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Abstract

We revisit the framework of Smart PAC learning, which seeks supervised learners which compete
with semi-supervised learners that are provided full knowledge of the marginal distribution on
unlabeled data. Prior work has shown that such marginal-by-marginal guarantees are possible for
“most” marginals, with respect to an arbitrary fixed and known measure, but not more generally.
We discover that this failure can be attributed to an “indistinguishability” phenomenon: There are
marginals which cannot be statistically distinguished from other marginals that require different
learning approaches. In such settings, semi-supervised learning cannot certify its guarantees from
unlabeled data, rendering them arguably non-actionable.

We propose relatively smart learning, a new framework which demands that a supervised
learner compete only with the best “certifiable” semi-supervised guarantee. We show that such
modest relaxation suffices to bypass the impossibility results from prior work. In the distribution-
free setting, we show that the One-Inclusion Graph learner is relatively smart up to squaring the
sample complexity, and show that no supervised learning algorithm can do better. For distribution-
family settings, we show that relatively smart learning can be impossible or can require idiosyn-
cratic learning approaches, and its difficulty can be non-monotone in the inclusion order on distri-
bution families.

Keywords: Smart Learning, Semi-Supervised Learning, Distribution-Fixed Learning, One-Inclusion
Graph Algorithm

1. Introduction

A substantial portion of research in learning theory proceeds within the worst-case tradition char-
acteristic of theoretical computer science more broadly. This includes, most prominently, the PAC
model (Valiant, 1984) and its numerous extensions, which typically impose a “flat” inductive bias
on the hypothesis class and/or data-generating distribution, then leave the choice of instance to an
adversary. Performance guarantees are consequently evaluated in the worst case over all hypotheses
and distributions consistent with these assumptions.

It has been argued that this perspective is somewhat removed from practical machine learning,
which tends to be more adaptive to the specifics of its deployment domain. Techniques such as un-
supervised pretraining, hyperparameter optimization, post-hoc model refinement, and incorporation
of domain expertise are often used to tailor the learner to the data distribution. Partly as a result
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of these adaptation mechanisms, the observed performance of real-world machine learning systems
is typically far from worst-case (Chapelle et al., 2006; Erhan et al., 2010; Guo et al., 2017; Zhang
et al., 2017; Frankle and Carbin, 2019; Devlin et al., 2019; Chen et al., 2020; Yang and Shami,
2020).

In this paper, we investigate one facet of this divide: how a learner can be tailored to the un-
labeled data distribution, also known as the marginal distribution. We focus on statistical aspects
of this question, as captured by the sample complexity (or equivalently, the error rate) of learning.
We restrict attention to what is arguably the most historically instructive learning setting: realizable
binary classification.

Distribution-Fixed and Semi-Supervised Learning

The original PAC learning model considers fully supervised learners which only receive labeled
samples from the distribution. A particularly powerful extension of this paradigm additionally
provides the learner with full knowledge of the marginal distribution of unlabeled data. This
distribution-fixed model of learning was studied by Benedek and Itai (1991), where they charac-
terize learnability qualitatively for each marginal in terms of the existence of finite covers of the hy-
pothesis class, at every error scale, with respect to the disagreement metric induced by the marginal.
They also derive (not quite tight) upper and lower bounds on the sample complexity in terms of
these covers. Formal evidence that knowing the marginal can enable learning was subsequently
provided by Dudley et al. (1994).

As pointed out by Ben-David et al. (2008), distribution-fixed learning can be viewed as a utopian
idealization of semi-supervised learning—the paradigm which augments labeled data with more
plentiful unlabeled data. There is a long line of work which explores more realistic formulations
of semi-supervised learning, seeking to understand whether, when, and how much finite unlabeled
data helps in learning (e.g. Ben-David et al., 2008; Balcan and Blum, 2010; Darnstédt et al., 2013;
Globerson et al., 2017; Gopfert et al., 2019; Golovnev et al., 2019; Pukdee et al., 2023). There
are many shades of these questions explored by this body of work to which we cannot do justice,
but for our purposes the gist is as follows: Unlabeled data does not improve minimax error rates
in distribution-free settings,' but can lead to drastic marginal-by-marginal improvements, as well
as minimax improvements for some distribution-family settings and under “compatibility” assump-
tions between marginals and hypotheses.

Smart Learning

Instead of further exploring the power and limits of semi-supervised learning, we take a different
tack in this paper. We build on the closely-related framework of Smart Learning introduced by
Darnstiddt and Simon (2011). Roughly speaking, a smart learner is a fully-supervised learner which
does about as well as if it knew the marginal distribution already, even though it doesn’t. This is
an (approximate) instance-optimality guarantee with respect to marginals: a smart learner approx-
imately matches the optimal distribution-fixed error rate (or equivalently, sample complexity) for
every marginal simultaneously.

While ambitious, the goal of smart learning seems plausible at first glance: By eschewing min-
imax guarantees across marginals, the learner is permitted to perform poorly for “hard” marginals
such as those appearing in the fundamental theorem of PAC learning, while paying special attention
to those marginals most amenable to semi-supervised learning techniques. Indeed, Darnstiddt and

1. Recall that the lower-bound in the fundamental theorem of PAC learning is robust to knowledge of the marginal.
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Simon (2011) show a compelling, albeit qualified, positive result via an innovative application of the
minimax theorem for zero-sum games: Smart learning is possible in general distribution-free set-
tings for “most” marginals, where “most” is quantified with respect a prior distribution on marginals
that is given in advance. Unfortunately, any hope of removing this qualification was dashed by sub-
sequent work of Darnstidt et al. (2013), strengthening an earlier result of Dudley et al. (1994): They
exhibit a hypothesis class and family of marginals with distribution-fixed error rates rapidly and uni-
formly tending to zero, whereas for any fully-supervised learner—not equipped with foreknowledge
of the marginal-—and any finite sample size there is an instance where the learner performs essen-
tially no better than random guessing.

From Smart to Relatively Smart Learning

The results of (Darnstidt and Simon, 2011; Darnstédt et al., 2013) might appear to close the book
on smart learning for general hypothesis classes and sufficiently rich distribution families. This,
however, is where our work comes in. Our contribution emanates from the following realization:
Smart learning fails when a distribution-fixed learner Ap catered to a marginal D cannot use its
unlabeled data to distinguish D from other marginals D" where Ap performs much worse. In other
words, it is impossible to detect misspecifications of the marginal that are consequential to learning
by merely inspecting the unlabeled data, rendering error guarantees impossible to certify prior to
procuring labels. Our results will imply that this is the only qualitative obstacle to smart learning.”

Sparked by this realization we introduce relatively smart learning, which minimally relaxes
smart learning to “price-in” the above-described obstacle for each marginal distribution D. In-
formally, for each marginal D and learner A = Ap we seek to compete not with the error .4
incurs on D (as in smart learning), but rather with the best certifiable upperbound on that error that
can be calculated from the unlabeled data. By this we mean that there is a real-valued certifier C
which estimates A’s error from the unlabeled data, and we require C to be sound in the follow-
ing strong sense: its error estimate must in-expectation upper bound A’s error for all admissible
instances. Importantly, even if A = Ap is tailored to a particular marginal D, C must soundly
certify A’s error for all admissible marginals D', even if D’ # D. This requirement serves to relax
distribution-fixed error rates upwards by effectively taking the worst case over all D’ that are indis-
tinguishable from D, making the design of instance-wise competitive learners more achievable. A
fully-supervised learner is now said to be relatively smart’ if it (approximately) matches the best
certifiable error rate for every admissible marginal distribution.

Our Results

We begin in the distribution-free setting with general hypothesis classes. Our main positive result
(Theorem 3.2) is that relatively smart learning is possible at the cost of a quadratic blowup in the
number of samples and constant blowup in the error, as compared to the best certifiable distribution-
dependent error rates. In particular, this is achieved by the familiar One-Inclusion-Graph (OIG)
learner of Haussler et al. (1994). Our main negative result (Theorem 4.1) is that this is essentially
tight, in that every relatively smart learner must suffer a near-quadratic blowup in sample complex-

2. Smart learning is self-evidently an unsupervised learning task: that of learning characteristics of an unknown D
that are most pertinent for subsequent supervised learning. Our stated obstacle concerns a prima facie easier task
more akin to testing: D is fixed and must merely be distinguished from other distributions D’ which prohibit similar
supervised learning approaches. Perhaps surprisingly, our results reveal an equivalence between learning and testing
which holds here, but fails more generally in statistics (see e.g. Batu et al. (2000)).

3. Read: Smart relative to every certifiable error guarantee.
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ity. Since the latter result is quite technical, we also provide a simpler proof of the same bound for
the special case of the OIG and Empirical Risk Minimization (ERM) learners (Theorem 3.1). We
also discuss the intriguing question of whether ERM, or some other “simple” and typically-tractable
learner, is relatively smart (Open Question 3.3).

We then examine distribution-family settings. We observe in Corollary 5.1 that our main pos-
itive result (Theorem 3.2) extends to families characterized only by the allowable subsets of the
domain on which data must be supported (e.g. manifolds satisfying some algebraic or topologi-
cal requirements). Beyond such “simple” families, we show that relatively smart learning starts to
exhibit richer and more nuanced structure: There are families where relatively smart learning is
completely impossible (Theorem 5.3), and others where it is possible but not by straightforward
approaches such as OIG or ERM (Theorem 5.2). On a more meta level, we show in Corollary 5.4
that the difficulty of relatively smart learning, unlike traditional PAC learning or Smart learning,
can be non-monotone in the inclusion order on distribution families. We attribute this to the shifting
benchmark of certifiable error rates, where the soundness requirement introduces dependence on
the family as a whole.

We note that our negative results hold for countable domains, and our positive results hold more
generally for domains, hypothesis classes, and distributions jointly satisfying standard measurability
assumptions (see e.g. Shalev-Shwartz and Ben-David, 2014). As is common in learning theory, we
take a hands-off approach to the measure-theoretic details.

Connection to Testable Learning

We would be remiss not to discuss connections between relatively smart learning and the framework
of testable learning, originally introduced by Rubinfeld and Vasilyan (2023) and spawning a rapid
succession of followup work since (Gollakota et al., 2023b,a; Diakonikolas et al., 2023; Klivans
et al., 2024; Gollakota et al., 2024). Our certifiers can be viewed as real-valued analogues to the
testers from that framework, where soundness in our framework is analogous to their requirement
that the learner performs well for every distribution which passes the test. Whereas testable learn-
ing is concerned with the design of learner/tester pairs for a specific distribution or distributional
property, we instead use these objects as our benchmark for every distribution separately. This is
the essence of the connection, as well as the main difference.

There are other important differences: (a) The literature on testable learning is primarily con-
cerned with computational complexity, with the notable exception of Gollakota et al. (2023b).
(b) Testers in that framework are permitted to use labeled data, though this happens to not be nec-
essary for many of the problems considered. (c) Their focus is on agnostic learning, with the analo-
gous realizable question rendered trivial by (b); a notable exception is in the context of distribution
shift (Klivans et al., 2024).

Roadmap

Section 2 introduces relatively smart learning and discusses its basic properties. Section 3 examines
the familiar ERM and OIG learners in the context of distribution-free relatively smart learning,
and presents our main positive result for OIG as well as a complementary negative result for both
learners. Section 4 provides a tight negative result for distribution-free relatively smart learning
which holds for all learners. Section 5 explores relatively-smart learning in distribution-family
settings, outlining similarities and differences from the distribution-free setting.



