘

ď log
`

|rrsn|
˘

“ n logprq.

Given the latent variable tziuiPrns, the block structure is fixed and hence each edge is sampled
independently from Bernoulli distributions. Therefore, we have

eij KK ekℓ | tziuiPrns

for any i, j, k, l P rns, where eij and ekℓ are the indicator variables of the existence of edges between
vertices i, j and between vertices k, ℓ. By Lemma 1, we conclude

BpGq ď HptziuiPrnsq ď n logprq ď n logpnq “ opn2q,

where we use the convention that the block number r ď n.

Remark 1 The setting of Proposition 4 can be viewed as a special case of the generalized random
geometric graph model, in which the latent variable corresponds to the block index. More generally,
the same conclusion holds under analogous assumptions, with essentially the same proof strategy.

A.2.5. PROOF OF PROPOSITION 5

Let r :“ |I0|{d be the proportion of coordinates in I0. Throughout, we assume mintr, 1 ´ ru “

Θp1q.

Step 1: Establish Bppexq “ Θpdq and Cppexq “ Θpdq. For a random variable x „ pex, we shall
demonstrate that

d
ÿ

i“1

Hpxiq “ d logp2q, logp2qp|I1| ´ 1q ď Hpxq ď logp2q|I1| and
d
ÿ

i“1

Hpxi | x´iq “ 0.

(23)

Towards this goal, we make the observation that for any i P I0 or x P I1zi˚, xi „ Bernp1{2q and
hence Hpxiq “ logp2q. For i “ i˚, we assert that xi

˚

„ Bernp1{2q. In fact, we have

P

¨

˝

ÿ

iPI1zi˚

xi ” 0 mod 2

˛

‚“ P
ˆ

Bin

ˆ

|I1| ´ 1,
1

2

˙

” 0 mod 2

˙

“
1

2
,

where in the last equality, we invoke the following lemma.

Lemma 3 For any n P N` and X „ Binpn, 1{2q, we have

PpX ” 0 mod 2q “ PpX ” 1 mod 2q “
1

2
.
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As result, the distribution of xi
˚

satisfies

Ppxi
˚

“ 0q “ Ppb “ 0q ¨ P

¨

˝

ÿ

iPI1zi˚

xi ” 0 mod 2

˛

‚` Ppb “ 1q ¨ P

¨

˝

ÿ

iPI1zi˚

xi ” 1 mod 2

˛

‚“
1

2
,

which reveals that xi
˚

„ Bernp1{2q and hence Hpxi
˚

q “ logp2q. In conclusion, we obtain

d
ÿ

i“1

Hpxiq “
ÿ

iPrdszi˚

Hpxiq ` Hpi˚q “ d logp2q. (24)

To upper bound Hpxq, invoke the simple property for entropy function to get

Hpxq ď logp|supppxq|q ď log
´

2 ¨ 2|I1|´1
¯

“ logp2q|I1|. (25)

The lower bound can be obtained through

Hpxq ě HptxiuiPI1zi˚q “ log
´

2|I1|´1
¯

“ logp2qp|I1| ´ 1q. (26)

For any i P rds, when x´i is given, we can recover xi by first observing the value of b from xj for
any j P I0, then applying the formula

xi “ b `
ÿ

kPI1zi

xkIti P I1u mod 2.

Thus, xi | x´i is always a Dirac measure, which leads to

d
ÿ

i“1

Hpxi | x´iq “ 0. (27)

Combining Eqns. (24), (25), (26) and (27) proves Eqn. (23).
Equipped with Eqn. (23), we are ready to bound Bppexq and Cppexq. It can easily seen that

Bppexq “ Hpxq ´

d
ÿ

i“1

Hpxi | x´iq ě logp2q
`

p1 ´ rqd ´ 1
˘

“ Ωpdq,

Cppexq “

d
ÿ

i“1

Hpxiq ´ Hpxq ě logp2qpd ´ |I1|q “ logp2qrd “ Ωpdq.

For the reverse direction, we can prove the matching lower bound similarly, which leads to

Bppexq “ Θpdq, Cppexq “ Θpdq.
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Step 2: Show Dppexq “ Op1q. Recall the definition of Dp¨q in Eqn. (10):

Dppexq :“

ż 8

0
minp1, tqIptqdt with Iptq :“

ÿ

i‰jPrds

Ipxit;x
j
t | x

´pi,jq

t q ě 0.

To upper bound Dppexq, let us write

Dppexq “

ż 1
d

0
t Iptqdt `

ż logpdq

1{d
mint1, tu Iptqdt `

ż 8

logpdq

Iptqdt.

By direct calculations, one has
ż 1

d

0
t Iptqdt ď

1

d

ż 1
d

0
Iptqdt ď

Bppexq

d
“ Θp1q,

ż 8

logpdq

Iptqdt ď
1

d ´ 1

ż 8

logpdq

pet ´ 1qIptqdt ď
Cppexq

d ´ 1
“ Θp1q.

Therefore, it obeys

Dppexq “

ż logpdq

1{d
mint1, tu Iptqdt ` Op1q.

To prove Dppexq “ Op1q, it suffices to show that
ż logpdq

1{d
mint1, tu Iptqdt “ Op1q. (28)

In view of the definition of Iptq, we can decompose it as

Iptq “

˜

ÿ

i,jPI0,i‰j

`
ÿ

i,jPI1,i‰j

`
ÿ

iPI0,jPI1

`
ÿ

iPI1,jPI0

¸

Ipxit;x
j
t | x

´pi,jq

t q

:“ I1ptq ` I2ptq ` I3ptq ` I4ptq,

and we shall bound these four terms separately.
Before diving into the proofs, we make the observation that the mutual information can be

computed via

Ipxit;x
j
t | x

´pi,jq

t q “ Hpxit | x
´pi,jq

t q ´ Hpxit | x´i
t q. (29)

To further compute each entropy terms, let us introduce two quantities below

H1
t “ Hpe´tδ0 ` p1 ´ e´tqδMASKq “ Hpe´tδ1 ` p1 ´ e´tqδMASKq “ te´t ´ logp1 ´ e´tqp1 ´ e´tq,

(30a)

H2
t “ H

ˆ

1

2
e´tδ0 `

1

2
e´tδ1 ` p1 ´ e´tqδMASK

˙

“ pt ` logp2qqe´t ´ logp1 ´ e´tqp1 ´ e´tq.

(30b)

We shall relate our quantities of interest to these terms below.
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Case 1: i, j P I0, i ‰ j. For any given x
´pi,jq

t , it always holds true that

Ppxit “ MASKq “ 1 ´ e´t,

since the noising process is time-homogeneous and independent between coordinates. Recall the
definition mpxq “ ti P rds : xi “ MASKu. Define the event E i,j

t,1 P F´pi,jq

t , where F´pi,jq

t is the

σ-algebra generated by x
´pi,jq

t , as follows:

E i,j
t,1 :“

#

x
´pi,jq

t :

˜

ł

kPI0zti,ju

tk R mpxtqu

¸

ł

˜

ľ

ℓPI1

tℓ P mpxtqu

¸

“ 1

+

,

where ^ is the logical operator AND, and _ is the logical operator OR. By construction of pex, it
can be checked that

´

xit
ˇ

ˇx
´pi,jq

t P E i,j
t,1

¯

„ e´tδ0{1 ` p1 ´ e´tqδMASK;
´

xit
ˇ

ˇx
´pi,jq

t P pE i,j
t,1qc

¯

„
1

2
e´tδ0 `

1

2
e´tδ1 ` p1 ´ e´tqδMASK,

where δ0{1 represents either δ0 or δ1. Therefore, by the definition of the conditional entropy, we
have

Hpxit | x
´pi,jq

t q “ H1
t ¨ PpE i,j

t,1q ` H2
t ¨

`

1 ´ PpE i,j
t,1q

˘

. (31)

Define the event E i
t,1 P F´i

t , where F´i
t is the σ-algebra generated by x´i

t , as follows:

E i
t,1 :“

#

x´i
t :

˜

ł

kPI0ztiu

tk R mpxtqu

¸

ł

˜

ľ

ℓPI1

tℓ P mpxtqu

¸

“ 1

+

.

Then, it can be checked similarly that
`

xit
ˇ

ˇx´i
t P E i

t,1

˘

„ e´tδ0{1 ` p1 ´ e´tqδMASK;

`

xit
ˇ

ˇx´i
t P pE i

t,1qc
˘

„
1

2
e´tδ0 `

1

2
e´tδ1 ` p1 ´ e´tqδMASK,

which leads to

Hpxit | x´i
t q “ H1

t ¨ PpE i
t,1q ` H2

t ¨
`

1 ´ PpE i
t,1q

˘

. (32)

Plugging Eqns. (31) and (32) into Eqn. (29) gives that for any i, j P I0, i ‰ j,

Ipxit;x
j
t | x

´pi,jq

t q “ Hpxit | x
´pi,jq

t q ´ Hpxit | x´i
t q

“ H1
t ¨ PpE i,j

t,1q ` H2
t ¨

`

1 ´ PpE i,j
t,1q

˘

´ H1
t ¨ PpE i

t,1q ´ H2
t ¨

`

1 ´ PpE i
t,1q

˘

“ pH2
t ´ H1

t q
`

PpE i
t,1q ´ PpE i,j

t,1q
˘

“ logp2qe´2t
`

1 ´ e´t
˘|I0|´2

´

1 ´ e´|I1|t
¯

“ O
´

e´2tp1 ´ e´tqrd{2
¯

,

whose value is independent of the indices i and j. Since |ti, j P I0 : i ‰ ju| “ rdprd´1q “ Θpd2q,
quantity I1ptq satisfies

I1ptq “
ÿ

i,jPI0,i‰j

Ipxit;x
j
t | x

´pi,jq

t q “ O
´

d2e´2tp1 ´ e´tqrd{2
¯

. (33)
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Case 2: i, j P I1, i ‰ j. Following the proof strategy in Case 1, for any given x
´pi,jq

t , it holds that

xit | x
´pi,jq

t „
1

2
e´tδ0 `

1

2
e´tδ1 ` p1 ´ e´tqδMASK,

which implies that

Hpxit | x
´pi,jq

t q “ H2
t . (34)

Define the event E i
t,2 P F´i

t as follows:

E i
t,2 :“

#

x´i
t :

˜

ł

kPI0

tk R mpxtqu

¸

ľ

˜

ľ

ℓPI1ztiu

tℓ P mpxtqu

¸

“ 1

+

,

which induces
`

xit
ˇ

ˇx´i
t P E i

t,2

˘

„ e´tδ0{1 ` p1 ´ e´tqδMASK;

`

xit
ˇ

ˇx´i
t P pE i

t,2qc
˘

„
1

2
e´tδ0 `

1

2
e´tδ1 ` p1 ´ e´tqδMASK,

and the conditional entropy formula

Hpxit | x´i
t q “ H1

t ¨ PpE i
t,2q ` H2

t ¨
`

1 ´ PpE i
t,2q

˘

. (35)

Plugging Eqns. (34) and (35) into Eqn. (29) gives that for any i, j P I0, i ‰ j,

Ipxit;x
j
t | x

´pi,jq

t q “ Hpxit | x
´pi,jq

t q ´ Hpxit | x´i
t q

“ H2
t ´ H1

t ¨ PpE i
t,2q ´ H2

t ¨
`

1 ´ PpE i
t,2q

˘

“
`

H2
t ´ H1

t

˘

PpE i
t,2q “ O

´

e´p1´rqdt
¯

,

whose value is, again, independent of the indices i and j. Since |ti, j P I1 : i ‰ ju| “ p1´rqdpp1´

rqd ´ 1q “ Θpd2q, we reach

I2ptq “
ÿ

i,jPI1,i‰j

Ipxit;x
j
t | x

´pi,jq

t q “ Opd2e´p1´rqdtq. (36)

Case 3: i P I0, j P I1. Define the function HBppq :“ ´p logppq ´ p1 ´ pq logp1 ´ pq to be
the entropy of the distribution Bernppq. Following the proofs of the two cases above, let us define
events

E i,j
t,3 :“

#

x
´pi,jq

t :

˜

ł

kPI0ztiu

tk ‰ mpxtqu

¸

ł

˜

ľ

ℓPI1ztju

tℓ P mpxtqu

¸

“ 1

+

;

E i
t,3 :“

#

x´i
t :

˜

ł

kPI0ztiu

tk ‰ mpxtqu

¸

ł

˜

ľ

ℓPI1

tℓ P mpxtqu

¸

“ 1

+

.

Similar calculations yield

Hpxit | x
´pi,jq

t q “ H1
t ¨ PpE i,j

t,3q ` H2
t ¨

`

1 ´ PpE i,j
t,3q

˘

;
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Hpxit | x´i
t q “ H1

t ¨ PpE i
t,3q ` H2

t ¨
`

1 ´ PpE i
t,3q

˘

.

Therefore, we obtain

Ipxit;x
j
t | x

´pi,jq

t q “ pH2
t ´ H1

t q
`

PpE i
t,3q ´ PpE i,j

t,3q
˘

“ logp2qe´|I1|t
`

1 ´ e´t
˘|I0|

“ O
´

e´HBprqd
¯

,

where the last equality is due to the fact that e´|I1|t
`

1 ´ e´t
˘|I0| is maximized at t “ ´ logp1´ rq.

