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Abstract
We study best-policy identification for finite-horizon risk-sensitive reinforcement learning under
the entropic risk measure. Recent work established a constant gap in the exponential horizon
dependence between lower and upper bounds on the number of samples required to identify an
approximately optimal policy. Precisely, known lower bounds scale in Ωpe|β|Hq where H is the
horizon of the MDP, while the state-of-the-art upper bound achieves at best Ope2|β|Hq (Mortensen
and Talebi, 2025) using a generative model. We show that this extra exponential factor can be
traced to overly loose concentration control for exponential utilities. To close this open gap, we
revisit the analysis of this problem through a forward-model based algorithm building on KL-based
exploration bonuses that we adapt to the entropic criterion. The improvement we get is due to two
main novel technical innovations. We leverage the smoothness properties of the exponential utility
to derive sharper concentration bounds, and we propose a new stopping rule that exploits further
this tightness to obtain a sample complexity that matches the lower bound.
Keywords: Entropic risk measure, Risk-sensitive reinforcement learning, Best policy identification

1. Introduction

Risk-sensitive Reinforcement Learning (RL) studies the problem of learning a policy whose return
distribution, rather than only its expectation, satisfies desirable properties, typically with respect to
downside risk or tail events. In many applications ranging from finance to robotics (Charpentier
et al., 2023; Polydoros and Nalpantidis, 2017), it may be more important for a decision maker to
certify with high confidence that the return does not fall below a critical threshold than to maximize
the expected reward.

A prominent example of a dynamically consistent risk criterion is the Entropic Risk Measure
(Marthe et al., 2023; Howard and Matheson, 1972), which generalizes the expectation through an
exponential utility function parameterized by a scalar β P R. The sign and magnitude of β control
the risk sensitivity of the decision maker, interpolating between risk-seeking and risk-averse behav-
iors. Crucially, the entropic risk measure satisfies a risk-sensitive dynamic programming principle,
yielding a Bellman-type recursion for finite-horizon Markov Decision Processes (MDPs) (Sutton
and Barto, 2018). As shown by Marthe et al. (2023), this property in fact characterizes the entropic
family among utility-based risk measures satisfying dynamic consistency.

In RL, the MDP is unknown and the learner must rely on sampled trajectories to estimate the
model and plan under uncertainty. Mortensen and Talebi (2025) study this problem in a discounted
infinite horizon setting and show that the sample complexity of identifying an ϵ-optimal policy must
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depend exponentially on the horizon. More precisely, for a horizon H and entropic parameter β,
they prove a lower bound showing that any algorithm requires at least

Ωpexpp|β|Hqq

samples (up to polynomial factors in the number of states S, actions A, and 1{ϵ) to identify an
ϵ-optimal policy. In the same work, the authors derive an upper bound in expp2|β|Hq using ac-
cess to a generative model and a careful application of the simulation lemma (see Section 2 for
precise statements). While this gap may look benign at first, we show that this constant term in the
exponential is due to a fundamentally loose handling of exponential utilities in exploration bonuses.

Beyond simply closing this open gap, we provide a new set of tools to design algorithms for
risk-sensitive RL. Our algorithm builds on the forward-model framework (Menard et al., 2021)
and tailors the exploration bonuses and stopping-time to the entropic risk measure. We also revisit
previous analyses and extract a problem-dependent quantity, the maximal achievable reward Gmax,
that gives a sharper dependence of the bounds on the MDP than directly using its upper bound H .

The main contributions of the paper are the following:

• First, we derive a lower bound for the best policy identification problem for the forward
model. To the best of our knowledge, this is the first lower bound for BPI in this setting. The
lower bound is expressed in terms of the maximal achievable reward Gmax that we argue is
the natural scale for the entropic risk measure.

• We present ENTROPIC-BPI, an algorithm that outputs a policy π that achieves pε, δq-PAC
with optimal sample complexity up to logarithmic factors and up to e2maxt0,βu which is a
constant for ε small enough. The exponential dependence is e|β|GmaxpMq ď e|β|H which
removes the extra exponential factor with respect to previous work.

2. Risk-Sensitive Episodic Reinforcement Learning

We consider a finite-horizon MDP M “
`

S,A, H, trhuHh“1, tphuHh“1

˘

where S and A denote the
finite state and action spaces respectively, H P N is the fixed horizon length, php¨ | s, aq is the
transition kernel at step h for each h P t1, . . . ,Hu, and rh : S ˆ A Ñ r0, 1s is the deterministic
reward function at step h, which we assume to be bounded in r0, 1s.

In the learning problem, the transition kernels tphuHh“1 are unknown to the learner. Through
interactions, the learner must devise a policy π that is a (possibly non-stationary) mapping prescrib-
ing which action to take in each state and step, with the goal of maximizing a suitable performance
criterion. In the literature, this problem is addressed under two distinct interaction models.

• Generative model (Azar et al., 2012; Kearns et al., 2002): In the generative model (also
called a sample oracle), the learner has access to an oracle such that for any query ps, a, hq P

S ˆ A ˆ t1, . . . ,Hu, the oracle returns a sample pr, s1q where r “ rhps, aq and s1 „ php¨ |

s, aq. Each call to the oracle is independent of the past, and the learner may choose its queries
adaptively based on all previously observed samples.

• Online (forward) model (Dann and Brunskill, 2015; Strehl et al., 2009): In the forward
interaction model, the learner interacts with the MDP over episodes. At the beginning of
each episode t, an initial state st1 is drawn from a fixed initial distribution µ1 on S. At each
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step h P t1, . . . ,Hu of episode t, the learner observes the current state sth, selects an action
ath P A according to some policy πt, then receives a reward rhpsth, a

t
hq and the environment

goes to the next state sth`1 „ php¨ | sth, a
t
hq.

In this work, we focus exclusively on the online (forward) interaction model. Moreover, rather than
the standard risk-neutral objective where we optimize the total expected reward along the trajectory,
we adopt a risk-sensitive performance criterion based on the entropic risk measure which reflects
the agent’s attitude toward uncertainty, allowing for both risk-seeking and risk-averse behavior.

Policy & value functions A deterministic policy π is a collection of functions πh : S Ñ A for all
h P t1, ...,Hu, where every πh maps each state to a single action. Let pSh, AhqHh“1 be the random
trajectory induced by the policy pπhqhPt1,...,Hu and the MDP dynamics, i.e., Ah “ πhpShq and
Sh`1 „ php¨ | Sh, Ahq starting from a fixed initial state s1

1. Define the (random) cumulative return
from step h by:

Rπ
h “

H
ÿ

i“h

ripSi, Aiq

The entropic value function of π, denoted by V π
h is defined as:

V π
h psq fi

1

β
logE

«

exp

˜

β
H
ÿ

i“h

ripsi, aiq

¸

| Sh “ s

ff

where ai fi πipsiq and si`1 „ pip¨ | si, aiq
The optimal entropic value functions are defined as V ‹

h psq fi supπ V
π
h psq for h P rHs. As for

the expected return, both V π
h and V ‹

h satisfy the Bellman equation (Borkar and Meyn, 2000; Sutton
and Barto, 2018; Marthe et al., 2023) and can thus be computed efficiently.

To simplify notation, we introduce a couple of operators that allow us to write concisely the
effect of transition kernels or policies on our functionals of interest. For any bounded function
f : S Ñ R, we denote by pphfqps, aq fi ES1„php¨|s,aqrfpS1qs the action of the Markov kernel ph
on f . For any function g : S ˆ A Ñ R and (possibly stochastic) policy πh, we write pπhgqpsq fi

EA„πhp¨|sqrgps,Aqs for the composition with the policy at step h. Finally, we introduce a useful
quantity that appears naturally in the analysis of the sample complexity.

Definition 1 (Maximum achievable reward in a trajectory) For an episodic MDP M, define the
maximal achievable return (a deterministic quantity depending only on M) as

GmaxpMq “ sup
π

sup
ω

Rπ
1 pωq

where ω covers all sources of randomness (initial state, transitions, policy’s own randomization).

Intuitively, GmaxpMq is the largest total reward that can occur in a single episode under the most
favorable sequence of outcomes. We will express both the lower bound and the upper bound in
the quantity GmaxpMq rather than the horizon in previous works. It is the natural scale for the

1. As explained in (Fiechter, 1994), if the first state is sampled randomly as s1 „ p0, we simply add an artificial first
state s0 such that for any action a, the transition probability is defined as the distribution p0ps0, aq fi p0. This
augments the state space by one and the horizon by one, and the bounds carry over with only this constant-size
modification.
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entropic risk measure objective where the hardness comes from the exponential amplification of
rewards. Note that we have the inequality GmaxpMq ď H so our results can also be expressed
(more loosely) as a function of the horizon.

Empirical MDP. Let psth, a
t
h, s

t
h`1q P S ˆ A ˆ S be a tuple observed by the algorithm at step h

of episode t. For any h P t1, ...,Hu and ps, aq P S ˆ A, define the visitation counts

nt
hps, aq fi

t
ÿ

i“1

1tpsih, a
i
hq “ ps, aqu nt

hps, a, s1q fi

t
ÿ

i“1

1tpsih, a
i
h, s

i
h`1q “ ps, a, s1qu

These quantities induce the empirical transition probabilities

pp t
hps1|s, aq fi

$

’

’

&

’

’

%

nt
hps, a, s1q

nt
hps, aq

if nt
hps, aq ą 0,

1

|S|
otherwise

We denote nt
hps, aq “ Ernt

hps, aqs the expected number of visits, which is called the pseudo-counts.

Best Policy Identification (BPI) under entropic risk Our objective is to identify a (near) optimal
policy with high probability. In each episode t, the agent follows a policy πt (the sample rule) based
only on the information collected up to and including episode t ´ 1. At the end of each episode,
the agent can decide to stop collecting data according to a stopping rule (we denote by τ its random
stopping time) and outputs a guess π̂ for the optimal policy.

A BPI algorithm is therefore made of a triple
`

pπtqtPN, τ, π̂
˘

. The goal is to build an pε, δq-PAC
algorithm according to the following definition, for which the sample complexity, that is the number
of exploration episodes τ , is as small as possible.

Definition 2 (PAC algorithm for BPI) An algorithm is pε, δq-PAC for best policy identification if
it returns a policy π̂ after some number of episodes τ that satisfies

P
´

V ‹
1 ps1q ´ V π̂

1 ps1q ď ε
¯

ě 1 ´ δ

Prior bounds. For the entropic risk measure, the best policy identification problem is harder2

because it magnifies tail outcomes—inflating high rewards when β ą 0 and penalizing low rewards
when β ă 0. Moreover, as this line of work is relatively recent and most of the results aim to
establish regret bounds, the results on PAC bounds remain scarce; to our knowledge, there are no
reward-free algorithms (Jin et al., 2020; Kaufmann et al., 2021) with theoretical guarantees specifi-
cally tailored to this criterion.

Sample complexity with the generative model. In the discounted infinite-horizon, Mortensen
and Talebi (2025) proved a lower bound on the number of oracle calls needed for an ε´optimal pol-
icy. In particular, they showed that an exponential dependency on the risk parameter β and on the
horizon H is unavoidable: Any algorithm that outputs an ε-optimal policy with probability at least

2. In the sense that it admits higher lower bounds, see Sec. 3
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1´ δ must make at least Ω

˜

SAγ2

c1ε2
e|β|

1
1´γ

´3
|β|2

log
´

S
c2δ

¯

¸

calls to the oracle. They also provided two

model-based algorithms with respective sample complexity Õ

˜

SAγ2

c1p1´γq4ε2

´

e
2|β| 1

1´γ ´1

¯2

|β|2
log

´

SA
c2δ

¯

¸

This gives the first explicit sample complexity characterization for the entropic risk measure objec-
tive with a generative model. It can be mapped back to our finite-horizon setting using H “ 1

1´γ ,
the effective horizon.

Forward model: There are no known BPI sample-complexity bounds for the entropic risk mea-
sure in this model. However, there exist bounds on the regret, a more forgiving metric that sums
V πt ´ V ˚ over episodes that can be connected back to BPI as we explain next. The first non-
asymptotic results are for model-free optimistic algorithms RSVI/RSQ (Fei et al., 2020), estab-
lishing Õ

`

λp|β|H2q
?
H3S2AT

˘

(RSVI) and Õ
`

λp|β|H2q
?
H4SAT

˘

(RSQ) regret with λpuq “

pe3u ´ 1q{u. Fei et al. (2021) introduce the exponential Bellman equation and a doubly-decaying
bonus, removing an extra e|β|H2

factor and yielding a regret of Õ
´

e|β|H´1
|β|H

?
H4S2AK

¯

. More
recently, Hu and Leung (2023) adapt UCB-ADVANTAGE (Zhang et al., 2020) to the exponential-
utility setting and derive a worst-case problem-independent regret bound Õ

´

e|β|H´1
|β|

?
H2SAK

¯

along with a tighter problem-dependent bound that matches the information-theoretic lower bound
up to logarithmic factors on a class of MDPs.

These results are not directly related to our problem, though in general there is a connection
between controlling regret and BPI sample complexity. As noticed by Jin et al. (2020), a straight-
forward approach to convert the regret bound to a sample complexity bound is to output a random
policy among the sequence of policies returned by the regret algorithm. This idea was later shown
to be outperformed (for the expected return) by Kaufmann et al. (2021), and the same applies in the
case of entropic risk measures. It can be easily checked that a naive conversion of the best regret
upper bounds above would yield a sample complexity in e2|β|H and a dependence in 1

δ2
. This upper

bound can thus be considered the best achievable sample complexity so far for this problem.

