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Abstract
Pruning and quantization techniques have been broadly successful in reducing the number of pa-
rameters needed for large neural networks, yet theoretical justification for their empirical success
falls short. We consider a randomized greedy compression algorithm for pruning and quantiza-
tion post-training and use it to rigorously show the existence of pruned/quantized subnetworks of
multilayer perceptrons (MLPs) with competitive performance. We further extend our results to
structured pruning of MLPs and convolutional neural networks (CNNs), thus providing a unified
analysis of pruning in wide networks. Our results are free of data assumptions, and showcase
a tradeoff between compressibility and network width. The algorithm we consider bears some
similarities with Optimal Brain Damage (OBD) and can be viewed as a post-training randomized
version of it. The theoretical results we derive bridge the gap between theory and application for
pruning/quantization, and provide a justification for the empirical success of compression in wide
multilayer perceptrons.
Keywords: Compression, Pruning, Perceptron, Interpolation

1. Introduction

Over the past decade, neural networks have achieved remarkable empirical success in various ma-
chine learning applications. However, this success comes at the cost of exceedingly large and over-
parametrized architectures, requiring extensive computing ressoures. Neural network compression
has therefore emerged as an attempt to reduce the size of networks without compromising their
accuracy. Fundamentally, compression hinges on the idea that overparametrized networks contain
redundancies that can be exploited/eliminated to construct lighter networks with similar prediction
performance. Out of the different compression techniques, pruning has received much attention as
it has proven to work well in practice and can be exploited by hardware more easily in the case of
structured pruning He and Xiao (2023). In fact, even simple pruning routines such as magnitude-
based pruning and random pruning have had some success in the literature for moderate sparsities
Han et al. (2015); Liu et al. (2022); Gadhikar et al. (2023). Nonetheless, theoretical justification for
the success of these heuristic algorithms remains somewhat elusive.

Compression comes in different settings that can be roughly categorized as follows: at initializa-
tion (finding “lottery tickets”), concurrently with training, or post-training. In this paper, we solely
focus on the third setting for pruning and quantization. The practical motivations of post-training
compression are twofold: First, post-training compression eliminates the computational cost of fur-
ther training. Second, many of the practically used networks are based on concatenating a dense
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pretrained model with a smaller MLP, before freezing the former and training the latter to learn spe-
cific data. Hence, replacing the dense pretrained models by compressed equivalents with minimal
accuracy alteration would improve the efficiency of such pipelines in terms of storage, training cost
and speed of inference.

Pruning is typically achieved by setting some of the network weights to zero, and possibly
adjusting other weights. Moreover, we distinguish between unstructured and structured pruning. In
the former, the pruned weights’ positions need not follow any specific pattern within their layer.
In contrast, structured pruning removes entire network structures, such as neurons for MLPs and
filters/channels for CNNs. The weights set to zero are then ignored both at inference and training.
On the other hand, quantization is achieved by replacing the weights with a discrete approximation
from a predetermined finite set of possible values. Namely, each weight Wij is replaced by a value
Ŵij ∈ {v1, . . . , vk} where v1, . . . , vk are scalars, and typically k ≪ dim(W). Throughout this
paper, we use compression to refer to both pruning and quantization interchangeably, and it will be
clear from context whether we are only interested in pruning or quantization.

The compression procedure we consider borrows ideas from the Optimal Brain Damage (OBD)
algorithm LeCun et al. (1989), and can be thought of as a randomized post-training iterative variant
of OBD. Namely, our theoretical analysis hinges on a second order Taylor approximation of loss.
The randomization we introduce leads to a random sparse network, as opposed to a deterministic
sparse network. Crucially, we are able to derive bounds on the loss of the random sparse network
on average, which in turn proves the existence of a deterministic sparse network with the same
guarantees.

The framework we use to analyze the performance of our algorithm is based on the Lindeberg
interpolation method Chatterjee (2006). Informally, this technique allows us to bound the average
variations in an MLP’s loss upon perturbing one of its weights with a random variable. When the
perturbation has zero mean, the first order term in the perturbed loss is zero, which leaves us with
second order terms. Hence, we can use the second order terms as proxies for the importance of
weights. That is, we can select the weight whose perturbation leads to the least loss variation, and
switch it with its perturbed equivalent. The use of the interpolation technique provides two key
benefits for our analysis: First, it allows us to iteratively control the discrepancy in loss following
a single weight perturbation, as opposed to a fully perturbed weight layer. Second, this technique
casts the problem of bounding the variations of the loss analytically as a simple calculus problem
involving a one variable scalar function. Furthermore, we demonstrate the strength and versatility
of this technique by extending our results to structured pruning of MLPs and CNNs with little effort.

While our results are theoretical in nature, we conduct several numerical simulations to validate
the content of our findings empirically. Namely, we train MLPs and CNNs on regression and clas-
sification tasks, then use our pruning approach to obtain compressed networks post-training. We
vary the width of the initial networks and show that the pruning error decays with width for a fixed
compression rate, which is consistent with our theoretical results

We next summarize relevant results from the theoretical literature on compression bounds and
compare them to our results. Early research on pruning dates back to the seminal papers of LeCun
LeCun et al. (1989) and Hassibi Hassibi and Stork (1992) which introduced second order pruning
routines dubbed Optimal Brain Damage (OBD) and Optimal Brain Surgeon (OBS) respectively.
These pruning algorithms are based on iteratively zeroing the weight that leads to the smallest
increase in the loss, whereby the loss is approximated by its second order Taylor series. Many papers
have iterated over the main ideas behind OBD/OBS Frantar and Alistarh (2022); Yu et al. (2022);
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Kurtic et al. (2022); Benbaki et al. (2023). Some simple error bounds on OBS have been given in
Dong et al. (2017), though the bounds scale linearly with the depth, and involve products of operator
norms of the pruned weight matrices, which could scale poorly with dimension (see discussion
following Assumption 1). Our pruning method also uses a second-order loss approximation, but
introduces randomization by replacing the chosen weight with a discrete random variable. This
randomization cancels the first-order term in the Taylor expansion of the loss change. By contrast,
OBS/OBD effectively remove first-order terms by assuming the model is at (near) a minimum,
which is enforced by retraining after each pruning step. While greedy pruning and random masks
are known, our contribution is the combination of greedy randomization with a new importance
score, together with an analysis based on the Lindeberg interpolation that eliminates first-order
effects without any zero-gradient assumption. To our knowledge, this is the first use of Lindeberg’s
interpolation in pruning/quantization literature, and we succesfully leverage it to prove that pruning
at linear sparsities is achievable for wide perceptrons without any data assumptions.

A recent analysis for random and magnitude-based pruning is given in Qian and Klabjan (2021).
However, the authors are only able to derive guarantees for sublinear pruning rates, and thus do
not explain the success of pruning at linear sparsities. Moreover, the error metric they use is a
worst-case approximation error over the entire ℓ2 unit ball. The latter metric is rather restrictive,
as the performance of neural networks is typically evaluated by taking the average of a given loss
over some distribution (e.g., training/validation data). Furthermore, they require the weights to
be independent random variables, while we do not, as it need not hold in practice. In fact, some
compression algorithms exploit weight correlations Kuznedelev et al. (2023).

An algorithm based on quantizing neurons deterministically in pre-trained networks with prov-
able guarantees is given in Lybrand and Saab (2021), but the analysis is limited to one-layer net-
works with Gaussian input data and quantization alphabet {−1, 0, 1}. The latter results for one-layer
networks were extended to mixtures of Gaussian data and more general alphabets in Zhang et al.
(2023). Another follow-up work Zhang and Saab (2024) by the latter authors extends a stochas-
tic path following quantization (SPFQ) method to pruning, and derives theoretical error bounds
for one-layer networks that scale logarithmically with the layer’s dimension. On the other hand,
our theoretical bounds apply to deep networks of any depth, and do not require any distributional
assumption on the input data.

Importance sampling pruning algorithms are derived in Baykal et al. (2018); Liebenwein et al.
(2019) for MLPs and CNNs, where sampling distributions based on sensitivity scores are con-
structed over the parameters of the networks in order to retain important weights and discard re-
dundant ones. However, their bounds do not establish feasibility at a prescribed sparsity level: in
the worst case, the bound in Theorem 4 of Baykal et al. (2018) can exceed the size of the original
dense network because key terms (e.g., ∆̂ℓ→, Sℓ

i ) can scale poorly with width and depth. Moreover,
the authors do not provide sharp upper bounds for these quantities in terms of standard network
parameters (width, depth, etc), nor do they identify an achievable pruning regime (e.g., linear vs.
sublinear)

While most pruning algorithms are backward in the sense that they start from a dense network
and gradually remove weights, a forward approach with provable asymptotic guarantees has been
considered in Ye et al. (2020). However, the provided theoretical analysis is limited to networks
with two layers and does not directly show the interplay between sparsity level and degree of over-
parametrization.
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Recently, the Lottery Ticket Hypothesis (LTH) has been put forward by Frankle and Carbin
(2018) conjecturing that a trained network contains a sparse subnetwork capable of matching the
original network’s accuracy when trained from scratch. A stronger conjecture (SLTH) was also
considered in Ramanujan et al. (2020); Malach et al. (2020). However, these works deal with com-
pression at initialization, while our work focuses on post-training compression. Furthermore, the
theoretical literature on LTH/SLTH is limited, and its most general statements remain conjectural.
Namely, showing that one can find sparse subnetworks of dense networks at initialization with good
approximation error is an open problem. SLTH results, as presented in e.g., Malach et al. (2020),
show that given a target network F and a sufficiently overparametrized random network G, there
exists a subnetwork Ĝ of G approximating F without any further training.

1.1. Summary of Contributions

• We prove that, in sufficiently wide networks, pruning at linear sparsity is feasible while con-
trolling the resulting excess loss (under data-assumption-free conditions).

• We develop a unified interpolation-based theory of post-training compression that covers un-
structured and structured pruning of MLPs, extends to CNNs, as well as quantization.

We end this section with an overview of the organization of the paper. Section 2 introduces no-
tation. Section 3 presents the unstructured compression framework for MLPs, including the ran-
domized greedy algorithm and the main pruning and quantization guarantees. Section 4 extends
the analysis to structured pruning of MLPs. Appendix A provides pseudocode for the unstructured
compression algorithm. Appendix B extends the structured pruning results to convolutional neural
networks by representing convolutional layers as structured fully connected layers. Appendix C
contains numerical experiments illustrating the width-dependent behavior predicted by the theory.
Appendix D collects preliminary technical results used throughout the proofs, including interpola-
tion estimates and auxiliary norm bounds. Appendix E proves the unstructured MLP compression
guarantees for pruning and quantization. Appendix F proves the structured pruning guarantees for
MLPs and CNNs, building on the block-level variants of the interpolation argument.

2. Notation

We introduce notation that will be used in the remainder of this paper. We use standard big-O
notation O(.) to hide explicit constants. For n ∈ Z≥0, we use [0, n] and [n] to denote the sets
{0, . . . , n} and {1, . . . , n} respectively. We use bold letters to denote matrices, tensors and vectors.
Given two matrices A,B of same dimensions, we let C = A ⊙ B be the matrix with entries
Cij = AijBij . We denote by Ai,:,A:,j the i-th row and j-th column of A respectively. We use
∥ · ∥ to denote the operator norm for matrices, ∥ · ∥q to denote standard ℓq norms for q ∈ R≥0, and
∥ · ∥∞ to denote the infinity norm. Moreover, for any function φ : Rn → Rm we let ∥φ∥Lip =
supx̸=y∈Rn ∥φ(x) − φ(y)∥/∥x − y∥. We introduce for q ∈ R≥0, Bk

q (ρ) ≜
{
x ∈ Rk∥x∥q ≤ ρ

}
.

We use the notation Z(t; i, j) where Z is an n×m matrix and (i, j) ∈ [n]× [m] to denote the matrix
given by

Z(t; i, j)ℓ1ℓ2 =

{
Zℓ1ℓ2 , (ℓ1, ℓ2) ̸= (i, j),

t, (ℓ1, ℓ2) = (i, j).
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Given a constant κ > 0 and a vector v ∈ Rd, we denote by [v]κ the projection of v into the
Euclidean ball Bd

2(κ) of radius κ, i.e [v]κ = argminz∈Bd
2(κ)

∥z − v∥. Given a function f with
input x and output in Rn, we let f(x) = (f1(x), . . . , fn(x)) be its coordinate functions. Given two
reals a, b ∈ R we use the notation a ∨ b = max(a, b) and a ∧ b = min(a, b). Given a random
variable X with distribution D, we denote EX the expectation over X . Similarly, given a collection
C = {X1, . . . , Xn} of random variables, we denote EC the expectation over the joint distribution of
(X1, . . . , Xn). We use Bern,mp to denote an n by m matrix with independent Bernoulli(p) entries.
For a random vector x, we denote by Var(x) the covariance matrix of x. Given a matrix A ∈ Rn×m

and p ∈ (0, 1), we say that A is p-sparse if ∥A∥0 ≤ pnm. Furthermore, we say that A is k-discrete
where k ∈ Z≥0 if the entries of A take at most k distinct values. Given a function f depending
on L total parameters, we say that f is p-sparse (k-discrete) if at most pL of those parameters are
nonzero (all parameters take at most k distinct values).

Given a function φ : Rn → Rn, we say that φ is entrywise if it is applied entrywise and use the
abused notation φ(z) = (φ(z1), . . . φ(zn)) for z ∈ Rn. Furthermore, we denote by φ(j), j ∈ Z≥0

its derivatives. For M ∈ R>0, w ∈ [−M,M ] and k ∈ Z≥1 we denote by q(w;M,k) the random
variable given by

q(w;M,k) =

{
sign(w) ℓwM

k with probability 1− ℓw + k|w|
M ,

sign(w) (ℓw−1)M
k with probability ℓw − k|w|

M ,

where ℓw = min
{
ℓ | ℓ ∈ [k], |w| ≤ ℓM

k

}
, and sign(w) = 1w≥0 − 1w<0. Finally, we introduce the

following class of gate matrices.

Definition 1 (Gate Matrix) Let n ∈ Z>0 and S ⊂ [n]. Introduce PS =
∑

j∈S eje
⊤
j , where

(ei)i∈[n] are the canonical basis vectors of Rn. For z ∈ R, the gate matrix G(z;S) is given by

G(z;S) = In + (z − 1)PS .

When S = k, we also use the notation G(z; k).

3. Unstructured Compression of Multilayer Perceptrons

3.1. Problem Formulation

We begin by formalizing the class of MLPs and the compression questions of interest. Let m ∈ Z≥1

and introduce the following function representing an m-layer MLP

Φ : Rn1 → Rnm+1 , x 7→ φm (Wmφm−1 (. . . φ1 (W1x))) , (1)

where Wℓ ∈ Rnℓ+1×nℓ are weight matrices, and φℓ : Rnℓ+1 → Rnℓ+1 are activation functions.
Moreover, for ℓ ∈ [m], we let Φℓ be the subnetwork of Φ at depth ℓ, that is

Φℓ : Rn1 → Rnℓ+1 , x 7→ φℓ (Wℓφℓ−1 (. . . φ1 (W1x))) . (2)

Let D be a joint distribution of data (x,y) ∈ Bn1
2 (1)× Rnm+1 , and introduce

L(Φ;D) ≜ E(x,y)∼D

[
∥Φ(x)− y∥2

]
. (3)

5



CHEAIRI GAMARNIK MAZUMDER

Namely L(Φ;D) is the ℓ2-squared expected loss with data distribution D. A canonical example
is given by taking D to be the uniform distribution over a finite set of training data, i.e., D =
1
N

∑
i∈[N ] δ(xi,yi). While we assume the covariates x have norm at most 1 for simplicity, our results

readily extend to any distribution D, as long as the covariates x are bounded in norm. We are
interested in the following two compression feasibility problems.

Problem 1 Given p ∈ (0, 1), an error threshold ε > 0, a data distribution D and a network Φ, is
there a p-sparse subnetwork Φ̂ of Φ such that

L(Φ̂;D) ≤ L(Φ;D) + ε. (4)

Namely, given a starting network Φ and a target sparsity level p, we want to prune the network Φ
into a p-sparse network Φ̂ with minimal effect on the ℓ2-squared loss on the data distribution D.

Problem 2 Given a quantization level k ∈ Z≥1, an error threshold ε > 0, a data distribution D
and a network Φ, is there a k-discrete subnetwork Φ̂ of Φ such that

L(Φ̂;D) ≤ L(Φ;D) + ε. (5)

Similarly, given a starting network Φ and a target quantization level k, we want to compress the
network Φ into a k-discrete network Φ̂ with minimal effect on the ℓ2-squared loss on the data
distribution D.

Both Problem 1 and Problem 2 have two aspects. On the one hand, there is a computational
question: can one design efficient algorithms that construct such compressed subnetworks? On the
other hand, there is a feasibility question: under which structural conditions on Φ is compression at a
given rate (sparsity p or discretization level k) information-theoretically possible? In this paper, we
are interested in the latter. That is, we aim at deriving network properties under which compression
is achievable at the desired rate (sparsity p, discretization level k). Nonetheless, the ideas behind
our results can be repurposed to derive explicit compression algorithms, or heuristics thereof.

To address these feasibility questions, we introduce a randomized greedy compression algorithm
in the next section. Its role is auxiliary: by analyzing its performance, we obtain sufficient conditions
under which sparse or quantized subnetworks with small excess loss exist.

3.2. Algorithm Description

We now describe the compression algorithm we use to derive our bounds. Before detailing the layer-
wise greedy procedure, we explain how it is applied to MLPs. Our compression strategy operates
on some of the network layers, and is described by two sets W,B ⊂ [m] satisfying

W ∩ B = ∅, and (W ∪B) ∩ (B + 1) = ∅. (6)

Although the choice of W and B is left unspecified, the dimensional conditions in our results sug-
gest natural heuristics for selecting them in a given architecture. Layers whose input dimension is
large relative to their output dimension are natural candidates for W , since these correspond to in-
dividual wide-layer compression. Consecutive layers (Wℓ,Wℓ+1) forming a tall-then-wide block
are natural candidates for B, especially when the first tall matrix Wℓ contains more parameters
than the following wide matrix Wℓ+1. If instead Wℓ+1 contains more parameters, or is the more
pronounced wide matrix in the pair, one may treat it as an individual wide layer by placing ℓ+ 1 in
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W . We leave the choice of W,B as an input to the theory in order to state the bounds at this level
of generality.

Let c ≜ maxℓ∈[m] ∥Wℓ∥. We apply our compression procedure top-bottom as follows:

1. If we are currently at layer ℓ ̸∈ W ∪ B, we leave the weight matrix Wℓ as is, i.e., we set the
ℓ-th layer’s weight matrix in Φ̂ to be Ŵℓ = Wℓ.

2. If we are currently at layer ℓ ∈ W , we compress Wℓ into a matrix Ŵℓ, and set the ℓ-th layer’s
weight matrix in Φ̂ to be Ŵℓ. Furthermore, we add a projection operation to the output of
layer ℓ into the ℓ2 ball Bnℓ+1

2 (κ), with radius κ = cℓ ≥∏1≤i≤ℓ ∥Wi∥.

3. If we are currently at layer ℓ ∈ B, we compress Wℓ into a matrix Ŵℓ, and set the ℓ-th
((ℓ+ 1)-th resp.) layer’s weight matrix in Φ̂ to be Ŵℓ (Wℓ+1 resp.). In particular, we do not
apply any compression to Wℓ+1. Furthermore, we add a projection operation to the output of
layer ℓ+ 1 into the ℓ2 ball Bnℓ+2

2 (κ) with radius κ = cℓ+1 ≥∏1≤i≤ℓ+1 ∥Wi∥.

A pseudocode for the compression algorithm in the unstructured setting is provided in the Appendix
(Algorithm 1) for the convenience of the reader.

