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Abstract

Pruning and quantization techniques have been broadly successful in reducing the number of pa-
rameters needed for large neural networks, yet theoretical justification for their empirical success
falls short. We consider a randomized greedy compression algorithm for pruning and quantiza-
tion post-training and use it to rigorously show the existence of pruned/quantized subnetworks of
multilayer perceptrons (MLPs) with competitive performance. We further extend our results to
structured pruning of MLPs and convolutional neural networks (CNNs), thus providing a unified
analysis of pruning in wide networks. Our results are free of data assumptions, and showcase
a tradeoff between compressibility and network width. The algorithm we consider bears some
similarities with Optimal Brain Damage (OBD) and can be viewed as a post-training randomized
version of it. The theoretical results we derive bridge the gap between theory and application for
pruning/quantization, and provide a justification for the empirical success of compression in wide
multilayer perceptrons.
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1. Introduction

Over the past decade, neural networks have achieved remarkable empirical success in various ma-
chine learning applications. However, this success comes at the cost of exceedingly large and over-
parametrized architectures, requiring extensive computing ressoures. Neural network compression
has therefore emerged as an attempt to reduce the size of networks without compromising their
accuracy. Fundamentally, compression hinges on the idea that overparametrized networks contain
redundancies that can be exploited/eliminated to construct lighter networks with similar prediction
performance. Out of the different compression techniques, pruning has received much attention as
it has proven to work well in practice and can be exploited by hardware more easily in the case of
structured pruning He and Xiao (2023). In fact, even simple pruning routines such as magnitude-
based pruning and random pruning have had some success in the literature for moderate sparsities
Han et al. (2015); Liu et al. (2022); Gadhikar et al. (2023). Nonetheless, theoretical justification for
the success of these heuristic algorithms remains somewhat elusive.

Compression comes in different settings that can be roughly categorized as follows: at initializa-
tion (finding “lottery tickets”), concurrently with training, or post-training. In this paper, we solely
focus on the third setting for pruning and quantization. The practical motivations of post-training
compression are twofold: First, post-training compression eliminates the computational cost of fur-
ther training. Second, many of the practically used networks are based on concatenating a dense
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pretrained model with a smaller MLP, before freezing the former and training the latter to learn spe-
cific data. Hence, replacing the dense pretrained models by compressed equivalents with minimal
accuracy alteration would improve the efficiency of such pipelines in terms of storage, training cost
and speed of inference.

Pruning is typically achieved by setting some of the network weights to zero, and possibly
adjusting other weights. Moreover, we distinguish between unstructured and structured pruning. In
the former, the pruned weights’ positions need not follow any specific pattern within their layer.
In contrast, structured pruning removes entire network structures, such as neurons for MLPs and
filters/channels for CNNs. The weights set to zero are then ignored both at inference and training.
On the other hand, quantization is achieved by replacing the weights with a discrete approximation
from a predetermined finite set of possible values. Namely, each weight W;; is replaced by a value
W,; € {v1,...,vx} where vy, ..., are scalars, and typically k& < dim(W). Throughout this
paper, we use compression to refer to both pruning and quantization interchangeably, and it will be
clear from context whether we are only interested in pruning or quantization.

The compression procedure we consider borrows ideas from the Optimal Brain Damage (OBD)
algorithm LeCun et al. (1989), and can be thought of as a randomized post-training iterative variant
of OBD. Namely, our theoretical analysis hinges on a second order Taylor approximation of loss.
The randomization we introduce leads to a random sparse network, as opposed to a deterministic
sparse network. Crucially, we are able to derive bounds on the loss of the random sparse network
on average, which in turn proves the existence of a deterministic sparse network with the same
guarantees.

The framework we use to analyze the performance of our algorithm is based on the Lindeberg
interpolation method Chatterjee (2006). Informally, this technique allows us to bound the average
variations in an MLP’s loss upon perturbing one of its weights with a random variable. When the
perturbation has zero mean, the first order term in the perturbed loss is zero, which leaves us with
second order terms. Hence, we can use the second order terms as proxies for the importance of
weights. That is, we can select the weight whose perturbation leads to the least loss variation, and
switch it with its perturbed equivalent. The use of the interpolation technique provides two key
benefits for our analysis: First, it allows us to iteratively control the discrepancy in loss following
a single weight perturbation, as opposed to a fully perturbed weight layer. Second, this technique
casts the problem of bounding the variations of the loss analytically as a simple calculus problem
involving a one variable scalar function. Furthermore, we demonstrate the strength and versatility
of this technique by extending our results to structured pruning of MLPs and CNNs with little effort.

While our results are theoretical in nature, we conduct several numerical simulations to validate
the content of our findings empirically. Namely, we train MLPs and CNNs on regression and clas-
sification tasks, then use our pruning approach to obtain compressed networks post-training. We
vary the width of the initial networks and show that the pruning error decays with width for a fixed
compression rate, which is consistent with our theoretical results

We next summarize relevant results from the theoretical literature on compression bounds and
compare them to our results. Early research on pruning dates back to the seminal papers of LeCun
LeCun et al. (1989) and Hassibi Hassibi and Stork (1992) which introduced second order pruning
routines dubbed Optimal Brain Damage (OBD) and Optimal Brain Surgeon (OBS) respectively.
These pruning algorithms are based on iteratively zeroing the weight that leads to the smallest
increase in the loss, whereby the loss is approximated by its second order Taylor series. Many papers
have iterated over the main ideas behind OBD/OBS Frantar and Alistarh (2022); Yu et al. (2022);
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Kurtic et al. (2022); Benbaki et al. (2023). Some simple error bounds on OBS have been given in
Dong et al. (2017), though the bounds scale linearly with the depth, and involve products of operator
norms of the pruned weight matrices, which could scale poorly with dimension (see discussion
following Assumption 1). Our pruning method also uses a second-order loss approximation, but
introduces randomization by replacing the chosen weight with a discrete random variable. This
randomization cancels the first-order term in the Taylor expansion of the loss change. By contrast,
OBS/OBD effectively remove first-order terms by assuming the model is at (near) a minimum,
which is enforced by retraining after each pruning step. While greedy pruning and random masks
are known, our contribution is the combination of greedy randomization with a new importance
score, together with an analysis based on the Lindeberg interpolation that eliminates first-order
effects without any zero-gradient assumption. To our knowledge, this is the first use of Lindeberg’s
interpolation in pruning/quantization literature, and we succesfully leverage it to prove that pruning
at linear sparsities is achievable for wide perceptrons without any data assumptions.

A recent analysis for random and magnitude-based pruning is given in Qian and Klabjan (2021).
However, the authors are only able to derive guarantees for sublinear pruning rates, and thus do
not explain the success of pruning at linear sparsities. Moreover, the error metric they use is a
worst-case approximation error over the entire ¢5 unit ball. The latter metric is rather restrictive,
as the performance of neural networks is typically evaluated by taking the average of a given loss
over some distribution (e.g., training/validation data). Furthermore, they require the weights to
be independent random variables, while we do not, as it need not hold in practice. In fact, some
compression algorithms exploit weight correlations Kuznedelev et al. (2023).

An algorithm based on quantizing neurons deterministically in pre-trained networks with prov-
able guarantees is given in Lybrand and Saab (2021), but the analysis is limited to one-layer net-
works with Gaussian input data and quantization alphabet { —1, 0, 1}. The latter results for one-layer
networks were extended to mixtures of Gaussian data and more general alphabets in Zhang et al.
(2023). Another follow-up work Zhang and Saab (2024) by the latter authors extends a stochas-
tic path following quantization (SPFQ) method to pruning, and derives theoretical error bounds
for one-layer networks that scale logarithmically with the layer’s dimension. On the other hand,
our theoretical bounds apply to deep networks of any depth, and do not require any distributional
assumption on the input data.

Importance sampling pruning algorithms are derived in Baykal et al. (2018); Liebenwein et al.
(2019) for MLPs and CNNs, where sampling distributions based on sensitivity scores are con-
structed over the parameters of the networks in order to retain important weights and discard re-
dundant ones. However, their bounds do not establish feasibility at a prescribed sparsity level: in
the worst case, the bound in Theorem 4 of Baykal et al. (2018) can exceed the size of the original
dense network because key terms (e.g., A=, Sf) can scale poorly with width and depth. Moreover,
the authors do not provide sharp upper bounds for these quantities in terms of standard network
parameters (width, depth, etc), nor do they identify an achievable pruning regime (e.g., linear vs.
sublinear)

While most pruning algorithms are backward in the sense that they start from a dense network
and gradually remove weights, a forward approach with provable asymptotic guarantees has been
considered in Ye et al. (2020). However, the provided theoretical analysis is limited to networks
with two layers and does not directly show the interplay between sparsity level and degree of over-
parametrization.
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Recently, the Lottery Ticket Hypothesis (LTH) has been put forward by Frankle and Carbin
(2018) conjecturing that a trained network contains a sparse subnetwork capable of matching the
original network’s accuracy when trained from scratch. A stronger conjecture (SLTH) was also
considered in Ramanujan et al. (2020); Malach et al. (2020). However, these works deal with com-
pression at initialization, while our work focuses on post-training compression. Furthermore, the
theoretical literature on LTH/SLTH is limited, and its most general statements remain conjectural.
Namely, showing that one can find sparse subnetworks of dense networks at initialization with good
approximation error is an open problem. SLTH results, as presented in e.g., Malach et al. (2020),
show that given a target network F' and a sufficiently overparametrized random network G, there
exists a subnetwork G of G approximating F' without any further training.

1.1. Summary of Contributions

* We prove that, in sufficiently wide networks, pruning at linear sparsity is feasible while con-
trolling the resulting excess loss (under data-assumption-free conditions).

* We develop a unified interpolation-based theory of post-training compression that covers un-
structured and structured pruning of MLPs, extends to CNNs, as well as quantization.

We end this section with an overview of the organization of the paper. Section 2 introduces no-
tation. Section 3 presents the unstructured compression framework for MLPs, including the ran-
domized greedy algorithm and the main pruning and quantization guarantees. Section 4 extends
the analysis to structured pruning of MLPs. Appendix A provides pseudocode for the unstructured
compression algorithm. Appendix B extends the structured pruning results to convolutional neural
networks by representing convolutional layers as structured fully connected layers. Appendix C
contains numerical experiments illustrating the width-dependent behavior predicted by the theory.
Appendix D collects preliminary technical results used throughout the proofs, including interpola-
tion estimates and auxiliary norm bounds. Appendix E proves the unstructured MLP compression
guarantees for pruning and quantization. Appendix F proves the structured pruning guarantees for
MLPs and CNN:ss, building on the block-level variants of the interpolation argument.

2. Notation

We introduce notation that will be used in the remainder of this paper. We use standard big-O
notation O(.) to hide explicit constants. For n € Z>(, we use [0,n] and [n] to denote the sets
{0,...,n}and {1,...,n} respectively. We use bold letters to denote matrices, tensors and vectors.
Given two matrices A, B of same dimensions, we let C = A ® B be the matrix with entries
C;; = A;jB;;. We denote by A; ., A. ; the i-th row and j-th column of A respectively. We use
|| - || to denote the operator norm for matrices, || - ||, to denote standard ¢, norms for ¢ € R>(, and
|| - |loo to denote the infinity norm. Moreover, for any function ¢ : R” — R™ we let ||¢||Lip =
Subsycrn (%) — @(y) /% — ¥l We introduce for ¢ € R, BE(p) £ {x € R¥[x]l, < p}.
We use the notation Z(t; 4, j) where Z is an n x m matrix and (i, j) € [n] x [m] to denote the matrix
given by

Zf1f2v (£1a€2) (ivj)a
t, (€1, £2) = (i, )

RN

Z(ta i) j)flfg - {
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Given a constant x > 0 and a vector v € RY, we denote by [v]. the projection of v into the
Euclidean ball BY(k) of radius &, i.e [v], = arg min, g, Iz — v||. Given a function f with
input x and output in R", we let f(x) = (fi1(x),..., fn(x)) be its coordinate functions. Given two
reals a,b € R we use the notation ¢ V b = max(a,b) and a A b = min(a,b). Given a random
variable X with distribution D, we denote [E x the expectation over X . Similarly, given a collection
C ={Xi,...,X,} of random variables, we denote E¢ the expectation over the joint distribution of
(X1,...,Xy). We use Ber,™ to denote an n by m matrix with independent Bernoulli(p) entries.
For a random vector x, we denote by Var(x) the covariance matrix of x. Given a matrix A € R"*"™
and p € (0, 1), we say that A is p-sparse if ||A||o < pnm. Furthermore, we say that A is k-discrete
where k € Z> if the entries of A take at most k distinct values. Given a function f depending
on L total parameters, we say that f is p-sparse (k-discrete) if at most pL of those parameters are
nonzero (all parameters take at most k distinct values).

Given a function ¢ : R™ — R", we say that ¢ is entrywise if it is applied entrywise and use the
abused notation ¢(z) = (¢(z1),...¢(z,)) for z € R". Furthermore, we denote by ©\9), j € Zxg
its derivatives. For M € Rsg,w € [-M,M] and k € Z>; we denote by g(w; M, k) the random
variable given by

Sign(w)ewTM with probability 1 — £, + %7
q(w; M, k) = < . (bw—1)M . . Kl
sign(w) =" with probability £,, — 7',

where £, = min {¢ | £ € [k], |w| < ETM}, and sign(w) = 1,>0 — ly<o. Finally, we introduce the
following class of gate matrices.

Definition 1 (Gate Matrix) Let n € Zso and S C [n]. Introduce Pg = 3, ¢ eje;-r, where

(€i)ic[n) are the canonical basis vectors of R". For z € R, the gate matrix G(z; S) is given by
G(z5)=L,+ (2 - 1)Pg.

When S = k, we also use the notation G(z; k).

3. Unstructured Compression of Multilayer Perceptrons

3.1. Problem Formulation

We begin by formalizing the class of MLPs and the compression questions of interest. Let m € Z>1
and introduce the following function representing an m-layer MLP

d: R SR x5 0n (Wiyem-1 (... 01 (WiX))), 6]

where W, € R™+1X™ are weight matrices, and ¢, : R™+1 — R™+1 are activation functions.
Moreover, for ¢ € [m], we let ! be the subnetwork of ® at depth ¢, that is

' R™M S5 R, x5 0 (Weppoy (-1 (Wix))) 2

Let D be a joint distribution of data (x,y) € By* (1) x R"=+1, and introduce

L(®;D) £ Efx yyop | 12(x) — y]1?| - 3)
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Namely £(®; D) is the f2-squared expected loss with data distribution D. A canonical example
is given by taking D to be the uniform distribution over a finite set of training data, i.e., D =
+ >_ie[N] O(xi.y:)- While we assume the covariates x have norm at most 1 for simplicity, our results
readily extend to any distribution D, as long as the covariates x are bounded in norm. We are
interested in the following two compression feasibility problems.

Problem 1 Given p € (0, 1), an error threshold € > 0, a data distribution D and a network ®, is

there a p-sparse subnetwork ® of ® such that
L(®;D) < L(P;D) +e. 4)

Namely, given a starting network ® and a target sparsity level p, we want to prune the network ®
into a p-sparse network ® with minimal effect on the />-squared loss on the data distribution D.

Problem 2 Given a quantization level k € 7Z>1, an error threshold € > 0, a data distribution D
and a network ®, is there a k-discrete subnetwork ® of ® such that

L(®;D) < L(®; D) +e. (5)

Similarly, given a starting network ® and a target quantization level k, we want to compress the
network @ into a k-discrete network ® with minimal effect on the lo-squared loss on the data
distribution D.

Both Problem 1 and Problem 2 have two aspects. On the one hand, there is a computational
question: can one design efficient algorithms that construct such compressed subnetworks? On the
other hand, there is a feasibility question: under which structural conditions on ® is compression at a
given rate (sparsity p or discretization level k) information-theoretically possible? In this paper, we
are interested in the latter. That is, we aim at deriving network properties under which compression
is achievable at the desired rate (sparsity p, discretization level k). Nonetheless, the ideas behind
our results can be repurposed to derive explicit compression algorithms, or heuristics thereof.

To address these feasibility questions, we introduce a randomized greedy compression algorithm
in the next section. Its role is auxiliary: by analyzing its performance, we obtain sufficient conditions
under which sparse or quantized subnetworks with small excess loss exist.