3. Lower bound

The case β ‰ 0 is fundamentally harder than the risk-neutral case β “ 0. Under the entropic crite-
rion, trajectories are reweighted exponentially according to their cumulative return: for β ą 0, rare
high-return trajectories can dominate the objective, while for β ă 0, rare low-return trajectories can
dominate it. Thus, unlike in the expected-return setting, rare events do not contribute only propor-
tionally to their probability of occurrence; their contribution is amplified by a factor exponential in
the return. Therefore, if achieving near-optimal performance requires hitting a “hard” state–action–
time triple ps‹, a‹, h‹q that is reached with tiny probability, the learner must repeatedly experience
these rare transitions to accurately evaluate their contribution since a small number of tail episodes
can dominate the entropic objective. As a result, learning becomes exponentially hard in the horizon
H and the risk parameter β.

Theorem 3 Fix S ě 6, A ě 2, H P N, β P R‹, and δ P p0, 1{16q and ε small enough (See
condition (21)). There exists an MDP M0 with S states, A actions, horizon H , and rewards in
r0, 1s and nonstationary transitions such that for every algorithm A that outputs a policy π̂ that is
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pε, δq-PAC for the entropic risk measure after sampling τ trajectories we have:

EM0rτ s ě
1

1650

pe|β|GmaxpM0q ´ 1q2

e|β|GmaxpM0q

e2mintβ,0uεSAH

pe|β|ε ´ 1q2
log

ˆ

1

δ

˙

Proof [Sketch of proof] We follow the hard episodic, stage-dependent MDP class introduced by
Domingues et al. (2021). At a high level, these instances behave like a single multi-armed bandit
with ΘpHSAq arms, where an “arm” corresponds to a triple (time, leaf, action). The agent starts in
a waiting state sw and can play a special action aw to remain in sw up to some stage H̄; once it stops
waiting (or after H̄), it is forced to leave sw and then traverses a full A-ary tree deterministically
(each action selects the corresponding child), reaching a leaf after d steps. From a leaf state si P

L, at stage h and action a, the process transitions to an absorbing good state sg with probability
phpsg|si, aq and to an absorbing bad state sb otherwise. Rewards are obtained only in sg for the rest
of the horizon.

Consequently, achieving the optimal value requires (i) leaving sw so as to hit the correct stage
h‹ at the leaves, (ii) reaching the correct leaf sℓ‹ (via the deterministic actions along the tree), and
(iii) playing the correct action a‹ at that leaf; only then does the probability of reaching sg increase
from p´ to p`. We denote u “ ph‹, l‹, a‹q for the rest of the proof.

The lower bound proof then compares a reference instance M0 (where no unique action is
optimal) to instances Mu (where only one triplet has the favorable probability p`), and applies
standard change-of-measure arguments to show that distinguishing these close Bernoulli transition
models forces a large number of episodes visiting the special triplet.

The construction of p´ for the entropic risk measure differs from the risk-neutral setting (where
p´ “ 1

2q to reflect the hardness induced by the entropic risk measure:

• For β ą 0, the entropic criterion overweights rare high-return trajectories, so we make success
(reaching the good state) rare by choosing p´ „ e´βH

• For β ă 0, the entropic criterion is especially sensitive to adverse tail events, so we instead
make failure rare by choosing p´ „ 1 ´ e´|β|H

Then, we choose the gap ∆ “ p` ´ p´ so that, in instance Mu, any policy that does not identify
the special triplet is ε-suboptimal for the entropic objective. A change of measure argument (Kauf-
mann et al., 2016) then gives the lower bound. The full proof together with details on the MDP
construction can be found in Appendix C

To the best of our knowledge, this establishes the first lower bound for Best Policy Identification
(BPI) in the forward model setting with non-stationary transitions.

When |β| goes to 0, the lower bound approaches:

Ω

ˆ

GmaxpM0q2

ε2
SAH log

ˆ

1

δ

˙˙

“ Ω

ˆ

SAH3

ε2
log

ˆ

1

δ

˙˙

The second equality holds because, in the construction of M0, the maximum return GmaxpM0q

scales linearly with H . Thus, we recover the standard lower bound for the risk-neutral case.
Moreover, for sufficiently small ε, the bound simplifies to:

Ω

ˆ

SAH

ε2
e|β|GmaxpM0q

˙
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This matches the lower bound derived by (Mortensen and Talebi, 2025) in the generative model
setting up to an additional factor of H . This extra factor is inherent to the non-stationary transition
dynamics of the finite-horizon setting. Another difference is that the exponential dependence in
our bound scales with GmaxpM0q rather than the horizon H (or the effective horizon 1

1´γ ). This
distinction is intuitive: since the hardness of the entropic risk measure comes from exponentially
reweighting trajectory returns, the exponential dependence is naturally governed by the maximum
cumulative reward (Gmax) rather than the length of the episode.

4. Algorithm and Matching Upper Bound

We now present an algorithm whose sample complexity matches the lower bound (Theorem 3) up
to logarithmic factors. A central difficulty with the entropic risk measure is that, unlike the risk-
neutral objective, it is neither additive nor sub-additive, which complicates both algorithm design
and analysis. In particular, standard UCB-style approaches rely on concentration inequalities for
additive returns, whereas the entropic criterion involves a log-moment generating function and does
not directly fit into standard risk-neutral concentration frameworks.

A common workaround is to use the Lipschitz continuity of the logarithm to reduce the analysis
to risk-neutral quantities; however, this can yield coarse bounds and, more importantly, may break
the dynamic-programming structure. As observed by Fei et al. (2021), losing a Bellman-type recur-
sion can cause error terms to compound over the horizon, leading to substantially worse dependence
on H in the order of e2βH

2
. Similarly to Fei et al. (2021), we instead work directly in the exponen-

tial space induced by the criterion. This restores a Bellman recursion for the exponentiated value
functions and enables sharper control of uncertainty. In particular, Lemma 25 derives Bellman-type
variance identities in this space, which are unavailable in the original entropic-value space due to the
lack of sub-linearity3. This identity highlights that the exponential parameterization is the natural
domain for controlling uncertainty under the entropic criterion.

For a policy π, the exponential transforms of the value and the state-value function are:

Zπ
h psq fi exppβV π

h psqq, Uπ
h ps, aq fi exppβQπ

hps, aqq.

We introduce two novel techniques. We adapt the KL-based exploration bonuses introduced in
(Menard et al., 2021) to the entropic criterion to obtain bonuses with variance-sensitive control in
the exponential space defined by these exponential transforms. We also propose an entropic stopping
rule that yields sharper horizon dependence, improving over bounds that incur an additional factor
of order H2e|β|H (Mortensen and Talebi, 2025).

Similarly to Azar et al. (2017), Zanette and Brunskill (2019) and Menard et al. (2021) we define
optimistic (and pessimistic, see (13)) state-value functions for β ą 0 on the exponential transform
U‹
h of Q‹

h (see (19) for β ă 0): fix rU t
H`1ps, aq “ 1 and recursively,

rU t
hps, aq “ min

#

eβpH´h´1q, eβrhps,aq

«

ppth
rZt
hps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff+

,

(1)

3. As shown by Rowland et al. (2019), the variance is a Bellman-closed statistic and can be computed by dynamic
programming. We derive this result for the variance of exponential utilities
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where rZt
h and

r

Zt
h`1ps, aq denote respectively the optimistic and pessimistic exponential value func-

tions4: (see again (13) for pessimistic versions)

rZt
H`1psq “ 1, and recursively rZt

hpsq “ max
aPA

rUps, aq, (2)

and the bonus term is defined as:

bthps, aq “ 2
?
2

d

Var
ppth

p rZt
h`1q

α‹pnt
hps, aqq

nt
hps, aq

` 5eβpH´hqαpnt
hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

(3)
with the exploration rates α, α˚ (see Eq. (11) for exact definitions) being of the form n, δ ÞÑ

OplogpSAH{δq ` logpnqq and coming directly from the Bernstein inequality. As stated before,
our algorithm acts greedily on this optimistic value function. Specifically, at step h in episode t,
given state sh,t, ENTROPIC-BPI executes

ah,t “ πtpsh,tq “ argmax
a

rU t
hpsh,t, aq (4)

Entropic certificate Following related work, we call certificate an upper bound on the width of
the confidence interval for a policy π. We define it by backward recursion:

πt`1
h`1G

t
hpsq“min

"

eβpH´h´1q, eβrhps,πt`1
h psqq

ˆ

3bthps, πt`1
h psqq`

ˆ

1`
3

H

˙

ppthpπt`1
h`1G

t
h`1qps, πt`1

h psqq

˙*

(5)

with terminal Gt
H`1 ” 0. In particular, on the high-probability good event, the performance gap of

the greedy policy πt`1 is controlled by the start-state certificate. Concretely, lemma 12 shows that
with high probability 1 ´ δ:

Z‹
1 ps1q ´ Z

πt`1

1 ps1q ď rZ1ps1q ´ Z
πt`1

1 ps1q ď πt`1,1G
t
1ps1q (6)

Stopping rule We derive a stopping criterion based on the certificate Gt
h by relating the value

function gap to the ratio of partition functions. The difference in value functions can be expressed
in the exponential space as:

pV ‹
1 ´ V πt`1

1 qps1q “
1

β
log

ˆ

Z‹
1

Zπt`1

1

˙

ps1q

“
1

β
log

˜

1 `
Z‹
1 ´ Zπt`1

1

Zπt`1

1

¸

ps1q.

To ensure the policy is ε-optimal, it suffices to satisfy at stopping time τ :

πt
1G1ps1q ď

´

eβε ´ 1
¯

Zπt

1 ps1q (7)

However, Zπt

1 is unknown as it relies on the true dynamics. We therefore substitute it with a com-
putable lower bound. Using (6), we have:

Z
πt`1

1 ps1q ě rZt
1ps1q ´ πt`1,1G

t
1ps1q.

4. We use upper and lower tilde accents to indicate optimism and pessimism.
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Substituting this lower bound into the optimality condition (7) yields a stronger, computable stop-
ping rule:

πt
1G1ps1q ď

´

eβε ´ 1
¯´

rZt
1ps1q ´ πt

1G1ps1q

¯

.

Solving for πt
1G1ps1q, we obtain the final stopping criterion:

πt
1G1ps1q ď

eβε ´ 1

eβε
rZt
1ps1q (8)

where both πt
1G1ps1q and rZt

1ps1q can be computed efficiently by dynamic programming.

Insight on the stopping rule To guarantee ε-optimality, we need π1G1ps1q{Z
πt
1

1 ps1q to be smaller
than a threshold eβε ´ 1. Our analysis reveals that (see proof below)

π1G1ps1q{Z
πt
1

1 ps1q À O

¨

˚

˚

˝

g

f

f

f

f

e

Var
´

eβR
π
1

ˇ

ˇS1 “ s1

¯

E
”

eβR
π
1

ˇ

ˇS1 “ s1

ı2 Eπ

«

H
ÿ

h“1

1

nt
hps, aq

ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

˛

‹

‹

‚

(9)

The bound consists of a decreasing visitation term and the constant
Var

´

eβR
π
1

ˇ

ˇS1“s1

¯

E
”

eβR
π
1

ˇ

ˇS1“s1

ı2 , which gov-

erns the asymptotic rate in contrast to VarpRπ
1

ˇ

ˇS1 “ s1q in the risk-neutral setting.
It is insightful to make a short comment on the connection of this quantity with the probability

space we are working with. Let us denote Pπ the probability distribution of a random trajectory
ps1, a1, ..., sH , aHq in the MDP, and consider the tilted law Pπ

β defined by the Radon-Nykodim

derivative
dPπ

β

Pπ
pωq “ eβR

π
1 pωq

Zπ
1 ps1q

. We can see the tilted measure as the law of a trajectory on a twisted
version of the original MDP that biases transitions towards states with high future exponential re-
turn. It can be easily computed that:

Var
´

eβR
π
1

ˇ

ˇS1 “ s1

¯

E
”

eβR
π
1

ˇ

ˇS1 “ s1

ı2 “ χ2pPπ
β,Pπq

In other words, the constant leading the convergence speed in the upper bound (9) is the χ2 diver-
gence mismatch between the tilted trajectory distribution and the nominal trajectory distribution: It
measures the extent to which optimizing the entropic objective amounts to learning under an implicit
twisted dynamics that over-samples trajectories with high exponentiated reward. This mismatch is
precisely what gets introduced by maximizing the entropic risk measure and what drives the extra
constant eβH

β2 introduced in the sample complexity in contrast to the risk-neutral setting. Finally,
notice that for β « 0, the χ2-divergence admits the expansion χ2pPπ

β,Pπq “ β2VarPπ

`

Rπ
1

ˇ

ˇS1 “

s1
˘

` Opβ3q, which reduces the term in Eq.(9) to the variance term that governs the risk-neutral
case.