The layer-wise compression routine we adopt is greedy: at each step, we prune or quantize the
weight whose modification has the smallest effect on the loss. We next describe the procedure for a
layer indexed by ℓ ∈ W . For every weight [Wℓ]ij , we do the following: First, we freeze all weights
except [Wℓ]ij in the current network Φ, and consider the one-variable function t 7→ L(Φℓ

t;D),
where Φt is obtained by setting [Wℓ]ij = t. Second, we evaluate the score of weight [Wℓ]ij
given by |Et[L(Φℓ

t;D)]− L(Φℓ;D)|, where t follows some discrete distribution to be chosen (e.g.,
Bernoulli). Finally, we rank all scores and compress (i.e., set [Ŵℓ]ij = t) the weight [Wℓ]ij
corresponding to the smallest score. That is to say, we compress the weight to which the loss of the
subnetwork Φℓ is the least sensitive on average. This operation is then repeated over the weights
of the ℓ-th layer until ⌊αnℓnℓ+1⌋ weights have been compressed, where α ∈ (0, 1) is a tunable
compression-fraction parameter. Thus, α controls the fraction of weights to which the randomized
pruning or quantization operation is applied; larger values of α correspond to more aggressive
compression, but also lead to stronger width requirements in our theorems. We note that when we
evaluate the scores, we use the most up-to-date network, that is the network obtained in the last
compression step. The algorithm operates similarly for layers indexed by ℓ ∈ B, with the only
difference being that the scores are given by |Et[L(Φℓ+1

t ;D)]− L(Φℓ+1;D)| instead.
For pruning with sparsity level p ∈ (0, 1), we let t = [Wℓ]ij × Bernoulli(p)/p. Namely, the

(i, j)-th entry is divided by p with probability p, or set to zero with the remaining probability 1− p.
For quantization with discretization level 2k, we let t = q([Wℓ]ij ; ∥Wℓ∥∞, k). We now discuss the
intuition behind our constructions of t. For both pruning and quantization t satisfies Et[t] = [Wℓ]ij ,
which cancels the first order mean variation of loss when [Wℓ]ij is replaced by t. Namely, the first
order term in t in L(Φℓ

t;D) − L(Φℓ;D) cancels once we take the expectation on t. In the case of
pruning, the choice of t ensures that the pruned weight [Ŵℓ]ij = t is null with probability at least
1 − p, and thus the portion of pruned weights will be roughly 1 − p (assuming that the portion of
compressed weights α satisfies α = 0.99). In the case of quantization, we first construct a set Sℓ

of at most 2k distinct values, uniformly spaced over the interval [−∥Wℓ∥∞, ∥Wℓ∥∞]. Then, t is
designed to take the two values in Sℓ that are closest to [Wℓ]ij . In essence, t is a randomly rounded
version of [Wℓ]ij . We note that the set Sℓ may vary with ℓ, but we can easily make a unified choice
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Sℓ = S across all layers by setting t = q([Wℓ]ij ; maxr∈[m] ∥Wr∥∞, k) instead. We choose to state
our results with t = q([Wℓ]ij ; ∥Wℓ∥∞, k) to showcase the difference in quantization tolerance by
layer.

The addition of projections onto ℓ2 balls is necessary for our proofs. Indeed, projecting en-
sures that the norms of the pruned network’s outputs remain comparable to those of the original
dense network. One could avoid projections and instead work with spectral norms of the pruned
matrices. But these norms can vary substantially. For instance, if Wℓ is a random matrix with en-
tries sampled independently from the uniform distribution over [−c/

√
nℓ ∨ nℓ+1, c/

√
nℓ ∨ nℓ+1],

then with high probability as nℓ ∧ nℓ+1 → ∞, there exists a mask matrix M ∈ {0, 1}nℓ+1×nℓ

such that ∥M∥0 ≤ nℓnℓ+1/2 + o(nℓnℓ+1) and ∥Wℓ ⊙ M∥ = Ω(c
√
nℓ ∧ nℓ+1), whereas orig-

inally ∥Wℓ∥ ≤ Θ(c) with high probability. An example of such a mask matrix is given by
Mij = 1[Wℓ]ij>0. Spectral norm shift is an issue for compression algorithms, and heuristics have
been derived to mitigate it (e.g. layer-wise penalization of weight matrices norms). The projection
step shows that output magnitudes can be preserved without explicitly constraining the norms of
layers, allowing for aggressive pruning.

3.3. Main Results

We present in this section our main theoretical guarantees for the compression scheme introduced
in Section 3.2. These results specify conditions on the architecture under which pruning and quan-
tization at prescribed rates are feasible with controlled excess loss.

Informally, we show that pruning (quantization) for layers indexed by W ∪ B can be achieved
at any sparsity level p (quantization level 2k), provided that the latter layers satisfy some dimen-
sionality properties. Namely, the layers indexed by W are wide layers, and those indexed by B
are bottlenecks of tall layers followed by wide layers. Up to this point, we have made no assump-
tions on the data D, and our results largely avoid making any non-trivial data assumption. Indeed,
we want to avoid data-based properties that may facilitate compression in order to isolate network
properties driving compression feasibility. While width is a key element in our results, our analysis
provides indirect insights into weight interactions. Namely, the use of Hessian-based information
incorporates correlations between weights. Similarly, our second order analysis of tall-then-wide
layers relies implicitly on inter-layer weight interactions. Furthermore, our results for structured
pruning in sections 4, B naturally exploit block-level weight interactions. Hence, several aspects of
our analysis leverage implicitly weight interactions. We next list some key assumptions relevant for
our results, and discuss their validity.

Assumption 1

• (Activation Functions). For all ℓ ∈ [m], the activation function φℓ satisfies

φℓ(0nℓ+1
) = 0nℓ+1

, (7)

∥φℓ∥Lip ≤ 1. (8)

Moreover, if ℓ ∈ B, then φℓ is a twice differentiable entrywise activation, and

sup
x∈R

|φ(2)
ℓ (x)| ≤ 1. (9)
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• (Weight Scaling) There exists two constants c1, c2 ∈ R>0 such that the following holds for all
ℓ ∈ [m]

∥Wℓ∥ ≤ c1, (10)

∥Wℓ∥∞ ≤ c2√
nℓ ∨ nℓ+1

. (11)

• (Noisy Data) There exists ω > 0 such that the data distribution D satisfies

E(x,y)∼D
[
∥y − E[y|x]∥2

]
≥ ω2. (12)

We now discuss the validity of Assumption 1. Items (7), (8) are satisfied by some usual activation
functions such as ReLU and Tanh. Moreover, (7) is not essential for our results to hold; we merely
adopt it to simplify the presentation of our proofs. Assumption (9) is satisfied by various activations,
including Sigmoid and Tanh. Finally, our results hold verbatim if the constant 1 in the right-hand
side of (8) and (9) is replaced by any other explicit constant. We note that while ReLU does not
satisfy (9) as it is not differentiable, one can replace ReLU with a smooth approximation such as
log(1 + eβx)/β with β > 0.

The inequality (10) bounds the operator norm of the MLP’s layers, and is essential to control the
network’s sensitivity to perturbations. Indeed, spectral norms of weight matrices are linked to the
MLP’s robustness and generalization properties Bartlett et al. (2017). In that sense, (10) ensures that
the network (1) is cm1 -Lipschitz, which is a desirable property. Assumption (11) bounds the scale
of weights using the dimension of layers, and is based on the Glorot/Xavier initialization Glorot
and Bengio (2010), whereby the weights of each layer Wℓ are initialized as independent random
variables sampled from the uniform distribution over [−

√
6/
√
nℓ + nℓ+1,

√
6/
√
nℓ + nℓ+1]. We

are aware that weight norms can grow considerably during training as evidenced in Niehaus et al.
(2024). However, this growth is typically at the scale of a constant times the initial weights norm,
which is well within (11) for a sufficiently large constant c2. Furthermore, we note that if Wℓ is
a random matrix with independent mean zero entries, and second and fourth moments bounded by
O(1/nℓ ∨ nℓ+1) and O(1/(nℓ ∨ nℓ+1)

2) respectively, then (10) holds with high probability with
c1 = O(c2) by an application of Latala’s inequality Latala (2005). To further justify the adoption
of (10) and (11), we compute the constants c1, c2 for the MLP layers in TinyBERT (Transformer)
and ResMLP (MLP) using Hugging Face weights. Namely, we compute c1 = maxℓ∈MLP ∥Wℓ∥
and c2 = maxℓ∈MLP ∥Wℓ∥∞

√
nℓ ∨ nℓ+1. We obtain for TinyBERT: c1 ≈ 5.5, c2 ≈ 28.4, and for

ResMLP: c1 ≈ 3.2, c2 ≈ 20.5.
The bound (12) adds a noise condition on the data D. Namely, no network can achieve a

loss L(Φ;D) below ω2. This assumption does not hold when the target y is perfectly predictable
from the covariates x. Since there are dense networks that can perfectly fit data, it is harder to
make performance comparisons with sparse networks that have non-zero loss, which motivates the
introduction of Assumption (12) to avoid such settings. This assumption is not necessary for our
main results to hold, but leads to slightly more intuitive error bounds on the loss of compressed
networks, as shown in Corollary 5. We are now ready to state our main result for pruning.

Theorem 2 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over Bn1
2 (1) and

x ∼ R. Given ξ ∈ (0, 1) and p ∈ (0, 1) there exists positive constants δ = δ(ξ) and n0 = n0(p, ξ)

9
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such that if minℓ∈W∪B(nℓ ∨ nℓ+1) ≥ n0 and

∀ℓ ∈ W,
nℓ+1

nℓ
≤ p(1− α)δ

α(1− p)

c21
c22
, (13)

∀ℓ ∈ B, 1√
nℓ+1

≤ p(1− α)δ

α(1− p)

1

cℓ1c
2
2

(
1 ∨ c−4

1

) (
1 ∨ c22 ∨

c22(1−p)
p

) , (14)

∀ℓ ∈ B, nℓ+2

nℓ+1
≤ p(1− α)δ

α(1− p)

c41
c42
, (15)

with α sufficiently close to one, as specified by the constants in the proofs, then there exists a network
Φ̂ given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm with κℓ = cℓ1 such that

∀ℓ ∈W ∪ B, ∥Ŵℓ∥0
nℓnℓ+1

≤ 0.01 + 1.01p, (16)

Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ c2m1 (1 + ξ)mξ, (17)

where Ŵℓ are the pruned weight matrices in the network Φ̂. Furthermore, if D is a data distribution
over (x,y) ∈ Bn1

2 (1)× Rnm+1 , and ε = (1 + ξ)mξ then

L(Φ̂;D) ≤ L(Φ;D) + 2cm1
√
εL(Φ;D) + c2m1 ε. (18)

The phrase “α sufficiently close to one” in the theorem statement means that the compression-
fraction parameter α is chosen together with the auxiliary concentration constants appearing in the
proof. Once these constants are fixed, α is a fixed numerical constant. In particular, the displayed
sparsity bounds correspond to choosing α close enough to one and the concentration slack small
enough so that the residual unprocessed fraction and the concentration overhead are bounded by the
displayed constants.

We also have a similar result for quantization.

Theorem 3 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over Bn1
2 (1), x ∼ R

and ξ ∈ (0, 1). Given k ∈ Z≥1, let

K =

{
± ic2
k
√
nℓ ∨ nℓ+1

∣∣∣∣ i ∈ [k]

}
.

Then, there exists positive constants δ = δ(ξ) and n0 = n0(k, ξ) such that if minℓ∈W∪B nℓ∨nℓ+1 ≥
n0 and

∀ℓ ∈ W,
nℓ+1

nℓ
≤ (1− α)k2δ

α

c21
c22
, (19)

∀ℓ ∈ B, 1√
nℓ+1

≤ (1− α)k2δ

α

1

cℓ1c
2
2

(
1 ∨ c41

) (
1 ∨ c22k

−1
) , (20)

∀ℓ ∈ B, nℓ+2

nℓ+1
≤ (1− α)k2δ

α

c41
c42
, (21)

10
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with α sufficiently close to one, as specified by the constants in the proofs, then there exists a network
Φ̂ given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm with κℓ = cℓ1 such that

∀ℓ ∈W ∪ B,

∥∥∥1Ŵℓ ̸∈K

∥∥∥
0

nℓnℓ+1
≤ 0.01, (22)

Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ c2m1 (1 + ξ)mξ, (23)

where Ŵℓ are the quantized weight matrices in the network Φ̂. Furthermore, if D is a data distri-
bution over (x,y) ∈ Bn1

2 (1)× Rnm+1 , and ε = (1 + ξ)mξ then

L(Φ̂;D) ≤ L(Φ;D) + 2cm1
√
εL(Φ;D) + c2m1 ε. (24)

While the above theorems focus on deriving bounds on the ℓ2-squared loss L, their results read-
ily extend to many other losses. Indeed, suppose d : Rn × Rn → R≥0 is a metric and satisfies
∀a,b ∈ Rn, d(a,b) ≤ C∥a−b∥2 for some constant C. We then have using the triangle inequality
that L̂ ≜ E[d(Φ̂(x),y)] ≤ E[d(Φ(x),y)] + E[d(Φ̂(x),Φ(x))] ≤ L + CE∥Φ̂(x) − Φ(x)∥. Com-
bining the latter with (17) and (23) would yield bounds on L̂. Examples of such losses are ℓp losses,
Huber loss, and some Perceptual losses.

The assumptions for pruning and quantization highlight the main compression mechanism in
our results: W and B identify two distinct structural regimes where compression with controlled
excess loss is feasible. The set W corresponds to individual wide layers, while B corresponds to
two-layer bottleneck blocks formed by a tall layer followed by a wide layer. Intuitively, wide layers
map inputs into a lower-dimensional space, making them amenable to parameter reduction, while
tall-then-wide blocks first expand to capture useful high-dimensional features and then project back
down without increasing the input’s intrinsic dimension (the block input dimension). Informally,
we require layers indexed by ℓ ∈ W to satisfy nℓ ≫ nℓ+1, and layers indexed by ℓ ∈ B to satisfy
nℓ+1 ≫ nℓ+2. Moreover, we also require nℓ+1 to grow exponentially with the depth ℓ for ℓ ∈ B.
We note that the dimension bounds corresponding to ℓ ∈ B do not involve nℓ, the input dimension
of layer ℓ. In particular, the compression results for ℓ ∈ B extend to blocks of two wide layers
Wℓ,Wℓ+1 as nℓ is not required to be small. However, one could simply prune Wℓ as a wide layer
in the latter case by setting ℓ ∈ W . Therefore, we assume throughout this paper that nℓ ≤ nℓ+1 for
ℓ ∈ B to avoid this redundancy.

Remark 4 We note that while neither Theorem 2 nor 3 explicitly mention Algorithm 1 in their
statements, the crux of their proofs is based on a careful analysis of the performance of Algorithm
1. Specifically, we refer the reader to the proofs of proposition 20 and 23.

Using Assumption (12), we can obtain the following corollary from Theorems 2 and 3.

Corollary 5 In the settings of Theorem 2 and 3, let ε = (1 + ξ)mξ. if D satisfies Assumption (12),
then the following holds

L(Φ̂;D) ≤
(
1 +

2cm1
√
ε

ω

)
L(Φ;D) + c2m1 ε. (25)

11
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4. Structured Pruning of Multilayer Perceptrons

4.1. Problem Formulation

We now turn from unstructured to structured pruning. In this setting, compression acts at the level of
neurons instead of individual connection weights. Using the same notation introduced in Section 3,
let m ∈ Z≥1 and Φ be an m-layer MLP as defined in (1). Let N (Φ) be the total number of neurons
in Φ. Namely, N (Φ) =

∑m
ℓ=2 nℓ. In this section, we are interested in the following structured

pruning feasibility problems.

Problem 3 Given p ∈ (0, 1), an error threshold ε > 0, a data distribution D and a network Φ, is
there a subnetwork Φ̂ of Φ such that

N (Φ̂) ≤ pN (Φ), and L(Φ̂;D) ≤ L(Φ;D) + ε. (26)

We refer to the above pruning problem as structured since the objective is to remove entire neurons
(columns/rows) rather than individual weights. Structured pruning is often preferred in practice, as
unstructured sparsity is more difficult to leverage efficiently in hardware implementations.

4.2. Algorithm Description

We now describe the variant of the compression scheme used for structured pruning. It is a direct
adaptation of the algorithm described in Section 3.2. Specifically, we retain the same notation for
W and B, and employ the same top–bottom compression procedure together with the projection
operations applied after each pruning step.

The main modification concerns the definition of layer-wise scores, which we detail next. We
first consider the case of layers indexed by ℓ ∈ W . In the latter, we focus on pruning the columns
of Wℓ, which corresponds to pruning the input neurons and setting Ŵℓ = WℓD where D =
diag(h1, . . . , hnℓ

) is a sparse diagonal matrix in Rnℓ . For every column index j ∈ [nℓ], we do the
following. First, we freeze all weights except [Wℓ]:,j in the current network Φ, and consider the
function t 7→ L(Φℓ

t;D), where Φt is obtained by replacing the j-th column in Wℓ with t× [Wℓ]:,j .
Second we evaluate the score of column [Wℓ]:,j given by |Et[L(Φℓ

t;D)] − L(Φℓ;D)|, where t has
distribution Bernoulli(p)/p, and p is the target sparsity level. The scores of all columns are ranked,
and we prune the column corresponding to the smallest score, i.e., we set [Ŵℓ]:,j = t[Wℓ]:,j). This
operation is repeated over the columns of the ℓ-th layer, until a sufficiently large portion α ∈ (0, 1)
of columns has been pruned. Similarly to the unstructured pruning algorithm, we use the most up-
to-date network when evaluating the scores. In the case ℓ ∈ B, we focus on pruning the rows of
Wℓ, which corresponds to pruning the output neurons and setting Ŵℓ = DWℓ where D is a sparse
diagonal matrix in Rnℓ+1 . The score for a given row in the ℓ-th layer indexed by i ∈ [nℓ+1] is given
by |Et[L(Φℓ+1

t ;D)] − L(Φℓ+1;D)| where Φt is obtained by setting [Wℓ]i,: = t[Wℓ]i,:, and t has
again distribution Bernoulli(p)/p.

A key advantage of structured pruning for bottleneck layers Wℓ,Wℓ+1 with ℓ ∈ B is the ability
to also prune columns in the layer Wℓ+1. Indeed, Let U be the subset of [nℓ+1] corresponding
to the indices of rows set to zero (Note that U is random), and let V = [nℓ+1] \ U . Denote by
z ∈ Rnℓ the input of the ℓ-th layer. If φℓ is entrywise, then the output of the (ℓ + 1)-th layer
is
∑

i∈V [Wℓ+1]:,iφℓ([Wℓ]i,:z) + φ(0)
∑

i∈U [Wℓ+1]:,i. In particular, all the relevant information
within the columns set {[Wℓ+1]:,i|i∈U} is containing in their sum. Hence, it is sufficient to only
keep one column equal to the sum, and remove the remaining |U| − 1 columns, which achieves a

12
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pruning rate 1 − (|U| − 1)/nℓ+1 ≈ p for large nℓ+1. Therefore, structured pruning allows us to
simultaneously prune both Wℓ and Wℓ+1 for ℓ ∈ B, whereas we were limited to pruning Wℓ alone
in the case of unstructured pruning.

4.3. Main Results

We now state the main theoretical guarantee corresponding to the structured pruning scheme de-
scribed in the previous section.

Theorem 6 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over Bn1
2 (1) and

x ∼ R. Given ξ ∈ (0, 1) and p ∈ (0, 1) there exists positive constants δ = δ(ξ) and n0 = n0(p, ξ)
such that if minℓ∈W∪B(nℓ ∨ nℓ+1) ≥ n0, and

∀ℓ ∈ W,
nℓ+1

nℓ
≤ α(1− p)δ

p(1− α)

c21
c22
, (27)

∀ℓ ∈ B, nℓ+2

nℓ+1
≤ p2(1− p)2δ2

α2(1− p)2
(1 ∧ c81)

c
2(ℓ+1)
1 c22

∧ p(1− α)δ

α(1− p)

c21
c22
, (28)

∀ℓ ∈ B,
√
nℓnℓ+2

nℓ+1
≤ p(1− α)δ

α(1− p)

1

cℓ−2
1 c22

(
1 ∨ 1−p

p

) , (29)

with α sufficiently close to one, as specified by the constants in the proofs, then there exists a network
Φ̂ given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm with κℓ = cℓ1 such that

1. Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ c2m1 (1 + ξ)mξ.