RELATIVELY SMART

Basic Notation

For a probability distribution D on some domain X" and an event Y C X, we use D[Y| = Pp[Y] as
shorthand for the probability of Y, and Djy- = Pp|. |Y] as shorthand for the conditional distribu-
tion of D given Y. When the domain X’ is countable we use D|[x] = Pp[z] to denote the probability
of z € X, and use supp(D) = {x € X : D[z]| > 0} to denote the support of D. For a finite multiset
S we use Dg to denote the uniform distribution on .S. Given a function A defined on some domain
X, we use h|Y to denote its restriction to some Y C X. For a set X we use X'* to denote the family
of finite sequences over X'. For a predicate or probability event E we use 1[E] € {0, 1} to denote
the indicator of E. Finally, we use standard order-of-growth (big-Oh) notation, though for functions
f(n,m) and g(m) we write f = O,(g) to indicate that f = O(g) whenever 7 is a fixed constant.

2. Relatively Smart Learning

We begin in the standard PAC learning setting of realizable binary classification. There is a data do-
main X and a hypothesis class H C {0, 1}*. Unlabeled data comes from a marginal distribution D
on X, and is labeled with some ground truth hypothesis h € H. We use D, to denote the joint distri-
bution of labeled data (z, y) with x ~ D andy = h(x). In the distribution-free setting D can be arbi-
trary; more generally, we also consider settings where D is restricted to some distribution-family D.
For a predictor f : X — {0, 1} and labeled data distribution Dy, we denote the expected 0-1 loss,
or simply loss or error, of f on Dy, by L(f, D) = E(; )~p, [L[f(z) # y]]. For a finite multiset T
of labeled data we overload notation and denote L(f,T) = L(f,Dr) = ﬁ P@yer (@) # yl.

A (fully-supervised) learner A takes as input a sequence S = (z1,91),...,(Tm,ym) of la-
beled samples—often referred to as training data—drawn i.i.d. from Dy, and outputs a predictor
A(S) : X — {0,1}. We depart from the usual PAC approach by evaluating a learner by its ex-
pected error rather than its high probability error; this is merely for expository convenience, as all
our results translate to PAC guarantees by standard arguments. More importantly, we measure a
learner’s error as a function of the marginal D, which permits comparing learners catered to the
marginal—we call these D-fixed learners—to learners which are provided no such knowledge. We
therefore define distribution-dependent error rates as follows.

Definition 2.1 A distribution-dependent error rate is a function € : D x N — [0, 1], where ¢(D, m)
is an error associated with a distribution D € D and a number of samples m.

Definition 2.2 For a learner A, let its distribution-dependent error rate € (D, m) be the worst-
case, over hypotheses h € H, of its expected error with respect to Dy, when given m i.i.d. samples
from Dy, i.e., eA(D,m) = supyeqy Eswpp[L (A(S), Dp)] -

We pair learners with functions that certify their distribution-dependent errors from unlabeled
data. We refer to those as certifiers. We require certifiers to be sound, meaning that they never
underestimate the learner’s error for any distribution in the class.

Definition 2.3 (Sound certifier) Ler A be a learner. We say a function C : X* — [0, 1] is a sound
certifier for A if for every D € D, m € N, and S ~ D" we have E|C(S)] > €4(D, m).

Whereas smart PAC learning seeks to compete with the best distribution-fixed learner for each
marginal, we instead propose a more modest benchmark: We only credit a distribution-fixed learner
with error rates witnessed by a sound certifier. This gives rise to certifiable error rates.
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Definition 2.4 (Certifiable error rate) A distribution-dependent error rate (., .) is certifiable if
for each D € D), there exists a D-fixed learner A and a sound certifier C for A such that for each
m € Nand S ~ D™, we have E[C(S)] < ¢(D,m).

Note that in the above definition, we also have e 4(D, m) < (D, m) for A = Ap by soundness
of C for A. More importantly, the bite in this definition comes from the fact that we require C to
be sound for A everywhere (i.e., for all D’ € D), even though A is catered to D specifically. This
is what effectively forces us to take the worst case error rate over all D’ that are indistinguishable
from D with m samples. It is also important to note that our definition allows the certifiable error
rate to be achieved by different learners Ap that are fixed for each distribution D € . The only
requirement is that the learner has a certifier that can soundly witness its purported error rate for all
distributions in D, even those distributions on which the learner is not designed to perform well.

We next give a simple example illustrating when certification is possible and when it is not. This
example also serves as a building block in Theorem 3.1 to prove our negative results for ERM and
OIG. Consider a hypothesis class on [n] where every hypothesis has all but y/n points labeled the
same way; i.e., with at least n — \/n zeros or at least n — /n ones. Under the uniform distribution
on [n], the majority learner which always predicts the most frequently seen label in training has
expected error on the order of 1/4/n, even with a single labeled sample. This learner is, in a sense,
catered to the uniform distribution: it may have large error on marginals that put much larger mass
on points with the minority label. Certifying an error of O(1/4/n) for the uniform distribution then
hinges on whether such marginals can be distinguished from uniform using unlabeled samples. This
is possible using techniques from uniformity testing precisely when the number of samples m is at
least on the order of \/n. In other words, though the majority learner achieves error rate on the
order of 1/n for all m > 1, this is only certifiable for m =  (1/n). More generally, anytime a
learner’s error guarantee hinges on some property of the marginal distribution, the extent to which
certification is possible depends on whether the property can be detected from unlabeled data.

We can now define relatively smart learning, a relaxation of smart learning which judges a
learner relative to the best certifiable error rate for each distribution. Informally speaking, relatively
smart learning lets us “off the hook” whenever small distribution-fixed errors cannot be certified
from unlabeled data.

Definition 2.5 (Relatively Smart Learning) For a function o : N x (0,1) — N and constant
a > 0, we call a learner A relatively (o, o)-smart if

eA(D,o(m,n)) < ae(D,m) +n

for every certifiable distribution-dependent error rate €, every distribution D € D, every sample
size m € N, and every additive error parameter n € (0,1). We also say A is relatively smart if
there exist a and o such that it is relatively («, o)-smart.

Note that we allow a relatively smart learner’s error to trail certifiable errors by a constant
multiplicative term « and an additive term 1), so long as 7 can be made arbitrarily small.* We also
allow the relatively smart learner to trail in the number of samples by an amount which can depend
on 7, as described by the sample blowup function o(m,n). One could parameterize smart learning

4. Arbitrarily-small additive error 7 features in our main positive result. It is an interesting and seemingly-challenging
question whether fixing 7 = 0 permits relatively smart learning.
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similarly by removing the terms “certifiable” and “relatively” from Definition 2.5, though the strong
impossibility result of (Darnstédt et al., 2013, Theorem 2)—discussed in Section 1—persists even
with the allowances provided by «, 7, and o.

One might initially hope to construct relatively smart learners with « = O(1) and o(m,n) =
O(m) for each fixed n > 0 in fairly general settings. This turns out to be asking too much. The
interesting question is therefore which, if any, sample blowup functions o (m,n) permit relatively
smart learning.

3. Distribution-Free Setting: OIG and ERM

We begin our exploration of relatively smart learning in the distribution-free setting with the familiar
one-inclusion graph (OIG) and empirical risk minimization (ERM) learners. Our most notable result
here is that the OIG learner is relatively smart with only a quadratic blowup in sample complexity.
We show that this is essentially tight by way of a quadratic lowerbound which holds for both the OIG
and ERM learners. We leave wide open whether ERM is relatively smart, and discuss associated
challenges.

We use standard definitions for ERM and OIG, which can be found in Appendix A. For purposes
of arguments presented in this section, the reader need only keep in mind the following defining
properties of the two learners:

* ERM outputs a hypothesis consistent with the (realizable) training data, with ties among such
hypotheses broken adversarially.

* For each unlabeled dataset S = (x1,...,2,) € X*, the OIG learner minimizes the worst-
case transductive error, also often known as leave-one-out error, among all learners. The
worst-case transductive error of a learner A on unlabeled dataset .S is defined as follows:

() = ma So1 [A(S7) @) # hlaa)]

1=

where S}, = (x1, h(z1)),. .., (s, h(xy,)) is the labeled dataset corresponding to S and h €
‘H, and the training data S ,(;Z) consists of .Sy, with its ith sample (z;, h(z;)) omitted.

We present our negative result for the OIG and ERM learners first. Though this is subsumed
by the more general impossibility result in Section 4, and moreover technically modest, we find the
associated arguments a suitable warmup for appreciating the nuances of relatively smart learning.

Theorem 3.1 There exists a hypothesis class on a countable domain such that for every pair of
constants o and 3 and every function o(m,n) = O,(m>~?), the ERM and OIG learners fail to be
relatively (cv, o)-smart in the distribution-free setting.

Notably, the certifiable error rates with which ERM and OIG cannot compete are achieved by the
simple majority learner, which just outputs the most frequent label in the training data.

The formal proof of Theorem 3.1 can be found in Appendix C, but the high-level idea is as
follows. Consider the following hypothesis class on n datapoints: At least n — o(n) datapoints have
the same majority label (whether O or 1), with the remaining o(n) points having the other minority
label. Think of the number of minority labels as being only slightly sublinear, e.g. n%%?. When
faced with a uniform (or nearly uniform) distribution over the n points, the majority learner quickly
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approaches a vanishing error rate o(n)/n = o(1), even with very few samples m. A certifier can
identify such a nearly uniform distribution on n points when m modestly exceeds /n—intuitively,
this follows from the Birthday paradox, though making it formal requires appealing to uniformity
testing. Therefore, the majority learner has a vanishing certifiable error rate starting around m = /n
samples. The OIG and ERM learners, in contrast, suffer constant error until their number of samples
exceeds the number of minority labels, which is only slightly sublinear in n. To see why this is the
case, note that any set of points smaller than the number of minority labels is shattered by the
hypothesis class. Taking the disjoint union of this construction over all integers n, this essentially
rules out any subquadratic bound on the blowup in sample complexity needed for ERM/OIG to
catch up to the certifiable error rate of the majority learner.

We now present our positive result, which shows that a quadratic blowup in sample complexity—
independent of the marginal—suffices to compete with certifiable semi-supervised guarantees.

Theorem 3.2 For every domain and hypothesis class, the OIG learner is relatively <e, 6";72

) -smart

in the distribution-free setting.

Theorem 3.2 stands in contrast to the impossibility result of (Darnstéddt et al., 2013, Theorem 2),
as described in Section 1.°> This impossibility of smart learning can therefore be attributed to the
challenge of certifying distribution-dependent error rates from unlabeled data. Taking the contra-
positive, a simple corollary of Theorem 3.2 is that sound certification—by way of a learner/certifier
pair for each distribution—of near-optimal distribution-fixed error rates suffices for smart learning.

We formally prove Theorem 3.2 in Section 3.1, but the high-level idea is as follows. Consider
a learner A specialized to a marginal D, and let C be its certifier. When allowed m samples, the
certifier cannot distinguish between D and the uniform distribution D’ on S, where S consists of
M = cem? i.i.d. samples from D for a sufficiently large constant c. Intuitively, this follows from
the Birthday paradox, though it takes some technical work to make it precise.® Since we require
soundness of our certifiers, any m-sample certifiable error for D can be no better than the best error
attainable on D’ with m samples. The OIG learner—being dataset-by-dataset optimal in the leave-
one-out sense—can be shown competitive with this when given roughly M i.i.d. samples from D, as
those correspond to what is effectively a constant fraction of the support of D’. This yields the result.

It is natural to wonder whether ERM—or, for that matter, any learner that is simpler and typ-
ically more tractable than OIG—is also relatively smart with some finite (perhaps even quadratic)
blowup in sample complexity. We however leave this question wide open.