9
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Algorithm 1 Entropic-BPI

1: Input: β ‰ 0, δ P p0, 1q, ε ą 0.
2: Initialize counts n0

hp¨q “ 0 and pp0hp¨|s, aq “ 1{S.
3: for t “ 0, 1, 2, . . . do
4: Terminal init: set rZt

H`1psq “ 1,
r

Zt
H`1psq “ 1, and Gt

H`1psq “ 0 for all s.
5: for h “ H,H ´ 1, . . . , 1 do
6: Compute the bonus bthp¨q: use (12) if β ą 0, and (18) if β ă 0
7: Backup: for all ps, aq compute the optimistic and pessimistic quantities: use (13) if β ą 0,

and (19) if β ă 0.
8: Greedy action: for all s set

πt`1
h psq P

#

argmaxaPA rU t
hps, aq, β ą 0,

argminaPA rU t
hps, aq, β ă 0,

9: Certificate: Compute πt`1
h Gt

h: use (14) if β ą 0, and (20) if β ă 0.
10: end for
11: Stopping test:
12: if β ą 0 and pπt`1

1 Gt
1qps1q ď

peβε´1q

eβε
rZt
1ps1q then

13: stop and output πt`1.
14: end if
15: if β ă 0 and pπt`1

1 Gt
1qps1q ď p1 ´ eβεq

r

Zt
1ps1q then

16: stop and output πt`1.
17: end if
18: Execute episode t ` 1 with πt`1, update counts and ppt`1

h .
19: end for

Algorithm and sample complexity upper bounds. We summarize the elements described above
into an algorithm we call ENTROPIC-BPI (Algorithm 1). Using the optimistic proxies in Eq. (13)
for β ą 0 and in Eq. (19) for β ă 0, it builds exploratory trajectories until our stopping criterion
(Eq.8 for β ą 0 and Eq.(8) for β ă 0) is reached. We prove a sample complexity bound for
ENTROPIC-BPI in the following theorem. This complexity bound is valid for both β ą 0 (proof in
Appendix B.1) and for β ă 0 (proof in Appendix B.2)

Theorem 4 (sample complexity) For any δ P r0, 1s and ε ą 0 small enough and for any finite
MDP M, ENTROPIC-BPI (Algorithm 1) outputs a policy that is pε, δq-PAC for best policy identifi-
cation problem for the entropic risk measure after τ episodes. Moreover, with probability 1 ´ δ:

τ “ O

˜

e2|β|ε

`

e|β|ε ´ 1
˘2

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
SAH logp

3SAH

δ
q

¸

The algorithm upper bound matches the lower bound derived in Theorem 3 up to a factor e2|β|ε

which is a constant when ε is small enough and comes from having a stopping rule using computable
proxies instead of Zπ

h . When |β| goes to 0, the upper bound approaches :

Õ
ˆ

GmaxpMq2SAH

ε2

˙

“ Õ
ˆ

SAH3

ε2

˙

10
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and we recover the optimal sample complexity for the risk-neutral setting (Menard et al., 2021).
Also remark that using the elementary inequality logp1`xq ě x

2 for |β|ε P r0, 1s and using that
pe|β|GmaxpMq´1q2

e|β|GmaxpMq ď e|β|GmaxpMq ´ 1 ď e|β|H ´ 1 we have an upper bound of the order of :

τ “ Õ

˜

e|β|H ´ 1

β2

SAH

ε2

¸

This matches the lower bound of Mortensen and Talebi (2025) when mapped to the finite-
horizon setting, up to an additional factor H which is unavoidable as it is inherent to the non-
stationary finite-horizon setting (with H separate kernels).

Note that the upper bound is stated in terms of GmaxpMq rather than H . Since rewards lie in
r0, 1s, GmaxpMq can be interpreted as an effective reward horizon, i.e., the maximal cumulative
reward that can be accrued along a trajectory. This choice is natural for the entropic risk criterion,
whose difficulty comes from the exponential amplification of accumulated rewards; using H may
overestimate this effect in problems where rewards are sparse or concentrated near the end of the
episode. Finally, our algorithm does not require prior knowledge of GmaxpMq.

Experiments. To illustrate the gains in sample complexity, we propose a simple 8-state MDP
and compare ENTROPIC-BPI with regret algorithms in the literature. The results are discussed in
Appendix E

5. Proof of Theorem 4

We present the main ideas of the proof for β ą 0. The full proof is given in Appendix B. We first
control the concentration events (Lemma 6) and work on the good event E` for β ą 0, which holds
with probability at least 1 ´ δ. As explained in paragraph Stopping rule, when the algorithm stops,
it outputs by design a policy πτ that is ε-optimal with high probability 1 ´ δ, this proves the first
statement of Theorem 4.

To upper bound the stopping time, we first show that rU t
h and

r

U t
h are indeed optimistic and pes-

simistic, respectively, for the exponential transform of the value functions U‹
h (Lemma 9). Then,

following a similar approach to (Menard et al., 2021; Dann et al., 2017), we bound the width certifi-
cate by a computable recursive upper bound, which serves as the stopping rule for our algorithm (6).
Lemma 12 shows that, with probability at least 1 ´ δ, this width certificate upper bounds the opti-
mality gap. Since the stopping condition is not met for episodes t “ t1, . . . , τu, we have:

τ
eεβ ´ 1

eεβ
ď

τ
ÿ

t“1

π1G
t
1ps1q

rZt
1ps1q

We bound the right-hand side for episode t by replacing the empirical transition probabilities
with the true ones. We then unroll the resulting recursive inequality for πt

h`1G
t
h under the true

dynamics (see B.1.3 for details):

pπ1G
t
1qps1q

rZt
1ps1q

ď e13Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2
α‹

`

nt
hpsh, ahq ^ 1

˘

` 81HeβpH´hqα
`

nt
hpsh, ahq ^ 1

˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

11
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We bound the first term using Cauchy-Schwartz inequality:

Eπt`1

»

–

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

¯

ˇ

ˇ

ˇ

ˇ

ˇ

s1

fi

fl

ď

g

f

f

eEπt`1
”

exp
´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2

ı

d

Eπt`1
”α‹pnt

hps, aqq

nt
hps, aq

ı

Using lemma 25 and lemma 26 we bound the first term on the right-hand side as:

H
ÿ

h“1

Eπt`1

«

exp
´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2

ff

“

Var
`

eβR
πt`1

1 pS1q
ˇ

ˇS1 “ s1

¯

´

E
”

eβR
πt`1
1 pS1q

ˇ

ˇS1 “ s1

ı¯2 ď

`

eβGmaxpMq ´ 1
˘2

eβGmaxpMq

For the second term, we bound it loosely by directly upper bounding the per-step reward by 1:

Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

HeβpH´hq
`α

`

nt
hps, aq

nt
hps, aq

^ 1
˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

ď HeβHE
”α

`

nt
hps, aq

nt
hps, aq

^ 1
ı

We sum over all episodes t “ 1, ..., τ . Then using a standard counting argument we have:

τ´1
ÿ

t“1

H
ÿ

h“1

Eπt`1
”α‹

`

nt
hps, aq

nt
hps, aq

^ 1
ı

ď 3SAHα‹pτ ´ 1, δq logpτ ` 1q

And we have a similar bound for α, Hence:

τ
eβε ´ 1

eβε
ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq
τSAHα‹pτ ´ 1, δq logpτ ` 1q

` 84e13eβHSAHαpt ´ 1, δq logpt ` 1q

Solving this inequality using lemma 31, we find the exact upper bound on τ with probability 1 ´ δ.

6. Regret bounds

Although the main focus of this work is best-policy identification, the techniques developed above
also have implications for regret minimization. In particular, the certificate analysis for Entropic-
BPI can be used to control the regret of a non-stopping variant of the algorithm.

We emphasize that this is not a direct reduction from BPI: BPI evaluates only the final policy,
whereas regret evaluates the full learning trajectory. Nevertheless, both problems are driven by
the need to identify rare transitions whose contribution is exponentially amplified by the entropic
criterion.

We assume in this section that β ą 0 but the same analysis follows for β ă 0. We consider
the non-stopping variant of algorithm 1. At each episode, the algorithm outputs the optimistic
model from the current empirical counts, plays the greedy policy, updates the counts and continues
indefinitely.

12



ENTROPIC BEST POLICY IDENTIFICATION

We define the cumulative regret after K episodes as:

RpKq “

K´1
ÿ

t“0

pV ‹
1 ps1q ´ V πt`1

1 ps1qq (10)

The key observation is that the same certificate Gt used in the stopping rule controls each instan-
taneous regret term through the normalized ratio π1G1ps1q{Z

πt
1

1 ps1q. Controlling this normalized
ratio is what allows us to recover the sharper exponential dependence

Theorem 5 On the same high-probability event as theorem 4, the non-stopping variant of Algo-
rithm 1 satisfies, for every K ě 2,

RpKq “ O

˜

1

|β|

d

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
KSAH log

ˆ

SAHK

δ

˙

`
e|β|H

β
S2AH log2

ˆ

SAHK

δ

˙

¸

.

In particular when GmaxpMq is of the order of H , the exponential dependency becomes eβH{2

β ,

improving over existing regret bounds whose leading exponential dependence is eβH

β .
The proof follows the sample-complexity analysis, but instead of stopping when the certificate

becomes smaller than the desired accuracy threshold, we sum the normalized certificates over the
first K episodes. The variance sensitive part is again controlled through the exponential Bellman
variance identity, which yields the factor peβGmaxpMq´1q2

eβGmaxpMq . The cumulative exploration terms are then
bounded using the same pseudo-count argument as in the stopping-time analysis.

We also evaluate the non-stopping variant of ENTROPIC-BPI on the toy MDP described in
Appendix E. The comparison includes several risk-sensitive regret algorithms from the literature.
Across the tested values of β, our method achieves smaller cumulative regret, and the improve-
ment becomes more noticeable as the risk sensitivity increases, supporting the sharper exponential
dependence in Theorem 5.

Regret lower bound The lower bound construction of section 3 can be adapted to get the lower
bound for the regret setting. Recall that the hard family contains ΘpSAHq possible hard triplets
u “ ph‹, ℓ‹, a‹q. In instance Mu, only the triplet u has the favorable transition probability p`,
while all other triplets have probability p´. Thus, before the learner gathers enough information to
identify u, it incurs regret whenever it fails to visit the correct triplet.

The regret lower bound is obtained by choosing the value gap ε as a function of the time horizon
K. The information gained from one visit to the special triplet is of order : β2ε2

pe|β|GmaxpMq´1q2

e|β|GmaxpMq

. Since

there are ΘpSAHq possible hard triplets and only K episodes, the learner cannot identify the correct

triplet when ε is the order of 1
|β|

c

pe|β|GmaxpMq´1q2

e|β|GmaxpMq
SAH

K . Consequently, the expected regret satisfies:

ErRpKqs ě
c0
|β|

d

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
SAHK

This regret lower bound improves on existing lower bounds in the literature. Combining the
regret upper bound with the corresponding lower-bound argument shows that the non-stopping opti-
mistic variant of Entropic-BPI is minimax-optimal in its leading

?
K term, up to logarithmic factors

13
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and lower-order additive terms. In particular, in worst-case instances where GmaxpMq — H , the
leading exponential factor is e|β|H{2{|β|. Thus, at the level of the leading regret term, the analy-
sis closes the gap between previous e|β|H{|β|-type upper bounds and the e|β|H{2{|β| lower-bound
dependence.

7. Discussions and Conclusions

We provide a new approach to entropic best arm identification that resolves a known suboptimality
gap. Our approach builds a successful optimism-driven framework for the forward model, relying on
a tight control of the variance of the estimators of the entropic value function, and on a specifically
tailored stopping rule.

Indeed, the dependence of the sample complexity on the horizon remains exponential, indicat-
ing one more time that learning exponential utilities in MDPs is a significantly harder problem than
the standard expected return due to the focus on tail (rare) events. However, we show that the real
MDP-dependent term of interest in the exponential is the maximal return, which could be constant
in some sparse reward problems, making the problem more amenable. Such problem-specific in-
vestigations could be an avenue for future work. More broadly, this exponential dependence should
be interpreted as the intrinsic statistical price of entropic risk sensitivity rather than as evidence
that the criterion is unsuitable for learning. Indeed, the entropic risk measure has an important
structural advantage: it preserves an exact Bellman recursion on the original MDP state space and
is essentially characterized by dynamic consistency among utility-based objectives (Marthe et al.,
2023). By contrast, other tail-risk criteria such as CVaR can enjoy favorable statistical rates, includ-
ing near-minimax regret guarantees with polynomial dependence on the tail parameter (Wang et al.,
2023). However, these guarantees rely on additional assumptions on the return distributions, and di-
rect optimization of CVaR typically requires state augmentation and optimization over an additional
risk variable, often handled through discretization which may lead to inefficient runtime.

Recently, Marthe et al. (2025) showed that there is a fundamental connection between the en-
tropic risk measure and more practically-used metrics such as the (conditional) Value at Risk. Our
forward-model approach could be combined with such optimization improvements to propose new
algorithms for (C)VaR optimization in RL.
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Appendix A. Concentration events

Following the ideas of (Menard et al., 2021) we define the following quantities:

αpn, δq “ logp3SAH{δq ` S logp8epn ` 1qq

αcntpδq “ logp3SAH{δq and

α‹pn, δq “ logp3SAH{δq ` logp8epn ` 1qq (11)

We also define the KL-divergence concentration event as:

EKL “
␣

@t P N,@h P t1, ...,Hu,@ps, aq P S ˆ A : DKLpppthps, aq, phps, aqq ď αpnt
hps, aq, δq

(

and the Bernoulli concentration event for a series of function pfhqhPrH`1s in r0, bs:

Ef “

#

@t P N,@h P t1, ...,Hu,@ps, aq P S ˆ A :

ˇ

ˇpppth ´ phqfh`1ps, aq
ˇ

ˇ ă

d

2Varphpfh`1qps, aq
α‹pnt

hps, aq, δq

nt
hps, aq

` 3b
α‹pnt

hps, aq, δq

nt
hps, aq

+

And the counts concentration event:

Ecnt “

"

@t P N,@h P t1, ...,Hu,@ps, aq P S ˆ A : nt
hps, aq ě

1

2
n̄t
hps, aq ´ αcntpδq

*

Using this, we define the good event for our algorithm analysis for β ą 0 and β ă 0: for β ą 0

E` “ EKL X EV ˚ X Ecnt

And for β ă 0 we have almost the same thing but the definition of V̊ and the range of the functions
changes:

E´ “ EKL X EV ˚ X Ecnt

Lemma 6 It holds that :

PpEKLq ě 1 ´
δ

3
, PpEcntq ě 1 ´

δ

3
, and for any f PpEf q ě 1 ´

δ

3

Consequently,
PpE`q ě 1 ´ δ and PpE´q ě 1 ´ δ

Proof
The KL concentration event:
For ph, s, aq fixed, we apply lemma F.1 with confidence level δh,s,a “ δ

3SAH and then do a
union bound over h, s, a to get a concentration inequality that holds uniformly.