2. For all ℓ ∈ W , the matrix Ŵℓ has at most 1.01p fraction of its columns not set to zero.

3. For all ℓ ∈ B, the matrix Ŵℓ has at most 1.01p fraction of its rows not set to zero.

Furthermore, if D is a data distribution over (x,y) ∈ Bn1
2 (1)× Rnm+1 , and ε = (1 + ξ)mξ then

L(Φ̂;D) ≤ L(Φ;D) + 2cm1
√
εL(Φ;D) + c2m1 ε. (30)

The result of Corollary 5 also extends verbatim in the case of structured pruning if we add the
assumption 12.

13
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Appendix A. Algorithm Pseudocode

Algorithm 1: Unstructured Compression Algorithm
Require: Data distribution D, network Φ, sets W,B ⊂ [m] satisfying (6), pruning parameter p ∈ (0, 1) (or

quantization parameter k ∈ Z≥1), fraction parameter α ∈ (0, 1).
1: Let Φ̂ = Φ, and c ≜ maxℓ∈[m] ∥Wℓ∥.
2: for Layer index ℓ = 1 to m do
3: if ℓ ̸∈ W ∪ B then
4: Set Ŵℓ = Wℓ

5: else
6: Set target index κ = ℓ if ℓ ∈ W , else κ = ℓ+ 1.
7: for Step i = 1 to ⌊αnℓnℓ+1⌋ do
8: for all uncompressed weights [Wℓ]ij do
9: Compute score ∆ij = |Etij [L(Φ̂κ

tij ;D)]− L(Φ̂κ;D)|,
10: with tij drawn from Bernoulli or Quantization scheme.
11: end for
12: Let (i, j) be the index with the least score ∆ij .
13: Set [Ŵℓ]ij = tij and mark as compressed.
14: end for
15: Add projection onto Bnκ+1

2 (cκ) on output of layer κ in Φ̂.
16: end if
17: end for
18: return Φ̂.

Appendix B. Structured Pruning of Convolutional Neural Networks

B.1. Problem Formulation

This section addresses convolutional architectures. In this setting, the basic building blocks are
convolutional layers rather than fully connected ones. Let m ∈ Z≥1, and introduce similarly to (1)
the following function representing an m-layer convolutional neural network (CNN)

Φ : Rd1×h1×w1 → Rdm+1×hm+1×wm+1 : x 7→ φm(Km ∗ φm−1(. . . φ1(K1 ∗ x))) (31)

where Kℓ ∈ Rdℓ+1×dℓ×q×q are four-dimensional tensors representing the convolutional filters in
the network and ∗ is the convolution operator. In particular, for each pair (o, i) ∈ [dℓ+1] × [dℓ],
the kernel [Kℓ]o,i ∈ Rq×q connects the i-th input feature map in the ℓ-layer to the o-th output
feature map in the same layer. Furthermore, we make the assumption that all kernels [Kℓ]o,i have
dimension q×q to simplify the presentation of our guarantees, but our results extend more generally
to networks with varying kernel dimensions. Moreover, we assume q ≤ minℓ∈[m+1]max(hℓ, wℓ).
This assumption is not restrictive, as in practice q is typically chosen from {3, 5, 7}.

We also use the notation Φℓ for ℓ ∈ [m] to denote the subnetwork of Φ at depth ℓ. Let F(Φ) be
the total number of filters in Φ. Namely, F(Φ) =

∑m
ℓ=2 dℓ. In this section, we are interested in the

following structured pruning feasibility problems.

Problem 4 Given p ∈ (0, 1), an error threshold ε > 0, a data distribution D and a network Φ, is
there a subnetwork Φ̂ of Φ such that

F(Φ̂) ≤ pF(Φ), and L(Φ̂;D) ≤ L(Φ;D) + ε. (32)

16



COMPRESSION BOUNDS FOR WIDE MLPS

The analysis of CNN architectures is more challenging than that of their MLP counterparts, pri-
marily due to the complex nature of convolution operations. To address this technical difficulty, we
first show that convolutional layers can be equivalently represented as fully connected layers with
sparse, doubly circular weight matrices, which is a well known in the literature. In the following
section, we further demonstrate that CNNs can be recast as MLPs with structured weight matrices
and flattened input data. These equivalent representations enable us to extend the pruning analysis
from Section 4 to CNNs.

B.2. Convolutional Networks Representation as Multilayer Perceptrons

In order to apply our MLP-based compression analysis to CNNs, we first express convolutional
layers as linear maps acting on suitably vectorized inputs. We briefly recall the standard CNN
representation. A convolutional layer maps an input tensor X ∈ Rdin×hin×win to an output tensor
Z ∈ Rdout×hout×wout using a kernel tensor K ∈ Rdout×din×q×q. The height and width of the input
and output feature maps are denoted by hin, win and hout, wout, where din and dout are the number
of input and output channels, and q × q is the spatial dimension of each convolutional kernel.

The output feature map Z is obtained by applying dout three-dimensional filters Ko ∈ Rdin×q×q

with o ∈ [dout]. To simplify the exposition of our results, we assume that all the convolutional
layers use unit stride and circular padding. Moreover, we assume that the height and width of each
feature map are identical. Under these assumptions, we have hin = hout = win = wout ≜ r, and
the convolution operation can be written as

Zo,u,v =

din∑
i=1

r∑
a=1

r∑
b=1

Ko,i,a,bXi,⟨u+a⟩r,⟨v+b⟩r , ∀(o, u, v) ∈ [dout]× [r]× [r]

where ⟨t⟩r = ((t − 1) mod r) + 1 denotes circular indexing modulo r. In particular, ⟨t⟩r ∈ [r].
For notational simplicity, we adopt the (slightly abused) shorthand Xi,u+a,v+b = Xi,⟨u+a⟩r,⟨v+b⟩r .
Furthermore, we extend each kernel tensor Ko to Rdin×r×r by setting Ko,i,a,b = 0 for all i ∈ [din]
and (a, b) ∈ [r] × [r] satisfying max(a, b) > q. Finally, let ϕ(u, v) = (u − 1)r + v. For i ∈ [din]
define the column vector xi ∈ Rr2 by

[xi]ϕ(u,v) = Xi,u,v, ∀(u, v) ∈ [r]× [r]

and let x = (x⊤
1 , . . . ,x

⊤
din

)⊤ ∈ Rdinr
2
. Similarly, for each o ∈ [dout] define the column vector

zo ∈ Rr2 by

[zo]ϕ(u,v) = Zo,u,v, ∀(u, v) ∈ [r]× [r]

and let z = (z⊤1 , . . . , z
⊤
dout

)⊤ ∈ Rdoutr2 . For a given matrix U ∈ Rr×r, introduce the doubly block
circulant matrix C(U) ∈ Rr2×r2 given by

[C(U)y]ϕ(u,v) =
r∑

a=1

r∑
b=1

Ua,byϕ(⟨u+a⟩r,⟨v+b⟩r), ∀y ∈ Rr2 , ∀(u, v) ∈ [r]× [r]

Note in particular that C(U)ϕ(u,v),ϕ(u′,v′) = U⟨u′−u⟩r,⟨v′−v⟩r . Finally, let

W(K) =

 C(K1,1) · · · C(K1,din)
...

. . .
...

C(Kdout,1) · · · C(Kdout,din)

 ∈ Rdoutr2×dinr
2
.
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Using Lemma 13, it follows that z = W(K)x. Therefore, we can equivalently represent the CNN
layer K using the MLP layer W(K). Let the convolutional layers be given by Kℓ ∈ Rdℓ+1×dℓ×r×r

for ℓ ∈ [m], and let x ∈ Rd1r2 be the flattened input feature map. Then the CNN (31) can be
represented equivalently by an MLP Φ given by

Φ(x) = φm(Wmφm−1(. . . φ1(W1x))),

where

Wℓ = W(Kℓ) =

 C([Kℓ]1,1) · · · C([Kℓ]1,dℓ)
...

. . .
...

C([Kℓ]dℓ+1,1) · · · C([Kℓ]dℓ+1,dℓ)

 ∈ Rdℓ+1r
2×dℓr

2
.

In particular, pruning the o-th block row of size r2 given by the matrix [C([Kℓ]o,1) · · · C([Kℓ]o,dℓ)]
corresponds to pruning the filter Ko,:,:,:. Similarly, pruning the i-th block column of size r2 given
by [C([Kℓ]1,i) · · · C([Kℓ]dℓ+1,i)]

⊤ corresponds to pruning the filter [Kℓ]:,i,:,:.

B.3. Algorithm Description

Building on the MLP representation of CNN layers derived in the previous section, we now describe
the corresponding structured pruning procedure. The algorithm we use is an adapted variant of the
procedure described in Section 4. For ℓ ∈ W , we prune column-blocks of Wℓ, which corresponds
to removing input filters, and set Ŵℓ = WℓD, where D = G(h;S) is a sparse diagonal matrix,
and S denotes the set of columns in Wℓ corresponding to the pruned input filters. Namely, for
every set of columns S representing input filters, we freeze all other weights except [Wℓ]:,S in the
current network Φ and consider the function t 7→ L(Φℓ

t;D), where Φt is obtained by replacing the
column block [Wℓ]:,S with t× [Wℓ]:,S . The scores are then defined by |E

[
L(Φℓ

t;D)
]
−L(Φℓ;D)|.

Similarly, for ℓ ∈ B, we prune row-blocks of Wℓ, which corresponds to removing output filters,
and set Ŵℓ = DWℓ, where D = G(h;S) is again a sparse diagonal matrix, and S denotes the
set of rows in Wℓ corresponding to the pruned output filters. As in the MLP case, the scores are
given by |E

[
L(Φℓ+1

t ;D)
]
−L(Φℓ+1;D)| where Φt is obtained by changing the block [Wℓ]S,: into

t× [Wℓ]S,:, with t = Bernoulli(p)/p.

B.4. Main Results

We now combine the CNN–MLP representation and the structured pruning algorithm described
above to obtain our main pruning guarantee for convolutional networks.

Theorem 7 Suppose (7)- (10) hold in Assumption 1. Moreover, suppose that there exists a constant
c2 such that

∀ℓ ∈ [m], ∥Wℓ∥∞ ≤ c2

q
√

dℓ ∨ dℓ+1

. (33)
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Let R be a distribution over Bn1
2 (1) and x ∼ R. Given ξ ∈ (0, 1) and p ∈ (0, 1) there exists

positive constants δ = δ(ξ) and n0 = n0(p, ξ) such that if minℓ∈W∪B(dℓ ∨ dℓ+1) ≥ n0 and

∀ℓ ∈ W,
dℓ+1

dℓ
≤ α(1− p)δ

p(1− α)

c21
c22q

2
, (34)

∀ℓ ∈ B, dℓ+2

dℓ+1
≤ p2(1− p)2δ2

α2(1− p)2
(1 ∧ c81)

c
2(ℓ+1)
1 c22q

2
∧ p(1− α)δ

α(1− p)

c21
c22q

2
, (35)

∀ℓ ∈ B,
√
dℓdℓ+2

dℓ+1
≤ p(1− α)δ

α(1− p)

1

cℓ−2
1 c22q

2
(
1 ∨ 1−p

p

) , (36)

with α sufficiently close to one, as specified by the constants in the proofs, then there exists a network
Φ̂ given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm with κℓ = cℓ1 such that

1. Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ c2m1 (1 + ξ)mξ.

2. For all ℓ ∈ W , the matrix Ŵℓ has at most 1.01p fraction of its input filters not set to zero.

3. For all ℓ ∈ B, the matrix Ŵℓ has at most 1.01p fraction of its output filters not set to zero.

Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ c2m1 (1 + ξ)mξ. (37)

Furthermore, if D is a data distribution over (x,y) ∈ Bn1
2 (1)× Rnm+1 , and ε = (1 + ξ)mξ then

L(Φ̂;D) ≤ L(Φ;D) + 2cm1
√

εL(Φ;D) + c2m1 ε. (38)

The result of Corollary 5 also extends verbatim in the case of structured pruning if we add the as-
sumption 12. We note that Assumption (33) bounds the magnitude of weights in CNNs using the
kernel dimensions q, din and dout, and is the derived from the Glorot/Xavier and Kaiming initializa-
tion schemes in the case of CNNs He et al. (2015); Glorot and Bengio (2010).

Appendix C. Numerical Simulations

To validate the theoretical insights from theorems 2, 3, 6, and 7, we conduct a series of numerical
simulations. The goal of these experiments is to illustrate the tradeoff between width and compress-
ibility, and to demonstrate the effectiveness of the randomized greedy pruning algorithm analyzed
in this work. Our setup for experiments is general and designed to be consistent across different
pruning settings and learning tasks.

Data. We use two benchmarks: the California Housing (regression), and the Digits (classifica-
tion) datasets. For each, the data (xi,yi)i∈[N ] is split into an 80% training set and a 20% test set,
with corresponding empirical distributions denoted by Dtrain and Dtest.

Model Training. We consider a series of networks Φw with varying width w ∈ Z≥0. For each
width value w within a predefined range {w1, . . . , wK}, a dense model Φw is trained on Dtrain using
the Adam optimizer. We use the Mean Squared Error loss for regression, and the Cross-Entropy loss
for classification tasks.
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Pruning Application. For all our simulations, we set the pruning fraction to α = 0.9, and
pruning probability to p = 0.3. This leads to an expected sparsity level of 1 − α + αp = 37%
(i.e. roughly 37% of weights remain in pruned layers). We apply our pruning algorithm on each
trained network Φw. Due to the randomized nature of this algorithm, we train several (randomly
initialized) networks per width, and repeat the pruning process 50 times for each trained network.
This allows us to capture the expected value and confidence interval of our evaluation metrics across
the randomness from pruning and training. We consider two pruning setups: (W,B) = ({1}, ∅)
in blue and (W,B) = (∅, {2}) in orange. While the pruning procedure described in the preceding
sections includes projection operations, we omit them in our numerical experiments, as they are
primarily required for theoretical analysis.

Evaluation. Let Φ̂w be the pruned network obtained from Φw. We measure the impact of
pruning using two metrics

• The adjusted ℓ2-squared distance between models’ outputs given by

∆(Φ, Φ̂) = c−2mEDtest

[
∥Φ(x)− Φ̂(x)∥2

]
,

where c ≜ maxℓ∈[m] ∥Wℓ∥ is the maximum layer-wise operator norm and m is the network
depth. The multiplicative constant c−2m matches the scaling factor for the bounds presented
in theorem 2-7, and adjusts for depth and error variations caused by the final learned weights,
which differ between each stochastic training run.

• A task-specific performance metric: classification accuracy or regression R-squared, evalu-
ated on both the dense and pruned models Φ, Φ̂.

As predicted by theorems 2-7, we observe a steady decrease of the error ∆(Φ, Φ̂) in all pruning
settings as w increases. Furthermore, the performance of pruned networks improves with width as
well.
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Figure 1: Evaluation plots for unstructured pruning on the California Housing dataset using an MLP
model Φw(x) = W3ReLU(W2ReLU(W1x)) with W1 ∈ Rw×8,W2 ∈ R40×w,W3 ∈
R1×40.
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Figure 2: Evaluation plots for unstructured pruning on the Digits dataset using an MLP model
Φw(x) = Softmax(W3ReLU(W2ReLU(W1x))) with W1 ∈ Rw×64,W2 ∈
R40×w,W3 ∈ R10×40.
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Figure 3: Evaluation plots for structured pruning on the California Housing dataset using an MLP
model Φw(x) = W3ReLU(W2ReLU(W1x)) with W1 ∈ Rw×8,W2 ∈ R20×w,W3 ∈
R1×20.
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Figure 4: Evaluation plots for structured pruning on the Digits dataset using an MLP model
Φw(x) = Softmax(W3ReLU(W2ReLU(W1x))) with W1 ∈ Rw×64,W2 ∈
R20×w,W3 ∈ R10×20.
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CNN Structured Pruning Results on ’Digits’ Dataset. Φ(x) = Softmax(Wfc · ReLU(K2 ∗ ReLU(K1 ∗ x)))

Figure 5: Evaluation plots for structured pruning on the Digits dataset using a CNN model
Φw(x) = Softmax(WfcReLU(K2ReLU(K1x))) with K1 ∈ Rw×1×3×3,K2 ∈
R16×w×3×3,Wfc ∈ R10×1024.

Appendix D. Preliminary Results

Lemma 8 Let k ∈ Z≥1, M ∈ R>0. For w ∈ [−M,M ], it holds

1. E[q(w;M,k)] = w.

2. |q(w;M,k)− w| ≤ M
k , almost surely.
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Proof As q(−w;M,k) = −q(w;M,k), we might suppose without loss of generality that w ≥ 0.
Let ℓw = min{ℓ ∈ [k] | |w| ≤ ℓM/k}. By construction, we have

E[q(w;M,k)] =
M

k

(
ℓw

(
1− ℓw +

kw

M

)
+ (ℓw − 1)

(
ℓw − kw

M

))
=

M

k

(
ℓw − ℓw +

kw

M

)
= w,

which ends the proof of the first item in the lemma. To show the second item, note that

(ℓw − 1)M

k
≤ w ≤ ℓwM

k
.

Since ℓwM
k − (ℓw−1)M

k = M
k , it follows that |q(w;M,k) − w| ≤ M

k almost surely. This ends the
proof.

Lemma 9 Let u,v ∈ Rn, and κ ∈ [∥u∥,∞]. Then ∥u− [v]κ∥ ≤ ∥u− v∥.

Proof Note that [u]κ = u. Since the projection operator v 7→ [v]κ is 1-Lipschitz, it follows that

∥u− [v]κ∥ = ∥[u]κ − [v]κ∥ ≤ ∥u− v∥,

which readily yields the result of the lemma.

Lemma 10 Suppose (ak)k∈S is a sequence of nonnegative reals indexed by a finite set S, and let
µ ∈ R satisfy µ ≥∑i∈S ai/|S|. For η ∈ R>0, let S(η) = {i ∈ S | ai ≤ ηµ}. Then

∀η ∈ R≥1, |S(η)| ≥
(
1− 1

η

)
|S|.

Proof By way of contradiction, suppose that |S(η)| < (1− 1/η)|S| for some η ∈ R≥1. We have

µ ≥ 1

|S|
∑
i∈S

ai

≥ 1

|S|
∑

i∈S\S(η)

ai

>

(
1− |S(η)|

|S|

)
ηµ

> µ,

which yields the result of the lemma.
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Lemma 11 Let n ∈ Z≥1, and (ak)k≥0 be a sequence of nonnegative reals satisfying |ak−ak+1| ≤
uak + v for all k ∈ [0, n− 1], where u, v ∈ R>0. Then

∀k ∈ [0, n− 1], |ak − ak+1| ≤ enu (ua0 + v) .

Proof Let k ∈ [0, n − 1]. It follows that ak+1 ≤ (u + 1)ak + v. Iterating the latter inequality we
obtain for all k ∈ [n]

ak ≤ (u+ 1)ka0 + v

k−1∑
ℓ=0

(u+ 1)ℓ

= (u+ 1)ka0 +
v

u
((u+ 1)k − 1)

≤ (u+ 1)na0 +
v

u
((u+ 1)n − 1)

≤ enua0 +
v

u
(enu − 1),

where we used the inequality 1+x ≤ ex in the last line. Plugging the above in |ak−ak+1| ≤ uak+v
yields for k ∈ [0, n− 1]

|ak − ak+1| ≤ u
(
enua0 +

v

u
(enu − 1)

)
+ v

= enu (ua0 + v) ,

which concludes the proof of the lemma.

Lemma 12 Let (fn)n≥1 be a sequence of functions with fn : Rn → R≥0. Let p ∈ (0, 1) and
bn = Bernp . Moreover, suppose Ebn [fn(bn)] ≤ 1 for all n ∈ Z≥1. Given γ, ε ∈ (0, 1), there
exists a constant n0 = n0(γ, p, ε) such that for all n ≥ n0, there exists a realization b̂n satisfying
fn(b̂n) ≤ 1 + ε and ∥b̂n∥0 ≤ (1 + γ)np.