Finally, with |ti P I0, j P I1u| “ rp1 ´ rqd2, we can bound

I3ptq “
ÿ

iPI0,jPI1

Ipxit;x
j
t | x

´pi,jq

t q “ O
´

d2e´HBprqd
¯

. (37)

Case 4: i P I1, j P I0. Notice that I3ptq and I4ptq are invariant under swapping i and j. We can
show in the same way as above that

I4ptq “ O
´

d2e´HBprqd
¯

. (38)

Putting everything together. Combining Eqns. (33), (36), (37) and (38), we arrive at

Iptq À d2
´

e´2tp1 ´ e´tqrd{2 ` e´p1´rqdt ` e´HBprqd
¯

. (39)

We are now in a position to prove Eqn. (28). Let us begin with the integration over the time
interval t P r1{d, 1s. Direct calculation yields that e´2tp1 ´ e´tqrd{2 is maximized at t˚ “ logp1 `
rd
4 q ą 1, which reveals that

d2e´2tp1 ´ e´tqrd{2 ď d2e´2t˚

“ d2
ˆ

1 `
rd

4

˙´2

“ Op1q. (40)

For the term from I2ptq, we obtain
ż 1

1
d

t ¨ d2e´p1´rqdtdt
paq
“

ż d

1
se´p1´rqsds ď

ż 8

0
se´p1´rqsds “

1

p1 ´ rq2
“ Op1q, (41)

where in (a), we use the change of variable formula with s “ dt. Similarly, we can show that
ż 1

1
d

t ¨ d2e´HBprqddt ď

ż 1

0
t ¨ d2e´HBprqddt “

1

2
d2e´HBprqd “ Op1q, (42)

where the condition mintr, 1 ´ ru “ Θp1q ensures HBprq “ Θp1q. Taking collectively Eqns. (39),
(40), (41) and (42), we arrive at

ż 1

1
d

mint1, tu Iptqdt “

ż 1

1
d

t Iptqdt “ Op1q. (43)

Let us move on to the integration over time interval t P r1, logpdqs. The integral computation yields
that

ż logpdq

1
d2e´2tp1 ´ e´tqrd{2dt

paq
“

ż d{e

1
s
´

1 ´
s

d

¯rd{2
ds

pbq

ď

ż 8

0
se´rs{2ds “ Op1q, (44)
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where in (a), we use the change of variable formula with s “ de´t, and in (b), we use the inequality
p1 ´ xq1{x ď e´1 for x P p0, 1s. For the remaining terms, we have

ż logpdq

1
d2e´p1´rqdtdt ď

ż logpdq

0
d2e´p1´rqddt “ d2 logpdqe´p1´rqd “ Op1q; (45)

ż logpdq

1
d2e´HBprqddt ď d2 logpdqe´HBprqd “ Op1q, (46)

where the condition mintr, 1 ´ ru “ Θp1q ensures HBprq “ Θp1q. Now, combining Eqns. (39),
(44), (45) and (46) yields

ż logpdq

1
mint1, tu Iptqdt “

ż logpdq

1
Iptqdt “ Op1q. (47)

Finally, equipped with Eqns. (43) and (47), we conclude

ż logpdq

1
d

mint1, tu Iptqdt “

ż 1

1
d

mint1, tu Iptqdt `

ż logpdq

1
mint1, tu Iptqdt “ Op1q,

which proves Dppexq “ Op1q.

Appendix B. Proof sketches

B.1. Proof sketch of Theorem 1

By the data-processing inequality and the chain rule for KL divergence, we upper bound the KL
divergence between q0 and pT by the KL divergence between the paths qT´t0,...,T´tN and pt0,...,tN ,
which can be decomposed as

KLpq0 } pT q ď KLpqT´t0,...,T´tN } pt0,...,tN q

ď KLpqT } p0q `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

”

KL
´

Ð
q tk`1|tk

p¨|xtkq } ptk`1|tkp¨|xtkq

¯ı

.

The first term is the initialization error, which can be upper bounded by the log-Sobolev inequality
in Lemma 7. For the second term, we apply Girsanov’s change-of-measure theorem for continuous-
time Markov chains to obtain the following upper bound:

1

S

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtqD
`

psT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtq
˘

dt.

The details can be found around Eq. (59).
To further control the right hand side, applying the law of cosines for the Bregman divergence,

we obtain (with ℓ :“ tk)
ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtqD
`

psT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtq
˘
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“
ÿ

yℓ:dHpyℓ,xℓq“1

sT´ℓpyℓ, xℓqD
`

psT´ℓpyℓ, xℓq, sT´ℓpyℓ, xℓq
˘

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

Controlled by Assumption 1

`
ÿ

iPrds

ÿ

cPrSs

`

sT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtq
˘

log psT´ℓpxℓ ‘i c, xℓq

looooooooooooooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooooooooooooon

Expectation controlled by Lemma 8

`
ÿ

yt:dHpyt,xtq“1

`

´ log stpyt, xtq
˘

´
ÿ

yℓ:dHpyℓ,xℓq“1

`

´ log sT´ℓpyℓ, xℓq
˘

.

The first term can be controlled by Assumption 1 after taking expectation over xℓ „
Ð
q ℓ and inte-

gration over time. The second term can be proven to be zero with the help of Lemma 8 after taking
expectation over xt „

Ð
q t|ℓp¨ | xℓq. Thus, the problem boils down to upper bounding the third term

above, whose properties are characterized in Lemma 10. After taking expectation and integration
over time, we can upper bound the third term by ∆d logpS{∆q. Combining the bounds for all three
terms completes the proof.

B.2. Proof sketch of Theorem 2

The proof is based on a refined analysis of the relative entropy decay along the forward processes
for any distribution q0 P PγpX q and it works for every γ P p0, 1q. It can be shown that the relative
entropy along the forward process is a differentiable function over time t, and we denote the negative
changing rate of it as φptq, i.e.,

φptq “ ´
d

dt
KLpqt}p0q “

ÿ

x,y:dHpx,yq“1

qtpxqstpy, xq log

ˆ

stpy, xq

stpx, yq

˙

,

where p0 “ UnifpX q is the limit distribution of the forward noising process. First, we show that
the condition KLpQ}P q ď εscore ` Op1q with the definition of PγpX q implies that T ą 1 and the
condition

N´1
ÿ

k“1

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

dt “ Op1q. (48)

Further we can show that φptq is a non-increasing function and differentiable over t. Thus, Eqn. Eqn. (48)
and the Newton-Leibniz formula leads to a stronger condition

N´1
ÿ

k“1

inf
tkďtďtk`1

p´φ1pT ´ tqq ¨
1

2
ptk`1 ´ tkq2 ď

N´1
ÿ

k“1

ż tk`1

tk

ż T´tk

T´t
´φ1puqdudt

“

N´1
ÿ

k“1

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

“ Op1q.

(49)

By viewing the forward process as a S-ary symmetric channel (Makur and Polyanskiy, 2018), the
strong data process inequality can be applied to get Lemma 12, which further shows that for any
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q0 P PγpX q, the function ´φ1ptq has a lower bound scaling as γd logpSq for all t P p0, 1q. Since
maxkttk`1 ´ tku ď 1

2 , we can choose a suitable M , such that 1 ă M ă N and T ´ tM “ r12 , 1s.
Combining this with Eqn. (49), we obtain

N´1
ÿ

k“M

ptk`1 ´ tkq2 À
1

γd logpSq
,

which implies that N “ Ωpγd logpSqq by Cauchy-Schwarz inequality.

B.3. Proof sketch of Theorem 3

First, Lemma 13 shows that Algorithm 1 outputs a sample from a CTMC with initial distribution p0
and rate matrices

pQtpx, yq :“

$

’

&

’

%

psT´tkpxtk di y
i, xtkq e

T´tk´1
eT´t´1

Itxi “ MASKu, if dHpx, yq “ 1, xi ‰ yi, and xitk “ MASK,

´
ř

z‰x
pQtpx, zq, if y “ x,

0, otherwise.
(50)

This corresponds to a τ -bridging strategy (Eqn. (7)) with the following function Gi
tppsT´tk , xtkq:

Gi
tppsT´tk , xtkqpa, bq “

eT´tk ´ 1

eT´t ´ 1
pQT´tkpxtk , xtk di bqItxitk “ au for a ‰ b P V.

By the data-processing inequality, we upper bound the KL divergence between q0 and pT by the KL
divergence between the paths qT´t0,...,T´tN and pt0,...,tN . Next, we apply the Markovian property
of the paths along with the Girsanov’s change-of-measure theorem and upper bound KLpq0}pT q by

KLpqT }p0q `

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

«

ÿ

yt:Qpyt,xtqą0

sT´tpyt, xtq

D

ˆ

eT´tk ´ 1

eT´t ´ 1
psT´tkpyt, xtq, sT´tpyt, xtq

˙

dt

ff

.

The first term is the initialization error and is controlled by choosing T “ Ωplog d` log logpε´1Sqq.
For the second term, we apply the law of cosines for the Bregman divergence and get (with ℓ :“ tk
and yℓ :“ xℓ di c, where yt “ xt di c):

sT´tpyt, xtqD

ˆ

eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpyt, xtq, sT´tpyt, xtq

˙

“
eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpyℓ, xℓqD ppsT´ℓpyℓ, xtq, sT´ℓpyt, xtqq

loooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooon

controlled by Assumption 1

` psT´tpyℓ, xℓq ´ sT´tpyt, xtqq log
psT´ℓpyℓ, xℓq

sT´ℓpyℓ, xℓq
loooooooooooooooooooooooooooomoooooooooooooooooooooooooooon

after taking E
xt„

Ð
q t|ℓp¨|xℓq

equals zero by Lemma 14

` sT´tpyt, xtqD psT´tpyℓ, xℓq, sT´tpyt, xtqq .
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Similar to the proof of uniform discrete diffusion model, the first term can be controlled by Assump-
tion 1 after taking expectation over xtk „

Ð
q tk

and integration over time, and the second term can
be proven to be zero by the martingale property from Lemma 14. Finally, using Dynkin’s formula
we relate the third term to the effective total correlation Dpq0q.

Appendix C. Technical preparations

C.1. Score functions

Below, we present an equivalent formulation of the score functions.

Proposition 6 Let q0 be an initial distribution on X0. Let x, y P X be such that Qpy, xq ą 0.
Then,

1. for the uniform noising process,

stpy, xq “
Ex0„q0α

dHpy,x0q

t

Ex0„q0α
dH px,x0q

t

, (51)

where αt :“
1´e´t

1`pS´1qe´t .

2. for the masking noising process,

stpy, xq “
1

et ´ 1

q0pyq

q0pxq
, (52)

where for x P X zX0, q0pxq is the marginal probability of the unmasked coordinates of x
under q0.

Proof of Proposition 6. By the definition of the score function, one can write

stpy, xq “
qtpyq

qtpxq
“

ř

x0
qt|0py | x0qq0px0q

ř

x0
qt|0px | x0qq0px0q

.

For the uniform noising process, one can solve the Kolmogorov forward equation for every dimen-
sion. As a result, the transition can be written as

qt|0py | x0q “

ˆ

1 ´ e´t

S

˙dHpy,x0q ˆ
1 ` pS ´ 1qe´t

S

˙d´dHpy,x0q

“

ˆ

1 ` pS ´ 1qe´t

S

˙d

α
dHpy,x0q

t ,

which proves Eqn. (51). More details of this relation can be found in (e.g., Zhang et al. (2025),
Proposition 1).

For the masking noising process, for notational convenience, given any x P prSs Y tMASKuqd,
define

mpxq :“ ti P rds : xi “ MASKu. (53)

In view of this piece of notation, as Prpxit “ MASKq “ e´t, and coordinates evolve independently,
one can write

qt|0py | x0q “ p1 ´ e´tq|mpyq|e´tpd´|mpyq|qIt for all i P rds, yi P txi0,MASKu u.
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As Qpy, xq ą 0, it must be that dHpx, yq “ 1, and for i, such that xi ‰ yi, xi “ MASK and
yi ‰ MASK. This implies that |mpxq| “ |mpyq| ` 1, and we can write
ř

x0
qt|0py | x0qq0px0q

ř

x0
qt|0px | x0qq0px0q

“
e´t

1 ´ e´t

ř

x0
q0px0qIt for all i P rds, yi P txi0,MASKu u

ř

x0
q0px0qIt for all i P rds, xi P txi0,MASKu u

“
1

et ´ 1

q0pyq

q0pxq
.

C.2. Technical lemmas

Lemma 4 (Chain rule of KL divergence) For N ą 0, let a0:N , b0:N be the joint distributions of
two Markov processes. Then,

KLpa0:N}b0:N q “ KLpa0}b0q `

N´1
ÿ

k“0

Ex„akKL
`

ak`1|kp¨ | xq}bk`1|kp¨ | xq
˘

.

Proof of Lemma 4. Invoking the definition of KL divergence with some direct calculations yields

KLpa0:N}b0:N q “ Ex0:N„a0:N log
a0:N px0:N q

b0:N px0:N q

“ Ex0:N„a0:N log

˜

a0px0q

b0px0q

N´1
ź

k“0

ak`1|kpxk`1 | xkq

bk`1|kpxk`1 | xkq

¸

“ Ex0„a0 log
a0px0q

b0px0q
`

N´1
ÿ

k“0

Exk„akExk`1„ak`1|kp¨|xkq log
ak`1|kpxk`1 | xkq

bk`1|kpxk`1 | xkq

“ KLpa0}b0q `

N´1
ÿ

k“0

Exk„akKL
`

ak`1|kp¨ | xkq}bk`1|kp¨ | xkq
˘

.

