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Abstract

Diffusion models over discrete spaces have recently shown striking empirical success, yet their the-
oretical foundations remain incomplete. In this paper, we study the sampling efficiency of score-
based discrete diffusion models under a continuous-time Markov chain (CTMC) formulation, with
a focus on 7-leaping-based samplers. We establish sharp convergence guarantees for attaining e
accuracy in Kullback-Leibler (KL) divergence for both uniform and masking noising processes.
For uniform discrete diffusion, we show that the 7-leaping algorithm achieves an iteration com-
plexity of order O(d/e), with d the ambient dimension of the target distribution, eliminating linear
dependence on the vocabulary size S and improving existing bounds by a factor of d; moreover,
we establish a matching algorithmic lower bound showing that linear dependence on the ambient
dimension is unavoidable in general. For masking discrete diffusion, we introduce a modified 7-
leaping sampler whose convergence rate is governed by an intrinsic information-theoretic quantity,
termed the effective total correlation, which is bounded by dlog S but can be sublinear or even
constant for structured data. As a consequence, the sampler provably adapts to low-dimensional
structure without prior knowledge or algorithmic modification, yielding sublinear convergence rates
for various practical examples (such as hidden Markov models, image data, and random graphs).
Our analysis requires no boundedness or smoothness assumptions on the score estimator beyond
control of the score entropy loss.

Keywords: Discrete diffusion models, masking diffusion, uniform diffusion, 7-leaping algorithm,
low-dimensional adaptation

1. Introduction

Diffusion models have recently emerged as state-of-the-art approaches for high-fidelity image gen-
eration and video synthesis (Ho et al. (2020); Dhariwal and Nichol (2021); Song and Ermon (2019);
Ho et al. (2022)), and have already led to significant scientific advances in various domains, in-
cluding climate modeling, protein structure prediction, and materials science (Watson et al. (2023);
Zeni et al. (2025); Li et al. (2024)). At their core, diffusion models are built upon two stochastic
processes: a forward process that gradually corrupts the data distribution into pure noise, and a re-
verse process that generates samples by learning the logarithmic gradient of the perturbed marginals,
commonly referred to as the score function.

Despite their broad empirical success, diffusion models have been predominantly developed for
continuous data. Their extension to discrete domains, such as natural language, graph-structured
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data, and categorical labels, has long remained challenging, although already discussed in Sohl-
Dickstein et al. (2015). This perspective began to shift following the seminal work of Austin et al.
(2021), which revealed the promise of diffusion-based approaches in discrete settings. Analogous to
the continuous case, discrete diffusion models rely on a pair of noisy forward and reverse processes,
with sampling achieved by learning appropriate ratios of distributions. Among recent developments
(Campbell et al. (2022); Sahoo et al. (2024); Shi et al. (2024); Ou et al. (2025); Bach and Saremi
(2025)), score-entropy discrete diffusion (SEDD) has demonstrated striking performance in text
generation (Lou et al. (2024)), challenging the long-standing dominance of autoregressive language
models. In contrast to autoregressive approaches, diffusion-based language models are not con-
strained to a fixed generation order (such as left-to-right), and they naturally lend themselves to
more flexible forms of controlled generation, including conditional and structured text synthesis.

The promise of discrete diffusion models has spurred growing interest in their theoretical foun-
dations. A particularly influential line of work formulates discrete diffusion through the lens of
continuous-time Markov chains (CTMCs) (Campbell et al., 2022), in which the forward dynam-
ics is governed by carefully designed rate matrix, and backward dynamics is approximated via a
learned score function. Among the proposed constructions, two choices have emerged as especially
prominent: the uniform rate matrix, which induces a uniform stationary distribution for the forward
process, and the absorbing rate matrix, which yields a degenerate stationary distribution with an
absorbing state. In practice, the performance of the resulting samplers depends sensitively on the
choice of the rate matrix (Lou et al. (2024); von Riitte et al. (2025)). Correspondingly, two parallel
lines of work have sought to understand the sampling efficiency of discrete diffusion models —
specifically, the number of steps required to produce sufficiently accurate samples — under these
respective constructions. Representative results include Chen and Ying (2025); Ren et al. (2025);
Zhang et al. (2025); Pham et al. (2025); Liang et al. (2025b) for uniform diffusion and Park et al.
(2025); Liang et al. (2025a); Conforti et al. (2025) for masking diffusion (also referred to as absorb-
ing diffusion).

Existing theoretical analyses for score-based discrete diffusions suggest that convergence rates
typically scale at least linearly with both the size of the vocabulary size .S and the ambient dimension
d. Such scaling can quickly become prohibitive in applications; for instance, in GPT-2-based tasks,
the vocabulary size is S = 50,257 and the dimension is d = 102 ~ 103 (Lou et al., 2024). These
considerations naturally motivate a fundamental question:

How efficient are discrete diffusion models? When is sublinear convergence possible?

1.1. Sampling efficiency and adaptivity

To put our discussion in context, there has been substantial progress in understanding the sample
efficiency of continuous diffusion models. Seminal work by Chen et al. (2023b) characterizes the
iteration complexity of the DDPM sampler under Lipschitz (or smoothness) assumptions on the
score functions across all steps. Subsequent studies significantly relax these conditions and estab-
lish convergence guarantees for broader classes of continuous distributions (Benton et al., 2024; Li
et al., 2023; Chen et al., 2023a). Nevertheless, it is now well understood that for general distri-
butions, a linear dependence on the ambient dimension d is unavoidable. By contrast, when the
target distribution exhibits additional structure — such as Gaussian mixture models or support on
low-dimensional manifolds — a growing body of work shows that popular samplers can adaptively
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exploit intrinsic low-dimensional geometry, achieving improved efficiency without explicit dimen-
sion reduction (see, e.g., Li and Yan (2024); Li et al. (2025); Huang et al. (2024)).

The landscape shifts considerably as we move to discrete diffusion models. Under the CTMC
formulation, algorithms such as Gillespie’s method and uniformization allow for exact simulation
of the reverse process, free of discretization error (Gillespie, 1976; Van Dijk, 1992; Chen and Ying,
2025). However, these methods suffer from high computational costs in high-dimensional settings.
Moreover, their convergence guarantees are inherently stochastic, as they depend on a random num-
ber of transitions. An alternative and widely adopted approach, particularly in diffusion-based lan-
guage models, is provided by 7-leaping and its variants, including truncated 7-leaping (Gillespie,
2001; Campbell et al., 2022). Originally developed in chemical kinetics, T-leaping replaces sequen-
tial state transitions with parallel updates across coordinates, offering substantial computational
gains in large systems. Yet, our theoretical understanding of 7-leaping remains incomplete. Current
state-of-the-art results exhibit at least a linear dependence on vocabulary size S, linear dependence
on d for the absorbing case, and quadratic dependence on d for the uniform case (Liang et al.
(2025a,b); Conforti et al. (2025)); see Table 1 for more details. It remains an open question whether
these dependencies are fundamental information-theoretic barriers or merely analytical artifacts.
Furthermore, as in the continuous setting, an ideal sampling algorithm should automatically ad-
just to the intrinsic difficulty of the target distribution. For example, one would expect substantially
faster convergence for Dirac delta measures or uniform target distributions, without prior knowledge
of the structure or modifications to the algorithm. Existing analyses of 7-leaping do not illuminate
whether such adaptivity is possible. More specifically, we aim to address the question:

Can score-based samplers automatically adapt to structured target distributions?

1.2. Our contributions

The contributions of this work are centered on establishing sharp convergence guarantees for dis-
crete diffusion models, bridging the gap between empirical success and theoretical understanding.
Specifically, our results are threefold:
Optimal rates for uniform diffusion: We establish that for the uniform diffusion process, the
T-leaping sampler requires only 5(d/5) discretization steps to achieve an e-error in KL diver-
gence. This result significantly sharpens the previously best-known bound of 5((125 /e) (Liang
et al., 2025b), effectively removing a factor of d and the dependence on the vocabulary size S.
Fundamental lower bounds: We demonstrate that the linear dependence on the dimension d is
essentially unimprovable for the 7-leaping algorithm. Specifically, we show that under uniform
diffusion, an o(d) complexity bound is unattainable unless the target distribution is already proximal
to the uniform measure. This result characterizes a fundamental price of sampling for informative
distributions.
Adaptivity for masking diffusion: For the masking diffusion process, we introduce a refined 7-
leaping sampler, whose complexity is governed by 6(17/5), where D is the effective total corre-
lation, an information-theoretic measure of the target distribution’s intrinsic complexity. Notably,
while D is always bounded by the classical total correlation and dual total correlation (and thus
by dlogS), it can be sublinear or even O(1) for highly structured data, allowing our sampler to
automatically adapt to low-dimensional target distributions.

In contrast to prior work, our upper bounds do not require boundedness of the score estimator or
any auxiliary regularity assumptions beyond a control on the score entropy loss. The key technical
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Noising Score Est. No Early Iteration .
Paper . Sampler . Adaptation
process Assump. Stopping Complexity
Ren et al. (2025) Uniform Bounded X T-leaping d?S?/e X
Liang et al. (2025b) Uniform Bounded X T-leaping d?S/e X
G e Uniform No requirement v T-leaping d/e & X
Theorems 1&2
Liang et al. (2025a) Masking Bounded X T-leaping dS/e X
Conforti et al. (2025) Masking 5t ~ st X DMPM dS/e X
Ol v Masking No requirement v Algorithm 1 D/e v
Theorem 3

Table 1: Comparison with prior work. Logarithmic factors in the iteration complexity are omitted.
Ren et al. (2025) and Liang et al. (2025a) describe bounds without early stopping under
more stringent assumptions on the target distribution, the score function, or the score esti-
mator. The bound in Conforti et al. (2025) depends on additional quantities involving the
score estimator beyond Assumption 1, which are small whenever s; ~ §;. The quantity
D (defined in Eqn. (10)), is upper bounded by dlog(S) and captures the intrinsic low-
dimensional structure of the target distribution. Entry marked with * indicates sharp rates,
with matching lower bounds established in Theorem 2.

ingredient includes a Girsanov change-of-measure argument, combined with establishing martin-
gale properties of the sampling dynamics, which effectively separates the approximation error from
the discretization error, allowing each to be analyzed independently. For the lower bound, we lever-
age a log-Sobolev inequality together with a strong data-processing inequality along the uniform
noising process. We connect results with interpretable information-theoretic quantities.

1.3. Notation

For a positive integer n, we denote [n] == {1,...,n},1, = (1,...,1) € R”, and I,, € R"*" as the
identity matrix. Let d > 0 denote the number of dimensions and S > 0 denote the vocabulary size.
Let MASK denote a special value outside of [S]. Let X' := V¥ denote the domain, where, depending
on the context, V := [S] or V := [S] u {MASK}. We denote the set of all distributions on X’ by
P(X). Let H, KL, and I denote entropy, Kullback-Leibler (KL) divergence, and mutual information,
respectively. Let &, denote the Dirac measure at point z. We adopt the standard asymptotic notation
0(1),9Q(),0(), <. and «. Additionally, O(-),€)(-), and ©(-) are defined analogously except the
logarithmic dependency on d, S, and 1/¢ is hidden. For a vector x = (2!, 22,...,2%) € X, i € [d],
and c € V, we define vectors z % := (z!,... 2!~ 2t xd), and 2®; ¢, ®; c € X as follows:

o forall j # 14, (x@®; ¢)) = 27, and (z ®; ¢)’ = (2 + ¢) mod |V| !,
e forall j #4, (x®;c)) =27, and (x ©; ¢)* = ¢,

For x,y € X, denote the Hamming distance by dy (z,y) := |{i € [d] : 2° # y'}|.

1. In this case, we assume that ) has additive structure. We only apply this notation when V = [S]. We use the
convention that 0 mod S = S.
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2. Preliminaries of discrete diffusion models
2.1. A continuous-time Markov chain formulation

Our goal is to model d-dimensional discrete data Xy = (X¢, X2,..., X&) € [S]% Let qgata = o
denote the probability mass function (p.m.f.) of X that we aim to sample from, and let qé be
the marginal p.m.f. of the ¢-th coordinate. Analogous to continuous diffusion models, the discrete
counterparts comprise a forward and a reverse process over the discrete space.

The forward process. We define a forward noising process that progressively transforms the data
distribution g to a distribution g7 that is close to an easy-to-sample distribution. This process is
modeled using a continuous-time Markov chain (CTMC).

Definition 1 (Continuous-time Markov chain) A CTMC with initial distribution qqg and rate ma-
trices (Qt)e[o,) IS @ right continuous stochastic process (zt)se[o,1) such that

. (Jit)te[07T] satisfies the Markov property: for any 0 < s < t < T, the conditional distribution
of x given the history {x,,u < s} depends only on xs,

e forany 0 < t < T, the transition probabilities satisfy, as At — 07 :
Pr(ziiac =y | 21 = ) = o = y} + Qu(z, y) At + o(At). ey

Here, the rate matrices satisfy Q(x,y) = 0 forall x # y € X and Q¢(z,x) = — Zy;ea; Q¢(x,y).

We refer to Feller (1940); Feinberg et al. (2014) for a rigorous treatment. The marginals (g;) satis-
fying Eqn. (1) are the solutions to the Kolmogorov forward equation: dq;/dt = Q| q;.

The reverse process. For such CTMC, there exists a time-reversed process with initial distribution

qr, rate matrices (Q;)se[o,7], and marginals (Et)te[O,T]’ such that ¢, = qp_,, for t € [0,T]. The
forward and reverse rate matrices are explicitly related (Campbell et al., 2022) by

5t(m,y) :QT_t(y,m)M, forx #yeXand0<t<T. 2)
qr—+()
In this paper, we focus on rate matrices that is (1) time-homogeneous, Q; = @, (2) Q«(z,y) = 0
whenever dy(, i) > 2, and satisfies (3) if dg(z, ) = 1and % # 47, then Q;(z,y) = Q™% (a?, y?),
for some fixed matrix Q*°*. In particular, we consider two important instances of CTMCs that are
widely-adopted in practice, namely the uniform noising process and the masking (or absorbing)
noising process, which are defined through the choice of Q.

« uniform noising process: A CTMC is a uniform noising process, if Q%% = %15’1; — Is.
This CTMC converges to the uniform distribution on the domain X’ := [S]¢ in the limit.

« masking noising procces: A CTMC on the domain X' := ([S] u {MASK})? is a masking
noising process, if

Q*"%(a,b) = I{a # MASK and b = MASK},  fora # be [S] u {MASK}. (3)

The corresponding CTMC converges to the Dirac measure (dyask)®? as t — 0. Note that
we constrain the initial distribution go to be supported on non-masked data, i.e., on [S]%.
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2.2. Score estimation

Recall that the reverse process is a CTMC with rate matrices satisfying relation (2), which is similar
to the reverse process in the continuous case. The density ratio here generalizes the typical score
function V, log ¢;(x) in the continuous case, and is often referred to as the (concrete) score function

for discrete diffusion models (Meng et al., 2022). Formally, for x # y € X, we define the score
a(y)

Sfunction si(y,x) as sy(y, x) = OR

Score entropy loss.  For both uniform and masking noising processes, the marginals (g;), and
consequently the score function, are intractable in general. In practice, one therefore resorts to an
approximation S (y, =) of the true score function s;(y, ), which is learned from data sampled from
the target distribution ¢g. To evaluate the quality of the estimated score, a widely used loss function
is the score entropy loss, originally introduced in Lou et al. (2024), which has since become the de
facto standard for training score-based discrete diffusion models. This loss provides a principled
objective for matching the approximate score S; to the true score induced by the forward diffusion
process. Specifically, for ¢ > 0 and functions s, s : X x X — R, the score entropy loss Lgg is
defined as follows:

Low(t,5,5) = Bang,| 2] Quly, 2)5(y,2) D35, 2). sy, 2))| > 0.
y#u

Here, for a,b > 0, D(a,b) := ¢ —1 —log § > 0 is the Bregman divergence for ¢(a) = —loga.

In practice, to implement any sampling algorithm, one has to discretize the continuous dynamics
and obtain score estimates at discrete time steps. Suppose score estimates S7_; are obtained at
discrete time points 0 < tp < t; < ... < txy < T. We make the following standard assumption
regarding the score estimation errors.

Assumption 1 (Approximation error) Let N > 0and 0 <ty <ty <... <ty <T. We assume

N-1

Z (tha1 — th)LSE(T — ti, STty ST—1),) < Escore- “4)
k=0

This assumption is concerned with the aggregated estimation errors over all IV steps. Several works
have constructed estimates that satisfy this assumption; examples include Lou et al. (2024); Ou et al.
(2025); Benton et al. (2024).

2.3. Score-based sampling algorithms

Armed with the score estimates (§T—t)te{t0,...,t ~}» the objective is to construct a generative model
qo that approximates the data distribution go. A natural approach proposed in Campbell et al. (2022)
is to define a surrogate CTMC that starts from an easy-to-sample distribution py &~ ¢ and approxi-
mates the backward dynamics in (2). Concretely, we define the time-inhomogeneous rate matrix

Qi(x,y) = Qr—i(y, 2)37—4(y, T). (5)

In practice, score estimates are only available on a fixed discretization 7 = (¢g,...,ty), and ex-
tending these estimates to the full interval [0, 7] introduces discretization error.
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Figure 1: Overview of score-based samplers.
parallel updates CTMC-based The left part comprises score-based
samplers which allow parallel updates,
defined as 7-leaping strategies in Lou
et al. (2024). The right part are the
samplers that can be defined through
the CTMC framework. At the intersec-
tion are 7-bridging strategies, defined
in Eqn. (7).