Proof Since fn ≥ 0, we have

1 ≥ E[fn(bn)] ≥ E
[
fn(bn)

∣∣∣∣ ∥bn∥0 ≤ (1 + γ)np

]
P (∥bn∥0 ≤ (1 + γ)np) ,

by standard concentration inequalities, we have P (∥bn∥0 > (1 + γ)np) ≤ e−cγ2np, where c is an
explicit constant. Let n0 = n0(γ, p, ε) be the positive constant satisfying e−cγ2n0p = ε/(1 + ε). It
follows that for n ≥ n0 we have P (∥bn∥0 ≤ (1 + γ)np) ≥ 1/(1 + ε). Therefore,

1 ≥
E
[
fn(bn)

∣∣∣∣ ∥bn∥0 ≤ (1 + γ)np

]
1 + ε

.

Hence, there exists a realization b̂n such that ∥b̂n∥0 ≤ (1 + γ)np and 1 ≥ fn(b̂n)
1+ε , which ends the

proof.
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Lemma 13 Let K ∈ Rdout×din×r×r, x ∈ Rdinr
2
, and z ∈ Rdoutr2 as in Section B.2. Then z =

W(K)x.

Proof Using the same notation of Section B.2 for ϕ and ⟨.⟩r, we have for o ∈ [dout]

(zo)ϕ(u,v) = Zo,u,v

=

din∑
i=1

r∑
a=1

r∑
b=1

Ko,i,a,bXi,⟨u+a⟩r,⟨v+b⟩r

=

din∑
i=1

r∑
a=1

r∑
b=1

Ko,i,a,b(xi)ϕ(⟨u+a⟩r,⟨v+b⟩r)

=

din∑
i=1

(C(Ko,i)xi)ϕ(u,v),

thus zo =
∑din

i=1 C(Ko,i)xi. Hence

z =


∑din

i=1 C(K1,i)xi

...∑din
i=1 C(Kdout,i)xi

 =

 C(K1,1) · · · C(K1,din)
...

. . .
...

C(Kdout,1) · · · C(Kdout,din)


 x1

...
xdin

 = W(K)x,

which ends the proof.

Lemma 14 Let U ∈ Rr×r as in Section B.2. Then,

∥C(U)∥ ≤ ∥U∥∞∥U∥0.

Proof We use the same notation of Section B.2 for ϕ and ⟨.⟩r. Let ωr = exp(−2πi/r). We will
show that the eigenvalues of C(U) are given by

Ûk,ℓ =

r∑
a=1

r∑
b=1

Ua,bω
ka+ℓb
r , (k, ℓ) ∈ [r]× [r].

Fix (k, ℓ) ∈ [r] × [r], and let vk,ℓ ∈ Cr2 be a vector given by vk,ℓ
ϕ(u,v) = ωku+ℓv

r . We have for
(u, v) ∈ [r]× [r],

(C(U)vk,ℓ)ϕ(u,v) =

r∑
a=1

r∑
b=1

Ua,bv
k,ℓ
ϕ(⟨u+a⟩r,⟨v+b⟩r)

=

r∑
a=1

r∑
b=1

Ua,bω
k(u+a)+ℓ(v+b)
r

= ωku+ℓv
r

r∑
a=1

r∑
b=1

Ua,bω
ka+ℓb
r

= vk,ℓ
ϕ(u,v)Ûk,ℓ.
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Therefore, vk,ℓ is an eigenvector of C(U) with eigenvalue Ûk,ℓ. Moreover, the eigenvectors vk,ℓ
ϕ(u,v)

form an orthogonal basis. Indeed, let (k, ℓ), (k′, ℓ′) ∈ [r]× [r]. We have

r∑
u=1

r∑
v=1

vk,ℓ
ϕ(u,v)v̄

k′,ℓ′

ϕ(u,v) =

r∑
u=1

r∑
v=1

ω(k−k′)u+(ℓ−ℓ′)v
r

=

(
r∑

u=1

ω(k−k′)u
r

)(
r∑

v=1

ω(ℓ−ℓ′)v
r

)
= r21k=k′1ℓ=ℓ′ .

Hence, the eigenvalues of C(U) are {Ûk,ℓ, (k, ℓ) ∈ [r]× [r]}. Note then that

|Ûk,ℓ| ≤
r∑

a=1

r∑
b=1

|Ua,b| ≤ ∥U∥∞∥U∥0.

Therefore

∥C(U)∥ = max
(k,ℓ)∈[r]×[r]

|Ûk,ℓ| ≤ ∥U∥∞∥U∥0,

which concludes the proof.

Lemma 15 Let ρ, θ ∈ R>0, W1 ∈ Rn2×n1 , W2 ∈ Rn3×n2 be random matrices, and Qρ,θ be a
joint distribution over Bn1

2 (ρ) × Bn1
2 (θ), and (x,x′) ∼ Qρ,θ. Suppose f : Rn1 → Rn for some

n ∈ Z≥1 is a function with parameters A ∈ Rn2×n1 ,B ∈ Rn3×n2 . That is, f(x) = f(x;A,B).
Introduce

Ψf : Rn2×n1 × Rn3×n2 → R, (A,B) 7→ E
[
∥f(x;W1,W2)− f(x′;A,B)∥2

]
,

and the expectation is taken over (x,x′) ∼ Qρ,θ and W1,W2. Suppose S1 ∪ S2 = [n2]× [n1] is a
partition of [n2]× [n1] with S1 ̸= ∅, and (hij)(i,j)∈[n2]×[n1] is a collection of random variables. Let
Z ∈ Rn2×n1 be given by

Zij = [W1]ij , if (i, j) ∈ S1,

Zij = hij , if (i, j) ∈ S2.

Let T ≜ {hij | (i, j) ∈ S2}, and σi = ∥Wi∥, νi = ∥Wi∥∞ for i = 1, 2. Suppose (tij)(i,j)∈S1
are

random variables.

1. Single Layer. Suppose f(x;A,B) = Ax, and write f(x;A),Ψf (A) for simplicity as B has

no effect on f or Ψf . Then, for all η ≥ 1 there exists at least
(
1− 1

η

)
|S1| many pairs (i, j)

in S1 such that the following holds

E

[∣∣∣∣∣∂2Ψf (Z(tij ; i, j))

∂t2ij

∣∣∣∣∣
]
≤ 2ηθ2n2

|S1|
. (39)

where the expectation is taken over the randomness in hij , tij ,W1 and W2.
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2. Block of Two Layers. Suppose f(x;A,B) = Bφ(Ax), where φ is a function satisfying
(7), (8), and (9) in Assumption 1. Furthermore, suppose that |tij − [W1]ij | ≤ τν1 where

τ ∈ R≥0. Then, for all η ≥ 1 there exists at least
(
1− 1

η

)
|S1| many pairs (i, j) in S1 such

that the following holds

E

[∣∣∣∣∣∂2Ψf (Z(tij ; i, j),W2)

∂t2ij

∣∣∣∣∣
]
≤ 2ηθ2σ2

√
n2

|S1|

×
(√

ET [Ψf (Z,W2)] +
ν22n3

√
n2

σ2
+ θτν1ν2

√
n2n3

)
. (40)

where the expectation is taken over the randomness in hij , tij ,W1 and W2.

Proof We first show (39). Note that for ℓ ∈ [n2]

∂fℓ(x
′,Z(t; i, j))

∂t
= x′

j1ℓ=i, and
∂2fℓ(x

′;Z(t; i, j))

∂t2
= 0.

Using the standard Leibniz integral rule twice and the above, it follows that

∂2Ψf (Z(t; i, j))

∂t2
= 2E

[∥∥∥∥∂f(x′;Z(t; i, j))

∂t

∥∥∥∥2
]
= 2E

[(
x′
j

)2]
.

Setting t = tij , taking the expectation over {tij} ∪ T and summing over all tij ∈ S1 yields

∑
(i,j)∈S1

E{tij}∪T

[∣∣∣∣∣∂2Ψf (Z(tij ; i, j))

∂t2ij

∣∣∣∣∣
]
≤ 2

∑
(i,j)∈S1

E
[
(x′

j)
2
]

≤ 2
∑

(i,j)∈[n2]×[n1]

E
[
(x′

j)
2
]

= 2n2E
[
∥x′∥2

]
≤ 2n2θ

2.

The result of (39) follows readily by applying Lemma 10 to the sequence aij defined as aij ≜

E{tij}∪T

[∣∣∣∣∂2Ψf (Z(tij ;i,j))

∂t2ij

∣∣∣∣]. We now show (40). Similarly to the previous case, we start by deriving

the expressions of the derivatives of t 7→ f(x′,Z(t; i, j),W2). We have for ℓ ∈ [n3]

∂fℓ(x
′;Z(t; i, j),W2)

∂t
= [W2]ℓiφ

(1)(Z(t; i, j)x′)ix
′
j ,

∂2fℓ(x
′;Z(t; i, j),W2)

∂t2
= [W2]ℓiφ

(2)(Z(t; i, j)x′)i
(
x′
j

)2
.
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Using the standard Leibniz integral rule twice and the above, it follows that

∂2Ψf (Z(t; i, j),W2)

∂t2
= 2E

[∥∥∥∥∂f(x′;Z(t; i, j),W2)

∂t

∥∥∥∥2
]

+ 2E
[(
f(x′;Z(t; i, j),W2)− f(x;W1,W2)

)⊤ ∂2f(x′;Z(t; i, j),W2)

∂t2

]
= 2

∑
ℓ∈[n3]

E
[(

[W2]ℓiφ
(1)(Z(t; i, j)x′)ix

′
j

)2]

+ 2
∑
ℓ∈[n3]

E
[(

[W2]ℓ,:φ(Z(t; i, j)x
′)− [W2]ℓ,:φ(W1x)

)
×[W2]ℓiφ

(2)(Z(t; i, j)x′)i
(
x′
j

)2]
= H1(t) +H2(t). (41)

Setting t = tij and using (8), we obtain

|H1(tij)| ≤ 2ν22n3E
[(
x′
j

)2]
.

Taking the expectation of the above over {tij} ∪ T and Z, and summing over all (i, j) ∈ S1 yields∑
(i,j)∈S1

E [|H1(tij)|] ≤ 2ν22n2n3E[∥x′∥2]

≤ 2θ2ν22n2n3. (42)

We next bound |H2(tij)|. We have by the triangle inequality

|H2(tij)| ≤ 2E


∣∣∣∣ ∑
ℓ∈[n3]

(
[W2]ℓ,:φ(Z(tij ; i, j)x

′)− [W2]ℓ,:φ(Zx
′)

)
[W2]ℓi

∣∣∣∣︸ ︷︷ ︸
H3(tij)

(
x′
j

)2


+ 2E


∣∣∣∣ ∑
ℓ∈[n3]

(
[W2]ℓ,:φ(Zx

′)− [W2]ℓ,:φ(W1x)

)
[W2]ℓi

∣∣∣∣ (x′
j

)2
︸ ︷︷ ︸

H4(i,j)

 .

Using the Cauchy-Schwarz inequality, we have

H3(tij) ≤ ∥W2φ(Z(tij ; i, j)x
′)−W2φ(Zx

′)∥

∑
ℓ∈[n3]

([W2]ℓi)
2

 1
2

≤ σ2|tij − [W1]ij ||x′
j |ν2

√
n3

≤ θτσ2ν1ν2
√
n3.
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Therefore ∑
(i,j)∈S1

E
[
H3(tij)

(
x′
j

)2] ≤ θτσ2ν1ν2n2
√
n3E[∥x′∥2]

≤ θ3τσ2ν1ν2n2
√
n3. (43)

We next bound
∑

(i,j)∈S1
E[H4(i, j)]. We have∑

(i,j)∈S1

E [H4(i, j)]

=
∑

(i,j)∈S1

E

∣∣∣∣ ∑
ℓ∈[n3]

(
[W2]ℓ,:φ(Zx

′)− [W2]ℓ,:φ(W1x)

)
[W2]ℓi

∣∣∣∣ (x′
j

)2
≤
∑
i∈[n2]

E

∣∣∣∣ ∑
ℓ∈[n3]

(
[W2]ℓ,:φ(Zx

′)− [W2]ℓ,:φ(W1x)

)
[W2]ℓi

∣∣∣∣∥x′∥2


≤ θ2
√
n2E

[
∥W⊤

2

(
W2φ(Zx

′)−W2φ(W1x)
)
∥
]

(44)

≤ θ2σ2
√
n2E

[
∥W2φ(Zx

′)−W2φ(W1x)∥
]

≤ θ2σ2
√
n2

√
ET [Ψf (Z,W2)], (45)

where we used the Cauchy-Schwarz inequality in (44), and Jensen’s inequality in (45). Combining
(45) with (43) and (42) we obtain

∑
(i,j)∈S1

E

[∣∣∣∣∣∂2Ψf (Z(tij ; i, j),W2)

∂t2ij

∣∣∣∣∣
]

≤ 2θ2ν22n2n3 + 2θ3τσ2ν1ν2n2
√
n3 + 2θ2σ2

√
n2

√
ET [Ψf (Z,W2)]

≤ 2θ2σ2
√
n2

(√
ET [Ψf (Z,W2)] +

ν22n3
√
n2

σ2
+ θτν1ν2

√
n2n3

)
.

The result of (40) follows readily by applying Lemma 10 to the sequence aij given by aij ≜

E{tij}∪T

[∣∣∣∣∂2Ψf (Z(tij ;i,j),W2)

∂t2ij

∣∣∣∣]. This concludes the proof.

Lemma 16 Let ρ, θ ∈ R>0, W1 ∈ Rn2×n1 , W2 ∈ Rn3×n2 be random matrices, and Qρ,θ be a
joint distribution over Bn1

2 (ρ) × Bn1
2 (θ), and (x,x′) ∼ Qρ,θ. Suppose f : Rn1 → Rn for some

n ∈ Z≥1 is a function with parameters A ∈ Rn2×n1 ,B ∈ Rn3×n2 . That is, f(x) = f(x;A,B).
Introduce

Ψf : Rn2×n1 × Rn3×n2 → R, (A,B) 7→ E
[
∥f(x;W1,W2)− f(x′;A,B)∥2

]
,

where the expectation is taken over (x,x′) ∼ Qρ,θ and W1,W2. Let k| gcd(n1, n2, n3) and Eℓ =
{k(ℓ − 1) + q | q ∈ [k]} for ℓ ∈ Z≥1. Let B1

i,j ∈ Rk×k for (i, j) ∈ [n2/k]× [n1/k] be the
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block matrix of W1 given by [B1
i,j ]u,v = [W1]k(i−1)+u,k(j−1)+v. Define B2

i,j similarly for (i, j) ∈
[n3/k]× [n2/k] with W2. Finally, let σi = ∥Wi∥ for i = 1, 2, and

ν1 = max
(i,j)∈[n2/k]×[n1/k]

∥B1
i,j∥, ν2 = max

(i,j)∈[n3/k]×[n2/k]
∥B2

i,j∥.

1. Single Layer. Suppose f(x;A,B) = Ax. Write f(x;A) and Ψf (A) for simplicity as B has
no effect on f or Ψf . Let S1 ∪ S2 = [n1/k] be a partition of [n1/k]. Suppose U1 ∈ Rn2×n1

satisfies

[U1]:,Eℓ = [W1]:,Eℓ , ∀ℓ ∈ S1.

Then, for η > 1 and a t ∈ R, there exists at least (1− 1/η)|S1| indices ℓ ∈ S1 such that

E
[∣∣∣∣∂2Ψf (U1G(t; Eℓ))

∂t2

∣∣∣∣
t=1

]
≤ 2ηθ2

|S1|
ν21n2

k
, (46)

where the expectation is taken over the randomness in U1, W1 and W2.

2. Block of Two Layers. Suppose f(x;A,B) = Bφ(Ax), where φ is a function satisfying (7),
(8), and (9) in Assumption 1. Let S1 ∪ S2 = [n2/k] be a partition of [n2/k] and (tℓ)ℓ∈[n2/k]

be a collection of random variables. Let τ ∈ R>0 be an upper bound on the terms |1 − tℓ|.
Suppose U1 ∈ Rn2×n1 satisfies

[U1]Eℓ,: = [W1]Eℓ,:, ∀ℓ ∈ S1.

Then, for η > 1, there exists at least (1− 1/η)|S1| indices ℓ ∈ S1 such that

E
[∣∣∣∣∂2Ψf (G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∣∣∣∣] ≤ 2ηθ2

|S1|
σ2
1ν2

√
n3√

k

×
(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+
√

E [Ψf (U1,W2)]

)
, (47)

where the expectation is taken over the randomness in tℓ,U1,W1, and W2.

Proof Using the standard Leibniz integral rule twice, we have

∂2Ψf (A(t),B(t))

∂t2
= 2E

[∥∥∥∥∂f(x′;A(t),B(t))

∂t

∥∥∥∥2
]

+ 2E
[(
f(x′;A(t),B(t))− f(x,W1,W2)

)⊤ ∂2f(x′;A(t),B(t))

∂t2

]
. (48)

1. Single Layer. We have for ℓ ∈ [n1/k]

∂f(x′;U1G(t; Eℓ))
∂t

= U1
∂G(t; Eℓ)

∂t
x′

= [U1]:,Eℓx
′
Eℓ

= [W1]:,Eℓx
′
Eℓ , (49)
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and

∂2f(x′;U1G(t; Eℓ))
∂t2

= 0Rn2 . (50)

Combining (50) and (49) in (48), we obtain

∥∥∥∥∂2Ψf (U1G(t; Eℓ))
∂t2

∥∥∥∥ = 2E

[∥∥∥∥∂f(x′;U1G(t; Eℓ))
∂t

∥∥∥∥2
]

= 2E
[
∥[W1]:,Eℓx

′
Eℓ∥

2
]

= 2E

n2/k∑
i=1

∥B1
i,ℓx

′
Eℓ∥

2


≤ 2ν21n2

k
E
[
∥x′

Eℓ∥
2
]
.

Taking the expectation of the above over U1,W1 and summing over ℓ ∈ S1, we obtain

∑
ℓ∈S1

E
[∣∣∣∣∂2Ψf (U1G(t; Eℓ))

∂t2

∣∣∣∣
t=1

]
≤ 2ν21n2

k
E
[
∥x′∥2

]
≤ 2θ2ν21n2

k
.

Using the above inequality, the result of (46) follows by applying Lemma 10 to the sequence
aℓ ≜ E

[∣∣∣∂2Ψf (U1G(t;Eℓ))
∂t2

∣∣∣
t=1

]
.