3.2. Algorithm Description

We now describe the compression algorithm we use to derive our bounds. Before detailing the layer-
wise greedy procedure, we explain how it is applied to MLPs. Our compression strategy operates
on some of the network layers, and is described by two sets W, B C [m)] satisfying

WnB=0, and WUB)N(B+1)=0. (6)

Although the choice of W and B is left unspecified, the dimensional conditions in our results sug-
gest natural heuristics for selecting them in a given architecture. Layers whose input dimension is
large relative to their output dimension are natural candidates for W, since these correspond to in-
dividual wide-layer compression. Consecutive layers (W, W, 1) forming a tall-then-wide block
are natural candidates for B3, especially when the first tall matrix W, contains more parameters
than the following wide matrix Wy ;. If instead W contains more parameters, or is the more
pronounced wide matrix in the pair, one may treat it as an individual wide layer by placing £ + 1 in



COMPRESSION BOUNDS FOR WIDE MLPs

W. We leave the choice of W, B as an input to the theory in order to state the bounds at this level
of generality.
Letc £ maxye(y, [|[We|. We apply our compression procedure top-bottom as follows:

1. If we are currently at layer ¢ € W U B, we leave the weight matrix Wy as is, i.e., we set the
{-th layer’s weight matrix in ® to be Wg W,.

2. If we are currently at layer £ € W, we compress W into a matrix W, and set the /-th layer’s
weight matrix in ¢ to be W,. Furthermore, we add a projection operation to the output of
layer £ into the /2 ball B, (), with radius x = c¢* > [[<;<, [|Wil|-

3. If we are currently at layer £ € B, we compress W, into a matrix W/, and set the (-th
((£ + 1)-th resp.) layer’s weight matrix in $ to be Wy (W41 resp.). In particular, we do not
apply any compression to W, ;. Furthermore, we add a projection operation to the output of
layer £ + 1 into the £5 ball By“** (k) with radius r = "1 > [T;;cppq [Will.

A pseudocode for the compression algorithm in the unstructured setting is provided in the Appendix
(Algorithm 1) for the convenience of the reader.

The layer-wise compression routine we adopt is greedy: at each step, we prune or quantize the
weight whose modification has the smallest effect on the loss. We next describe the procedure for a
layer indexed by £ € W . For every weight [W/]|;;, we do the following: First, we freeze all weights
except [Wy];; in the current network ®, and consider the one-variable function ¢ +— L(®; D),
where @, is obtained by setting [W/|;; = t. Second, we evaluate the score of weight [W];;
given by |E;[L(®}; D)] — L(®%; D)|, where ¢ follows some discrete distribution to be chosen (e.g.,
Bernoulli). Finally, we rank all scores and compress (i.e., set [Wdij = t) the weight [W/];;
corresponding to the smallest score. That is to say, we compress the weight to which the loss of the
subnetwork ® is the least sensitive on average. This operation is then repeated over the weights
of the ¢-th layer until |angngyq| weights have been compressed, where o« € (0,1) is a tunable
compression-fraction parameter. Thus, « controls the fraction of weights to which the randomized
pruning or quantization operation is applied; larger values of « correspond to more aggressive
compression, but also lead to stronger width requirements in our theorems. We note that when we
evaluate the scores, we use the most up-to-date network, that is the network obtained in the last
compression step. The algorithm operates similarly for layers indexed by ¢ € B, with the only
difference being that the scores are given by |E;[£(®¢TL: D)] — £L(®!; D)| instead.

For pruning with sparsity level p € (0,1), we let t = [W/];; x Bernoulli(p)/p. Namely, the
(i, j)-th entry is divided by p with probability p, or set to zero with the remaining probability 1 — p
For quantization with discretization level 2k, we let t = ¢([W/]i;; [ We||oo, k). We now discuss the
intuition behind our constructions of ¢. For both pruning and quantization ¢ satisfies E¢[t] = [W/];,
which cancels the first order mean variation of loss when [W/J;; is replaced by ¢. Namely, the first
order term in ¢ in £(®{; D) — L(®%; D) cancels once we take the expectation on ¢. In the case of
pruning, the choice of ¢ ensures that the pruned weight [Wg]ij = t is null with probability at least
1 — p, and thus the portion of pruned weights will be roughly 1 — p (assuming that the portion of
compressed weights « satisfies & = 0.99). In the case of quantization, we first construct a set Sy
of at most 2k distinct values, uniformly spaced over the interval [—||Wp||co, || W¢||loo]. Then, ¢ is
designed to take the two values in Sy that are closest to [W/|;;. In essence, ¢ is a randomly rounded
version of [W];;. We note that the set S, may vary with £, but we can easily make a unified choice



CHEAIRI GAMARNIK MAZUMDER

Sy = S across all layers by setting t = q([W]j; max,.¢f,) [[Wr ||, k) instead. We choose to state
our results with ¢ = ¢([Wyl;;; [|[W¢|/, k) to showcase the difference in quantization tolerance by
layer.

The addition of projections onto ¢5 balls is necessary for our proofs. Indeed, projecting en-
sures that the norms of the pruned network’s outputs remain comparable to those of the original
dense network. One could avoid projections and instead work with spectral norms of the pruned
matrices. But these norms can vary substantially. For instance, if Wy is a random matrix with en-
tries sampled independently from the uniform distribution over [—c/ Ve Vg, e/ Vg,
then with high probability as ny A nyr 1 — 00, there exists a mask matrix M € {0, 1}™e+1%7¢
such that |[M||g < ngngy1/2 + o(ngneyr) and [[Wy @ M| = Q(ey/ng Angyq), whereas orig-
inally ||[Wy|| < ©(c) with high probability. An example of such a mask matrix is given by
M;; = 1jw,,;>0- Spectral norm shift is an issue for compression algorithms, and heuristics have
been derived to mitigate it (e.g. layer-wise penalization of weight matrices norms). The projection
step shows that output magnitudes can be preserved without explicitly constraining the norms of
layers, allowing for aggressive pruning.

3.3. Main Results

We present in this section our main theoretical guarantees for the compression scheme introduced
in Section 3.2. These results specify conditions on the architecture under which pruning and quan-
tization at prescribed rates are feasible with controlled excess loss.

Informally, we show that pruning (quantization) for layers indexed by W U B can be achieved
at any sparsity level p (quantization level 2k), provided that the latter layers satisfy some dimen-
sionality properties. Namely, the layers indexed by WV are wide layers, and those indexed by B
are bottlenecks of tall layers followed by wide layers. Up to this point, we have made no assump-
tions on the data D, and our results largely avoid making any non-trivial data assumption. Indeed,
we want to avoid data-based properties that may facilitate compression in order to isolate network
properties driving compression feasibility. While width is a key element in our results, our analysis
provides indirect insights into weight interactions. Namely, the use of Hessian-based information
incorporates correlations between weights. Similarly, our second order analysis of tall-then-wide
layers relies implicitly on inter-layer weight interactions. Furthermore, our results for structured
pruning in sections 4, B naturally exploit block-level weight interactions. Hence, several aspects of
our analysis leverage implicitly weight interactions. We next list some key assumptions relevant for
our results, and discuss their validity.

Assumption 1

* (Activation Functions). For all ¢ € [m], the activation function @y satisfies

(PK(OW+1) = Onz+17 (7
”SDKHLip <1 (8)

Moreover, if £ € B, then @y is a twice differentiable entrywise activation, and

sup \gof) (x)] < 1. )
z€R
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* (Weight Scaling) There exists two constants c1,ca € R such that the following holds for all

l e [m]
Wl < e, (10)
Welloo < \/7zgcv27m+1 (11)
* (Noisy Data) There exists w > 0 such that the data distribution D satisfies
Exy)~p [Ily — Ely[x]|[*] > w*. (12)

We now discuss the validity of Assumption 1. Items (7), (8) are satisfied by some usual activation
functions such as ReLLU and Tanh. Moreover, (7) is not essential for our results to hold; we merely
adopt it to simplify the presentation of our proofs. Assumption (9) is satisfied by various activations,
including Sigmoid and Tanh. Finally, our results hold verbatim if the constant 1 in the right-hand
side of (8) and (9) is replaced by any other explicit constant. We note that while ReLLU does not
satisfy (9) as it is not differentiable, one can replace ReLU with a smooth approximation such as
log(1 + €#*) /8 with 8 > 0.

The inequality (10) bounds the operator norm of the MLP’s layers, and is essential to control the
network’s sensitivity to perturbations. Indeed, spectral norms of weight matrices are linked to the
MLP’s robustness and generalization properties Bartlett et al. (2017). In that sense, (10) ensures that
the network (1) is ¢]*-Lipschitz, which is a desirable property. Assumption (11) bounds the scale
of weights using the dimension of layers, and is based on the Glorot/Xavier initialization Glorot
and Bengio (2010), whereby the weights of each layer W/ are initialized as independent random
variables sampled from the uniform distribution over [—v/6/\/ng + ngi1,V6//ng + ngr1). We
are aware that weight norms can grow considerably during training as evidenced in Niehaus et al.
(2024). However, this growth is typically at the scale of a constant times the initial weights norm,
which is well within (11) for a sufficiently large constant co. Furthermore, we note that if Wy is
a random matrix with independent mean zero entries, and second and fourth moments bounded by
O(1/ng V ngyq) and O(1/(ng V ngyq)?) respectively, then (10) holds with high probability with
¢1 = O(c2) by an application of Latala’s inequality Latala (2005). To further justify the adoption
of (10) and (11), we compute the constants ¢y, co for the MLP layers in TinyBERT (Transformer)
and ResMLP (MLP) using Hugging Face weights. Namely, we compute ¢; = maxgemrp |[W|
and ¢ = maxgemLp || Wellooy/Te V e41. We obtain for TinyBERT: ¢; ~ 5.5, ¢a =~ 28.4, and for
ResMLP: c1 =~ 3.2, co = 20.5.

The bound (12) adds a noise condition on the data D. Namely, no network can achieve a
loss £(®; D) below w?. This assumption does not hold when the target y is perfectly predictable
from the covariates x. Since there are dense networks that can perfectly fit data, it is harder to
make performance comparisons with sparse networks that have non-zero loss, which motivates the
introduction of Assumption (12) to avoid such settings. This assumption is not necessary for our
main results to hold, but leads to slightly more intuitive error bounds on the loss of compressed
networks, as shown in Corollary 5. We are now ready to state our main result for pruning.

Theorem 2 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over BJ'(1) and
x ~ R. Given & € (0,1) and p € (0, 1) there exists positive constants § = 6(£) and ng = no(p, &)
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such that if mingeywup(ne V ngr1) > ng and

B 2
e W, T41 < p(l 04)50717 (13)
ng a(l—p) 3
1 p(1 — ) 1
Ve e B, < 3 , (14)
— — c5(1—
Vieer — a(l—p) 3 (1ver?) (1 Vv 72(1) p)>
_ 4
veep, Mz cpl-ada (15)
Nes1 a(l—p) ¢

with « sufficiently close to one, as specified by the constants in the proofs, then there exists a network
® given by ®(x) = [0m(Winlom_1(. .. Wix)]x,_ 1 x., With kg = c§ such that

Ve eW U B, [Wello < 0.01 + 1.01p, (16)
AL
Ex |[0(x) — &(x)|2] < " (1+ €)™, a7

where Wg are the pruned weight matrices in the network d. Furthermore, if D is a data distribution
over (x,y) € By' (1) x R"+1, and e = (1 + §)™& then

L(®;D) < L(P; D) 4 267 \/eL(®; D) + ™. (18)

The phrase “a sufficiently close to one” in the theorem statement means that the compression-
fraction parameter « is chosen together with the auxiliary concentration constants appearing in the
proof. Once these constants are fixed, « is a fixed numerical constant. In particular, the displayed
sparsity bounds correspond to choosing « close enough to one and the concentration slack small
enough so that the residual unprocessed fraction and the concentration overhead are bounded by the
displayed constants.

We also have a similar result for quantization.

Theorem 3 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over BJ' (1), x ~ R

and £ € (0,1). Given k € Z>1, let
1&) .
K=qt+t—n0-———]i€[k];.
{ ky/meNV ngq | ]}

Then, there exists positive constants § = (&) and ng = ng(k, &) such that if mingeyyp ngVngy >
ng and

(1 —a)k?6 3

veew, ML < a (19)

ng a 5
1 1—a)k?s 1
Wl € B, g L S (20)
N @ 3 (1vel) (1ve3k)

_ 2¢ 4

wep, Mz o (zokia 1)
Ne+1 a C%

10
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with o sufficiently close to one, as specified by the constants in the proofs, then there exists a network
® given by ®(x) = [0m(Wanlom—1(. .. Wix)]x,_ 1 r, With kg = c§ such that

Ve EWUB, M <001, 22)
NgNgt1
Ex [[0(x) — dx)|?] < "(1+ €)™, @3)

where W are the quantized weight matrices in the network ®. Furthermore, if D is a data distri-
bution over (x,y) € By' (1) x R"+1 and e = (1 + £)™¢ then

L(®;D) < L(P; D) 4 267 \/eL(®; D) + 2 ™e. (24)

While the above theorems focus on deriving bounds on the ¢>-squared loss L, their results read-
ily extend to many other losses. Indeed, suppose d : R" x R" — Rx>( is a metric and satisfies
Va,b € R",d(a,b) < C|la— bl|2 for some constant C. We then have using the triangle inequality
that £ 2 E[d($(x),y)] < E[d(®(x),y)] + E[d(®(x), ®(x))] < £ + CE||$(x) — ®(x)|. Com-
bining the latter with (17) and (23) would yield bounds on L. Examples of such losses are £, losses,
Huber loss, and some Perceptual losses.

The assumptions for pruning and quantization highlight the main compression mechanism in
our results: W and B identify two distinct structural regimes where compression with controlled
excess loss is feasible. The set VW corresponds to individual wide layers, while B corresponds to
two-layer bottleneck blocks formed by a tall layer followed by a wide layer. Intuitively, wide layers
map inputs into a lower-dimensional space, making them amenable to parameter reduction, while
tall-then-wide blocks first expand to capture useful high-dimensional features and then project back
down without increasing the input’s intrinsic dimension (the block input dimension). Informally,
we require layers indexed by ¢ € W to satisfy ny > nyy1, and layers indexed by ¢ € B to satisfy
Ng+1 > nyro. Moreover, we also require ny41 to grow exponentially with the depth ¢ for ¢ € B.
We note that the dimension bounds corresponding to ¢ € B do not involve ny, the input dimension
of layer ¢. In particular, the compression results for / € B extend to blocks of two wide layers
Wy, Wy, as nyg is not required to be small. However, one could simply prune W/ as a wide layer
in the latter case by setting £ € W. Therefore, we assume throughout this paper that n, < ngy; for
¢ € B to avoid this redundancy.

Remark 4 We note that while neither Theorem 2 nor 3 explicitly mention Algorithm 1 in their
statements, the crux of their proofs is based on a careful analysis of the performance of Algorithm
1. Specifically, we refer the reader to the proofs of proposition 20 and 23.

Using Assumption (12), we can obtain the following corollary from Theorems 2 and 3.

Corollary 5 In the settings of Theorem 2 and 3, let ¢ = (1 + &)™ &. if D satisfies Assumption (12),
then the following holds

L(®;D) < <1 + 26%:\@) L(D;D) + 3. (25)

11
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4. Structured Pruning of Multilayer Perceptrons
4.1. Problem Formulation

We now turn from unstructured to structured pruning. In this setting, compression acts at the level of
neurons instead of individual connection weights. Using the same notation introduced in Section 3,
let m € Z>; and ® be an m-layer MLP as defined in (1). Let A/(®) be the total number of neurons
in ®. Namely, N (®) = > ", ns. In this section, we are interested in the following structured
pruning feasibility problems.

Problem 3 Given pe (0,1), an error threshold € > 0, a data distribution D and a network ®, is
there a subnetwork ® of ® such that

N(®) < pN(®), and L(P;D) < L(D;D) +e. (26)

We refer to the above pruning problem as structured since the objective is to remove entire neurons
(columns/rows) rather than individual weights. Structured pruning is often preferred in practice, as
unstructured sparsity is more difficult to leverage efficiently in hardware implementations.

4.2. Algorithm Description

We now describe the variant of the compression scheme used for structured pruning. It is a direct
adaptation of the algorithm described in Section 3.2. Specifically, we retain the same notation for
W and B, and employ the same top—bottom compression procedure together with the projection
operations applied after each pruning step.