Euler method

7-leaping alg. Gillespie’s alg.

Truncated 7-leaping Uniformization

Tweedie 7-leaping Algorithm 1
gorithm

T-bridging

T-leaping algorithm. As mentioned above, a widely-adopted sampler is the 7-leaping algorithm
(Campbell et al., 2022) which approximates Eqn. (5) with multiple possible transitions within each
discretization interval. Formally, for k € {0,...,N — 1} and t € [ty,tx41), given zy, and S7_,,
7-leaping obtains xy,  , as a random vector, whose coordinates are sampled independently via d
one-dimensional CTMCs: for each i € [d], the initial distribution is 593% and rate matrices are *:

Qi(a,b) = Qr_y, (1, 21, ®i (b—a)), fora #be V. (6)

The formulation in Eqn. (6), however, requires either an additive structure on the state space or
the restriction that each coordinate undergoes at most one transition between discretization points.
Existing analyses for uniform and masking diffusions (Campbell et al., 2022; Liang et al., 2025b)
adopt the latter assumption. In Section 3.1, we explore the necessity of this requirement for the
uniform noising process. Lou et al. (2024) generalizes 7-leaping by introducing a class of samplers
termed 7-leaping strategies, which allow arbitrary transformations xf;}” L= fi(8r—4,,m1,). Both
the Euler method and Tweedie 7-leaping fall into this class. They however remain challenging for
direct theoretical analysis due to the absence of CTMC structure.

This paper: 7-bridging strategies. We introduce a structured class of samplers that generalizes
the 7-leaping algorithm while keeping it theoretically tractable. We name this class of algorithms
the 7-bridging strategies, which retains the parallel updating structure, while remaining analyti-
cally tractable. A 7-bridging strategy generates zy,_, from x4, by evolving d independent one-

dimensional CTMCs on [tj, tj11). For each coordinate i € [d], the chain is initialized at J,; and
k

Qi = Gi(3r_4,, m1,), )

for some mapping G : Rf XY % X — RV*Y. Compared to general 7-leaping strategies, 7-bridging
strategies restrict updates to CTMC-based transitions. This restriction preserves parallel coordinate
updates while facilitating theoretical analysis. Figure 1 summarizes the relationships among these
classes of sampling algorithms.

An representative instance of a 7-bridging sampler is the truncated T-leaping sampler of Liang
et al. (2025b). For k € [N] and t € [t, tx+1), the corresponding rate matrices take the form

has a rate matrix

Gi(§T_tk,xtk)(a, b) = Qr—t, (x¢, @i b, x4,)57—1, (T4, Tt Oi b)H{xik =a} fora#beV.
(8)

2. The algorithm admits an equivalent Poisson formulation, in which d.S Poisson random variables corresponding to
coordinate-value transitions are sampled and applied in parallel.
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The indicator I{x}, = a} enforces at most one transition per coordinate i € [d] within each dis-
cretization interval [tx,tr11). In Section 3.2, we show that an instance of this scheme achieves
sublinear complexity for the masking noising process under mild distributional assumptions. To the
best of our knowledge, this is the first result establishing such a guarantee.

3. Main results

In this section, we characterize the sampling efficiency of samplers in the class of 7-bridging strate-
gies, for both uniform and masking noising processes. We develop sharp convergence guarantees
and point out cases where adaptivity is automatically achieved. Proof sketches for all results appear
in Appendix B, with full proofs deferred to the corresponding sections of the Appendix.

3.1. Uniform discrete diffusion
3.1.1. A SHARP CONVERGENCE CHARACTERIZATION

We begin with the uniform discrete diffusion models, whose forward dynamics are given by the
uniform noising proecss. We establish explicit sampling guarantees for the 7-leaping algorithm,
measured in KL divergence. The proof is given in Appendix D.1.

Theorem 1 Let qqaa = qo be the data distribution on X := [S]% For0 =tq <t; <... <ty =
T, let A = maxp{tp+1 — tx} = O(1). Set po = Unif(X'). Under Assumption 1, the T-leaping
algorithm initialized at py generates a sample from poutput = pr, such that

KL(Qdata H poutput) < Escore + e_Td log(S) + Ad log(S/A)' &)

As expected, the KL divergence bound in Theorem 1 decomposes into three terms. The first
term egcore quantifies the quality of score estimation and captures the accumulation of estimation
errors over the N discretization steps. The second term corresponds to the initialization error,
arising from initializing the sampler with the uniform distribution pg instead of the true terminal
distribution gr; this term decays exponentially in the diffusion horizon 7'. Finally, the third term
accounts for the discretization error incurred by approximating the continuous-time reverse process
with a discrete-time 7-leaping scheme.

To further interpret Theorem 1 and place it in context with existing results, we highlight several
of its salient features. First, the discretization error scales linearly with the dimension d and only
logarithmically with the vocabulary size S. This matches the result obtained for the random walk
model (Conforti et al., 2025) and reveals that the discretization error is insensitive to the distribution
scale, as has been shown for continuous diffusion models (e.g., Huang et al. (2024)). Second, the
theorem permits a flexible choice of step size schedules and does not require early stopping. In
contrast to prior analyses that rely on carefully selected step sizes and introduce an early stopping
time & (where the algorithm outputs pr_s in place of pr), the bound in Theorem 1 depends only
on the maximum step size. Moreover, the same bound applies uniformly to early stopping variants:
the right-hand side of (9) remains unchanged for any 6 « 1. The only requirement we have on
score estimation is Assumption 1, with no additional boundedness or regularity conditions (typically
assumed in existing literature). As a result, the theorem applies to a broad class of score estimation
procedures commonly used in practice.

Next, we specialize Theorem 1 to a concrete choice of discretization schedule to derive the it-
eration complexity required to obtain an e-accurate sampler in KL divergence. For a simple step
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size schedule, it turns out that d/e steps (up to logarithmic factors) suffice for convergence, signifi-
cantly improving upon the state-of-the-art complexity of d25 /e from Liang et al. (2025b). Refer to
Appendix D.2 for the proof.

Corollary 1 For the setting in Theorem 1 and € > 0, the output of the T-leaping algorithm with
constant step size schedule ty 1 —tp, = T/N for k € [N — 1], achieves KL(gqata || Poutput) <

Escore + &, provided that time horizon T = log(dlog(S)/e) and iteration number N = O (d/e) .

Other step size schedules commonly adopted in practice, such as exponential-then-constant and
log-linear (Lou et al., 2024), satisfy the same iteration complexity as discussed in Appendix D.2.

3.1.2. A MATCHING LOWER BOUND FOR 7-LEAPING

While Theorem 1 establishes an upper bound for 7-leaping algorithm scaling nearly linearly with
the dimension d, and logarithmically with the vocabulary size .S, the fundamental question remains:
is this dependence an intrinsic limit or merely a technical artifact? We show that the former is indeed
the case by establishing a matching lower bound.

We note that for target distributions sufficiently close to uniform, sampling can be achieved with
very few steps, as the forward CTMC converges efficiently to its limit. To avoid these pathological
instances, we restrict our focus to the class of distributions that remain sufficiently well-separated
from the uniform distribution. Specifically, for any v € [0, 1], define subset P7(X) < P(X) as

PY(X) ={q0 € P(X) : H(q) < (1 —7) - H(Unif(X)) = (1 —~)dlog(S)},

where g; is the marginal distribution at ¢ = 1 of the uniform noising process initialized at g,
Unif(X) is the uniform distribution on X', and #(-) denotes the entropy function of a distribution.
Intuitively, for v € (0,1), the class P7(X) imposes a structural constraint on the convergence
of the forward process; it describes distributions that do not mix rapidly. In this sense, for v =
O(1), P7(X) contains distributions that remain informative enough in the forward process when
t = 1, which covers most of the interesting distributions in practice, since they carry non-trivial
information characterized by relatively low entropy.

When sampling from a distribution in P? (X’) with 7-leaping algorithm, it turns out that the iter-
ation complexity bound in Corollary 1 can not be improved up to logarithmic factors. We formalize
this statement with the following lower bound. The proof is given in Appendix D.3.

Theorem 2 For any target distribution qy € P7(X) and early stopping time 0 < § < 1, denote
the path measure of the backward process by Q) 4 {Ht}te[oﬂ"_(g] and the sampling process by

p {pt}e[o,7—s)- Lety = Q(1). Then, for any step size schedule 0 =to <t; < ... <ty =T-¢
with maxy{t11 — g} < % it takes T-leaping algorithm at least

N = Q(dlog(S))
number of iterations to achieve
KL(Q | P) < €score + O(1).

We make several remarks concerning the nature and implications of our lower bound.
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Theorem 2 reveals that for informative target distributions in P7(X’), ensuring that the KL di-
vergence between the sampling process and the reverse process is small requires the number of steps
to scale at least linearly with the dimension d, which cannot be avoided for general distributions. In
addition, the lower bound is uniform over both early stopping schedules (0 < ¢ « 1) and non-early
stopping schemes (6 = 0).

This lower bound is algorithm-dependent: it relies on structural properties of the 7-leaping
algorithm and therefore differs fundamentally from information-theoretic or minimax lower bounds.
In principle, alternative sampling schemes may circumvent the linear dependence on d. Indeed, in
Section 3.2, we show that a modified 7-leaping procedure achieves sublinear dependence on d for
structured target distributions under the masking noising process. Whether analogous improvements
are possible for uniform discrete diffusion through modified algorithms remains an open question.

When the target distribution has high entropy, the lower bound need not apply. Indeed, when
data satisfies KL(gdata|Unif(X')) = o(d), one can show that H(q1) = ©(dlogS), and that a
sample from a distribution with the KL error at most gcore + € can be obtained using N = o(d)
steps. A precise formulation of this claim is given in Appendix D.4.

We remark that the quantity controlled in Theorem 2 is the KL divergence between two path
measures, rather than the divergence between the terminal output distributions, which may appear
weaker than the upper bound in Corollary 1. However, to the best of our knowledge, all existing
upper-bound analyses for the KL divergence, including ours, proceed by first bounding the KL
divergence between path measures and then invoking the data-processing inequality. Consequently,
the lower bound applies to all current analysis techniques. In this sense, Theorem 2 establishes
the optimality of the iteration complexity in Corollary 1 within the scope of the existing analysis
techniques.

3.2. Masking discrete diffusion

‘We now turn our attention to the masking noising process. Our main result in this setting is an upper
bound that intrinsically depends on the structural properties of the target distribution gg,,, rather
than scaling with the ambient dimension d. This aligns with the intuition that for highly structured
distributions — such as a sparse mixture of Dirac measures — a sensible sampler should converge
at a sublinear scale, or perhaps even logarithmically, with d.

3.2.1. PRELIMINARIES

We begin by recalling two fundamental quantities in information theory: total correlation and dual
total correlation: for a distribution ¢ over [S]? and 2 ~ g, The Total correlation C(q) and Dual
total correlation 5(q), are defined as

d d
C(q) = Z H(z") — H(x) and B(q) == H(x) — Z H(x' | 7).
i=1

i=1

We now introduce a time-dependent quantity associated with the masking noising process. Consider
a masking noising process defined by Eqn. (3) with marginals (g;);>0. For x € ([S] U {MASK})?
and i # j € [d], let z~(*7) denote the collection of all unmasked elements of z, excluding i-th and
j-th coordinates. For x; ~ ¢, define

10
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()= Y, I(zj;a] |z, @7y>0 and D(gy) = f min(1,¢)Z(¢)dt, (10)
i#jeld) 0

where I(A; B | C) denotes the conditional mutual information. We refer to D(qo) as the effective
total correlation of the target distribution. Lemma 16 shows that total correlation and dual total
correlation can be expressed through Z(t) by

o0]

0
B(q) = j Z(t)dt and C(qo) = J (e! — 1)Z(t)dt.
0 0
Consequently, D(qp) < min(B(go),C(qo)). The statement and its proof are given in Appendix F.1.
Note that both B(qo),C(qo), and hence D(qg) are upper bounded by dlog(.S). Moreover, there
exist distributions go with B(qp) = O(1) while C(qo) = (dlog(S)), and vice versa. We refer
to Austin (2020) for a detailed study of total correlation and dual total correlation. Importantly,
there also exist natural distributions, for which both B(qp) and C(qp) are of order d, while D(qy)
remains small. See Proposition 5 for an example of such distribution.

3.2.2. AN ADAPTIVE CHARACTERIZATION

Equipped with the above notation, we present our main result on masking diffusion models.

Theorem 3  Let qaata = qo be a distribution on [S]%. For 0 =ty < t; < ... <ty = T, let
hi = tx41 — ti be the step size and assume that A := maxy hy, = O(1). Let

S ®d
po = ((1 — e*T)éMASK + 57t T 2 (5k> .
k=1
Under Assumption 1, Algorithm I initialized at py produces a sample from pouiput = pr, such that

N-1 T—tp
KL(Qdata “ poutput) < Escore T e_Td log(S) + 2 hk J I(t)dt (1 1)
k=0 T—tg41

The proof is given in Appendix E.1, and a few remarks on the consequences and implications of
Theorem 3 are in order.

As in Theorem 1, the last term in the upper bound corresponds to the discretization error mea-
sured using integrated mutual information defined in Eqn. (10). While the first two terms are
generic, the third term governs the dependence on the dimension d and reflects the information-
theoretic properties of the target distribution. For structured distributions, our algorithm implicitly
adapts to the underlying structure of the target distribution without requiring any prior knowledge
of that structure or any modification to the algorithm itself.

We analyze the performance of truncated 7-leaping as an alternative to Algorithm 1 in Ap-
pendix E.3, which has an additional d/N? term in the upper bound Eqn. (11), ignoring lower-order
contributions. Although for structured target distributions the resulting iteration complexity already
scales as /d rather than d (as in the existing literature), it does not fully adapt to the geometry of
the target distribution. To provide some intuition, the standard (or truncated) 7-leaping algorithms
informally satisfies for ¢ € ¢, tx+1) (see Eqn. (8))

Gf;(sT_tk,xtk) ~ Gik (ST7—ty,xt,), and thus @t ~ th, (12)

11
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Algorithm 1: Modified truncated 7-leaping

Input:

Initial distribution: py,

Discretization steps: 0 = tg <t; < ... <ty =T,
Score estimate function: Sp_; fort € {tg,...,tn—1}.
Output: Sample 7 € [S]%.

Sample z( from pg

fork=0,...,.N—1do

for i e m(xy,) = {i, such that j, = MASK} do
Cg};(a) — 37—, (71, O a, ftk)’ for a € [S]
Qi (MASK) « =3 c151 Q% (a)

if k < N — 1 then

Ay (7 — 1) log (£ )
Pr — exp(Qi (MASK)A)

end
else
| Pr<0
end
) MASK, with probability Py,
7 «— Ai
Ltys a, with probability %(1 — Py), fora e [S].
end
end
return x;

where we recall the mapping G from Eqn. (7). That is, even when the score estimation is exact,
S7_t, = s7T—t,, the T-leaping algorithm introduces a mismatch between the surrogate and true rate
matrices as sy, # st—¢. Algorithm 1 corrects this discrepancy by enforcing

Gi(ST—t,, ®t,) ~ Gy(sT7—¢,2,), andthus Q; ~ Qy, (13)
. . . ~ Tt 1 . .
through the rescaling of the score estimate function: sp_; = eeT,if_llsT_tk. As it is a linear

transformation of the score estimate function, we can simulate its dynamics only at discrete points
T — to,...,T — tn, see Algorithm 1 and Lemma 13. This leads to a sharper upper bound in
Theorem 3 relative to the analogous bound for truncated 7-leaping (Theorem 5; see also Remark 3).
Empirically, the benefit of rescaling the score function in masking discrete diffusion models has
also been observed in prior work; see, for example, Lou et al. (2024); Ou et al. (2025).

Notably, our results are closely connected to an intriguing parallel line of work on masking dif-
fusion models (Li and Cai (2025); Chen et al. (2025)), which focuses on the design of unmasking
schedules without adopting a CTMC perspective. In particular, Chen et al. (2025) derives opti-
mal unmasking schedules and discusses two representative instances, in which the number of steps
scales linearly with B(gqata) and C(qqata ), respectively. Their algorithms require an a priori estimate
of B(qdata) and C(qgata) or a doubling search procedure to calibrate the unmasking schedule, and

12
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rely on a different sampling mechanism. The fact that our score-based samplers automatically ex-
ploit similar information-theoretic quantities without additional hyperparameters underscores both
the fundamental nature of these quantities and the robustness of the CTMC framework.

Next, we derive iteration complexity guarantees for our algorithm under specific choices of step
size schedules, whose proof is given in Appendix E.2.

Corollary 2 Consider the setting in Theorem 3. Let T = ©(log(dlog(S))). For fixed ¢ > 0, it
Obeys KL(Qdata H poutput) S Escore T &,

« under constant step size schedule, tj,—t,_, = T/N forallk € [N], for N = O (B(qaata)/);

* under exponential-then-constant step size schedule, when tj11 — ty, < kmin(1,T — t;11)
forke{0,...,N =2}, T —tn_1 = ¢/(dlog(S)), and k = N~HT + log(e~1dlog(9))),
for R R

N=0 (D(Qdata)/g) < O(min{B(Qda‘ca)aC(Qdata)}/‘g)-

In words, Corollary 2 shows that the sampling complexity of Algorithm 1 required to obtain
an e-accurate distribution is governed by intrinsic complexity measures of the target distribution,
which are dimension-independent up to logarithmic factors for distributions such as uniform and
sparse mixture of Dirac measures. Under a constant step size schedule, the iteration complexity is
controlled by the dual total correlation of the target distribution, whereas under an exponential-then-
constant schedule, the effective total correlation becomes the relevant quantity.