Open Question 3.3 Is ERM relatively smart in the distribution-free setting? Failing that, what
about other natural and tractable learners?

The sample complexities of ERM and OIG are closely related in traditional PAC learning, so it is
tempting to suspect something similar here. The challenge in proving such a statement, however,
comes from the fact that fine-grained dataset-by-dataset comparisons between OIG and ERM, or
quantities like the VC dimension, appear bound to falter. It is known that there are hypothesis
classes where ERM drastically trails the OIG learner in leave-one-out error on some datasets—
consider for example the behaviors of hamming weight at most one on a large dataset, and an ERM

5. While phrased for a family of marginals, their result implies the same impossibility in the distribution-free setting.
This is because the benchmark in smart learning (unlike ours) does not depend on the distribution class as a whole.
6. We note that a similar argument is employed in (Gollakota et al., 2023b, Theorem 6.2).
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learner which breaks ties against the all-zero behavior. Similarly, there are hypothesis classes and
arbitrarily large unlabeled datasets S where the VC dimension of induced behaviors is |S| — 1,
yet the OIG learner achieves zero leave-one-out error. As an example of this, consider the parity
class on S, which ensures that the labels on S sum to 0 (mod 2). It therefore appears that any
comparison between the error rates of the two learners cannot be argued dataset-by-dataset using
leave-one-out arguments or the VC dimension. This suggests that either new proof approaches are
needed, or ERM may not be relatively smart after all.

3.1. Formal Proof of Theorem 3.2

Let €(.,.) be any certifiable error rate. Fix a distribution D and a sample size m > 3. We prove
that €44, (D, £m?) < el=1/3¢¢(D,m) + n for every n € (0,1). Since €(.,.) is certifiable, by
definition there exists a learner 4 = Ap catered to D and a corresponding sound certifier C = C 4
such that (i) e4(D,m) < Eg.pm[C(S)] < (D, m) and (ii) for any distribution D', e 4 (D', m) <
Egpm[C(S)], where the second fact crucially relies on soundness of the certifier.

It is easy to observe that the process of sampling m i.i.d. samples from D is equivalent to
sampling a larger multi-set S ~ D of size M and then drawing a multi-set T ~p, Dg of m
samples from .S uniformly at random without replacement. Denote by I := M(M_I)M&M_mﬂ) the
probability of observing no duplicates when making m independent draws (with replacement) from
a uniform distribution on M points. Let M = c¢m? for a constant ¢ = ¢(n) to be chosen later. Then,

1 1
> = > .
1 1
>—= E D 1-—
2 T gl AP ml 1= 5

where the first inequality is due to property (i), the second inequality is by simple algebraic manip-
ulation and the fact that certifier outputs are at most 1, and the last inequality is due to property (ii).
For any distribution D’ and sample size m’ denote by €*(D’,m’) = inf g e4(D’, m’) the min-
imum error of any learner on D" when the input is m’ i.i.d. draws from D’ (a.k.a. the optimal
distribution-fixed error for D’ with m’ samples). Building on Equation (1) we get

1 1 1 1
D >= E D 1-=>= E [(D 1-=
6( ’m) — 1—\ SNDA/I[EA( S?m)] + F — 1—\ SNDI\/I[E ( S?m)] + F (2)
1 1
>— E [¢"(Ds,M —1 1-=
=T SNDM[6 ( S )] + I’

where the last inequality follows from the monotonicity of optimal distribution-fixed rates.

Next we upperbound the error of the OIG learner on D in terms of the expected optimal
distribution-fixed error on an empirical distribution Dg, for a sample S drawn i.i.d. from D. This is
articulated in the following Lemma.

Lemma 3.4 For any distribution D and sample size m, denote by €*(D, m) the minimum error of
any learner on D when given m i.i.d. samples. Then € o, . (D, M —1) < eEg. pm[e*(Dg, M — 1)].

To prove Lemma 3.4 we first use the reduction from transductive to PAC learning employed in
the proof of (Asilis et al., 2025, Lemma A.1) (similar also to (Asilis et al., 2024, Lemma 34)) to
conclude that for each unlabeled dataset S of size M there is a learner with worst-case transductive
error on S bounded by e - €*(Dg, M — 1). We then invoke the fact that OIG minimizes worst-case
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transductive error (recall Definition A.3) to conclude that the transductive error of OIG on S is also
at most e - €"(Dg, M — 1). The lemma then follows from the standard leave-one-argument which
upperbounds any learner’s expected error in the PAC setting with M — 1 training samples by its
expected transductive error on datasets of size M drawn from the same distribution. Remaining
technical details for proof of Lemma 3.4 appear in Appendix D.

Combining Lemma 3.4 with Equation (2) we get that

1 1
G(D,m) Z ﬁfAOIG(D’M — 1) + 1 — f

Finally, for ¢ > 2 and m > 3 we use the factthat 1 — 1/¢ < T < e~1/3¢ to conclude that
€Aqc(D,M —1)<e-T-e(D,m)+e—e-I'< el =13e(D,m) + e/c.

Setting ¢ =  then yields €445 (D, M — 1) < eM/3¢¢(D,m) + 1, as desired. [

4. Distribution-Free Setting: An Impossibility for all Learners

Section 3 established that in order to compete with every certifiable semi-supervised guarantee, a
quadratic blowup in sample complexity is necessary for the OIG and ERM learners, and sufficient
for OIG. Can a different learner do better? Theorem 3.1 leaves open this possibility, as the “hard
marginals” from that construction are all amenable to a single learner, namely majority. Nonethe-
less, we show by way of a more intricate hypothesis class that the answer in general is no, and a
quadratic blowup in sample complexity is in fact the best possible. We prove the following theorem.

Theorem 4.1 There exists a hypothesis class on a countable domain such that for every pair of
constants o and 3 and every function o(m,n) = O,(m*=), no learner is relatively (v, o)-smart.

The formal proof of Theorem 4.1 can be found in Section 4.1, but the high-level idea is as
follows. For each integer n and parameter 3, we build a set system S = S(n, ) on a large domain
with |S| = n foreach S € S and |S N S| < n'~OW¥) = o(n) for distinct S, S’ € S. A hypothesis
class H = H(n,B) = {hg : S € S} is then defined so that hg is effectively a random behavior
on S, but constant elsewhere (and therefore constant on most of any other S’ € S).

First, we show that a learner catered to the uniform distribution on some known S € S achieves
vanishing error with very few samples m, and can certify this guarantee using uniformity testing
on S when m modestly exceeds \/@ = y/n. (The certifier outputs the trivial bound, effectively
eschewing any guarantee, if the uniformity tester fails). This is possible because only hg is “inter-
esting” on S, whereas all other hg with S” # S are constant on all but |[S N .S’| = o(n) points in S,
and can therefore be “spotted” with few samples (much akin to our analyses of the majority learner
from Theorem 3.1). Second, we show that H can be made sufficiently rich to shatter every set of
size roughly n' =9 which prohibits any meaningful learning with less than that many samples
when S is unknown. Taken together, these two properties imply the theorem for a fixed parameter 3
and number of samples m & /n. The theorem then follows by taking the disjoint union of the
hypothesis classes H(n, 3) for all integers n and a countable sequence of Ss tending to 0.

4.1. Formal Proof of Theorem 4.1

Fix an arbitrary constant § € (0, %) We will construct a set system S and a hypothesis class

H that witness the impossibility of relative smartness of any learner for o(m,n) = O, (m?~147).

10
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Using the probabilistic method, we construct set systems S(n) = S(n, 3) and hypothesis classes
H(n) = H(n, B) satisfying certain properties for sufficiently large n € N. We then take the disjoint
union over them to create S and H.

The following lemma, proved in Appendix E.1, summarizes the properties of S(n) we exploit.

Lemma 4.2 There exists an absolute constant C' = C(3) € N such that for all n > C, there exists
a set system S(n) on a universe U(n) with the following properties.

(i) [U(n)| = [0 and |S(n)| = [exp (1n'77/2)]
(ii) |S| =nforall S € S(n)
(iii) |S N S| < n'=B/2 for any distinct S, S’ € S(n)

(iv) Every subset T C U(n) with size |T| < 2n'~P is contained in at least § exp (%nl_ﬁ/z) many

sets in S(n), i.e., [{S €8(n): T C S} > exp (énl_ﬁ/Q).

For each T' C U(n) we use Sy := {S € S(n) : T C S} to denote the collection of sets in
S(n) containing T'. Our hypothesis class (n) satisfies properties outlined in the following lemma,
whose proof can be found in Appendix E.2.

Lemma 4.3 There exists an absolute constant C' = C'(f8) € N,C" > C such that for all n >
C' there exists a hypothesis class H(n) := {hg : S € S(n)} C {0,1}4™) with the following
properties.

(i) Forall S € S(n)andx ¢ S, hg(z) = 1.
(ii) For every subset T C U(n) with |T| < 2n'~? and every binary labeling b € {0,1}/7],

S
(1-— nﬁ)|2§|| < |{hs € H(n): S € Sy, hs|T =b}| < (1 +n"7)

|Sr|
2T~

The hypothesis class H = Hp is now defined by taking the disjoint union of #(n) over all n > C"
as follows. Define the universe U := |,~ U(n) and let S := ), ~» S(n). Let H(n) be the
extension of H(n) where each h € H(n) is constant 1 on ¢/ \ U (n). Finally, let H := [4), < » H(n).

Define m(n) = [n'/?*38] and £(n) = n=P/2. Observe that for each S € S(n), each hg
with S” £ S assigns the label 1 to every point in S except possibly to S N S’, which under Dg has
probability mass at most |S N S’|/n < n~7/2 = ¢(n). Therefore, one of hg or the constant 1 pre-

dictor incurs error at most £(n) under Dg, and validating between them using m > € (hl(é{fbg")))

samples suffices for guaranteeing error O(£(n)) when Dg is fixed and known.

Sound certification of such a bound faces two interrelated obstacles, however: (a) The certifier
must recognize when the true distribution D’ is far from Dg and output a valid upperbound on the
learner’s error, and (b) the learner’s error on each D’ must be sufficiently bounded away from 1 to
accommodate the difficulty inherent to (a). We therefore construct, for each S € S(n), alearner Ag
(Algorithm 1) and certifier Cg (Algorithm 2) that are jointly designed to satisfy both requirements.
For (b), we ensure errors are bounded away from 1 for every distribution by adding the constant 0
and constant 1 predictors into consideration by the learner. In other words, Ag validates between
hs and the majority learner. For (a), much like in our proof of Theorem 3.1, Cg employs uniformity

11
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(Algorithm 1. Learner Ag(7')(z) trained on sample 7" given test point x: h
1. Randomly split 7" into two equal parts 77 and 15, i.e., T' = T} W T with |T}| = [@W
2. If L(hg,T>) < L(Amaj(T1), T2) then return hg(x);
3. Else return Awmaj(771) (). )
Alvor . ) ) N
gorithm 2. Certifier Cg(7") run on (unlabeled) input sample 7":
1. Letn = |S] and O = MTestUnifg({(n),&(n),T). > Algorithm 4 for testing against Dg
2. If |T| > m(n) and O = 1 then return 6£(n);
\_ 3. Elsereturn 1. )

testing to recognize distributions close to Dg, and outputs small values only in those cases. Since
uniformity testers are only accurate for sufficiently large m, our soundness guarantee is restricted
to m > m(n). In summary, Cg soundly certifies error O({(n)) for Ag when given m > m(n)
samples from Dg. This is articulated in the following lemma, formal proof of which can be found
in Appendix E.3.