The main modification concerns the definition of layer-wise scores, which we detail next. We
first consider the case of layers indexed by ¢ € V. In the latter, we focus on pruning the columns
of Wy, which corresponds to pruning the input neurons and setting W, = W;D where D =
diag(h, ..., hy,) is a sparse diagonal matrix in R™. For every column index j € [n/], we do the
following. First, we freeze all weights except [Wy]. ; in the current network ®, and consider the
function ¢ — L£(®}; D), where ®; is obtained by replacing the j-th column in W, with ¢ x [W]. ;.
Second we evaluate the score of column [W]. ; given by |E;[L(®; D)] — L(®; D)|, where t has
distribution Bernoulli(p)/p, and p is the target sparsity level. The scores of all columns are ranked,
and we prune the column corresponding to the smallest score, i.e., we set [W].; = t[W/]. ;). This
operation is repeated over the columns of the ¢-th layer, until a sufficiently large portion o € (0, 1)
of columns has been pruned. Similarly to the unstructured pruning algorithm, we use the most up-
to-date network when evaluating the scores. In the case ¢/ € B, we focus on pruning the rows of
‘W, which corresponds to pruning the output neurons and setting W, = DW, where D is a sparse
diagonal matrix in R™+!. The score for a given row in the ¢-th layer indexed by i € [ng41] is given
by |E([L(®FL;D)] — L(®H1; D)| where ®; is obtained by setting [W];. = t[Wy];., and ¢ has
again distribution Bernoulli(p)/p.

A key advantage of structured pruning for bottleneck layers Wy, W1 with £ € B is the ability
to also prune columns in the layer Wy, 1. Indeed, Let U be the subset of [ng41] corresponding
to the indices of rows set to zero (Note that ¢/ is random), and let V = [n,41] \ Y. Denote by
z € R™ the input of the ¢-th layer. If ¢y is entrywise, then the output of the (¢ + 1)-th layer
is Y . cp[Weptl]iwe([Weliz) + ©(0) i/ [Weg1].s. In particular, all the relevant information
within the columns set {{[Wy1]. jic/} is containing in their sum. Hence, it is sufficient to only
keep one column equal to the sum, and remove the remaining |U/| — 1 columns, which achieves a

12
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pruning rate 1 — (|U/| — 1)/ngy1 = p for large nyyq. Therefore, structured pruning allows us to
simultaneously prune both W, and W, for ¢ € B, whereas we were limited to pruning W/ alone
in the case of unstructured pruning.

4.3. Main Results

We now state the main theoretical guarantee corresponding to the structured pruning scheme de-
scribed in the previous section.

Theorem 6 Suppose (7)-(11) hold in Assumption 1. Let R be a distribution over B3 (1) and
x ~ R. Given & € (0,1) and p € (0, 1) there exists positive constants § = 6(&) and ng = no(p, &)
such that if mingeyup(ne V ngy1) > ng, and

. 2
veew, M collzpia @7
Ny p(l—a) c;
2 252 8 2
Ngto p (L—p)%6° (LAc))  p(l—a)ic
vleB, —/= < 5 (28)
N1 a?(1=p)? 22 a(l-p) &
1- 1
veep, Yhw pld-o) | (29)
Ng+1 Oé(l - p) cf_zc% (1 V 1%)

with « sufficiently close to one, as specified by the constants in the proofs, then there exists a network
® given by ®(x) = [0m(Wimlom_1(. .. Wix)]x,_ 1 k., With kg = c{ such that

1 Ex [ 0(x) = $(0)|2] < (1 + e
2. Forall ¢ € W, the matrix Wg has at most 1.01p fraction of its columns not set to zero.

3. Forall ¢ € B, the matrix Wg has at most 1.01p fraction of its rows not set to zero.

Furthermore, if D is a data distribution over (x,y) € B5* (1) x R"+1, and ¢ = (1 4 £)™& then
L(D; D) < L(®; D) 4 267 \/eL(®; D) + >™e. (30)

The result of Corollary 5 also extends verbatim in the case of structured pruning if we add the
assumption 12.

13



CHEAIRI GAMARNIK MAZUMDER

References

Peter L Bartlett, Dylan J Foster, and Matus J Telgarsky. Spectrally-normalized margin bounds for
neural networks. Advances in neural information processing systems, 30, 2017.

Cenk Baykal, Lucas Liebenwein, Igor Gilitschenski, Dan Feldman, and Daniela Rus. Data-
dependent coresets for compressing neural networks with applications to generalization bounds.
In International Conference on Learning Representations, 2018.

Riade Benbaki, Wenyu Chen, Xiang Meng, Hussein Hazimeh, Natalia Ponomareva, Zhe Zhao, and
Rahul Mazumder. Fast as chita: Neural network pruning with combinatorial optimization. In
International Conference on Machine Learning, pages 2031-2049. PMLR, 2023.

Sourav Chatterjee. A generalization of the lindeberg principle. The Annals of Probability, 34(6):
2061-2076, 2006.

Xin Dong, Shangyu Chen, and Sinno Pan. Learning to prune deep neural networks via layer-wise
optimal brain surgeon. Advances in neural information processing systems, 30, 2017.

Jonathan Frankle and Michael Carbin. The lottery ticket hypothesis: Finding sparse, trainable neural
networks. In International Conference on Learning Representations, 2018.

Elias Frantar and Dan Alistarh. Optimal brain compression: A framework for accurate post-training
quantization and pruning. Advances in Neural Information Processing Systems, 35:4475-4488,
2022.

Advait Harshal Gadhikar, Sohom Mukherjee, and Rebekka Burkholz. Why random pruning is all
we need to start sparse. In International Conference on Machine Learning, pages 10542—10570.
PMLR, 2023.

Xavier Glorot and Yoshua Bengio. Understanding the difficulty of training deep feedforward neural
networks. In Proceedings of the thirteenth international conference on artificial intelligence and
statistics, pages 249-256. JIMLR Workshop and Conference Proceedings, 2010.

Song Han, Huizi Mao, and William J Dally. Deep compression: Compressing deep neural networks
with pruning, trained quantization and huffman coding. arXiv preprint arXiv:1510.00149, 2015.

Babak Hassibi and David Stork. Second order derivatives for network pruning: Optimal brain
surgeon. Advances in neural information processing systems, 5, 1992.

Kaiming He, Xiangyu Zhang, Shaoqing Ren, and Jian Sun. Delving deep into rectifiers: Surpassing
human-level performance on imagenet classification. In Proceedings of the IEEE international
conference on computer vision, pages 1026—-1034, 2015.

Yang He and Lingao Xiao. Structured pruning for deep convolutional neural networks: A survey.
IEEE transactions on pattern analysis and machine intelligence, 46(5):2900-2919, 2023.

Eldar Kurtic, Daniel Campos, Tuan Nguyen, Elias Frantar, Mark Kurtz, Benjamin Fineran, Michael
Goin, and Dan Alistarh. The optimal bert surgeon: Scalable and accurate second-order pruning
for large language models. arXiv preprint arXiv:2203.07259, 2022.

14



COMPRESSION BOUNDS FOR WIDE MLPs

Denis Kuznedelev, Eldar Kurti¢, Elias Frantar, and Dan Alistarh. Cap: Correlation-aware pruning
for highly-accurate sparse vision models. Advances in Neural Information Processing Systems,
36:28805-28831, 2023.

Rafal Latala. Some estimates of norms of random matrices. Proceedings of the American
Mathematical Society, 133(5):1273-1282, 2005.

Yann LeCun, John Denker, and Sara Solla. Optimal brain damage. Advances in neural information
processing systems, 2, 1989.

Lucas Liebenwein, Cenk Baykal, Harry Lang, Dan Feldman, and Daniela Rus. Provable filter
pruning for efficient neural networks. arXiv preprint arXiv:1911.07412, 2019.

Shiwei Liu, Tianlong Chen, Xiaohan Chen, Li Shen, Decebal Constantin Mocanu, Zhangyang
Wang, and Mykola Pechenizkiy. The unreasonable effectiveness of random pruning: Re-
turn of the most naive baseline for sparse training. In International Conference on Learning

Representations, 2022.

Eric Lybrand and Rayan Saab. A greedy algorithm for quantizing neural networks. Journal of
Machine Learning Research, 22(156):1-38, 2021.

Eran Malach, Gilad Yehudai, Shai Shalev-Schwartz, and Ohad Shamir. Proving the lottery ticket
hypothesis: Pruning is all you need. In International Conference on Machine Learning, pages
6682-6691. PMLR, 2020.

Lukas Niehaus, Ulf Krumnack, and Gunther Heidemann. Weight rescaling: Applying initialization
strategies during training. Swedish Artificial Intelligence Society, pages 83-92, 2024.

Xin Qian and Diego Klabjan. A probabilistic approach to neural network pruning. In International
Conference on Machine Learning, pages 8640-8649. PMLR, 2021.

Vivek Ramanujan, Mitchell Wortsman, Aniruddha Kembhavi, Ali Farhadi, and Mohammad Raste-
gari. What’s hidden in a randomly weighted neural network? In Proceedings of the IEEE/CVF
conference on computer vision and pattern recognition, pages 11893—-11902, 2020.

Mao Ye, Chengyue Gong, Lizhen Nie, Denny Zhou, Adam Klivans, and Qiang Liu. Good sub-
networks provably exist: Pruning via greedy forward selection. In International Conference on
Machine Learning, pages 10820-10830. PMLR, 2020.

Xin Yu, Thiago Serra, Srikumar Ramalingam, and Shandian Zhe. The combinatorial brain surgeon:
Pruning weights that cancel one another in neural networks. In International Conference on
Machine Learning, pages 25668-25683. PMLR, 2022.

Haoyu Zhang and Rayan Saab. Unified stochastic framework for neural network quantization and
pruning. arXiv preprint arXiv:2412.18184, 2024.

Jinjie Zhang, Yixuan Zhou, and Rayan Saab. Post-training quantization for neural networks with
provable guarantees. SIAM Journal on Mathematics of Data Science, 5(2):373-399, 2023.

15



CHEAIRI GAMARNIK MAZUMDER

Appendix A. Algorithm Pseudocode

Algorithm 1: Unstructured Compression Algorithm
Require: Data distribution D, network @, sets W, B C [m)] satisfying (6), pruning parameter p € (0,1) (or
quantization parameter k € Zx>1), fraction parameter o € (0, 1).
1: Let ® = @, and ¢ £ maxe [y, [|[We|.
2: for Layer index £ = 1 to m do
3 if £ ¢ WU B then
4 Set W[ =W,
5:  else
6 Set target index x = (if / € W, else k = ¢ + 1.
7 for Step i = 1 to |angneyq1 | do
8 for all uncompressed weights [W];; do

9: Compute score A;; = |Eq,, [[Z((ffj ;D) — L($"; D)),
10: with ¢;; drawn from Bernoulli or Quantization scheme.
11: end for
12: Let (4, j) be the index with the least score A;;.

13: Set [W@]ij = t;; and mark as compressed.

14: end for

15: Add projection onto Bj"** (¢*) on output of layer & in ®.
16:  end if

17: end for

18: return o.

Appendix B. Structured Pruning of Convolutional Neural Networks

B.1. Problem Formulation

This section addresses convolutional architectures. In this setting, the basic building blocks are
convolutional layers rather than fully connected ones. Let m € Z>1, and introduce similarly to (1)
the following function representing an m-layer convolutional neural network (CNN)

@ ; RIhxwr _y Rdmrx Xm0 (K % o1 (- 01(Kp %)) (1)

where K, € R%+1%dX3%q are four-dimensional tensors representing the convolutional filters in
the network and x is the convolution operator. In particular, for each pair (0,7) € [dg4+1] X [de],
the kernel [Ky],; € R?*7 connects the i-th input feature map in the ¢-layer to the o-th output
feature map in the same layer. Furthermore, we make the assumption that all kernels [K/],; have
dimension ¢ X ¢ to simplify the presentation of our guarantees, but our results extend more generally
to networks with varying kernel dimensions. Moreover, we assume ¢ < minge(y, ;1) max(hg, wp).
This assumption is not restrictive, as in practice ¢ is typically chosen from {3, 5, 7}.

We also use the notation ®* for £ € [m] to denote the subnetwork of ® at depth £. Let F(®) be
the total number of filters in ®. Namely, F(®) = > _,*, dy. In this section, we are interested in the
following structured pruning feasibility problems.

Problem 4 Given p € (0, 1), an error threshold € > 0, a data distribution D and a network ®, is
there a subnetwork ® of ® such that

F(®) < pF(®), and L(D;D)< L(P;D) +e. (32)
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The analysis of CNN architectures is more challenging than that of their MLP counterparts, pri-
marily due to the complex nature of convolution operations. To address this technical difficulty, we
first show that convolutional layers can be equivalently represented as fully connected layers with
sparse, doubly circular weight matrices, which is a well known in the literature. In the following
section, we further demonstrate that CNNs can be recast as MLPs with structured weight matrices
and flattened input data. These equivalent representations enable us to extend the pruning analysis
from Section 4 to CNNS.

B.2. Convolutional Networks Representation as Multilayer Perceptrons

In order to apply our MLP-based compression analysis to CNNs, we first express convolutional
layers as linear maps acting on suitably vectorized inputs. We briefly recall the standard CNN
representation. A convolutional layer maps an input tensor X € R%n*hinXWin to an output tensor
7 € RoutxhoutXwout yging a kernel tensor K € Rdout*dinXax4  The height and width of the input
and output feature maps are denoted by hiy, win and hoyt, Wout, Where diy and dqy¢ are the number
of input and output channels, and ¢ X ¢ is the spatial dimension of each convolutional kernel.

The output feature map Z is obtained by applying doy; three-dimensional filters K, € R%n*9%4
with 0 € [dout]. To simplify the exposition of our results, we assume that all the convolutional
layers use unit stride and circular padding. Moreover, we assume that the height and width of each
feature map are identical. Under these assumptions, we have hiy = hqut = Win = Wout £y and
the convolution operation can be written as

din T T
Zo,u,v - Z Z ZKo,i,a7in,<u+a>,-,(v-i—b)ra V(O,U, U) € [dout] X [7"] X [’l‘]
i=1 a=1 b=1
where (t), = ((t — 1) mod r) + 1 denotes circular indexing modulo r. In particular, (¢), € [r]
For notational simplicity, we adopt the (slightly abused) shorthand X; y+a.v+6 = Xi (uta),,(v+b),

Furthermore, we extend each kernel tensor K, to Rd%nx7x7 by setting K, ; ., = 0 for all ¢ € [diy]
and (a,b) € [r] x [r] satisfying max(a, b) > ¢. Finally, let ¢(u,v) = (u — 1)r +v. Fori € [d

define the column vector x; € R by

in]

[Xi]¢(u7v) = Xi,u,w V(”?“) € [7"] X [T]

and let x = (x/,... ,x;n)T € R Similarly, for each 0 € [doy] define the column vector
z, € R” by

[ZO]QS(u,U) = Zo,u,m V(U,U) S [’I"] X [T]
andletz = (z{ ,... ,zzl—out)—r € R%u"* Fora given matrix U € R"*", introduce the doubly block

circulant matrix C(U) € R™*"* given by

T T T2
COOY] gy = DY UapYo(turaywity)s VY € R, V(u,0) € [r] x [r]
a=1 b=1

Note in particular that C(U)¢(u,v),¢>(u/,v/) = U(w —u),,(v/—v),- Finally, let

T

C(Ki1) -+ C(Kia,)

W(K) = : : € Riouwr*xdr?
C(Kdoutyl) T C(Kdoutydin)
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Using Lemma 13, it follows that z = W (K)x. Therefore, we can equivalently represent the CNN
layer K using the MLP layer W (K). Let the convolutional layers be given by K, € R%+1xdexrxr
for £ € [m], and let x € R be the flattened input feature map. Then the CNN (31) can be
represented equivalently by an MLP & given by

2(x) = P (Wmem—1(. .. p1(W1x))),
where

C([Ké]l,l) e C<[Kd17d2)
W, = W(Kg) = : c ]Rdg+1r2><d@r2‘

C([Kf]dzﬂ,l) C([Ké]dé+l7d£)

In particular, pruning the o-th block row of size 72 given by the matrix [C([K/]o1) - - - C([K¢]o.4,)]
corresponds to pruning the filter K, . ... Similarly, pruning the i-th block column of size r? given
by [C([K]1,i) - - - C([Keld,,,,:)] " corresponds to pruning the filter [Ky].; . ..

B.3. Algorithm Description

Building on the MLP representation of CNN layers derived in the previous section, we now describe
the corresponding structured pruning procedure. The algorithm we use is an adapted variant of the
procedure described in Section 4. For ¢ € W, we prune column-blocks of W, which corresponds
to removing input filters, and set W, = W,D, where D = G(h; S) is a sparse diagonal matrix,
and S denotes the set of columns in W, corresponding to the pruned input filters. Namely, for
every set of columns S representing input filters, we freeze all other weights except [W/]. g in the
current network ® and consider the function ¢ ++ £(®}; D), where ®; is obtained by replacing the
column block [W]. s with ¢ x [W,]. ¢. The scores are then defined by [E [£(®f; D)] — L(®*; D)|.
Similarly, for £ € B, we prune row-blocks of Wy, which corresponds to removing output filters,
and set Wy, = DW/, where D = G (h;S) is again a sparse diagonal matrix, and S denotes the
set of rows in W/ corresponding to the pruned output filters. As in the MLP case, the scores are

given by |E [E(@f“; D)} — L(®*1; D)| where @ is obtained by changing the block [W]s . into
t x [Wy|g,., with ¢ = Bernoulli(p) /p.