The Bernstein concentration event:
Let pfhqhPrH`1s be a sequence of function. Fix ph, s, aq and let pFτ qτě0 be the history filtration.

Define

wτ “ 1tpHτ , Sτ , Aτ q “ ph, s, aqu, Yτ “ fh`1pSτ`1q ´ Erfh`1pSτ`1q | Fτ´1s

19



ESSAKINE VERNADE

Then pwτ q is predictable, ErYτ | Fτ´1s “ 0, |Yτ | ď H , and

ErY 2
τ | Fτ´1s “ Varphpfh`1qps, aq on twτ “ 1u

Let

St “

t
ÿ

τ“1

wτYτ , Vt “

t
ÿ

τ“1

w2
τErY 2

τ | Fτ´1s, Wt “

t
ÿ

τ“1

wτ “ nt
hps, aq

Then Vt “ WtVarphpfh`1qps, aq and, for Wt ě 1,

pppth ´ phqfh`1ps, aq “
St

Wt

Applying lemma 24 with b and confidence δh,s,a yields (simultaneously for all t)

ˇ

ˇ

ˇ
pppth ´ phqfh`1ps, aq

ˇ

ˇ

ˇ
ď

d

2Varphpfh`1qps, aq
α‹pnt

hps, aq, δq

nt
hps, aq

` 3B
α‹pnt

hps, aq, δq

nt
hps, aq

where α‹pn, δq “ log
`4ep2n`1q

δh,s,a

˘

(using nt
hps, aq ď t and monotonicity of the log term). Finally

choose δh,s,a “ δ
SAH and we apply a union bound over ph, s, aq to get the result for any state-action

pair
The counts concentration event:
The proof follows from lemma 22 applied to the Bernoulli random variable 1

␣

psih, a
i
hq “ ps, aq

(

for δh,s,a “ δ
SAH and then doing a union bound over h, s, a

Appendix B. Algorithm analysis

Here we provide a detailed analysis of our algorithm. Our method is a UCB-style algorithm that
plans over a KL confidence region, following the approach of Menard et al. (2021) for the risk-
neutral objective. At each step t and stage h, we construct a confidence set around the true transition
kernel:

Ct
hps, aq fi

"

q P ΣS : KL
`

ppthps, aq, qps, aq
˘

ď
αpnt

hps, aq, δq

nt
hps, aq

*

The algorithm then acts optimistically by selecting, among all transition models q such that qp.|s, aq P

Ct
hps, aq, the one that yields the highest value function, and plans accordingly.

For the entropic risk measure, we follow the same principle, but carry out optimistic planning
in the exponential (log-moment-generating) space induced by the entropic criterion. As noted by
Fei et al. (2021), working in this exponential space allows us to exploit a Bellman-type recursion
that is generally lost if one applies Lipschitz arguments directly in the original value space. This
means that the upper and lower confidence bounds on the optimal exponential transformation of the
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state-value function U˚ and value function Z˚ for β ą 0 are given by:

U
t
hps, aq fi eβrhps,aq max

phPCt
hps,aq

phZ
t
h`1ps, aq U t

hps, aq fi eβrhps,aq min
p
h

PCt
hps,aq

p
h
Zt

h`1qps, aq

Z
t
hpsq fi max

a
U

t
hps, aq Zt

hpsq fi max
a

U t
hps, aq

Z
t
H`1psq fi 0 Zt

H`1psq fi 0

pthps, aq P argmax
pPCt

hps,aq

phZ
t
h`1ps, aq pt

h
ps, aq P argmin

pPCt
hps,aq

p
h
Zt

h`1ps, aq

πt
hps, aq P argmax

aPA
U

t
hps, aq πt

hps, aq P argmax
aPA

U t
hps, aq.

For β ă 0, U will correspond to the pessimistic Q via the log-transformation. As such, maximizing
Q to define the policy π is equivalent to minimizing U . Similarly, finding the best action at each
stage to define Z and Z corresponds to minimizing U and U respectively:

U
t
hps, aq fi eβrhps,aq min

phPCt
hps,aq

phZ
t
h`1ps, aq U t

hps, aq fi eβrhps,aq max
p
h

PCt
hps,aq

p
h
Zt

h`1ps, aq

Z
t
hpsq fi min

a
U

t
hps, aq Zt

hpsq fi min
a

U t
hps, aq

Z
t
H`1psq fi 0 Zt

H`1psq fi 0

pthps, aq P argmin
pPCt

hps,aq

phZ
t
h`1ps, aq pt

h
ps, aq P argmax

pPCt
hps,aq

p
h
Zt

h`1ps, aq

πt
hps, aq P argmin

aPA
U

t
hps, aq πt

hps, aq P argmax
aPA

U t
hps, aq.

The KL confidence sets Ct
hps, aq are introduced solely to motivate an optimistic model interpre-

tation. We instead build computable optimistic and pessimistic expressions in the empirical MDP
by choosing the radius α so that the true transition kernel belongs to Ct

hps, aq in the same style as
(Menard et al., 2021). We then prove the corresponding optimism lemma, bound the certificate
width, and derive the sample complexity. We treat the cases β ą 0 and β ă 0 separately. We first
restate the theorem in more detail

Theorem 4 (sample complexity) For any δ P r0, 1s and ε Ps0, 2
|β|HS s and for any finite MDP

M, ENTROPIC-BPI (Algorithm 1) outputs a policy that is pε, δq-PAC for best policy identification
problem for the entropic risk measure after τ episodes. Moreover, with probability 1 ´ δ:

τ ď
e2maxt0,βuε

`

e|β|ε ´ 1
˘2

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
SAH logp

3SAH

δ
qC2

2

Where C2 “ 2765e22 log

ˆ

4e17 pS`1qpH`1qe|βHSAH2

eβε´1

˙

. In particular, hiding constants and log

terms:

τ “ Õ

˜

e2maxt0,βuε

`

e|β|ε ´ 1
˘2

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
SAH

¸

21



ESSAKINE VERNADE

B.1. Case β ą 0

. We start by building optimistic and pessimistic functions for the state-value function

B.1.1. CONFIDENCE BOUNDS

Let us start with a concentration inequality:

Lemma 8 On the good event E` we have:

|
`

ph ´ ppth
˘

Z‹
h`1ps, aq| ď 2

?
2

d

Var
ppth

p rZt
h`1q

αpnt
hps, aqq

nt
hps, aq

` 5eβpH´hqαpnt
hps, aqq

nt
hps, aq

` 4HeβpH´hqαpnt
hps, aqq

nt
hps, aq

`
1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq

Proof On the good event E` we have:

|
`

ph ´ ppth
˘

Z‹
h`1ps, aq| ď

d

2VarphpZ‹
h`1q

α‹pnt
hps, aqq

nt
hps, aq

` 3eβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

We apply lemma 27 and lemma 28 successively to transport the variance of Z‹
h`1 under ph to the

computable variance of rZt
h`1 under ppth

VarphpZ‹
h`1q ď 2Var

ppth
pZ‹

h`1qps, aq ` 4e2βpH´hqαpnt
hps, aqq

nt
hps, aq

ď 4Var
ppth

p rZt
h`1qps, aq ` 4eβpH´hq

ppthp rZt
h`1 ´ Z‹

h`1qps, aq ` 4e2βpH´hqαpnt
hps, aqq

nt
hps, aq

Hence, using the inequality
?
a ` b ď

?
a `

?
b and then

?
ab ď aη ` b

η for η “ H and using that
α‹pn, δq ď αpn, δq:
d

VarphpZ‹
h`1q

α‹pnt
hps, aqq

nt
hps, aq

ď 2

d

Var
ppth

p rZt
hq
α‹pnt

hps, aqq

nt
hps, aq

`

d

4eβpH´hq
ppthp rZt

h`1 ´ Z‹
h`1qps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 2eβpH´hq

d

αpnt
hps, aqq

nt
hps, aq

α‹pnt
hps, aqq

nt
hps, aq

ď 2

d

Var
ppth

p rZt
hq
α‹pnt

hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

`
1

H
ppthp rZt

h`1 ´ Z‹
h`1qps, aq ` 2eβpH´hqαpnt

hps, aqq

nt
hps, aq

Hence, by plugging this upper bound and using again that α‹pn, δq ď αpn, δq we obtain:

|
`

ph ´ ppth
˘

Z‹
h`1| ď 2

?
2

d

Var
ppth

p rZt
h`1q

α‹pnt
hps, aqq

nt
hps, aq

` 5eβpH´hqαpnt
hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

`
1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq
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Denote the bonus term:

bthps, aq “ 2
?
2

d

Var
ppth

p rZt
h`1q

α‹pnt
hps, aqq

nt
hps, aq

` 5eβpH´hqαpnt
hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

(12)
Now, following Azar et al. (2017), Zanette and Brunskill (2019) and Menard et al. (2021) we define
optimistic and pessimistic state-value function on the exponential transform of Q‹

h which is denoted
by U‹

h :

rU t
hps, aq “ min

#

eβpH´h´1q, eβrhps,aq

«

ppth
rZt
hps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff+

rZt
hpsq “ max

aPA
rU t
hps, aq, rZt

H`1psq “ 1

r

U t
hps, aq “ max

#

1, eβrhps,aq

«

ppth
r

Zt
hps, aq ´ bthps, aq ´

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff+

r

Zt
hpsq “ max

aPA
r

U t
hps, aq,

r

Zt
H`1psq “ 1 (13)

And we consider the greedy policy:

πt`1
h psq “ argmax

aPA
rU t
hps, aq

Now let us prove the optimism lemma:

Lemma 9 With high probability 1 ´ δ we have:

r

U t
hps, aq ď U‹

hps, aq ď rU t
hps, aq

and

r

Zt
hpsq ď Z‹

hpsq ď rZt
hpsq

Proof We proceed by induction over h. For h “ H ` 1 the result is trivially upper bounding and
(resp. lower bounding ) U‹

h by eβpH´hq and 1.
Assume the inequality holds for h1 ą h. Fix ps, aq and assume rU t

hps, aq ă H since otherwise the
inequality is trivial, we have that:

rU t
hps, aq ´ U‹

hps, aq “ eβrhps,aq

«

ppth
rZt
h`1ps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq ´ phZ
‹
h`1ps, aq

ff

“ eβrhps,aq

«

ppth

´

rZt
h`1ps, aq ´ Z‹

h`1ps, aq

¯

`

´

ppth ´ ph

¯

Z‹
h`1ps, aq

` bthps, aq `
1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff
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But we know by Bernstein inequality that:

´

ppth ´ ph

¯

Z‹
hps, aq ě ´bthps, aq ´

1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq

Hence:

rU t
hps, aq ´ U‹

hps, aq ě eβrhps,aq

«

´

1 ´
1

H

¯

ppth

´

rZt
h`1ps, aq ´ Z‹

h`1ps, aq

¯

`
1

H
ppth

´

Z‹
h`1 ´

r

Zt
h`1

¯

ps, aq

ff

ě 0

Where we used the induction hypothesis. We prove the pessimistic property in the same way

B.1.2. STOPPING RULE

We define the width certificate for the algorithm for the case β ą 0:

Gt
hps, aq “ min

#

eβpH´hq, eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppthπ
t`1Gt

h`1psq

ı

+

(14)

Lemma 10 establishes the validity of this stopping rule by showing that, with high probability, it
bounds the certificate width:

Lemma 10 On the good event E`, for all t and all h,

Z‹
hpsq ´ Zπt`1

h psq ď πt`1
h Gt

hpsq @s P S

In particular, at the initial state s1, Z‹
1 ps1q ´ Zπt`1

1 ps1q ď πt`1
1 Gt

1ps1q

We prove the lemma 10 in this section : We define the auxiliary variable Z̊t
h. Setting Z̊t

H`1 ” 1, we
recurse backward for h “ H . . . 1:

Ů t
h,pes “ max

!