Lemma 4.4 There exists an absolute constant C" = C"(f) > C' such that for all n > C" the
rate
B2 De{Ds:S€S(n)}m>mn)

1 otherwise.

en(D,m) = {

is certifiable in the distribution-free setting.

It remains to show that no learner can be smart relative to the above certifiable error rate. We
prove that any learner A, on average over all distributions in {Dg : S € S(n)}, has error at least
1/2 — 2¢(n)? when given at most n'~# samples. This implies that for each m < n' =5, there exists
aset S* = 5% € S(n) such that €4(Dg-,m) > 1/2 — 2¢(n)?. The key idea is that for any
sample of size at most n' ~? and any fixed test point, roughly half of the distributions Dg consistent
with this sample—test pair—namely, those for which S contains both the sample and the test point,
and hg is consistent with the sample—Ilabel the test point differently from the learner’s prediction.
Unlike the lower bound of PAC learning where the distributions are defined on shattered sets and the
desired conclusion follows directly from the definition, the sets in our system can be much larger
than the size of shattered sets. Property (ii) in Lemma 4.3 is introduced precisely to ensure that such
a guarantee continues to hold in this setting. This is formally captured in the following lemma, the
proof of which is relegated to Appendix E.4.

Lemma 4.5 Let A: (U x {0,1})* x U — {0,1} be any learner. For any n > C" and m < n'="
there exists a set S* = S}, . € S(n) such that € 4(Dg+,m) > 1/2 — 2n=b.

Lemmas 4.4 and 4.5 conclude that any fully-supervised learner requires at least n!~# many
samples for its error to approximate—within any multiplicative constant o and any additive constant

12
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n < % both independent of n—the (certifiable) error rates of Dg-fixed learners for S € S(n). It fol-
lows that no learner is relatively (o, o(m,7))-smart for any constant o and o(m) = O, (m?~147).
We conclude by taking a disjoint union of countably many Hg—with disjoint domains Xz—for a
sequence of 3 tending to zero (e.g. B € {1/i : i € N,i > 8}), where each i € Hp is canonically
extended to X’ by setting h(x) = 1 for z ¢ Xj3. See Remark C.3 for more detail. [ |

5. Distribution Families

In this section we examine relatively smart learning in distribution-family settings. We begin with
the simple observation that our proof of Theorem 3.2 only required a simple closure property of the
distribution family—namely, closure under taking empirical distributions. This captures, for exam-
ple, any distribution family defined by a family of allowable manifolds, where the only restriction
is that each distribution’s support must lie inside one of the manifolds.

Corollary 5.1 Fix an arbitrary hypothesis class on some domain. Let D be a distribution family
with the following closure property: For every D € D and every finite set S contained in the support

of D, we also have Dg € D. The OIG learner is relatively (e, emTQ) -smart over D.

Beyond such “simple” distribution families, relatively smart learning can start to behave quite
differently from the distribution-free setting. There are distribution families where smart (and there-
fore relatively smart) learning is possible, but neither OIG nor ERM is relatively smart. Further-
more, there are families where relatively smart learning is not possible at all. The following pair of
theorems summarize these findings.

Theorem 5.2 There is a hypothesis class on a countable domain, and a countable distribution
family on that domain, such that the following hold with respect to the family: There is a (1, m)-
smart learner, yet neither OIG nor ERM is relatively smart.”

Theorem 5.3 There is a hypothesis class on a countable domain, and a countable distribution
family D on that domain, such that no learner is relatively smart over D.

Theorem 5.2 is proved via a straightforward reduction from smart learning: We take a non-smartly-
learnable family and augment the unlabeled data with a “tag” which is required to uniquely identify
the marginal. This yields a family which is smartly learnable, with certifiable rates. Any algorithm
which ignores the tags, such as ERM or OIG, is relatively smart for the “tagged” problem only if it is
smart for the original problem. We relegate the straightforward proof to Appendix F.1. The tag con-
struction should be viewed as a deliberately simple example of a broader phenomenon. Whenever
marginal distributions in the family can be learned well from unlabeled data—of which recognizing
a unique tag is the most trivial example—and moreover this aids in subsequent supervised learning,
algorithms such as ERM or OIG which do not perform such unsupervised learning of the marginal
need not be relatively smart.

Theorem 5.3 is also by reduction from smart learning, but is somewhat more interesting so we
include it here.
Proof of Theorem 5.3. To rule out relatively smart learning, we show that it suffices for D to
satisfy two properties: (i) ID does not admit a smart learner, and (ii) D is well separated in that there

7. We mean that there exist no « and o such that the learner is relatively (¢, o)-smart. (Recall Definition 2.5).

13
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exists an absolute constant ¢ € [0, 1) so that Pp/[supp(D)] < ¢ for any distinct pair of distributions
D,D' € D.

Consider D satisfying (i) and (ii). For D € D let A = Ap be its optimal distribution-fixed
learner, and let B = Bp be the learner which on m samples guesses randomly with probability
2¢™ and otherwise invokes A. Clearly, B correctly guesses any label with probability at least
2¢™ /2 = ™, s0 eg(D’;m) < 1 — 25~ = 1 — ™ for any distribution D’. Consider the following
certifier C = Cp: Given a sample S of size m, if S C supp(D) then output eg(D,m) = (1 —
2c™)e4(D, m)+c™, otherwise output 1. This is sound for B: If S ~ D™ then E[C(S)] = e5(D, m),
and if S ~ D'™ for D’ € D not equal to D then E[C(S)] > 1 — ¢™ > eg(D’, m) by property (ii).
This witnesses a certifiable error rate of eg(D,m) < e4(D,m) + ¢™ for D, which tends to the
optimal distribution-fixed error € 4(D, m) for large m. Since there is no smart learner over D by
property (i), whereas certifiable errors tend to distribution-fixed errors additively as m grows large,
there can be no relatively smart learner over .

It remains to exhibit a countable family on a countable domain satisfying (i) and (ii). The family
of uniform distributions {J,, 5;{Ds : S € S(n, B)} from Theorem 4.1 is such a family. Indeed, (i)
is because for S € S(n, 3) there is a distribution-fixed learner for Dg with error on the order of
n~O®) with n°) samples,® whereas absent knowledge of S no nontrivial learning is possible until
the number of samples exceeds nl=06) (Lemma 4.5). As for (ii), it follows by construction since
sets in S(n, ) have vanishingly small pairwise intersections (Lemma 4.2). |

Finally, we reflect on how the difficulty of relatively smart learning varies as a function of the
distribution family. Growing the family can certainly make relatively smart learning harder, as
it always does for PAC learning, smart learning, and most other learning paradigms. Somewhat
unusually, however, we show that the opposite can also occur for relatively smart learning. This
non-monotonicity phenomenon is summarized in the following corollary of Theorems 5.3 and 3.2.

Corollary 5.4 There is a hypothesis class on a countable domain, and three distribution families
D1 C Dy C D3, such that D1 and D3 admit a relatively smart learner, but Dy does not.

Proof Let D, be the distribution family from Theorem 5.3, and fix its associated domain and
hypothesis class. Let D3 consist of all distributions on the domain, and let D = {D} for any single
distribution D € 9. It is clear that any singleton family such as D; is smartly learnable, whereas
Theorem 3.2 yields a relatively-smart learner for Ds. |

Corollary 5.4 might appear paradoxical until we recall that our benchmark in relatively smart
learning—unlike most other learning paradigms—depends on the distribution family as a whole.
While our desired learner may be burdened by having to handle more distributions, so too are
the certifier/learner pairs with which it must compete. Specifically, for any learner A catered to a
marginal D, if we grow the distribution family then a certifier C for .4 must now be sound with
respect to a larger class of marginal distributions, pushing the certifiable error on D upwards!

8. The learner which validates between hg and the constant 1 predictor has error 0} (n_o(ﬂ ) 4 %) on m samples.
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Appendix A. Definitions: ERM and OIG

We use the standard definition of empirical risk minimization.

Definition A.1 Empirical Risk Minimization (ERM) over a hypothesis class H C {0,1}* selects
as its predictor an arbitrary h € H minimizing average error on the training data. Since we are
in the realizable setting, this is an arbitrary hypothesis consistent with all the training examples.
As usual, when evaluating the error of ERM we assume worst-case tie-breaking among consistent
hypotheses.

The One-inclusion Graph (OIG) learner is best described in the context of transductive learning,
as originally employed by Haussler et al. (1994). We also find the exposition in (Daniely and
Shalev-Shwartz, 2014; Asilis et al., 2024) helpful.

Definition A.2 (Transductive Learning) In the transductive model of learning for a hypothesis
class H C {0,1}¥, an adversary selects a collection of unlabeled instances S = (1, ...,T,) €
X™ and a labeling hypothesis h € H. Let S, = ((x1,h(x1)),. .., (zn, h(xy,)) be the labeled
sequence. Then, a data point x; is selected uniformly at random from S as the test point, and

the remaining data points and their labels, denoted by S,S_Z) = {(x},yj)}j-i are revealed to the

learner A. In other words, the learner is trained on S }(L_Z) and tested on the label of x;.
The transductive error rate of a learner A is defined as

() = 3 UAS) ) () # Bl

Whenever the hypothesis class H is clear from context, we will overload notation and denote the
worst-case transductive error of A on the unlabeled set S over any h € H as

Trans Trans
€ S) = maxe Sh).
A ( ) hedl A ( h)

Note that any learner in the transductive model is well defined when realizable data is drawn
i.i.d. (as in the PAC model) by taking S to be the union of the training and test points, then predicting
accordingly. A leave-one-out argument upper bounds expected error over the distribution—where
expectation is over i.i.d. draws of training and test data—Dby the worst-case transductive error.

Definition A.3 (OIG Learner) The One-Inclusion Graph (OIG) learner for a hypothesis class
H C {0,1}* is that which minimizes worst-case transductive error eI{a”S(S ), simultaneously for
every unlabeled dataset S € X*. Operationally, this learner can be described as follows for a given
unlabeled dataset S = (x1,...,x,): Let G be the subgraph of the hypercube {0,1}" induced
by the behaviors H|S of H on S, and find the (randomized) orientation of the edges of G which
minimizes the maximum (expected) outdegree. When only a single behavior in H|S is consistent
with the training data {(x,y;)} - the algorithm predicts y; accordingly. When both labels are
possible for y; given the training labels, then the oriented edge between the two corresponding
behaviors determines the label chosen by the algorithm, in particular, the label y; corresponding to
the behavior pointed to by the directed edge is chosen.
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Remark A.4 Note that we allow the OIG algorithm to randomize over orientations. This can be
equivalently described as a fractional orientation minimizing the maximum fractional out-degree,
which is then subjected to independent randomized rounding. The distinction between integral (i.e.
deterministic) and fractional (i.e. randomized) orientations is not particularly consequential, as the
associated integrality gap—and therefore the multiplicative gap in error—is merely a factor of 2.
However, the latter does have the distinction of obtaining the optimal transductive error rate. These
subtleties are discussed in Asilis et al. (2024).

Appendix B. Uniformity Testing Preliminaries

In this section, we review the background of uniformity testing. There is a substantial body of work
on uniformity testing, with many algorithms developed for uniformity and identity testing under a
variety of modeling assumptions (Goldreich and Ron, 2000; Paninski, 2008; Diakonikolas et al.,
2014; Acharya et al., 2015; Valiant and Valiant, 2017; Diakonikolas et al., 2018, 2019b,a; Acharya
et al., 2020). In this work, we adopt the collision-based approach of Goldreich and Ron (2000),
which we refer to as the standard uniformity tester.