Important examples and adaptation. To further illustrate the implications of Theorem 3, we
consider some representative distributions for which one or more of the quantities B(¢qata ), C(qdata)s
or D(qqata) are small. Since the iteration complexity scales linearly with these quantities, our result
shows that discrete diffusion models can provably achieve efficient sampling. Appendix A develops
these examples in detail and provides rigorous proofs of the stated claims.

* Hidden Markov models. Here, the observed variables correspond to words or tokens in a
sentence, while the hidden states encode latent semantic topics. Under the natural assumption
that topics evolve slowly, we show that 5(gqgata) grows sublinearly with the sequence length.

* Low-dimensional structures. Motivated by image generation, when the discrete data arise
from a quantization of a continuous distribution with intrinsic dimension k, the dual total
correlation B(qgata) scales linearly with & rather than with the ambient dimension d.

* Random graph models. Such models define distributions over d = (g) binary variables
corresponding to edges of a graph with n vertices. Besides Erd6s-Rényi random graphs,
which have independent edges and are therefore easy to sample, we consider both sparse
random regular graphs and stochastic block models. In these cases, B(qgata) grows at most
linearly (up to logarithmic factors) with n, rather than quadratically.

* Latent parity model. Finally, we present an example in which both total correlation C(¢qata )
and dual total correlation B(qqata) are of order d, while D(qqat,) remains of constant order.
Such distributions are motivated by applications such as error-correcting codes and DNA
sequences, where substantial noise may be present, yet the underlying signal is highly struc-
tured.

13
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4. Discussion

In this work, we establish novel theoretical results for both uniform and masking discrete diffusions.
For uniform diffusion models, we show that a 7-leaping algorithm requires O (d/¢) iterations to
achieve ¢ accuracy in KL divergence, improving upon the prior bound 0] (dQS /5) We further
establish the first algorithmic lower bound for the 7-leaping sampler, which shows that the upper
bound we achieved is unimprovable for a large class of distributions. For masking discrete diffusion,
we derive an upper bound that captures the intrinsic complexity of the data distribution and can
scale logarithmically with the ambient dimension. Importantly, our results for both models only
require small score estimation error and, in contrast to prior work, do not rely on early stopping or
boundedness assumptions of the score estimator.

The improved bound for the masking noising process is achieved via a modification of the 7-
leaping algorithm. This modification falls within a structured subclass of 7-leaping strategies that (i)
allow for parallel coordinate updates, and thus sublinear rates, and (ii) preserve CTMC dynamics,
which facilitates theoretical analysis. We hope that this perspective motivates the development of
adaptive samplers for uniform discrete diffusion as well in the future.

Several other open questions remain. Understanding which noising mechanisms — masking,
uniform, or discrete Gaussian — are best suited to different classes of target distributions is an
important direction for future work. Moreover, the problem of learning accurate score functions in
discrete diffusion models remains largely unexplored and warrants further investigation.
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Appendix A. Examples of low intrinsic dimensions
A.1. Details and formal results

In this section, we revisit the examples outlined in Section 3.2.2 and develop them in full detail. We
formalize the statements in this section, and provide rigorous proofs in Appendix A.2.

Hidden Markov models. A hidden Markov model (HMM) is a Markov model in which the ob-
servations are dependent on a latent Markov process (referred to as z), which is widely used in
natural language processing and other pattern recognition tasks (Mor et al., 2021; Gales and Young,
2024). For example, in natural language modeling, the hidden states 2’ can represent the underlying
grammatical structure or semantic meaning of paragraphs, while the observed states z* correspond
to the actual words or tokens in a sentence.

Consider ;he following HMM.: {zi}ie[d] is the discret¢ hidden state, Markov qhain supported
on Z and {2'}ic[q) is the observed chain generated by 2* = fi(z*,¢"), where {'}c[q) are iid.
noise variables independent of {2};c(q). If 2* indicates the semantic topic of the i-th paragraph in a
document, we can expect that in natural language, the topic transitions are rare, i.e., z* is likely to
remain the same as z*~! for i > 1. For data generated from this model, we can show the following
proposition:

Proposition 1 For the above HMM, suppose the transition probability of {zi}ie[d] is at most p, i.e.,
Pr(z' # 2~ Y)Y < pforallie {2,...,d}. When1/d < p < 1, it holds that

Z
B(Qdata) < Pleg (u) .

To develop some intuition, consider generating a document with a constant number of paragraphs,
where the transition probability scales p = ©(1/d). Suppose further that the latent space Z € [S]*
for some k£ « d and S denotes the vocabulary size. Then, the above bound yields

B(Qdata) $ klOg(Sd),

which is much smaller than the ambient dimension d log(S). As such, with Theorem 3, the sampling
complexity scales with the intrinsic topic dimension k rather than the document length d.

Low-dimensional Structures. In image generation tasks and some other tasks with structured
data, it is commonly assumed that the data lies on or near a low-dimensional manifold embedded in
a high-dimensional space, which is often referred to as the manifold hypothesis (Gorban and Tyukin,
2018; Pope et al., 2021). For example, natural images may be viewed as points on a manifold
parameterized by a small number of underlying factors, such as lighting conditions, pose, and object
identity.

In discrete settings, the notion of a manifold is not mathematically well defined. To capture
low-dimensional structure, we instead model the data as arising from a continuous mapping from a
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latent representation into a high-dimensional observation space. For some latent continuous random
variable z supported on Z < R”, consider a decoding procedure f : [0,1]* — R? as

ot = f(Z) + Enoises

for additive perturbations epise. Thus, data lies close to a manifold {f(z) : z € Z}. The final
discrete observation is obtained via a quantization operator Qg, i.e., t = Qg(x“") ~ qqata-

To align the model with standard image processing pipelines, we work with the uniform lattice
quantization function Qg : R? — [S]¢ defined coordinate-wise as [Qg(z)]" = clip(|2?], 0, S) for
i € [d], where clip(z, a,b) := min{max{x,a}, b} is the clip function and |-| is the floor function.
To ensure regularity of both the manifold and the induced data distribution, we focus on the case
where Z is a compact set and f is a Lipschitz function. The noise eyise is taken to be Gaussian for
simplicity of analysis; the arguments extend readily to more general smooth noise distributions.

Proposition 2 Let Z — R¥ be compact with diameter D, and let f : Z — R? be L-Lipschitz.
Assume the noise satisfies enoise ~ N (0, O'ZId) independenly generated for each obersvation. Then
the resulting distribution satisfies

2DL
B(Qdata) < klog (2 + O’) . (14)
In image generation, the “ideal image” =" may be interpreted as the vector of continuous pixel
intensities prior to quantization, while the observed image x is obtained by applying pixel-wise
quantization to £°°". When k « d, the above bound yields

~

B(qaata) = O(k) = o(d),

and hence we can efficiently sample such images despite the high dimensionality of the observation
space.

Random graph models. Discrete diffusion models have also found applications in scientific do-
mains such as molecular generation and protein design, where data are naturally represented as
random graphs with fixed vertex sets and random edges (Ingraham et al., 2019; Xu et al., 2022). To
make this concrete, we consider two widely studied random graph models on n vertices, which can
be viewed as a discrete distribution over adjacency matrices of dimension n?.
* Regular graphs: A k-regular graph is a graph in which each vertex has degree exactly k.
Suppose we want to sample a random graph G from some distribution supported on the set of
k-regular graphs with n vertices.

Proposition 3 For sparse regular graph model, i.e., k < n/log(n), we have

B(G) < knlog <%> = o(n?). (15)

» Stochastic block models: A stochastic block model (SBM) is a generative model for random
graphs that captures community structure within networks. In an SBM, n vertices of the graph
are partitioned into r distinct communities or blocks, represented by latent variables {zz}ie[n]
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taking values in [r]. Conditioned on the latent labels, edges are generated independently. For
two vertices 4, j € [n], an edge is created with probability

pl{z" = 27} + qI{z* # 27},

where p, g € [0, 1] govern the within- and between-community connection probabilities, re-
spectively.

Proposition 4 Let G be a random graph drawn from the above r-block SBM. Then
B(G) < nlog(r) = o(n?).

For both random graph models, as the number of vertices n grows large, the complexity satisfies
B(G) = o(n?), which is strictly smaller compared to the ambient dimension n2. This indicates that
diffusion-based methods can sample efficiently from such graph distributions.

In fact, the analyses of Propositions 2 and 4 extend naturally to generalized random geometric
graphs. Consider the following example. Let each vertex ¢ € [n] be associated with latent variable
#* € Z. For distinct vertices i and j, an edge is placed independently with probability

o (1220,

To
where 3 € [0, 1], 7o > 0 and d(-, -) is an appropriate metric in the latent space Z.

» When latent variables {z'} are discrete with o(n) entropy, as is the case, for example, when
it takes value in a fixed-dimensional latent space, the dual total correlation of the resulting
random graph is o(n?).

« For continuous latent variables, suppose Z = S% ™!, the unit sphere in R%. Under some
regularity conditions, the dual total correlation scales with d, - n, followed by an analogous
covering number argument in Proposition 2. In particular, whenever d, = o(n), the complex-
ity is again subquadratic, leading to sublinear (in n?) convergence rates for diffusion-based
sampling.

Latent parity model A prototypical example of a distribution with small dual total correlation
B(qo) and large total correlation C(qg) is the mixture of two Dirac measures:

1 1
= —0p+ =0
Pm 2 o+ 2 1,

where 0 and 1 are vectors of all-zeros and all-ones, respectively. It can be easily computed that
B(pm) = log(2), whereas, C(pn,) = (d — 1) log(2).
The opposite happens, for instance, for the following XOR distribution pxoR:

g, Bern(1/2) and z¢ Zx mod 2.

In this case, B(pxor) = (d — 1) log(2), and C(pxor) = log(2).

Real-world data distributions can combine features of both extremes: a strong low-dimensional
signal corrupted by weakly correlated noise. In such cases, both B(¢qata) and C(qqata) can be large,
while D(qgata) remains small. To illustrate this phenomenon, consider the following entrywise
mixture of the two preceding examples.
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1. Fix a bi-partition [d] = Iy u I; for non-empty index sets Iy and [;;
2. For all indices i € Iy, set z; = b for b ~ Bern(1/2);
3. Among all indices i € I7, sample all but one x; ~ Bern(1/2) independently;

4. For the last index i*, set 2+ = (b+ Y;_;% ;) mod 2.

Denote this distribution as pey, and let z = (2, ..., 2%) ~ pex.

Proposition 5 Suppose that min{|Iy|, |I1|}/d = ©(1). Distribution pex satisfies
B(pex) = @(d)v C(pex) = @(d), and D(pex) = O(l)
By Proposition 5, pex, which can be viewed as a non-trivial mixing of p,, and pxoRr, satisfies

D(pex) « min{B(pex), C(Pex)}-

This example highlights the fundamental role of the effective total correlation in characterizing
sampling efficiency.

A.2. Proofs of results in Section A.1

Variants of the following lemma will be used repeatedly throughout this section. We state it here for
convenience and to streamline the proofs.

Lemma 1 Consider any d-dimensional discrete random variable X and any random variable W
such that X' 1L X~" | W for any i € [d], where X = (X',..., X% and X" is the (d — 1)-

dimensional marginal of X with i-th coordinate excluded. Then,
B(X) <I(X;W).
If W is discrete, we additionally have B(X) < H(W).

Proof of Lemma 1. We first notice that for any random variable W such that X* 1L X% | W for
any i € [d], we have

HX| X)) 2 HXT | XTLW) = HX | W),
where the first inequality follows from the definition of the entropy. Recalling the definition of 5(-),

we obtain
d . . d .
B(X) = H(X) = Y HXIX ) < H(X) = D H(XT | W).
i=1 i=1
Using the conditional independence condition again, we have

d
HX|W) = H((X1,..., Xa)[W) = Y HX | W),
i=1
which implies

B(X) < H(X) — HX|W) = 15 W) @ H(W) — H(W[X) & 2w,

Nasy

where (a) and (b) apply when W is a discrete random variable.
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A.2.1. PROOF OF PROPOSITION 1

The hidden Markov structure of {(z*, z*) };c[q satisfies z* AL x7 | (2%, 27), since e’ AL &7 | (2", 27).
Considering Lemma 1 above, we can upper bound B(qgata) by H(2), which is the entropy of the
latent Markov chain. By the additivity of the entropy, we have

d d
B(qaata) < H(z) = H(z") + Z H(zi‘{zj}je[iq]) = H(Y) + Z H(Z |2,

=2 1=2

When {zi}ie[d] is supported on a single point, we have |Z| = 1 and H(z) = 0. When the state
space Z satisfies 2 < |Z| < o0, the maximum entropy distribution is achieved when

2!~ Unif(Z) and 22" ~ (1= p)d,i + pUnif (2\ {z'7}).

‘We obtain

d
H(z) <log(|Z]) + Z {—(1 —p)log(l—p) +—(|2] - 1)- |Z|p_ 1 log <|Z|p_ 1)}
i=2

() |Z|

< log(|Z]) + (d—1) - ( 2p + plog "

(b) Z

< pdlog <||> ,

p

where in (a), we use —log(1 — p) < 2p, since p < 1; in (b), we use the condition p 2 1/d and
|Z|/p = 2/p > 1. This completes the proof of the desired result.
A.2.2. PROOF OF PROPOSITION 2

i o= (el d i N 2 i —i
Write enoise = (Eppiser - - - » Eoise)- SINCE Enoise ~ N(0,0°1;), we have ¢!, . Al e for any

i € [d]. Processing through the decoder f, [z°°"]* = [f(2)] + & ... for any i € [d], which leads to

noise
[:Econ]i 1 [xcon](fi) ‘ 2, (16)

where [2°°"](=%) is the (d — 1)-dimensional marginal of z°°" with i-th coordinate excluded. Note
that Qg is a entry-wise quantization, i.e., we can write Qg(z) = (Qg(z'), ..., Og(z?)) for entry-
wise deterministic quantization function Qg : R — [S], and ¢ = Qg([2°°]) by the generation
process. Eqn. (16) therefore implies that for any i € [d],

AR P
Applying Lemma 1, we obtain
B(qdata) = B(x) < I(z; z) < I(x"; 2), (17)

where the last inequality follows from the data processing inequality of the mutual information.
In the following proof, we proceed to control I(z°°"; z). Since eyise 1S independent noise, using
data-processing inequality, we reach

I(z°%; 2) < I(f(2) + €noise; [ (2)) =1(f(2); f(2) + €noise) - (18)
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Without loss of generality, we assume Z < [0,D]*. Partition [0, D]* into hypercubes of size
hj = o/L, and write this partition as {C1, ..., Cjp p ,}+ } such that

[D/h;]*

|_|C’

Define J = J(z) to be the hypercube index i(z) such that z € Ci(z), and F; to be o-algebra
generated by J(z). By the chain rule and data processing inequality for mutual information, we
have

I(f(z)a f(Z) + 5n0ise) < (J(Z)) (Z) ( ) + 5n01se)
=1(J(2); f(2) + enoise) + L(f(2); f(2) + €noise | J)

<rlog (14 ) (F(2): £(2) + enoe | ), (19)

where in the last line, we use I(.J(2); f(2) + €noise) < H(J(2)) < log(|supp(J(z))|). To upper
bound the second term above, we introduce the following lemma on Gaussian channel, whose proof
is given in Section G.1.

Lemma 2 For any random variable W € R% and independent noise epise ~ N (0, 0?1 4), we have

Tr(Var[W])

I(W, w + 6noise) < 2 P )
o)

where Tr(+) is the trace function.

In Lemma 2, taking W 4 f(2) | Fs, we arrive at

Tr(Var[f(z) | ]:J])

I(f(2); f(2) + €noise | J) < oo? (20)
To further control the right hand side, direct calculations show
2
Te (Var[£(2) | F]) = ZVar | Fi] = [(f () |fJ]H2‘fJ]. 1)

It is therefore sufficient to consider the quantity | f(z) — E[f(z) | F]/|3. We make the observation
that

(a)
I -Ef@) | F| < sw i) —wl,
weConv(f(Cy(z)))

2 [£(z) —wl,

wef(CJ(z>

—

(©) (d)
< [flip - sup |z = 2], < LVkhy,

z GCJ(Z)
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where | - |2 denotes Euclidean norm in R, and Conv(-) denotes the convex null of a given set.
In (a), we use the fact that E[f(z) | F;] € Conv(f(C(.))); in (b), we adopt f is continuous and
hence f(C())) is bounded, and the property of the convex hull that

diam(Conv(A4)) = diam(A) for any bounded subset A < R;

in (c), we recall the Lipschitz condition on f; in (d), we notice that diam(C;) < < Vkh J for any
hypercube C;. Putting pieces together gives

Tr(Var[f(z) | ]:J]) < (L\/Eh‘])2 = ko?. (22)

Finally, plugging Eqns. (20) and (22) into Eqn. (19), we obtain

DL k 2DL
I(f(2); f(2) + €noise) < klog (1 + U) +5 < klog (2 i U) '

Combining the above inequality with Eqns. (17) and (18), we conclude
con 2DL
B(Qdata) < I(:U ;Z) = I(f(z); f(z) + 5noise) < klog 2+ 7

A.2.3. PROOF OF PROPOSITION 3

Define the set of all k-regular graphs with n vertices as G, .. Without loss of generality, we assume
that nk is even, as otherwise G, j, is empty. By a corollary of Liebenau and Wormald (2024,
Theorem 1.4), we have the following asymptotic result:

Cosl =6 ((n ; 1)”(?) (n(; 1))—1> .

where m = kn/2. By Stirling’s formula of the form

log(a!) = alog(a) — a + O(log(a)),
we can compute that

nn —

n—1 n(n—1)
log(!Gn7kl)$nlog< k: >+log< 2 > log om >

< 1)
_knl n—1-—k N n—l1 n—1
2 k 8 n—1—%k

<mlg(2)+210g( —1—l<:>
< %nlog (%) +2(nl—m12—k) knlog ()

where in the last line, we use the condition that k£ < n/log(n) « n—1— k. Recalling the definition
of B(-), we have

B(G) < H(G) < log(|Gnl) < knlog (%) = o(n?).
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A.2.4. PROOF OF PROPOSITION 4

By the definition of r-block SBM, the latent variable {z'},c[,, supported on [r]", which satisfies

H({="Yiep) < log (/[r]"]) = nlog(r).