B.4. Main Results

We now combine the CNN-MLP representation and the structured pruning algorithm described
above to obtain our main pruning guarantee for convolutional networks.

Theorem 7 Suppose (7)- (10) hold in Assumption 1. Moreover, suppose that there exists a constant
co such that

C2

q+/dg Vv do1

Ve e [m], [[Wyle < (33)
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Let R be a distribution over By' (1) and x ~ R. Given § € (0,1) and p € (0,1) there exists
positive constants 6 = §(§) and ng = no(p, §) such that if mingeywup(de V dpr1) > no and

dyi1 < a(l—p)s

Ve W "
©de T p(l—a) B¢ (34)
wep, o2 p*(1—p)26% (AN  p(l—a)s & 5
e TP g all =) et
dyd _
web \/F = 20(11 o . (36)
{+1 O[( _p) Cl_ cqu (1 \V; %p>

with « sufficiently close to one, as specified by the constants in the proofs, then there exists a network
® given by ®(x) = [om(Wanlom—1(. .. Wix)]x,_1 )rm With kg = c§ such that

1 Bx [[0(x) - dX)[2] < (1 + ™

2. Forall ¢ € W, the matrix Wg has at most 1.01p fraction of its input filters not set to zero.

3. Forall { € B, the matrix W has at most 1.01p fraction of its output filters not set to zero.

Ex [[0(x) - dx)|] < "(1+€)"¢. (37)
Furthermore, if D is a data distribution over (x,y) € By (1) x R"+1, and ¢ = (1 + £)™& then

L($;D) < L(®;D) + 2¢]'V/eL(®; D) + ™. (38)

The result of Corollary 5 also extends verbatim in the case of structured pruning if we add the as-
sumption 12. We note that Assumption (33) bounds the magnitude of weights in CNNs using the
kernel dimensions ¢, di, and doyt, and is the derived from the Glorot/Xavier and Kaiming initializa-
tion schemes in the case of CNNs He et al. (2015); Glorot and Bengio (2010).

Appendix C. Numerical Simulations

To validate the theoretical insights from theorems 2, 3, 6, and 7, we conduct a series of numerical
simulations. The goal of these experiments is to illustrate the tradeoff between width and compress-
ibility, and to demonstrate the effectiveness of the randomized greedy pruning algorithm analyzed
in this work. Our setup for experiments is general and designed to be consistent across different
pruning settings and learning tasks.

Data. We use two benchmarks: the California Housing (regression), and the Digits (classifica-
tion) datasets. For each, the data (x;,y;);c[n) is split into an 80% training set and a 20% test set,
with corresponding empirical distributions denoted by D' and Dtest,

Model Training. We consider a series of networks ®,, with varying width w € Z>¢. For each
width value w within a predefined range {wy, . .., wg }, a dense model ®,, is trained on D™ using
the Adam optimizer. We use the Mean Squared Error loss for regression, and the Cross-Entropy loss
for classification tasks.
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Pruning Application. For all our simulations, we set the pruning fraction to o = 0.9, and
pruning probability to p = 0.3. This leads to an expected sparsity level of 1 — a + ap = 37%
(i.e. roughly 37% of weights remain in pruned layers). We apply our pruning algorithm on each
trained network ®,,. Due to the randomized nature of this algorithm, we train several (randomly
initialized) networks per width, and repeat the pruning process 50 times for each trained network.
This allows us to capture the expected value and confidence interval of our evaluation metrics across
the randomness from pruning and training. We consider two pruning setups: (W, B) = ({1},0)
in blue and (W, B) = (0, {2}) in orange. While the pruning procedure described in the preceding
sections includes projection operations, we omit them in our numerical experiments, as they are
primarily required for theoretical analysis.

Evaluation. Let &, be the pruned network obtained from ®,,. We measure the impact of
pruning using two metrics

* The adjusted /2-squared distance between models’ outputs given by
A(®, ) = ¢ 2" Epien [H@(x) ||,

where ¢ £ maxc(,, |[Wy|| is the maximum layer-wise operator norm and m is the network
depth. The multiplicative constant ¢ 2™ matches the scaling factor for the bounds presented
in theorem 2-7, and adjusts for depth and error variations caused by the final learned weights,
which differ between each stochastic training run.

* A task-specific performance metric: classification accuracy or regression R-squared, evalu-
ated on both the dense and pruned models ®, .

As predicted by theorems 2-7, we observe a steady decrease of the error A(®P, <f>) in all pruning
settings as w increases. Furthermore, the performance of pruned networks improves with width as
well.

(a) Pruning Sensitivity (b) Impact on Task Performance

—e— Unstructured Pruning on Wy

10t Unstructured Pruning on Wy

0.6

R-squared Score

—— Pre-Pruning R-squared
—8— Post-Pruning (Unstructured Pruning on W)

10-3 Post-Pruning (Unstructured Pruning on Ws)

0 200 100 600 800 1000 0 200 100 600 800 1000
Hidden Layer Width Hidden Layer Width

Figure 1: Evaluation plots for unstructured pruning on the California Housing dataset using an MLP

model ®,,(x) = W3ReLU(W3ReLU(W1x)) with W € R¥*® Wy € RYOX% W3 ¢
R1X40.
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(a) Pruning Sensitivity

(b) Impact on Task Performance
—&— Unstructured Pruning on Wy sttt ~S—
Unstructured Pruning on Wy
107! %
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G o2 g
% <
=
70
10°% -
60 —— Pre-Pruning Accuracy
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Post-Pruning (Unstructured Pruning on W)
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0 200 400 600 800 1000 0 200 400 600 800 1000

Hidden Layer Width Hidden Layer Width

Figure 2: Evaluation plots for unstructured pruning on the Digits dataset using an MLP model

®,(x) = Softmax(W3ReLU(W,ReLU(W;x))) with W; € Rv*64 W, ¢
R40><w W3 c R10X40.

(a) Pruning Sensitivity (b) Impact on Task Performance

—o— Tall-then-Wide Pruning on W; (Rows) 0.7
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- 0.6

1073
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10-4 —e— Post-Pruning (Tall-then-Wide Pruning on Wy (Rows))
0.3 Post-Pruning (Wide Pruning on W, (Columns))
200 100 600 800 1000 200 100 600 800 1000
Hidden Layer Width

Hidden Layer Width

Figure 3: Evaluation plots for structured pruning on the California Housing dataset using an MLP

model ®,,(x) = W3ReLU(W3ReLU(W1x)) with W € R¥*® Wy € R20X% W3 ¢
R1X20'
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(a) Pruning Sensitivity (b) Impact on Task Performance
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Figure 4: Evaluation plots for structured pruning on the Digits dataset using an MLP model
®,(x) = Softmax(W3ReLU(W3ReLU(W;x))) with W; € R0 W, ¢
RQOxw W3 c RIOXQO.

(a) Pruning Sensitivity (b) Impact on Task Performance
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Figure 5: Evaluation plots for structured pruning on the Digits dataset using a CNN model
®,(x) = Softmax(WgReLU(KoReLU(K;x))) with K; € Rw*XIX3x3 K, ¢
R16><w><3><3 ch c R10X1024.

Appendix D. Preliminary Results
Lemma8 Letk € Z>y, M € Rsg. Forw € [—M, M], it holds

1. Elg(w; M, k)] = w.

2. |q(w; M, k) —w| < % almost surely.
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Proof As q(—w; M, k) = —q(w; M, k), we might suppose without loss of generality that w > 0.
Let ¢, = min{¢ € [k] | |w| < ¢M/k}. By construction, we have

M kw
= — by — by + —
(-t +57)

which ends the proof of the first item in the lemma. To show the second item, note that

(b — 1)M ly
T F Sws

Since % - W = % it follows that |q(w; M, k) — w| < & almost surely. This ends the

proof. |

Lemma9 Letu,v € R”, and k € [||u||,o0]. Then ||u — [v]s| < |lu—v].
Proof Note that [u],, = u. Since the projection operator v — [v],; is 1-Lipschitz, it follows that
u = [v]all = [[[uls = V]l < flu = v,

which readily yields the result of the lemma. |

Lemma 10 Suppose (ax)res is a sequence of nonnegative reals indexed by a finite set S, and let
p € Rsatisfy > > ics ai/|S|. Forn € Ruq, let S(n) = {i € S | a; < nu}. Then

e Ror, |S()] <1 - ) 51

Proof By way of contradiction, suppose that |S(n)| < (1 — 1/n)|S| for some n € R>;. We have

1€S
§| > ai
ZES\S )
> (=5
>y
which yields the result of the lemma. |
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Lemma 11 Letn € Z>1, and (ar)k>0 be a sequence of nonnegative reals satisfying |ay, — ag41] <
uag + v forall k € [0,n — 1], where u,v € R. Then

Vk e [0,n—1], |ax — ags1] < e™ (uag+v).

Proof Let k € [0,n — 1]. It follows that ag1 < (u + 1)ay + v. Iterating the latter inequality we
obtain for all k& € [n]

k—1
ar < (u+1)kag + UZ(U + 1)
£=0

= (u+1)*ag + %((u—l— DE—1)
<(u+1)"ap+ %((u +1)" 1)

v
< enuao + 7(€nu _ 1)7
()

where we used the inequality 1+x < e” in the last line. Plugging the above in |ay —ag11| < uag+v
yields for k € [0,n — 1]

lag — apr1] < u (e”uao + E(em‘ - 1)) +v
u
=" (uag 4+ v),

which concludes the proof of the lemma. |

Lemma 12 Let (f,)n>1 be a sequence of functions with f, : R" — R>q. Letp € (0,1) and
b, = Ber,. Moreover, suppose Ey,, [fn(by)] < 1 foralln € Z>1. Given y,e € (0,1), there

exists a constant ny = no(7, p, €) such that for all n > ny, there exists a realization by, satisfying
fu(by) <14ceand ||byllo < (14 v)np.

Proof Since f,, > 0, we have
1> E[fn(bn)] > E [fn(bn) ’ [baflo < (1 +7)np] P(lballo < (1 +7)np),

by standard concentration inequalities, we have P (||by,[lo > (1 +7)np) < eV, where ¢ is an
explicit constant. Let ng = ng(v, p, €) be the positive constant satisfying e =707 = ¢ /(1 + ¢). It
follows that for n > ng we have P (||by,|lo < (14 v)np) > 1/(1 + ¢). Therefore,

B | £,(00) | Iball < (14 2)0p)

1>
- 1+4¢

Hence, there exists a realization by, such that |[b,|lo < (1 4+ v)npand 1 > £ ”I(fg), which ends the

proof. |
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Lemma 13 Let K € RoutXdinXrxr Rdin’”Q, and z € R%w™ 45 in Section B.2. Then z =
W(K)x.

Proof Using the same notation of Section B.2 for ¢ and (.),, we have for 0 € [doyt)

(ZO)¢(u,v) = Zo,u,v

din 7T r
=220 KoiasXiura), o4,

i=1 a=1 b=1
din r r
=2 Koiab(Xis(uta)(orbh)
i=1 a=1 b=1
din
= (C(Ko)Xi) g(u):
i=1
thus z, = Zf;‘l C(K,,i)x;. Hence
din
it C(Ki) xi C(Ki1) - CKuig,) | [x
zZ= = . = W(K)x,
Z,Ld;ll C(Kdoutyi) X C(Kdoutyl) e C(Kdoutvd‘m) Xdin
which ends the proof. |

Lemma 14 Ler U € R"™™" as in Section B.2. Then,
ICCU)]| < [[U]lso[[Ulo-

Proof We use the same notation of Section B.2 for ¢ and (.),. Let w, = exp(—27i/r). We will
show that the eigenvalues of C(U) are given by

ﬁk,( = Z ZUa,bwfa—Mb? (kvg) € [7”] X [7”]
a=1 b=1

k.0

) = wkuttv We have for

Fix (k,0) € [r] x [r], and let vF{ € C™ be a vector given by v
(u,v) € [r] x [r],

kb _ kl
CONV ) = 2_:1 bZ; UabVuta), (b))

— i i Ua’bwf(u-i-a)-l-f(v—i-b)

a=1 b=1
ror
_ kuttv ka-+/0b
= w0y Y Uaper
a=1 b=1

k.l :
=v, Ugy.

Pluv) — kit
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k: is an eigenvector of C(U) with eigenvalue Uy, ¢. Moreover, the eigenvectors vt

Therefore, v (u,0)

form an orthogonal basis. Indeed, let (k, £), (K, ¢') € [r] x [r]. We have

ZZV Jc’ z’ ZZ (k=K' Yut (6~ )v

u=1v=1 u=1v=1

(Zw'f ") ()

= 1" Lpmpr Loy

Hence, the eigenvalues of C(U) are {Uy, (k, £) € [r] x [r]}. Note then that

T I8
el < 353 Ul < Ul U .

a=1 b=1
Therefore
e =, max Okl < U0,
)E[r]x
which concludes the proof. |

Lemma 15 Let p,0 € Roo, W1 € R"*™, Wy € R"*"2 be random matrices, and Q¢ be a
joint distribution over By (p) x By (0), and (x,x') ~ Q,g. Suppose f : R™ — R™ for some
n € Z>1 is a function with parameters A € R"*™ B € R™*"2 That is, f(x) = f(x;A,B).
Introduce

Uy R XR™*™ 3R (AB)—E [||f(x; Wi, W) — f(x’;A,B)Hz] ,

and the expectation is taken over (x,x") ~ Q, g and W1, Ws. Suppose S| U Sy = [ng] x [n1] is a
partition of [ng] x [n1] with S1 # 0, and (hij) ; j)ena]x[ny] I8 @ collection of random variables. Let
Z € R™*™ pe given by

Z;j = [Wily, if(i,j) € S,
Zij:hija lf( )652
Let T £ {hy; | (i,7) € S2}, and ; = |W;||,v; = [[Wi|loo for i = 1,2. Suppose (tij) (i j)es, are
random variables.
1. Single Layer. Suppose f(x; A,B) = Ax, and write f(x; A), U (A) for simplicity as B has

no effect on f or Vy. Then, for all n > 1 there exists at least (1 — %) |S1| many pairs (i, j)
in 81 such that the following holds

82\I’f(Z(tij;’i,j)) < 27792n2
875% B ‘81’ '

(39)

where the expectation is taken over the randomness in h;j,t;;, W1 and Wa.
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2. Block of Two Layers. Suppose f(x;A,B) = By(Ax), where ¢ is a function satisfying
(7), (8), and (9) in Assumption 1. Furthermore, suppose that |t;j — [W1l;;| < 111 where
7 € R>q. Then, for all n > 1 there exists at least (1 - %) |S1| many pairs (i, 7) in Sy such
that the following holds

02U 1 (Z(tij30,5), Wa) || _ 2n6%02\/nz
E < 22 2V e
ot |S1|
2
x <\/ET [0 4(Z, Wa)] + L”{j\/@ + 9mu2m> . (40)
2

where the expectation is taken over the randomness in h;j,t;;, W1 and Wa.

Proof We first show (39). Note that for ¢ € [ng]

0fe(x', Z(t;4, 5))
ot

D% fo(x'; Z(t;4, 5))
ot?

=xX;1¢—;, and =0.

Using the standard Leibniz integral rule twice and the above, it follows that

2

— 9E [(x;)ﬂ .

PUy(Z(t51,)) _ oy ||| 0 (K3 2t 09))
ot2 B ot

Setting ¢ = t;;, taking the expectation over {¢;;} U 7 and summing over all ¢;; € S; yields

Z E{tij}UT

(4,7)€S1

2 i
‘8 \I’f(ggz'm%]))u <9 Z E [<X3)2]
R4 (4,5)€S1
<2 > E[x)7]
(i,5)E[n2]x[n1]
= 2nyE [||X'||2]
< 2ny62.

The result of (39) follows readily by applying Lemma 10 to the sequence a;; defined as a;; =

OV 5 (Z(ti553,9))

Eg, 307 512 . We now show (40). Similarly to the previous case, we start by deriving
ij

the expressions of the derivatives of ¢ — f(x', Z(t;1,7), W3). We have for £ € [ng]

8fg(X/; Z<t; i:j)v WQ)
ot

82f4(x’; Z(t; i,j), Wg)
ot?

= [WZ]&@(I) (Z(t’ ia j)xl)ixga

= [Walup@(Z(t; 1, )X ); (x;-)2 .
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Using the standard Leibniz integral rule twice and the above, it follows that

Haﬂx';za;i,j),wz) ]

ot
19K [(ﬂx’; Z(t:, ), W) — f(xi W1, W)

ot?