2. Block of Two Layers. We have for ℓ ∈ [n2/k]

∂f(x′;G(tℓ; Eℓ)U1,W2)

∂tℓ
= W2Jφ(G(tℓ; Eℓ)U1x

′)
∂G(tℓ; Eℓ)

∂tℓ
U1x

′

= W2

(
φ(1)(tℓU1x

′)⊙U1x
′ ⊙ eEℓ

)
, (51)

where eEℓ ∈ Rn2 is given by (eEℓ)j = 1j∈Eℓ . Similarly, we have

∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ
= W2

(
φ(2)(tℓU1x

′)⊙ (U1x
′)2 ⊙ eEℓ

)
, (52)
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where we used the notation (U1x
′)2 = (U1x

′)⊙ (U1x
′). We then have

∥∥∥∥∂f(x′;G(tℓ; Eℓ)U1,W2)

∂tℓ

∥∥∥∥2 ≤ ∥∥∥W2

(
φ(1)(tℓU1x

′)⊙U1x
′ ⊙ eEℓ

)∥∥∥2
=

∑
i∈[n3/k]

∥∥∥∥[W2]Ei,Eℓ

[
φ(1)(tℓU1x

′)⊙U1x
′
]
Eℓ

∥∥∥∥2

=
∑

i∈[n3/k]

∥∥∥∥B2
i,ℓ

[
φ(1)(tℓU1x

′)⊙U1x
′
]
Eℓ

∥∥∥∥2
≤ ν22n3

k

∥∥[U1x
′]Eℓ
∥∥2

=
ν22n3

k

∥∥[W1x
′]Eℓ
∥∥2 ,

where we used [U1x
′]Eℓ =

∑
j [U1]Eℓ,Ejx

′
Ej =

∑
j [W1]Eℓ,Ejx

′
Ej = [W1x

′]Eℓ in the last line.
Taking the expectation over tℓ,U1,W1,W2 and summing over ℓ ∈ S1, we obtain

∑
ℓ∈S1

E

[∥∥∥∥∂f(x′;G(tℓ; Eℓ)U1,W2)

∂tℓ

∥∥∥∥2
]
≤ ν22n3

k
E
[
∥W1x

′∥2
]

≤ (σ1ν2)
2n3

k
E
[
∥x′∥2

]
≤ θ2(σ1ν2)

2n3

k
. (53)

On the other hand, we have

E
[∣∣∣∣(f(x;W1,W2)− f(x′;G(tℓ; Eℓ)U1,W2)

)⊤ ∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∣∣∣∣]
≤ E

[∣∣∣∣(f(x;W1,W2)− f(x′;U1,W2)
)⊤ ∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∣∣∣∣]
+ E

[∣∣∣∣(f(x′;U1,W2)− f(x′;G(tℓ; Eℓ)U1,W2)
)⊤ ∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∣∣∣∣]
≤ E

[∥∥f(x;W1,W2)− f(x′;U1,W2)
∥∥∥∥∥∥∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∥∥∥∥]
+ E

[∥∥f(x′;U1,W2)− f(x′;G(tℓ; Eℓ)U1,W2)
∥∥∥∥∥∥∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∥∥∥∥]
= H1

ℓ +H2
ℓ .
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We next bound
∑

ℓ∈S1
H1

ℓ . We have

∥∥∥∥∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∥∥∥∥ =
∥∥∥W2

(
φ(2)(tℓU1x

′)⊙ (U1x
′)2 ⊙ eEℓ

)∥∥∥
=

√√√√ ∑
i∈[n3/k]

∥∥∥B2
i,ℓ

[
φ(2)(tℓU1x′)⊙ (U1x′)2

]
Eℓ

∥∥∥2

≤
√

ν22n3

k

∥∥∥([U1x′]Eℓ)
2
∥∥∥2

=
ν2
√
n3√
k

∥∥∥([W1x
′]Eℓ
)2∥∥∥

≤ ν2
√
n3√
k

∥∥[W1x
′]Eℓ
∥∥2 ,

where we used ∥v ⊙ v∥ ≤ ∥v∥2 for all vectors v. Using the above, it follows that

∑
ℓ∈S1

H1
ℓ ≤ ν2

√
n3√
k

∑
ℓ∈S1

E
[∥∥f(x;W1,W2)− f(x′;U1,W2)

∥∥∥∥[W1x
′]Eℓ
∥∥2]

≤ ν2
√
n3√
k

E
[∥∥f(x;W1,W2)− f(x′;U1,W2)

∥∥∥∥W1x
′∥∥2]

≤ θ2σ2
1ν2

√
n3√

k
E
[∥∥f(x;W1,W2)− f(x′;U1,W2)

∥∥]
≤ θ2σ2

1ν2
√
n3√

k

√
E [Ψf (U1,W2)], (54)

where we used the Cauchy-Schwarz inequality in the last line. We next bound
∑

ℓ∈S1
H2

ℓ .
We have

∥∥f(x′;U1,W2)− f(x′;G(tℓ; Eℓ)U1,W2)
∥∥ = ∥W2φ(U1x

′)−W2φ(G(tℓ; Eℓ)U1x
′)∥

≤ σ2∥φ(U1x
′)− φ(G(tℓ; Eℓ)U1x

′)∥
≤ σ2∥U1x

′ −G(tℓ; Eℓ)U1x
′∥

= σ2|1− tℓ|

∥∥∥∥∥∥
∑

j∈[n1/k]

B1
ℓ,jx

′
Ej

∥∥∥∥∥∥
≤ τσ2ν1

∑
j∈[n1/k]

∥x′
Ej∥

≤ τσ2ν1

√
n1

k
∥x′∥,
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where we used the Cauchy-Schwarz inequality in the last line. Using the above, it follows∑
ℓ∈S1

H2
ℓ

≤
∑
ℓ∈S1

E
[∥∥f(x′;U1,W2)− f(x′;G(tℓ; Eℓ)U1,W2)

∥∥∥∥∥∥∂2f(x′;G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∥∥∥∥]

≤ τσ2ν1

√
n1

k

ν2
√
n3√
k

E

∥x′∥
∑
ℓ∈S1

∥∥[W1x
′]Eℓ
∥∥2

≤ τσ2ν1ν2

√
n1n3

k
E
[
∥x′∥∥W1x

′∥2
]

≤ τσ2
1σ2ν1ν2

√
n1n3

k
E
[
∥x′∥3

]
≤ τθ3σ2

1σ2ν1ν2

√
n1n3

k
. (55)

Combining (53), (54), and (55), we obtain∑
ℓ∈S1

E
[∣∣∣∣∂2Ψf (G(tℓ; Eℓ)U1,W2)

∂t2ℓ

∣∣∣∣]

≤ 2θ2(σ1ν2)
2n3

k
+

2θ2σ2
1ν2

√
n3√

k

√
E [Ψf (U1,W2)]

+ 2τθ3σ2
1σ2ν1ν2

√
n1n3

k

=
2θ2σ2

1ν2
√
n3√

k

(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+
√
E [Ψf (U1,W2)]

)
.

Using the above bound, the result of (47) follows then by applying Lemma 10 to the sequence
aℓ ≜ E

[∣∣∣∂2Ψf (G(tℓ;Eℓ)U1,W2)

∂t2ℓ

∣∣∣].
Lemma 17 Let R be a distribution over Bn1

2 (1) and x ∼ R. Given a network Φ with layers
Wℓ ∈ Rnℓ+1×nℓ , ℓ ∈ [m] and activations φℓ, ℓ ∈ [m], let W,B be disjoint subsets of [m] satisfying
(B + 1) ∩ (W ∪ B) = ∅, and Ŵℓ ∈ Rnℓ+1×nℓ , ℓ ∈ [m] be a collection of matrices. Let Φ̂ be
the network given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm where κℓ ≜ σℓ for ℓ ≥ 0, and
σ ≥ maxℓ∈[m] ∥Wℓ∥. Moreover, let zℓ, ẑℓ be given recursively by z0 = ẑ0 = x, and for ℓ ∈ [m]

zℓ = φℓ(Wℓz
ℓ−1),

ẑℓ = φℓ(Ŵℓ[ẑ
ℓ−1]κℓ−1

).

Suppose that the activations φℓ satisfy (7), (8), and (9). If the following holds

∀ℓ ̸∈ W ∪ B, Ŵℓ = Wℓ, (56)

∀ℓ ∈ W, E
[
∥zℓ − [ẑℓ]κℓ

∥2
]

≤ (1 + ε1)σ
2E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ ε2σ

2ℓ, (57)

∀ℓ ∈ B, E
[
∥zℓ+1 − [ẑℓ+1]κℓ+1

∥2
]
≤ (1 + ε3)σ

4E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ ε4σ

2(ℓ+1), (58)
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where εj , j ∈ [4] are positive constants. Then, for all ℓ ∈ [0,m] \ B, we have

Aℓ : E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
≤ σ2ℓ(1 + ξ)ℓξ, (59)

for all ξ ≥ 2ε1 ∨ 2ε3 ∨
√
2ε2 ∨

√
2ε4.

Proof We prove Aℓ recursively over ℓ ∈ [0,m]. Suppose ℓ = 0. Since κ0 ≥ ∥x∥, it follows that
[ẑ0]κ0 = x = z0. Thus E

[
∥zℓ − [ẑℓ]κℓ

∥2
]
= 0 ≤ ξ and A0 holds trivially. Suppose we have shown

Ai, ∀i < ℓ for some ℓ ∈ [m], we next show Aℓ. Noting that

[m] \ B = ([m] \ (W ∪B ∪ (B + 1))) ∪W ∪ (B + 1),

we consider 3 cases.

1. Case 1. ℓ ̸∈ W ∪ B ∪ (B + 1). In this case, we have Ŵℓ = Wℓ. Since κℓ = σℓ ≥ ∥zℓ∥, it
follows from Lemma 9 that

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
≤ E

[
∥zℓ − ẑℓ∥2

]
= E

[
∥φℓ(Wℓz

ℓ−1)− φℓ(Wℓ[ẑ
ℓ−1]κℓ−1

)∥2
]

≤ σ2E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]

(60)

≤ σ2ℓ(1 + ξ)ℓ−1ξ (61)

≤ σ2ℓ(1 + ξ)ℓξ,

where we used ∥φℓ∥Lip ≤ 1 and ∥Wℓ∥ ≤ σ in (60), and the inductive hypothesis Aℓ−1 in
(61) (note that we have ℓ− 1 ̸∈ B). This yields Aℓ.

2. Case 2. ℓ ∈ W . Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1)× Bnℓ
2 (κℓ−1). We have using (57)

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
≤ (1 + ε1)σ

2E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ σ2ℓε2

≤ σ2ℓ(1 + ε1)(1 + ξ)ℓ−1ξ + σ2ℓε2 (62)

≤ σ2ℓ(1 + ξ)ℓξ

(
1 + ε1
1 + ξ

+
ε2

(1 + ξ)ℓξ

)
≤ σ2ℓ(1 + ξ)ℓξ

(
1 + ξ

2

1 + ξ
+

ξ
2

1 + ξ

)
(63)

= σ2ℓ(1 + ξ)ℓξ,

where we used the inductive hypothesis Aℓ−1 in (62), and ξ ≥ √
2ε2 ∨ 2ε1 together with

(1 + ξ)ℓ ≥ 1 + ξ in line (63). This yields Aℓ.
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3. ℓ ∈ B + 1. Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1)× Bnℓ
2 (κℓ−1). We have using (58)

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
≤ (1 + ε3)σ

4E
[
∥zℓ−2 − [ẑℓ−2]κℓ−2

∥2
]
+ σ2ℓε4

≤ σ2ℓ(1 + ε3)(1 + ξ)ℓ−2ξ + σ2ℓε4 (64)

≤ σ2ℓ(1 + ξ)ℓξ

(
1 + ε3
(1 + ξ)2

+
ε4

(1 + ξ)ℓξ

)
≤ σ2ℓ(1 + ξ)ℓξ

(
1 + ξ

2

1 + ξ
+

ξ
2

1 + ξ

)
(65)

= σ2ℓ(1 + ξ)ℓξ,

where we used the inductive hypothesis Aℓ−2 in (64), and ξ ≥ √
2ε4 ∨ 2ε3 together with

(1 + ξ)ℓ ≥ 1 + ξ in (65). The latter yields Aℓ.

This concludes the proof.

Appendix E. Proofs for Unstructured Compression of Multilayer Perceptrons

E.1. Single-Layer Perceptron

In this section we consider a one-layer perceptron. Namely, we let m = 1 in (1). Let ρ, θ ∈ R>0

and Qρ,θ be a joint distribution over Bn1
2 (ρ)× Bn1

2 (θ). Introduce

Ψ : Rn2×n1 → R, A 7→ E
[
∥W1x−Ax′∥2

]
,

where the expectation is taken over (x,x′) ∼ Qρ,θ. Given κ ∈ (0,∞), we also introduce

Πκ : Rn2×n1 → R, A 7→ E
[
∥φ1(W1x)− [φ1(Ax′)]κ∥2

]
.

We consider two compression techniques: quantization and pruning. In the latter case, we aim at
zeroing as many weights in W1 while preserving the loss Πκ. In the former case, we replace the
weights in W1 by a discrete approximation from a fixed set of possible weight values. We first state
this section’s result for quantization.

Proposition 18 Suppose the activation φ1 satisfies (7) and (8) in Assumption 1. Moreover, let
α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σ1 = ∥W1∥, ν1 = ∥W1∥∞, and κ ∈ [σ1ρ,∞). Given a quantization

parameter k ∈ Z≥1, there exists a mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (66)

and a matrix Q ∈
{
± ℓν1

k | ℓ ∈ [k]
}n2×n1

, such that

Πκ
(
(11⊤ −M)⊙Q+M⊙W1

)
≤ σ2

1E
[
∥x− x′∥2

]
+

2αθ2ν21n2

k2(1− α)
. (67)
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Next, we state this section’s result for pruning.

Proposition 19 Suppose the activation φ1 satisfies (7) and (8) in Assumption 1. Let p, γ, ε ∈ (0, 1),
α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σ1 = ∥W1∥, ν1 = ∥W1∥∞ and κ ∈ [σ1ρ,∞). There exists a constant

n0 = n0(γ, p, α, ε) such that if n1 ∨ n2 ≥ n0, then there exists a mask matrix M ∈
{
0, 1, 1p

}n2×n1

satisfying

∥M∥0
n1n2

≤ 1− ⌊αn1n2⌋
n1n2

+
⌊αn1n2⌋
n1n2

(1 + γ)p, (68)

such that

Πκ(M⊙W1) ≤ (1 + ε)σ2
1E
[
∥x− x′∥2

]
+ (1 + ε)

2αθ2(1− p)ν21n2

p(1− α)
. (69)

E.1.1. PROOF OF PROPOSITIONS 18 AND 19

We first show the following Proposition.

Proposition 20 Suppose the activation φ1 satisfies (7) and (8) in Assumption 1. Moreover, let
α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σ1 = ∥W1∥, ν1 = ∥W1∥∞, and κ ∈ [σ1ρ,∞). Suppose h ∈ Rn2×n1 is a

random matrix with independent entries hij satisfying

∀(i, j) ∈ [n2]× [n1], E[hij ] = [W1]ij , and Var(hij) ≤ ϕ2ν21 ,

where ϕ ∈ R>0. Then, there exists a mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (70)

such that

Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ σ2

1E
[
∥x− x′∥2

]
+

2αθ2ϕ2ν21n2

1− α
. (71)

Proof We use an interpolation argument whereby we iteratively pick suitable indices (i, j) ∈
[n2] × [n1] and switch the (i, j)-th weight from [W1]ij to hij . We control the resulting error from
each switch, and make ⌊αn1n2⌋ switches. Let Ud be the weight matrix at the end of the d-th
interpolation step where d ∈ [0, ⌊αn1n2⌋− 1], and let Sd

1 ∪Sd
2 = [n2]× [n1] track the interpolation

process where Sd
1 contains indices of unswitched weights, and Sd

2 contains indices of switched
weights. Namely,

Ud
ij = [W1]ij , if (i, j) ∈ Sd

1 ,

Ud
ij = hij if (i, j) ∈ Sd

2 .

In particular U0 = W1 (i.e. S0
1 = [n2] × [n1],S0

2 = ∅). Finally, we let T d = {hij , (i, j) ∈ Sd
2},

with T 0 = ∅. Suppose we are at step d < ⌊αn1n2⌋ so that |Sd
2 | < ⌊αn1n2⌋ (otherwise the

37



CHEAIRI GAMARNIK MAZUMDER

interpolation is over). Let (i, j) ∈ Sd
1 (note that Sd

1 ̸= ∅ as |Sd
1 | ≥ n1n2−⌊αn1n2⌋+1 ≥ 1). Since

t 7→ Ψ(Ud(t; i, j)) is a quadratic function, we have by Taylor’s

Ψ(Ud(hij ; i, j))−Ψ(Ud) = Ψ(Ud(hij ; i, j))−Ψ(Ud([W1]ij ; i, j))

= (hij − [W1]ij)
∂Ψ(Ud([W1]ij ; i, j))

∂t

+
(hij − [W1]ij)

2

2

∂2Ψ(Ud([W1]ij ; i, j))

∂t2
.

Taking the expectation of the above over {hij} ∪ T d we obtain∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣ ≤ ϕ2ν21
2

E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud([W1]ij ; i, j))

∂t2

∣∣∣∣] .
(72)

Let η ∈ R≥1 and introduce

C ≜

{
(i, j) ∈ Sd

1

∣∣∣∣∣ E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud([W1]ij ; i, j))

∂t2

∣∣∣∣] ≤ 2ηθ2n2

|Sd
1 |

}
.

Using Lemma 15, it follows that |C| ≥
(
1− 1

η

)
|Sd

1 |. Since α ≤ 1 − 1
n1n2

, we have |Sd
1 | ≥

n1n2 −⌊αn1n2⌋+1 ≥ (1−α)n1n2 +1 ≥ 2. Setting η = 2, it follows that |C| ≥ (1− 1/η)2 = 1,
and thus C ̸= ∅. Henceforth, if we pick the pair (i, j) ∈ Sd

1 with the smallest score given by∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣, it follows from (72) that

∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣ ≤ 2θ2ϕ2ν21n2

|Sd
1 |

. (73)

We then update Sd+1
1 = Sd

1 \ {(i, j)} and Sd+1
2 = Sd

2 ∪ {(i, j)}. Suppose we repeat this switch-
ing operation as long as d < ⌊αn1n2⌋, and let K = S⌊αn1n2⌋

2 . That is, K is the set of all
swapped pairs (i, j) at the end of the interpolation process, so that |K| = ⌊αn1n2⌋. Let βd =
ET d [Ψ(Ud)] for d ∈ [0, |K|] and note that if we switch entry (i, j) at the d-th step, then βd =
ET d

[
Ψ(Ud([W1]ij ; i, j))

]
= ET d [Ψ(Ud)] and βd+1 = ET d+1

[
Ψ(Ud(hij ; i, j))

]
. Therefore, we

can rewrite (73) as

|βd+1 − βd| ≤
2θ2ϕ2ν21n2

|Sd
1 |

≤ 2θ2ϕ2ν21
1− α

1

n1
,

where we used |Sd
1 | ≥ (1 − α)n1n2 in the last inequality. Telescoping the above inequality over

d ∈ [0, ⌊αn1n2⌋ − 1] yields

|β⌊αn1n2⌋ − β0| ≤
2θ2ϕ2ν21
1− α

⌊αn1n2⌋
n1

≤ 2αθ2ϕ2ν21n2

1− α
.

Letting U = U⌊αn1n2⌋ and T = T ⌊αn1n2⌋, it follows that

ET [Ψ(U)] ≤ Ψ(W1) +
2αθ2ϕ2ν21n2

1− α
.
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We have Ψ(W1) ≤ σ2
1E[∥x− x′∥2]. Therefore,

ET [Ψ(U)] ≤ σ2
1E
[
∥x− x′∥2

]
+

2αθ2ϕ2ν21n2

1− α
. (74)

We next show

ET [Πκ(U)] ≤ σ2
1E
[
∥x− x′∥2

]
+

2αθ2ϕ2ν21n2

1− α
. (75)

By (74), it suffices to prove that

ET [Πκ(U)] ≤ ET [Ψ(U)] , (76)

which we show next. Fix a pair of vectors (x,x′) ∈ Bn1
2 (ρ)×Bn1

2 (θ), and denote by z, z′ the output
vectors φ1(W1x), φ1(Ux′). As ∥x∥ ≤ ρ it follows from (7) and (8) that ∥z∥ = ∥φ1(W1x)∥ ≤
σ1ρ. Since ∥z∥ ≤ σ1ρ and σ1ρ ≤ κ from the assumptions of Proposition 20, we have using Lemma
9 that

∥z− [z′]κ∥ ≤ ∥z− z′∥
= ∥φ1(W1x)− φ1(Ux′)∥
≤ ∥W1x−Ux′∥,

where we used (8) in the last line. Therefore,

ET [Πκ(U)] = ET E(x,x′)

[
∥z− [z′]κ∥2

]
≤ ET E(x,x′)

[
∥W1x−Ux′∥2

]
= ET [Ψ(U)] .

This concludes the proof of (75), and also shows (71). Note that by construction

U = (11⊤ −M)⊙ h+M⊙W1,

where Mij = 1(i,j)̸∈K is a mask matrix satisfying ∥M∥0 = n1n2 − |K| = n1n2 − ⌊αn1n2⌋. This
shows (70), and ends the proof of Proposition 20.

E.1.2. PROOF OF PROPOSITION 18

Proof [Proof of Proposition 18] Let hij = q ([W1]ij ; ν1, k) for (i, j) ∈ [n2] × [n1]. We then have

by Lemma 8 that E[hij ] = [W1]ij , and Var(hij) ≤ ν21
k2

. Using Proposition 20 with ϕ2 = 1/k2,
there exists a mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

,

and

Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ σ2

1E
[
∥x− x′∥2

]
+

2αθ2ν21n2

k2(1− α)
.
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Since the above inequality holds in expectation over h, it follows that there exists a realization

Q ∈
{
± ℓν1

k

∣∣ℓ ∈ [k]
}n2×n1

of h such that

Πκ
(
(11⊤ −M)⊙Q+M⊙W1

)
≤ Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ σ2

1E
[
∥x− x′∥2

]
+

2αθ2ν21n2

k2(1− α)
.