Given the latent variable {zi}ie[n], the block structure is fixed and hence each edge is sampled
independently from Bernoulli distributions. Therefore, we have

e AL e | {2} i)

forany 4, j, k, I € [n], where ¥/ and ¢** are the indicator variables of the existence of edges between
vertices 7, j and between vertices k, £. By Lemma 1, we conclude

B(G) < /H({zi}ie[n]) < nlog(r) < nlog(n) = o(n?),

where we use the convention that the block number r < n.

Remark 1 The setting of Proposition 4 can be viewed as a special case of the generalized random
geometric graph model, in which the latent variable corresponds to the block index. More generally,
the same conclusion holds under analogous assumptions, with essentially the same proof strategy.

A.2.5. PROOF OF PROPOSITION 5

Let r := |Iy|/d be the proportion of coordinates in 5. Throughout, we assume min{r, 1 — r} =

o(1).

Step 1: Establish B(pcx) = O(d) and C(pex) = O(d). For a random variable = ~ pex, we shall
demonstrate that

d d
D H(') = dlog(2), log(2)(|11] = 1) < H(x) <log(2)|h] and ) H(z'|27") =0.
1=1 i=1

(23)

Towards this goal, we make the observation that for any i € Iy or € I1\i*, 2 ~ Bern(1/2) and
hence H(x?) = log(2). For i = i*, we assert that /" ~ Bern(1/2). In fact, we have

4 1 1
P E z' =0 mod 2 —]P’(Bin(][l|—1,>50mod2>—,
e 2 2

i€l \i*

where in the last equality, we invoke the following lemma.

Lemma 3 Foranyn € N* and X ~ Bin(n, 1/2), we have
1
P(X =0mod 2) =P(X =1mod 2) = 3
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As result, the distribution of 2™ satisfies

. , ; 1
P(z" =0)=P(b=0)-P| > 2'=0mod2|+Pb=1)-P[ » az'=1mod2|= 5
iEIl\’i* iEIl\’i*
which reveals that 2" ~ Bern(1/2) and hence H(z*") = log(2). In conclusion, we obtain
d . .
DMIH@E) = D H(') +H(i*) = dlog(2). (24)
i=1 [d]\i*
To upper bound H (), invoke the simple property for entropy function to get
H(z) < log(|supp(z)|) < log (2 : 2|[1|*1) = log(2)|I1]. (25)
The lower bound can be obtained through
H(w) > H({o'bieryv) = log (27171) = log(2)(1 1] - 1). (26)

For any i € [d], when z~% is given, we can recover z* by first observing the value of b from 7 for
any j € Iy, then applying the formula

' =0b+ Z 2*I{i € I} mod 2.
keli\i

Thus, z° | 27 is always a Dirac measure, which leads to

d
Y H(E |27 =0. 27
i=1
Combining Eqns. (24), (25), (26) and (27) proves Eqn. (23).
Equipped with Eqn. (23), we are ready to bound B(peyx) and C(pex). It can easily seen that
d . .
Bpex) = H(x) = Y, H(a' [ 27") 2 1og(2) (1 = r)d — 1) = Q(d),

=1

d
Cpex) = D H(a") — H(x) = log(2)(d — |I1]) = log(2)rd = Q(d).
i=1

For the reverse direction, we can prove the matching lower bound similarly, which leads to

B(pex) = @(d)a C(pex) = Q(d)
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Step 2: Show D(pey) = O(1). Recall the definition of D(-) in Eqn. (10):

D(pex) = f min(1,¢)Z(¢)dt with Z(t) == Z I(z}; 2] | xt_(z’])) = 0.
0 i#je[d)

To upper bound D(pey), let us write

é log(d) 0
D(pex) = J tZ(t)dt + f min{1, ¢} Z(t)dt + J Z(t)dt.
0 1/d log(d)
By direct calculations, one has
Jd vzt < L [*zyar < B2 _ o),
0 d Jo d
0¢] Q0
f Z(t)dt < 1J (e! —1)Z(t)dt < Clper) _ o(1).
log(d) d =1 Jiog(a) d—1
Therefore, it obeys
log(d)
D(pex) = J min{1,¢} Z(t)dt + O(1).
1/d
To prove D(pex) = O(1), it suffices to show that
log(d)
J min{1,¢} Z(t)dt = O(1). (28)
1/d

In view of the definition of Z(¢), we can decompose it as

I(t):< Z + Z + Z + Z )I(wé;xﬂxt_(i’j))

t,j€loi#)  d.jeli#j  i€lojelr  i€li,jelo
= T1(t) + To(t) + I3(t) + Za(2),

and we shall bound these four terms separately.
Before diving into the proofs, we make the observation that the mutual information can be
computed via

Wah ] | ap ) = Ul | 2y ) — H(al | 2. (29)

To further compute each entropy terms, let us introduce two quantities below

Htl = ’H(eft&) +(1— eft)csMASK) = ’H(e*tél + (1 — eft)(SMASK) =tet — log(1 — eft)(l — eft),

(30a)

1 1
7‘[152 =H <2€_t5() + §€_t51 +(1- e_t)cSMASK> = (t+ log(2))e‘t —log(1 — e_t)(l — e_t).
(30b)

We shall relate our quantities of interest to these terms below.
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Case 1: i,j € Ip,7 # j. For any given a:t_(i’j)

P(zi = MASK) =1 — ¢,

, it always holds true that

since the noising process is time-homogeneous and independent between coordinates. Recall the
definition m(z) = {i € [d] : ' = MASK}. Define the event £} € ]_—t—(m ), where ]_—t—(m ) is the

o-algebra generated by x, (i ), as follows:

e = {x;“’” : ( \/ (k¢ m(:ﬂt)}> \/ </\{e € m(fvt)}) = 1},
kelo\{i,j} lel

where A is the logical operator AND, and v is the logical operator OR. By construction of pey, it
can be checked that

(1459 65) i+ 1 -

R . 1 1
(xi | x, 09) ¢ (5;”{)6) ~ §€7t(50 + §€7t51 + (1 — e Hoask,

where dy/; represents either o or d;. Therefore, by the definition of the conditional entropy, we
have

Hah | oy Oy = HE-PE) + HE - (1-P(E)]). 31)

Define the event 5ti,1 e F; ¢, where .Ft_i is the o-algebra generated by x;, i, as follows:

&y = {xti : ( \/ (k¢ m(xt)}> \V4 (/\{Ze m(xt)}> = 1}.

kGIQ\{i} lely
Then, it can be checked similarly that
(wh |2y € 1) ~ e o + (1 — e ") dmask;
A . A 1 1
(;U; ’ x " e ( tzvl)c) ~ §€_t(50 + Ee_tél +(1— e_t)éMASK,
which leads to
H(xy |2") = H-P(ELL) +HE - (1—-P(EL)). (32)
Plugging Eqns. (31) and (32) into Eqn. (29) gives that for any 7, j € o, 7 # J,
Wajsa] | a; ™) = i) |0, ) = H(a} | 2;7)
) B(E) + - (1 - BEH)) — i B — 1 - (1— B(EL)
= (M7 = Hy) (P(&],) — P(&1))
= log(2)e (1 — e_t)|10‘72 (1 — e_”l‘t)
-0 (6—2t(1 _ e—t)rd/?) ’
whose value is independent of the indices i and j. Since |{i,j € Iy : i # j}| = rd(rd—1) = ©(d?),
quantity 7; (t) satisfies
Zi(t) = Z I(xl; 2 | a:t_(i’j)) =0 <d2€_2t(1 — e_t)rd/Q) . (33)

1,j€l0,1#]
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Case2:4,j € I1,i # j. Following the proof strategy in Case 1, for any given =, (0 ), it holds that

xy | xy @) o §€_t(50 + §e_t61 + (1 — e Hépask,

which implies that
i |, ) =13, (34)
Define the event Et o € F; " as follows:
o= {xt_i : (\/{k ¢ m(fb“t)}> /\ ( /\ {te m(:vt)}> = 1},
k‘EI() Z€I1\{i}
which induces
(2} |27 € &) ~ e "oy + (1 — e ")nmask;
i —1 i \c¢ 1 _ I _
() |2 € (E19)°) ~ 2¢ 5o + ¢ b1+ (1 — e M) onmask,
and the conditional entropy formula
H(wy | 27") = My - P(E,) + Hi - (1-P(E5)). (35)
Plugging Eqns. (34) and (35) into Eqn. (29) gives that for any i, j € Iy, 7 # j,
Lahiaf |2y ™) = i |2 ) = Hai | o)
= Ht - Ht ’ (52,2) - HtQ : (1 - ]p(gtlg))
— (M} = ) P(Ely) = O (e 07)

whose value is, again, independent of the indices 7 and j. Since |{i,j € I1 : i # j}| = (1—r)d((1—
r)d — 1) = ©(d?), we reach

L(t)= Y. aha] |z, @) = O(a2e= (077, (36)
i,5€I i#]
Case 3: i € Iy, j € ;. Define the function Hp(p) = —plog(p) — (1 — p)log(1l — p) to be

the entropy of the distribution Bern(p). Following the proofs of the two cases above, let us define
events

5&%;:{%(“);( \/ {k # m(zy) )\/( /\ {€ e m(x) )zl};

kelo\{i} teli\{5}
ti,35={ : ( \/ {k # m(zy) )\/(/\{éem(xt)}>:l}.
kelo\{i} lelr

Similar calculations yield
Hai |, ") = - BER) + 1 - (1-P(EF);
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Haf |2,") = Hi-P(EL5) +H - (1 - P(E]3))-
Therefore, we obtain
sl |2 ") = (HF = 1}) (P(E]3) — P(E1))
— log(2)e—|fl‘t (1 o e—t)ll()‘ =0 (e—HB(T)d> ,

where the last equality is due to the fact that e~ /11t (1 — e_t) ol is maximized at t = — log(1 —r).
Finally, with |{i € Iy, j € I;}| = (1 — r)d?, we can bound
I3(t) = Z I(zh 2] | :c;(i’j)) =0 (d267HB(T)d) . 37)
iGIo,j€I1

Case4: i € I}, j € Iy. Notice that Z3(t) and Z4(t) are invariant under swapping ¢ and j. We can
show in the same way as above that

Ta(t) = O (dQe’HB(T)d> . (38)
Putting everything together. Combining Eqns. (33), (36), (37) and (38), we arrive at
I(t) < d2 (67215(1 - eft)rd/2 + ef(lfr)dt + efHB(r)d> ) (39)

We are now in a position to prove Eqn. (28). Let us begin with the integration over the time
interval ¢ € [1/d, 1]. Direct calculation yields that e=2/(1 — e~*)"%/2 is maximized at t* = log(1 +

%) > 1, which reveals that
* rd —2
e (1 — e )2 < P = g2 <1 + 4) = 0(1). (40)
For the term from Z5(t), we obtain
1 (a) d 0 1
t.d2e(1-r)dtqy & se~(1=Msqs < se~(1=m)sqs = =0(1), 41
1 1 0 (1—r)?

d

where in (a), we use the change of variable formula with s = dt. Similarly, we can show that

1 1
f t.d2e MB(dqy < J t.d2e MB(dqy — %dQe‘HB(”d - 0(1), (42)
1 0

d

where the condition min{r, 1 — r} = ©(1) ensures Hp(r) = ©(1). Taking collectively Eqns. (39),
(40), (41) and (42), we arrive at

1 1
ﬁ min{1, ¢} Z(£)dt — f LT(#)dE = O(1). 3)

d

Let us move on to the integration over time interval ¢ € [1,log(d)]. The integral computation yields
that

log(d) o (Ve rd/2 (b)) %
J e (1 — et 24t @ j s (1 - f) ds < J se”"%ds = O(1), (44)
1 1 d 0
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where in (a), we use the change of variable formula with s = de™?, and in (b), we use the inequality
(1 —z)Y* < e for x € (0, 1]. For the remaining terms, we have

log(d) log(d)

J d2e~(1-m)dtqy < J d?e=(=dqs = @2 log(d)e= (1 = O(1); (45)
1 0
log(d)

f d?e M8t < @%1og(d)e B = O(1), (46)
1

where the condition min{r, 1 — r} = O(1) ensures Hp(r) = ©(1). Now, combining Eqns. (39),
(44), (45) and (46) yields

log(d) log(d)
f min{1, ¢} Z(t)dt = J Z(t)dt = O(1). @7
1 1

Finally, equipped with Eqns. (43) and (47), we conclude

log(d) 1 log(d)
J min{l,t} Z(t)dt = J min{1,t} Z(¢)dt + f min{1,¢} Z(t)dt = O(1),
1 1 1
d

d

which proves D(pex) = O(1).

Appendix B. Proof sketches
B.1. Proof sketch of Theorem 1

By the data-processing inequality and the chain rule for KL divergence, we upper bound the KL
divergence between ¢p and pr by the KL divergence between the paths gy, 7—¢\ and py.. ¢y
which can be decomposed as

KL(qo | pr) < KL(g1—t0,... T—tn | Pto,....tn)

N-1
<KL(arpo) + 25 B, [KE (T Clon) [ Prgn Cloe) )|
k=0

The first term is the initialization error, which can be upper bounded by the log-Sobolev inequality
in Lemma 7. For the second term, we apply Girsanov’s change-of-measure theorem for continuous-
time Markov chains to obtain the following upper bound:

lk+1

N-1

1 ~

3 Z f Ewtk,mwa . Z Z sT—i(x: @i ¢, «Tt)D(ST—tk(«Ttk @i ¢, y,,), sT—t (T4 By C7$t))dt-
k=0 Ytk F" ield] ce[S]

The details can be found around Eq. (59).
To further control the right hand side, applying the law of cosines for the Bregman divergence,
we obtain (with £ := t;,)

Z Z sT—t(x¢ @ ¢, xt)D(gT—tk(xtk @i c,xy,), sT—t(x: B c, xt))
€[d] ce[S]
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= > s7—e(ye, 20) D (Sr—e(yes xe), s7—e(ye, 2¢))
gzidH(yevxeFl

~
Controlled by Assumption 1

+ 0D (sr—el@e @ ¢, we) — s7—i(e ®i ¢, 1)) log Sr_g (w0 ®; ¢, )
i€[d] ce[S]

Expectation controlled by Lemma 8

+ Z ( — log s¢(yt, .I't)) — Z ( — log s7—e(Ye, acg)).

ye:du (ye,ze)=1 ye:dn (ye,e)=1

The first term can be controlled by Assumption 1 after taking expectation over x, ~ Ee and inte-
gration over time. The second term can be proven to be zero with the help of Lemma 8 after taking
expectation over x; ~ Et‘ ¢(+ | z¢). Thus, the problem boils down to upper bounding the third term
above, whose properties are characterized in Lemma 10. After taking expectation and integration
over time, we can upper bound the third term by Adlog(S/A). Combining the bounds for all three
terms completes the proof.

B.2. Proof sketch of Theorem 2

The proof is based on a refined analysis of the relative entropy decay along the forward processes
for any distribution gg € P?(X') and it works for every v € (0, 1). It can be shown that the relative
entropy along the forward process is a differentiable function over time ¢, and we denote the negative
changing rate of it as ¢(t), i.e.,

P(t) = _%KL(qt”po) = Z qt(z)st(y, z) log (St(y,x)) 7

x,de(x,y)zl St(x’ y)

where pg = Unif(X') is the limit distribution of the forward noising process. First, we show that
the condition KL(Q|P) < escore + O(1) with the definition of P7(X") implies that ' > 1 and the
condition

N-1

> f - (P(T — 1) — (T — ty))dt = O(1). (48)
k=1

Further we can show that () is a non-increasing function and differentiable over t. Thus, Eqn. Eqn. (48)
and the Newton-Leibniz formula leads to a stronger condition
N—-1 1 tk+1 T— tr
Z inf (—(p/(T — t)) 5 (tk+1 — tk f f dudt
k

| tsi<ti

tk+1

2 f (T~ 1)) = O().
(49)

By viewing the forward process as a S-ary symmetric channel (Makur and Polyanskiy, 2018), the
strong data process inequality can be applied to get Lemma 12, which further shows that for any
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qo € P7(X), the function —¢’(t) has a lower bound scaling as yd log(S) for all t € (0,1). Since
maxy{tpr1 — tg} < %, we can choose a suitable M, suchthat 1 < M < Nand T — tp; = [%, 1].
Combining this with Eqn. (49), we obtain

which implies that N = Q(~d log(S)) by Cauchy-Schwarz inequality.