=2E

T O?f(x'; Z(t;4,5), W)
ot?

=9 Z E [<[W2]£W(1)(Z(t?i’j)x/%xg)?

Ze[ng]

+2 ) E K[Wz]e,:w(z(t;m)X') - [Wﬂ“‘P(WIX))

ée[ng]
< [Walup (211, )x)s (x))°]
() + H(r), @

Setting ¢t = ¢;; and using (8), we obtain
2
|H1(ti]’)| S 21/22’[?,3E |:(X;) } .
Taking the expectation of the above over {t;;} U T and Z, and summing over all (¢, j) € S; yields

> E[[Hi(ty)] < 2v3nansE[|x'||’]
(4,7)€S1
< 292V22n2n3. 42)

We next bound |H>(t;;)|. We have by the triangle inequality

|Ha(ti;)| < 2E

> ([WQ]&:SO(Z(tij; i,j)x') — [Wz]é,:w(ZX')> [Walei| ()

EE[n3]

L H3(ti;)

+2E

> ([Wz]é,:SO(ZX') - [Wz]e,:SO(W1X)> [(Walei

ZE[TL3]

(x;)°

L H4(ivj)

Using the Cauchy-Schwarz inequality, we have

N |=

H(tij) < [Wap(Z(tij;i,5)x") — Wap(Zx')|| Z ([Waln)?
L€[n3]

< oltij — [Wilijl|x]|vay/n3
< O10911194/N3.
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Therefore

> E|H(ty) (x))°] < 0rowvivens ymsEIx |

(ivj)esl
< 0®ro91 VoNo/N3. 43)

We next bound > ; iy, E[Ha(i, 7)]. We have

> E[H(i,))]
(1,5)€S
= 5 B[] X ((Waluop(Zx) - Waleao W) ) Wals| ()
(3,7)€S1 Le[ns]
< 30 5| 3 (Waleaol@x) - [WaleoWi) ) [Wala I
i€[na] L€[n3]
< 02V [|[ W (Wap(Zx') - Wap(W1x)) | (44)
< 6203/ [ Wap(Zx') — Wao(W )]
< 9202\/772\/1[*37 [V4(Z, W2)], (45)

where we used the Cauchy-Schwarz inequality in (44), and Jensen’s inequality in (45). Combining
(45) with (43) and (42) we obtain

Y E

(i,)€S1

< 2«92V22n2n3 + 2937'(721/11/2712«/n3 + 29202\/712 \/ET [\I/f(Z, WQ)]

ot

2
< 20%09\/n2 <\/ET (Vs (Z,W2)| + mj;/@ + 971/11/2\/7@”3) .

The result of (40) follows readily by applying Lemma 10 to the sequence a;; given by a;; =
Et, 301 [ g (Z(;é;i’j ) W2) ] This concludes the proof. [ |
ij

Lemma 16 Let p,60 € Ryg, W1 € R™X™M W, € R™*"2 pe random matrices, and Qp0 be a
Jjoint distribution over B3 (p) x B3 (0), and (x,x) ~ Q, 9. Suppose f : R" — R" for some
n € Z>1 is a function with parameters A € R"*™ B € R"*"2 That is, f(x) = f(x;A,B).
Introduce

Up: R xRS 4R (A,B) = E[||f(x; W1, W2) — f(x; A, B)|?]

where the expectation is taken over (x,x') ~ Q, g and W1, Wa. Let k| gcd(n1,n2,n3) and & =
{k(¢ —1)+q | q € [k]} for ¢ € Z>1. Let B%’j € R¥* for (i,7) € [na/k] x [n1/k] be the
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block matrix of W1 given by [Bil’j]uﬂ, = [Wili(i—1)4uk(j—1)+ov- Define BZZJ similarly for (i,j) €
[n3/k] x [na/k| with Wy. Finally, let o; = ||W;|| fori = 1,2, and

V] = max ||Bll7j||7 Vo = HBZQ,]H

max
(i,5)€ln2/k]x[n1/k] (i,7)€lna/k]x[n2/k]

1. Single Layer. Suppose f(x; A,B) = Ax. Write f(x; A) and V ;(A) for simplicity as B has
no effect on f or V. Let S; U S = [n1/k] be a partition of [n1/k]. Suppose Uy € R"2*™
satisfies

[Ui]., = [Wil.g,, VL€ S

Then, forn > 1 and at € R, there exists at least (1 — 1/n)|S1| indices £ € Sy such that

?|

where the expectation is taken over the randomness in U1, W1 and W.

O*W (U 1G(t; &)
Ot?

(46)

] < 210% ving
=) Sk

2. Block of Two Layers. Suppose f(x; A, B) = By(Ax), where ¢ is a function satisfying (7),
(8), and (9) in Assumption 1. Let S; U Sy = [n2/k] be a partition of [n2/k] and (t¢)ecin, /i)
be a collection of random variables. Let T € R~ be an upper bound on the terms |1 — t].
Suppose Uy € R"2*™ gatisfies

[Uile,. = [Wilg,.,, VLES.

Then, for n > 1, there exists at least (1 — 1/n)|S1| indices ¢ € Sy such that

B { ] < 2002 o3ve\/n3

where the expectation is taken over the randomness in ty, U1, W1, and Wa.

O*V ¢ (G(ts; E)Up, Wo)

oty — s VE
Voy/ng + TOoov1 /1
% ( 2 3 \;EO'Q 1 1 + \/E [\I’f(Ul,WQ)]) s (47)

Proof Using the standard Leibniz integral rule twice, we have

0°Ws(A(t), B(t))

o |[|2F K A®), B@) |
o2 =2 H ot ]
2 /.
+28 | (1< A0, B(O) ~ fx, Wi, W) T BN )
1. Single Layer. We have for ¢ € [n;/k]
Of(x5 UG5 &) o 0GB E)
at =Ui—g X
= [Ul]ZngX:gg
= [Wil.e,xg,, 49)
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and

O*f(x; U G(t; &)
ot?

= Opna. (50)

Combining (50) and (49) in (48), we obtain

o2 H =2 ot

— 9F [||[W1]. £, %5, |°]

[12/k

=2E | ) B x|
=1

‘ 02U (U G (1 &) 'Haﬂx';ulc;(t; &)) ]

202n9
< 22 [, 7).

Taking the expectation of the above over U1, W and summing over ¢ € S1, we obtain

T (UG (L &)
e ||

202n5
| < 24 (e
LeSy =1
<2021/12n2
[ k .

Using the above inequality, the result of (46) follows by applying Lemma 10 to the sequence

82 .
ay AR |: ‘I’f([g;g'(tv&)) )t:1:| )

2. Block of Two Layers. We have for ¢ € [na/k]

Af (X' G(ts; &)U, Wa) G (ts; &)

= WuJ,(G(ts; &)U X U;x/
875@ 2 90( (Zagé) 1X) 8t4 1X
=W (¢ (0UIX) 0 UiX Geg, ) | 51)
where e¢, € R™ is given by (eg,); = 1jcg,. Similarly, we have
P f(x'; G(ty; £)UL, W
f( (étQ 5) 1 2) _ WQ <(10(2)(th1)(/) @ (U1X/)2 @ egé) ’ (52)
¢
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where we used the notation (U1x’)? = (U;1x’) ® (U;x’). We then have

2
H@f x'; G( tz7512)U1,W2) < HW2 <<,0(1)(tzU1x/) O UK @e&) ‘
Oty ,
2
= Z Wale, e, [tp(l)(thlx’) @le’]
i€[n3/k] £
2
= > B [pPeux) o U]
ic[ns /K] ¢
2
= V2n3 [[U1x’ &sz

_I/2n |

whgre we used [Ul?(/]ge =2 [Ul]gé’gjxgj =2 [Wl]'ge,g].x’gj = [Wx']¢, in 'the last line.
Taking the expectation over ty, U1, W1, W5 and summing over £ € S1, we obtain

Of(x'; G(tp; £)UL, Wo) ||

zesl 7 L
2
o1V2)"Nng
= (k)E [11%117]
2 2
< Plon)ng. 3
k
On the other hand, we have
2 /. .
E H (f(X7W17W2) — f(x/, G’(tf, gg)Ul,WQ))T 0 f(X 5 G(g;fﬂ)Uly“]Q) :|
¢
2 .. .
E ’ X, Wl,WQ) — f(X/;Ul,WQ))T a f(X 7G(t(;;525’£)U17W2> :|
]
T 02 f(x'; G(ts; ) Up, Wa)

+

|
|

2f(x'; G(te; £)UL, W)
ot
2 f(x'; G(tg; E)U1, Wo)
ot

|
EH (x'; UL, Wa) — f(x'; G(te; £) UL, Wa)) a2
|

E Hf X; Wl,Wg) f(X,;Ul,

TE [Hﬂx'; Uy, W) — £(xs Glti: £) UL

= H} + H}.
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We next bound ), H;. We have

O*f(x'; G(te; E)U1, W)
ot

- sz (so@) (tU1x') © (Uix')* © e&)

=S B e 0wl
i€[ns /K]

VA Jqooe?|f
S O

(W |

IN

2
)

IN

where we used ||v @ v|| < ||v||? for all vectors v. Using the above, it follows that

Z Hgl < V213 Z E [Hf(x;Wl,Wg) — f(X/;Ul,Wz)H H[Wlxl]&HQ}

Les \/E LeSy

< DR[| o Wi, Wa) = ' Us, Wa | [ Wi

2,2
< 0011}\/2%\/773[@ [[[f (3 Wi, Wa) — f(x'; U1, Wo)l|]

02 2
< 01\;%\/773\/1@ [ 4(Up, W), (54)

where we used the Cauchy-Schwarz inequality in the last line. We next bound ), s H 52.
We have

1763 UL, W) = f(xs Gt £0) UL, Wo) | = [[Wap(Uix') = Wa(G(tg; £) Urx')|
< o2lle(Urx’) — (G (te; £)ULX)]|
< 09]|U X — G(ts; E)UX||

= 02/l — 1] Z B%,jxlgj
j€[na/k]

< 1OV Z HX/ng

JE[n1 /K]
ni
< TOV14 [ ?HX/H,
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where we used the Cauchy-Schwarz inequality in the last line. Using the above, it follows

> Hi

LES
O f(x'; G(t;; €)U 1, W
< ZE[Hf(x’;Ul,W@—f(x%G(te;&)Ul,Wz)H H A (gtf) L, W) ]
LeSy J4
Voy/N3
< Towny [ o o zf IS ([TWaxTe, ||
LeS
vnn
< roaay ¥ B X [Wax'|°]
< rologrivy Y ”I;”BE [l1%11%]
< 7030%021/1@ : n];ng (55)
Combining (53), (54), and (55), we obtain
Z E [ 82\I/f(G(tg;gg)U1,W2) ]
2
LeS 82&5
292(0'1V2)2TL3 2920%1/2 ns
< EV,(U;,W
< T SR R (U0, W)
+ 27’(930%0'2U1 V9 7”721”3
20%0%vy.\ /N3 (1/2 n3 + o1 /N1 )
= +4/E[W, (U, W .
e (MR VE (U1, Wa))

Using the above bound, the result of (47) follows then by applying Lemma 10 to the sequence
ag 2 2| [ 82‘I’f(G(t2,5z)U17W2) }
o ot2

Lemma 17 Let R be a distribution over By (1) and x ~ R. Given a network ® with layers
W, € R"+1%" (€ [m] and activations g, £ € [m], let W, B be disjoint subsets of [m] satisfying
(B+1)Nn(WUB) =0, and Wy € R+ ( ¢ [m] be a collection of matrices. Let ® be
the network given by ®(x) = [@m(W|om-1(... W1x)],,._ 1)],%, where kg £ ot for £ > 0, and
o > maxc(y |Wil|. Moreover, let z¢, 2" be given recursively by z° = 2° = x, and for { € [m]

2’ = po(Wez' ™),
2 = oo(Wi2" s, ).
Suppose that the activations @y satisfy (7), (8), and (9). If the following holds
VeEEWUB, W,=W,, (56)
veew, E[ll2 - l?] < Q+e)o®E [l = 1 e P+ 0™, 5T)

veeB, E[lz - 2 I?] < 0+ 2)0 B 27 = 2, 7] + 00D, 58)
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where €, j € [4] are positive constants. Then, for all ¢ € [0, m] \ B, we have
Ac: E|ll2f — 2% < o*(1+8)'%, (59)
forall £ > 2e1 V 2e3 V \/2e9 V \/2¢4.

Proof We prove A, recursively over ¢ € [0, m]. Suppose £ = 0. Since ko > ||x/|, it follows that
[2%), = x = z°. Thus E [||z° — [2°],.,]|*] = 0 < € and A holds trivially. Suppose we have shown
A;, Vi < £ for some ¢ € [m], we next show A,. Noting that

[m]\ B=(Im]\ WUBU (B+1))UWU(B+1),
we consider 3 cases.

1. Case 1. £ ¢ WU BU (B +1). In this case, we have W, = W,. Since xy = o > ||z, it
follows from Lemma 9 that

E|ll2’ - (22| <E |2 - 2)?]
= E |lpe(Wea" ™) = pue(Wila" s, )2
< o%E |2 — &, IP) (60)

< o1+ (61)
< o (1+9)%,

where we used |¢¢||rLip < 1 and [|[W/|| < o in (60), and the inductive hypothesis A;_; in
(61) (note that we have ¢ — 1 ¢ B). This yields Ay.

2. Case 2. £ € W. Note that (z~1, [2°71],,_,) € By (ke—1) x BS(r—_1). We have using (57)

E|ll2’ - 2 I?] < (14 e0)0%E 127" = 2 ey, 2] + 0%

<oA1 +e)A+61e+ 0%y (62)
< o2(1+¢)e (11121 + j2)££>

20 o (145 5
§a<1+05(1+§+1j§) (63)

=01+,

where we used the inductive hypothesis Ay_1 in (62), and £ > /2e9 V 2¢71 together with
(14 €)* > 1+ ¢ in line (63). This yields A,.
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3. £ € B+ 1. Note that (21, 271, ) € BY (k1) x B (k¢_1). We have using (58)

E|ll2’ — 29 1?] < (14 3)0*E 272 = [2° 2, o] + 0¥

< oH(1+e3)(1+ 672 +0%ey (64)
20 oo Ltes €4

<o¥(1+e)¢ L+ + 5 (65)

= 1+4¢ 14¢

=01+,

where we used the inductive hypothesis Ay_o in (64), and §& > /2¢4 V 2e3 together with
(14 &) > 1+ £ in (65). The latter yields A,.

This concludes the proof. |

Appendix E. Proofs for Unstructured Compression of Multilayer Perceptrons
E.1. Single-Layer Perceptron

In this section we consider a one-layer perceptron. Namely, we let m = 11in (1). Let p,6 € Ry
and Q,, y be a joint distribution over By* (p) x B5* (). Introduce

U R™*M 4R, A E[|Wix— AX)?],
where the expectation is taken over (x,x’) ~ Q,¢. Given x € (0, 00), we also introduce
" : R™™ 3R A E[|er(Wix) — [p1(Ax)]]?] .

We consider two compression techniques: quantization and pruning. In the latter case, we aim at
zeroing as many weights in W7 while preserving the loss II*. In the former case, we replace the
weights in W by a discrete approximation from a fixed set of possible weight values. We first state
this section’s result for quantization.

Proposition 18 Suppose the activation py satisfies (7) and (8) in Assumption 1. Moreover, let

a € <n11n2,1 - nllnz}, o1 = [[Wi|,v1 = ||[Willeo, and k € [o1p,00). Given a quantization
parameter k € Z>1, there exists a mask matrix M € {0,1}"2"™ satisfying

M

IMllo _,  Lanina] 66)

ning ning

) ng Xni
and a matrix Q € {i% | 0 e [k‘]} , such that
200v2ny

m (117 = M) © Q+ Mo W) < o3 [[x— /|| + 67)

k(1 —a)

36



COMPRESSION BOUNDS FOR WIDE MLPs

Next, we state this section’s result for pruning.

Proposition 19 Suppose the activation p satisfies (7) and (8) in Assumption 1. Let p,~, e € (0,1),

a € <n11n271 — mlnz] yo1 = |[Will,v1 = [[Wi|leo and k € [o1p,00). There exists a constant
no Xni
no = no(7, p, o, €) such that if ny V ny > ny, then there exists a mask matrix M € {0, 1, %}
satisfying
M anin anin
ning nin9 ninz
such that

(M O W1) < (1+¢)diE [||x — x'|?] + (1 +¢) (69)

E.1.1. PROOF OF PROPOSITIONS 18 AND 19
We first show the following Proposition.