This ends the proof of Proposition 18.

E.1.3. PROOF OF PROPOSITION 19

Proof [Proof of Proposition 19] Let h = Bern2,n1 (p)
p ⊙ W1. We have E[hij ] = [W1]ij , and

Var(hij) = 1−p
p ([W1]ij)

2 ≤ (1−p)ν21
p . Using Proposition 20 with ϕ2 = (1 − p)/p, there exists a

mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (77)

and

Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ σ2

1E
[
∥x− x′∥2

]
+

2αθ2(1− p)ν21n2

p(1− α)
. (78)

Let U = (11⊤ −M)⊙h+M⊙W1 and b = (11⊤ −M)⊙h. In particular, the term b depends
on at most ⌊αn1n2⌋ independent Bernoulli(p) random variables. Using Lemma 12, it follows that
there exists a positive constant n0 = n0(γ, p, α, ε) such that if ⌊αn1n2⌋ ≥ n0, then there exists a
realization b̂ of b such that ∥b̂∥0 ≤ (1 + γ)p⌊αn1n2⌋ and

Πκ
(
Û
)
≤ (1 + ε)Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ (1 + ε)σ2

1E
[
∥x− x′∥2

]
+ (1 + ε)

2αθ2(1− p)ν21n2

p(1− α)
,

where Û is given by Û = b̂+M⊙W1. The above shows (69). Moreover, we have by construction
of Û that

∥Û∥0 ≤ ∥M∥0 + ∥b̂∥0
= n1n2 − ⌊αn1n2⌋+ ∥b̂∥0.
≤ n1n2 − ⌊αn1n2⌋+ (1 + γ)p⌊αn1n2⌋. (79)

Note that b̂ is the entrywise product of a mask with entries in
{
0, 1p

}
and the matrix W1. Therefore,

Û is the product of a matrix with entries in
{
0, 1, 1p

}
and W1. Combining the latter with the

previous bound readily shows (68). This ends the proof of Proposition 19.
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E.2. Two-Layer Perceptron

In this section we consider a two-layer network. Namely, we let m = 2 in (1). Following the same
notation as in Section E.1 let ρ, θ ∈ R>0 and Qρ,θ be a joint distribution over Bn1

2 (ρ)×Bn1
2 (θ), and

introduce

Ψ : Rn2×n1 → R, A 7→ E
[
∥W2φ1(W1x)−W2φ1(Ax′)∥2

]
,

where the expectation is taken over (x,x′) ∼ Qρ,θ. Given κ ∈ (0,∞), we also introduce

Πκ : Rn2×n1 → R, A 7→ E
[
∥φ2(W2φ1(W1x))− [φ2(W2φ1(Ax′))]κ∥2

]
.

Similarly to section E.1, we consider both quantization and pruning. We next state this section’s
result for quantization.

Proposition 21 Suppose the activations φ1, φ2 satisfy (7) and (8), and φ1 also satisfies (9) in
Assumption 1. Let α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σi = ∥Wi∥, νi = ∥Wi∥∞ for i = 1, 2, and κ ∈

[σ1σ2ρ,∞). Given a quantization parameter k ∈ Z≥1, there exists a mask matrix M ∈ {0, 1}n2×n1

satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (80)

and a matrix Q ∈
{
± ℓν1

k

∣∣ℓ ∈ [k]
}n2×n1

such that

Πκ
(
(11⊤ −M)⊙Q+M⊙W1

)
≤ (1 + f (Λ))(σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω, (81)

where Λ =
2αθσ2ν21

√
n2

k2(1−α)
, ω = θ2 +

2θν22n3
√
n2

σ2
+

2θ2ν1ν2
√
n2n3

k , and f(x) = xex.

Next, we state this section’s result for pruning.

Proposition 22 Suppose the activations φ1, φ2 satisfy (7) and (8), and φ1 also satisfies (9) in
Assumption 1. Let p, γ, ε ∈ (0, 1), α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σi = ∥Wi∥, νi = ∥Wi∥∞ for i = 1, 2,

and κ ∈ [σ1σ2ρ,∞). There exists a constant n0 = n0(γ, p, α, ε) such that if n1 ∨ n2 ≥ n0, then

there exists a mask matrix M ∈
{
0, 1, 1p

}n2×n1

satisfying

∥M∥0
n1n2

≤ 1− ⌊αn1n2⌋
n1n2

+
⌊αn1n2⌋
n1n2

(1 + γ)p, (82)

such that

Πκ(M⊙W1) ≤ (1 + ε)(1 + f (Λ))(σ1σ2)
2E
[
∥x− x′∥2

]
+ (1 + ε)f (Λ)ω, (83)

where Λ =
2αθ(1−p)σ2ν21

√
n2

p(1−α) , ω = θ2 +
2θν22n3

√
n2

σ2
+

2θ2(p∨(1−p))ν1ν2
√
n2n3

p , and f(x) = xex.
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E.2.1. PROOF OF PROPOSITIONS 21 AND 22

We first show the following proposition.

Proposition 23 Suppose the activations φ1, φ2 satisfy (7) and (8), and φ1 also satisfies (9) in
Assumption 1. Let α ∈

(
1

n1n2
, 1− 1

n1n2

]
, σi = ∥Wi∥, νi = ∥Wi∥∞ for i = 1, 2, and κ ∈

[σ1σ2ρ,∞). Suppose h ∈ Rn2×n1 is a random matrix with independent entries hij satisfying

∀(i, j) ∈ [n2]× [n1], E[hij ] = [W1]ij , and |hij − [W1]ij | ≤ ν1(τ11hij ̸=0 + τ01hij=0),

(84)

where τ1, τ0 ∈ R≥0. Furthermore, let ∆ = max(i,j)∈[n2]×[n1](τ
2
0P(hij = 0) + τ21P(hij ̸= 0)).

Then, there exists a mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (85)

such that

Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ (1 + f (Λ))(σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω, (86)

where Λ =
2αθ∆σ2ν21

√
n2

1−α , ω = θ2 +
2θν22n3

√
n2

σ2
+ 2θ2τν1ν2

√
n2n3, τ = τ0 ∨ τ1 and f(x) = xex.

Proof Similarly to the proof of Proposition 20, we use an interpolation argument whereby we
iteratively pick suitable indices (i, j) ∈ [n2] × [n1] and switch the (i, j)-th weight from [W1]ij to
hij . Reusing the same notation, we have by Taylor’s

Ψ(Ud(hij ; i, j))−Ψ(Ud) = Ψ(Ud(hij ; i, j))−Ψ(Ud([W1]ij ; i, j))

= (hij − [W1]ij)
∂Ψ(Ud([W1]ij ; i, j))

∂t

+
(hij − [W1]ij)

2

2

∂2Ψ(Ud(t̂ij ; i, j))

∂t2
,

where t̂ij are random variables in ([W1]ij ∧ hij , [W1]ij ∨ hij). Let u = P(hij = 0) and suppose
that u ∈ (0, 1) (the cases u ∈ {0, 1} are identical in treatment, and thus are skipped). Taking the
expectation of the Taylor expansion over {hij} ∪ T d and using (84) we obtain∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣
≤ uτ20 ν

2
1

2
E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud(t̂ij ; i, j))

∂t2

∣∣∣∣ ∣∣∣∣ hij = 0

]
+

(1− u)τ21 ν
2
1

2
E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud(t̂ij ; i, j))

∂t2

∣∣∣∣ ∣∣∣∣ hij ̸= 0

]
. (87)
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Let η ∈ R≥1 and introduce

C0 ≜
{
(i, j) ∈ Sd

1

∣∣∣∣∣ E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud(t̂ij ; i, j))

∂t2

∣∣∣∣
∣∣∣∣∣ hij = 0

]
≤ 2ηθ2σ2

√
n2

|Sd
1 |

×
(√

ET d [Ψ(Ud)] +
ν22n3

√
n2

σ2
+ θτ0ν1ν2

√
n2n3

)}
,

C1 ≜
{
(i, j) ∈ Sd

1

∣∣∣∣∣ E{hij}∪T d

[∣∣∣∣∂2Ψ(Ud(t̂ij ; i, j))

∂t2

∣∣∣∣
∣∣∣∣∣ hij ̸= 0

]
≤ 2ηθ2σ2

√
n2

|Sd
1 |

×
(√

ET d [Ψ(Ud)] +
ν22n3

√
n2

σ2
+ θτ1ν1ν2

√
n2n3

)}
.

Using Lemma 15, it follows that |C0|, |C1| ≥
(
1− 1

η

)
|Sd

1 |. Since α ≤ 1 − 1
n1n2

, we have |Sd
1 | ≥

n1n2 − ⌊αn1n2⌋ + 1 ≥ 2. Setting η = 4, it follows that |C0 ∩ C1| ≥ |C0| + |C1| − |Sd
1 | ≥(

1− 2
η

)
|Sd

1 | ≥ (1− 2/η)2 = 1, and thus C0 ∩ C1 ̸= ∅. Henceforth, if we pick the pair (i, j) ∈ Sd
1

with the smallest score given by
∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣, it follows from
(87) that∣∣∣E{hij}∪T d

[
Ψ(Ud(hij ; i, j))

]
− ET d

[
Ψ(Ud)

]∣∣∣
≤ 4θ2(uτ20 + (1− u)τ21 )σ2ν

2
1
√
n2

|Sd
1 |

(√
ET d [Ψ(Ud)] +

ν22n3
√
n2

σ2
+ θτν1ν2

√
n2n3

)
≤ 4θ2∆σ2ν

2
1

√
n2

|Sd
1 |

(
ET d

[
Ψ(Ud)

]
2θ

+
θ

2
+

ν22n3
√
n2

σ2
+ θτν1ν2

√
n2n3

)
(88)

≤ 2θ∆σ2ν
2
1
√
n2

|Sd
1 |

(
ET d

[
Ψ(Ud)

]
+ θ2 +

2θν22n3
√
n2

σ2
+ 2θ2τν1ν2

√
n2n3

)
, (89)

where we used the arithmetic-geometric inequality in (88). Suppose we repeat this switching op-
eration as long as |Sd

1 | > n1n2 − ⌊αn1n2⌋, and let K = S⌊αn1n2⌋
2 . That is, K is the set of

all swapped pairs (i, j) at the end of the interpolation process, so that |K| = ⌊αn1n2⌋. Let
βd = ET d [Ψ(Ud)] for d ∈ [0, ⌊αn1n2⌋] and note that if we switch entry (i, j) at the d-th step,
then βd = ET d

[
Ψ(Ud([W1]ij ; i, j))

]
= ET d

[
Ψ(Ud)

]
and βd+1 = ET d+1

[
Ψ(Ud(hij ; i, j))

]
.

Therefore, we have using (89) that

|βd+1 − βd| ≤ λ (βd + ω) ,

where λ =
2θ∆σ2ν21

(1−α)n1
√
n2

, ω = θ2+
2θν22n3

√
n2

σ2
+2θ2τν1ν2

√
n2n3, and we used |Sd

1 | ≥ (1−α)n1n2.
Using Lemma 11, we obtain

|βd+1 − βd| ≤ exp (λ⌊αn1n2⌋)λ(β0 + ω).
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Summing the above over d ∈ [0, ⌊αn1n2⌋ − 1] we obtain

|β⌊αn1n2⌋ − β0| ≤ exp (λ⌊αn1n2⌋)λ⌊αn1n2⌋(β0 + ω)

≤ f (λαn1n2) (β0 + ω)

= f(Λ)(β0 + ω),

where Λ = λαn1n2 =
2αθ∆σ2ν21

√
n2

1−α . Let U = U⌊αn1n2⌋, and T = T ⌊αn1n2⌋. Since ∥φ1∥Lip ≤ 1

by (8), we have that β0 = Ψ(W1) ≤ (σ1σ2)
2E
[
∥x− x′∥2

]
. Therefore,

ET [Ψ(U)] ≤ (1 + f (Λ))(σ1σ2)
2E
[
∥x− x′∥2

]
+ f (Λ)ω. (90)

We next show

ET [Πκ(U)] ≤ (1 + f (Λ))(σ1σ2)
2E
[
∥x− x′∥2

]
+ f (Λ)ω. (91)

By (90), it suffices to prove that

ET [Πκ(U)] ≤ ET [Ψ(U)] , (92)

which we show next. Fix a pair of vectors (x,x′) ∈ Bn1
2 (ρ) × Bn1

2 (θ), and denote by z, z′ the
output vectors φ2(W2φ1(W1x)), φ2(W2φ1(Ux′)). As ∥x∥ ≤ ρ it follows from (7) and (8) that
∥z∥ = ∥φ2(W2φ1(W1x))∥ ≤ σ1σ2ρ. Since ∥z∥ ≤ σ1σ2ρ and σ1σ2ρ ≤ κ from the assumptions
of Proposition 23, we have using Lemma 9 that

∥z− [z′]κ∥ ≤ ∥z− z′∥
= ∥φ2(W2φ1(W1x))− φ2(W2φ1(Ux′))∥
≤ ∥W2φ1(W1x)−W2φ1(Ux′)∥,

where we used ∥φ2∥Lip ≤ 1 in the last line. Therefore,

ET [Πκ(U)] = ET E(x,x′)

[
∥z− [z′]κ∥2

]
≤ ET E(x,x′)

[
∥W2φ1(W1x)−W2φ1(Ux′)∥2

]
= ET [Ψ(U)] .

The latter completes the proof of (91). Note that by construction

U = (11⊤ −M)⊙ h+M⊙W1,

where Mij = 1(i,j)̸∈K is a mask matrix satisfying ∥M∥0 = n1n2 − |K| = n1n2 − ⌊αn1n2⌋. The
latter combined with (91) ends the proof of Proposition 23.

E.2.2. PROOF OF PROPOSITION 21

Proof [Proof of Proposition 21] Let hij = q ([W1]ij ; ν1, k) for (i, j) ∈ [n2] × [n1]. We then have
by Lemma 8 that E[hij ] = [W1]ij , and τ1 = τ0 = 1

k . Therefore ∆ = 1
k2

. Using Proposition 23,
there exists a mask matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

,
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and

Eh

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ (1 + f (Λ))(σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω, (93)

where Λ =
2αθσ2ν21

√
n2

k2(1−α)
and ω = θ2 +

2θν22n3
√
n2

σ2
+

2θ2ν1ν2
√
n2n3

k . Since the above inequality holds

in expectation over h, it follows that there exists a realization Q ∈
{
± ℓν1

k

∣∣ℓ ∈ [k]
}n2×n1

of h such
that

Πκ
(
(11⊤ −M)⊙Q+M⊙W1

)
≤ E

[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ (1 + f (Λ))(σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω.

This ends the proof of Proposition 21.

E.2.3. PROOF OF PROPOSITION 22

Proof [Proof of Proposition 22] Let h = Bern2,n1 (p)
p ⊙ W1. We have E[hij ] = [W1]ij . Fur-

thermore, if [W1]ij ̸= 0 then τ0 = 1, τ1 = 1−p
p which yields P(hij = 0)τ20 + (1 − P(hij =

0))τ21 = 1 − p + (1−p)2

p = 1−p
p and τ = p∨(1−p)

p . If [W1]ij = 0, then hij = 0 and thus
τ0 = τ = 0. Combining both cases, we have ∆ ≤ 1−p

p . Using Proposition 23, there exists a mask
matrix M ∈ {0, 1}n2×n1 satisfying

∥M∥0
n1n2

= 1− ⌊αn1n2⌋
n1n2

, (94)

and

E
[
Πκ
(
(11⊤ −M)⊙ h+M⊙W1

)]
≤ (1 + f (Λ))(σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω,

where Λ =
2αθ(1−p)σ2ν21

√
n2

p(1−α) and ω = θ2 +
2θν22n3

√
n2

σ2
+

2θ2(p∨(1−p))ν1ν2
√
n2n3

p . Let U = (11⊤ −
M)⊙h+M⊙W1 and b = (11⊤−M)⊙h. Using Lemma 12 and following the same arguments in
the proof of Proposition 19, there exists a positive constant n0 = n0(γ, p, α, ε) such that if n1∨n2 ≥
n0, then there exists a realization b̂, Û, M̂ of b,U,M such that ∥b̂∥0 ≤ (1 + γ)p⌊αn1n2⌋, and

Πκ(Û) ≤ (1 + ε)(1 + f (Λ))(σ1σ2)
2E
[
∥x− x′∥2

]
+ (1 + ε)f (Λ)ω. (95)

This shows (83). Furthermore, we have using (94)

∥Û∥0 ≤ ∥M̂∥0 + ∥b̂∥0

≤
(
1− ⌊αn1n2⌋

n1n2

)
n1n2 + (1 + γ)p⌊αn1n2⌋.

Note that b̂ is the entrywise product of a mask with entries in
{
0, 1p

}
and the matrix W1. Therefore,

Û is the product of a matrix with entries in
{
0, 1, 1p

}
and W1. Combining the latter with the

previous bound readily shows (82) and concludes the proof of the proposition.
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E.3. Multilayer Perceptron

We show Theorem 2 below. The proof of Theorem 3 is identical to the proof of Theorem 2 with the
only difference being the use of Propositions 18 and 21 instead of Propositions 19 and 22. We thus
skip its proof.
Proof [Proof of Theorem 2] We will construct sparse matrices Ŵℓ recursively and verify conditions
(56), (57), and (58) from Lemma 17, which would then readily yield (17) for small enough δ by
an application of (59). Following the notation of Lemma 17, let zℓ, ẑℓ be given recursively by
z0 = ẑ0 = x, and for ℓ ∈ [m]

zℓ = φℓ(Wℓz
ℓ−1),

ẑℓ = φℓ(Ŵℓ[ẑ
ℓ−1]κℓ−1

),

where κℓ = cℓ1 and Ŵℓ denotes the ℓ-th weight matrix of the pruned network Φ̂. Namely, the
vectors zℓ, ẑℓ track the outputs of the dense/pruned networks for ℓ ∈ [m]. Introduce σℓ = ∥Wℓ∥,
νℓ = ∥Wℓ∥∞ for ℓ ∈ [m]. Let α ≈ 0.99, γ ≈ 0.01, and ε = ξ/2. Denote by n1

0 the constant
n0 = n0(γ, p, α, ε) = n0(p, ξ) in Proposition 19. Similarly, denote by n2

0 the constant n0 =
n0(γ, p, α, ε) = n0(p, ξ) in Proposition 22. Set n0 = n0(p, ξ) = n1

0 ∨ n2
0 ∨ 1

1−α . we consider 3
cases.

1. Case 1. ℓ ̸∈ W ∪ B. In this case, we set Ŵℓ = Wℓ, which satisfies (56) in Lemma 17.

2. Case 2. ℓ ∈ W . Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1) × Bnℓ
2 (κℓ−1). Applying Propo-

sition 19 with (x,x′) = (zℓ−1, [ẑℓ−1]κℓ−1
), (ρ, θ) = (κℓ−1, κℓ−1), κ = κℓ = c1ρ and

α ≈ 0.99, γ ≈ 0.01 (note that by construction of n0, the inequality α ≤ 1 − 1/nℓnℓ+1

holds in the statement of Proposition 19), it follows that there exists a mask matrix M ∈{
0, 1, 1p

}nℓ+1×nℓ

, such that ∥M∥0
nℓnℓ+1

≤ 0.01 + 1.01p, and

Πκℓ(M⊙Wℓ) ≤
(
1 +

ξ

2

)
σ2
ℓE
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]

+

(
1 +

ξ

2

)
2ακ2ℓ−1(1− p)ν2ℓ nℓ+1

p(1− α)︸ ︷︷ ︸
t

. (96)

Set Ŵℓ = M⊙Wℓ in Φ̂. It follows that

∥Ŵℓ∥0
nℓnℓ+1

≤ 0.01 + 1.01p. (97)

We now bound t. We have using νℓ ≤ c2/
√
nℓ from (11)

t ≤ 2c22κ
2
ℓ−1α(1− p)

p(1− α)

nℓ+1

nℓ

=
2c22c

2(ℓ−1)
1 α(1− p)

p(1− α)

nℓ+1

nℓ

≤ 2c2ℓ1 δ,
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where we used (13) in the last line. Set ε1 = ξ
2 and ε2 = 2δ

(
1 + ξ

2

)
. It follows that

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
= Πκℓ(Ŵℓ)

≤ (1 + ε1) c
2
1E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ c2ℓ1 ε2 (98)

which satisfies (57) in Lemma 17 with σ = c1.