B.3. Proof sketch of Theorem 3

First, Lemma 13 shows that Algorithm 1 outputs a sample from a CTMC with initial distribution pg
and rate matrices

ST tr (:Ctk ©i y xtk) eT t 1 H{ZC = MASK} if dH(l’,y) = 1a$i # yi7 and xwlfk = MASKa
Qt(x7y) = Zz;ert(wa)) 1fy:337
0, otherwise.
(50)
This corresponds to a 7-bridging strategy (Eqn. (7)) with the following function Gi(37_4,, 71, ):

o T te 1~
Gy (51—t 1, ) (a,b) = eTTQT t (T 2o, Oi W){f, = a} fora#beV.

By the data-processing inequality, we upper bound the KL divergence between qg and pr by the KL
divergence between the paths g7, . 17—ty and py, . ¢y. Next, we apply the Markovian property
of the paths along with the Girsanov’s change-of-measure theorem and upper bound KL (g |p7) by

tht1
L(gr|po) + Z f rtkvwwa,@,t[ Z sT—t(Yt, Tt)
k=0

y:Q(yt,2¢)>0

el=th — 1 _
D <6Tt18Ttk (Y, 1), STt(yt,ﬂft)> dt|.
The first term is the initialization error and is controlled by choosing T' = Q(log d +log log(¢~15)).
For the second term, we apply the law of cosines for the Bregman divergence and get (with ¢ := ¢
and yy = xy ©; ¢, where y; = x: O; ¢):

€T7€ 1.
sr—t(yt, 1) D (eT_t_IST—E(yt, ), STt (Yt l‘t)>
et 1 .
= o 57t (We 2e) D (S7—e(ye, 2e), 570 (Y, 1))

controlled by Assumption 1
ST—e(Ye, Te)
sT—e(Ye, Te)

equals zero by Lemma 14

+ (87—t (ye, 0) — s7—4(y1, 2¢)) log

<

N~

fter taking £ —
after mng ItN‘Zt\g(‘\mz)

+ s7—t(yt, x¢) D (s7—t(Ye, T0), ST—1 (Y2, 1)) -
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Similar to the proof of uniform discrete diffusion model, the first term can be controlled by Assump-
tion 1 after taking expectation over x;, ~ (q_t,c and integration over time, and the second term can
be proven to be zero by the martingale property from Lemma 14. Finally, using Dynkin’s formula
we relate the third term to the effective total correlation D(qp).

Appendix C. Technical preparations

C.1. Score functions

Below, we present an equivalent formulation of the score functions.

Proposition 6 Let gy be an initial distribution on Xy. Let x,y € X be such that Q(y,x) > 0.
Then,

1. for the uniform noising process,

d (y7zU)
Ewo~tI0atH
St (y7 ZL‘) = ) (51)
EIO"’qO ath (x’mO)
-t
where oy == W
2. for the masking noising process,
1 ql(y)
se(y,z) = , (52)
9, ) et —1qo(x)

where for x € X\Xy, qo(z) is the marginal probability of the unmasked coordinates of x
under q.

Proof of Proposition 6. By the definition of the score function, one can write

a(y) _ Yz 910y | 0)q0(20)
@ () ZIO Qt\o(fﬂ | £0)qo(zo)

St(yv $) =

For the uniform noising process, one can solve the Kolmogorov forward equation for every dimen-
sion. As a result, the transition can be written as

a0y — (Lo (LS = D\ T 14 (S = Der N auan
Qt|0 y | xo) S S S at 9

which proves Eqn. (51). More details of this relation can be found in (e.g., Zhang et al. (2025),
Proposition 1).

For the masking noising process, for notational convenience, given any z € ([S] U {MASK})¢,
define

m(z) = {i e [d] : z* = MASK}. (53)

In view of this piece of notation, as Pr(xi = MASK) = e~*, and coordinates evolve independently,
one can write

oy | zo) = (1 — e HImWle=td=ImWDI{ for all i € [d],y’ € {x}, MASK} }.
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As Q(y,x) > 0, it must be that dg(z,y) = 1, and for 4, such that z* # 3%, 2 = MASK and
y* # MASK. This implies that |m(z)| = |m(y)

Do oy [ wo)qo(zo) et 3, qo(wo)I{forallie [d],y" € {zf, MASK}} 1 go(y)

Do 4t0(T | T0)qo(z0) o l—et Dz 90(xo)I{ for all i € [d], 2" € {z,, MASK} } et —1qo(x)

C.2. Technical lemmas

Lemma 4 (Chain rule of KL divergence) For N > 0, let ag.n, bo. N be the joint distributions of
two Markov processes. Then,

N—
KL(ao:n [[bo:n) = KL(ao|lbo) + Z a~ar KL (@ (- | 2)[bgrap(- | 2)) -

Proof of Lemma 4. Invoking the definition of KL divergence with some direct calculations yields

a X
KL(ao:n [bo:n) = Eag,y~ag.y 108 bON(0
0:~ (Zo:

ao(z0) Y7 @r 1 (@hi | fb‘k))
(

0(zo) ;5 Orr1jk(@Ths1 | T)
1

ao(xo) @k+1|k:(l’k+1 | ox)
=E, ~a,l E, .. E N i 1
zo~ag 108 bo (o + “ wp~apSmy o ~agq (o) 1O bk+1|kz(95k+1 ED
N-1
= KL(aolbo) + D, Eopma, KL (apsr( | 2) [brraje(- | 21))
k=0

Lemma 5 (Derivative of KL: an upper bound) Let (qt) and (p;) be the marginals of CTMCs
with rate matrices (Q;) and (Qy), respectively, and Et = qp_+ be the marginals of the reverse
process. Then, for any t > t;, and for any z,

%KL (Ht‘tk(' | Z)Hpt|tk(‘ | Z))

<Ez ~q |2) Z Qt T, Y ) _Qt(xtvy) +Qt($t>y) IOgM
¢~ @iy ¢ g7z Qt(zt,y)

Proof of Lemma 5. Let us omit the conditioning on z for the notation brevity. By direct calcula-
tions, one can write

O L (% Q< @i () o Sy ()
A= EKL <Qt|tkat|tk> = Z ((% qt|tk(:c)> log tte 7/ Z qt|tk(x)w'

o Pt (2) X Pt (2)
Recall the Kolmogorov equation:
0« 0 ~
Qt\tk 2 Qt Y, T Qt|tk( ) and —~ Pt|t,, (z) = Z Qi (y, x)pt\tk (v)
ot ot
yeX yeX
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Putting the above together, we obtain (relabeling = and y)

A= E;LWEW Z [at(%?/) log (qﬂtk( )> Qt( ) qt‘tk( ) pt|tk(x)]
k yeX

DPejer, (Y) Qt\tk( x) et (¥)
)

(
=E, < Z (6_2 (z,y)log Ztltk(y 6 (x,y)log Et‘tk (=)
oA, y#x n Pejt, () n it (2)

. ~ T (q_t|tk(y> . pt|tk (CL‘)] - A .7
Qt( ay)<q—t|t ( ) pt\tk<y) Qt( ) )
qt‘tk (y) pt|tk ($)> AN Et‘tk (y) pt|tk (‘T)] A
=E - z,y)lo — Q¢(x,y)= . — Q¢(x,x
T~ q )y, y;x [Qt( y) g (qttk (1‘) pt|tk (y) Q ( y) qt‘tk ([E) pt|tk (y) Q ( )
it (U)  Depe (7) ~ Ett () i (z) A
=E - +(z,y)lo i 1 — Q(z, e.‘k . St A ],
T y; [Q (z,y)log <Qttk ) ptm(y)) Q:( )qm o e Qu(z,y)

(54

where we invoke the the property that Q,(x,z) = — Zyﬁ Q;(x,y) and @t(x, x) =— Zyﬂ @t(x, Y).
Then, letting Cy,, be such that (recall that z is fixed)

Et|tk (y | 2) Z)t(w,y)
= = ) (55)
4q ¢, (| 2) Cay

it satisfies that

e = Qi(x,y) Coy Pyt (y)

A at(ﬂf,y) _pt|tk(x)
Q(x7 y) ny pt|t;c (y) ]
(56)
Finally, since logz < z — 1,
5 Qay)| 5
1 < _
B ; [Q 7,9) + Q(x, ) log Brey |~ OOV
s Qilwy) (@ A Qey) Py (@)
* Qt(%y) O:ty Pi|t,, (y) Q(ﬂz,y) ny Pr|t, \Y
B Ao e < Qu(z,v)
=E. 4. y;x Qulz:9) = Qulwy) + Qulwsy)log | 5170

Lemma 6 (It6’s Lemma for Poisson jump process) For the Poisson jump process {xi}i=o with
generator { L }1>0 and rate matrix { Ry }1>¢. [t0’s Lemma formula can be written as
t

f(t,x) = f(0, ) —I—J [6Sf(s,xsf) + (Lsf) (s,:rsf)]dt + M, (57)

0
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where xs_ = lim,_,,— x5, which exists for almost everywhere s € [0,t) under the Lebesgue mea-
sure. The compensation process {Mu}ue[&t] is defined as

Z J (5,ys) — (s,xs)) (dN;Es,ys _)\;cs,ysds)7

Ys:YsFLs

where N3V is the counting process of jumps from x to y up to time t and X5 is the F,— -intensity

of NV, ie, \g¥ = {xy =y} Ry(z,y).

Appendix D. Proofs of results in Section 3.1
D.1. Proof of Theorem 1
We first decompose the KL divergence between the output distribution pr and the target distribution

qo as

KL(qo|pr) < KL(gT—ts,.. ,TftNHpto, i)
N—

L(gr|po) + Z ao KU (T Gl e Clae) ) | 59)

where the first inequality follows from the data-processing inequality for KL. divergence and the
second inequality follows from the chain rule for KL divergence in Lemma 4. The first term is the
initialization error, which can be upper bounded by the following lemma.

Lemma 7 For the uniform noising process, for any initial distribution qo € P(X), time index
t = 0, we have the same limit distribution

qt ipo = Unif(X), ast— oo.
Further, the modified log-Sobolev constant > of q; satisfies Cr.g1 = 2, which leads to

KL(g¢|lpo) < eftKL(qOHpo) < eitdlog(S).

The proof of Lemma 7 can be found in previous works, e.g., Zhang et al. (2025, Proposition 2).
Applying the above Lemma together with Lemma 5 on the second term in Eqn. (58), we obtain

KL(pollgr)

N-1 tk+1 -
<Kuarlm) + X B, | [ S (ol e ) |
k=0 k
< e Tdlog(S)
N-1 tk‘+1 ~ «— <« P T
e 8, o [T S | Qe - Qe + Qulry) g 2D | gy
k=0 k k Jty, Itk YET Qt(xta y)

3. Cgi is defined as the smallest number such that for any ¢ € P(X), KL(g | Unif (X)) < Crs1/2-E(q, log(q)), where
£ is the Dirichlet form associated with the uniform noising process, i.e., £(f,g) = —(2|X])~! Diwyex (f(T) —

Fy)(g(x) —g9(¥)Q(x, ).
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lh41
<e Tdlog(S) + = E,. o~y Z Z sT—t(2t @i ¢, Tt)
S t . B Lield] ce[S]

D (51—, (wt, @i ¢, x4y, s7—t (24 B c, $t))dt] .
(59)

In the following, we focus on the quantity

Extkvxt"(gtk,t Z[:] Z[:] st—¢(x @ ¢, ﬂft)D(ngtk (x4, @i ¢, xy,,), ST—t (T4 D5 l“t)) (60)
eld] ce[S

For simplicity, we write t;, := £. Direct calculations yield the following decomposition

Z Z s7—1(xt ®; ¢, x4) D (51—, (w1, i ¢, w1, ), 57— (T Bj ¢, 1))
i€[d] ce[S]

= > sre(ew)D Groo(ye, w0), st—e(ye, 1))
ye:dm (ye,we)=1

_/

~
t,l
Tl

+ Z Z (sT—e(zp @i ¢, x0) — sT—t(Tt Bj ¢, x¢)) log S7—_¢(z¢ B ¢, )
i€[d] ce[S]

+ > R(sra(yna))— > h(sr—e(ye ),

ye:du (ye,@e)=1 ye:du (ye,xe)=1

T‘Sf,e
where h(z) = xlogx — z + 1. We proceed by bounding each term separately.

* For term Tf 73’ notice that Tf s independent of ¢. In view of definition of score entropy loss,

we have
0
By |11 1)
=B, o7, Z sT—e(Ye, 0) D (S7—0(Ye, 70), s7—0(Y2, T0))
Yo:du (ye,x0)=1
=5 By, ot > Qreye we)st—e(ye, w0)D (Sr—e(ye, x0), sT—e(ye, 0))
ye:du (ye,ze)=1
= S : ESE(T - Ev gT*f) 8T*£)7 (62)

where we use the fact that Q7 _;(y, z) = S~ for any dy(y, z) = 1.

* For term TS’Z, we establish the following lemma, whose proof is provided in Section F.2.

39



DMITRIEV HUANG WEI

Lemma 8 Consider the uniform noising process and let 0 < ¢ < t < T. Then, for any
c€[S], i€ [d] and xy € X, it obeys

B ellae) [(ST—Z(xé @i ¢, x¢) — 57—t (¢ s ¢, 1)) log S0 B c, fve)] = 0.

With Lemma 8, it is easily seen that

B, i, |75
T, Xt~ q gt

=B oo, [ Z[:] Z[:] (sT—e(we @i ¢, x0) — 574 (w1t i ¢, 24)) log Sp—e(0 B c, 1’2)]
ie[d] ce[S

= 2 Z Exw?e {EIPEM(.W)[(STZ(W @i ¢, wp) — sT—t(2t B ¢, $t))
i€[d] ce[S]

log 57—_¢(z¢ ®; c, xe)”
—0. (63)

t,l . .
* For term 73", we make the crucial observation that E - [ (o) =1 (ST (Y1, 21))]
admits a simple representation. The statement is formalized in the following lemma.

Lemma9 Foranyte [0,T], we have

E, g, > h(sr—i(ye,ze)) | =B, o > —log (s7—¢(yt, 7t))
ye:dn (ye,xe) =1 ye:du (ye,ze)=1

In view of this lemma, we can further express the term Té’é as

[t
reeiin, |5] (64
“E, | Y k)| -E, o | Y sy
| ye:dm(ye,ze)=1 ye:dn (ye,me)=1
=K, g, > —log(sri(yn ) | ~E, o Y, —log(sre(ye x2))
_yt:dH(yt,xt)=1 ye:du (ye,ve)=1
(65)

Plugging Eqns. (62), (63), and (65) into Eqn. (60), we end up with

Z Z sT—t(Yt, ©t) D (S7—t, (w8, @i ¢, 1y.), STt (Y1, Tt))
i€[d] ce[S]

-
Ttp Tt~ G ¢

=8 Lsp(T — .37, 57-0) +E, > —log (sr—i(ye 1))
ye:du (ye,oe)=1
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D1 —log (sr—e(ye, ze))

ye:du (ye,z0)=1

-
Te~4qy

=5 Lsp(T —0,5r_¢,s7—0) + S(p(T —t) — (T — 1)),

where we define o(t) as

1
p(t) = Gle~a 2 —log (st(yt, x¢)) | - (66)

ye:dp (ye,z¢)=1
Returning to Eqn. (59), we conclude that

N1 ety
KumMﬂseﬁm%ww%EJ‘ LT — t 31— 57-1,) + (9(T = £) = (T — 1)) dt
k=0 vt

k

lk+1

N-1
< Excore + € L dlog(S) + f (p(T — 1) — o(T — ty)) dt. (67)
k=0 “tk

To establish Theorem 1, it is only left for us to control the last term in Eqn. (67). First, by
Jensen’s inequality, (¢) is lower bounded by

1
o(t) = —3 Z Z 10g (Ex,~q, [st(z: @i ¢, 24)] ) = 0. (68)

i€[d] ce[S]

For the upper bound, it satisfies that

1
p(t) < Gle~a {ye : dulye,ze) =1} sup  |log(se(y,2)) ||, (69)
z,y:du (z,y)=1
where |[{y; : du(ys, x¢) = 1}| denotes the cardinality of the set {y; : dig(ys, ;) = 1}, which equals
d(S — 1) for any z; € X. It therefore suffices to control the quantity |log (s¢(y¢, x¢)) |, which is
achieved through the following lemma.

Lemma 10 For any distribution qg on X, let q; be the marginal distribution of the uniform noising
process at time t. Then, for any x,y € X such that d(x,y) = 1, it holds that

[log s1(y, )| < log(S) + max{log(t™"),0}.

As a consequence of Lemma 10, we arrive at

o(t) < d(Ssl) : sup  |log (s¢(y, 7)) | < d(log(S) + max{log(t~'),0}). (70)
z,y:du (z,y)=1
In addition, we make the observation in Lemma 12 that o(t) is a non-increasing function in ¢.
Now we are ready to combine everything and bound the last term of Eqn. (67). Define A =
maxy{tg+1—tx}, and choose 1 < M < N —1suchthat T—t,s € [A, 2A]. Armed with Eqns. (68),
(70) and the monotonicity of ¢(t), we obtain

N-1

> e -t e )
k=0 Ytk
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T—tnr M1 rgyiq
<[ Tewars [T (T - ) - o7 - 1) at

0 k=0 Ytk
N—2
< 2Ad(log(S) + log(2/A) + 1) + A Z (o(T = ths1) — (T — ty))
k=0

< 2Ad(log(9) + log(2/A) + 1) + Ap(A) < Adlog(S/A).
Combining the inequality above with Eqn. (67) achieves
KL(pollgr) < escore + €~ " dlog(S) + Adlog(S/A),

which completes the proof of Theorem 1.