Proposition 20 Suppose the activation py satisfies (7) and (8) in Assumption 1. Moreover, let
a € ( L 1— L o= |Wil,v1 = [Wi|leo and & € [o1p,00). Suppose h € R"2*™ s g

ning’ ning

random matrix with independent entries h;; satisfying

V(i,j) € [n2) x [n1], Elhy] = [Wilij, and Var(hy) < ¢*v7,

where ¢ € R~. Then, there exists a mask matrix M € {0,1}"2”"™ satisfying
M
Mo _ | Lamnzj, (70)
ning ning
such that
2002212
Ey, [H“ ((11T ~M)oh+Mao Wl)} < o%E [|x —x|?] + % 1)

Proof We use an interpolation argument whereby we iteratively pick suitable indices (i,j) €
[n2] x [n1] and switch the (i, j)-th weight from [W1];; to h;;. We control the resulting error from
each switch, and make |aning| switches. Let U? be the weight matrix at the end of the d-th
interpolation step where d € [0, |aning| — 1], and let S{ U S = [ng] x [n] track the interpolation
process where S¢ contains indices of unswitched weights, and S§ contains indices of switched
weights. Namely,

U = Wiy, if (4,4) € ST,
U, =hy; if (i,7) € SL.

In particular U° = W (i.e. SY = [na] x [n1],S9 = 0). Finally, we let 7¢ = {h;;, (i,j) € S§},
with 70 = . Suppose we are at step d < |aning| so that |S§| < |aning] (otherwise the
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interpolation is over). Let (i, j) € S¢ (note that S # () as |S¢| > nyina — [aninz] +1 > 1). Since
t — W(U%(t;4, 7)) is a quadratic function, we have by Taylor’s

W (U (hij3i, ) = W(U) = U(U (g4, 7)) — WU (Wilisi, 7))
O (U ([Wilij: i, 5))

= (hij — [Wiliy) 5
L (Bij = [Whij)? 029 (UN([Walyj: 4, 5)
2 ot?
Taking the expectation of the above over {h;;} U 7% we obtain
- ¢*1f O*W(UY([W1ij31,4))
’E{hij}UTd [‘I’(Ud(hijﬂd))] — Era [‘I’(Ud)” <= LBy, juTe o2 ’ :

(72)

Let n € R>1 and introduce

E{hij}UTd |:

A .. d
C{(Zh?)esl 8t2 ’81d|

PPU(UL(Wij:,5)) H < 27792”2}.

ning’
ning — laning| +1 > (1 —a)ning +1 > 2. Setting n = 2, it follows that [C| > (1 —1/1)2 =1,
and thus C # (). Henceforth, if we pick the pair (7,7) € S{ with the smallest score given by

(E{hij}wd [W(Ud(hy:i,5))] — Ea [T(UD)] ) it follows from (72) that

Using Lemma 15, it follows that [C| > (1 - %) IS¢|. Since o < 1 — L, we have |S{| >

22,2
[ yore [2(0 g3, 5))| — o [w(UD)] | < W (73)
We then update S™™! = S\ {(i,4)} and S¢™ = S§ U {(4,4)}. Suppose we repeat this switch-
ing operation as long as d < |aning], and let K = S%Qnmﬂ. That is, K is the set of all
swapped pairs (i,7) at the end of the interpolation process, so that || = |aninz|. Let f4 =
E[¥(U?)] for d € [0,|K|] and note that if we switch entry (4, ) at the d-th step, then 34 =
Era [U(UY([W1)ij31,5))] = Era[¥(UY)] and Bgs1 = Egarr [¥(U%hy;;4,5))]. Therefore, we
can rewrite (73) as

20%p*v?ny < 292¢2V%i
IS T 1—a ny’

Ba1 — Bal <
where we used |S{| > (1 — a)niny in the last inequality. Telescoping the above inequality over
d € [0, |aning] — 1] yields

202¢%V3 [aning)| < 2002 % v3ng

|B|_om1n2j - /80| <

1l -« ni l—«o
Letting U = Ulamn2] gnd 7 = 7lemnz2] it follows that

200% %V,

l—«

Er[¥(U)] < U(W1) +
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We have U(W1) < o2E[||x — x'||?]. Therefore,

Er[W(U)] < of [|x -] + 22002412 (74)
We next show
By (15(U)] < o [Jpe - 7] + 22004072 a3
By (74), it suffices to prove that
E7 [I"(U)] < E7 [T(U)], (76)

which we show next. Fix a pair of vectors (x, x") € BJ' (p) x By* (), and denote by z, z’ the output
vectors ¢1(W1x), 01 (Ux'). As ||x]| < p it follows from (7) and (8) that ||z|| = ||¢1(W1x)|| <
o1p. Since ||z|| < o1pand o1p < k from the assumptions of Proposition 20, we have using Lemma
9 that
lz =[]l < ||z — 2|
— lpr(Wix) — 1 (UX)]
< [[Wix — UX/|,

where we used (8) in the last line. Therefore,
E7 [1*(U)] = E7E e x) [z — 2]
< E7Ex ) [[Wix — Ux'||?]
=Er [¥(U)].
This concludes the proof of (75), and also shows (71). Note that by construction
U=(11"-M)oh+Mo Wy,

where M; = 1(; jygx is a mask matrix satisfying [|[M|lo = ninz — |[K| = ninz — [aning]. This
shows (70), and ends the proof of Proposition 20. |

E.1.2. PROOF OF PROPOSITION 18

Proof [Proof of Proposition 18] Let h;; = ¢ ([W1];;; 1, k) for (4, 5) € [na] x [n1]. We then have
2

by Lemma 8 that E[h;;] = [W1];, and Var(h;;) < 7. Using Proposition 20 with ¢* = 1/k?,

there exists a mask matrix M € {0, 1}"2*™ satisfying

IMllo _ ; _ [enana]
ning ning
and
. . 5 na 204(921/%712
Ep [ (117 = M) 0 h+ M © W, )| < o7E [|x - x| R
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Since the above inequality holds in expectation over h, it follows that there exists a realization
na2XxXn
Qe {i%\g c [k]} "™ of h such that

mr (117 - M) o Q+ Mo W) <B [ (11T = M)oh+ Mo W, )]
204921/%712

2 2
= B [l =X + 5y

This ends the proof of Proposition 18. |

E.1.3. PROOF OF PROPOSITION 19

Proof [Proof of Proposition 19] Let h = w ® Wi. We have Efh;;] = [Wy];;, and

Var(h;;) = %([Wl]ij)Z < %. Using Proposition 20 with ¢? = (1 — p)/p, there exists a
mask matrix M € {0, 1}"2*™ satisfying
M

Mo _ ;  Lamana] 77

nin2z nin2z

and

200%(1 — p)ving
p(l—a)

LetU= (11T -M)oh+M®W;j andb = (117 — M) ® h. In particular, the term b depends
on at most | aning | independent Bernoulli(p) random variables. Using Lemma 12, it follows that
there exists a positive constant ny = no(7, p, @, €) such that if |anina| > ng, then there exists a
realization b of b such that ||b||o < (1 +~)p|laning| and

Ep [H"‘ ((11T — M) @h+M@W1>} < o%E [|x — x||?] + (78)

I~ <U> < (1+¢)Ep {H” ((11T ~M)oh+Mo Wl)}
200%(1 — p)ving
p(l—a)

< (14 €)ofE [[x —x|7] + (1 +¢)

where Uis given by U = b+M® W,. The above shows (69). Moreover, we have by construction
of U that

Ullo < Mo + [[bllo
=ning — {anlngj + ||bH0
< ning — |laninz| + (1 + v)planina|. (79)
Note that b is the entrywise product of a mask with entries in {0, %} and the matrix W . Therefore,

U is the product of a matrix with entries in {O, 1, %} and W;. Combining the latter with the
previous bound readily shows (68). This ends the proof of Proposition 19. |
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E.2. Two-Layer Perceptron

In this section we consider a two-layer network. Namely, we let m = 2 in (1). Following the same
notation as in Section E.1 let p, 6 € R~ and Q, ¢ be a joint distribution over B (p) x B5* (), and
introduce

T: R™™M SR A E[[|[Wap(Wix) — Wagpr (AX)[?]
where the expectation is taken over (x,x’) ~ Q, ¢. Given £ € (0, 00), we also introduce
I%: R™M™M SR, A E[[o2(Wap1 (Wix)) — [pa(Wapi (AX'))]6 %]

Similarly to section E.1, we consider both quantization and pruning. We next state this section’s
result for quantization.

Proposition 21 Suppose the activations 1, o satisfy (7) and (8), and 1 also satisfies (9) in
Assumption 1. Let o € ( L1 },ai = |[Will,vi = [|[Wil|loo fori = 1,2, and k €

ning’ ning

[0109p, ). Given a quantization parameter k € Z>, there exists a mask matrix M € {0, 1}"*™

satisfying

IMllo _ | [anine]
ning ning

(80)
and a matrix Q € {:i:%‘ﬁ € [k]}mxm such that
(117 = M) © Q+ Mo W1 ) < (1+ f (A)(0102)E [Ix = x|P] + F (N)w, 81

where A = = ge®.

2a002yf‘/n2 _n2 291/22713\/712 20211 v+ /Tians
m,w_e + = + - , and f(x)

Next, we state this section’s result for pruning.

Proposition 22 Suppose the activations 1, o satisfy (7) and (8), and 1 also satisfies (9) in
Assumption 1. Let p,v,e € (0,1), o € ( L 1- #} yoi = ||Will,vi = |[Wil|eo fori = 1,2,

ning’ ning

and k € [o109p,00). There exists a constant ng = no(7,p, a,€) such that if ny V ny > ng, then
ng Xni
there exists a mask matrix M € {0, 1, %} satisfying
M[[o laninsg] n laning] (

ikl 1L g
ning ning ning

L+7)p, (82)
such that

"M e W1) < (1+e)(1+ f(A)(o102)%E [[[x — X[|?] + (L + ) f (A)w, (83)

2a9(1—p)02uf\/n2 w = 92 + 291/§n3\/n2 i 292(pV(17p))V1V2\/n27L3

p(1-a) oo " ,and f(x) = ze®.

where A =
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E.2.1. PROOF OF PROPOSITIONS 21 AND 22

We first show the following proposition.

Proposition 23  Suppose the activations @1, o satisfy (7) and (8), and 1 also satisfies (9) in
Assumption 1. Let o € ( L 1--1 } o = [|[Will,vi = ||[Willeo fori = 1,2, and k €

ning’ ning |’

[o102p, 00). Suppose h € R"2*™ is a random matrix with independent entries h;; satisfying

V(i,j) € [n2] X [m], Elhy] =[Wily, and |hj; — [Wilii| < v1(711n,;20 + 701h,,=0),
(84)

where 11,70 € Rxo. Furthermore, let A = max(; j)e(ns]x[n](T6P(hij = 0) + 77P(hi; # 0)).

Then, there exists a mask matrix M € {0, 1}"**"™ satisfying
M
Mo _ ,  Lamana] (85)
ning ning

such that

Ep, [nﬁ ((11T ~M)oh+Mo Wl)} < (14 £ (M) (0102)%E [IIx = X|12] + £ (M) w, (86)

11—«

200A0202 /1 2 20v3n3./n2 2
where A = =20V 2 1, — 4 =+ 20°Tv v /ngng, T = 19 V 11 and f(x) = ze®.

Proof Similarly to the proof of Proposition 20, we use an interpolation argument whereby we
iteratively pick suitable indices (i, j) € [n2] X [n1] and switch the (i, j)-th weight from [W];; to
h;;. Reusing the same notation, we have by Taylor’s

V(U (hyj;4,5)) — U(UY) = U(U(hy;34, 5)) — (U (Wilijsd, )
LU (UY((Walij3i,4))

= (b - (Wi, W
(hij — [W1;5)? 02W(U%(E551,5))
+ 2 o2 )

where #;; are random variables in ([W1];; A h;;, [W1];; V hy;). Let u = P(h;; = 0) and suppose
that w € (0, 1) (the cases u € {0,1} are identical in treatment, and thus are skipped). Taking the
expectation of the Taylor expansion over {h;;} U 7% and using (84) we obtain

B yure [2(0Uhg30.)] — Epe [w(U%)]|
141 *v v (U (w’%] Hh”_o]
=

uTylVy
< E{hz‘j}UTd[ o2

1 —u)r2v? O?W (U (ty5514,
(;“E{hij}UTd H ( at2j 1) H ij #0] &7
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Let n € R>1 and introduce

CO £ {(ZMY) € Sld E{hij}UT‘i

U (U(tyy:1,5))
ot?

2002 0a/n2
hy =0 < =5 2V
ST

2
X ( Era [U(U)] + M + 970V1V2\/n2n3) }7
2

V(U531 5)) 2n0%09. /13
ot? S

X (\/]ETd [(T(U9)] + V%nj;/% + 9711/1y2\/M) }

Using Lemma 15, it follows that |Co|, |C1| > (1 - %) |S¢|. Since a < 1 — —L—, we have |S{| >

ning’

ning — |aning| + 1 > 2. Setting = 4, it follows that |Co N C1| > [Co| + |C1] — |SF| >
(1 — %) |S¢| > (1 —2/n)2 = 1, and thus Cy N C; # 0. Henceforth, if we pick the pair (i, j) € S

Cl £ {(Z7j> S S? E{hij}UT‘i

h;; 7&0] <

with the smallest score given by )E {h; UT [U(U%hyj34,5))] — Ega [T(UY)]], it follows from

(87) that

By W0 hijsi, )] —Ea [0(0%)]
< 40%(urd + (1 — w)rd)oovi/na

vans\/n
( Erq [U(U9)] + % + 97’V11/2\/n2n3>
2

- |S¢]
102 Acra1? Era [T(U? ;
L A0ty (Epa [P(UY] 0 ML NN (88)
‘Sﬂ 20 2 09
29A 2 29 2
i 2

where we used the arithmetic-geometric inequality in (88). Suppose we repeat this switching op-
eration as long as |Sf| > ning — |aning], and let £ = SZLMLWJ. That is, K is the set of
all swapped pairs (i,7) at the end of the interpolation process, so that || = |aning|. Let
Ba = Era[¥(UY)] for d € [0, aninz]] and note that if we switch entry (i, j) at the d-th step,
then ﬁd = ETd [W(Ud([wl]m,l,j))] = ETd [\I/(Ud)] and /8d+1 = ETdJrl [\I/(Ud(hij;i,j))}.
Therefore, we have using (89) that

|Bay1 — Bal <A (Ba+w),

20A0ov2 20v3n3./n2
where \ = =220 ) = 92 4 ZZISVI2 4 90200, 1\ /Tianis, and we used |SE| > (1 — a)nynos.
(1-a)ni/n2 o2 1

Using Lemma 11, we obtain
|Batr1 — Bal < exp (Alaninz]) A(Bo +w).
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Summing the above over d € [0, [aning| — 1] we obtain

1Blaning| — Bol < exp (Alaninz|) Alaning](Bo + w)
< f(Aaning) (Bo + w)

= f(A)(Bo +w),

where A = Aanjng = %. Let U = Ulomnz] and 7 = Tlemn2l Since |1 ||nip < 1
by (8), we have that Sy = ¥(W1) < (0102)*E [||x — x||?]. Therefore,

ET[(U)] < (1+ f (A))(0102)°E [[lx — x'|I°] + f (A) w. (90)
We next show

E7 [II*(U)] < (1+ f (A))(0102)°E [[lx = x|I*] + f (A) w. On
By (90), it suffices to prove that

Er [II*(U)] < E7 [¥(U)], (92)

which we show next. Fix a pair of vectors (x,x’) € B5'(p) x B5'(6), and denote by z,z’ the
output vectors w2 (Wap1(W1x)), p2(Wap1 (Ux')). As ||x|| < p it follows from (7) and (8) that
llz|| = |lo2(Wap1(Wix))|| < o102p. Since ||z]| < 0109p and o109p < k from the assumptions
of Proposition 23, we have using Lemma 9 that
Iz = [2]x]| < [|lz — 2|
= [l2(Wap1 (Wix)) — 2(Wap1 (UX))||
< [Wap1(Wix) — Waer (UX)],
where we used ||¢2||Lip < 1 in the last line. Therefore,
E7 [II(U)] = ETE(xx) [l1z — [2]x]7]
< ErE ) [[Wap1 (Wix) — Wagp (UX)|?]
— By [(U)].
The latter completes the proof of (91). Note that by construction
U=(11"-M)oh+Mo Wy,

where M;; = 1(; j)gk is a mask matrix satisfying [|[M||lo = ning — |K| = ning — [aning]. The
latter combined with (91) ends the proof of Proposition 23. |