We first recall the definition of total variation distance for countably-supported distributions.

Definition B.1 (Total Variation distance) Let D and Q be two probability distributions defined
over a countable domain X. The TV distance between D and Q is defined as

dTv(D, Q) = %HD - Q”l = % Z "D[l‘] - Q[w”

reX

We now describe the standard collision-based uniformity tester of Goldreich and Ron (2000),
denoted by TestUnif. This tester assumes that the unknown distribution D is supported on the same
finite domain as the reference uniform distribution. This assumption about the support is crucial
for relating collision statistics to the distance from uniformity. The formal description of TestUnif
appears in Algorithm 3 and its performance guarantee is stated below.

Lemma B.2 (Diakonikolas et al. (2019b)) Denote mrest(n,&,9) = w. For any set
Y of size |Y]| = n, £,0 € (0,1), any distribution D such that supp(D) C Y, and any sample size
m > mrest(n, &, 0) Algorithm 3 satisfies that

* If D = Dy, TestUnify (&, 0,.5) returns 1 with probability at least 1 — § over S ~ D™

* Ifdrv(D,Dy) > & TestUnify (&, 9, S) returns O with probability at least 1 — & over S ~ D™
In our setting, we will consider distributions that may place nonzero mass outside the reference

domain Y. To handle this, we rely on a simple but useful observation showing how total variation
distance behaves under conditioning.

Lemma B.3 Let X be a countable set and let Y C X be finite. Let D, D’ be any pair of distribu-
tions supported on X. We have that

drv(Dyy, D) > drv(D, D) — DX\ Y.
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( Algorithm 3. Standard Uniformity Tester TestUnify (, d, S) for a set Y with input parameters h
&€,6 € (0,1) and sample S (Goldreich and Ron, 2000).
1. Letn = |Y|, £ =181n(2/§), and m’ = |S|/¢.
2. Divide S into ¢ consecutive sub-samples S; = (i1, ..., Tin’), 1 <@ < ¥
3. Let TR = 1428
4

n
. For1l <ij</do:

(a) Let Z; = ﬁ\{(ja k):j<k,xij =z}l
2

(b) If Z; < TR then let ACC; = 1, else let ACC; = 0.

5. If >, ACC; > ¢/2 then return 1, else return 0.

Proof This follows by the triangle inequality and the definition of total variation distance.
drv(D', D) < drv(D', Dy ) + drv(Dyy, D) = drv(D', Dy ) + DX \ Y]
|

Lemma B.3 shows that if a distribution D places only a small amount of probability mass outside
Y, then conditioning D on Y preserves total variation distance up to a small additive difference.
Consequently, testing D for uniformity over Y can be reduced to testing the conditional distribution
D)y, provided that samples falling outside Y are explicitly detected. This observation motivates a
simple wrapper around the standard uniformity tester, which rejects whenever a sample lies outside
Y and otherwise invokes TestUnif (with modified parameters) on the sample. The modified unifor-
mity tester M TestUnif appears in Algorithm 4, and its guarantees are summarized in the following
lemma.

Lemma B.4 Denote mest(n,&,0) := w. Let X be an arbitrary countable set. For
any set Y C X of size |Y| = n, any £,0 € (0,1), any distribution D on X, and any sample size

m > mrest(n, £/2,9), the tester MTestUnify (€, 9, S) (Algorithm 4) satisfies the following:
* If D = Dy, MTestUnify (&, §, S) returns 1 with probability > 1 — & over S ~ D™.
o Ifdrv(D, Dy) > & MTestUnify (€, 0, S) returns 0 with probability > 1 — § over S ~ D™.

Proof Let m > myest(n,£/2,0) = W. If D = Dy then observe that S C Y and
the first claim follows from the first guarantee of Lemma B.2. Moreover, if dtv (D, Dy) > £ and
D[X\ Y] < /2, we have from Lemma B.3 that dtv(D)y, Dy’) > dv(D, Dy) —D[X \ Y] > £/2.
In this case if S Z Y, then the tester returns 0, correctly rejecting D. If S C Y, then we know that
S is distributed i.i.d. according to D}y. By our choice of m we have with probability 1 — ¢ over
S ~ D™ that the tester returns 0 correctly rejecting. Finally, if dry(D,Dy) > £ and DX \ Y] >
&/2 then since m > 2In1/9) j¢ i easy to check that with probability at least 1 — 6 over S ~ D" we

have S Y in which case the tester returns 0. This completes the proof. |
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Algorithm 4. Modified uniformity tester MTestUnify (&, d,S) for set Y with parameters
(&,6) € (0,1) and input sample S:

1. If S C Y then return TestUnify (£/2,0,.5); > Algorithm 3 for testing against Dy
2. Else return 0.

Appendix C. Formal Proof of Theorem 3.1

Fix an arbitrary constant 8 € (0, %) We will construct a hypothesis class H for which OIG and

ERM are not relatively smart for any o(m,n) = O, (m?>~14%). Consider the domain X C N x N
with X' := (J,,cny An and &, := {n} x [n] for all n € N. We will sometimes refer to X, as the nth
row of the domain. Denote by D(n) the uniform distribution on the nth row X,,. We will define a
hypothesis class 7 (n) such that the probability under D(n) of minority label of any h € H(n) is
about n 7. Define the functions M, m : N — Nand ¢ :— (0, 1) as

M(n) = [n'?],m(n) = [n2"38], and&(n) = M(n)/n ~n~". 3)
Forb € {0,1} and n € N, let
HO(n) = {h e {0,1}¥ :Vz € X\ Xy, h(z) = land |[{z € X, : h(z) = b}| = M(n)},

and define #(n) = H (n) U HD (n). In other words, for each h € H(n) there are exactly M (n)
points in row n with the minority label, whereas h is one everywhere outside that row. Note that
&(n) is the probability under D(n) of a minority label for any h € H(n), which approaches 0 as n
grows. We let H := J, oy H(n).

Let Apma;j be the learner which ignores unlabeled data, and always predicts the most frequent
label seen in training; formally, Amaj(S)(2') = L[|{(z,y) € S : y = 1}| > |S|/2]. We show that
Awmaj has error O(&(n)) on H with respect to D(n) and sample sizes m > m(n) and, more impor-
tantly, this error rate is certifiable. We prove the following.

Lemma C.1 There exists an absolute constant C = C(f) € N such that for all n > C, the rate

(D, m) = 4¢(n) if D =D(n) and m > m(n)
= 1 otherwise.

is certifiable for Awy; in the distribution-free setting.

We prove Lemma C.1 by certifying the error rate of Aw,j. Specifically, for each row n € N we
exhibit a certifier Cmaj,, (Algorithm 5) satistying €.4,,,.(D,m) < Egwpm|[CMajn(S)] < €n(D,m)
for all m € N and all distributions D on X. Note that for distributions on the row of interest n,
Awmaj will only do well for distributions close to uniform, so our certifier must output small values
exclusively for those. We therefore exploit uniformity testing—recapped in Appendix B—to dis-
tinguish the uniform distribution on row n from distributions a substantial total variation distance
away. Our uniformity tester adds a simple wrapper around the standard uniformity tester TestUnif
(Algorithm 3), which allows detecting distributions with support outside the desired row. The re-
sulting modified uniformity tester M TestUnif is shown in Algorithm 4 with guarantees summarized
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Algorithm 5. Certifier Cpaj ,,(S) run on input sample S:

1. Let O = MTestUnifx, (£(n),£&(n), S). > Algorithm 4 for testing against D(n)
2. If |S| > m(n) and O = 1 then return 3¢(n), else return 1.

in Lemma B.4. The remaining technical details for proof of Lemma C.1 are fairly standard, and
therefore relegated to Appendix C.1.

Having upper-bounded the certifiable error rate of the majority learner for D(n) with m > m(n)
samples (Lemma C.1), it remains to lower bound the error of ERM and OIG learners in the same
regime. The proof of the following Lemma is fairly elementary and relegated to Appendix C.2.

Lemma C.2 For the hypothesis class H we have € ocq,, (D(n), m) > 1—-2€(n) and € 45 (D(n), m) >
1/2 — 20~ P2 = 1/2 — o(1) for all m < M(n).

For the distribution D(n), Lemmas C.1 and C.2 imply that it would take at least M (n) ~ n'~?
samples for the error of OIG or ERM to approximate—to within any multiplicative constant «
and any additive constant n < %, both independent of n—the certifiable error rate of the majority

learner with m(n) ~ n2+% samples. Since M(n) = w ((m(n))?~18) this rules out relative
(v, 0)-smartness of OIG and ERM for any constant « and any o(m,n) = O, (m?~147). [

Remark C.3 The preceding proof of Theorem 3.1 may appear to require a different hypothesis
class Hg for every choice of the parameter (3. This can be avoided by taking the disjoint union of
countably many Hg—over disjoint countable domains Xg—for a sequence of [3 values tending to
zero. In more detail, for each B € B = {1/i : i € N,i > 8} we define Hg over its own distinct
domain X3 as in the preceding proof, let X = LﬂﬂeB X3, and extend each h € Hpg to X canonically
by setting h(z) = 1 for v & Xj. The resulting single hypothesis class H = 5.5 Hg over the
countable domain X serves to witness the impossibility result of Theorem 3.1, as needed.

C.1. Proof of Lemma C.1

We will use the following lemma as upper bound on the error of the majority learner and lower
bound on the error of ERM for learning from H(n) under the uniform distribution D(n).

Lemma C.4 Letr £(n) be defined as in Equation (3). Assume n is sufficiently large such that

n > %. Then, for the hypothesis class H and sample sizes % <m < M(n)

we have (i) € 4, (D(n),m) < 2£(n) and (ii) € Aggy (D(n), m) > 1 — 2§(n).

Proof Fix any h € H. Let b € {0, 1} be the minority label of h on &,,, i.e.,|{z € &), : h(z) =
b}| < M(n) and thus either h ¢ H(n) or h € H"(n). Denote A} := {x € X, : h(z) = b} and
Xi_p = X \ A We know D(n)[X,] < M(n)/n =¢&(n) and D[AX;_p] > 1 —&(n). Letd € (0,1)
and S be any sample of size m > %. In the event that | SN X, _p| > |S]/2, we know A,
outputs 1 — b on every input and clearly has error D(n)[X};] < £(n). We bound the event that the
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majority label in sample is not 1 — b by Hoeffding’s inequality

|S] 1 1
P SNX | <—|= P —[SNX | < =
S~D(n)m | 10l < 2 S~D(n)m m| 1ol < 2

]
S~D(n)™

< 2exp(—2m(1/2 — £(n))?) < 6.

(1 - &) — IS N %1

zé—ﬂm]

Therefore we can conclude that €4,,.(D,m) < §(n) + 0. On the other hand if m < M(n),
there always exists an ERM hypothesis that will incorrectly pick b as the majority label. This is
due the fact that |S| < M (n) and there always exists a hypothesis h consistent with S that has
Hz e X, : E(az) = 1—0b}| = M(n). Itis clear that such a hypothesis has error at least 1 — 2¢(n).
Letting 6 = £(n) concludes the result. We also want to make sure such a value of m exists. The

lower bound requirement on n is used to make sure that % <m<én)-n=Mmn). R

We now restate Lemma C.1 and prove it.

Lemma C.5 (Restatement of Lemma C.1) There exists an absolute constant C' = C(f) € N such
that for all n > C, the rate

(D, m) = 4¢(n) if D =D(n) and m > m(n)
= 1 otherwise.

is certifiable for Awa; in the distribution-free setting.