D.2. Proof of Corollary 1

Choose time horizon T' = log(d log(S)/e) and number of discretization steps

N6 (dlog(S) log3(dlog(S)/€)> 5 (d) .

g S

Adopting the upper bound in Theorem 1 leads to

Td SN
KL(QdataHpoutput) = KL(QOHPT) < Escore T 6Td log(S) + W log <T>

9
< -
< Escore T €+ Tog(S)12 <log(S) + BT)

S ESCOI‘G + E.

Remark 2 (Step size schedule) In Corollary 1, we adopt a uniform step size schedule for simplic-
ity. This choice is optimal in the sense that it minimizes the worst-case upper bound for a fixed
number of steps N, and it is also empirically effective (Campbell et al., 2022). That said, other
step size schedules commonly used in practice and theory achieve the same iteration complexity, in-
cluding the exponential-then-constant schedule (defined as in Corollary 2, and used in Liang et al.
(2025b)) and the log-linear schedule (Lou et al., 2024). In these works, early stopping is introduced
to maintain numerical stability in score estimation during training, and also to ensure a small dis-
cretization error. Our result shows that, under Assumption I, early stopping is not necessary for
small discretization error.

D.3. Proof of Theorem 2

Recall that the path measures of the backward process and the sampling process are denoted by

Q 4 {‘q_t}te[oj_(;] and P & {Pt}e[0,7—5)> respectively. It can be checked that the path measure
Q is absolutely continuous with respect to P. By Girsanov’s theorem for the backward process
(e.g. Ren et al. (2025, Corollary 3.4)), it satisfies

KL(Q | P)
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N l41
= KL(q|lpo) + 2 J mtk,:vw?tk,t[zz Z (s @i ¢, x¢)

i€[d] ce[S]
D (57—, (xt, @i c,xt,,), STt (2t ®j ¢, z¢)) dt |.

Following the same analysis as in Eqns. (60) to (67) in Appendix D.1, we arrive at

tk+1
KL(Q | P) = acore + KL(7olp0) + f (T — ty)) dt
k=0

N- tk+1
= Escore T KL QTHPO Z J t) - (p(T - tk)) dt,

where the function ¢(-) is defined as in Eqn. (66)

1
o(t) = =Epyng, > —log (si(ys,wr))
ye:du (ye,2e)=1

Thus, to achieve KL(Q | P) < €score + O(1), we need to select N, T and step size schedule
such that

L(grlpo) + 2 f ) — (T — ty)) dt = O(1). an

In order to understand the first term in Eqn. (71), let us first consider the case when T' = 1. By the
assumption g € P7(X), therefore, we are ensured that

KL(q1po) = D a1(x)log (q1(2)) = D a1(z)log (po(w)) = ydlog(S) » 1.
reX rzeX

Hence, it implies that 7" must satisfy 7" > 1.

We then focus on the analysis of the second term in Eqn. (71). We aim to show that the changing
rate, i.e., —¢/(t), is lower bounded as we come close to the target data distribution (i.e., ¢t € [0,1]),
which in turn leads to a lower bound on the difference (T — t) — ¢(T" — t.). We proceed with our
analysis under the information-theoretic framework.

For notational convenience, given every i € [d] and ¢ € [S], let us define

(Pi,c(t) = EZtNlIt [_ log (St(xt @i ¢, xt)] = Efﬂt”‘]t [_ log (St(Ni,C(:Ut)v xt)] (72)
where the operator NV; . : X — X is defined as N; .(x) = = @; c. It is easy to check that
) =1/S > > @ielt)
1€[d] ce[S]

Notice that N; . is a bijection in X. We define N; _. = (Ni,_c)_1 = Nj s—¢, where (NZ-7_C)_1 is
denoted as the inverse function.

Since ¢(t) can be written as a linear combination of ; .(t), it suffices to study the proper-
ties of the individual ¢; .(t) to characterize ¢(t). To begin with, the following lemma provides a
characterization of ¢ () and ¢; .(t) as information-theoretic quantities.
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Lemma 11 For ¢(t) and p; .(t) defined in Eqns. (66) and (72), we have

©ie(t) = KL(gs | (NVi,—c)#a:);

0
o(t) = T —KL(gt|po) = Z Z KL(q¢ || (Nise) ),

where (Nj )y is denoted as the pushforward measure of q; under operator N; ..

Lemma 11 allows us to write ¢; .(¢) as the KL divergence between the marginal forward process
and its pushforward under N; .. By viewing N, . as an information channel, we can show it is in a
special family of channels, named S-ary symmetric channel (Makur and Polyanskiy, 2018), which
satisfies strong data processing inequality. Through this idea, we can prove the following lemma.

Lemma 12 Fort e (0,T], @, (t) is differentiable in t and it holds that

—@ic(t) = Pic(t).
Consequently, Lemma 12 leads to
1
- =3 Z Z Sozc § Z Z SOiC(t) = Qp(t)
z [d] e[ S] i€[d] ce[S]

Recall the log-Sobolev inequality in Lemma 7. We have, for any target distribution ¢o € P7(X’) and
€ (0,1),

—¢'(t) = o(t) = KL(gllpo) = KL(q1]lpo) = ~dlog(S).

Let us go back to the second term in Eqn. (71). By the fundamental theorem of calculus, we
obtain

th+1 T—ty, T—tg
f (T — 1) — (T — 1)) dt J )drdt
t

k T—tg41

T—tp 1
27 (- tndlog(S)dt = (b — t)rdlog(S).

T—tk41

Choose M such that T — ¢t/ € [ 1]. Such M exists due to the fact that 7" > 1 and maxy{tx+1 —
tx} < 4. Itholds in this case that

N-—1 tht1
o(1) = f (DT — 1) — (T — 1)) dt

k=0 Ytk
N=1 otgq

> j (P(T — 1) — (T — 1)) dt
k=M Ytk
N—-1

2 Y (ter1 — t)*ydlog(S). (73)
k=M
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By Cauchy-Schwarz inequality, it is direct to show that

N—-1 N—1 2
1 (T —tar — 6)? 1

thr1 — th)? = thor —tr) | = > : 74

kZM( R )T > (k%( k1 k)) N M N M (74)

where in the last inequality, we use the fact that T' — £y > % and 0 « 1. Plugging Eqn, (74) into
Eqn. (73) leads to

N > N — M = Q(ydlog(8)) = Q(d).

D.4. Efficient sampling for high-entropy distributions

After Theorem 2, we mentioned that it is possible to get sublinear d iteration complexity with 7-
leaping algorithm and uniform noising process when the target distribution is close to the uniform
distribution on X'. Formally, we have the following result.

Theorem 4 Let gy € P(X) be the data distribution . Choose 0 =ty <t1 < ... <ty =T -0
with exponential-then-constant step size schedule, i.e., tp1 1 — ty, < kmin(1,T — tg4q) for k =
0,...,N —2. Suppose 0 < k < 0.9, we have

KL(QT—(S H poutput) < Escore T (e_T + H1()g(6_1)) : KL(QO H Unlf(X))

Theorem 4 reveals that, with an exponential-then-constant schedule and early stopping time 9, the
error upper bound only depends on the initial KL divergence KL(qo || Unif(X’)), which could be
small if gq is close to the forward limit distribution Unif (X).
To be more concrete, we can choose T' = log(KL(qo || Unif(X))/e), 6! = poly(d) and k =
e~ /log(d) to achieve
KL(QTfé Hpoutput) < Escore T €,

with iteration complexity

v - & (KLl Ut ),

which could be sublinear in d when KL (g | Unif (X)) = o(d).

Proof of Theorem 4. The proof follows similar arguments as in the proof of Theorem 1.
Write pg = Unif(X) to be initial distribution of the sampling process. Following the proof of
Eqn. (67), we get

th+1

N-1
KL(QT—5 HpT—é) < Escore T e_TKL(qo H pO) + Z j ((P(T - t) - SO(T - tk)) dt, (75)
k=0 “tk

where as shown in Lemma 11, ¢(t) = —0:KL(g; | po) = 0. By Lemma 12, () is a non-increasing
function of ¢ € (0,7"]. Thus, we have

t KL
fo 0,KL(gs | po)ds = REL@[P0) 76)

p(t) < ,

~ | =
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Without loss of generality, Choose M’ such that 1 < M < N — 1 such that T — t;; = 1. For
1<k<M,ty 1 —ty =t —ty—1 = k. With Eqn. (76), we can show that

N— tk+1
3 f ) — (T — 1) dt
0
N-
Z trer — ) ((T — tisr) — o(T — ) dt

N-1
= (tv —tv-1)e(T —tn) + O (b — tho1) + (tr — tres1)) (T — t) — (t1 — to)o(T)

N— 2
KL
K (T tk) . (CIO H pO)

* 11—k T — 1t

(i) k0 KL(qo [ po)
T 1-k 4]

k

1

k=M
2 2 (b) —1

S (N = M)r"KL(qo [ po) = log(1_x)(6)"KL(qo [| po) < rlog(6™")KL(qo || po),

where we apply Eqn. (76) in (a) and log(1 — k) < —& in (b). Collecting the above bound and
Eqn. (75) proves the result.

Appendix E. Proofs of results in Section 3.2

E.1. Proof of Theorem 3

We present the details of Algorithm 1 here.

For t € {to,...,tn}, let p; denote the marginal distribution of z;, in Algorithm 1. Using the data-
processing inequality KL('q|pr) < KL((q_tO’m,tN |pto,...tn ) and Lemma 4, we decompose the KL

divergence between the target distribution ¢y = (q_T and the output distribution pr as follows:

N—

KL(q7lpr) < KL(qolpo) + 2 o KU (@i Gzl o Clae) ) | )

The first term, initialization error, was bounded in Conforti et al. (2025); Liang et al. (2025a) as
follows:
KL(EOHPO) <e Td(1+1logS+1T) < e Tdlogs. (78)

The following lemma states that for each k, conditioned on x;,, we can consider a CTMC on the
interval [tg, t41], with marginals p;, 1, (- | @4,) at time ¢4 1. The proof is given in Section G.3.

Lemma 13 Fixk =0,...,N — 1. Let x1, and wy,, be as in Algorithm 1. Let (y1)e|
CTMC with y;, = w4, and the following rate matrix:

]bea

Ukstk+1

STt (Y1, Oi b ) Sra i l{a' = MASK},  if dpg(a,b) = 1,a’ # b, and yi, = MASK,

Qi(a,b) = { = %,., Qula,0), ifa=",
0, otherwise.
(79)

Then, xy, , has the same distribution as yz, ..
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We continue Eqn. (77) with marginals py;, (- | 24, ) of this CTMC:

N-1
KL(grlpr) < e_leogS + Z Extk ~Etk [KL (thﬂ\tk('|xtk)”ptk+1\tkthk))]
k=0
N-1 tk+1 -
—Tatogs+ 28, | [T SR (T Tl L) ]
k=0 k
(80)
Using rate matrices as in Lemma 13, we apply Lemma 5 to upper bound the second term:
KL(q7lpr)
N-1 tk+1 «— — (é (SU
3 ' Y)
<e leOg S+ f E T Qt(xta y) - Qt(xh y) + Qt(xt7 y) log /\t : dt.
;;] e T y;;t Qulz1,y)
(81
Fix k€ {0,...,N — 1} and t € [t,tg4+1). Let £ := tj. Invoking Eqn. (79) leads to
5 5 > Q1
3 | Gulany) - Qulany) + Qular, ) log | 270
YFTt Qt(xb y)
A = < Ty, T O; C
= Qt(m, 2 @i ) — Qywe, 1 O €) + Qy(wy, m¢ O ¢) log Qe 71 Oi )
iem () ce[S] Qt(xt, 71 O ¢)

[ Tt
et =1
= Py 18T712(90e ©i ¢, w¢) — sT—(21 Oi ¢, 1)
tem(xt) ce[S] L

sr—t(xe ©; ¢, Xy
+ sr—i(z1 ©i ¢, z¢) log esz_lA( : )
ﬁSTfé(xf ©i ¢, xf)

T—¢ 1
Y sri @)D (‘;T_t_lgmm O cre), 57o( O xt>) @

iem(zt) ce[S]

Next, observe that the Bregman divergence satisfies the following law of cosines:

B—~
D(aﬁ) = D(Oé,ﬁ) +D(ﬁa7) + (a_ 6)7’7
We apply this decomposition to each term of Eqn. (82) with
eT—K o 1/\ eT—Z -1
o= ﬁsiﬁz(we@ic’ y), B = ﬁSTfé(le)ica zg), and 7y = sp_¢(z1Oic, 7t).
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In the following, we slightly abuse the notation and write z; = (x; ®; ¢, z;) and z := (z; ©;
¢, xg) whenever i € m(x;) and ¢ € [S] are fixed. We proceed for fixed i, c:

eT—Z —1.
s7—t(wt ©; ¢, ¢) D (eT_t_lst(sz% ST—t(fCt)>

= s7—(x) D(Sp—e(x0), sT—0(20))
T _

+ sr—t(2e) D (eTtlsT—f(fEe% STt(fEt)>

Sr—i(xe) — sr—e(we) <€T_K —1

1
s7—¢(xp) -1

sT—e(e) — 5Tt(33t)> :

Note that we simplified the first term as D(ax, ay) = D(x,y). Observing that %ST_K = S7_4
by Eqn. (52), this can be rearranged as follows:

et 1

~ eT*@ -1
T_t_lsT—é(ﬁve%ST—t(zt)) =

ﬁST—E(W)D@T—e(W), sT—e(w¢))

e €

——l

v

=T
+ fot(xt)D (s7—t(z0), STft(gct)J)

v~

=:Th

Sr—i(zy)

+ (s7—t(z¢) — s7—t(x1)) log sra(ze)

=:T3

First term, 77, after summation equals to the score entropy loss:

LA > Z STff(mf ©i ¢, z0) D(S7—e(20 ©; ¢, x0), sST—0(0 O €, T0))

iem(xt) ce

=E,, 5, Z 26 s7—0(e ©; ¢, xe) D(S7—0(T0 O €, T0), ST—0(T0 O €, T0))

iem(xy) ce[S]

= " Lep(T — 0,374, 57-4),

1—e—(T—1)

where we used in the second line that Pr(z; = MASK | zj, = MASK) = {=*~7—. Therefore,
recalling that ¢ := t,

Th+1
Z J titkﬁSE( _th/S\T tkasT tk)dt

,_.

0
N—

t
= Y (€ — 1) Lop(T — try 814, 571,) S Escore; (83)
k=

[e=]

where we used A = O(1) and Assumption 1 in the last inequality. Next lemma describes a martin-
gale property of the score function. The proof is given in Section F.7.
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Lemma 14 Consider the masking noising process and let 0 < £ < t < T. Then, for any c€ V and
i€ m(xy),

[(s7—t(z0 @i ¢, 20) — s7—t (T4 O; €, 71)) I{i € m(wy)}] = 0.

2o~ y10(|ae)
Using Lemma 14, we get that the last term, 73, contributes zero after conditioning on xy, :
Z Z re~ T, \xtk)ﬂ{l e m(xe) }(sr—t(zr, @i ¢, xy,) — s7—t(xt Oj ¢, 2¢)) = 0. (84)
i€[d] ce[S]
To control terms 75, we use the following lemma, which is proven in Section G.4.

Lemma 15 Let ¢ < t. Then, for Z(t) defined in Egn. (10),

:w,wwq“ Z Z sT—t(vt ©; ¢, 24) D (sT—t(20 O ¢, x0), 87—(4 O €, 1))

iem(xzt) ce[S]

¢
= f e UI(T — v)dw.

L

After summation of over ¢ € m(z;) and ¢ € [S], we express the contributions of terms 75
using Lemma 15 as follows:

tk+1
Z f a:t 2T Z Z str—t(xt ©; ¢, ) D (s7—i(ze, Oi ¢, 2, ), ST—t(Tt O5 €, x4)) dt
k=0 k thot

iem(xt) ce

N-1 tht1 N-— T—1p
Y f f e VT(T — p)dvdt < Z » f T(t)dt, (85)
k=0 Yk 22 k=0

T—tg41

where we used A = O(1) and non-negativity of conditional mutual information in the last inequal-
ity.
Collecting Eqns. (78), (83), and (85) proves

N-1 T—ty,
(qO H pT) Escore T € Td log S + Z hkj I(t)dt
k=0 T—tgy1

E.2. Proof of Corollary 2

We upper bound the last term of Eqn. (11) under uniform and exponential-then-constant step size
schedules. First, under the constant step size schedule, we have

N-1 T—1p T T T [® T
3 hkj Tyt — = f T(6)dt < f T(8)dt — - B(go),
= It N Jo N Jo N

where we used Lemma 16 in the last equality. Therefore, as long as

N> IBlw) _ 45 (BWO))

9 9
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we have that Eqn. (11) implies KL(go|pr) < €score + €-
Next, under exponential-then-constant step size schedule, we bound the last term of Eqn. (11)
as follows:

N-1 T—ty, c ¢/(dlog S) N-=2 7y,
i J T(H)dt = —° J T(H)dt + f (tee1 — tx)T(H)dt
kz_lo Tty 41 dlog(S) Jo kz_lo T—tp41 i
2 N-=2 T, T
< + K Z J min(1,7 —tx11)Z(t)dt < e+ | min(1,¢)Z(¢)dt < e+ £D(qo).
log(S) = Jr—tis 0

For N > 0, such step size schedule is possible with kK = O (Tﬂog(‘g;\l,dlog(s)) ) Thus, choosing

N >

(T + log (e~ 'd1log($5)))D(q0) _ & <D(QO))

gives KL(qo | p7) < €score + €.