E.2.2. PROOF OF PROPOSITION 21
Proof [Proof of Proposition 21] Let h;; = ¢ ([W1];;;v1, k) for (4, 5) € [n2] x [n1]. We then have

by Lemma 8 that E[h;;] = [W1];;, and 71 = 79 = % Therefore A = 1%2 Using Proposition 23,
there exists a mask matrix M € {0, 1}"2*™ satisfying

Mllo _ , [anins]
nino nino
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and

Ky, [H“ ((11T ~M)oh+Mo Wl)} < (14 £ (M) (0102)%E [IIx = X|2] + £ (M) w, (93)

2a809v% /1 20v2n3\/1 \/
where A = 2000503/ and w = 02 + QU;’ 2 4 2 V1V2 et

K2 (1—a) . Since the above mequahty holds

na2XxXn
in expectation over h, it follows that there exists a realization Q € {i% 0 e [k:]} " of h such
that

(117 -M)©Q+Mo W) <E[1* (117 -M) o h+ Mo W, |
< (14 f (M) (0102)°E [|lx = x'|I*] + f (M) w
This ends the proof of Proposition 21. |

E.2.3. PROOF OF PROPOSITION 22

Proof [Proof of Proposition 22] Let h = %’m(m ® Wi. We have E[h;;] = [W;];;. Fur-

thermore, if [Wy];; # O then 19 = 1,71 = 1;%’ which yields P(h;; = 0)7¢ + (1 — P(h;; =
o)t =1—p+ (l_p)2 = 1;1’ and 7 = w. If [Wy];; = 0, then h;; = 0 and thus
n=1=0. Comblnmg both cases, we have A < 1 Usmg Proposition 23, there exists a mask

matrix M € {0, 1}"2*™ satisfying

Mo _ | lening]
ning ning

o4

and
E M (117 = M) ©h+ MO Wy )| < (14 f (A)(102)°E Il = x|[2] + f (A)w

where A = 2000-ploaviyig
p(1-a)

M)oh+MOW;andb = (117 —M)®h. Using Lemma 12 and following the same arguments in
the proof of Proposition 19, there exists a positive constant ng = ng (fy p, a, €) such thatif nq Vng >
no, then there exists a realization b, U, M of b, U, M such that ||b|o < (1 + ~)p|aninz], and

I*(0) < (1+e)(1+ f (1))(0102)°E [||lx — x'|*] + (1 +€)f (M) w. ©5)

02 + 291/2222\/@ 4 26'2(pv(1—17;)l/11/2\/m‘ Let U = (11T _

and w =

This shows (83). Furthermore, we have using (94)
IUllo < [IM]lo + [[bllo

S <1 — LOén1n2J> ning + (1 + ’Y)pLOéTLﬂ’LQJ.
ning

Note that b is the entrywise product of a mask with entries in {0, % } and the matrix W. Therefore,

U is the product of a matrix with entries in {0, 1, ;1)} and W;. Combining the latter with the
previous bound readily shows (82) and concludes the proof of the proposition. |
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E.3. Multilayer Perceptron

We show Theorem 2 below. The proof of Theorem 3 is identical to the proof of Theorem 2 with the
only difference being the use of Propositions 18 and 21 instead of Propositions 19 and 22. We thus
skip its proof.

Proof [Proof of Theorem 2] We will construct sparse matrices W, recursively and verify conditions
(56), (57), and (58) from Lemma 17, which would then readily yield (17) for small enough § by
an application of (59). Following the notation of Lemma 17, let z‘,2° be given recursively by
z¥ = 2" = x, and for £ € [m]

Zﬁ = WE(W€Z€_1)7
ie = @K(Wf[iz_l]wfﬁa

where xy = c{ and W, denotes the ¢-th weight matrix of the pruned network d. Namely, the
vectors z‘, ¢ track the outputs of the dense/pruned networks for £ € [m]. Introduce o, = |[Wy|,
v = ||[Wy|loo for £ € [m]. Let o ~ 0.99,v ~ 0.01, and ¢ = £/2. Denote by n} the constant
no = no(7,p,,€) = no(p, &) in Proposition 19. Similarly, denote by nZ the constant ng =
no(7v,p, o, €) = ng(p, &) in Proposition 22. Set ng = ng(p,€) = nf vV nd V . we consider 3

cases.
1. Case 1. £ € YW U B. In this case, we set W, = W, which satisfies (56) in Lemma 17.

2. Case 2. £ € W. Note that (z‘~1, [z, ,) € BY(ks_1) x By (k¢_1). Applying Propo-
sition 19 with (x,x') = (z°71,[2 7Y, ), (0,0) = (ke_1,K0-1),k = k¢ = c1p and
a =~ 0.99,7 =~ 0.01 (note that by construction of ng, the inequality o« < 1 — 1/ngnpq
holds in the statement of Proposition 19), it follows that there exists a mask matrix M &€

1) e Mo
{0, 1, 5} .such that M0 < 0,01 4 1.01p, and

(Mo W) < (14§ ) o2 [ =

£ 204/<;§_1(1 — p)ygngﬂ
1+2 ) 96
+ ( +3 p(i=a) (96)
t
Set Wy, = M ® Wy in ®. It follows that
W
M < 0.01 + 1.01p. 97
neng41

We now bound ¢. We have using vy < co/./ny from (11)

20%/1%7104(1 — D) ngyq
- p(1—«) Ty
2(0—1
232 Va1~ p)nes,
p(1 —a) g
< 2634,

46



COMPRESSION BOUNDS FOR WIDE MLPs

where we used (13) in the last line. Sete; = g and g5 = 26 (1 + g) It follows that

E|ll2* - 2], |?] = 1% (W)

<(+e)dE |27 = B e P + e 98)
which satisfies (57) in Lemma 17 with o = ¢;.

. Case 3. ¢ € B. Note that (z‘~1, [2°7 1., ,) € By (ke_1) x By (ke_1). Applying Proposition
22 with (x,x') = (252 Yk, ), (0,0) = (Ke_1,k0-1),k = Kpy1 = cpand o =
0.99,~ = 0.01 (note that by construction of ng, the inequality & < 1 —1/nyny41 holds in the

., . . . Np41 XNy
statement of Proposition 22), it follows that there exists a mask matrix M € {O, 1, %}

M|
such that Wi‘) < 0.01 + 1.01p, and

041 —

I (Mo W) < (14 §) (14 £ () oo P8 o) = B 1]
£
+(1+3 f(A)w, 99)
where
Ao 2akp—1(1 — p)opr1vi /Mt
p(1 — ) ’
w=r2 + 260 1V} 4 eray/ Tt " 2k 4 (pV (1 —p))WV@H\/WHWH.
- Oet1 P

Set W, = M ® W/ in ®. It follows that

Wello

UTALTAS

< 0.01 + 1.01p. (100)

We next bound A and w. We have using vy < ¢a/,/ngy1 from (11) and (14)

2¢2cta(1 — 1
(L —p) < 96. (101)

A< <
p(1 —a) (A}
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Similarly, we have

2k0_1V2, 0 n 2(pV (1 —p))KZ_ v Ng+1M
f(Mw = A <,€§_1+ -1V 11 ”2m+ (pV (1 —p)Ki_ v €+1\/m>

0041 b
— oA 2ak7_y(1 = p)opv} \/WH da(l = p)r}_VPVE o1 (102)
p(l—a) p(1—a)
i 4a(p(l—p) V(1 —p)? )H?—lafﬂ’/gwﬂnliﬂ\/W+2
P*(1—a)
< O[(l — p)eA 262035 9 n Ao 4 2“ 1) Ny 46%0?5 2(p vV (1 _ p)) 1
- p(l-a) S x| 24 W+1 P N
(103)

1—plet 1— 1

< M (20?6_2 (cg +2¢h (1 \Y% p)) + 4¢3 ?(E 1)W+2)
p(1—a) p V1t o1

< A2 (65 + 45) (104)
= "5 5(20),

where we used 041 < ¢1 and vy, g1 < ¢/ /Ngr1 V nyro in line (103), and (14) and (15)
in line (104). Setting e3 = % + (1 + %) f(20) and g4 = (1 + g) 5£(20), it follows that
E[ll2° ~ 2], |?] = 11 (W)

< (1+29)ddE (27 = [ ], 2] + Ve,
which satisfies (58) in Lemma 17.

Using Lemma 17, it follows that (17) holds for small enough § = §(§). Moreover, (16) readily
holds from (97) and (100). This concludes the proof of (16) and (17). Note then that

L(®:;D) = B gyop [[160) - y?]

Ey)on | [9(x) = @(x) + @(x) — y|?|

= £(®; D) + 2E[($(x) — D(x), B(x) — y)] + Ex[|D(x) — D(x)|I*

< £(%;D) + 2V/2(@; D) Ex[|B(x) — 20012 + Exl[(x) — 2(x)|]
< L(®; D) + 27 \/m—l—cl £,

where we used (17) in the last line and ¢ = (1 + £)"™¢. This ends the proof of (18), and concludes
the proof of Theorem 2. |
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Appendix F. Proofs for Structured Pruning of Multilayer Perceptrons
F.1. Single-Layer Perceptron

In this section we consider structured pruning of a single-layer perceptron and adopt the same in-
troduced in Section E.1 for ¥, II®, W1, ¢1 and Q, 9. We now state this section’s result for pruning.
Proposition 24 Suppose the activation ¢, satisfies (7) and (8) in Assumption 1. Let k| gcd(n1, ng),
p,v,e €(0,1), a € (%, 1- n%], o1 = ||Wi||, and k € [o1p, 00). Finally, let g = {k({—1)+¢q
q € [k]} for £ € Z>1, and v1 = max; ;) [|[[Wile, g, ||. There exists a constant ng = no(7, p, a, €)

nipXni
such that if n1/k > no, then there exists a diagonal mask matrix D € {0, 1, %} satisfying

ang ni ani

{E| L€ Im/k), Deye, # Oer}l < L +)p | S|+ 22— [ 52], (10s)

such that

(106)

I1"(W D) < (1 +¢) <U§E [lx — x||2] + 2a62(1 — p) u%nz)

p(l—a) k

Proof Let (hy) ¢elny /K] be a sequence of independent random variables with distribution given by
Bernoulli(p)/p. We use an interpolation argument whereby we iteratively pick a suitable set &
indexed by ¢ € [n1/k] and switch the ¢-th block-column from [W]. ¢, to hy[W1]. ¢,. We control
the resulting error from each switch, and make |ang/k| switches. Let U¢ be the weight matrix at
the end of the d-th interpolation step where d € [0, [any/k| — 1], and let S U S§ = [n1/k] track
the interpolation process where S{ contains indices of unswitched block-columns, and S¢ contains
indices of switched ones. Namely

Ul =Wy, ifje | &,
0e8d

Ugj = hy[W1];; ifj € & for some £ € S.
for all (i,5) € [n2] x [n1]. In particular U? = W (i.e. 8Y = [n1/k],SY = 0). Finally, we let
T4 = {hy | £ € 83}, with T = (). Suppose we are at step d < |an1/k] so that |S$| < |ani /K]
(otherwise the interpolation is over). Let £ € S{ (note that S # () as |S¢| > ny/k— |any /k]+1 >
1). Since t — (UG (t; &)) is a quadratic function, we have by Taylor’s

V(UG (he; &)) — W(UY) = U(UG(he; £)) — (U'G(1;&))
OUUIG(LE))  (he— 1) PU(UIG(1;E))
ot 2 ot?

Taking the expectation of the above over {h;} U7 we obtain

= (he —1)

O2U(ULG(L; &)
12

)E{m}uﬂ [‘I’(UdG(he;&z))} — B [‘I’(Ud)” < 12_ppETd [

H . (107)

Let € R>1 and introduce

cé{zesf

E ?W(UG(1;&)) <277921/%n2
7 o2 Ssi k[
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niy’
have |S{| > ni/k — |ani/k] +1 > (1 — a)ny/k +1 > 2. Setting n = 2, it follows that
IC| > (1—1/n)2 = 1, and thus C # (). Henceforth, if we pick £ € S with the smallest score given

by ’E{hl}qu [U(UYG(h; &))] — Eqa [$ (U], it follows from (107) that

Using part (46) from Lemma 16, it follows that |C| > <1 - %) |S¢|. Since @ < 1 — £ we

20%(1 — p) v?ny

Si k (10%)

‘E{hg}qu [‘I’(UdG(hz;gz))] — E7a [‘I’(Ud)” <

We then update Sd+1 S\ {¢} and Sd'H S$U{¢}. Suppose we repeat this switching operation
aslongasd < |ani/k],and let L = S, lami/E] That is, K is the set of all swapped indices ¢ at the
end of the interpolation process, so that |IC| = |any/k|. Let B4 = Er4[¥(UY)] for d € [0, |K|] and
note that if we switch the index ¢ at the d-th step, then 84 = E7a [¥(U?G(1;&))] = E1a[¥(U?))]
and Bg41 = Eqan [‘If(UdG(hg; Eg))]. Therefore, we can rewrite (108) as

20%(1 — p) ving

|Ba+1 — Ba| <
" pISf| &k
20%(1 — p) ving
~ p(l—a) ng’

where we used |S{| > (1 — a)ny/k in the last line. Telescoping the above inequality over d €
[0, |any/k] — 1] yields

20%(1 — p) vi|any/k|ns

‘ﬂLLZlJ —ﬁo‘ p(1—«a) n
20%a(1 — p) ving
- op(l-a) ko

Letting U = ULl and 7 = 715 and noting that BLLZIJ = E7[U(U)], Bp = T (W), it
follows that
200%(1 — p) v?ny

Er(¥(0)] < $(Wh) + — == ¢

Since |[W1]| = o1 and [|¢1]|Lip < 1, we have that ¥(W1) < 0?E[||x — x'||?]. Therefore

200%(1 — p) v2ny
Er{¥(U)] < o [llx — x'IF] + === (109)
We next show
. 200%(1 — p) viny
Er [I*(U)] < o{E [Ix = x'I] + = 53~ (110)
By (109), it suffices to prove that
Er [I*(U)] < E7 [¥(U)], (111)
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which we show next. Fix a pair of vectors (x,x") € B3' (p) x By* (#), and denote by z, z’ the output
vectors p1(W1x), o1 (Ux'). As ||x|| < p it follows from (7) and (8) that ||z]] = ||p1(W1ix)|| <
o1p. Since ||z|| < o1p and 01 p < k from the assumptions of Proposition 24, we have using Lemma
9 that

1z = [2]x]| < ||z — 2|
= 1 (Wix) — o1 (UX')] (112)
< [[Wix — UX/||. (113)

Therefore,

Er [[1*(U)] = E7E(xx) [z — [2]x]]
< ETE (x,x") [HWIX - Ux/ H ]
=Er [¥(U)],

construction U = WD, where D is a diagonal matrix given by

where we used |¢1]|Lip < 1 in the last line. This concludes the proof of (110). Note that by

Diﬂ' =hy, ifie&andl e,
D;; =1 otherwise.

Let b € RIXl be the vector obtained by stacking the variables phy for £ € K. Clearly, the entries of
b are independent with distribution Bernoulli(p). Moreover, I1*(U) only depends on h, through
b, and

|D
‘ HO Zl +%—\IC\

lex
ni ang
<lplo+ - [ 5.

It follows from Lemma 12 that there exists a positive constant ng = no(7, p, €) such thatif any /k >
ng, then there exist realizations b of b, and hg, U D of he, U, D satisfying

I(U) < (1 +¢)E7 [I7(U)]

<(1+¢) (a%E [IIx —x'||*] + 26;?1(_ o) r) 1/1]:2> , (114)

and ||bllo < (1+7)p | ¢+ ]. The latter implies

H]jk‘hjﬁ(l—F’Y) ES Rl (115)

Finally, Note that by construction each null ISZ leads to a null submatrix ]A)ghgi. Hence, (114) and
(115) readily yield the result of the proposition. |
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F.2. Two-Layer Perceptron

In this section we consider structured pruning of a block of two layers and adopt the same notation
introduced in Section E.2 for U, I1*, W1, W, 1, (2. We now state this section’s result for pruning.

Proposition 25 Suppose the activations 1, p2 satisfy (7) and (8) , and 1 also satisfies (9) in
) o = IWill for i =

n2

1,2, and k € [o102p,00). Finally, let & = {k({ — 1) +q | q € [k]} for ¢ € Z>1, and v; =
max ) |[[Wile, &l for i = 1,2. There exists a constant ng = no(v,p, o, €) such that if na/k >

Assumption 1. Let k| ged(ny,no,ns), p,v,e € (0,1), a € (n%,l -

nga Xng
ng, then there exists a diagonal mask matrix D € {0, 1, %} satisfying

ang no ang
< _c e | ==
{€ |0 € [na/k), Deye, # Ol < L+ [ 2| + 22— |22] a16)
such that
OWy) < (1+2) (14 () (o2 B [Ix - x| + F(4)w). a1
where A = 2;8@;? J%V\Zfﬁ, W = 29V2\/E+?/Tg2azu1\/7?l +60%2 r=1V %’ and f(x) = xe®.