Proof Recall the definition of functions M, m : N x Nand £ : N x (0, 1)
M(n) = [n=%],m(n) = [n2+ ], and&(n) = M(n)/n~n"".

We prove that Ap,; certifiably achieves the error rate €, (., .) with C,j,», being the sound certi-
fier. To do so, we have to make sure that

€AMaj (D,m) < SNI[EDM[CMaj,TL(S)] < en(D,m)
for all D, m. It is obvious that whenever m < m(n), regardless of the distribution, the certifier
always outputs 1, which is an upper bound on the error rate and also is equal to the certifiable error
rate. We will have to consider three cases for the distribution D when m > m(n). Throughout, we

will be using the following immediate corollary of Lemma B.4 and always assume n is larger than
the constant in the following to handle different cases.

Lemma C.6 There exists an absolute constant C1 = C1(3) € N such that for any n > C1(3), we
have for any m > m(n),

* If D = D(n), MTestUnif x, (£(n),&(n), S) returns 1 with probability at least 1 — &£(n) over
S ~Dm.

e If drv(D,D(n)) > &(n), MTestUnifx, (£(n),&(n),S) returns 0 with probability at least
1 —&(n) over S ~ D™,
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Proof We can verify that for sufficiently large n, for m(n) = Ln%+35 | as defined in Equation (3)
in Section C we have

18- 64/nn (2nf) 18-64y/nln (Wi))

3438

— mTest(na g(n)v f(n)) (4)

This implies that any m > m(n) satisfies the requirement of Lemma B.4 for S = &, and £ = £(n),
which concludes the proof. |

We now discuss each case separately.

1. The distribution is D(n). We can verify that for sufficiently large n (and thus small £(n)), we
have the following lower bounds on n and m(n) in terms of (n)

(e W () s
T2 B(p - n P 26(n)(5 — €(n))*

and

In (2n°) B In (%)
=2 P2 2} - ()
Therefore, we can invoke Lemma C.4 to conclude that € 4, (D(n), m) < 2£(n) = 2M (n)/n.
Moreover, from Lemma C.6, we know that with probability at least 1 —&(n) over S ~ D(n)™,
MTestUnif x, (£(n),&(n), S) (Algorithm 4) returns 1, accepting that the underlying distribu-
tion is D(n). Hence, with probability at least 1 — £(n) the certifier outputs 3£(n). Moreover,
observe that Cpaj ,,(S) > 3£(n) for any sample .S and we have

m > m(n

(6)

€Auy (D(n),m) < 3¢(n) < Swgn)m[CMaj,n(S)] < 3¢(n) +&(n) = 48(n) = en(D(n), m).

2. dyv(D,D(n)) < &(n). We will prove that the error of majority learner is always bounded
by 3¢(n) for n sufficiently large such that {(n) < 1/4. Let b denote the majority label of
the labeling function h* € H under the distribution D and denote p := D[{x : h*(z) = b}].
Considering d1v(D,D(n)) < &(n), we observe that for b = 1, if h* € H(n), we have
Dn)[{z € X, : h*(z) = 1}] = 1 —&(n) and p > 1 — 2¢(n). Note that D(n)[{z €
Xp @ h*(x) = 1}] = 1 — £(n) comes from the fact that if by the sake of contradiction,
we assume for h* we have D(n)[{z € X, : h*(z) = 1}] = £(n), then we would get
p < 2£(n) < 1/2, which is a contradiction to b = 1 being the majority label. If h* ¢ H(n),
we have D(n)[{z € &,, : h*(z) = 1}] = 1 and p > 1—¢(n). On the other hand, if b = 0, we
have h* € H(n). To see this, assume by the sake of contradiction that h* ¢ H(n). Then we
getthat D(n)[{x € X, : h*(x) = 0}] = 0 and thus D[{z € X, : h*(z) = 0}] < &(n) < 1/2
which is a contradiction to 0 being the majority label. Therefore, D(n)[{z € X, : h*(x) =
0} =1—-¢(n)andp > 1 —2&(n). In any case, we get that 1 — 2£(n) < p < 1. Observe that
Espm[|{(z,y) € S :y =b}|] > (1 —2£(n)) - m and similar to proof of Lemma C.4 we get
from Chernoff’s inequality that

5 IE;’)m[Majority of labels in S is 1 — b] < 2exp (—2m(1/2 — 2¢(n))?) < &(n),
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where the last line follows from Equation (6) that holds for large n. Therefore, we get that

Au(Dm) = B [ Aus(@) # h*(2)]] < E(mp + (1~ p) < €(n) + 26(n) = 3E()
Taking into account that Cmaj,(S) > 3&(n) for any S, we have Egpm[Cmajn(S)] >
3¢(n) > € Ao (D, m).

. drv(D,D(n)) > &(n). In this case, we can invoke Lemma C.6 to get that with probability at
least 1 — &(n) over S ~ D™, MTestUnif y, ({(n),&(n), S) (Algorithm 4) rejects and outputs
0. Therefore, Cmaj,» outputs 1 with probability at least 1 — £(n) and Egpm[Cmajn(S)] >
1—¢&(n).

We now find an upper bound on the error of .Ap,; on distribution D. Let b denote the majority
label of labeling function h* € H under distribution D and denote p := D[{z : h*(z) =
b}] > 1/2. We get from Chernoff’s inequality that

q:= ]P;m[Majority of labels in Sis 1 — b] < 2exp (—2m(p — 1/2)?).

We can therefore write that

o plHAMs(2) £ (@) = pa + (1= p)(1 ~a).

Observe that since p > 1/2, we get from simple calculations that pg + (1 — p)(1 — q) < p.
Now if 1/2 < p < 1/2 4 &(n) we have pg + (1 — p)(1 — ¢) < 1/2 + £(n), which is at most
3/4 for large n where £(n) < 1/4. Moreover, we can verify that for sufficiently large n,

1n(1+;6 )
£(n)
m(n) > ————2—.
2(¢(n))?
In(6
This implies that if p > 1/2 + £(n) then we have m > m(n) > (];_(7%7;)2 and, thus, ¢ < £,

2
which in turn proves pg + (1 — p)(1 — q) < % +1-p<1+1=2 Since the choice of
h* € H was arbitrary, we can get that

B~ w

(D)= sip B (1 Awi(x) # ()] <

This concludes that Eg~pm [CMajn(S)] > 1 —&(n) > 3/4 > €4, (D, m).

C.2. Proof of Lemma C.2

We know from Lemma C.4 that for the uniform distribution D(n) and the hypothesis class H(n)
there are ERM learners with error rate € 4., (D(n), m) > 1 — 2£(n) for all m(n) < m < M(n)
because m < M (n) and that the Equations (5) and (6) imply that requirements of the lemma are
satisfied for m > m(n).

We now consider the OIG learner. For a multiset S € X, denote by dom(S) C X the set

of distinct elements in S and by S(;) € dom(S) the set of all elements that appear exactly once
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in S. Observe that for any multiset S € X' with |S| < M (n), the set dom(S) is shattered by
‘H(n). From Fact C.7, we know that for any such set there exists a maximum-out-degree minimizing
orientation of the graph that sets the out-degree of every vertex to at least ||S(y)|/2]. Moreover,
from Lemma C.8 we know that for any m < M (n) we have with probability at least 1 — n=P/2 over
S ~ D(n)™ that [S(yy| > m(1 — 2n~P/2). This implies that for any h € H(n) with probability
atleast 1 —n~%/2 = 1 — o(1) over S ~ D(n)™, the trandsuctive error is at least 1/2 — n=?/2 =

1/2 — o(1). Combining this with the leave-one-out argument, we conclude that € 4, (D(n), m) >
1/2 —2n=P/2 =1/2 — o(1) for all m < M (n). u

Fact C.7 LetH C {0, 1}* be a hypothesis class and S € X™ a multiset of size n such that dom(S)
is shattered by M, i.e., H|dom(S) = {0,1}9°™5). There exists a maximum-out-degree minimizing
orientation of the OIG on S that sets the out-degree of every vertex to at least |[S(y)|/2].

Proof Let d := [S(y)|. Itis easy to verify that the one-inclusion graph of #|S is a disjoint union
of d-dimensional hypercubes. This is due to the fact for any v € {0, 1}", the edges connected to u
correspond exactly to the instances that appear exactly once in .S. Moreover, any node % may only
connect to nodes that are consistent with u on S\ S(y). It is therefore, enough to show that for the
d-dimensional hypercube, there exists a maximum-out-degree minimizing orientation that sets the
out-degree of every vertex to |d/2]. We now prove this fact.

First note that the total number of edges in the d-dimensional hypercube is d - and any
orientation of the graph must have maximum degree at least [d/2]. We now describe an orientation
that achieves maximum out-degree at most [d/2]. For any edge e = (u,v) in graph connecting
nodes u,v € {0,1}%, let i. € [d] be the instance such that u(i.) # v(i.). We orient the edge
towards the node wu if the parity of u equals i, mod 2 and we orient it to v otherwise. Obviously,
each node u will have out-degree at least |d/2| and at most [d/2]. Finally, note that this is a valid
orientation since e = (u, v) already implies that v and v have different parities. |

2d—1

Lemma C.8 Let m < M(n). We have with probability at least 1 — n=5/2 = 1 — o(1) over
S ~ D(n)™ that |S(1)| > m(1 - 2nP/2) = m(1 — o(1)).

Proof Let Z denote the set of pairs of instances in the multiset S = (z1, . .., Z,,) that are duplicates,
e, Z={1<i<j<mn:xz =z} Wecan verify that Eg.p(,m[|Z|] = (3)%. We apply
Markov’s inequality to conclude that

2 1 1

m <
2n  mn—B8/2 = 2nB/2’

]P[Z > n=P2m <

where the last line follows from the fact that m < M (n) = n'~?. Note that if we remove all the
instances in Z from .S, we get the set of all instances of S that only appear once. Therefore, S(l)| >
|S| — 2|Z| and we get that with probability at least 1 — n=?/2 we have [S(;)| > m(1 — 2n=5/2).
This concludes the proof. |
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Appendix D. Missing Proofs From Section 3.1
D.1. Proof of Lemma 3.4

Fix a multiset S = (z1,...,z)) of M instances. Let Ag be the learner with € 4, (Dg, M — 1) =
€*(Dg, M — 1). We will now prove that there exists another learner A’ such that

P(S) <e-eag(Ds, M —1) =e- € (Dg, M — 1),

On any set S}(;i) and test point x, the learner A" will draw a set 7" of ]S}(:i)| =M —1iid

samples from the uniform distribution on S ,(;l), which we denote by Dy, _;. It then predicts A’ (z) =
Ag(T)(x). Asilis et al. (2025) prove that in the process of sampling M — 1 instances from the
uniform distribution Dg, the probability that a point z € S, e.g., x;, is not sampled is at least 1/e.
For any h € H, denote by Dj, the uniform distribution on S. This implies that

M
1 —i
eTPe(8) = mae eTP(Sh) = mae S HA(SL) i) # Ao}

heH

1=

= max — E/ | [H{As(T)(x;) # h(x;)}]

<maxe >, B, H{ASD(@) # b))

1
= e-max

M
heH Toph-1 Vi ; H{Ag(T) () # h(x)}

= €-6AS(D5,M— 1)
= 6-6*('D5,M— 1).