Lemma 5 (Derivative of KL: an upper bound) Let pqtq and pptq be the marginals of CTMCs
with rate matrices pQtq and p pQtq, respectively, and

Ð
q t ” qT´t be the marginals of the reverse

process. Then, for any t ą tk and for any z,

B

Bt
KL

´

Ð
q t|tk

p¨ | zq}pt|tkp¨ | zq

¯

ď E
xt„

Ð
q t|tk

p¨|zq

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

Ð

Qtpxt, yq

pQtpxt, yq

fi

fl .

Proof of Lemma 5. Let us omit the conditioning on z for the notation brevity. By direct calcula-
tions, one can write

A :“
B

Bt
KL

´

Ð
q t|tk

}pt|tk

¯

“
ÿ

xPX

ˆ

B

Bt

Ð
q t|tk

pxq

˙

log

Ð
q t|tk

pxq

pt|tkpxq
´

ÿ

xPX

Ð
q t|tk

pxq

B
Btpt|tkpxq

pt|tkpxq
.

Recall the Kolmogorov equation:

B

Bt

Ð
q t|tk

pxq “
ÿ

yPX

Ð

Qtpy, xq
Ð
q t|tk

pyq and
B

Bt
pt|tkpxq “

ÿ

yPX

pQtpy, xqpt|tkpyq
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Putting the above together, we obtain (relabeling x and y)

A “ E
x„

Ð
q t|tk

ÿ

yPX

«

Ð

Qtpx, yq log

˜Ð
q t|tk

pyq

pt|tkpyq

¸

´ pQtpx, yq

Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq

ff

“ E
x„

Ð
q t|tk

ÿ

y‰x

«

Ð

Qtpx, yq log

˜Ð
q t|tk

pyq

pt|tkpyq

¸

´
Ð

Qtpx, yq log

˜Ð
q t|tk

pxq

pt|tkpxq

¸

´ pQtpx, yq

Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq

ff

´ pQtpx, xq

“ E
x„

Ð
q t|tk

ÿ

y‰x

«

Ð

Qtpx, yq log

˜Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq

¸

´ pQtpx, yq

Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq

ff

´ pQtpx, xq

“ E
x„

Ð
q t|tk

ÿ

y‰x

«

Ð

Qtpx, yq log

˜Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq

¸

´ pQtpx, yq

Ð
q t|tk

pyq

Ð
q t|tk

pxq
¨
pt|tkpxq

pt|tkpyq
` pQtpx, yq

ff

,

(54)

where we invoke the the property that
Ð

Qtpx, xq “ ´
ř

y‰x

Ð

Qtpx, yq and pQtpx, xq “ ´
ř

y‰x
pQtpx, yq.

Then, letting Cxy be such that (recall that z is fixed)

Ð
q t|tk

py | zq

Ð
q t|tk

px | zq
“

Ð

Qtpx, yq

Cxy
, (55)

it satisfies that

A “ E
x„

Ð
q t|tk

ÿ

y‰x

«

pQpx, yq `
Ð

Qpx, yq log

¨

˝

Ð

Qtpx, yq

pQtpx, yq

˛

‚`
Ð

Qtpx, yq log

˜

pQtpx, yq

Cxy
¨
pt|tkpxq

pt|tkpyq

¸

´ pQpx, yq

Ð

Qtpx, yq

Cxy
¨
pt|tkpxq

pt|tkpyq

ff

(56)
Finally, since log z ď z ´ 1,

A ď E
x„

Ð
q t|tk

ÿ

y‰x

«

pQpx, yq `
Ð

Qpx, yq log

¨

˝

Ð

Qtpx, yq

pQtpx, yq

˛

‚´
Ð

Qpx, yq

`
Ð

Qtpx, yq
pQtpx, yq

Cxy
¨
pt|tkpxq

pt|tkpyq
´ pQpx, yq

Ð

Qtpx, yq

Cxy
¨
pt|tkpxq

pt|tkpyq

ff

“ E
x„

Ð
q t|tk

ÿ

y‰x

»

–
pQtpx, yq ´

Ð

Qtpx, yq `
Ð

Qtpx, yq log

¨

˝

Ð

Qtpx, yq

pQtpx, yq

˛

‚

fi

fl .

Lemma 6 (Itô’s Lemma for Poisson jump process) For the Poisson jump process txtutě0 with
generator tLtutě0 and rate matrix tRtutě0. Itô’s Lemma formula can be written as

fpt, xtq “ fp0, x0q `

ż t

0

“

Bsfps, xs´q ` pLsfq ps, xs´q
‰

dt ` Mt, (57)
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where xs´ “ limuÑs´ xs, which exists for almost everywhere s P r0, tq under the Lebesgue mea-
sure. The compensation process tMuuuPrℓ,ts is defined as

Mu “
ÿ

ys:ys‰xs

ż u

ℓ

`

fps, ysq ´ fps, xsq
˘`

dNxs,ys
s ´ λxs,ys

s ds
˘

,

where Nx,y
s is the counting process of jumps from x to y up to time t and λx,y

s is the Fs´-intensity
of Nx,y

s , i.e., λx,y
s “ Itxs´ “ yuRtpx, yq.

Appendix D. Proofs of results in Section 3.1

D.1. Proof of Theorem 1

We first decompose the KL divergence between the output distribution pT and the target distribution
q0 as

KLpq0}pT q ď KLpqT´t0,...,T´tN }pt0,...,tN q

“ KLpqT }p0q `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

”

KL
´

Ð
q tk`1|tk

p¨|xtkq}ptk`1|tkp¨|xtkq

¯ı

, (58)

where the first inequality follows from the data-processing inequality for KL divergence and the
second inequality follows from the chain rule for KL divergence in Lemma 4. The first term is the
initialization error, which can be upper bounded by the following lemma.

Lemma 7 For the uniform noising process, for any initial distribution q0 P PpX q, time index
t ě 0, we have the same limit distribution

qt
d

Ñ p0 “ UnifpX q, as t Ñ 8.

Further, the modified log-Sobolev constant 3 of qt satisfies CLSI “ 2, which leads to

KLpqt}p0q ď e´tKLpq0}p0q ď e´td logpSq.

The proof of Lemma 7 can be found in previous works, e.g., Zhang et al. (2025, Proposition 2).
Applying the above Lemma together with Lemma 5 on the second term in Eqn. (58), we obtain

KLpp0}qT q

ď KLpqT }p0q `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

„
ż tk`1

tk

B

Bt
KL

´

Ð
q t|tk

p¨|xtkq}pt|tkp¨|xtkq

¯

dt

ȷ

ď e´Td logpSq

`

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

ż tk`1

tk

E
xt„

Ð
q t|tk

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

Ð

Qtpxt, yq

pQtpxt, yq

fi

fldt

3. CLSI is defined as the smallest number such that for any q P PpX q, KLpq | UnifpX qq ď CLSI{2¨Epq, logpqqq, where
E is the Dirichlet form associated with the uniform noising process, i.e., Epf, gq “ ´p2|X |q

´1 ř

x,yPX pfpxq ´

fpyqqpgpxq ´ gpyqqQpx, yq.
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ď e´Td logpSq `
1

S

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

„

ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtq

D
`

psT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtq
˘

dt

ȷ

.

(59)

In the following, we focus on the quantity

E
xtk

,xt„
Ð
q tk,t

ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtqD
`

psT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtq
˘

. (60)

For simplicity, we write tk :“ ℓ. Direct calculations yield the following decomposition
ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtqD
`

psT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtq
˘

“
ÿ

yℓ:dHpyℓ,xℓq“1

sT´ℓpyℓ, xℓqD ppsT´ℓpyℓ, xℓq, sT´ℓpyℓ, xℓqq

looooooooooooooooooooooooooooooooooomooooooooooooooooooooooooooooooooooon

T t,ℓ
1

`
ÿ

iPrds

ÿ

cPrSs

psT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtqq log psT´ℓpxℓ ‘i c, xℓq

loooooooooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooooooooon

T t,ℓ
2

`
ÿ

yt:dHpyt,xtq“1

h psT´tpyt, xtqq ´
ÿ

yℓ:dHpyℓ,xℓq“1

h psT´ℓpyℓ, xℓqq

loooooooooooooooooooooooooooooooooooooomoooooooooooooooooooooooooooooooooooooon

T t,ℓ
3

,

where hpxq “ x log x ´ x ` 1. We proceed by bounding each term separately.

• For term T t,ℓ
1 , notice that T t,ℓ

1 is independent of t. In view of definition of score entropy loss,
we have

E
xℓ,xt„

Ð
q ℓ,t

”

T t,ℓ
1

ı

(61)

“ E
xℓ,xt„

Ð
q ℓ,t

»

–

ÿ

yℓ:dHpyℓ,xℓq“1

sT´ℓpyℓ, xℓqD ppsT´ℓpyℓ, xℓq, sT´ℓpyℓ, xℓqq

fi

fl

“ S ¨ E
xℓ,xt„

Ð
q ℓ,t

»

–

ÿ

yℓ:dHpyℓ,xℓq“1

QT´ℓpyℓ, xℓqsT´ℓpyℓ, xℓqD ppsT´ℓpyℓ, xℓq, sT´ℓpyℓ, xℓqq

fi

fl

“ S ¨ LSEpT ´ ℓ, psT´ℓ, sT´ℓq, (62)

where we use the fact that QT´tpy, xq “ S´1 for any dHpy, xq “ 1.

• For term T t,ℓ
2 , we establish the following lemma, whose proof is provided in Section F.2.
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Lemma 8 Consider the uniform noising process and let 0 ď ℓ ă t ă T . Then, for any
c P rSs, i P rds and xℓ P X , it obeys

E
xt„

Ð
q t|ℓp¨|xℓq

”

`

sT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtq
˘

log psT´ℓpxℓ ‘i c, xℓq
ı

“ 0.

With Lemma 8, it is easily seen that

E
xℓ,xt„

Ð
q ℓ,t

”

T t,ℓ
2

ı

“ E
xℓ,xt„

Ð
q ℓ,t

«

ÿ

iPrds

ÿ

cPrSs

`

sT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtq
˘

log psT´ℓpxℓ ‘i c, xℓq

ff

“
ÿ

iPrds

ÿ

cPrSs

E
xℓ„

Ð
q ℓ

„

E
xt„

Ð
q t|ℓp¨|xℓq

”

`

sT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtq
˘

log psT´ℓpxℓ ‘i c, xℓq
ı

ȷ

“ 0. (63)

• For term T t,ℓ
3 , we make the crucial observation that E

xt„
Ð
q t

r
ř

yt:dHpyt,xtq“1 hpsT´tpyt, xtqqs

admits a simple representation. The statement is formalized in the following lemma.

Lemma 9 For any t P r0, T s, we have

E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

h psT´tpyt, xtqq

fi

fl “ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

´ log psT´tpyt, xtqq

fi

fl .

In view of this lemma, we can further express the term T t,ℓ
3 as

E
xℓ,xt„

Ð
q ℓ,t

”

T t,ℓ
3

ı

(64)

“ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

h psT´tpyt, xtqq

fi

fl ´ E
xℓ„

Ð
q ℓ

»

–

ÿ

yℓ:dHpyℓ,xℓq“1

h psT´ℓpyℓ, xℓqq

fi

fl

“ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

´ log psT´tpyt, xtqq

fi

fl ´ E
xℓ„

Ð
q ℓ

»

–

ÿ

yℓ:dHpyℓ,xℓq“1

´ log psT´ℓpyℓ, xℓqq

fi

fl .

(65)

Plugging Eqns. (62), (63), and (65) into Eqn. (60), we end up with

E
xtk

,xt„
Ð
q tk,t

ÿ

iPrds

ÿ

cPrSs

sT´tpyt, xtqD ppsT´tkpxtk ‘i c, xtkq, sT´tpyt, xtqq

“ S ¨ LSEpT ´ ℓ, psT´ℓ, sT´ℓq ` E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

´ log psT´tpyt, xtqq

fi

fl
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´ E
xℓ„

Ð
q ℓ

»

–

ÿ

yℓ:dHpyℓ,xℓq“1

´ log psT´ℓpyℓ, xℓqq

fi

fl

“ S ¨ LSEpT ´ ℓ, psT´ℓ, sT´ℓq ` S
`

φpT ´ tq ´ φpT ´ ℓq
˘

,

where we define φptq as

φptq :“
1

S
Ext„qt

»

–

ÿ

yt:dHpyt,xtq“1

´ log pstpyt, xtqq

fi

fl . (66)

Returning to Eqn. (59), we conclude that

KLpp0}qT q ď e´Td logpSq `

N´1
ÿ

k“0

ż tk`1

tk

LSEpT ´ tk, psT´tk , sT´tkq `
`

φpT ´ tq ´ φpT ´ tkq
˘

dt

ď εscore ` e´Td logpSq `

N´1
ÿ

k“0

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

dt. (67)

To establish Theorem 1, it is only left for us to control the last term in Eqn. (67). First, by
Jensen’s inequality, φptq is lower bounded by

φptq ě ´
1

S

ÿ

iPrds

ÿ

cPrSs

log
`

Ext„qt rstpxt ‘i c, xtqs
˘

“ 0. (68)

For the upper bound, it satisfies that

φptq ď
1

S
Ext„qt

«

ˇ

ˇtyt : dHpyt, xtq “ 1u
ˇ

ˇ ¨ sup
x,y:dHpx,yq“1

ˇ

ˇ log pstpy, xqq
ˇ

ˇ

ff

, (69)

where |tyt : dHpyt, xtq “ 1u| denotes the cardinality of the set tyt : dHpyt, xtq “ 1u, which equals
dpS ´ 1q for any xt P X . It therefore suffices to control the quantity | log pstpyt, xtqq |, which is
achieved through the following lemma.