Proof Let (hy) teno/k) e @ sequence of independent random variables with distribution given
by Bernoulli(p)/p. Similarly to Proposition 24, we use an interpolation argument whereby we
iteratively pick a suitable set £ indexed by ¢ € [na/k| and switch the /-th block-row of W
from [Wi]g, . to hy[Wi]g, .. We control the resulting error from each switch, and make |ans/k]
switches. Let U? be the first layer weight matrix at the end of the d-th interpolation step where
d € [0, |ana/k| — 1], and let S§ U S§ = [n2/k] track the interpolation process similarly to the
proof of Proposition 24. Suppose we are at step d < |ana/k] so that |S¢| < [ang/k| (otherwise
the interpolation is over). Let £ € S{ (note that S¢ # () as |S{| > na/k — |ana/k| +1 > 1). Using
Taylor’s expansion on ¢ — ¥ (G (t; £&)U?), we obtain

U(G(hg; E)UT) — (U?) = U(G(hy; £)UY) — U(G(1;E)UY)

OV (G(1;&)U?) n (he — 1)2 020(G(t; £)U?)
ot 2 ot? '

= (he— 1)

where ty € (1 A hg, 1V hy) is a random variable. Note in particular that |1 — ;| < 7 almost surely.
Taking the expectation of the above over {h;} U7 we obtain

‘E{hg}qu [‘I’(UdG(he;&))] — Era [‘P(Ud)”

1-p 0?W(G(ty; &)UY)
S B yura 012 he =0
(1-p)? O*U(G(te; £)UY) 1
g BT T he= - (118)
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Let n € R>1 and introduce

0?U (G (ty; £)UY) 2n0% o?vy /3
=y 41K 4 hy=0] < =212V 2
Co { € St | Eqyure 2 ¢ =0] < ’Sfl‘ NG
vo\/n3 + TOoav1 /11 )
X 4 /E[wUud)]) b
(2t ()
0?U(G(tg; &)UY 1 2102 olve\/n3
200eStE ’ hy=-| <2 2172V
Ci { S {tyuTd o2 ¢ ol = ’8{1‘ NG
V/ 0
(B E[@(Udﬂ)},

Using (47) of Lemma 16, it follows that |Co, |Ci| > (1 — %) |S¢|. Since o < 1 — we

> Tk
have |S¥| > ny/k — |ang/k] +1 > (1 — a)ng/k + 1 > 2. Setting n = 4, it follows that
|CoNCy| > |Co|+|C1| —|SF| > (1—2/1)|S¢| > (1—2/1)2 = 1, and thus CoNC; # (. Henceforth,
if we pick ¢ € S{ with the smallest score given by ‘E{he}w—d [U(G(he; E)UY)] — Ega [¥ (U]
it follows from (118) that

B

> Ty )isi vk
g (VQ\/%+\;§UMW + EMUdﬂ)

40%(1 — p) o3vav/kng
-~ p(l—a) N

y (l/g\/773+ TOoav1 /N1 N E [\P(Ud)] N 9)

Vk 20 2
(119)

where we used |S¢| > (1 — a)nz/k and the arithmetic-geometric inequality in the last line. We
then update ST = S\ {¢} and SJ™! = S¢ U {¢}. We repeat this switching operation as long
as d < |ang/k], and let K = SQLQ"2/ "} That is, K is the set of all swapped indices ¢ at the end of
the interpolation process, so that |[KC| = |ans/k|. Let B4 = E7a[¥(U?)] for d € [0, |K|] and note
that if we switch the index £ at the d-th step, then 34 = Eya [U(G(1;E&,)U?)] = E74[¥(U?)] and
Bat1 = Eqarr [Y(G(ts; E)U?)]. Therefore, we can rewrite (119) as

|Bas1 — Bal < A(Ba+w),

2

- Vk

where ) = 20U=p) 7iv2ving
p(l—a) na

2
and w = 29V2\/7?3+f/7£ g2y 4 g2 Using Lemma 11, we obtain

Basr = Bal < exp (A 2| ) A (B + ).
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summing the above over d € | %72 |, we have

e - ] < e (3| 22)) 0|2 3

k k
Aan
<f< 2)wo+m
= f( )(60 + (.U),
where A = )‘O;C”? = 29?‘1(105) Uﬂ/\sz It follows that

Er(W(U)] = Blan | < (1+ f () B(W1) + f (A)w

Since [|[W1]|| = o1, ||W2| = o2 and [|¢1||Lip < 1 by (8), we have that U(W;) < (0102)2E[Hx —
x'||?]. Therefore

Er[¥(U)] < (1+ f(A)) (0102)°E [[|Ix — x'|[] + f (A) w. (120)
We next show
Er [I°(U)] < (1+ £ (A)) (0102)°E [ = x'|?] + f (A) w. (121)
By (120), it suffices to prove that
E7 [I°(U)] < E7 [¥(U)], (122)

which we show next. Fix a pair of vectors (x,x’) € B3'(p) x B3'(6), and denote by z,z’ the
output vectors 2(Wap1(Wix)), p2(Wap1 (UX)). As ||x|| < p it follows from (7) and (8) that
1] = ||o2(Wap1(W1x))|| < o109p. Since ||z|| < o102p and o109p < k from the assumptions
of Proposition 25, we have using Lemma 9 that

Iz — [z']x]| < ||z — 2|

= [lp2(Wap1(Wix)) — 02(Wap1 (UX)) ||
< [Wap1(Wix) — W (UX) |,

where we used ||p2||rip < 1 in the last line. Therefore

Er [1"(U)] = E7E(xx) [|Iz — [2]x]’]
< ErExx [[[Wap1(Wix) — Wap: (UX)||]
=E7 [¥(U)].

This concludes the proof of (121). Note that by construction
U =DW,,

we then conclude similarly to the proof of Proposition 24 that there exists a constant ng = ng (v, py i, €),
such that if na /k > ng, then there exists a realization (hg)gejc of (h¢)eek, and U,D of U, D such
that

(0) < (142) (04 7 () (oo E [l - I 47 (W)w). (2)
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and

ID o
k

<(1+7)p L%J + % - L%J . (124)

Finally, note that by construction each null ilg leads to a null submatrix f)ge’ge. Hence (123) and
(124) yield the result of the proposition. |

F.3. Multilayer Perceptron

Proposition 26 Ler R be a distribution over By (1), x ~ R, {,p € (0,1) and o ~ 0.99. Sup-
pose ® is an m-layer MLP with layers W, € R™+1%" ¢ ¢ [m]. Furthermore, let k| gcd({ny |
€ [ml]}), and 0 > maxye () [[Woll, ve = max(; jyelng,, /mxne/h) [Wele, g, ||, VE € [m], where
E = {k(l —1)+q | q € [k]}. Then there exists § = 6(§) and ny = no(&,p) such that if
mingeyu(s11) ne/k > no and

2 _
VleW, Vgret1 < Mg{ (125)
k a(l—p)
2 2 2452 8
Vi1 M2 p (L—p)76-(LAG°) p(l—a)i ,
NE S <
V(€ B, - SR C A (126)
vl e B, VeVe1/Tune2 < p(1 —a)d 1 7 (127)
k a(l—p) g2 (1 Vv 1%:0>

then there exists a network ® given by ®(x) = [pm(Wnlom-1(. .. W1x)]x,. )]s, with kg = 0¥,

such that

1 Bx [|19(x) - $(x)[2] < 0®™(1+ €)™,
2. Yl €W, the matrix Wg has at most 1.01p fraction of its block-columns W;7gj not set to zero.

3. Yl € B, the matrix W has at most 1.01p fraction of its block-rows VAVgi,; not set to zero.

Furthermore, if D is a data distribution over (x,y) € By (1) x R™+1, and ¢ = (1 + £)™& then
L(D; D) < L(®; D) 4 20™\/eL(D; D) 4 02™e. (128)

Proof [Proof of Proposition 26] We will construct structurally sparse matrices W, recursively and
verify conditions (56), (57) and (58) from Lemma 17, which would then readily yield the result
of the proposition for small enough §. Following the notation of Lemma 17, let z¢, ¢ be given
recursively by z° = 2° = x, and for ¢ € [m)]

2" = po(Wez' ™),
7' = @K(Wf[iz_l]liéfﬁa
where k, = of. Let a ~ 0.99,7 ~ 0.01, and ¢ = £/2. Denote by n(lJ the constant ng =

no (7, p, a, €) = no(p, &) in Proposition 24. Similarly, denote by n3 the constant ng = ng(v, p, a, €)

= no(p, §) in Proposition 25. Set ng = n(l) \ n% \Y 1_1a. we consider three cases.

55



CHEAIRI GAMARNIK MAZUMDER

1. Case 1. £ € YW U B. In this case we set W, = W, which satisfies (56) in Lemma 17.

2. Case2. ¢ € W. Note that (z° 1, [2/71],.,_,) € By (k1) xBS* (k¢_1). Applying Proposition
24 with (x,x') = (271, 2 Yk, ,)» (0,0) = (K1, k0_1), 5 = kg = opand a =~ 0.99, 7 ~
0.01 (note that by construction of ng, the inequality & < 1 — k/ny holds in the statement of

Ng XN
Proposition 24), it follows that there exists a diagonal mask matrix D € {O, 1, %} ‘ e, such
that

{& | £ € [ny/k], Deg, e, # Okxi}|
ne/k

< 0.01 + 1.01p, (129)

and

e (WiD) < (14§ ) 0% I - @ P

4 (1 3 200571 (1 —p) vinen
2 p(l—a) k-

(130)

Set VV@ = WgQ in ®. We then havq by (129) that at most 0.01 4+ 1.01p fraction of the
block-columns [Wy]. ¢,,% € [ng/k] in W, are nonzero. Moreover,

1 S 20k7_1 (1 = p) vines < 452(-1) a(l —p) vine
2 p(1 —«) Eo— p(l1—a) k
< 40525,

where we used (125) in the last line. Let 1 = % and €2 = 44. Combining the above with
(130), it follows that

E |l = [2)u|1?] = 17 (W)
< (1+20)0%E |12 = 37y |P] + 0¥e2,
which shows (57).

3. Case 3. £ € B. Note that (z‘~1, 271, ) € By (rg_1) x By (¢_1). Applying Proposition
F2 with (x,x') = (21, 27k, ,)s (0,0) = (ke_1,k0-1),k = Kkey1 = o%pand a =~
0.99,7 =~ 0.01 (note that by construction of ng, the inequality &« < 1 — k/nyy1 holds in
the statement of Proposition F.2), it follows that there exists a diagonal mask matrix D €

N1 XNg41
{0, 1, 1%} such that

{E | £ € [ney1/k], De, g, # Opxi )l

TS <0.01 + 1.01p, (131)
and
e (OWe) < (145 ) (14 ) o (127 = 8 7] + (145 ) £l
(132)
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2akp_1(1—p) 02Vet14/Mot2 260 1Vet1+/ Motz +27(ke—1)2ove /Mg 2
w = Ky— and
p(l-a) N VE + (Ke—1)%,

T=1V 1%’. We first bound the terms in (132). We have

where A =

20(0”1(1 — D) Veg1y/Tu42
A=
p(1—a) vk

where we used (126) in the last inequality. Similarly, we have

<29, (133)

-1 — 20—1
f(A)w = eMA <2G e VAL + 20 TW\/@ + 02(£_1)>

Vk vk
2a(1 — p)eA 202£(W+1>2W+2 20‘3£7’I/gljg+1, /Tyt 033_11/“1, Mo+
= - +
p(l —a) k k vk
< 26252 (25 4 26 +0) (134)
— 10528 52(6+1)
= 5£(26)52HD), (135)

where we used (126) and (127) in line (133). Set W, = DWy, 25 = § + (1+§) f(20),
and g4 = (1 + %) 5f(20). We then have that at most 0.01 + 1.01p fraction of the rows of

Wg are nonzero. Moreover, we have from (133) and (134)

E |25 = [25 ), . ] = 10751 (W)

< (1+29)0 B [ = (3 e, ] + 0240y,
which shows (58).

Using Lemma 17, it follows that item 1 in Proposition 26 holds for small enough 6 = §(§). More-
over, items 2 and 3 readily hold from (129) and (131). It remains to show (128). We have

£(#;D) = B yyp [I19(x) - y?]

= Eyon [19(x) = 9(x) + 0(x) — y?]

= £(®;D) + 2E[($(x) — D(x), B(x) ~ y)] + Ex[|D(x) — D(x)|I*

< £(2;D) + 2@ D)\ Exl[$(x) ~ 2(0)]12) + Ex[|B(x) — D))
< L(®;D) 4 20™\/eL(®; D) + 02 ™e,

where we used (1) in the last line and ¢ = (1 + &)™&. This ends the proof of (128), and concludes
the proof of Proposition 26. |
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F.3.1. PROOF OF THEOREM 6

Proof [Proof of Theorem 6] We apply the result of Proposition 26. Let K = 1, and 0 = ¢;
maxye(y, [|We|| in the setting of Proposition 26. We have by (11) from Assumption 1 that vy

c2/+/Te V nyy1. Using (27), we have for £ € W

2
Vinen _ gnen p(l — 04)5027
k ny a(l —p)

which satisfies (125). Similarly, we have from (28) for ¢ € B

Vi 1Tt < 22 p*(1—p)*8* (1A% p(l—a) ,
ko7 g T a?(1-p)? o2 T a(l-p)

N

which verifies (126). Finally, we have from (29)

VeVi1 /s o/l p(1 —a)d 1
k =2 nev1  a(l —p) ot—2 (1 V, 1_717) '
p

which verifies (127) in Proposition 26. Therefore, we conclude from Proposition 26 that there exists
§ = 4(£) and ng = no(&, p), such that if mingeyyy41)7e > Mo, then there exists a network i)
satisfying item 1 in Theorem 6, with layers W satisfying items 2 and 3 in Theorem 26, which
readily yields 2 and 3 in Theorem 6. Finally, (30) follows from (128). This concludes the proof of
Theorem 6.

|

F.3.2. PROOF OF THEOREM 7

Proof [Proof of Theorem 7] In the setting of Proposition 26, let k = r?,and o = ¢1 > maxepm) [Well.
We first derive bounds for v,. Let K, € R%+1XdeXTX" be the four-dimensional tensor representing
the /-th convolutional layer. Namely, [W/|¢, &, = C([K¢lo,i), V(0,%) € [de41] X [df]. By construc-

tion ||K¢lloo = [[Welloo < q\/de67\2/T+1’ Thus, we have using Lemma 14 for (0,4) € [dgy1] X [df]
ITWele,.&: ]l = IC([Ke]o) (136)
< 1K do,illool[Kelo,illo (137)
< ¢[[Keloilloo, (138)

where we used the fact that [K], ; was obtained by padding a ¢ x ¢ kernel matrix with zeros. Note
that by construction, the set of entries in [W/]¢, ¢, is identical to the set of entries in K], ;. Thus

1Ko illoo = I[Wele, £:lloc
< [IWelloo
e
<

q\/de V dpiq ’
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where we used (33) in the last line. Combining the above with (138), we obtain

. c2q
V(0,7) € [de1] X [de],  [[Wile, 8]l € —F——,
" VeV dgpq
therefore
C2q

Ve e m], v <

= VAV

We now apply the result of Proposition 26. We have by (139) for £ € W

2 2 2
Vpnes1 _ c2q de1r
k VeV dpga r?
_ G3Pdpn
dy
1—a)d
< p( @) 027
a(l—p)

where we used (34) in the last line. The latter satisfies (125). Similarly, we have from (35) for ¢ € B

(139)

Vi1t < c3q%dpso
k T den
P2 (LAcY)  p(1l-a)b
a*(l—p)? o2 a(l-p) '

which verifies (126). Finally, we have from (36)

Vever1y/Meles 242 V dedg g2
k = dep
- p(l—a)d 1

~ a(l-p) se—2 (1\/ 1;1’)’
P

which verifies (127). Therefore, we conclude from Proposition 26 that there exists § = §(§) and
no = no(§, p), such that if mingeyy 541y de > no, then there exists a network d satisfying Item 1
in Theorem 7, with layers W satisfying Items 2 and 3 from Proposition 26. Note that the input and
output filters of the ¢-th layer are given by the block matrices [VAVg];,gi and [W/] &,.. respectively.
Hence, items 2 and 3 from Proposition 26 readily yields parts 2 and 3 in Theorem 7. Finally, (37)
follows from (128). This concludes the proof of Theorem 7.

|
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