1, eβrh
”

ppthZ̊
t
h`1 ´ bth ´ 1

H ppthp rZt
h`1 ´ Z̊t

h`1q

ı)

Ů t
h “ min

!

eβrhpphZ̊
t
h`1q, Ů t

h,pes

)

Z̊t
hpsq “ Ů t

h

`

s, πt`1
h psq

˘

Because
r

Zt is pessimistic against Z‹, we cannot directly compare
r

Zt to Zπt`1
. Intuitively, Z̊t satis-

fies the exponential Bellman recursion under the true kernel ph, while being clipped by a pessimistic
empirical backup; hence it serves as a worst-case lower bound for both

r

Zt and Zπt`1
as shows the

next lemma:

Lemma 11 For all ph, s, aq:

Ů t
hps, aq ď min

´

r

U t
hps, aq, U

πt`1
h

h ps, aq

¯

and
Z̊t
hpsq ď min

´

r

Zt
hpsq, Z

πt`1
h

h ps, aq

¯
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Proof We proceed by backward induction. For h “ H ` 1, all values are equal to 1 so the
inequalities hold. Assume that for some h ď H we have for all ps, aq:

Ů t
h`1ps, aq ď min

´

r

U t
h`1ps, aq, U

πt`1
h`1

h ps, aq

¯

and
Z̊t
h`1psq ď min

´

r

Zt
h`1psq, Z

πt`1
h`1

h ps, aq

¯

we have by construction:

Ů t
hps, aq ď Ů t

h,trueps, aq “ eβrhps,aqpphZ̊
t
h`1qps, aq ď eβrhps,aqpphZ

πt`1

h`1 qps, aq “ U
πt`1
h`1

h ps, aq

Where we used the induction hypothesis and the monotonicity of the exponential Bellman operator.
Again by construction;

Ů t
hps, aq ď Ů t

h,pesps, aq

But since we have:

r

U t
hps, aq ´ Ů t

h,pesps, aq “ eβrhps,aq
”´

ppth
r

Zt
h`1ps, aq ´ bthps, aq ´

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

¯

´

´

ppthZ̊
t
h`1ps, aq ´ bthps, aq ´

1

H
ppth

´

rZt
h`1 ´ Z̊t

h`1

¯

ps, aq

¯ı

“ eβrhps,aq
´

1 ´
1

H

¯”

ppth
`

r

Zt
h`1 ´ Z̊t

h`1

˘

ı

ě 0

Where we applied the induction hypothesis, we conclude then:

Ů t
hps, aq ď

r

U t
hps, aq

The bound on V follows immediately and we conclude the recursion

On the good event E` we have:

Lemma 12 On the good event E`

rU t
hps, aq ´ Ů t

hps, aq ď eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

rZt
h`1 ´ Z̊t

h`1

¯ı

Proof Fix a state-action pair ps, aq and h P t1, ...,Hu, we consider two cases:
First case: Ů t

hps, aq “ Ů t
h,trueps, aq we then have:

rU t
hps, aq´Ů t

hps, aq ď eβr
t
hps,aq

”

bthps, aq`
1

H
ppth

´

rZt
h`1´

r

Zt
h`1

¯

ps, aq`ppth
rZt
h`1ps, aq´phZ̊

t
h`1ps, aq

ı

The last term can be written as:

ppth
rZt
h`1ps, aq ´ phZ̊

t
h`1ps, aq “ ppth

´

rZt
h`1 ´ Z̊t

h`1

¯

ps, aq `
`

ppth ´ ph
˘

Z‹
h`1 `

`

ph ´ ppth
˘`

Z‹
h`1 ´ Z̊t

h`1

˘
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For the second term, by lemma 8:

|
`

ph ´ ppth
˘

Z‹
h`1ps, aq| ď bthps, aq `

1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq ď bthps, aq `
1

H
ppth

´

rZt
h`1 ´ Z̊t

h`1

¯

ps, aq

For the third term, by the KL-Bernstein inequality 24 and using the inequality
?
ab ď a

H ` bH:

`

ph ´ ppth
˘`

Z‹
h`1 ´ Z̊t

h`1

˘

ď

d

2Var
ppth

pZ‹
h`1 ´ Z̊t

h`1q
αpnt

hps, aqq

nt
hps, aq

`
2

3
eβpH´hqαpnt

hps, aqq

nt
hps, aq

ď

d

2eβpH´hq
ppthpZ‹

h`1 ´ Z̊t
h`1q

αpnt
hps, aqq

nt
hps, aq

`
2

3
eβpH´hqαpnt

hps, aqq

nt
hps, aq

ď
1

H
ppthp rZt

h`1 ´ Z̊t
h`1q ` 2HeβpH´hqαpnt

hps, aqq

nt
hps, aq

`
2

3
eβpH´hqαpnt

hps, aqq

nt
hps, aq

Hence by combining the two bounds:

ppth
rZt
h`1ps, aq ´ phZ̊

t
h`1ps, aq ď 2bthps, aq `

´

1 `
2

H

¯

ppth

´

rZt
h`1 ´ Z̊t

h`1

¯

Hence by substituting and using lemma 11:

rU t
hps, aq ´ Ů t

hps, aq ď eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

rZt
h`1 ´ Z̊t

h`1

¯ı

Second case: Ů t
hps, aq “ Ů t

h,pesps, aq. In this case:

rU t
hps, aq ´ Ů t

hps, aq ď eβr
t
hps,aq

”

bthps, aq `
1

H
ppthp rZt

h`1 ´
r

Zt
h`1qps, aq ` ppth

rZt
h`1ps, aq

´

´

ppthZ̊
t
h`1ps, aq ´ bthps, aq ´

1

H
ppth
`

rZt
h`1 ´ Z̊t

h`1

˘

ps, aq

¯

“ eβr
t
hps,aq

”

2bthps, aq `

ˆ

1 `
1

H

˙

ppthp rZt
h`1 ´ Z̊t

h`1q `
1

H
p rZt

h`1 ´
r

Zt
h`1q

¯

ps, aq

ı

Hence by lemma 11 we find:

rU t
hps, aq ´ Ů t

hps, aq ď eβr
t
hps,aq

”

2bthps, aq `

´

1 `
2

H

¯

ppth

´

rZt
h`1 ´ Z̊t

h`1

¯ı

Which conclude the recursion

We now prove lemma 10:
Proof We first prove by backward induction that, for all h and s,

rZt
hpsq ´ Z̊t

hpsq ď pπt`1
h Gt

hqpsq. (15)

For h “ H ` 1 it holds since both sides are 0. Assume it holds at step h ` 1. For a “ πt`1
h psq

rZt
hpsq ´ Z̊t

hpsq “ rU t
hps, aq ´ Ů t

hps, aq.
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By lemma 12, we have :

rU t
hps, aq ´ Ů t

hps, aq ď eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

rZt
h`1 ´

r

Zt
h`1

¯ı

By the induction hypothesis inside the tilted expectation:

ppthp rZt
h`1 ´ Z̊t

h`1qps, aq ď ppthpπt`1Gt
h`1qps, aq.

Thus,

rZt
hpsq ´ Z̊t

hpsq ď 3bthps, aq `

´

1 `
3

H

¯

ppthpπt`1Gt
h`1qps, aq ď Gt

hps, aq “ pπt`1
h Gt

hqpsq

Finally, use optimism and the ring bridge: on E , Z‹
h ď rZt

h (lemma 9) and Z̊t
h ď Zπt`1

h (lemma 11),
hence

Z‹
hpsq ´ Zπt`1

h psq ď rZt
hpsq ´ Z̊t

hpsq ď pπt`1
h Gt

hqpsq

B.1.3. SAMPLE COMPLEXITY

Now we prove theorem 4 for β ą 0
Proof the width certificate is:

Gt
hps, aq “ min

#

eβpH´hq, eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppthπ
t`1Gt

h`1psq

ı

+

Let us transition to the true MDP. Using Bernstein inequality:

ˇ

ˇpppth ´ phqπt`1Gt
h`1psq

ˇ

ˇ ď

b

2Varph
`

πt`1Gt
h`1psq

˘

αpnt
hps, aq `

2

3
eβpH´hqαpnt

hps, aq

Now, we use the inequality Varpπt`1
h`1G

t
h`1psqq ď eβpH´hqπt`1

h`1G
t
h`1psq. Hence, using the in-

equality
?
xy ď x ` y:

ˇ

ˇpppth ´ phqπt`1Gt
h`1psq

ˇ

ˇ ď
1

H
phπ

t`1Gt
h`1psq ` 3HeβpH´hqαpnt

hps, aqq
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And using the variance transportation lemmas 27,28 and that α‹pnt
hps, aqq ď αpnt

hps, aqq:
d

Var
ppth

p rZt
h`1q

α‹pnt
hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

`

d

4eβpH´hqphp rZt
h`1 ´ Zπt`1

h`1 qps, aq
α‹pnt

hps, aqq

nt
hps, aq

` 2eβpH´hqαpnt
hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

`
1

H
php rZt

h`1 ´ Z‹
h`1qps, aq ` 2eβpH´hqαpnt

hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 rq
α‹pnt

hps, aqq

nt
hps, aq

` 4HeβpH´hqα
‹pnt

hps, aqq

nt
hps, aq

`
1

H
phπ

t`1Gt
h`1psq ` 2eβpH´hqαpnt

hps, aqq

nt
hps, aq

Hence, by coarsening the constants for the sake of simplicity:

bthps, aq ď 4
?
2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

` 4p2
?
2 ` 1qHeβpH´hqα

‹pnt
hps, aqq

nt
hps, aq

` p5 ` 4
?
2qeβpH´hqαpnt

hps, aqq

nt
hps, aq

`
2
?
2

H
phπ

t`1Gt
h`1psq

ď 6

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

`
2
?
2

H
phπ

t`1Gt
h`1psq ` 27HeβpH´hqαpnt

hps, aqq

nt
hps, aq

We combine the two terms:

Gt
hps, aq ď eβrhps,aq

«

36

d

VarphpZπt`1

h q
α‹pnt

hps, aqq

nt
hps, aq

`
6
?
2

H
phπ

t`1Gt
h`1psq

` 81HeβpH´hqαpnt
hps, aqq

nt
hps, aq

`

´

1 `
3

H

¯

phπ
t`1Gt

h`1psq

`

´

1 `
3

H

¯ 1

H
phπ

t`1Gt
h`1psq `

´

1 `
3

H

¯

3HeβpH´hqαpnt
hps, aqq

nt
hps, aq

ff

Hence, simplifying it gives:

Gt
hps, aq ď eβrhps,aq

«

36

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

`

ˆ

1 `
13

H

˙

phπ
t`1Gt

h`1psq`84HeβpH´hqαpnt
hps, aqq

nt
hps, aq

ff
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Unrolling this inequality and using the terminal condition Gt
H`1 “ 0 we get:

pπ1G
t
1qps1q ď Eπ

«

H
ÿ

h“1

κh´1 exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

ˆ

36
b

Varph
`

Zπt`1

h`1

˘

α‹
`

nt
hpsh, ahq ^ 1

˘

` 84HeβpH´hqα
`

nt
hpsh, ahq ^ 1

˘

˙

ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

where κ “ 1 ` 13
11 . Since we have:

κh´1 “

´

1 `
13

H

¯h´1
ď lim

HÑ`8

´

1 `
13

H

¯H
“ e13

we get:

pπ1G
t
1qps1q ď e13Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36
b

Varph
`

Zπ
h`1

˘

α‹
`

nt
hpsh, ahq ^ 1

˘

` 84HeβpH´hqα
`

nt
hpsh, ahq ^ 1

˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

The algorithm stops when:

πτ
1G1ps1q ď

e|β|ε ´ 1

e|β|ε
rZτ
1 ps1q

We upper bound πt
1G1ps1q

rZt
1ps1q

for t “ 1, ..., τ ´ 1, using optimism:

π1G
t
1ps1q

rZt
1ps1q

ď
pπ1G

t
1ps1q

Zπt`1

1 ps1q

ď e13Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36

d

Varph
`

Zπt`1

h`1

˘

psh, ahq

pZπt`1

1 q2ps1q
α
`

nt
hpsh, ahq ^ 1

˘

` 84HeβpH´hqα
`

nt
hpsh, ahq ^ 1

˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

Let us bound the first term, using Cauchy-Schwartz inequality:

Eπt`1

»

–

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

¯

ˇ

ˇ

ˇ

ˇ

ˇ

s1

fi

fl

“

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

¯

ď

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

α‹pnt
hps, aqq

nt
hps, aq
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For a policy π. By lemma 25 we have:

σV π
h psq “ e2βrhps,πpsqq Varph

`

Zπ
h`1

˘

ps, πpsqq ` e2βrhps,πpsqq
`

phσV
π
h`1

˘

ps, πpsqq

Multiplying the equation by
řh´1

i“1 ripsi, aiq and take the expectation under π:

Eπ
”

e2β
řh´1

i“1 ripsi,aiqσV π
h pshq

ı

“ Eπ
”

e2β
řh

i“1 ripsi,aiq Varph
`

Zπ
h`1

˘

ı

` Eπ
”

e2β
řh

i“1 ripsi,aiqσV π
h`1psh`1q

ı

By summing over h “ 1, ...,H and since σV π
H`1 “ 0 we get:

H
ÿ

h“1

Eπ

«

e2β
řh

i“1 ripsi,aiq
Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2

ff

“ Eπ

„

σV π
1 ps1q

pZπ
1 q2

ȷ

But notice that for a deterministic policy π:

σV π
1 ps1q

pZπ
1 q2

“
VarpeβR

π
1 |S1 “ s1q

EpeβR
π
1 |S1 “ s1q2

Using lemma 26 we get that:
σV π

1 ps1q

pZπ
1 q2

ď
peβGmaxpMq ´ 1q2

eβGmaxpMq

Applying this for πt`1 we get:

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2
ď

peβGmaxpMq ´ 1q2

eβGmaxpMq

For the second term:

Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

HeβpH´hq
`α

`

nt
hps, aq

nt
hps, aq

^ 1
˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

“

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

β
h
ÿ

i“1

ripsi, aiq
¯

HeβpH´hq
`α

`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aqeβhHeβpH´hq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď HeβH
H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘
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ENTROPIC BEST POLICY IDENTIFICATION

Hence:

pπ1G
t
1qps1q ď 36e13

g

f

f

e

peβGmaxpMq ´ 1q2

eβGmaxpMq

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13eβH
H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13eβH
H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

Let us sum over t ď τ . By sub-optimality for each episode t “ 0, ..., τ ´ 1 we have:

πt`1
1 G1ps1q ą

e|β|ε ´ 1

e|β|ε
rZt
1ps1q

Hence by summing over all the episodes and using Cauchy-Schwartz:

τ
eβε ´ 1

eβε
ď 36e13

τ´1
ÿ

t“1

g

f

f

e

peβGmaxpMq ´ 1q2

eβGmaxpMq

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13eβH
τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq

?
T

g

f

f

e

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13eβH
τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

Using lemma 29 to relate the true counts to pseudo-counts we get:

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aqα

`

rnt
hps, aq _ 1

˘

ď αpτ ´ 1, δq

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

1

rnt
hps, aq _ 1

ď αpτ ´ 1, δq

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

rnt
h`1ps, aq ´ rnt

hps, aq

rnt
hps, aq _ 1

ď 3SAHαpτ ´ 1, δq logpτ ` 1q
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Where in the final inequality we used lemma 31. Similarly, we find:

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď 3SAHα‹pτ ´ 1, δq logpτ ` 1q

Hence:

τ
eβε ´ 1

eβε
ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq
τSAHα‹pt ´ 1, δq logpt ` 1q ` 84e13eβHSAHαpt ´ 1, δq logpt ` 1q

Therefore, by replacing α˚ and α by their expression and using that logpτ ` 1q ď logp8eτq since
τ ě 1:

τ
eβε ´ 1

eβε
ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq
τSAH

´

log
`3SAH

δ

˘

log
`

8eτ
˘

` log
`

8eτ
˘2
¯

` 84e13eβHSAH
´

log
`3SAH

δ

˘

log
`

8eτ
˘

` S log
`

8eτ
˘2
¯

Finally, we use lemma 31 with :

C “ 36e13
eβε

eβε ´ 1

d

p
peβGmaxpMq ´ 1q2

eβGmaxpMq
SAH ,A “ logp

3SAH

δ
q , B “ 1

D “
eβε

eβε ´ 1
84e13eβHH2SA and E “ S

Which yield:

τ ď
e2βε

`

eβε ´ 1
˘2

peβGmaxpMq ´ 1q2

eβGmaxpMq
SAH

ˆ

logp
3SAH

δ
q ` 1

˙

C2
1 ` 3eβε

eβHH2SA

eβε ´ 1

ˆ

logp
3SAH

δ
q ` S

˙

C2
1 ` 1

Where C1 “ 8
5 log

ˆ

4e17 pS`1qpH`1qe|βHSAH2

eβε´1

˙

In particular, if ε is small enough so that the first term dominates the second then:

τ ď
e2βε

`

eβε ´ 1
˘2

peβGmaxpMq ´ 1q2

eβGmaxpMq
SAH logp

3SAH

δ
qC2

2

Where C2 “ 3eC1. We can finally hide the constants and the log terms to get:

τ “ Õ

˜

1
`

eβε ´ 1
˘2

peβGmaxpMq ´ 1q2

eβGmaxpMq
SAH

¸

Finally to see that the stopping rule implies pε, δqPAC, remark that at time τ :

πτ
1G1ps1q ď

eβε ´ 1

eβε
rZt
1ps1q
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This is equivalent to :

πτ
1G1ps1q ď pe|β|ε ´ 1q

˜

rZt
1ps1q ´ πτ

1G1ps1q

¸

Since rZt
1ps1q ´ Z‹

1 ps1q ď rZt
1ps1q ´ Z̊t

1ps1q ď πt`1,1G
t
1ps1q, this stopping condition is stronger

than the condition:
πτ
1G1ps1q ď peβε ´ 1qZπτ

1

But we can write:

pV ‹
1 ´ V πτ`1

1 qps1q “
1

β
log

ˆ

Z‹
1

Zπτ

1

˙

ps1q “
1

β
log

ˆ

1 `
Z‹
1 ´ Zπτ

1

Zπτ

1

˙

ps1q ď
1

β
log

ˆ

1 `
πτ
1G1ps1q

Zπτ

1

˙

ps1q ď ε

B.2. Case β ă 0

B.2.1. STOPPING RULE

We first discuss the stopping rule for β ă 0. The difference in value functions can be expressed in
the exponential space as:

pV ‹
1 ´ V πt`1

1 qps1q “
1

β
log

ˆ

Z‹
1

Zπt`1

1

˙

ps1q

“
1

β
log

˜

1 `
Z‹
1 ´ Zπt`1

1

Zπt`1

1

¸

ps1q.

To ensure the policy is ε-optimal, it suffices to satisfy at stopping time τ :

πt
1G1ps1q ď

´

eβε ´ 1
¯

Zπt

1 ps1q (16)

However, Zπt

1 is unknown as it relies on the true dynamics. We therefore substitute it with a com-
putable lower bound:

πt
1G1ps1q ď

´

eβε ´ 1
¯

r

Zπt

1 ps1q (17)

where both πt
1G1ps1q and

r

Zt
1ps1q can be computed efficiently by dynamic programming.

B.2.2. CONFIDENCE BOUNDS

We first start with a lemma:

Lemma 13 On the good event E´:

|
`

ph ´ ppth
˘

Z‹
h`1| ď 2

?
2

d

Var
ppth

p
r

Zt
hqps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 5p1 ´ eβpH´hqqαpnt
hps, aqq

` 4Hp1 ´ eβpH´hHqq
α‹pnt

hps, aqq

nt
hps, aq

`
1

H
ppth

´

Z‹
h`1 ´

r

Zt
h`1

¯

ps, aq
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Proof On the good event E´ we have:

ˇ

ˇpph ´ ppthqZ‹
h`1ps, aq| ď

d

2VarphpZ˚
h`1q

α‹pnt
hps, aqq

nt
hps, aq

` 3p1 ´ eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

Since Z‹
h and ph are unknown, we use a variance transportation inequality to replace with its value

for rZt
h the optimistic bound for V ‹. By applying lemma 27 and lemma 28 successively:

VarphpZ‹
h`1q ď 2Var

ppth
pZ‹

h`1qps, aq ` 4p1 ´ eβpH´hqq2
αpnt

hps, aqq

nt
hps, aq

ď 4Var
ppth

p
r

Zt
h`1qps, aq ` 4p1 ´ eβpH´hqqppthpZ‹

h`1 ´
r

Zt
h`1qps, aq ` 4p1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq

Hence, using the inequality
?
a ` b ď

?
a `

?
b and then

?
ab ď aη ` b

η for η “ H and using that
α‹pnt

hps, aqq ď αpnt
hps, aqq:

d

VarphpZ‹
hqps, aq

α‹pnt
hps, aqq

nt
hps, aq

ď 2

d

Var
ppth

p
r

Zt
hqps, aq

α‹pnt
hps, aqq

nt
hps, aq

`

d

4p1 ´ eβpH´hqqppthpZ‹
h`1 ´

r

Zt
h`1qps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 2p1 ´ eβpH´hqq

d

α‹pnt
hps, aqq

nt
hps, aq

αpnt
hps, aqq

nt
hps, aq

ď 2

d

Var
ppth

p
r

Zt
hqps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 4Hp1 ´ eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

`
1

H
ppthpZ‹

h`1 ´
r

Zt
h`1qps, aq ` 2p1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq

Hence:

|phZ
‹
h`1 ´ ppthps, aqZ‹

h`1| ď 2
?
2

d

Var
ppth

p
r

Zt
h`1qps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 5p1 ´ eβpH´hqqαpnt
hps, aqq

` 4Hp1 ´ eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

`
1

H
ppth

´

Z‹
h`1 ´

r

Zt
h`1

¯

ps, aq

Denote the bonus term as:

bthps, aq “ 2
?
2

d

Var
ppth

p
r

Zt
hqps, aq

α‹pnt
hps, aqq

nt
hps, aq

`5p1´eβpH´hqq
αpnt

hps, aqq

nt
hps, aq

`4Hp1´eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

(18)
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Now, like the case β ą 0 we define define optimistic and pessimistic state-value function on the
exponential transform of Q‹

h which denoted by U‹
h .

rU t
hps, aq “ min

#

1, eβrhps,aq

«

ppth
rZt
h`1ps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff+

rZt
hpsq “ min

aPA
rU t
hps, aq, rZt

H`1psq “ 1

r

U t
hps, aq “ max

#

eβpH´h´1q, eβrhps,aq

«

ppth
r

Zt
h`1ps, aq ´ bthps, aq ´

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff+

r

Zt
hpsq “ min

aPA
r

U t
hps, aq,

r

Zt
H`1psq “ 1 (19)

And we consider the greedy policy:

πt`1
h psq “ argmin

aPA
r

U t
hps, aq

Let us prove an optimism lemma:

Lemma 14 On the good event E´ we have:

r

U t
hps, aq ď U‹

hps, aq ď rU t
hps, aq

and

r

Zt
hpsq ď Z‹

hpsq ď rZt
hpsq

Proof We proceed by induction over h. For h “ H ` 1 the result is trivially upper bounding and
(resp. lower bounding ) Q‹ by H and 1.
Assume the inequality holds for h1 ą h. Fix ps, aq and assume rQt

hps, aq ă H .we have that:

rU t
hps, aq ´ U‹

hps, aq “ eβrhps,aq

«

ppth
rZt
h`1ps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq ´ phZ
‹
h`1ps, aq

ff

“ eβrhps,aq

«

ppth

´

rZt
h`1ps, aq ´ Z‹

h`1ps, aq

¯

`

´

ppth ´ ph

¯

Z‹
h`1ps, aq

` bthps, aq `
1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff

But we know by Bernstein inequality that:
´

ppth ´ ph

¯

Z‹
hps, aq ě ´bthps, aq ´

1

H
ppth

´

Z‹
h`1 ´

r

Zt
h`1

¯

ps, aq ě ´bthps, aq ´
1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq

Hence:

rU t
hps, aq ´ U‹

hps, aq ě eβrhps,aq

«

´

1 `
1

H

¯

ppth

´

rZt
h`1ps, aq ´ Z‹

h`1ps, aq

¯

ff

ě 0

Where we used the induction hypothesis. We prove the pessimistic property in the same way
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B.2.3. STOPPING RULE

We define the stopping rule for the algorithm for β ă 0 as:

Gt
hps, aq “ min

#

1, eβrhps,aq
”

3bthps, aq `

´

1 `
3

H

¯

ppthπ
t`1Gt

h`1ps, aq

ı

+

(20)

Lemma 15 establishes the validity of this stopping rule by showing that, with high probability, it
bounds the certificate width:

Lemma 15 On the good event E´, for all t and all h,

Zπt`1

h psq ´ Z‹
hpsq ď πt`1

h Gt
hpsq @s P S

In particular, at the initial state s1, V ‹
1 ps1q ´ V πt`1

1 ps1q ď πt`1
1 Gt

1ps1q

We prove the lemma 15 in this section : As in the case β ă 0. We define the auxiliary (analysis-only)
variable Z̊t

h. Setting Z̊t
H`1 ” 1, we recurse backward for h “ H, . . . , 1:

Ů t
h,optps, aq “ min

!

1, eβrhps,aq
”

pppthZ̊
t
h`1qps, aq ` bthps, aq ` 1

H

`

ppthpZ̊t
h`1 ´

r

Zt
h`1q

˘

ps, aq

ı)

,

Ů t
hps, aq “ max

!

eβrhps,aqpphZ̊
t
h`1qps, aq, Ů t

h,optps, aq

)

,

Z̊t
hpsq “ Ů t

h

`

s, πt`1
h psq

˘

.

Because rZt is pessimistic with respect to Z‹ (and β ă 0 reverses the relevant order), we cannot
directly compare it to Zπt`1

. We introduce Z̊t as a bridge quantity. Intuitively, Z̊t satisfies the ex-
ponential Bellman recursion under the true kernel ph while being clipped by an optimistic empirical
backup; hence it serves as a worst-case upper bound for both rZt and Zπt`1

.

Lemma 16 For all t, For all ph, s, aq:

Ů t
hps, aq ě max

´

rU t
hps, aq, U

πt`1
h

h ps, aq

¯

and
Z̊t
hpsq ě max

´

rZt
hpsq, Z

πt`1
h

h ps, aq

¯

Proof We proceed by backward induction. For h “ H ` 1, all values are equal to 0 so the
inequalities hold. Assume that for some h ď H we have for all ps, aq:

Ů t
h`1ps, aq ě max

´

rU t
h`1ps, aq, Uπt`1h

h`1 ps, aq

¯

and
Z̊t
h`1psq ě max

´

rZt
h`1psq, Zπt`1

h`1 ps, aq

¯

we have by construction:

Ů t
hps, aq ě Ů t

h,trueps, aq “ eβrhps,aqpphZ̊
t
h`1qps, aq ě eβrhps,aqpphZ

πt`1

h`1 qps, aq “ Uπt`1

h ps, aq
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Where we used the induction hypothesis and the monotonicity of the exponential Bellman operator.