Lemma 10 For any distribution q0 on X , let qt be the marginal distribution of the uniform noising
process at time t. Then, for any x, y P X such that dHpx, yq “ 1, it holds that

| log stpy, xq| À logpSq ` maxtlogpt´1q, 0u.

As a consequence of Lemma 10, we arrive at

φptq ď
dpS ´ 1q

S
¨ sup
x,y:dHpx,yq“1

| log pstpy, xqq | À d
`

logpSq ` maxtlogpt´1q, 0u
˘

. (70)

In addition, we make the observation in Lemma 12 that φptq is a non-increasing function in t.
Now we are ready to combine everything and bound the last term of Eqn. (67). Define ∆ “

maxkttk`1´tku, and choose 1 ď M ď N´1 such that T ´tM P r∆, 2∆s. Armed with Eqns. (68),
(70) and the monotonicity of φptq, we obtain

N´1
ÿ

k“0

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

dt
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ď

ż T´tM

0
φptq dt `

M´1
ÿ

k“0

ż tk`1

tk

`

φpT ´ tk`1q ´ φpT ´ tkq
˘

dt

ď 2∆d
`

logpSq ` logp2{∆q ` 1
˘

` ∆
N´2
ÿ

k“0

`

φpT ´ tk`1q ´ φpT ´ tkq
˘

ď 2∆d
`

logpSq ` logp2{∆q ` 1
˘

` ∆φp∆q À ∆d logpS{∆q.

Combining the inequality above with Eqn. (67) achieves

KLpp0}qT q ď εscore ` e´Td logpSq ` ∆d logpS{∆q,

which completes the proof of Theorem 1.

D.2. Proof of Corollary 1

Choose time horizon T “ logpd logpSq{εq and number of discretization steps

N “ Θ

ˆ

d logpSq log3pd logpSq{εq

ε

˙

“ rΘ

ˆ

d

ε

˙

.

Adopting the upper bound in Theorem 1 leads to

KLpqdata}poutputq “ KLpq0}pT q À εscore ` eTd logpSq `
Td

N
log

ˆ

SN

T

˙

À εscore ` ε `
ε

logpSqT 2

´

logpSq ` 3T
¯

À εscore ` ε.

Remark 2 (Step size schedule) In Corollary 1, we adopt a uniform step size schedule for simplic-
ity. This choice is optimal in the sense that it minimizes the worst-case upper bound for a fixed
number of steps N , and it is also empirically effective (Campbell et al., 2022). That said, other
step size schedules commonly used in practice and theory achieve the same iteration complexity, in-
cluding the exponential-then-constant schedule (defined as in Corollary 2, and used in Liang et al.
(2025b)) and the log-linear schedule (Lou et al., 2024). In these works, early stopping is introduced
to maintain numerical stability in score estimation during training, and also to ensure a small dis-
cretization error. Our result shows that, under Assumption 1, early stopping is not necessary for
small discretization error.

D.3. Proof of Theorem 2

Recall that the path measures of the backward process and the sampling process are denoted by
Q

d
“ t

Ð
q tutPr0,T´δs and P

d
“ tptutPr0,T´δs, respectively. It can be checked that the path measure

Q is absolutely continuous with respect to P . By Girsanov’s theorem for the backward process
(e.g. Ren et al. (2025, Corollary 3.4)), it satisfies

KLpQ }P q
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“ KLp
Ð
q 0}p0q `

1

S

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

„

ÿ

iPrds

ÿ

cPrSs

sT´tpxt ‘i c, xtq

D ppsT´tkpxtk ‘i c, xtkq, sT´tpxt ‘i c, xtqq dt

ȷ

.

Following the same analysis as in Eqns. (60) to (67) in Appendix D.1, we arrive at

KLpQ }P q “ εscore ` KLp
Ð
q 0}p0q `

N´1
ÿ

k“0

ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt

“ εscore ` KLpqT }p0q `

N´1
ÿ

k“0

ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt,

where the function φp¨q is defined as in Eqn. (66)

φptq :“
1

S
Ext„qt

»

–

ÿ

yt:dHpyt,xtq“1

´ log pstpyt, xtqq

fi

fl .

Thus, to achieve KLpQ }P q ď εscore ` Op1q, we need to select N,T and step size schedule
such that

KLpqT }p0q `

N´1
ÿ

k“0

ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt “ Op1q. (71)

In order to understand the first term in Eqn. (71), let us first consider the case when T “ 1. By the
assumption q0 P PγpX q, therefore, we are ensured that

KLpq1}p0q “
ÿ

xPX
q1pxq log

`

q1pxqq ´
ÿ

xPX
q1pxq log

`

p0pxqq ě γd logpSq " 1.

Hence, it implies that T must satisfy T ą 1.
We then focus on the analysis of the second term in Eqn. (71). We aim to show that the changing

rate, i.e., ´φ1ptq, is lower bounded as we come close to the target data distribution (i.e., t P r0, 1sq,
which in turn leads to a lower bound on the difference φpT ´ tq ´ φpT ´ tkq. We proceed with our
analysis under the information-theoretic framework.

For notational convenience, given every i P rds and c P rSs, let us define

φi,cptq “ Ext„qt

“

´ log
`

stpxt ‘i c, xtq
‰

“ Ext„qt

“

´ log
`

stpNi,cpxtq, xtq
‰

(72)

where the operator Ni,c : X Ñ X is defined as Ni,cpxq “ x ‘i c. It is easy to check that

φptq “ 1{S
ÿ

iPrds

ÿ

cPrSs

φi,cptq.

Notice that Ni,c is a bijection in X . We define Ni,´c “ pNi,´cq
´1 “ Ni,S´c, where pNi,´cq

´1 is
denoted as the inverse function.

Since φptq can be written as a linear combination of φi,cptq, it suffices to study the proper-
ties of the individual φi,cptq to characterize φptq. To begin with, the following lemma provides a
characterization of φptq and φi,cptq as information-theoretic quantities.
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Lemma 11 For φptq and φi,cptq defined in Eqns. (66) and (72), we have

φi,cptq “ KLpqt } pNi,´cq#qtq;

φptq “ ´
B

Bt
KLpqt}p0q “

ÿ

iPrds

ÿ

cPrSs

KLpqt } pNi,cq#qtq,

where pNi,cq# is denoted as the pushforward measure of qt under operator Ni,c.

Lemma 11 allows us to write φi,cptq as the KL divergence between the marginal forward process
and its pushforward under Ni,c. By viewing Ni,c as an information channel, we can show it is in a
special family of channels, named S-ary symmetric channel (Makur and Polyanskiy, 2018), which
satisfies strong data processing inequality. Through this idea, we can prove the following lemma.

Lemma 12 For t P p0, T s, φi,cptq is differentiable in t and it holds that

´φ1
i,cptq ě φi,cptq.

Consequently, Lemma 12 leads to

´φ1ptq “ ´
1

S

ÿ

iPrds

ÿ

cPrSs

φ1
icptq ě

1

S

ÿ

iPrds

ÿ

cPrSs

φicptq “ φptq.

Recall the log-Sobolev inequality in Lemma 7. We have, for any target distribution q0 P PγpX q and
t P p0, 1q,

´φ1ptq ě φptq ě KLpqt}p0q ě KLpq1}p0q ě γd logpSq.

Let us go back to the second term in Eqn. (71). By the fundamental theorem of calculus, we
obtain
ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt “

ż T´tk

T´tk`1

ż T´tk

T´t
´φ1pτqdτdt

Á

ż T´tk

T´tk`1

pt ´ tkqγd logpSqdt “
1

2
ptk`1 ´ tkq2γd logpSq.

Choose M such that T ´ tM P r12 , 1s. Such M exists due to the fact that T ą 1 and maxkttk`1 ´

tku ď 1
2 . It holds in this case that

Op1q “

N´1
ÿ

k“0

ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt

Á

N´1
ÿ

k“M

ż tk`1

tk

pφpT ´ tq ´ φpT ´ tkqq dt

Á

N´1
ÿ

k“M

ptk`1 ´ tkq2γd logpSq. (73)
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By Cauchy-Schwarz inequality, it is direct to show that

N´1
ÿ

k“M

ptk`1 ´ tkq2 ě
1

N ´ M

˜

N´1
ÿ

k“M

ptk`1 ´ tkq

¸2

“
pT ´ tM ´ δq2

N ´ M
Á

1

N ´ M
, (74)

where in the last inequality, we use the fact that T ´ tM ě 1
2 and δ ! 1. Plugging Eqn, (74) into

Eqn. (73) leads to

N ě N ´ M “ Ωpγd logpSqq “ rΩpdq.

D.4. Efficient sampling for high-entropy distributions

After Theorem 2, we mentioned that it is possible to get sublinear d iteration complexity with τ -
leaping algorithm and uniform noising process when the target distribution is close to the uniform
distribution on X . Formally, we have the following result.

Theorem 4 Let q0 P PpX q be the data distribution . Choose 0 “ t0 ă t1 ă . . . ă tN “ T ´ δ
with exponential-then-constant step size schedule, i.e., tk`1 ´ tk ď κminp1, T ´ tk`1q for k “

0, . . . , N ´ 2. Suppose 0 ă κ ă 0.9, we have

KLpqT´δ } poutputq À εscore `
`

e´T ` κ logpδ´1q
˘

¨ KLpq0 }UnifpX qq.

Theorem 4 reveals that, with an exponential-then-constant schedule and early stopping time δ, the
error upper bound only depends on the initial KL divergence KLpq0 }UnifpX qq, which could be
small if q0 is close to the forward limit distribution UnifpX q.

To be more concrete, we can choose T “ logpKLpq0 }UnifpX qq{εq, δ´1 “ polypdq and κ “

e´T { logpdq to achieve
KLpqT´δ } poutputq À εscore ` ε,

with iteration complexity

N “ rΘ

ˆ

KLpq0 }UnifpX qq

ε

˙

,

which could be sublinear in d when KLpq0 }UnifpX qq “ opdq.

Proof of Theorem 4. The proof follows similar arguments as in the proof of Theorem 1.
Write p0 “ UnifpX q to be initial distribution of the sampling process. Following the proof of

Eqn. (67), we get

KLpqT´δ } pT´δq ď εscore ` e´TKLpq0 } p0q `

N´1
ÿ

k“0

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

dt, (75)

where as shown in Lemma 11, φptq “ ´BtKLpqt } p0q ě 0. By Lemma 12, φptq is a non-increasing
function of t P p0, T s. Thus, we have

φptq ď
1

t

ż t

0
BsKLpqs } p0qds “

KLpq0 } p0q

t
. (76)
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Without loss of generality, Choose M 1 such that 1 ď M ď N ´ 1 such that T ´ tM “ 1. For
1 ď k ă M , tk`1 ´ tk “ tk ´ tk´1 “ κ. With Eqn. (76), we can show that

N´1
ÿ

k“0

ż tk`1

tk

`

φpT ´ tq ´ φpT ´ tkq
˘

dt

ď

N´1
ÿ

k“0

ptk`1 ´ tkq
`

φpT ´ tk`1q ´ φpT ´ tkq
˘

dt

“ ptN ´ tN´1qφpT ´ tN q `

N´1
ÿ

k“1

`

ptk ´ tk´1q ` ptk ´ tk`1q
˘

φpT ´ tkq ´ pt1 ´ t0qφpT q

paq

ď
κδ

1 ´ κ
¨
KLpq0 } p0q

δ
`

N´1
ÿ

k“M

κ2

1 ´ κ
pT ´ tkq ¨

KLpq0 } p0q

T ´ tk

À pN ´ Mqκ2KLpq0 } p0q “ logp1´κqpδqκ2KLpq0 } p0q
pbq

ď κ logpδ´1qKLpq0 } p0q,

where we apply Eqn. (76) in (a) and logp1 ´ κq ď ´κ in (b). Collecting the above bound and
Eqn. (75) proves the result.

Appendix E. Proofs of results in Section 3.2

E.1. Proof of Theorem 3

We present the details of Algorithm 1 here.
For t P tt0, . . . , tNu, let pt denote the marginal distribution of xtk in Algorithm 1. Using the data-
processing inequality KLp

Ð
q T }pT q ď KLp

Ð
q t0,...,tN }pt0,...,tN q and Lemma 4, we decompose the KL

divergence between the target distribution q0 ”
Ð
q T and the output distribution pT as follows:

KLp
Ð
q T }pT q ď KLp

Ð
q 0}p0q `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

”

KL
´

Ð
q tk`1|tk

p¨|xtkq}ptk`1|tkp¨|xtkq

¯ı

. (77)

The first term, initialization error, was bounded in Conforti et al. (2025); Liang et al. (2025a) as
follows:

KLp
Ð
q 0}p0q ď e´Tdp1 ` logS ` T q À e´Td logS. (78)

The following lemma states that for each k, conditioned on xtk , we can consider a CTMC on the
interval rtk, tk`1s, with marginals ptk`1|tkp¨ | xtkq at time tk`1. The proof is given in Section G.3.