E.3. 7-leaping for masking discrete diffusion

In this section, we prove the analogue of Theorem 3 for the truncated 7-leaping algorithm. Note
that since applying multiple jumps on a single coordinate is ill-defined in masking noising process
(where should we transition if the 7-leaping algorithm requires two transitions MASK — 1 at some
coordinate?), we analyse the truncated version instead of the classical 7-leaping algorithm.

Theorem 5 Let qqata = qo be a distribution on [S]9. Let0 < § < Tand0 =ty <t; < ... <
ty =T — 0. Let hy, := ty1 — ti be the step size and assume that A := maxy hy, = O(1). Let

- S ®d
po = <(1 — eiT)(SMASK + % Z 6k> .

k=1

Consider the masking noising process given by Eqn. (3) for the initial distribution qo. Under As-
sumption 1, truncated T-leaping Eqn. (8) initialized at py produces a sample from poutput = PT»
such that

KL (qdata H poutput)

Z(t)dt +

T—tg —1\\3 —1
J’ d(T + 10g2(<5 ) N T + log(d )C, (86)
T—lg41 N N

N-1
< Escore + e_leog(S) + Z hi
k=0

where

N-1 .
1 Sr—e(xe ®i ¢, zp)

C:=— E < _ ; 1 .

N kz—;) Toe~qy Z Z ST g(l‘g ©; ¢, $€) og ST (1‘5 O ¢, 1'2)

iem(zy) ce[S]

Note that the bound in Eqn. (86) is similar to Eqn. (11) in the main text. We comment on these
differences before proving the proof of the theorem.
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Remark 3 In order to obtain a sharp bound, we would like @t ~ Q forallt € [0,T]. In the
truncated T-leaping algorithm analysed in this section, this results in

ST—t = ST—t), = ST—t-
Informally, we establish this by showing
ST—ty = ST—t, = ST—t,

where the first approximation comes from Assumption I and the second from the properties of the
score function for the masking noising process. However, in the proof of Theorem 3, the requirement
Q: ~ Q, is that

N eTftk -1 N

STt ‘= —/—F———S8T—¢t, =~ S7—¢.
el—t -1 k

Again, informally, invoking Assumption 1, we get

. eT—tk _ 1/\ eT—tk _ 1
ST—t = 77 = ST—t;, ® 757 3 ST—t;, = ST—t-
eIt —1 BooeT—t -1 k

Observe how with a small modification we got rid of the second approximation. This explains
why, compared to the theorem in the main text, Theorem 5 has two extra terms and requires early

stopping.

We can expect the constant C' to be small. Observe that it also appears in the analysis of Conforti
et al. (2025), as C’é‘/[ in Theorem 3.2.1, in the form of the maximum rather then the average. Under
the (one-sided) boundedness assumption 57—, > M ~1, the constant C' can be upper bounded via
the Cauchy-Schwarz inequality.

Proof of Theorem 5. The proof follows closely the proof of Theorem 3 with several extra steps.
We begin with Eqn. (81), which we provide below.

KL(qrlpr)
N—-1 rtgyq N - - 6 T

s e_leogS + Z J Ext T~y 2 Qt(71,y) — Qi(x1,y) + Qu(w1, y) log M dt.
k=0 Jtk g Byt Qt(xt,y)

(87)
Next, since for this sampler, the rate matrices @t are the following:

S7—t),(ve, @iy g ){a" = MASK},  if du(z,y) = 1,2" # ¢, and 2}, = MASK,
Qt(x7y) = _Zz;ﬁth(x?z)? lfy:mv

0, otherwise,
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we continue with

Z @t(xt’y) - Qt(xtvy) + Qt(xt,y) log M

y#ﬂft Qt(.’Et’ y)
= Z Z @t(xt,l’t ©i c)—at(m,xt ®; C)—i—at(xt’xt O C) log M
iem(z¢) ce[S] Qt(%&, 1 O c)

D [gmm O € 24) — s7—1( O €,2) + 5740 O €, 24)log (

iem(xz¢) ce[S]

Z Z sr—t(xt O; ¢, ) D (Sp—p(xe O ¢, ), sT—t (X4 O5 €, 1)) -

iem(x¢) ce[S]

sr—¢(z O; ¢, ) > }

Sr—o(z0 i ¢, xp)

We apply the law of cosines D(«,y) = D(«, 8) + D(5,7) + (o — 6)%—7 with
a=5r—(reOic,xp),  B=sr_e(xeOic,xe), and v =spr_t(x:O;c,x1).

In the following, we slightly abuse the notation and write x; := (2; ®; ¢, x¢) and xy = (x,O; ¢, xy)
whenever i € m(z;) and ¢ € [S] are fixed. We proceed for fixed i, c:

VD (Sr—e(20), sT—0(20)) + 871 (7) D (57—0(20), ST—1 (1))
+ ST—((J"Z) - ST—(('TZ) (ST—Z(:EE) o STft(ZUt)) )
sr—i(xr)

This can be rearranged as follows:

sT—t(wt) D (87—e(we), sT—1(21))
= ST—t\Tt

sT—i(xt) D (57—¢(2¢), sT—1(21)) = ST—0(20) D(ST7—0(20), ST—0 (1))

=T
+ s7—1(w) D (s7—e(xe), s7—t(21))

"

=Ty

s7—e(x0)

+ (sr—e(we) — s7—t(a1)) log o)

.

Ty
First term, 77, after summation is upper bounded by the score entropy loss:
Do D) sre(we O e, w) D(Br—o(we O; ¢, w0), s7—o(w0 O; €, 1))
iem(xt) ce[S]

D0 sroe(we @ ¢ we) D(Sr—e(ae O ¢, ), s—e(ae O ¢, 1))

iem(zy) ce[S]

-
Tty Xe~qg e

Te~qy

= LSE(T - £7 ,S\T—Za ST—E)v

and, by Assumption 1,

N=1 rctgy
> J Lsp(T — €, 57—¢, s7—0)dt < Escore- (88)
k=0 'tk
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Now, we proceed with terms 75 and T3 differently compared to the proof of Theorem 3.
For the term 75 we again apply the law of cosines for

a = sp_g(xe), B =sr_¢(xe), and v =s7_¢(21).
This gives

sT—t(x)D(sT—e(x0), sT—1(21)) = fot(l'Et)D(ST—j(xZ)a sT—1(2¢))

=Ty
+ s7—(2) D(sT—4(x0), s7—4(21))

"

=:Thoo

sr—g(xg) — sp—i(xy)

+ (sr—t(ze) — s7—t(21))

N 5Tft(x€)
—Tas
For T5;, using Eqn. (52), observe that
oT—t T—t T—¢ _ T—t\2
-1 et t—1 (el =t —et ) 9
D(sr—o(we), sT—t(20)) = ﬁ 1—log 70— < e < K5

where k is a parameter of the step size schedule: t1 — t < kmin(1,T — tx41). It is possible to
-1

take k = O (%) , where 0 is the early stopping parameter. Therefore, the total contribution

of terms T is:

tk+1
Z J - Z Z sT—1(z1 ©; ¢, x) D(s7—1, (1), ©i €, 2,.), STt (T8}, Oi €, 20,) )t
par Pl tt

iem(xt) ce

=

-1

K> E - Z sT—i(xp ©j ¢, xt)

Tt~ (q ¢

ce[S]

N
el
Il
o

Deels) 11t Oi ) _
Ctt NEt Z =

(@) /1( + log(o ))d, (89)

||
I MH

tem(xy)

as X ers1 @t (@t Oi ¢) = qi(@y).
The term Tho is identical to the term 75 from the proof of Theorem 3, thus we use Lemma 15

and obtain after summation of over i € m(z;) and ¢ € [S]:

tk+1
Z J B, sy 2 Z sT—t(t O; ¢, x4) D (sT—t(Tt), Oi € 1y.), STt (20 O €, ) L.
k=0 R

iem(xt) ce

thot1 N— T—tg
f f V(T — v)dudt < Z f Z(t)dt, (90)
k=0 Ytk k=0

T—tk41

where we used A = O(1) and non-negativity of conditional mutual information in the last inequal-
ity.
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To control 753, observe that by Eqn. (52),

o=t _ Tt

el—t_1 "

sT—o(ze) — s7—¢(w0)
STft(KTZ)

and importantly does not depend on x,. This implies that upon summation over i € m(x;) and
c € [S] terms T53 contribute zero:

T—t _ Tt

> 2 (il @i o) = sro(w O 1)) g

iem(xz¢) ce[S]

I 3 (ZCE[S] @(20Oic)  Yeers) (@t O C))

el—t -1 iem(es) qi(xe) - qi(ze)

GT_t T—¢

~Saeor X -

iem(xt)

= 0.
Thus, we remain with term 75:

Sr—o(z¢)

T = (s7—e(ze) — sT—t(21)) lOg srol@e)”

Crucially, unlike in the proof of Theorem 3, we no longer have a martingale property for this term.
However, we can decompose

s7_o(w0) sT—o(we)
T3 = (sp_¢(xp) — s7—¢(xp)) log —————= + (sp—¢(xp) — s7—¢(21)) log ———— .
(s7-el) = s7e(w))log T+ (srale) = sru()) log T4 0
contributes ze;(; by Lemma 14
Thus, it remains to control

STy (:Eg) el—t Tt §T_g(£t?g)

sT_¢(xy) — s7—¢(x¢)) log = — sr_¢(xp) log ———=.

(sr—elee) = srleelllog ~ Gy = a1 T8 )

With exponential-then-constant step size schedule tx1 — tx < kmin(1,7 — t41), we have

T +log(671)
=)

(Tt _ Tt

eT—t —1

<k, for /sz(

The total contribution of terms 75 can be upper bounded by the following:

N-—1 tk+1 :9\ (
7—e(2g)
K E < sp_p(xp)|log———=|dt
1;0 Lk e 7o) sT—¢(7¢)
< H(T + log(é_l))lj\TZ:lE < sp_g(xy)|log Sr—e(@e) . 91)
- N = v sT—o(we)

Collecting Eqns. (87), (88), (89), (90), and (91) proves
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KL (Qdata ” Poutput )

Z(t)dt + +
T—tg41 N? N

JT—tk d(T +1log(6~1))? T +log(s™ 1) o

N-1
< Escore + € Tdlog(S)+ Y hy,
k=0

where
Sr—o(z0 ©; ¢, p)
sT—o(z @i c,xp) |

N-1

1

= N Z B Z Z sT—1(x¢ Oi ¢, 2¢) log
k=0 iem(zy) ce[S]

Appendix F. Proofs of the main lemmas
F.1. Characterization of 53(gqat.) and C(qqata)
The characterization of B(qgata) and C(¢qata) is summarized in the following lemma.

Lemma 16 Consider a masking noising process with initial distribution gy = qqata- Let C(qdata)
and B(qqgata) be the total correlation and dual total correlation. Then,

Blaa) = |

0

Q0 0

I(H)dt and Clquas) — fo (¢" — 1)Z(1)dt.

CO”SEQWWZ)’, D(Qdata) < min(B(Qdata)u C(Qdata))-

Proof of Lemma 1. Let p = p(t) = e~ be the probability that at time ¢ a coordinate is unmasked
and X (p) = (X1,...,Xy) = (x},...,2}). We also denote X := xt_(m) and Xp := (X;)ep for
R < [d]. With a slight abuse of notation we write Z(p) := Z(¢(p)). We have

I(p) = > Xy X, | Xg) = Y1p* >, pfl(1—p) 2 HI(X;: X; | Xp),
i#£j 1#] Re[d]\{i,j}

where p? appears since for the term I1(X;; X; | Xg) to be non-zero, both X; and X; must be
unmasked. For i € [d], define

hip) == >, PP —p) (X | Xp),

Rc[d]\{d}
with
PAD) 3 (IR @y a1 R - T M | X
Rc[d]\{s}
= 2 Z PR = p) 2B (X | Xpogyy) — H(XG | XR))
J#i RS[d]\{7,5}
==> > PR -p) T (XG X | XR).
J#i RE[d]\{i,5}
Therefore,

Z(p) = Zd:ﬁ <—df3£p)> :

i=1

55



DMITRIEV HUANG WEI

Since p = e~! we have that dt = —% and we can write

‘ 1

0 1 d dh; d 1 d
J, S, prmar= [ 50 (< ) o= 3 (o) [ S niap

oy i=1 0 =1
Observe that
dH(X(p) _ ¥
= 2 hi(p),
g ; i(p)
therefore,

1 d
fo D hi(p)dp = H(X (1)) — H(X(0)) = H(xo).
=1

Since Y4 | hi(1) = 34 H(xh | x57), we proved the first part:

0 d
f T(t)dt = H(zo) — 3 H(h | 757) = Blgo)-

0 i=1

We proceed similarly for the total correlation:

Jw(ef — 1) Y Z(e)dt = f(1 —p)zd: (-dhgfop)> dp

0 i#j 0 i=1
d 1 1 d d ‘
= - (2(1 _p)hi(p)‘0+J;) > hi(p)dp> = > H(xh) — H(wo) = Clgo)-
i=1 i=1 i=1

This concludes the proof.

F.2. Proof of Lemma 8

For any i € [d] and c € [S], let us define

fie(t, @) == sr_i(xe @i ¢, x¢). (92)

The following analysis holds for all i € [d] and ¢ € [S], so we may omit the index i, c in the
following analysis, and write it as f(t, z).
Consider the case that the process backward {z+}e(0,7 ~ {Et}te[gﬂ, which is a Poisson jump

process with generator L; such that

(Lef) )= 3 Qraalya)sr-ily. o) (F(ty) - £(t,2))

y:du (y,2)<1

= % Z ST_t(y,fL') (f(t7y) - f(tvx))

y:du(y,z)=1
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By It6’s formula for Poisson point process in Lemma 6, f(t,z;) satisfies the following stochastic
differential equation: for0 < ¢ <t < T,

o) = 50w + [ [uf a0 + (Laf) (o010 @)

where z,_ = lim,_,,— x5, which exists for almost everywhere s € [0, T") under the Lebesgue mea-
sure, since we have finite number of jumps almost surely. The compensation process { My, },e[¢4] in
Eqn. (93) is defined as

M, = > f (5,ys) — f(s,25)) (ANT=¥ — \Z=Vsds), (94)
Ys: dH(?JS:xs

where N3 is the counting process of jumps from z to i and we write the random counting measure
as ANg"Y. We define A5 = S~lsp_4(y,x)[{z,— = x} to be intensity of the process N3*. Since
T4~ = xg almost everywhere s € (0,7) due to the finite number of jumps for each path almost
surely, we can rewrite Eqn. (93) as

t

f@wﬂff%ww=f

l

[6’tf(s, ) + <L3f> (s, xs)] ds + M,. (95)
To further simplify the right hand side, we assert that

0uf (5, 25) + (Esf) (s,25) = 0. (96)

In order to see this, first, recall the definition Eqn. (92) and direct calculations give,

Orf(s,xs) + (zsf> (s,5)
J (CIT s(Ts @i c ))

58 QT—s(xs)

1
2 D0 D sros(ws @y ) (ST_S(:ES @i ¢ @i ¢, x5 @y ') — s7—s(25 D c, :vs)>
§ 'e[d] d€[S]

Z STfs(xs @®; ¢, fEs) (STfs (333 D Clv 1‘5) — ST—s (333 @i c Dy Cla Ts D C))
i'e[d] c’e[S]

—1—— Z Z sT—s(ws @y J:S)<3T s(2s @i @i e, x5 Dy ) — s7_s(w5 i ¢, xs))
ze[d]ce[S]

2 Z <3T s 3?5 @ c, J;s)ST s(ms @y d xs) ST—s(xs Dy C,vxs)ST—s(xs @i c, xs))
[ ce[S]

- § Z > (ST_S(ws @i ¢, 25)sT—5(15 Bir ¢ B ¢, 25 Dir )
i'e[d] e[ S]

S

&

— s7—5(Ts ®; ¢, 15) 87— 5(Ts Bi c By ¢, x5 B C)>
() 1

(ST s xs @Dy C @i ¢, 1'5) ST— s(xs @i cDy C .’ES)>
i'e[d] €[ S]

CQ \
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where in equality (a), we apply the Kolmogorov forward equation on gr_¢; in equality (b), we use
the fact that sy (z,y)sr—¢(y, 2) = sp—¢(x, z) for any x,y, z € X. Itis direct to check that the ®
operators commute, i.e., for any x5 € &,

/ /
L@y Pic=xsP;cPyr C.

This directly reveals that

9+ (Lof) (s.2)

of (s, @
% Z 2 <3T s xs Dy d @®; ¢, 335) STfs(-Ts @i cDy C/,CL‘S,.’ES)) = 0;
i'e[d] €[ S]

which proves Eqn. (96).
Taking v = ¢ in Eqn. (94), we have M, = 0 almost surely, and M, is a local martingale for
u € [¢, t] by definition. Recalling Lemma 10, we have

sup sup f(s,x) < log(S) + max{log (T - t)_l),O} < 0.
se[l,t] zeX

Similarly, for the intensity of the counting process, we have

1 1
z,y -1
s?[lﬁ] S;le%/\ < 55T~ (y,x) < g (log(S) + max { log (T —t) ),0}) < 0.