Ů t
hps, aq ´ rU t

hps, aq ě Ů t
h,optps, aq ´ rU t

hps, aq

ě eβrhps,aq

«

ppthZ̊
t
h`1ps, aq ` bthps, aq `

1

H
ppth

´

Z̊t
h`1 ´

r

Zt
h`1

¯

ps, aq

´

´

ppth
rZt
hps, aq ` bthps, aq `

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

¯

ff

ě eβrhps,aq

«

ˆ

1 `
1

H

˙

ppth

´

Z̊t
h`1 ´ rZt

h`1

¯

ps, aq

ff

Where we applied the induction hypothesis, we conclude then:

Ů t
hps, aq ě rU t

hps, aq

For Z:

Z̊t
hpsq ´ Zπt`1

h ps, aq “ Ů t
hps, πt

hpsqq ´ Uπt`1

h ps, πt`1
h psqq ě 0

And:

Z̊t
hpsq “ Ů t

hps, πt
hpsqq ě rU t

hps, πt
hpsqq ě min

aPA
rU t
hps, aq “ rZt

hps, aq

Which conclude the recurrence

Lemma 17 For any t, any h P t1, ...,Hu and any state-action pair:

Ů t
hps, aq ´

r

U t
hps, aq ď eβrhps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

Z̊t
hps, aq ´

r

Zt
h`1

¯

ps, aq

ı

Proof Fix h P t1, ...,Hu and fix a state-action pair ps, aq. We have two cases:
First case: Ů t

hps, aq “ Ů t
h,trueps, aq, we have:

Ů t
hps, aq ´

r

U t
hps, aq ď eβrhps,aq

”

bthps, aq `
1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq ` phZ̊
t
h`1ps, aq ´ ppth

r

Zt
h`1ps, aq

ı

The last term can be written as:

phZ̊
t
h`1ps, aq ´ ppth

r

Zt
h`1ps, aq “ ppth

´

Z̊t
h`1 ´

r

Zt
h`1

¯

ps, aq `
`

ppth ´ ph
˘

Z‹
h`1ps, aq `

`

ph ´ ppth
˘`

Z̊t
h`1 ´ Z‹

h`1

˘

For the second term, by lemma 13:

|
`

ph ´ ppth
˘

Z‹
h`1ps, aq| ď bthps, aq `

1

H
ppth

´

rZt
h`1 ´ Z‹

h`1

¯

ps, aq ď bthps, aq `
1

H
ppth

´

rZt
h`1 ´ Z̊t

h`1

¯

ps, aq
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For the third term, by the KL-Bernstein inequality 24 and using the inequality
?
ab ď a

H ` bH:

`

ph ´ ppth
˘`

Z‹
h`1 ´ Z̊t

h`1

˘

ď

d

2Var
ppth

pZ‹
h`1 ´ Z̊t

h`1q
αpnt

hps, aqq

nt
hps, aq

`
2

3

´

1 ´ eβpH´hq
¯ αpnt

hps, aqq

nt
hps, aq

ď

d

2eβpH´hq
ppthpZ‹

h`1 ´ Z̊t
h`1q

αpnt
hps, aqq

nt
hps, aq

`
2

3

´

1 ´ eβpH´hq
¯ αpnt

hps, aqq

nt
hps, aq

ď
1

H
ppthp rZt

h`1 ´ Z̊t
h`1q ` 2HeβpH´hqαpnt

hps, aqq

nt
hps, aq

`
2

3

´

1 ´ eβpH´hq
¯ αpnt

hps, aqq

nt
hps, aq

Hence by combining the two bounds:

phZ̊
t
h`1ps, aq ´ ppth

r

Zt
h`1ps, aq ď 2bthps, aq `

´

1 `
2

H

¯

ppth

´

Z̊t
h`1 ´

r

Zt
h`1

¯

Hence by substituting and using lemma 16:

Ů t
hps, aq ´

r

U t
hps, aq ď eβr

t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

rZt
h`1 ´ Z̊t

h`1

¯ı

Second case: Ů t
hps, aq “ Ů t

h,optps, aq, we have:

Ů t
hps, aq ´

r

U t
hps, aq ď eβrhps,aq

«

ppthZ̊
t
h`1ps, aq ` bthps, aq `

1

H
ppth

´

Z̊t
h`1 ´

r

Zt
h`1

¯

ps, aq

´

˜

ppth
r

Zt
h`1ps, aq ´ bthps, aq ´

1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

¸ff

“ eβrhps,aq

«

2bthps, aq `

ˆ

1 `
1

H

˙

ppth

´

Z̊t
h`1 ´

r

Zt
h`1

¯

ps, aq `
1

H
ppth

´

rZt
h`1 ´

r

Zt
h`1

¯

ps, aq

ff

Using lemma 16 we get:

Ů t
hps, aq ´

r

U t
hps, aq ď eβrhps,aq

”

2bthps, aq `

´

1 `
2

H

¯

ppth

´

Z̊t
hps, aq ´

r

Zt
h`1

¯

ps, aq

ı

We now prove lemma 15:
Proof We first prove by backward induction that, for all h and s,

Z̊t
hpsq ´

r

Zt
hpsq ď pπt`1

h Gt
hqpsq.

For h “ H ` 1 it holds since both sides are 0. Assume it holds at step h ` 1. For a “ πt`1
h psq

Z̊t
hpsq ´

r

Zt
hpsq “ Ů t

hps, aq ´
r

U t
hps, aq

Apply Lemma 16:

Ů t
hps, aq ´

r

U t
hps, aq ď eβr

t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppth

´

Z̊t
hps, aq ´

r

Zt
h`1

¯

ps, aq

ı
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By the induction hypothesis:

ppth

´

Z̊t
hps, aq ´

r

Zt
h`1

¯

ps, aq ď ppthpπt`1Gt
h`1qps, aq.

Thus,

Z̊t
hpsq ´

r

Zt
hpsq ď 3bthps, aq `

´

1 `
3

H

¯

ppthpπt`1Gt
h`1qps, aq ď Gt

hps, aq “ pπt`1
h Gt

hqpsq

Finally, use optimism and the ring bridge: on E , Z‹
h ě

r

Zt
h (optimism lemma 14) and Zπt`1

h ď Z̊t
h

(Lemma 16):
Zπt`1

h psq ´ Z‹
hpsq ď Z̊t

hpsq ´
r

Zt
hpsq ď pπt`1

h Gt
hqpsq

B.2.4. SAMPLE COMPLEXITY

Proof the width certificate is:

Gt
hps, aq “ min

#

1, eβr
t
hps,aq

”

3bthps, aq `

´

1 `
3

H

¯

ppthπ
t`1Gt

h`1psq

ı

+

Let us transition to the true MDP. Using Bernstein inequality:

ˇ

ˇpppth ´ phqπt`1Gt
h`1psq

ˇ

ˇ ď

d

2Varph
`

πt`1Gt
h`1psq

˘αpnt
hps, aq

nt
hps, aq

`
2

3
p1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq

Now, we use the inequality Varpπt`1
h`1G

t
h`1psqq ď p1 ´ eβpH´hqqπt`1

h`1G
t
h`1psq. Hence, using the

inequality
?
xy ď x ` y:

ˇ

ˇpppth ´ phqπt`1Gt
h`1psq

ˇ

ˇ ď
1

H
phπ

t`1Gt
h`1psq ` 3Hp1 ´ eβpH´h`1qq

αpnt
hps, aq

nt
hps, aq

And using the variance transportation lemmas 27 and 28 and that α‹pnt
hps, aqq ď αpnt

hps, aqq:
d

Var
ppth

p
r

Zt
h`1qps, aq

α‹pnt
hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

`

d

4p1 ´ eβpH´hqqphpZπt`1

h`1 ´
r

Zt
h`1qps, aq

α‹pnt
hps, aqq

nt
hps, aq

` 2p1 ´ eβpH´hqq
αpnt

hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

` 4Hp1 ´ eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

`
1

H
phpZπt`1

h`1 ´
r

Zt
h`1qps, aq ` 2p1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq

ď 2

d

VarphpZπt`1

h`1 q
α‹pnt

hps, aqq

nt
hps, aq

` 4Hp1 ´ eβpH´hqq
α‹pnt

hps, aqq

nt
hps, aq

`
1

H
phπ

t`1Gt
h`1psq ` 2p1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq
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Since we have :

Zπt`1

h`1 ´
r

Zt
h`1 ď Z̊t

h`1 ´
r

Zt
h`1 ď Gt

h`1psq

Hence, using that α‹pnt
hps, aqq ď αpnt

hps, aqq and simplifying constants and using that H ě 1:

bthps, aq ď 6

d

VarphpZπt`1

h q
α‹pnt

hps, aqq

nt
hps, aq

`
3

H
phπ

t`1Gt
h`1psq ` 27Hp1 ´ eβpH´hqq

αpnt
hps, aqq

nt
hps, aq

We combine the two terms:

Gt
hps, aq ď eβrhps,aq

«

36

d

VarphpZπt`1

h q
α‹pnt

hps, aqq

nt
hps, aq

`
6
?
2

H
phπ

t`1Gt
h`1psq

` 81Hp1 ´ eβpH´hqq
αpnt

hps, aqq

nt
hps, aq

`

´

1 `
3

H

¯

phπ
t`1Gt

h`1psq

`

´

1 `
3

H

¯ 1

H
phπ

t`1Gt
h`1psq `

´

1 `
3

H

¯

3Hp1 ´ eβpH´hqq
αpnt

hps, aqq

nt
hps, aq

ff

Hence, simplifying it gives:

Gt
hps, aq ď eβrhps,aq

«

36

d

VarphpZπt`1

h q
αpnt

hps, aqq

nt
hps, aq

`

ˆ

1 `
13

H

˙

phπ
t`1Gt

h`1psq`81Hp1´eβpH´hqq
αpnt

hps, aqq

nt
hps, aq

ff

Unrolling this inequality like the case β ą 0:

pπ1G
t
1qps1q ď e13Eπ

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36
b

Varph
`

Zπ
h`1

˘

α
`

nt
hpsh, ahq ^ 1

˘

` 81Hp1 ´ eβpH´hqqα
`

nt
hpsh, ahq ^ 1

˘

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

The algorithm stops when:

πτ
1G1ps1q ď p1 ´ eβεq

r

Zπτ

1

This is equivalent to:

πτ
1G1ps1q ď

e|β|ε ´ 1

2e|β|ε ´ 1

`

r

Zπτ

1 ` π1G
t
1ps1q

˘

We then need to upper bound the quantity πt
1G1ps1q

r

Zπt
1

for t “ 1, ..., τ ´ 1:

π1G
t
1ps1q

r

Zπt

1 ` π1Gt
1ps1q

ď
π1G

t
1ps1q

Zπt`1

1 ps1q

ď
e13

β
Eπt`1

«

H
ÿ

h“1

exp
´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2

´α
`

nt
hpsh, ahq

nt
hps, aq

^ 1
¯

` 81Hp1 ´ eβpH´hqq

´α
`

nt
hpsh, ahq

nt
hps, aq

^ 1
¯

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff
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Like the case β ą 0 we write directly:

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπ
h`1

˘

pZπt`1

1 q2
“ Eπ

“ σV πt`1

1

pZπt`1

1 q2

‰

But since the greedy policy is deterministic we have:

σV π
1 ps1q

pZπ
1 q2

“
VarpeβR

π
1 |S1 “ s1q

EpeβR
π
1 |S1 “ s1q2

Where L “ eβ
řH

i“1 ripsi,aiq, using lemma 26 we get that:

σV π
1 ps1q

pZπ
1 q2

ď
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq

Hence:

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

β
h
ÿ

i“1

ripsi, aiq
¯

˜

36

d

Varph
`

Zπt`1

h`1

˘

pZπt`1

1 q2

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

¯

ď 36

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

´

2β
h
ÿ

i“1

ripsi, aiq
¯Varph

`

Zπt`1

h`1

˘

pZπt`1

1 q2

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

αpnt
hps, aqq

nt
hps, aq

ď 36

d

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

α‹pnt
hps, aqq

nt
hps, aq

For the second term:

1

Zπt`1

1 ps1q
Eπt`1

«

H
ÿ

h“1

exp

˜

β
h
ÿ

i“1

ripsi, aiq

¸

Hp1 ´ eβpH´hqq

˜

α
`

nt
hps, aq

˘

nt
hps, aq

^ 1

¸ˇ

ˇ

ˇ

ˇ

ˇ

s1

ff

“
1

Zπt`1

1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq exp

˜

β
h
ÿ

i“1

ripsi, aiq

¸

Hp1 ´ eβpH´hqq

˜

α
`

nt
hps, aq

˘

nt
hps, aq

^ 1

¸

ď

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aqeβhHp1 ´ eβpH´hqq

˜

α
`

nt
hps, aq

˘

nt
hps, aq

^ 1

¸

ď He|β|H
H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

˜

α
`

nt
hps, aq

˘

nt
hps, aq

^ 1

¸

We then sum on t ă τ and use that by sub-optimality we have for t “ 1, ..., τ ´ 1:

π1G
t
1ps1q

Zπt`1

1

ě
πτ
1G1ps1q

p
r

Zπτ

1 ` π1Gt
1ps1qq

ě e|β|ε ´ 1
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Hence:

τpe|β|ε ´ 1q ď 36e13e2|β|ε
τ´1
ÿ

t“1

g

f

f

ep
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
q

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 81e13e2|β|εHe|β|H
τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď 36e13e2|β|ε

d

p
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
q
?
T

g

f

f

e

τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 81e13e2|β|εHe|β|H
τ´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

Similarly to the case β ą 0 we bound the other terms using the counting argument which yield:

τpe|β|ε ´ 1q ď 36e13e2|β|ε

d

p
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
qτSAHα‹pτ ´ 1, δq logpτ ` 1q ` 81e13e2|β|εe|β|HH2SAαpτ ´ 1, δq logpτ ` 1q

We replace α‹ and α by their expressions and using that logpτ ` 1q ď logp8eτq since τ ě 1:

τpe|β|ε ´ 1q ď 36e13e2|β|ε

d

p
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
qτSAH

´

log
`3SAH

δ

˘

log
`

8eτ
˘

` log
`

8eτ
˘2
¯

` 81e13e2|β|εe|β|HH2SA
´

log
`3SAH

δ

˘

log
`

8eτ
˘

` S log
`

8eτ
˘2
¯

Finally, we use lemma 31 with :

C “ 36e13

b

p
pe|β|GmaxpMq´1q2

e|β|GmaxpMq qSAH

e|β|ε ´ 1
, A “ logp

3SAH

δ
q , B “ 1

D “
81e13eβHH2SA

e|β|ε ´ 1
and E “ S

Which yield:

τ ď
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq

e2|β|ε

`

e|β|ε ´ 1
˘2SAH

ˆ

logp
3SAH

δ
q ` 1

˙

C2
1 ` 3

e2|β|ε

e|β|ε ´ 1
eβHH2SA

ˆ

logp
3SAH

δ
q ` S

˙

C2
1 ` 1

Where C1 “ 8
5 log

ˆ

4e17 pS`1qpH`1qe|βHSAH2

pe|β|ε´1q

˙

In particular, assuming that ε is small enough that the first term dominates the second term then:

τ ď
pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq

e2|β|ε

`

e|β|ε ´ 1
˘2SAH logp

3SAH

δ
qC2

2
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Where C2 “ 3C1. We can finally hide the constants and the log terms to get:

τ “ Õ

˜

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq

e2|β|ε

pe|β|ε ´ 1q2
SAH

¸

Finally to see that the algorithm is pε, δq PAC, At time τ :

πτ
1G1ps1q ď p1 ´ eβεq

r

Zπτ

1

Since Zπτ

1 ě
r

Zπτ

1 , this is a stronger stopping condition than:

πτ
1G1ps1q ď p1 ´ eβεqZπτ

1

Now, we write:

`

V ‹
1 ´ V πτ

1

˘

ps1q “
1

β
log

` Z‹
1

Zπτ

1

¯

ps1q “
1

β
log

´

1 `
Z‹
1 ´ Zπτ

1

Zπτ

1

¯

ps1q ď
1

β
log

´

1 `
πτ
1G1psq

Zπτ

1

¯

ps1q ď ε

Appendix C. Lower bound

We first state a change of measure for bandit models result from (Kaufmann et al., 2016):

Lemma 18 Let Naptq “
řt

s“1 1tAs“au be the number of draws of arm a between the instants 1
and t and Na “ Napτq be the total number of draws of arm a by some algorithm A “ ppAtq, τ, Ŝmq.