Lemma 13 Fix k “ 0, . . . , N ´ 1. Let xtk and xtk`1
be as in Algorithm 1. Let pytqtPrtk,tk`1s be a

CTMC with ytk “ xtk and the following rate matrix:

pQtpa, bq :“

$

’

&

’

%

psT´tkpytk di b
i, ytkq e

T´tk´1
eT´t´1

Itai “ MASKu, if dHpa, bq “ 1, ai ‰ bi, and yitk “ MASK,

´
ř

c‰a
pQtpa, cq, if a “ b,

0, otherwise.
(79)

Then, xtk`1
has the same distribution as ytk`1

.
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We continue Eqn. (77) with marginals pt|tkp¨ | xtkq of this CTMC:

KLp
Ð
q T }pT q À e´Td logS `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

”

KL
´

Ð
q tk`1|tk

p¨|xtkq}ptk`1|tkp¨|xtkq

¯ı

“ e´Td logS `

N´1
ÿ

k“0

E
xtk

„
Ð
q tk

„
ż tk`1

tk

B

Bt
KL

´

Ð
q t|tk

p¨ | xtkq}pt|tkp¨ | xtkq

¯

dt

ȷ

.

(80)
Using rate matrices as in Lemma 13, we apply Lemma 5 to upper bound the second term:

KLp
Ð
q T }pT q

À e´Td logS `

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

¨

˝

Ð

Qtpxt, yq

pQtpxt, yq

˛

‚

fi

fldt.

(81)

Fix k P t0, . . . , N ´ 1u and t P rtk, tk`1q. Let ℓ :“ tk. Invoking Eqn. (79) leads to

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

¨

˝

Ð

Qtpxt, yq

pQtpxt, yq

˛

‚

fi

fl

“
ÿ

iPmpxtq

ÿ

cPrSs

»

–
pQtpxt, xt di cq ´

Ð

Qtpxt, xt di cq `
Ð

Qtpxt, xt di cq log

¨

˝

Ð

Qtpxt, xt di cq

pQtpxt, xt di cq

˛

‚

fi

fl

“
ÿ

iPmpxtq

ÿ

cPrSs

«

eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpxℓ di c, xℓq ´ sT´tpxt di c, xtq

` sT´tpxt di c, xtq log

˜

sT´tpxt di c, xtq
eT´ℓ´1
eT´t´1

psT´ℓpxℓ di c, xℓq

¸ff

“
ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqD

ˆ

eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpxℓ di c, xℓq, sT´tpxt di c, xtq

˙

. (82)

Next, observe that the Bregman divergence satisfies the following law of cosines:

Dpα, γq “ Dpα, βq ` Dpβ, γq ` pα ´ βq
β ´ γ

βγ
.

We apply this decomposition to each term of Eqn. (82) with

α “
eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpxℓdic, xℓq, β “

eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpxℓdic, xℓq, and γ “ sT´tpxtdic, xtq.
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In the following, we slightly abuse the notation and write xt :“ pxt di c, xtq and xℓ :“ pxℓ di

c, xℓq whenever i P mpxtq and c P rSs are fixed. We proceed for fixed i, c:

sT´tpxt di c, xtqD

ˆ

eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpxℓq, sT´tpxtq

˙

“ sT´tpxtqDppsT´ℓpxℓq, sT´ℓpxℓqq

` sT´tpxtqD

ˆ

eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpxℓq, sT´tpxtq

˙

`
psT´ℓpxℓq ´ sT´ℓpxℓq

sT´ℓpxℓq

ˆ

eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpxℓq ´ sT´tpxtq

˙

.

Note that we simplified the first term as Dpαx, αyq “ Dpx, yq. Observing that eT´ℓ´1
eT´t´1

sT´ℓ ” sT´t

by Eqn. (52), this can be rearranged as follows:

sT´tpxtqD

ˆ

eT´ℓ ´ 1

eT´t ´ 1
psT´ℓpxℓq, sT´tpxtq

˙

“
eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpxℓqDppsT´ℓpxℓq, sT´ℓpxℓqq

loooooooooooooooooooooooooomoooooooooooooooooooooooooon

“:T1

` sT´tpxtqD psT´tpxℓq, sT´tpxtqq
looooooooooooooooooomooooooooooooooooooon

“:T2

` psT´tpxℓq ´ sT´tpxtqq log
psT´ℓpxℓq

sT´ℓpxℓq
loooooooooooooooooooooomoooooooooooooooooooooon

“:T3

.

First term, T1, after summation equals to the score entropy loss:

E
xt,xℓ„

Ð
q t,ℓ

ÿ

iPmpxtq

ÿ

cPrSs

eT´ℓ ´ 1

eT´t ´ 1
sT´ℓpxℓ di c, xℓqDppsT´ℓpxℓ di c, xℓq, sT´ℓpxℓ di c, xℓqq

“ E
xℓ„

Ð
q ℓ

ÿ

iPmpxℓq

ÿ

cPrSs

et´ℓsT´ℓpxℓ di c, xℓqDppsT´ℓpxℓ di c, xℓq, sT´ℓpxℓ di c, xℓqq

“ et´ℓLSEpT ´ ℓ, psT´ℓ, sT´ℓq,

where we used in the second line that Prpxit “ MASK | xiℓ “ MASKq “ 1´e´pT´tq

1´e´pT´ℓq . Therefore,
recalling that ℓ :“ tk,

N´1
ÿ

k“0

ż tk`1

tk

et´tkLSEpT ´ tk, psT´tk , sT´tkqdt

“

N´1
ÿ

k“0

petk`1´tk ´ 1qLSEpT ´ tk, psT´tk , sT´tkq À εscore, (83)

where we used ∆ “ Op1q and Assumption 1 in the last inequality. Next lemma describes a martin-
gale property of the score function. The proof is given in Section F.7.

48



EFFICIENT SAMPLING WITH DISCRETE DIFFUSION MODELS

Lemma 14 Consider the masking noising process and let 0 ď ℓ ă t ă T . Then, for any c P V and
i P mpxℓq,

E
xt„

Ð
q t|ℓp¨|xℓq

rpsT´tpxℓ di c, xℓq ´ sT´tpxt di c, xtqq Iti P mpxtqus “ 0.

Using Lemma 14, we get that the last term, T3, contributes zero after conditioning on xtk :
ÿ

iPrds

ÿ

cPrSs

E
xt„

Ð
q t|tk

p¨|xtk
q
Iti P mpxtqupsT´tpxtk di c, xtkq ´ sT´tpxt di c, xtqq “ 0. (84)

To control terms T2, we use the following lemma, which is proven in Section G.4.

Lemma 15 Let ℓ ă t. Then, for Iptq defined in Eqn. (10),

E
xℓ,xt„

Ð
q ℓ,t

ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqD psT´tpxℓ di c, xℓq, sT´tpxt di c, xtqq

“

ż t

ℓ
et´vIpT ´ vqdv.

After summation of over i P mpxtq and c P rSs, we express the contributions of terms T2

using Lemma 15 as follows:

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqD psT´tpxtk di c, xtkq, sT´tpxt di c, xtqq dt

“

N´1
ÿ

k“0

ż tk`1

tk

ż t

tk

et´vIpT ´ vqdvdt ď

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt, (85)

where we used ∆ “ Op1q and non-negativity of conditional mutual information in the last inequal-
ity.

Collecting Eqns. (78), (83), and (85) proves

KLpq0 } pT q À εscore ` e´Td logS `

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt.

E.2. Proof of Corollary 2

We upper bound the last term of Eqn. (11) under uniform and exponential-then-constant step size
schedules. First, under the constant step size schedule, we have

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt “
T

N

ż T

0
Iptqdt ď

T

N

ż 8

0
Iptqdt “

T

N
Bpq0q,

where we used Lemma 16 in the last equality. Therefore, as long as

N ě
TBpq0q

ε
“ rO

ˆ

Bpq0q

ε

˙

,
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we have that Eqn. (11) implies KLpq0}pT q À εscore ` ε.
Next, under exponential-then-constant step size schedule, we bound the last term of Eqn. (11)

as follows:

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt “
ε

d logpSq

ż ε{pd logSq

0
Iptqdt `

N´2
ÿ

k“0

ż T´tk

T´tk`1

ptk`1 ´ tkqIptqdt

ď
ε2

logpSq
` κ

N´2
ÿ

k“0

ż T´tk

T´tk`1

minp1, T ´ tk`1qIptqdt ď ε ` κ

ż T

0
minp1, tqIptqdt ď ε ` κDpq0q.

For N ą 0, such step size schedule is possible with κ “ O
´

T`logpε´1d logpSqq

N

¯

. Thus, choosing

N ě
pT ` logpε´1d logpSqqqDpq0q

ε
“ rO

ˆ

Dpq0q

ε

˙

gives KLpq0 } pT q À εscore ` ε.

E.3. τ -leaping for masking discrete diffusion

In this section, we prove the analogue of Theorem 3 for the truncated τ -leaping algorithm. Note
that since applying multiple jumps on a single coordinate is ill-defined in masking noising process
(where should we transition if the τ -leaping algorithm requires two transitions MASK Ñ 1 at some
coordinate?), we analyse the truncated version instead of the classical τ -leaping algorithm.

Theorem 5 Let qdata “ q0 be a distribution on rSsd. Let 0 ă δ ă T and 0 “ t0 ă t1 ă . . . ă

tN “ T ´ δ. Let hk :“ tk`1 ´ tk be the step size and assume that ∆ :“ maxk hk “ Op1q. Let

p0 :“

˜

`

1 ´ e´T
˘

δMASK `
e´T

S

S
ÿ

k“1

δk

¸bd

.

Consider the masking noising process given by Eqn. (3) for the initial distribution q0. Under As-
sumption 1, truncated τ -leaping Eqn. (8) initialized at p0 produces a sample from poutput “ pT ,
such that

KLpqdata } poutputq

À εscore ` e´Td logpSq `

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt `
dpT ` logpδ´1qq3

N2
`

T ` logpδ´1q

N
C, (86)

where

C :“
1

N

N´1
ÿ

k“0

E
xℓ„

Ð
q ℓ

ÿ

iPmpxℓq

ÿ

cPrSs

sT´ℓpxℓ di c, xℓq

∣∣∣∣log psT´ℓpxℓ di c, xℓq

sT´ℓpxℓ di c, xℓq

∣∣∣∣.
Note that the bound in Eqn. (86) is similar to Eqn. (11) in the main text. We comment on these

differences before proving the proof of the theorem.
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Remark 3 In order to obtain a sharp bound, we would like pQt «
Ð

Qt for all t P r0, T s. In the
truncated τ -leaping algorithm analysed in this section, this results in

psT´t :“ psT´tk « sT´t.

Informally, we establish this by showing

psT´tk « sT´tk « sT´t,

where the first approximation comes from Assumption 1 and the second from the properties of the
score function for the masking noising process. However, in the proof of Theorem 3, the requirement
pQt «

Ð

Qt is that

psT´t :“
eT´tk ´ 1

eT´t ´ 1
psT´tk « sT´t.

Again, informally, invoking Assumption 1, we get

psT´t :“
eT´tk ´ 1

eT´t ´ 1
psT´tk «

eT´tk ´ 1

eT´t ´ 1
sT´tk “ sT´t.

Observe how with a small modification we got rid of the second approximation. This explains
why, compared to the theorem in the main text, Theorem 5 has two extra terms and requires early
stopping.

We can expect the constant C to be small. Observe that it also appears in the analysis of Conforti
et al. (2025), as CM

2 in Theorem 3.2.1, in the form of the maximum rather then the average. Under
the (one-sided) boundedness assumption psT´tk ě M´1, the constant C can be upper bounded via
the Cauchy-Schwarz inequality.

Proof of Theorem 5. The proof follows closely the proof of Theorem 3 with several extra steps.
We begin with Eqn. (81), which we provide below.

KLp
Ð
q T }pT q

À e´Td logS `

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

¨

˝

Ð

Qtpxt, yq

pQtpxt, yq

˛

‚

fi

fldt.

(87)

Next, since for this sampler, the rate matrices pQt are the following:

pQtpx, yq :“

$

’

&

’

%

psT´tkpxtk di y
i, xtkqItxi “ MASKu, if dHpx, yq “ 1, xi ‰ yi, and xitk “ MASK,

´
ř

z‰x
pQtpx, zq, if y “ x,

0, otherwise,
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we continue with

ÿ

y‰xt

»

–
pQtpxt, yq ´

Ð

Qtpxt, yq `
Ð

Qtpxt, yq log

¨

˝

Ð

Qtpxt, yq

pQtpxt, yq

˛

‚

fi

fl

“
ÿ

iPmpxtq

ÿ

cPrSs

»

–
pQtpxt, xt di cq ´

Ð

Qtpxt, xt di cq `
Ð

Qtpxt, xt di cq log

¨

˝

Ð

Qtpxt, xt di cq

pQtpxt, xt di cq

˛

‚

fi

fl

“
ÿ

iPmpxtq

ÿ

cPrSs

„

psT´ℓpxℓ di c, xℓq ´ sT´tpxt di c, xtq ` sT´tpxt di c, xtq log

ˆ

sT´tpxt di c, xtq

psT´ℓpxℓ di c, xℓq

˙ȷ

“
ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqD ppsT´ℓpxℓ di c, xℓq, sT´tpxt di c, xtqq .

We apply the law of cosines Dpα, γq “ Dpα, βq ` Dpβ, γq ` pα ´ βq
β´γ
βγ with

α “ psT´ℓpxℓ di c, xℓq, β “ sT´ℓpxℓ di c, xℓq, and γ “ sT´tpxt di c, xtq.