3. Case 3. ℓ ∈ B. Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1)×Bnℓ
2 (κℓ−1). Applying Proposition

22 with (x,x′) = (zℓ−1, [ẑℓ−1]κℓ−1
), (ρ, θ) = (κℓ−1, κℓ−1), κ = κℓ+1 = c21ρ and α ≈

0.99, γ ≈ 0.01 (note that by construction of n0, the inequality α ≤ 1−1/nℓnℓ+1 holds in the

statement of Proposition 22), it follows that there exists a mask matrix M ∈
{
0, 1, 1p

}nℓ+1×nℓ

such that ∥M∥0
nℓnℓ+1

≤ 0.01 + 1.01p, and

Πκℓ+1(M⊙Wℓ) ≤
(
1 +

ξ

2

)
(1 + f (Λ))(σℓσℓ+1)

2E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]

+

(
1 +

ξ

2

)
f (Λ)ω, (99)

where

Λ =
2ακℓ−1(1− p)σℓ+1ν

2
ℓ
√
nℓ+1

p(1− α)
,

ω = κ2ℓ−1 +
2κℓ−1ν

2
ℓ+1nℓ+2

√
nℓ+1

σℓ+1
+

2κ2ℓ−1(p ∨ (1− p))νℓνℓ+1
√
nℓ+1nℓ+2

p
.

Set Ŵℓ = M⊙Wℓ in Φ̂. It follows that

∥Ŵℓ∥0
nℓnℓ+1

≤ 0.01 + 1.01p. (100)

We next bound Λ and ω. We have using νℓ ≤ c2/
√
nℓ+1 from (11) and (14)

Λ ≤ 2c22c
ℓ
1α(1− p)

p(1− α)

1√
nℓ+1

≤ 2δ. (101)
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Similarly, we have

f(Λ)ω = eΛΛ

(
κ2ℓ−1 +

2κℓ−1ν
2
ℓ+1nℓ+2

√
nℓ+1

σℓ+1
+

2(p ∨ (1− p))κ2ℓ−1νℓνℓ+1
√
nℓ+1nℓ+2

p

)

= eΛ

(
2ακ3ℓ−1(1− p)σℓ+1ν

2
ℓ
√
nℓ+1

p(1− α)
+

4α(1− p)κ2ℓ−1ν
2
ℓ ν

2
ℓ+1nℓ+1nℓ+2

p(1− α)
(102)

+
4α(p(1− p) ∨ (1− p)2)κ3ℓ−1σℓ+1ν

3
ℓ νℓ+1nℓ+1

√
nℓ+2

p2(1− α)

)

≤ α(1− p)eΛ

p(1− α)

(
2c22c

3ℓ−2
1

1√
nℓ+1

+ 4c42c
2(ℓ−1)
1

nℓ+2

nℓ+1
+

4c42c
3ℓ−2
1 (p ∨ (1− p))

p

1√
nℓ+1

)
(103)

≤ α(1− p)eΛ

p(1− α)

(
2c3ℓ−2

1

(
c22 + 2c42

(
1 ∨ 1− p

p

))
1√
nℓ+1

+ 4c42c
2(ℓ−1)
1

nℓ+2

nℓ+1

)
≤ c

2(ℓ+1)
1 e2δ (6δ + 4δ) (104)

= c
2(ℓ+1)
1 5f(2δ),

where we used σℓ+1 ≤ c1 and νℓ, νℓ+1 ≤ c2/
√
nℓ+1 ∨ nℓ+2 in line (103), and (14) and (15)

in line (104). Setting ε3 =
ξ
2 +

(
1 + ξ

2

)
f(2δ) and ε4 =

(
1 + ξ

2

)
5f(2δ), it follows that

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
= Πκℓ(Ŵℓ)

≤ (1 + ε3)c
4
1E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ c

2(ℓ+1)
1 ε4,

which satisfies (58) in Lemma 17.

Using Lemma 17, it follows that (17) holds for small enough δ = δ(ξ). Moreover, (16) readily
holds from (97) and (100). This concludes the proof of (16) and (17). Note then that

L(Φ̂;D) = E(x,y)∼D

[
∥Φ̂(x)− y∥2

]
= E(x,y)∼D

[
∥Φ̂(x)− Φ(x) + Φ(x)− y∥2

]
= L(Φ;D) + 2E[⟨Φ̂(x)− Φ(x),Φ(x)− y⟩] + Ex[∥Φ̂(x)− Φ(x)∥2]

≤ L(Φ;D) + 2
√

L(Φ;D)

√
Ex[∥Φ̂(x)− Φ(x)∥2] + Ex[∥Φ̂(x)− Φ(x)∥2]

≤ L(Φ;D) + 2cm1
√

εL(Φ;D) + c2m1 ε,

where we used (17) in the last line and ε = (1 + ξ)mξ. This ends the proof of (18), and concludes
the proof of Theorem 2.
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Appendix F. Proofs for Structured Pruning of Multilayer Perceptrons

F.1. Single-Layer Perceptron

In this section we consider structured pruning of a single-layer perceptron and adopt the same in-
troduced in Section E.1 for Ψ,Πκ,W1, φ1 and Qρ,θ. We now state this section’s result for pruning.

Proposition 24 Suppose the activation φ1 satisfies (7) and (8) in Assumption 1. Let k| gcd(n1, n2),
p, γ, ε ∈ (0, 1), α ∈

(
k
n1
, 1− k

n1

]
, σ1 = ∥W1∥, and κ ∈ [σ1ρ,∞). Finally, let Eℓ = {k(ℓ−1)+q |

q ∈ [k]} for ℓ ∈ Z≥1, and ν1 = max(i,j) ∥[W1]Ei,Ej∥. There exists a constant n0 = n0(γ, p, α, ε)

such that if n1/k ≥ n0, then there exists a diagonal mask matrix D ∈
{
0, 1, 1p

}n1×n1

satisfying

|{Eℓ | ℓ ∈ [n1/k],DEℓ,Eℓ ̸= 0k×k}| ≤ (1 + γ)p
⌊αn1

k

⌋
+

n1

k
−
⌊αn1

k

⌋
, (105)

such that

Πκ(W1D) ≤ (1 + ε)

(
σ2
1E
[
∥x− x′∥2

]
+

2αθ2(1− p)

p(1− α)

ν21n2

k

)
. (106)

Proof Let (hℓ)ℓ∈[n1/k] be a sequence of independent random variables with distribution given by
Bernoulli(p)/p. We use an interpolation argument whereby we iteratively pick a suitable set Eℓ
indexed by ℓ ∈ [n1/k] and switch the ℓ-th block-column from [W1]:,Eℓ to hℓ[W1]:,Eℓ . We control
the resulting error from each switch, and make ⌊αn1/k⌋ switches. Let Ud be the weight matrix at
the end of the d-th interpolation step where d ∈ [0, ⌊αn1/k⌋ − 1], and let Sd

1 ∪ Sd
2 = [n1/k] track

the interpolation process where Sd
1 contains indices of unswitched block-columns, and Sd

2 contains
indices of switched ones. Namely

Ud
ij = [W1]ij , if j ∈

⋃
ℓ∈Sd

1

Eℓ,

Ud
ij = hℓ[W1]ij if j ∈ Eℓ for some ℓ ∈ Sd

2 .

for all (i, j) ∈ [n2] × [n1]. In particular U0 = W1 (i.e. S0
1 = [n1/k],S0

2 = ∅). Finally, we let
T d = {hℓ | ℓ ∈ Sd

2}, with T 0 = ∅. Suppose we are at step d < ⌊αn1/k⌋ so that |Sd
2 | < ⌊αn1/k⌋

(otherwise the interpolation is over). Let ℓ ∈ Sd
1 (note that Sd

1 ̸= ∅ as |Sd
1 | ≥ n1/k−⌊αn1/k⌋+1 ≥

1). Since t 7→ Ψ(UdG(t; Eℓ)) is a quadratic function, we have by Taylor’s

Ψ(UdG(hℓ; Eℓ))−Ψ(Ud) = Ψ(UdG(hℓ; Eℓ))−Ψ(UdG(1; Eℓ))

= (hℓ − 1)
∂Ψ(UdG(1; Eℓ))

∂t
+

(hℓ − 1)2

2

∂2Ψ(UdG(1; Eℓ))
∂t2

.

Taking the expectation of the above over {hℓ} ∪ T d we obtain∣∣∣E{hℓ}∪T d

[
Ψ(UdG(hℓ; Eℓ))

]
− ET d

[
Ψ(Ud)

]∣∣∣ ≤ 1− p

2p
ET d

[∣∣∣∣∂2Ψ(UdG(1; Eℓ))
∂t2

∣∣∣∣] . (107)

Let η ∈ R≥1 and introduce

C ≜

{
ℓ ∈ Sd

1

∣∣∣∣∣ ET d

[∣∣∣∣∂2Ψ(UdG(1; Eℓ))
∂t2

∣∣∣∣] ≤ 2ηθ2

|Sd
1 |

ν21n2

k

}
.
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Using part (46) from Lemma 16, it follows that |C| ≥
(
1− 1

η

)
|Sd

1 |. Since α ≤ 1 − k
n1

, we

have |Sd
1 | ≥ n1/k − ⌊αn1/k⌋ + 1 ≥ (1 − α)n1/k + 1 ≥ 2. Setting η = 2, it follows that

|C| ≥ (1− 1/η)2 = 1, and thus C ̸= ∅. Henceforth, if we pick ℓ ∈ Sd
1 with the smallest score given

by
∣∣∣E{hℓ}∪T d

[
Ψ(UdG(hℓ; Eℓ))

]
− ET d

[
Ψ(Ud)

]∣∣∣, it follows from (107) that

∣∣∣E{hℓ}∪T d

[
Ψ(UdG(hℓ; Eℓ))

]
− ET d

[
Ψ(Ud)

]∣∣∣ ≤ 2θ2(1− p)

p|Sd
1 |

ν21n2

k
. (108)

We then update Sd+1
1 = Sd

1 \{ℓ} and Sd+1
2 = Sd

2 ∪{ℓ}. Suppose we repeat this switching operation
as long as d < ⌊αn1/k⌋, and let K = S⌊αn1/k⌋

2 . That is, K is the set of all swapped indices ℓ at the
end of the interpolation process, so that |K| = ⌊αn1/k⌋. Let βd = ET d [Ψ(Ud)] for d ∈ [0, |K|] and
note that if we switch the index ℓ at the d-th step, then βd = ET d

[
Ψ(UdG(1; Eℓ))

]
= ET d [Ψ(Ud)]

and βd+1 = ET d+1

[
Ψ(UdG(hℓ; Eℓ))

]
. Therefore, we can rewrite (108) as

|βd+1 − βd| ≤
2θ2(1− p)

p|Sd
1 |

ν21n2

k

≤ 2θ2(1− p)

p(1− α)

ν21n2

n1
,

where we used |Sd
1 | ≥ (1 − α)n1/k in the last line. Telescoping the above inequality over d ∈

[0, ⌊αn1/k⌋ − 1] yields ∣∣∣β⌊αn1
k ⌋ − β0

∣∣∣ ≤ 2θ2(1− p)

p(1− α)

ν21⌊αn1/k⌋n2

n1

≤ 2θ2α(1− p)

p(1− α)

ν21n2

k
.

Letting U = U⌊αn1
k ⌋ and T = T ⌊αn1

k ⌋ and noting that β⌊αn1
k ⌋ = ET [Ψ(U)], β0 = Ψ(W1), it

follows that

ET [Ψ(U)] ≤ Ψ(W1) +
2αθ2(1− p)

p(1− α)

ν21n2

k
.

Since ∥W1∥ = σ1 and ∥φ1∥Lip ≤ 1, we have that Ψ(W1) ≤ σ2
1E[∥x− x′∥2]. Therefore

ET [Ψ(U)] ≤ σ2
1E
[
∥x− x′∥2

]
+

2αθ2(1− p)

p(1− α)

ν21n2

k
. (109)

We next show

ET [Πκ(U)] ≤ σ2
1E
[
∥x− x′∥2

]
+

2αθ2(1− p)

p(1− α)

ν21n2

k
. (110)

By (109), it suffices to prove that

ET [Πκ(U)] ≤ ET [Ψ(U)] , (111)
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which we show next. Fix a pair of vectors (x,x′) ∈ Bn1
2 (ρ)×Bn1

2 (θ), and denote by z, z′ the output
vectors φ1(W1x), φ1(Ux′). As ∥x∥ ≤ ρ it follows from (7) and (8) that ∥z∥ = ∥φ1(W1x)∥ ≤
σ1ρ. Since ∥z∥ ≤ σ1ρ and σ1ρ ≤ κ from the assumptions of Proposition 24, we have using Lemma
9 that

∥z− [z′]κ∥ ≤ ∥z− z′∥
= ∥φ1(W1x)− φ1(Ux′)∥ (112)

≤ ∥W1x−Ux′∥. (113)

Therefore,

ET [Πκ(U)] = ET E(x,x′)

[
∥z− [z′]κ∥2

]
≤ ET E(x,x′)

[
∥W1x−Ux′∥2

]
= ET [Ψ(U)] ,

where we used ∥φ1∥Lip ≤ 1 in the last line. This concludes the proof of (110). Note that by
construction U = W1D, where D is a diagonal matrix given by

Di,i = hℓ, if i ∈ Eℓ and ℓ ∈ K,

Di,i = 1 otherwise.

Let b ∈ R|K| be the vector obtained by stacking the variables phℓ for ℓ ∈ K. Clearly, the entries of
b are independent with distribution Bernoulli(p). Moreover, Πκ(U) only depends on hℓ through
b, and

∥D∥0
k

=
∑
ℓ∈K

1hℓ ̸=0 +
n1

k
− |K|

≤ ∥b∥0 +
n1

k
−
⌊αn1

k

⌋
.

It follows from Lemma 12 that there exists a positive constant n0 = n0(γ, p, ε) such that if αn1/k ≥
n0, then there exist realizations b̂ of b, and ĥℓ, Û, D̂ of hℓ,U,D satisfying

Πκ(Û) ≤ (1 + ε)ET [Πκ(U)]

≤ (1 + ε)

(
σ2
1E
[
∥x− x′∥2

]
+

2αθ2(1− p)

p(1− α)

ν21n2

k

)
, (114)

and ∥b̂∥0 ≤ (1 + γ)p⌊αn1
k ⌋. The latter implies

∥D̂∥0
k

≤ (1 + γ)p
⌊αn1

k

⌋
+

n1

k
−
⌊αn1

k

⌋
. (115)

Finally, Note that by construction each null b̂i leads to a null submatrix D̂Ei,Ei . Hence, (114) and
(115) readily yield the result of the proposition.
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F.2. Two-Layer Perceptron

In this section we consider structured pruning of a block of two layers and adopt the same notation
introduced in Section E.2 for Ψ,Πκ,W1,W2, φ1, φ2. We now state this section’s result for pruning.

Proposition 25 Suppose the activations φ1, φ2 satisfy (7) and (8) , and φ1 also satisfies (9) in
Assumption 1. Let k| gcd(n1, n2, n3), p, γ, ε ∈ (0, 1), α ∈

(
k
n2
, 1− k

n2

]
, σi = ∥Wi∥ for i =

1, 2, and κ ∈ [σ1σ2ρ,∞). Finally, let Eℓ = {k(ℓ − 1) + q | q ∈ [k]} for ℓ ∈ Z≥1, and νi =
max(a,b) ∥[Wi]Ea,Eb∥ for i = 1, 2. There exists a constant n0 = n0(γ, p, α, ε) such that if n2/k ≥
n0, then there exists a diagonal mask matrix D ∈

{
0, 1, 1p

}n2×n2

satisfying

|{Eℓ | ℓ ∈ [n2/k],DEℓ,Eℓ ̸= 0k×k}| ≤ (1 + γ)p
⌊αn2

k

⌋
+

n2

k
−
⌊αn2

k

⌋
, (116)

such that

Πκ(DW1) ≤ (1 + ε)

(
(1 + f (Λ)) (σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω

)
. (117)

where Λ = 2αθ(1−p)
p(1−α)

σ2
1ν2

√
n3√

k
, ω =

2θν2
√
n3+2τθ2σ2ν1

√
n1√

k
+ θ2, τ = 1 ∨ 1−p

p , and f(x) = xex.

Proof Let (hℓ)ℓ∈[n2/k] be a sequence of independent random variables with distribution given
by Bernoulli(p)/p. Similarly to Proposition 24, we use an interpolation argument whereby we
iteratively pick a suitable set Eℓ indexed by ℓ ∈ [n2/k] and switch the ℓ-th block-row of W1

from [W1]Eℓ,: to hℓ[W1]Eℓ,:. We control the resulting error from each switch, and make ⌊αn2/k⌋
switches. Let Ud be the first layer weight matrix at the end of the d-th interpolation step where
d ∈ [0, ⌊αn2/k⌋ − 1], and let Sd

1 ∪ Sd
2 = [n2/k] track the interpolation process similarly to the

proof of Proposition 24. Suppose we are at step d < ⌊αn2/k⌋ so that |Sd
2 | < ⌊αn2/k⌋ (otherwise

the interpolation is over). Let ℓ ∈ Sd
1 (note that Sd

1 ̸= ∅ as |Sd
1 | ≥ n2/k−⌊αn2/k⌋+1 ≥ 1). Using

Taylor’s expansion on t 7→ Ψ(G(t; Eℓ)Ud), we obtain

Ψ(G(hℓ; Eℓ)Ud)−Ψ(Ud) = Ψ(G(hℓ; Eℓ)Ud)−Ψ(G(1; Eℓ)Ud)

= (hℓ − 1)
∂Ψ(G(1; Eℓ)Ud)

∂t
+

(hℓ − 1)2

2

∂2Ψ(G(tℓ; Eℓ)Ud)

∂t2
.

where tℓ ∈ (1 ∧ hℓ, 1 ∨ hℓ) is a random variable. Note in particular that |1− tℓ| ≤ τ almost surely.
Taking the expectation of the above over {hℓ} ∪ T d we obtain∣∣∣E{hℓ}∪T d

[
Ψ(UdG(hℓ; Eℓ))

]
− ET d

[
Ψ(Ud)

]∣∣∣
≤ 1− p

2
E{tℓ}∪T d

[∣∣∣∣∂2Ψ(G(tℓ; Eℓ)Ud)

∂t2

∣∣∣∣
∣∣∣∣∣ hℓ = 0

]

+
(1− p)2

2p
E{tℓ}∪T d

[∣∣∣∣∂2Ψ(G(tℓ; Eℓ)Ud)

∂t2

∣∣∣∣
∣∣∣∣∣ hℓ = 1

p

]
. (118)
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Let η ∈ R≥1 and introduce

C0 ≜
{
ℓ ∈ Sd

1

∣∣∣∣∣ E{tℓ}∪T d

[∣∣∣∣∂2Ψ(G(tℓ; Eℓ)Ud)

∂t2

∣∣∣∣
∣∣∣∣∣ hℓ = 0

]
≤ 2ηθ2

|Sd
1 |

σ2
1ν2

√
n3√

k

×
(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+
√

E [Ψ(Ud)]

)}
,

C1 ≜
{
ℓ ∈ Sd

1

∣∣∣∣∣ E{tℓ}∪T d

[∣∣∣∣∂2Ψ(G(tℓ; Eℓ)Ud)

∂t2

∣∣∣∣
∣∣∣∣∣ hℓ = 1

p

]
≤ 2ηθ2

|Sd
1 |

σ2
1ν2

√
n3√

k

×
(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+
√

E [Ψ(Ud)]