We now rely on the fact that the one-inclusion-graph learner achieves the optimal transductive
error on any sample S (see Definition A.3 and Remark A.4), and therefore eI{SES(S ) < elms(9) <
e - €*(Dg, M — 1). Moreover, observe that by a simple leave-one-out argument we have

T _ Ti Ti _
JE [dameo) = K, [% e,xg.25<sh>} >max B [NE(S)] = eage(D M - 1)

Appendix E. Missing Proofs from Section 4
E.1. Proof of Lemma 4.2

We use a probabilistic method argument. Let I/ be a universe of size [U| = [n'*#] . Pick k :=
[exp(fn!~F /2)] many subsets uniformly at random from all the subsets of / of size n. We calculate
the expected size of the intersection of any such pair by writing

E[S;n 8] =Y Ell{ue Sinues) =Y <|Z’>2 - IIZQ! € (2n157n1ﬁ> 7

uel uel
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where the last step follows from the fact that nith < Ul < %anB for n > 7. Since the random
variables 1{u € S; A u € S;} are negatively associated we can now apply a Chernoff and union
bound to conclude that

PVi<i<j<k |SinS;| < nl—ﬂ/ﬂ >1- Y IP)“Si ns;| > n1_6/2]
1<i<j<k

> 1 —kQP[\smsjy >nl=f. (14 nf2 1)]

>1- k:ZIP’[\Si NS, >E[IS:n S]] (1+nf2— 1)}

ﬂ/2_12
2 @ -1)7 5 g
21 kexP( 24nb2—-1 6 " )
5 64 (nfl2?2 |
_ 2 _9. b= 1-8
>1 kexp( 6 90 1B n

16
> _ 2 - . 1 6/2
1 k exp( o7 n

where we used the fact that for large n, we have both n/2 — 1 > $nf/2 and 1 + n#/2 < Wpf/2,
Now since we have k2 < 2 exp(%nlfﬁ/Q), we get

P|Vi,j € [k], |S; N S;| < nl—ﬂ/ﬂ >1— k2 exp <fn1_5/2) >1 - 2exp (1121@1—6/2> e

We then analyze the requirement needed for property (iv). Take any subset T' C U of size
|T| < 2n'=5. For any i € [k] we have that

1 EER) s =1 08— 1) o (18— 1T
S 1 (R /([ (7 R R > (=)

Therefore, noting that | 7| < 2nt—P we can write for large n that

- 1-p 2nt—F o2l —F
n— 2=\ *" nB —2 1\ _

We can then conclude by linearity of expectation that

E Z 1T C S;]| > kexp (72711_5 ln(2n6))
1€[k]
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where the last inequality follows from the fact that for large n, we have that on 3 In(2nf) < 1/8.
Note that from a Chernoff bound we have that

1 1 1 1
P> 1T c S < 5 ©xD <8n1—6/2> < exp (8 exp <8n1_5/z>>

i€lk]

We apply a union bound over all subsets of size at most 2n'~? to conclude that

PIvicu:Y YT c s> %exp (;n16/2>
i€[k]

—1-P|ITCcuU: Y YT C S} < %exp <én1—5/2)
i€[k]

1 1 4_
>1- Z P Zl{TCSi}<§eXp <8n1 6/2>
TCU:|T|<2nt=8 i€[k]

2n1+5

1 1
_onl=h8 ) - Lo1-8/2
>1-2n <2n1—5>P E LT c S;} < 5 CXP <8n >

1€[k]
2nl=F
>1-2n'7F (enw) " exp <—;exp (;n1_5/2)> ,

where we used the fact that |1/| < 2n'*7 in the second inequality. We can continue writing

!0 1 1
o (o) e (<o (5022))

=1—exp <ln(2) +(1—=p8)In(n) + (2 +48 ln(n))n1—5> exp <_; exp <;n1—6/2)>

>1—exp <2(2 +481n(n))nt=# — 1eXp <;n15/2>> )

8
>1—exp <_116 exp (;nl_ﬁ/g))

>1—exp <—;n1_5/2> ,

where the first and second inequalities hold since for sufficiently large n we have In(2) + (1 —
B)In(n) < (24 481n(n))n'#, and 2(2 + 481In(n))n' =# < L exp (%n1*5/2).

Taking a union bound over Equation (7) and (8) we can conclude that with probability at least
1 — 3exp (—n'7#/2) the intersection of every pair is at most n!~%/2 and also every subset of
universe of size at most 2n'~# is contained in at least %exp (%nl_ﬁ/ 2) many other sets. This
proves the existence of a set system with the claimed properties. |
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E.2. Proof of Lemma 4.3

We will use a probabilistic method to show such a hypothesis class exist. In particular, for every
S € 8(n), pick a random hypothesis hg that is constant 1 outside S and the labeling on S is chosen
uniformly at random from all the 2! possible labelings. Clearly this satisfies property (i). Recall
that |S| = n and [U(n)| = [n'*#]. We show the a randomly chosen labeling of hg forall S € S(n)
satisfies the claimed properties with non-zero probability.

To prove property (ii) we first show that with high probability over the random labeling, all the
hypotheses hg, S € S(n) are unique, that is, for any distinct pair of S, S" € S(n) we have hg # hs.
Since the hypothesis hg is constant 1 on any S’ \ S, it is sufficient to prove that for all S € S(n),
we have [{z € S : hg(z) = 0}| > n/3 because S N .S" < n'~#/2. We know for any S that
E[[{z € S : hg(x) = 0}|] = n/2. Taking a Chernoff and union bound we get that

PVSeS(n),\{xes:hS(x):oHz%} >1- % P[[{xeS:hS(:c):O}]<g

Ses(n)
n
> 1 IS exp (—55)
9
>1—exp (;nl_ﬁ/g - ?Zi)

>1—exp (—;nl_ﬁm) ,

where we used the fact that for large n, we have n/36 > n!'=#/2,

We turn to proving property (ii). For any T' C U (n) with |T'| < 2n'~5, the set is contained in
St many sets and the labeling of each set is picked uniformly at random. For any fixed labeling b €
{0,1}/71, let Z7;, denote the random variable |{S € Sz, hs|T = b}|. We know from property (iv)
in Lemma 4.2 that Sp > | § exp (%nl_ﬂ/Q)J > Lexp (%nl_ﬁ/g) and, therefore, we have E[Z7 ;| =

% > 2*2”1%& exp (2n!=5/2) . We apply a Chernoff bound to conclude that

St
P|: Z 7b— W

,ﬁ@ < _ |ST| —28
>n 2|T} < 2exp 3‘2‘T|n

< 2exp (_n24 exp (8n15/2 - 2ln(2)n15>>

= 2exp (—214 exp (;nl—ﬁ/Q —2B1n(n) — 2ln(2)n1_6)>

1 1
< 2exp <—24 exp <16n1_6/2>> ,

where the last inequality is due to the fact that 28 1In(n) + 2In(2)n!~# < n'=5/2 for sufficiently
large n.
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Taking a union bound over all labelings b and all sets 7', we get that

, |St| _5|St| St _5|Sr]
]P)I:ElT,b : ZT7b — 2‘T| >n W < Z P ZT}b — W >n W
TCU(n),be{0,1}7T:
|T|<2nt—F

onlth - 1 1
< 4nt-h <2n1_ﬁ> g2n’~# exp <—24 exp (16”1—6/2>>
n
=P g 1 1
< apl-B ( 25) 92n - L o1-8/2
=~ 4an en exXp 24 exXp 16n

< exp (ln(4) + (1 —B)In(n) +2(1+In(2) + 28 ln(n))nlfﬁ) exp <_1 exp <1n16/2>>

24 16
1 1
< exp <_48 exp (1()’”1_5/2>> ,

where in the last inequality we used the fact that for large sufficiently large n, we have

(10)

51 1o
In(4) + (1 — ) In(n) + 2(1 + In(2) 4+ 281n(n))n'=* < 15 &P (wnl WQ)

Taking another union bound with Equation (9), we conclude that with probability at least 1 —
exp (— 45 exp (%Gnlfﬁ/Q)) — exp (—in!=#/2), all hg are unique and, therefore, Z7;, = |{hg €
H(n): S € Sp,hg|T = b} for all T, b and property (ii) is satisfied for all subsets of size at most
2n'=8. Observe that for the large n regime we are considering, property (ii) also implies that every
labeling of T" induces many hypotheses and that 7" is shattered. This implies the existence of the
claimed labeling of the set-system and finishes the proof. |

E.3. Proof of Lemma 4.4

We will prove that the certifier is both sound and upper bounded by the certifiable error rate. For-
mally, we prove that

eas(Dym) = B [Cs(T)] < en(D,m).

The claim is obvious when m < m(n) where we always have e44(D, m) < Eppm[Cs(T)] =
en(D,m) = 1.

Let h* € H be the labeling function. We will use the following throughout the proof to bound
the error of the learner .Ag. For large n and m > m(n), using a Chernoff and union bound we have

P [3h € {hs, Awaj(T1)}, |L(h,T2) — L(h, Dy)

Ty~D/?

> ¢(n)] < dexp (—mé(n)?) < &(n),

1D

where the last inequality is due to the fact that for large m, we have m > W.
We now consider three cases based on the underlying distribution. We will use the following
instantiation of Lemma B.4 which can be proven similar to Lemma C.6 since Equation (4) still holds
in this setting. We will assume that n is larger than the constant in the following lemma for the rest

of the proof.
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Lemma E.1 There exists an absolute constant C; = C1(8) € N such that for any n > C1(3), we
have for any S € S(n) and m > m(n),

* If D = Dg, MTestUnifg(&(n),&(n),T) returns 1 with probability at least 1 — £(n) over
T ~Dm

e If drv(D,Dg) > &(n), MTestUnifs(£(n),&(n), T) returns 0 with probability at least 1 —
&(n) over T ~ D™

Letr := |{(x,y) € T1 : y = 1}| be the number of instances in 7} with label 1. We now discuss
each case for the distribution separately.

1. D = Dg for some S € S(n). From Lemma E.1 we know with probability at least 1 — &£(n)
over ' ~ D™, MTestUnifs(£(n),&(n),T) accepts the underlying distribution as Dg and
thus O = 1. Therefore, we have Er..pm[Cs(T)] < &(n) + 6£(n) = 7&(n).

We now bound € 4, (D, m) for m > m(n). Two possibilities can happen, either (1) h* = hg
or (2) h* = hg for some S” € S, S’ # S. In the first possibility, hg will have zero error
under Dg and obviously L(hg,T>) = L(hg, Dp+) = 0.

In the second possibility where h* = hg for some S’ # S we know from property (i)
in Lemma 4.3 that hg/ is 1 on S except on the intersection of S and S’ which has size at

most n'~#/2 based on property (iii) in Lemma 4.2. Therefore, E, [r] > w Ty >

(1 — n=P/2)|Ty|. Therefore, from a Chernoff bound, for sufficiently large 1, we get that

plr< 5 10l] ~[r < gt 0 -
<Blr<- - 0-n | (s <3
< exp (—118@ —n W2>|T1|) <osp (-~ ) ((1 0y > ;)
where we used the fact that |T}| > L%J > . It is easy to verify in the large n and
m > m(n) regime we have exp (—1%;) < —B/2 < £(n). Therefore, with probability at

least 1 — {(n) we get that 7 > 5 - |
L(Amaj(T1), D) < 21 < n=8/2 < ().