In the following, we slightly abuse the notation and write xt :“ pxt di c, xtq and xℓ :“ pxℓ di c, xℓq
whenever i P mpxtq and c P rSs are fixed. We proceed for fixed i, c:

sT´tpxtqD ppsT´ℓpxℓq, sT´tpxtqq

“ sT´tpxtqDppsT´ℓpxℓq, sT´ℓpxℓqq ` sT´tpxtqD psT´ℓpxℓq, sT´tpxtqq

`
psT´ℓpxℓq ´ sT´ℓpxℓq

sT´ℓpxℓq
psT´ℓpxℓq ´ sT´tpxtqq .

This can be rearranged as follows:

sT´tpxtqD ppsT´ℓpxℓq, sT´tpxtqq “ sT´ℓpxℓqDppsT´ℓpxℓq, sT´ℓpxℓqq
looooooooooooooooooomooooooooooooooooooon

“:T1

` sT´tpxtqD psT´ℓpxℓq, sT´tpxtqq
looooooooooooooooooomooooooooooooooooooon

“:T2

` psT´ℓpxℓq ´ sT´tpxtqq log
psT´ℓpxℓq

sT´ℓpxℓq
loooooooooooooooooooooomoooooooooooooooooooooon

“:T3

.

First term, T1, after summation is upper bounded by the score entropy loss:

E
xt,xℓ„

Ð
q t,ℓ

ÿ

iPmpxtq

ÿ

cPrSs

sT´ℓpxℓ di c, xℓqDppsT´ℓpxℓ di c, xℓq, sT´ℓpxℓ di c, xℓqq

ď E
xℓ„

Ð
q ℓ

ÿ

iPmpxℓq

ÿ

cPrSs

sT´ℓpxℓ di c, xℓqDppsT´ℓpxℓ di c, xℓq, sT´ℓpxℓ di c, xℓqq

“ LSEpT ´ ℓ, psT´ℓ, sT´ℓq,

and, by Assumption 1,

N´1
ÿ

k“0

ż tk`1

tk

LSEpT ´ ℓ, psT´ℓ, sT´ℓqdt ď εscore. (88)
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Now, we proceed with terms T2 and T3 differently compared to the proof of Theorem 3.
For the term T2 we again apply the law of cosines for

α “ sT´ℓpxℓq, β “ sT´tpxℓq, and γ “ sT´tpxtq.

This gives

sT´tpxqDpsT´ℓpxℓq, sT´tpxtqq “ sT´tpxtqDpsT´ℓpxℓq, sT´tpxℓqq
looooooooooooooooooomooooooooooooooooooon

“:T21

` sT´tpxtqDpsT´tpxℓq, sT´tpxtqq
looooooooooooooooooomooooooooooooooooooon

“:T22

` psT´tpxℓq ´ sT´tpxtqq
sT´ℓpxℓq ´ sT´tpxℓq

sT´tpxℓq
looooooooooooooooooooooooooomooooooooooooooooooooooooooon

“:T23

.

For T21, using Eqn. (52), observe that

DpsT´ℓpxℓq, sT´tpxℓqq “
eT´t ´ 1

eT´ℓ ´ 1
´ 1 ´ log

eT´t ´ 1

eT´ℓ ´ 1
ď

peT´ℓ ´ eT´tq2

2peT´ℓ ´ 1qpeT´t ´ 1q
À κ2,

where κ is a parameter of the step size schedule: tk`1 ´ tk À κminp1, T ´ tk`1q. It is possible to
take κ “ O

´

T`logpδ´1q

N

¯

, where δ is the early stopping parameter. Therefore, the total contribution
of terms T21 is:

N´1
ÿ

k“0

ż tk`1

tk

E
xt,xtk

„
Ð
q t,tk

ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqDpsT´tkpxtk di c, xtkq, sT´tpxtk di c, xtkqqdt

À κ3
N´1
ÿ

k“0

E
xt„

Ð
q t

ÿ

cPrSs

sT´tpxt di c, xtq

“ κ3
N´1
ÿ

k“0

E
xt„

Ð
q t

ÿ

iPmpxtq

ř

cPrSs qtpxt di cq

qtpxtq
ď κ2

`

T ` logpδ´1q
˘

d, (89)

as
ř

cPrSs qtpxt di cq “ qtpxtq.
The term T22 is identical to the term T2 from the proof of Theorem 3, thus we use Lemma 15

and obtain after summation of over i P mpxtq and c P rSs:

N´1
ÿ

k“0

ż tk`1

tk

E
xtk

,xt„
Ð
q tk,t

ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtqD psT´tpxtk di c, xtkq, sT´tpxt di c, xtqq dt.

“

N´1
ÿ

k“0

ż tk`1

tk

ż t

tk

et´vIpT ´ vqdvdt ď

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt, (90)

where we used ∆ “ Op1q and non-negativity of conditional mutual information in the last inequal-
ity.
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To control T23, observe that by Eqn. (52),

sT´ℓpxℓq ´ sT´tpxℓq

sT´tpxℓq
“

eT´t ´ eT´ℓ

eT´ℓ ´ 1
,

and importantly does not depend on xℓ. This implies that upon summation over i P mpxtq and
c P rSs terms T23 contribute zero:

ÿ

iPmpxtq

ÿ

cPrSs

psT´tpxℓ di c, xℓq ´ sT´tpxt di c, xtqq
eT´t ´ eT´ℓ

eT´ℓ ´ 1

“
eT´t ´ eT´ℓ

eT´ℓ ´ 1

ÿ

iPmpxtq

˜

ř

cPrSs qtpxℓ di cq

qtpxℓq
´

ř

cPrSs qtpxt di cq

qtpxtq

¸

“
eT´t ´ eT´ℓ

eT´ℓ ´ 1

ÿ

iPmpxtq

p1 ´ 1q

“ 0.

Thus, we remain with term T3:

T3 :“ psT´ℓpxℓq ´ sT´tpxtqq log
psT´ℓpxℓq

sT´ℓpxℓq
.

Crucially, unlike in the proof of Theorem 3, we no longer have a martingale property for this term.
However, we can decompose

T3 “ psT´ℓpxℓq ´ sT´tpxℓqq log
psT´ℓpxℓq

sT´ℓpxℓq
` psT´tpxℓq ´ sT´tpxtqq log

psT´ℓpxℓq

sT´ℓpxℓq
loooooooooooooooooooooomoooooooooooooooooooooon

contributes zero by Lemma 14

.

Thus, it remains to control

psT´ℓpxℓq ´ sT´tpxℓqq log
psT´ℓpxℓq

sT´ℓpxℓq
“

eT´t ´ eT´ℓ

eT´t ´ 1
sT´ℓpxℓq log

psT´ℓpxℓq

sT´ℓpxℓq
.

With exponential-then-constant step size schedule tk`1 ´ tk À κminp1, T ´ tk`1q, we have∣∣∣∣eT´t ´ eT´ℓ

eT´t ´ 1

∣∣∣∣ À κ, for κ “ O

ˆ

T ` logpδ´1q

N

˙

.

The total contribution of terms T3 can be upper bounded by the following:

κ
N´1
ÿ

k“0

ż tk`1

tk

E
xℓ„

Ð
q ℓ
sT´ℓpxℓq

∣∣∣∣log psT´ℓpxℓq

sT´ℓpxℓq

∣∣∣∣dt
À κ

`

T ` logpδ´1q
˘ 1

N

N´1
ÿ

k“0

E
xℓ„

Ð
q ℓ
sT´ℓpxℓq

∣∣∣∣log psT´ℓpxℓq

sT´ℓpxℓq

∣∣∣∣. (91)

Collecting Eqns. (87), (88), (89), (90), and (91) proves
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KLpqdata } poutputq

À εscore ` e´Td logpSq`

N´1
ÿ

k“0

hk

ż T´tk

T´tk`1

Iptqdt `
dpT ` logpδ´1qq3

N2
`

T ` logpδ´1q

N
C,

where

C :“
1

N

N´1
ÿ

k“0

E
xℓ„

Ð
q ℓ

ÿ

iPmpxℓq

ÿ

cPrSs

sT´ℓpxℓ di c, xℓq

∣∣∣∣log psT´ℓpxℓ di c, xℓq

sT´ℓpxℓ di c, xℓq

∣∣∣∣.
Appendix F. Proofs of the main lemmas

F.1. Characterization of Bpqdataq and Cpqdataq

The characterization of Bpqdataq and Cpqdataq is summarized in the following lemma.

Lemma 16 Consider a masking noising process with initial distribution q0 “ qdata. Let Cpqdataq

and Bpqdataq be the total correlation and dual total correlation. Then,

Bpqdataq “

ż 8

0
Iptqdt and Cpqdataq “

ż 8

0
pet ´ 1qIptqdt.

Consequently, Dpqdataq ď minpBpqdataq, Cpqdataqq.

Proof of Lemma 1. Let p ” pptq “ e´t be the probability that at time t a coordinate is unmasked
and Xppq ” pX1, . . . , Xdq :“ px1t , . . . , x

d
t q. We also denote XR :“ x

´pi,jq

t and XR :“ pXiqiPR for
R Ď rds. With a slight abuse of notation we write Ippq :“ Iptppqq. We have

Ippq :“
ÿ

i‰j

IpXi;Xj | XRq “
ÿ

i‰j

p2
ÿ

RĎrdszti,ju

p|R|p1 ´ pqd´2´|R|IpXi;Xj | XRq,

where p2 appears since for the term IpXi;Xj | XRq to be non-zero, both Xi and Xj must be
unmasked. For i P rds, define

hippq :“
ÿ

RĎrdsztiu

p|R|p1 ´ pqd´1´|R|HpXi | XRq,

with

dhippq

dp
“

ÿ

RĎrdsztiu

”

|R|p|R|´1p1 ´ pqd´1´|R| ´ pd ´ 1 ´ |R|qp|R|p1 ´ pqd´2´|R|
ı

HpXi | XRq

“
ÿ

j‰i

ÿ

RĎrdszti,ju

p|R|p1 ´ pqd´2´|R|pHpXi | XRYtjuq ´ HpXi | XRqq

“ ´
ÿ

j‰i

ÿ

RĎrdszti,ju

p|R|p1 ´ pqd´2´|R|IpXi;Xj | XRq.

Therefore,

Ippq “

d
ÿ

i“1

p2
ˆ

´
dhippq

dp

˙

.
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Since p “ e´t we have that dt “ ´
dp
p and we can write

ż 8

0

ÿ

i‰j

IpXi;Xj | XRqdt “

ż 1

0

d
ÿ

i“1

p

ˆ

´
dhippq

dp

˙

dp “

d
ÿ

i“1

`

´ phippq
˘

ˇ

ˇ

ˇ

1

0
`

ż 1

0

d
ÿ

i“1

hippqdp.

Observe that
dHpXppqq

dp
“

d
ÿ

i“1

hippq,

therefore,
ż 1

0

d
ÿ

i“1

hippqdp “ HpXp1qq ´ HpXp0qq “ Hpx0q.

Since
řd

i“1 hip1q “
řd

i“1Hpxi0 | x´i
0 q, we proved the first part:

ż 8

0
Iptqdt “ Hpx0q ´

d
ÿ

i“1

Hpxi0 | x´i
0 q “ Bpq0q.

We proceed similarly for the total correlation:

ż 8

0
pet ´ 1q

ÿ

i‰j

Iptqdt “

ż 1

0
p1 ´ pq

d
ÿ

i“1

ˆ

´
dhippq

dp

˙

dp

“ ´

˜

d
ÿ

i“1

p1 ´ pqhippq

ˇ

ˇ

ˇ

1

0
`

ż 1

0

d
ÿ

i“1

hippqdp

¸

“

d
ÿ

i“1

Hpxi0q ´ Hpx0q “ Cpq0q.

This concludes the proof.

F.2. Proof of Lemma 8

For any i P rds and c P rSs, let us define

fi,cpt, xtq :“ sT´tpxt ‘i c, xtq. (92)

The following analysis holds for all i P rds and c P rSs, so we may omit the index i, c in the
following analysis, and write it as fpt, xtq.