Now it is direct to check that

sup E[[M;[] < (t = £)d(S —1) - sup sup [f(s,z) - AJ¥] < o0,
se(4,t] se[l,t] z,yeX

which ensures that {M, },e[,4 is L' and hence a martingale. By the definition of the martingale,
we have

E- [M,] = M, = 0.

q¢je(-|ze)

Go back to Eqn. (95). We obtain

f(ta xt) - f(& ZE()] = ( |W)[Mt] = 0. 7

xt~qt|z(‘\xe)[ e~ q (-

Thus, we conclude that
B T yeClme) [(ST—E(fUE @i ¢, 20) — sT—1(21 i ¢, 7)) log S7—¢(¢ @i ¢, ~Té)]
=E < (.m)[f(ﬁ, xg) — f(t, xt)] log S—_¢(x¢ @ ¢, xg) =0,

Tt~ q e

where we plug in Eqn. (97) in the last line.
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F.3. Proof of Lemma 9

The proof of Lemma 9 follows directly from exchanging the order of summation. Specifically, we
can write

E, q, Y sty m)

ye:du (ye,2e)=1

I
=

D sroi(yn ) log(sr—e(ye, 1)) — sr—e(ye, 1) + 1
| yerdu(ye,2)=1

B N € L)

—t(x
| yeidu(yroe)=1 qr—+(zt

-
Tt~ qy¢

I
&=

_ _ QT—t(yt) _
E, 7 Z) (qT_t(xt)> +d(S—1)

ye:du (ye,x¢)=
> Do ar—e(y)log(sr—i(yr, x0) — ) > ar(y) +d(S—1)
z4€[S]9 ye:du (ye,2¢)=1 zt€[S]4 yerdu (ye,2)=1
Q- > D1 ar(m)log(sr—i(ye, ) — ) 2 ar(y) +d(S-1)
z¢€[S]4 ye:du (ye,me) =1 yt€[S]d zedu (ye,ae)=1
=-E, 4 Z log(sr—t(yt, x1)) | —d(S —1) +d(S—1)

ye:du (ye,ze)=1

—E - > —log(suly ) |

Tt~ qy
ye:du (ye,xe)=1

where in equality (a), we switch the positions of x; and y; in the summations.

F.4. Proof of Lemma 10

Lemma 10 is a direct consequence of Liang et al. (2025b, Lemma 2). Here, we present a simplified
proof based on Proposition 6. It is easy to check that

1—et
= ——- ———¢€(0,1).
a 1+(S—1)e‘te(’)
By Eqn. (51), we have, for dig(x,y) = 1,
o du o)
Epo~
sely, @) = —2o~0t < exp | —log(ay) - sup |du(y,zo) — du(y,zo)|
du (z,20)
xo,\,qoat Y,Z,x0o

< exp (— log(axt) - sup dH(y,a?)> = exp ( —log(ay)).

y7x
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With similar calculation, one can establish the reversed inequality

50y 2) > exp <1og<at> supda( x>) ~ exp (log(on).

As a result, we conclude
| log (st(y,x))\ < —log(ay) < log(S) + max { log(t_l), 0}.

F.5. Proof of Lemma 11
We first prove the first equation, i.e.,
pic(t) = KL(gs | (Ni,—c)#ar)-

Recall the definition of ¢; .(t) that

Gie(t) = Egpng, [log (Ww)} = > a(@)log (M> . (98)

() ¥ qt (Ni (1))
The definition of the pushforward measure gives, for any x € X,

(Ni—e) @ (x) = gt (Nie(w)) - 99)

By Eqn. (99), we can rewrite Eqn. (98) as

uct) = 33 aloion (10 ) = K| (Vo))

fops ¥ i,—c)# ()

which proves the equation.
For the second line, the definition of KL divergence gives

Ikl = 2 S e log(ae) = — Y U (1og(gu(a)) + 1)

ze[S]4 xe[S]4 dt
dgs(z
=- ) qut log(au(2)). (100)
xe[S]4

Using the Kolmogorov forward equation for the forward noising process, we have

W) S Qa5 Y al) - @),

yex y:(y,x)=1

Plugging the equation above into Eqn. (100), we arrive at

—;KL(thpo) -- > > (;qt(y)) —d(SS_l)qt(w) log(qi(x))
ze[S]4

y:(y,m)=1

=g DY (@) ) loglar(x)

ze[S]4 y:(y,x)=1
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__ 2t Z Z ) (log(a:(y)) — log(g:(x))) = (1)
ze[S]? y:(y,z)=

In addition, recall o (t) = 1/S 3 ;c14) 2ocefs] Pirc(t)- We reach

Z Z KL Qt H 7 —c)#Qt Z Z KL Qt H i,c #Qt)
ze[d] 'Le[d]
F.6. Proof of Lemma 12

Let L be the time-homogeneous infinitesimal generator of the forward process. Since each coordi-
nate ¢ € [d] is updated independently in the forward process, we can write L = L; + L_;, where
L; only updates coordinate i, and L_; updates all other coordinates. It is direct to show that L; and
L_; commute, therefore, we have for any v = 0,

Goru = @e" e (Ni—)ptirn = (Ni—c)gar)e e,

where the second equation is due to the operator N; _. commutes with the semigroup {e"IY =0.
With this formulation, we reach

@ie(t +u) = KL(qau | (Ni—c) #rsu) < KL(gee"" | (Ni—c) gar)e™™), (101)

where in the last inequality, we apply the weak data processing inequality for KL divergence. Since
both N; _. and L; only operate on the coordinate ¢, we have the decomposition

KL(gse™™ | ((Ni,—c)4ae)e"™) = Eqin(gry-+ [KL (@ (l™")e™™ | (Ni-e)gae(-la~"))e )]
(102)

where (q;)™" is the marginal distribution of ¢; with coordinate i excluded. Define K, to be the
transition kernel on [S] x [S] induced by e*%. It is shown that

1 1y,— :
g +(1l—-g)e™ if v1 = vy
Ky (v1,v9) = {19( ( 3) 1 2

s(1—e™) if v1 # vo.

It can be directly checked that K, is a S-ary symmetric channel with noise scale o, = (1—S~1)(1—
). By Makur and Polyanskiy (2018, Proposition 12), a strong data processing inequality holds
for the channel K, i.e., for any distribution p, ¢ supported on [S],

KL(pe"" || ge"™) < ni(Ku)KL(p | q),
where ng (K,,) satisfies

S —1 —u\ _ _—u

Oy

S—1

nKL(Ku) < ‘1 — Oy —

Applying this strong data processing inequality on Eqn. (102), we have
KL(gee" ™ | ((Ni,—e) )™ ) = Bpmi (g [KL(qe (-2 e" ™ | (N3 —)gqe(-|z7"))e" )]
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A

Exfzw(qt)_i [e_u KL(qt(":E_i) ” ((Ni,—8>#Qt("$—i))]
Bt KL ) | (Vi)
e "KL(qt || (Ni,—c) )

N

Then, by Eqn. (101), we have
Pic(t +u) < KL(gee"™ | (Ni—c)gar)e™™) < e “KL(gt | (Ni—c)ar) = € “pie(t),
which holds for any v > 0. Therefore, the derivative can be bound as

ict - ict . —u
i Pielt + 1) = @ic(t) C  pielt) = —piclt),

u—0t u u—0+

)
5

)
o

(pfi,c(t) =
which induces the target result
—¢e(t) = pic(t).

F.7. Proof of Lemma 14
The proof follows from Conforti et al. (2025), Lemma 5.2.2. We add the argument below for

completeness. Let us define

f(tyxy) == sp_4(xp O ¢, x)I{i € m(xy)},
where the dependence on ¢ and c is omitted for simplicity. By Lemma 6, we have for0 < ¢ <t < T,

«—

o) = 56w + [ [t 2+ @uf)ss0)| s + a0

where {Mu}ue[&t] is the compensation process defined as

Mu _ J 2 2 (f(s,xs Oy C,) - f(s’xs))(dN;Es,fvs@i/c/ _ A?S’xSQi,CId8)7
14

t'em(zs) €[ S]

With similar argument as in the proof of Lemma 8, we have E? ( [M,] = 0, which leads to

t|e ‘|@e)

t —
B, oLl ) = ] =By | [ @t + @)

L

Taking derivative with respect to ¢ on both side, we arrive

d

&Extw‘gtw(.m)[f(t@t)] = Ewt~5t\e('|w) [@f(t,l‘t) + (atf)(tal“t)] .

1 go(z®ic)

By Proposition 6, sp_¢(xy ®; ¢, x4) = e and we have

qo(wt) °
0 el—t
af(tvxt) = ﬁf(tvxt)’
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Next,

(Qu)(t, z¢)
= 2 Z sr—t(z @ ', xy) <3Tft($t i cOy ¢, Op )I{i € m(xy O )}

t'em(z¢) '€[S]

— sp_(x O ¢, ) [{i € m(xt)}>

S - %%®w@ct_ ol O )
B 1f(t7 ) Z Z o(z: @i c) Z Z (z¢)

em(xe)\{¢} '€[S] i'em(z¢) €[ S] o

eT_ti_lf(tyl"t)-

Thus, we have shown that

d

&EﬁtNZﬂg(-\mg) [f(t’xt)] =E 7 . [f(tht)]v

ze~qyp0(-l2e)
and therefore,
Te~q oo (-|e)

[f(t )] =€ " - f(L ).

Finally, in view of the relation Pr(z} = MASK | z{ = MASK) = 711:;, we conclude the
following

Eww?tu('lwe) [sT—t(z: @i ¢, ) I{i € m(z4)}] = e sr_g(we O ¢, w)I{i € m(xg)}

=E - (~\xe)[5T—t(W Qi ¢, z0) I{i € m(xy)}],

Tt~ q e

which completes the proof of the desired result.

Appendix G. Proofs of the auxiliary lemmas

G.1. Proof of Lemma 2

For a continuous random variable U in R? with density function p;; with respect to Lebesgue mea-
sure, define the differential entropy of U as

W%mhkmmwm, (103)

where we adopt the convention 0log(0) = 0 again. By the definition of mutual information, we
have

I(W; W + 5noise) = Hdiﬂ(W + 5noise) - /HdiH(W + Enoise ’ W)
(i) %diH(W + 5noise) —E, [Hdiﬁ(w + Enoise | W = ’LU)]
HdiH(W + 5noise) — Ky [Hdiﬁ(gnoise ’ W = w)]

HdiH(W + 5noise) - Hdiﬁ (gnoise)a (104)

(b)
©
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where in (a), we use the chain rule of differential entropy; in (b), we apply the translation invariance
property, i.e., H4(U) = HYf(¢y + U) for any constant cg; in (c), we use the condition that
Enoise 1L W.

Denote the Gaussian density function with mean 0 and variance %1, as ®o(+). Since eppige ~
N(0,0%1,), we can compute with Eqn. (103) that

HIE (i) = — f 6 () log (6 (2)) do
Rd

Il

o ¢O’(x) <—dlog(27r02) _ |l‘|%> de
R4 2

202
E[HffnoiseH%]
202

d
=3 log(2mec?), (105)

= glog(Qﬂ'UQ) +

where || - |2 is the Euclidean norm in R?. For HYF (W + e,,4is), notice that
Var[W + enoise| = Var[W] + Var[enoise] + 2 Cov|[W, enoise| = Var[W] + a’l,.

By Cover (1999, Page 255), for distributions with the same finite variance, HYF §s maximized at
the centered Gaussian random variable. Therefore, we have

HI(W + enpise) < H (N(O,Var[W] + U2Id)> = glog(%re) + %log (det (Var[W] + O’QId)) ,

where det(+) is the determinant of matrices, and the calculation is the same as in Eqn. (105). Since
Var[W] is a positive semidefinite matrix, we can apply the matrix inequality that

log (det(Var[W] + 0°1,)) = dlog(c?) + log (det (I, + Var[W/o?]))
< dlog(o?) + Tr (Var[W/o?))

T w
zdlog(02)+ I'(V&;[ ])7
o
which leads to
Tr (Var[W])

5 (106)

i d
Hle(W + €noise) < 5 10g(271'60’2) +

Plugging Eqns. (105) and (106) into Eqn. (104), we conclude that
Tr (Var[W])

Tr (Var[W])
202 '

d 2
~5 log(2meo®) = 552

d

G.2. Proof of Lemma 3
For X ~ Bin(n,1/2), its pmf is given by

- () ()

Notice that the equation to prove is equivalent to the following equation:

%020

z:x mod 2=0 z:x mod 2=1

which follows from the binomial theorem for 0 = (1 — 1)".
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G.3. Proof of Lemma 13

The CTMC (79) in the lemma statement can be decomposed into d independent CTMCs for each
coordinate. For coordinates ¢ such that x%k # MASK clearly neither Eqn. (79) nor Algorithm 1
makes a change. Next, we fix ¢ € m(zy, ). First, we compute the probability that the i-th coordinate
remains masked for yy, . ,:

tk+1 el—t — 1

Pl"(yikﬂ MASK | ?/t;C = €Xp ST—tk (yt;C ©i Caytk)ﬁ dt

= exp( @ MASK)A
= Pka

where @% (MASK), Ak, and Py, are defined in Algorithm 1. Next, for ¢ € [S] we can write
Pr(y;CH =claxy) = Plr(ac;‘;kH =c|x and xikﬂ # MASK)(1 — Py).
Since for any ¢ € [ty, ts41) the rates Qu(z, z ©; c) are proportional to @2(0)’ we get that

Qi(0)

Pr(ygk+1 = c| x¢, and yzkﬂ # MASK) = 5 @i:(b)’

which matches the expression in Algorithm 1. Therefore, the distribution of y;, ., defined by the
CTMC matches the distribution of z;, ,, from the algorithm.
G.4. Proof of Lemma 15
In view of the definition of D(-, ), one can write
sT—t(7t O ¢, x4) D (s7—t(w0 i ¢, 4), STt (Tt Os €, 1))

st—t(xt O ¢, )
sr—t(z¢ ©i ¢, xp)

= s7—t(x0 Oi ¢, 10) — s7-4(21 Oi ¢, 1) + 87_4(21 O) €, 7¢) log
The first two terms cancel out in expectation by Lemma 14; i.e., for any ¢ € [S], one has

B, og| 2 (r-ere®r e m) — spoi(rOrm) | =0,

iem(xy)
Next, using Eqn. (52), we obtain

sT—t(e @i ¢, ) qole O; ¢)qo(wp)

sT—t(ze @i c,xp)  qo(@e)qo(we O )

Using this relation, we continue

qo(zt ©; €)qo(xy)
LA 2 2 57471 Oi ¢, 1) 1o % Go(x0)q0(x0 ©; 0)

iem(zt) ce[S]

65



DMITRIEV HUANG WEI

-F _ Z 1 q0(y¢)q0(ye ©i MASK) |
e igm(y) q0(y: ©i MASK)qo(ye ©: y})

 MASK
“YE . I qo(yt)q0(ye ©i MASK)
Yoyt~ q ot

_ (107)
qo(yi ©i MASK)qo(ye ©i yy)

i€[d]

where in the second line we used the definition of score function along with the natural bijection
between the sets {(x,,c), forz € X, i € m(z), and c € [S]} and {(y, i), fory € X andi ¢ m(y)}
to change the measure under the expectation:

x: — yr ©; MASK
xp — y¢ ©; MASK
O ¢ = Yy
20 Oi ¢ — Yy O; yj.-
Note that since y, appears earlier in the backward process, y}j can be masked or unmasked. Since
the ¢-th element of x; ®; c is unmasked by construction, we explicitly set the ¢-th element of y, to

yi. The third line of Eqn. (107) follows from the fact that, for i € m(y;), the term is equal to zero.
Next, we define, for fixed ¢, y;, and i € [d],

a0(y @i y7)
i =1 )

and rewrite Eqn. (107) as follows:

q0(yt)qo(ye ©i MASK)
E -~ lo L B ~ i _ s |
z';;l] Ve~ 08 qo(yi ©i MASK)qo(yr ®i y;) z';;z] Yoyt~ oy [fi(ye) — fi(ye)]

We observe that as the value f;(y) does not depend on the i-th coordinate of y, we can apply
Dynkin’s formula, Lemma 6 to the remaining d—1 coordinates for the forward process: E [ f;(y:) — fi(ye)] =

E§; Y. [filyo) — fi(yo ©; MASK)] dv. With this, we continue:

ME, o [fily) = filve)]

Yoyt~ 4qy e
i€[d]

¢ . | |
= J E Y g (1o s 910 (3o Or MASK ©; MASK) |
’LE[d] VA YosYt~ oyt ]¢m(yv)u{l} qo0 (yv Gz MASK)QO (yv @l yt ®j MASK)

Z Jt E < lo 40 <yv O yff)QO (yv O] MASK @j MASK) .
iigela] Yo, Yt~ Qo g qo(y» ©i MASK)qo(yy ©i ¥} ©j MASK)

t . .
- J ¢E . lo 90(y0)q0(y» @ MASK ©; MASK)
[d] ¢ :

dv, (108)

Wy q0(y» ©s MASK)qo(y» ©; MASK)

where in the third line, as before, we extended the sum to j € m(y,)\{i} since additional terms
equal zero. The last line follows from

Pr(y’ # MASK | y; # MASK) = "%,
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(

Next, let 3, 9) denote all unmasked elements of Yy, €xcept ¢-th and j-th. We can write

0 (yv)q0(y» ©i MASK ©; MASK) go(y, 7 | g )

90(yo ©: MASK)qo(yo ©j MASK)  go(41 | 35 “D)go () | 9o )

and thus,

dv

3 Jtet—vE  og () a0(yy ©; MASK ©; MASK)
¢ Yo~ gy

g
iigeld] q0(y» ©i MASK)qo(ys ©; MASK)

t
= f eIyl yl | yy W))do
itj Ut

t

- f ¢V T(T — v)dv, (109)
12

as Yy, ~ qr—,. Combining Eqns. (107), (108), and (109) concludes the proof.
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