)}
,

Using (47) of Lemma 16, it follows that |C0|, |C1| ≥
(
1− 1

η

)
|Sd

1 |. Since α ≤ 1 − 1
n2/k

, we

have |Sd
1 | ≥ n2/k − ⌊αn2/k⌋ + 1 ≥ (1 − α)n2/k + 1 ≥ 2. Setting η = 4, it follows that

|C0∩C1| ≥ |C0|+ |C1|−|Sd
1 | ≥ (1−2/η)|Sd

1 | ≥ (1−2/η)2 = 1, and thus C0∩C1 ̸= ∅. Henceforth,

if we pick ℓ ∈ Sd
1 with the smallest score given by

∣∣∣E{hℓ}∪T d

[
Ψ(G(hℓ; Eℓ)Ud)

]
− ET d

[
Ψ(Ud)

]∣∣∣,
it follows from (118) that

∣∣∣E{hℓ}∪T d

[
Ψ(G(hℓ; Eℓ)Ud)

]
− ET d

[
Ψ(Ud)

]∣∣∣ ≤ (1− p

2
+

(1− p)2

2p

)
8θ2

|Sd
1 |

σ2
1ν2

√
n3√

k

×
(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+
√

E [Ψ(Ud)]

)
≤ 4θ2(1− p)

p(1− α)

σ2
1ν2

√
kn3

n2

×
(
ν2
√
n3 + τθσ2ν1

√
n1√

k
+

E
[
Ψ(Ud)

]
2θ

+
θ

2

)
,

(119)

where we used |Sd
1 | ≥ (1 − α)n2/k and the arithmetic-geometric inequality in the last line. We

then update Sd+1
1 = Sd

1 \ {ℓ} and Sd+1
2 = Sd

2 ∪ {ℓ}. We repeat this switching operation as long
as d < ⌊αn2/k⌋, and let K = S⌊αn2/k⌋

2 . That is, K is the set of all swapped indices ℓ at the end of
the interpolation process, so that |K| = ⌊αn2/k⌋. Let βd = ET d [Ψ(Ud)] for d ∈ [0, |K|] and note
that if we switch the index ℓ at the d-th step, then βd = ET d

[
Ψ(G(1; Eℓ)Ud)

]
= ET d [Ψ(Ud)] and

βd+1 = ET d+1

[
Ψ(G(tℓ; Eℓ)Ud)

]
. Therefore, we can rewrite (119) as

|βd+1 − βd| ≤ λ(βd + ω),

where λ = 2θ(1−p)
p(1−α)

σ2
1ν2

√
kn3

n2
and ω =

2θν2
√
n3+2τθ2σ2ν1

√
n1√

k
+ θ2. Using Lemma 11, we obtain

|βd+1 − βd| ≤ exp
(
λ
⌊αn2

k

⌋)
λ (β0 + ω) ,
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summing the above over d ∈
⌊
αn2
k

⌋
, we have∣∣∣β⌊αn2

k ⌋ − β0

∣∣∣ ≤ exp
(
λ
⌊αn2

k

⌋)
λ
⌊αn2

k

⌋
(β0 + ω)

≤ f

(
λαn2

k

)
(β0 + ω)

= f(Λ)(β0 + ω),

where Λ = λαn2
k = 2θα(1−p)

p(1−α)
σ2
1ν2

√
n3√

k
. It follows that

ET [Ψ(U)] = β⌊αn2
k ⌋ ≤ (1 + f (Λ))Ψ(W1) + f (Λ)ω.

Since ∥W1∥ = σ1, ∥W2∥ = σ2 and ∥φ1∥Lip ≤ 1 by (8), we have that Ψ(W1) ≤ (σ1σ2)
2E[∥x −

x′∥2]. Therefore

ET [Ψ(U)] ≤ (1 + f (Λ)) (σ1σ2)
2E
[
∥x− x′∥2

]
+ f (Λ)ω. (120)

We next show

ET [Πκ(U)] ≤ (1 + f (Λ)) (σ1σ2)
2E
[
∥x− x′∥2

]
+ f (Λ)ω. (121)

By (120), it suffices to prove that

ET [Πκ(U)] ≤ ET [Ψ(U)] , (122)

which we show next. Fix a pair of vectors (x,x′) ∈ Bn1
2 (ρ) × Bn1

2 (θ), and denote by z, z′ the
output vectors φ2(W2φ1(W1x)), φ2(W2φ1(Ux′)). As ∥x∥ ≤ ρ it follows from (7) and (8) that
∥z∥ = ∥φ2(W2φ1(W1x))∥ ≤ σ1σ2ρ. Since ∥z∥ ≤ σ1σ2ρ and σ1σ2ρ ≤ κ from the assumptions
of Proposition 25, we have using Lemma 9 that

∥z− [z′]κ∥ ≤ ∥z− z′∥
= ∥φ2(W2φ1(W1x))− φ2(W2φ1(Ux′))∥
≤ ∥W2φ1(W1x)−W2φ1(Ux′)∥,

where we used ∥φ2∥Lip ≤ 1 in the last line. Therefore

ET [Πκ(U)] = ET E(x,x′)

[
∥z− [z′]κ∥2

]
≤ ET E(x,x′)

[
∥W2φ1(W1x)−W2φ1(Ux′)∥2

]
= ET [Ψ(U)] .

This concludes the proof of (121). Note that by construction

U = DW1,

we then conclude similarly to the proof of Proposition 24 that there exists a constant n0 = n0(γ, p, α, ε),
such that if n2/k ≥ n0, then there exists a realization (ĥℓ)ℓ∈K of (hℓ)ℓ∈K, and Û, D̂ of U,D such
that

Πκ(Û) ≤ (1 + ε)

(
(1 + f (Λ)) (σ1σ2)

2E
[
∥x− x′∥2

]
+ f (Λ)ω

)
, (123)
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and

∥D̂∥0
k

≤ (1 + γ)p
⌊αn2

k

⌋
+

n2

k
−
⌊αn2

k

⌋
. (124)

Finally, note that by construction each null ĥℓ leads to a null submatrix D̂Eℓ,Eℓ . Hence (123) and
(124) yield the result of the proposition.

F.3. Multilayer Perceptron

Proposition 26 Let R be a distribution over Bn1
2 (1), x ∼ R, ξ, p ∈ (0, 1) and α ≈ 0.99. Sup-

pose Φ is an m-layer MLP with layers Wℓ ∈ Rnℓ+1×nℓ , ℓ ∈ [m]. Furthermore, let k| gcd({nℓ |
ℓ ∈ [m]}), and σ ≥ maxℓ∈[m] ∥Wℓ∥, νℓ = max(i,j)∈[nℓ+1/k]×[nℓ/k] ∥[Wℓ]Ei,Ej∥, ∀ℓ ∈ [m], where
Eℓ = {k(ℓ − 1) + q | q ∈ [k]}. Then there exists δ = δ(ξ) and n0 = n0(ξ, p) such that if
minℓ∈W∪(B+1) nℓ/k ≥ n0 and

∀ℓ ∈ W,
ν2ℓ nℓ+1

k
≤ p(1− α)δ

α(1− p)
σ2, (125)

∀ℓ ∈ B, ν2ℓ+1nℓ+2

k
≤ p2(1− p)2δ2

α2(1− p)2
(1 ∧ σ8)

σ2(ℓ+1)
∧ p(1− α)δ

α(1− p)
σ2, (126)

∀ℓ ∈ B, νℓνℓ+1
√
nℓnℓ+2

k
≤ p(1− α)δ

α(1− p)

1

σℓ−2
(
1 ∨ 1−p

p

) , (127)

then there exists a network Φ̂ given by Φ̂(x) = [φm(Ŵm[φm−1(. . .Ŵ1x)]κm−1)]κm with κℓ = σℓ,
such that

1. Ex

[
∥Φ(x)− Φ̂(x)∥2

]
≤ σ2m(1 + ξ)mξ.

2. ∀ℓ ∈ W , the matrix Ŵℓ has at most 1.01p fraction of its block-columns Ŵ:,Ej not set to zero.

3. ∀ℓ ∈ B, the matrix Ŵℓ has at most 1.01p fraction of its block-rows ŴEi,: not set to zero.

Furthermore, if D is a data distribution over (x,y) ∈ Bn1
2 (1)× Rnm+1 , and ε = (1 + ξ)mξ then

L(Φ̂;D) ≤ L(Φ;D) + 2σm
√

εL(Φ;D) + σ2mε. (128)

Proof [Proof of Proposition 26] We will construct structurally sparse matrices Ŵℓ recursively and
verify conditions (56), (57) and (58) from Lemma 17, which would then readily yield the result
of the proposition for small enough δ. Following the notation of Lemma 17, let zℓ, ẑℓ be given
recursively by z0 = ẑ0 = x, and for ℓ ∈ [m]

zℓ = φℓ(Wℓz
ℓ−1),

ẑℓ = φℓ(Ŵℓ[ẑ
ℓ−1]κℓ−1

),

where κℓ = σℓ. Let α ≈ 0.99, γ ≈ 0.01, and ε = ξ/2. Denote by n1
0 the constant n0 =

n0(γ, p, α, ε) = n0(p, ξ) in Proposition 24. Similarly, denote by n2
0 the constant n0 = n0(γ, p, α, ε)

= n0(p, ξ) in Proposition 25. Set n0 = n1
0 ∨ n2

0 ∨ 1
1−α . we consider three cases.
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1. Case 1. ℓ ̸∈ W ∪ B. In this case we set Ŵℓ = Wℓ, which satisfies (56) in Lemma 17.

2. Case 2. ℓ ∈ W . Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1)×Bnℓ
2 (κℓ−1). Applying Proposition

24 with (x,x′) = (zℓ−1, [ẑℓ−1]κℓ−1
), (ρ, θ) = (κℓ−1, κℓ−1), κ = κℓ = σρ and α ≈ 0.99, γ ≈

0.01 (note that by construction of n0, the inequality α ≤ 1 − k/nℓ holds in the statement of

Proposition 24), it follows that there exists a diagonal mask matrix D ∈
{
0, 1, 1p

}nℓ×nℓ

, such
that

|{Eℓ | ℓ ∈ [nℓ/k],DEℓ,Eℓ ̸= 0k×k}|
nℓ/k

≤ 0.01 + 1.01p, (129)

and

Πκℓ(WℓD) ≤
(
1 +

ξ

2

)
σ2E

[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]

+

(
1 +

ξ

2

)
2ακ2ℓ−1(1− p)

p(1− α)

ν2ℓ nℓ+1

k
. (130)

Set Ŵℓ = WℓD in Φ̂. We then have by (129) that at most 0.01 + 1.01p fraction of the
block-columns [Ŵℓ]:,Ei , i ∈ [nℓ/k] in Ŵℓ are nonzero. Moreover,(

1 +
ξ

2

)
2ακ2ℓ−1(1− p)

p(1− α)

ν2ℓ nℓ+1

k
≤ 4σ2(ℓ−1)α(1− p)

p(1− α)

ν2ℓ nℓ+1

k

≤ 4σ2ℓδ,

where we used (125) in the last line. Let ε1 = ξ
2 and ε2 = 4δ. Combining the above with

(130), it follows that

E
[
∥zℓ − [ẑℓ]κℓ

∥2
]
= Πκℓ(Ŵℓ)

≤ (1 + ε1)σ
2E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ σ2ℓε2,

which shows (57).

3. Case 3. ℓ ∈ B. Note that (zℓ−1, [ẑℓ−1]κℓ−1
) ∈ Bnℓ

2 (κℓ−1)×Bnℓ
2 (κℓ−1). Applying Proposition

F.2 with (x,x′) = (zℓ−1, [ẑℓ−1]κℓ−1
), (ρ, θ) = (κℓ−1, κℓ−1), κ = κℓ+1 = σ2ρ and α ≈

0.99, γ ≈ 0.01 (note that by construction of n0, the inequality α ≤ 1 − k/nℓ+1 holds in
the statement of Proposition F.2), it follows that there exists a diagonal mask matrix D ∈{
0, 1, 1p

}nℓ+1×nℓ+1

such that

|{Eℓ | ℓ ∈ [nℓ+1/k],DEℓ,Eℓ ̸= 0k×k}|
nℓ+1/k

≤ 0.01 + 1.01p, (131)

and

Πκℓ+1(DWℓ) ≤
(
1 +

ξ

2

)
(1 + f(Λ))σ4E

[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+

(
1 +

ξ

2

)
f(Λ)ω,

(132)
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where Λ =
2ακℓ−1(1−p)

p(1−α)

σ2νℓ+1
√
nℓ+2√

k
, ω =

2κℓ−1νℓ+1
√
nℓ+2+2τ(κℓ−1)

2σνℓ
√
nℓ√

k
+ (κℓ−1)

2, and

τ = 1 ∨ 1−p
p . We first bound the terms in (132). We have

Λ =
2ασℓ+1(1− p)

p(1− α)

νℓ+1
√
nℓ+2√
k

≤ 2δ, (133)

where we used (126) in the last inequality. Similarly, we have

f(Λ)ω = eΛΛ

(
2σℓ−1νℓ+1

√
nℓ+2√

k
+

2σ2ℓ−1τνℓ
√
nℓ√

k
+ σ2(ℓ−1)

)

=
2α(1− p)eΛ

p(1− α)

(
2σ2ℓ(νℓ+1)

2nℓ+2

k
+

2σ3ℓτνℓνℓ+1
√
nℓnℓ+2

k
+

σ3ℓ−1νℓ+1
√
nℓ+2√

k

)
≤ 2e2δσ2(ℓ+1) (2δ + 2δ + δ) (134)

= 10δe2δσ2(ℓ+1)

= 5f(2δ)σ2(ℓ+1), (135)

where we used (126) and (127) in line (133). Set Ŵℓ = DWℓ, ε3 = ξ
2 +

(
1 + ξ

2

)
f(2δ),

and ε4 =
(
1 + ξ

2

)
5f (2δ). We then have that at most 0.01 + 1.01p fraction of the rows of

Ŵℓ are nonzero. Moreover, we have from (133) and (134)

E
[
∥zℓ+1 − [ẑℓ+1]κℓ+1

∥2
]
= Πκℓ+1(Ŵℓ)

≤ (1 + ε3)σ
4E
[
∥zℓ−1 − [ẑℓ−1]κℓ−1

∥2
]
+ σ2(ℓ+1)ε4,

which shows (58).

Using Lemma 17, it follows that item 1 in Proposition 26 holds for small enough δ = δ(ξ). More-
over, items 2 and 3 readily hold from (129) and (131). It remains to show (128). We have

L(Φ̂;D) = E(x,y)∼D

[
∥Φ̂(x)− y∥2

]
= E(x,y)∼D

[
∥Φ̂(x)− Φ(x) + Φ(x)− y∥2

]
= L(Φ;D) + 2E[⟨Φ̂(x)− Φ(x),Φ(x)− y⟩] + Ex[∥Φ̂(x)− Φ(x)∥2]

≤ L(Φ;D) + 2
√
L(Φ;D)

√
Ex[∥Φ̂(x)− Φ(x)∥2] + Ex[∥Φ̂(x)− Φ(x)∥2]

≤ L(Φ;D) + 2σm
√

εL(Φ;D) + σ2mε,

where we used (1) in the last line and ε = (1 + ξ)mξ. This ends the proof of (128), and concludes
the proof of Proposition 26.
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F.3.1. PROOF OF THEOREM 6

Proof [Proof of Theorem 6] We apply the result of Proposition 26. Let k = 1, and σ = c1 ≥
maxℓ∈[m] ∥Wℓ∥ in the setting of Proposition 26. We have by (11) from Assumption 1 that νℓ ≤
c2/

√
nℓ ∨ nℓ+1. Using (27), we have for ℓ ∈ W

ν2ℓ nℓ+1

k
≤ c22

nℓ+1

nℓ
≤ p(1− α)δ

α(1− p)
σ2,

which satisfies (125). Similarly, we have from (28) for ℓ ∈ B

ν2ℓ+1nℓ+2

k
≤ c22

nℓ+2

nℓ+1
≤ p2(1− p)2δ2

α2(1− p)2
(1 ∧ σ8)

σ2(ℓ+1)
∧ p(1− α)δ

α(1− p)
σ2,

which verifies (126). Finally, we have from (29)

νℓνℓ+1
√
nℓnℓ+2

k
≤ c22

√
nℓnℓ+2

nℓ+1
≤ p(1− α)δ

α(1− p)

1

σℓ−2
(
1 ∨ 1−p

p

) ,
which verifies (127) in Proposition 26. Therefore, we conclude from Proposition 26 that there exists
δ = δ(ξ) and n0 = n0(ξ, p), such that if minℓ∈W∪(B+1) nℓ ≥ n0, then there exists a network Φ̂

satisfying item 1 in Theorem 6, with layers Ŵ satisfying items 2 and 3 in Theorem 26, which
readily yields 2 and 3 in Theorem 6. Finally, (30) follows from (128). This concludes the proof of
Theorem 6.

F.3.2. PROOF OF THEOREM 7

Proof [Proof of Theorem 7] In the setting of Proposition 26, let k = r2, and σ = c1 ≥ maxℓ∈[m] ∥Wℓ∥.
We first derive bounds for νℓ. Let Kℓ ∈ Rdℓ+1×dℓ×r×r be the four-dimensional tensor representing
the ℓ-th convolutional layer. Namely, [Wℓ]Eo,Ei = C([Kℓ]o,i), ∀(o, i) ∈ [dℓ+1]× [dℓ]. By construc-
tion ∥Kℓ∥∞ = ∥Wℓ∥∞ ≤ c2

q
√

dℓ∨dℓ+1
. Thus, we have using Lemma 14 for (o, i) ∈ [dℓ+1]× [dℓ]

∥[Wℓ]Eo,Ei∥ = ∥C([Kℓ]o,i)∥ (136)

≤ ∥[Kℓ]o,i∥∞∥[Kℓ]o,i∥0 (137)

≤ q2∥[Kℓ]o,i∥∞, (138)

where we used the fact that [Kℓ]o,i was obtained by padding a q × q kernel matrix with zeros. Note
that by construction, the set of entries in [Wℓ]Eo,Ei is identical to the set of entries in [Kℓ]o,i. Thus

∥[Kℓ]o,i∥∞ = ∥[Wℓ]Eo,Ei∥∞
≤ ∥Wℓ∥∞
≤ c2

q
√

dℓ ∨ dℓ+1

,
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where we used (33) in the last line. Combining the above with (138), we obtain

∀(o, i) ∈ [dℓ+1]× [dℓ], ∥[Wℓ]Eo,Ei∥ ≤ c2q√
dℓ ∨ dℓ+1

,

therefore

∀ℓ ∈ [m], νℓ ≤
c2q√

dℓ ∨ dℓ+1

. (139)

We now apply the result of Proposition 26. We have by (139) for ℓ ∈ W

ν2ℓ nℓ+1

k
≤
(

c2q√
dℓ ∨ dℓ+1

)2
dℓ+1r

2

r2

=
c22q

2dℓ+1

dℓ

≤ p(1− α)δ

α(1− p)
σ2,

where we used (34) in the last line. The latter satisfies (125). Similarly, we have from (35) for ℓ ∈ B

ν2ℓ+1nℓ+2

k
≤ c22q

2dℓ+2

dℓ+1

≤ p2(1− p)2δ2

α2(1− p)2
(1 ∧ σ8)

σ2(ℓ+1)
∧ p(1− α)δ

α(1− p)
σ2,

which verifies (126). Finally, we have from (36)

νℓνℓ+1
√
nℓnℓ+2

k
≤ c22q

2

√
dℓdℓ+2

dℓ+1

≤ p(1− α)δ

α(1− p)

1

σℓ−2
(
1 ∨ 1−p

p

) ,
which verifies (127). Therefore, we conclude from Proposition 26 that there exists δ = δ(ξ) and
n0 = n0(ξ, p), such that if minℓ∈W∪(B+1) dℓ ≥ n0, then there exists a network Φ̂ satisfying Item 1
in Theorem 7, with layers Ŵ satisfying Items 2 and 3 from Proposition 26. Note that the input and
output filters of the ℓ-th layer are given by the block matrices [Ŵℓ]:,Ei and [Ŵℓ]Eo,: respectively.
Hence, items 2 and 3 from Proposition 26 readily yields parts 2 and 3 in Theorem 7. Finally, (37)
follows from (128). This concludes the proof of Theorem 7.
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