Consider the case that the process backward txtutPr0,T s „ t
Ð
q tutPr0,T s, which is a Poisson jump

process with generator
Ð

Lt such that

´Ð

Ltf
¯

pt, xq “
ÿ

y:dHpy,xqď1

QT´tpy, xqsT´tpy, xq
`

fpt, yq ´ fpt, xq
˘

“
1

S

ÿ

y:dHpy,xq“1

sT´tpy, xq
`

fpt, yq ´ fpt, xq
˘

.
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By Itô’s formula for Poisson point process in Lemma 6, fpt, xtq satisfies the following stochastic
differential equation: for 0 ď ℓ ď t ă T ,

fpt, xtq “ fpℓ, xℓq `

ż t

ℓ

”

Btfps, xs´q `

´Ð

Lsf
¯

ps, xs´q

ı

ds ` Mt, (93)

where xs´ “ limuÑs´ xs, which exists for almost everywhere s P r0, T q under the Lebesgue mea-
sure, since we have finite number of jumps almost surely. The compensation process tMuuuPrℓ,ts in
Eqn. (93) is defined as

Mu “
ÿ

ys:dHpys,xsq“1

ż u

ℓ

`

fps, ysq ´ fps, xsq
˘`

dNxs,ys
s ´ λxs,ys

s ds
˘

, (94)

where Nx,y
s is the counting process of jumps from x to y and we write the random counting measure

as dNx,y
s . We define λx,y

s “ S´1sT´tpy, xqItxs´ “ xu to be intensity of the process Nx,y
s . Since

xs´ “ xs almost everywhere s P p0, T q due to the finite number of jumps for each path almost
surely, we can rewrite Eqn. (93) as

fpt, xtq ´ fpℓ, xℓq “

ż t

ℓ

”

Btfps, xsq `

´Ð

Lsf
¯

ps, xsq

ı

ds ` Mt. (95)

To further simplify the right hand side, we assert that

Btfps, xsq `

´Ð

Lsf
¯

ps, xsq “ 0. (96)

In order to see this, first, recall the definition Eqn. (92) and direct calculations give,

Btfps, xsq `

´Ð

Lsf
¯

ps, xsq

“
B

Bs

ˆ

qT´spxs ‘i cq

qT´spxsq

˙

`
1

S

ÿ

i1Prds

ÿ

c1PrSs

sT´spxs ‘i1 c1, xsq

´

sT´spxs ‘i1 c1 ‘i c, xs ‘i1 c1q ´ sT´spxs ‘i c, xsq

¯

paq
“

1

S

ÿ

i1Prds

ÿ

c1PrSs

sT´spxs ‘i c, xsq

´

sT´spxs ‘i1 c1, xsq ´ sT´spxs ‘i c ‘i1 c1, xs ‘i cq
¯

`
1

S

ÿ

i1Prds

ÿ

c1PrSs

sT´spxs ‘i1 c1, xsq

´

sT´spxs ‘i1 c1 ‘i c, xs ‘i1 c1q ´ sT´spxs ‘i c, xsq

¯

“
1

S

ÿ

i1Prds

ÿ

c1PrSs

´

sT´spxs ‘i c, xsqsT´spxs ‘i1 c1, xsq ´ sT´spxs ‘i1 c1, xsqsT´spxs ‘i c, xsq

¯

`
1

S

ÿ

i1Prds

ÿ

c1PrSs

´

sT´spxs ‘i1 c1, xsqsT´spxs ‘i1 c1 ‘i c, xs ‘i1 c1q

´ sT´spxs ‘i c, xsqsT´spxs ‘i c ‘i1 c1, xs ‘i cq
¯

pbq
“

1

S

ÿ

i1Prds

ÿ

c1PrSs

´

sT´spxs ‘i1 c1 ‘i c, xsq ´ sT´spxs ‘i c ‘i1 c1, xsq

¯

,

57



DMITRIEV HUANG WEI

where in equality (a), we apply the Kolmogorov forward equation on qT´t; in equality (b), we use
the fact that sT´tpx, yqsT´tpy, zq “ sT´tpx, zq for any x, y, z P X . It is direct to check that the ‘

operators commute, i.e., for any xs P X ,

xs ‘i1 c1 ‘i c “ xs ‘i c ‘i1 c1.

This directly reveals that

Btfps, xsq `

´Ð

Lsf
¯

ps, xsq

“
1

S

ÿ

i1Prds

ÿ

c1PrSs

´

sT´spxs ‘i1 c1 ‘i c, xsq ´ sT´spxs ‘i c ‘i1 c1, xs, xsq

¯

“ 0,

which proves Eqn. (96).
Taking u “ ℓ in Eqn. (94), we have Mℓ “ 0 almost surely, and Mu is a local martingale for

u P rℓ, ts by definition. Recalling Lemma 10, we have

sup
sPrℓ,ts

sup
xPX

fps, xq ď logpSq ` max
!

log
`

pT ´ tq´1
˘

, 0
)

ă 8.

Similarly, for the intensity of the counting process, we have

sup
sPrℓ,ts

sup
x,yPX

λx,y
s ď

1

S
sT´tpy, xq ď

1

S

´

logpSq ` max
!

log
`

pT ´ tq´1
˘

, 0
)¯

ă 8.

Now it is direct to check that

sup
sPrℓ,ts

Er|Ms|s À pt ´ ℓqdpS ´ 1q ¨ sup
sPrℓ,ts

sup
x,yPX

rfps, xq ¨ λx,y
s s ă 8,

which ensures that tMuuuPrℓ,ts is L1 and hence a martingale. By the definition of the martingale,
we have

EÐ
q t|ℓp¨|xℓq

rMts “ Mℓ “ 0.

Go back to Eqn. (95). We obtain

E
xt„

Ð
q t|ℓp¨|xℓq

“

fpt, xtq ´ fpℓ, xℓq
‰

“ E
xt„

Ð
q t|ℓp¨|xℓq

rMts “ 0. (97)

Thus, we conclude that

E
xt„

Ð
q t|ℓp¨|xℓq

”

`

sT´ℓpxℓ ‘i c, xℓq ´ sT´tpxt ‘i c, xtq
˘

log psT´ℓpxℓ ‘i c, xℓq
ı

“ E
xt„

Ð
q t|ℓp¨|xℓq

“

fpℓ, xℓq ´ fpt, xtq
‰

¨ log psT´ℓpxℓ ‘i c, xℓq “ 0,

where we plug in Eqn. (97) in the last line.
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F.3. Proof of Lemma 9

The proof of Lemma 9 follows directly from exchanging the order of summation. Specifically, we
can write

E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

h psT´tpyt, xtqq

fi

fl

“ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

sT´tpyt, xtq logpsT´tpyt, xtqq ´ sT´tpyt, xtq ` 1

fi

fl

“ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

ˆ

qT´tpytq

qT´tpxtq

˙

logpsT´tpyt, xtqq

fi

fl

´ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

ˆ

qT´tpytq

qT´tpxtq

˙

fi

fl ` dpS ´ 1q

“
ÿ

xtPrSsd

ÿ

yt:dHpyt,xtq“1

qT´tpytq logpsT´tpyt, xtqq ´
ÿ

xtPrSsd

ÿ

yt:dHpyt,xtq“1

qT´tpytq ` dpS ´ 1q

paq
“ ´

ÿ

xtPrSsd

ÿ

yt:dHpyt,xtq“1

qT´tpxtq logpsT´tpyt, xtqq ´
ÿ

ytPrSsd

ÿ

xt:dHpyt,xtq“1

qT´tpytq ` dpS ´ 1q

“ ´E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

logpsT´tpyt, xtqq

fi

fl ´ dpS ´ 1q ` dpS ´ 1q

“ E
xt„

Ð
q t

»

–

ÿ

yt:dHpyt,xtq“1

´ log pstpyt, xtqq

fi

fl ,

where in equality (a), we switch the positions of xt and yt in the summations.

F.4. Proof of Lemma 10

Lemma 10 is a direct consequence of Liang et al. (2025b, Lemma 2). Here, we present a simplified
proof based on Proposition 6. It is easy to check that

αt “
1 ´ e´t

1 ` pS ´ 1qe´t
P p0, 1q.

By Eqn. (51), we have, for dHpx, yq “ 1,

stpy, xq “
Ex0„q0α

dHpy,x0q

t

Ex0„q0α
dH px,x0q

t

ď exp

ˆ

´ logpαtq ¨ sup
y,x,x0

| dHpy, x0q ´ dHpy, x0q|

˙

ď exp

ˆ

´ logpαtq ¨ sup
y,x

dHpy, xq

˙

“ exp
`

´ logpαtq
˘

.
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With similar calculation, one can establish the reversed inequality

stpy, xq ě exp

ˆ

logpαtq ¨ sup
y,x

dHpy, xq

˙

“ exp
`

logpαtq
˘

.

As a result, we conclude

| log
`

stpy, xq
˘

| ď ´ logpαtq À logpSq ` max
␣

logpt´1q, 0
(

.

F.5. Proof of Lemma 11

We first prove the first equation, i.e.,

φi,cptq “ KLpqt } pNi,´cq#qtq.

Recall the definition of φi,cptq that

φi,cptq “ Ext„qt

„

´ log

ˆ

qt pNi,cpxtqq

qtpxtq

˙ȷ

“
ÿ

xtPX
qtpxq log

ˆ

qtpxq

qt pNi,cpxtqq

˙

. (98)

The definition of the pushforward measure gives, for any x P X ,

pNi,´cq#qtpxq “ qt pNi,cpxqq . (99)

By Eqn. (99), we can rewrite Eqn. (98) as

φi,cptq “
ÿ

xtPX
qtpxq log

ˆ

qtpxq

pNi,´cq#qtpxtq

˙

“ KLpqt } pNi,´cq#qtq,

which proves the equation.
For the second line, the definition of KL divergence gives

´
B

Bt
KLpqt}p0q “ ´

B

Bt

ÿ

xPrSsd

qtpxq logpqtpxqq “ ´
ÿ

xPrSsd

dqtpxq

dt

`

logpqtpxqq ` 1
˘

“ ´
ÿ

xPrSsd

dqtpxq

dt
logpqtpxqq. (100)

Using the Kolmogorov forward equation for the forward noising process, we have

dqtpxq

dt
“

ÿ

yPX
Qpx, yqqtpxq “

1

S

ÿ

y:py,xq“1

qtpyq ´
dpS ´ 1q

S
qtpxq.

Plugging the equation above into Eqn. (100), we arrive at

´
B

Bt
KLpqt}p0q “ ´

ÿ

xPrSsd

¨

˝

ÿ

y:py,xq“1

ˆ

1

S
qtpyq

˙

´
dpS ´ 1q

S
qtpxq

˛

‚logpqtpxqq

“ ´
1

S

ÿ

xPrSsd

ÿ

y:py,xq“1

pqtpyq ´ qtpxqq logpqtpxqq
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“ ´
1

S

ÿ

xPrSsd

ÿ

y:py,xq“1

qtpxq
`

logpqtpyqq ´ logpqtpxqq
˘

“ φptq.

In addition, recall φptq “ 1{S
ř

iPrds

ř

cPrSs φi,cptq. We reach

φptq “
1

S

ÿ

iPrds

ÿ

cPrSs

KLpqt } pNi,´cq#qtq “
1

S

ÿ

iPrds

ÿ

cPrSs

KLpqt } pNi,cq#qtq.

F.6. Proof of Lemma 12

Let L be the time-homogeneous infinitesimal generator of the forward process. Since each coordi-
nate i P rds is updated independently in the forward process, we can write L “ Li ` L´i, where
Li only updates coordinate i, and L´i updates all other coordinates. It is direct to show that Li and
L´i commute, therefore, we have for any u ě 0,

qt`u “ qte
uLieuL´i , pNi,´cq#qt`u “ ppNi,´cq#qtqe

uLieuL´i ,

where the second equation is due to the operator Ni,´c commutes with the semigroup teuLuuě0.
With this formulation, we reach

φi,cpt ` uq “ KLpqt`u } pNi,´cq#qt`uq ď KLpqte
uLi } ppNi,´cq#qtqe

uLiq, (101)

where in the last inequality, we apply the weak data processing inequality for KL divergence. Since
both Ni,´c and Li only operate on the coordinate i, we have the decomposition

KLpqte
uLi } ppNi,´cq#qtqe

uLiq “ Ex´i„pqtq´i

“

KL
`

qtp¨|x´iqeuLi } ppNi,´cq#qtp¨|x´iqqeuLi
˘‰

,

(102)

where pqtq
´i is the marginal distribution of qt with coordinate i excluded. Define Ku to be the

transition kernel on rSs ˆ rSs induced by euLi . It is shown that

Kupv1, v2q “

#

1
S ` p1 ´ 1

S qe´u if v1 “ v2;
1
S p1 ´ e´uq if v1 ‰ v2.

It can be directly checked that Ku is a S-ary symmetric channel with noise scale σu “ p1´S´1qp1´

e´uq. By Makur and Polyanskiy (2018, Proposition 12), a strong data processing inequality holds
for the channel Ku, i.e., for any distribution p, q supported on rSs,

KLppeuLi } qeuLiq ď ηKLpKuqKLpp } qq,

where ηKLpKuq satisfies

ηKLpKuq ď

ˇ

ˇ

ˇ

ˇ

1 ´ σu ´
σu

S ´ 1

ˇ

ˇ

ˇ

ˇ

“ 1 ´
S

S ´ 1
p1 ´ S´1qp1 ´ e´uq “ e´u.

Applying this strong data processing inequality on Eqn. (102), we have

KLpqte
uLi}ppNi,´cq#qtqe

uLiq “ Ex´i„pqtq´i

“

KLpqtp¨|x´iqeuLi } ppNi,´cq#qtp¨|x´iqqeuLiq
‰
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ď Ex´i„pqtq´i

“

e´u KLpqtp¨|x´iq } ppNi,´cq#qtp¨|x´iqq
‰

ď e´u Ex´i„pqtq´i

“

KLpqtp¨|x´iq } ppNi,´cq#qtp¨|x´iqq
‰

“ e´uKLpqt } pNi,´cq#qtq.

Then, by Eqn. (101), we have

φi,cpt ` uq ď KLpqte
uLi } ppNi,´cq#qtqe

uLiq ď e´uKLpqt } pNi,´cq#qtq “ e´uφi,cptq,

which holds for any u ě 0. Therefore, the derivative can be bound as

φ1
i,cptq “ lim

uÑ0`

φi,cpt ` uq ´ φi,cptq

u
ď lim

uÑ0`

e´u

u
φi,cptq “ ´φi,cptq,

which induces the target result

´φ1
i,cptq ě φi,cptq.