Let h € arg Milpe (hg, Ay (T1)} L(R: Dp+). We proved in above that L(?L,Dh*) < ¢(n) with
probability at least 1 — {(n). Noting that Ag(T) € argminpe(ng Ay, (1)} L(h, T2) and
taking a union bound of the above failure with Equation (11), we get that with probability at
least 1 — 2¢(n) over T' ~ D™

L(As(T), Dp+) < L(As(T),Ta) +&(n) < L(h, Tp) +&(n) < L(h, Dye) +2€6(n) < 3¢(n).
Therefore, we get that

€ag(Dg,m) = Sup TNI%;;* [L(As(T), Dp)l < 5¢(n) < B [Cs(T)] < T€(n) = en(Ds,m).
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2. d1v(D,Dg) < £(n). In this case, we have no guarantees on the success of the uniformity
tester. Nevertheless, we show that the error of the certifier can bound the error of the learner.
We consider the two possibilities, namely, (1) h* = hg and (2) h* = hg for S’ € S, 5" # S.
In the first possibility, where h* = hg, we know hg will have zero error under Dy« and
obviously L(hg,T5) = L(hg, Dp«) = 0.

Denote p; := D[{u € U(n) : h*(u) = 1}] and note that because dtv (D, Dg) < &(n) we
have

[Ds[{u € U(n) : h*(u) = 1}] — p1| < &(n).
In the case where h* = hg/ for some S' # S, we know Dg[{u € U(n) : h*(u) = 1}] >
1 — n~P/2 and therefore B, [r] = py - |T1| > (1 — 2n~7/2)|T1|. A Chernoff bound, for
sufficiently large n, concludes that

1 1
Bl g Il] = | < 5 gy 02|
b a—aner S <3
< ];’{r <(1- 3) (1—-2n )|T1|] <2(1 — 2n—B/2) = 3)
< exp <_118(1 - 2n—5/2)|T1|>
= exp (* 1T4> < &) <(1 -2 2 ;> '

This implies that with probability at least 1 —&(n), we have r > |T7|/2 and Awmaj(T7)(x) = 1
for all z. Therefore, L(Amaj(T1), Dp+) < 1 — D[S\ 5] < 2{(n), where the first inequality
is due to majority being correct on S \ S’ and the second inequality is due to D[S \ S'] >
Dg[S\ S']—&(n) > 1 —2&(n). Again, we proved that with probability at least 1 — £(n) we
have L(ﬁ, Dp+) < 2¢(n) for h € arg Milye (g, Ayy(T1)} L(7, D). Similar to the previous
case, we can take a union bound over the above and the failure of Equation (11) to Aconclude
that with probability at least 1 —2£(n) over T' ~ D™ we have L(Ag(T), Dp+) < L(h, Dp+)+
2¢(n) < 4€(n). This proves that
€as(D,m) = sup E [L(As(T),Dp+)] <6&(n) < E [Cs(T)] < €,(D,m) = 1.
hrep T~Dm. T~D™

3. dtv(D,Dg) > &(n). In this case we know that with probability at least 1 —£(n) over T' ~ D™
the test MTestUnifs(£(n),&(n), T) rejects D and outputs 0. Therefore, Er.pm[Cs(T)] >
1—¢&(n).
Similar to the reasoning in the Case 3 of the proof of Lemma C.1, we can conclude that for
any distribution D, the error of the majority learner is always upper bounded by 3/4 for large
n. We get from Equation (11) that with probability at least 1 — £(n) over T ~ D™,

L(As(T), Dp+) < L(As(T), T2)+€(n) < L(Amaj(T1), T2)+£(n) < L(Awmaj(T1), Dpx)+2€(n).
This concludes that

3 7
eas(D,m) = sw B [L(As(T), D)) < 7 43¢(n) < g < B [Cs(T)] < €n(D,m),

where we used the fact that {(n) < 1/24 for large n.
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Overall, we proved that Cg is a sound certifier for Ag and together the collections Ag and Cg
for S € S(n) witness the certifiable error rate €., .). [

E.4. Proof of Lemma 4.5

Notations. For any function h : & — {0,1}, any (z,y) € U x {0,1}, define L(h, (z,y)) :=
1[h(z) # y]. Moreover, for any unlabeled set W € U{* and labeling function h*, define L(h, W, h*) :=
T%q > zew L(h, (z, h*(x))). For distribution D over U, and labeling function 7*, define L(h, D, h*) :=
Eyp[L(h, (xz,h*(x)))]. For any multiset W € U*, we denote by supp(W) C U the set of all dis-
tinct elements in W. For any multiset W € U* and test point x, let W,, := W U {z}. For any
multiset 7 € (U(n) x {0,1})*, we denote by dom(7T") € U(n)* the unlabeled part of 7". Finally,
recall that for any multiset W € U*, we denote Sqyppwy = {5 € S(n) : supp(W) C S}.
Proof

Let D, be the uniform distribution over {Dg : S € S(n)} where Dg := (Dg, hg) defines a
learning instance with Dg, the uniform distribution on S, being the marginal distribution and hg
being the labeling function. We will show that a randomly picked distribution from D,, is expected
to incur high error on A. Formally, we will prove that

E E [L(A(T),Ds,hs)]= E E [L(A(T),S hs)]>=—2n"" (12

1
Dg~Dy, T~DZ Dg~Dy, T~DT 2

this will be enough to show the existence of the claimed set Sy, ,,

For any multiset 7', denotej := dom(T'). Observe that drawing T' ~ 55” is equivalent to
drawing the unlabeled multiset 7' ~ D and then labeling it with hg. Moreover, for any S € S(n)
and any W € S™ we have D' [W] = |S|™™ = n~"". Therefore, we can write that

ZL (2, hs(z )))]

E E [L(A(T), Ds, hs)] =

Dg~Dy, T~DF Dg N]D)n T~D
1
= > Z ZL (z, hs(z)))
IS g&stm | ™" 7 <
n cgm xE

13)
Fix any T € (U(n) x {0,1})™ and = € U(n) such that x ¢ T. We do not need to consider any
T with T ¢ U(n) since they have zero probability and do not contribute to Equation (13).
Since |T| = m < n'~#, we know from property (ii) of (n) in Lemma 4.3 that for any labeling
b € {0, 1}surp(Ta),

|Seupp(T | |Seupp(T)!
1—n—"B supp(T'z) < (14n—5 supp(T'z) .

Moreover, it is obvious that for any S, S’, we have hg|supp(T,) = hg/|supp(T;) if and only if
hs|T, = hg/|T, as supp(T) is the set of unique elements in T'. Therefore, for any labeling /() of

x, there exists a unique labeling b € {0, 1}5“""(?95) such that hg|T, = (T, (z, £(x))) if and only if
hg|supp(T;) = b. This combined with the above equation implies that for any 7" and = ¢ T, the
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fraction of sets S that contain supp(7;), are consistent with the labeling of T, and label x with 1 is
close to the fraction that label z as 0. Formally, we have

' ’{hgeH( )+ S € Syypp(ry: sIT =T, hs(x) —y}‘ 1 1—-n"f
min
ye{0,1} ){hs EM(n): S €Sy

hs‘T T}’ 2 14+n— B

Define by S[(T, z)] = {S € S(n) : S € 07, hg]T = T'} the collection of sets that contain

supp(T,.) and their labeling function is consistent with the labels of T'. The above implies that for
any learner .4 and for any set 7" and x ¢ T we have

1
—_— L(A(T > 14
‘SKT, .’E)” Se%@)] (‘A( )7 (xa hS(w))) — (14)
Note that for any S € S(n), the multiset 7" and = ¢ T have non-zero probability under Dg as
training and test samples if and only if supp(7;) C S (ie., S € Squpp(T,))» and hs|T =
Therefore, for any 7" and = ¢ T, the collection S[(T,x)] are exactly all the sets S € S(n) for
which 7" and z have non-zero probability as training and test samples from Dg. In other words,

each set 7" and test point = ¢ T" appear as a summand in Equation (13) exactly |S[(T, z)]| many
times. Therefore, we can continue writing

1
1 2 [ T |5 MA@, st

SeS(n) Tesm :L’ES
5)
1 1
= C oMl Z Z L(A(T)>($ah8(x)))
[S(n)] n
TeU(n)x{0,1})™ SeS[(T,z)]
x€U(n)
Now note that from Equation (14) we get that
> Y. LAT), (z, hs(x)))
TeU(n)x{0,11)™ SeS[(T,z)]
T€U(n)
= > Y LIAD), (,hs(@))) + > Y. LAT), (z, hs(x)))
Te(n)x{0,1})™ SES[(T,x)] TeW(n)x{0,1})™ SES[(T,z)]
mGZ/I( ), x¢T x€U(n), z€T
1 1-nF
2 Z §m|5[(Ta$)”
TeU(n)x{0,1})™
zeU(n),z¢T
(16)

Moreover, for any fixed S € S(n), and any T with supp(T) C S there are at most [T’ many
x € U(n) such that z € S and = € T. In other words, there are at least n — |T'| > n — m many x
such that z € S but z ¢ T. Therefore,

vSeSm), Y. USes(Ta)z = Y 1S eS[(Ta)]
TeU(n)x{0,1H)m " TeU(n)x{0,1}H)m
x€U(n), xz¢T x€U(n)
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Observe that this further means

n—m
> [SUT, )]l = — > [SI(T’, z)]] (17
TeWU(n)x{0,1})™ TeU(n)x{0,1})™
x€U(n), z¢T z€U(n)

Taking Equations (16) and (17) into account, we can continue Equation (15) to write

\S(In)] ' ﬁ ) > L(A(T), (2, hs()))

TeWU(n)x{0,1})™ SES|(T,z)]

zelU(n)
> S s Tae 2 ST
TeU(n)x{0,1})™
Z’GM(n),xQT
28 e T e S siTa)

Te(U(n)x{0,1})™
z€U(n)

Combining the above with the fact that } 7 [S[(T, 2)]| = > ges(n) 27, 1S € ST, 2)]] =
|S(n)] - ™+, we get

1 1 1 1-=n? n—-m 1 n—nt—8 1—n"
) Lo ) . E( S[(Tx)]|2~< )

m+1 -8 | ’ -8

|IS(n)| n 2 1+4+n " o)™ 2 n 1+n

x€U(n)
=}~<1—n75> L—n"?
2 1+nP
1

where we used the fact that m < n!'~#. This proves that for any fixed deterministic learner and
sample size m < nt=F8 the expectation over 55 ~ D, of the error of A on 755 when trained on
samples of size m is more than 1/2 — 2n 5. This is enough to show that for any (randomized)
learner A and sample size m < n' =P, there exists a set Spm € S(n) with distribution Dg  such
that A has error at least 1/2 — 2n~? on Dg: . given samples of size m. |

Appendix F. Missing Proofs from Section 5
F.1. Proof of Theorem 5.2

We show that any distribution family which is not smartly learnable (in the non-relative sense) can
be modified to satisfy the theorem. Such a countable distribution family ID exists for a hypothesis
class H on a countable domain X, as shown in (Darnstidt et al., 2013, Theorem 2).

Define a new domain X’ which “tags” each € X with the name of a distribution D € D;
formally, X’ = X x D. Now extend H to X’ by simply ignoring the tags; i.e., for each h € H
define h/(z, D) = h(z) and H' = {h' : h € H}. Finally, port each distribution D € D to the subset
of the domain tagged with D, preserving probabilities; i.e., let D’ be such that Pp/[(z, D)] = Pp|[z],
and let D' = {D’ : D € D}. Clearly X’ and D are countable.
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Any sample from a distribution in D’ € D’ uniquely identifies it, so the learner which identifies
D’ then implements the optimal distribution-fixed learner for it is (1, m)-smart. For the same reason,
the optimal distribution-fixed error for each D’ € I, equal to the optimal distribution-fixed error
for its precursor D € D, is soundly certifiable. Any learner which ignores the tags, such as ERM
or OIG, does no better on D’ than on its precursor D, for any sample size. Recalling that D is not
smartly learnable, we conclude that no such learner is relatively smart over I |
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