F.7. Proof of Lemma 14

The proof follows from Conforti et al. (2025), Lemma 5.2.2. We add the argument below for
completeness. Let us define

fpt, xtq :“ sT´tpxt di c, xtqIti P mpxtqu,

where the dependence on i and c is omitted for simplicity. By Lemma 6, we have for 0 ď ℓ ď t ă T ,

fpt, xtq “ fpℓ, xℓq `

ż t

ℓ

”

Btfps, xsq ` p
Ð

Qsfqps, xsq

ı

ds ` Mt,

where tMuuuPrℓ,ts is the compensation process defined as

Mu “

ż u

ℓ

ÿ

i1Pmpxsq

ÿ

c1PrSs

`

fps, xs di1 c1q ´ fps, xsq
˘`

dN
xs,xsdi1c1

s ´ λ
xs,xsdi1c1

s ds
˘

,

With similar argument as in the proof of Lemma 8, we have EÐ
q t|ℓp¨|xℓq

rMts “ 0, which leads to

E
xt„

Ð
q t|ℓp¨|xℓq

rfpt, xtq ´ fpℓ, xℓqs “ E
xt„

Ð
q t|ℓp¨|xℓq

„
ż t

ℓ

`

Btfps, xsq ` p
Ð

Qsfqps, xsq
˘

ds

ȷ

.

Taking derivative with respect to t on both side, we arrive

d

dt
E
xt„

Ð
q t|ℓp¨|xℓq

rfpt, xtqs “ E
xt„

Ð
q t|ℓp¨|xℓq

”

Btfpt, xtq ` p
Ð

Qtfqpt, xtq
ı

.

By Proposition 6, sT´tpxt di c, xtq “ 1
eT´t´1

q0pxtdicq

q0pxtq
, and we have

B

Bt
fpt, xtq “

eT´t

eT´t ´ 1
fpt, xtq.
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Next,

p
Ð

Qtfqpt, xtq

“
ÿ

i1Pmpxtq

ÿ

c1PrSs

sT´tpxt ‘i1 c1, xtq
´

sT´tpxt di c di1 c1, xt di1 c1qIti P mpxt di1 c1qu

´ sT´tpxt di c, xtqIti P mpxtqu

¯

“
1

eT´t ´ 1
fpt, xtq

¨

˝

ÿ

i1Pmpxtqztiu

ÿ

c1PrSs

q0pxt di c di1 c1q

q0pxt di cq
´

ÿ

i1Pmpxtq

ÿ

c1PrSs

q0pxt di1 c1q

q0pxtq

˛

‚

“ ´
1

eT´t ´ 1
fpt, xtq.

Thus, we have shown that

d

dt
E
xt„

Ð
q t|ℓp¨|xℓq

rfpt, xtqs “ E
xt„

Ð
q t|ℓp¨|xℓq

rfpt, xtqs,

and therefore,
E
xt„

Ð
q t|ℓp¨|xℓq

rfpt, xtqs “ et´ℓ ¨ fpℓ, xℓq.

Finally, in view of the relation Prpxit “ MASK | xiℓ “ MASKq “ 1´et´T

1´eℓ´T , we conclude the
following

E
xt„

Ð
q t|ℓp¨|xℓq

“

sT´tpxt di c, xtq Iti P mpxtqu
‰

“ et´ℓ ¨ sT´ℓpxℓ di c, xℓqIti P mpxℓqu

“ E
xt„

Ð
q t|ℓp¨|xℓq

“

sT´tpxℓ di c, xℓq Iti P mpxtqu
‰

,

which completes the proof of the desired result.

Appendix G. Proofs of the auxiliary lemmas

G.1. Proof of Lemma 2

For a continuous random variable U in Rd with density function pU with respect to Lebesgue mea-
sure, define the differential entropy of U as

HdiffpUq “ ´

ż

Rd

pU logppU qdx, (103)

where we adopt the convention 0 logp0q “ 0 again. By the definition of mutual information, we
have

IpW ;W ` εnoiseq “ HdiffpW ` εnoiseq ´ HdiffpW ` εnoise | W q

paq
“ HdiffpW ` εnoiseq ´ Ew

“

Hdiffpw ` εnoise | W “ wq
‰

pbq
“ HdiffpW ` εnoiseq ´ Ew

“

Hdiffpεnoise | W “ wq
‰

pcq
“ HdiffpW ` εnoiseq ´ Hdiffpεnoiseq, (104)
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where in (a), we use the chain rule of differential entropy; in (b), we apply the translation invariance
property, i.e., HdiffpUq “ Hdiffpc0 ` Uq for any constant c0; in (c), we use the condition that
εnoise KK W .

Denote the Gaussian density function with mean 0 and variance σ2Id as ϕσp¨q. Since εnoise „

N p0, σ2Idq, we can compute with Eqn. (103) that

Hdiffpεnoiseq “ ´

ż

Rd

ϕσpxq log
`

ϕσpxq
˘

dx

“ ´

ż

Rd

ϕσpxq

ˆ

´
d

2
logp2πσ2q ´

}x}22

2σ2

˙

dx

“
d

2
logp2πσ2q `

Er}εnoise}
2
2s

2σ2

“
d

2
logp2πeσ2q, (105)

where } ¨ }2 is the Euclidean norm in Rd. For HdiffpW ` εnoiseq, notice that

Var
“

W ` εnoise
‰

“ VarrW s ` Varrεnoises ` 2Cov
“

W, εnoise
‰

“ VarrW s ` σ2Id.

By Cover (1999, Page 255), for distributions with the same finite variance, Hdiff is maximized at
the centered Gaussian random variable. Therefore, we have

HdiffpW ` εnoiseq ď Hdiff
´

N
`

0,VarrW s ` σ2Id
˘

¯

“
d

2
logp2πeq `

1

2
log

`

det
`

VarrW s ` σ2Id
˘˘

,

where detp¨q is the determinant of matrices, and the calculation is the same as in Eqn. (105). Since
VarrW s is a positive semidefinite matrix, we can apply the matrix inequality that

log
`

det
`

VarrW s ` σ2Id
˘˘

“ d logpσ2q ` log
`

det
`

Id ` VarrW {σ2s
˘˘

ď d logpσ2q ` Tr
`

VarrW {σ2s
˘

“ d logpσ2q `
Tr pVarrW sq

σ2
,

which leads to

HdiffpW ` εnoiseq ď
d

2
logp2πeσ2q `

Tr pVarrW sq

2σ2
. (106)

Plugging Eqns. (105) and (106) into Eqn. (104), we conclude that

IpW ;W ` εnoiseq ď
d

2
logp2πeσ2q `

Tr pVarrW sq

2σ2
´

d

2
logp2πeσ2q “

Tr pVarrW sq

2σ2
.

G.2. Proof of Lemma 3

For X „ Binpn, 1{2q, its pmf is given by

PpX “ xq “

ˆ

n

x

˙ˆ

1

2

˙n

9

ˆ

n

x

˙

.

Notice that the equation to prove is equivalent to the following equation:
ÿ

x:x mod 2“0

ˆ

n

x

˙

“
ÿ

x:x mod 2“1

ˆ

n

x

˙

,

which follows from the binomial theorem for 0 “ p1 ´ 1qn.
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G.3. Proof of Lemma 13

The CTMC (79) in the lemma statement can be decomposed into d independent CTMCs for each
coordinate. For coordinates i such that xitk ‰ MASK clearly neither Eqn. (79) nor Algorithm 1
makes a change. Next, we fix i P mpxtkq. First, we compute the probability that the i-th coordinate
remains masked for ytk`1

:

Prpyitk`1
“ MASK | ytkq “ exp

¨

˝

ż tk`1

tk

¨

˝´
ÿ

cPrSs

psT´tkpytk di c, ytkq
eT´tk ´ 1

eT´t ´ 1

˛

‚dt

˛

‚

“ expp pQi
kpMASKq∆kq

“ Pk,

where pQi
kpMASKq, ∆k, and Pk are defined in Algorithm 1. Next, for c P rSs we can write

Prpyitk`1
“ c | xtkq “ Prpxitk`1

“ c | xtk and xitk`1
‰ MASKqp1 ´ Pkq.

Since for any t P rtk, tk`1q the rates pQtpx, x di cq are proportional to pQi
kpcq, we get that

Prpyitk`1
“ c | xtk and yitk`1

‰ MASKq “
pQi
kpcq

ř

bPrSs
pQi
kpbq

,

which matches the expression in Algorithm 1. Therefore, the distribution of ytk`1
defined by the

CTMC matches the distribution of xtk`1
from the algorithm.

G.4. Proof of Lemma 15

In view of the definition of Dp¨, ¨q, one can write

sT´tpxt di c, xtqD psT´tpxℓ di c, xℓq, sT´tpxt di c, xtqq

“ sT´tpxℓ di c, xℓq ´ sT´tpxt di c, xtq ` sT´tpxt di c, xtq log
sT´tpxt di c, xtq

sT´tpxℓ di c, xℓq
.

The first two terms cancel out in expectation by Lemma 14; i.e., for any c P rSs, one has

E
xt„

Ð
q t|ℓp¨|xℓq

”

ÿ

iPmpxtq

psT´tpxℓ di c, xℓq ´ sT´tpxt di c, xtqq

ı

“ 0.

Next, using Eqn. (52), we obtain

sT´tpxt di c, xtq

sT´tpxℓ di c, xℓq
“

q0pxt di cqq0pxℓq

q0pxtqq0pxℓ di cq
.

Using this relation, we continue

E
xℓ,xt„

Ð
q ℓ,t

ÿ

iPmpxtq

ÿ

cPrSs

sT´tpxt di c, xtq log
q0pxt di cqq0pxℓq

q0pxtqq0pxℓ di cq
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“ E
yℓ,yt„

Ð
q ℓ,t

ÿ

iRmpytq

log
q0pytqq0pyℓ di MASKq

q0pyi di MASKqq0pyℓ di yitq

“
ÿ

iPrds

E
yℓ,yt„

Ð
q ℓ,t

log
q0pytqq0pyℓ di MASKq

q0pyi di MASKqq0pyℓ di yitq
, (107)

where in the second line we used the definition of score function along with the natural bijection
between the sets tpx, i, cq, for x P X , i P mpxq, and c P rSsu and tpy, iq, for y P X and i R mpyqu

to change the measure under the expectation:

xt Ñ yt di MASK

xℓ Ñ yℓ di MASK

xt di c Ñ yt

xℓ di c Ñ yℓ di y
i
t.

Note that since yℓ appears earlier in the backward process, yiℓ can be masked or unmasked. Since
the i-th element of xℓ di c is unmasked by construction, we explicitly set the i-th element of yℓ to
yit. The third line of Eqn. (107) follows from the fact that, for i P mpytq, the term is equal to zero.

Next, we define, for fixed t, yt, and i P rds,

fipyq :“ log
q0py di y

i
tq

q0py di MASKq
,

and rewrite Eqn. (107) as follows:

ÿ

iPrds

E
yℓ,yt„

Ð
q ℓ,t

log
q0pytqq0pyℓ di MASKq

q0pyi di MASKqq0pyℓ di yitq
“

ÿ

iPrds

E
yℓ,yt„

Ð
q ℓ,t

rfipytq ´ fipyℓqs .

We observe that as the value fipyq does not depend on the i-th coordinate of y, we can apply
Dynkin’s formula, Lemma 6 to the remaining d´1 coordinates for the forward process: E rfipytq ´ fipyℓqs “

E
şℓ
t

ř

j‰i rfipyvq ´ fipyv dj MASKqs dv. With this, we continue:
ÿ

iPrds

E
yℓ,yt„

Ð
q ℓ,t

rfipytq ´ fipyℓqs

“
ÿ

iPrds

ż t

ℓ
E
yv ,yt„

Ð
q v,t

ÿ

jRmpyvqYtiu

log
q0pyv di y

i
tqq0pyv di MASK dj MASKq

q0pyv di MASKqq0pyv di yit dj MASKq
dv

“
ÿ

i‰jPrds

ż t

ℓ
E
yv ,yt„

Ð
q v,t

log
q0pyv di y

i
tqq0pyv di MASK dj MASKq

q0pyv di MASKqq0pyv di yit dj MASKq
dv

“
ÿ

i‰jPrds

ż t

ℓ
et´vE

yv„
Ð
q v

log
q0pyvqq0pyv di MASK dj MASKq

q0pyv di MASKqq0pyv dj MASKq
dv, (108)

where in the third line, as before, we extended the sum to j P mpyvqztiu since additional terms
equal zero. The last line follows from

Prpyiv ‰ MASK | yit ‰ MASKq “ ev´t.
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Next, let y´pi,jq
v denote all unmasked elements of yv, except i-th and j-th. We can write

q0pyvqq0pyv di MASK dj MASKq

q0pyv di MASKqq0pyv dj MASKq
“

q0pyiv, y
j
v | y

´pi,jq
v q

q0pyiv | y
´pi,jq
v qq0pyjv | y

´pi,jq
v q

,

and thus,

ÿ

i‰jPrds

ż t

ℓ
et´vE

yv„
Ð
q v

log
q0pyvqq0pyv di MASK dj MASKq

q0pyv di MASKqq0pyv dj MASKq
dv

“
ÿ

i‰j

ż t

ℓ
et´vIpyiv; y

j
v | y´pi,jq

v qdv

“

ż t

ℓ
et´vIpT ´ vqdv, (109)

as yv „ qT´v. Combining Eqns. (107), (108), and (109) concludes the proof.
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