Let ν and ν 1 be two bandit models with K arms such that for all a, the distributions νa and
ν 1
a are mutually absolutely continuous. For any almost-surely finite stopping time σ with respect to

pFtq,
K
ÿ

a“1

EνrNapσqsKLpνa, ν
1
aq ě sup

EPFσ

dpPνpEq,Pν1pEqq

where dpx, yq “ x logpx{yq ` p1 ´ xq logpp1 ´ xq{p1 ´ yqq is the binary relative entropy, with the
convention that dp0, 0q “ dp1, 1q “ 0.

We make the following assumption:
Assumption 1 Let d “ rlogAppS ´ 3qpA ´ 1q ` 1qs. Assume that H ě 3d

This assumption means that the horizon is long enough with respect to the size of MDP so
that the agent can reach the reward state. We state the proof under the stronger assumption that
d “ logAppS ´ 3qpA´ 1q ` 1q for simplicity. But as discussed in (Domingues et al., 2021), we can
extend the construction to the general case by not having a full A-ary tree.
Condition A The bound is stated in the small ε regime. Let c “ e|β|H ´ 1, Assume that we have :

e|β|ε ă

$

’

&

’

%

min
!

4pc`1q2

2c2`7c`4
, 1613

)

β ą 0

min
!

11c`8
10c`8 ,

11
10

)

β ă 0

(21)

When |β|H ě lnp2q, the condition is reduced to the constants and gets harder to satisfy as β goes
to 0. Condition 21 is used to have a valid construction in the proof below i.e to ensure the transition
probabilities are in r0, 1s
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Theorem 3 Fix S ě 6, A ě 2, H P N, β P R‹, and ε, δ P p0, 1q such that δ ď 1{16 and ε satisfy
the condition (21). Then there exists an MDP M0 with S states, A actions, horizon H , and rewards
in r0, 1s such that for every algorithm A output a policy π̂ that is pε, δq-PAC for the entropic risk
measure after sampling τ trajectories we have:

EM0rτ s ě
1

1650

pe|β|GmaxpM0q ´ 1q2

e|β|GmaxpM0q

e2mintβ,0uεSAH

pe|β|ε ´ 1q2
log

ˆ

1

δ

˙

Proof Consider the following MDP defined in (Domingues et al., 2021)(with different transitions).
We have three special states sw(waiting state), sg(the good absorbing state) and sb(the bad absorbing
state). The rest S ´ 3 are arranged in the form of a full A-tree of depth d ´ 1 denoted L whose root
is sroot, this means that the number of states is

3 `

d´1
ÿ

i“1

Ai “ 3 `
Ad ´ 1

A ´ 1
“ S

The action set is A “ t1, ..., Au and let aw P A be a fixed action, denote L “ Ad´1. Let H ď H´d
be an integer to be chosen later.

The episode starts at sw, for steps h “ 1, ...,H we have the transition kernel:

phpsw|a, swq “ 1
ta“aw,hďHu

and phpsroot|sw, aq “ 1 ´ phpsw|sw, aq

This means that for the first H steps, you can either chose the action aw to stay in the waiting state
sw, or pick any other action and enter the tree at the next step, and at step h “ H we exit regardless
of the chosen action.

Once you enter the tree, the transition is deterministic. From any internal node x, the action a
deterministically goes to the a-th child of x. Thus, after exactly H ` d the policy reaches a leaf of
the tree L.

Define the index set of “triples”

U “ rHs ˆ L ˆ rAs, |U | “ HLA

A triple u “ ph, l, aq corresponds to:

• exiting at step h (so leaf step is h ` d),

• reaching leaf l,

• choosing leaf action a

Fix two numbers 0 ă p´ ă p` ă 1.The baseline instance M0: for every triple u “ pt, l, aq,

Ppsg | t, l, aq “ p´

For M0, all leafs are the same and takes to the good state with probability p´ regardless of the
chosen action. The Special instance Mu for each u “ ph‹, l‹, a‹q P U : identical to M0 except that
at the single triple u “,

Ppsg | uq “ p`
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sw

sroot

s1 s2 s3 s4

sb sg

action “ aw

action ‰ aw

1 ´ p´

p´

1 ´ p`

p`

1 1

rhpsb, aq “ 0 rhpsg, aq “ 1th ě H̄ ` d ` 1u

Figure 1: An example of the MDP construction. Here the state s2 is optimal and has a better
probability p` of landing in the good state sg, p` and p´ are defined below in the proof. Figure
reproduced from (Domingues et al., 2021)

and for all other triples u1 ‰ u,Ppsg | u1q “ p´. This means that there exists one unique optimal
leaf l‹ where the agent can chose one unique optimal action a‹ when exiting precisely at step h‹

Thus, the family is tM0uYtMu : u P Uu, and any two instances differ in exactly one Bernoulli
parameter at one triple.

Let
H̃ “ H ` d ` 1, H 1 “ H ´ H ´ d

Define rewards by
rhps, aq “ 1ts “ sgu1th ě H̃u

So rewards are in r0, 1s, and rewards only accumulate from H̃ onward. We give an illustration
in figure (1) taken from (Domingues et al., 2021) and adapted to have our transitions that are a bit
different from the original construction:

By construction, by time H̃ the chain has already entered sg or sb and is absorbing. Therefore
the return is

G “

H
ÿ

h“H̃

1tSh “ sgu “ H 11tSH̃ “ sgu P t0, H 1u

For any policy π and instance M, let

pMpπq “ PM,πpSH̃ “ sgq
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The probability of being at the good state by the time H̃ . By construction, by the time H̃ we are
either in sg or sh, Then:

EreβGs “ p1 ´ pM pπqq1 ` pMpπqeβH
1

“ 1 ` cpMpπq, c “ eβH
1

´ 1

Hence
V Mpπq “

1

β
log

`

1 ` cpMpπq
˘

(22)

For a policy π, define the probability of success:

νπpuq “ Pπpthe episode’s exit/leaf/action triple equals uq, u P U

Because each episode produces exactly one triple, we have
ÿ

uPU
νπpuq “ 1

In instance Mu, since only when the realized triple equals the special one do we get probability p`;
otherwise p´. The success probability is

pMupπq “ p´ ` pp` ´ p´qνπpuq

Let ∆ “ p` ´ p´ ą 0. The optimal policy in Mu can choose t, route to l, and pick action a
deterministically so that νπpuq “ 1. Hence the optimal success probability is p`, and

V Mu,‹ “
1

β
logp1 ` cp`q

Let us now chose p` and p´ so any ε-optimal policy must satisfy νπpuq ą 1
2 in Mu. The entropic

criterion overweights rare high-return trajectories, so we make success(reaching the good state) rare
by choosing p´ „ e´βH , more precisely:

p´ “
1

2pc ` 1q
„ e´βH 1

We have:
V Mu
β pπq “

1

β
logp1 ` cpp´ ` ∆νπpuqqq

We chose ∆ so that whenever we have a probability of success νπpuq smaller than 1
2 the policy π is

ε-suboptimal. When νπpuq ď 1{2, then pMupπq ď p´ ` ∆{2. So it suffices to enforce

1

β
log

1 ` cpp´ ` ∆q

1 ` cpp´ ` ∆{2q
“ ε ðñ

1 ` cpp´ ` ∆q

1 ` cpp´ ` ∆{2q
“ eβε

Hence, we must have:

∆ “
p3c ` 2qpeβε ´ 1q

cpc ` 1qp2 ´ eβεq

Since we have that eβε ă
4pc`1q2

2c2`7c`4
ă 2 by condition 21, the construction is admissible in the sense

that 0 ă p´ ă p` ă 1.
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By this construction, we have for every u P U and every policy π,

V Mupπq ě V Mu,‹ ´ ε ùñ νπpuq ą
1

2
(23)

Indeed, if νπpuq ď 1{2, then pMupπq ď p´ `∆{2, while the optimal policy achieves p` “ p´ `∆.
Hence

V Mu,‹ ´ V Mupπq ě
1

β
log

1 ` cpp´ ` ∆q

1 ` cpp´ ` ∆{2q
“ ε

And the contraposition yields the claim (23). Let the algorithm output π̂ at stopping time τ . Define
the event

Eu “ tνπ̂puq ą 1{2u

By the previous remark and pε, δq-PAC correctness,

PupEuq ě 1 ´ δ @u P U

Also, since
ř

u νπ̂puq “ 1, at most one u can satisfy νπ̂puq ą 1{2. Hence the events tEuuuPU are
mutually exclusive and in particular under M0,

ÿ

uPU
P0pEuq ď 1

Let Nupτq be the number of episodes k ď τ in which the algorithm’s realized triple equals u. Then
ÿ

uPU
Nupτq “ τ a.s.

Fix u P U . We apply lemma 18 for the event Eu, the two instances Mu and M0 differ only in the
Bernoulli transition at triplet u hence:

E0rNupτqsdpp´, p`q ě dpP0pEuq,PupEuqq ě p1 ´ P0pEuqq log

ˆ

1

1 ´ PupEuqq

˙

´ logp2q

ě p1 ´ P0pEuqq log

ˆ

1

δ

˙

´ logp2q

Where we used the pε, δq-PAC in the last inequality. We sum over u P U :

E0rτ s “
ÿ

uPU
E0rNupτqs ě

1

dpp´, p`q

˜

ÿ

uPU
p1 ´ P0pEuqq log

ˆ

1

δ

˙

´ logp2q

¸

ě
1

2dpp´, p`q
|U | log

ˆ

1

δ

˙

Where we used in the final inequality that
ř

uPU P0pEuq ď 1 and the condition δ ď 1
16 and since:

dpp´, p`q ď
pp` ´ p´q2

p´p1 ´ p´q
ď pc ` 1q

peβε ´ 1q2
´

3c`2
2pc`1q

¯2

c2p1 ´ 1
2e

βεq2
“

pc ` 1q

c2
peβε ´ 1q2

p1 ´ 1
2e

βεq2

ˆ

3c ` 2

2pc ` 1q

˙2

Using the condition eβε ď 16
13 we get:

dpp´, p`q ď
1521

100

pc ` 1q

c2
peβε ´ 1q2
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Hence:

E0rτ s ě
50

1521

c2

c ` 1

`

H ´ H ´ d
˘

LA

peβε ´ 1q2
log

ˆ

1

δ

˙

Since the number of leaves is given by L “ p1 ´ 1{AqpS ´ 3q ` 1{A ě S{4 (for A ě 2, S ě 6),
and taking H “ H{3 with d ď H{3, we obtain the sample complexity lower bound:

E0rτ s ě
1

1650

´

eβpH´H´1q ´ 1
¯2

eβpH´H´1q

SAH

peβε ´ 1q2
log

ˆ

1

δ

˙

Since in the constructed MDP, we only accumulate rewards after H̃ and the optimal policy accu-
mulate rewards across all subsequent steps, we have: GmaxpM0q “ H ´ H̃ ` 1 “ H ´ H ´ d
Hence:

E0rτ s ě
1

1650

`

eβGmaxpM0q ´ 1
˘2

eβGmaxpM0q

SAH

peβε ´ 1q2
log

ˆ

1

δ

˙

For β ą 0 (risk-seeking entropic criterion), we choose p´ so that transitioning to the good absorbing
state is a rare event. This makes upside tail events hard to detect and estimate, and since the entropic
objective overweights favorable rare outcomes, this again leads to larger sample complexity.

EreβGs “ p1 ´ pMpπqq1 ` pMpπqeβH
1

“ eβH
1
´

p1 ´ pMpπqqe|β|H 1

` pMpπq

¯

“ eβH
1
´

p1 ´ pMpπqqpe|β|H 1

´ 1q ` 1
¯

“ eβH
1 `

p1 ´ pMpπqqc ` 1
˘

And we have the entropic risk measure:

V Mpπq “ ´
1

|β|
log

´

eβH
1 `

p1 ´ pMpπqqc ` 1
˘

¯

“ H 1 ´
1

|β|
log

`

p1 ´ pMpπqqc ` 1
˘

Where c “ e|β|H 1

´ 1.
For β ă 0, the entropic criterion is especially sensitive to adverse tail events, so we instead

make failure rare by choosing p´ „ 1 ´ e´|β|H , more precisely:

p´ “ 1 ´
1

2pc ` 1q
„ 1 ´ e´βH 1

We derive p` similarly to β ą 0 and we find if p` “ p´ ` ∆ then:

∆ “
p3c ` 2qpe|β|ε ´ 1q

cpc ` 1qpe|β|ε ´ 1
2q

Again, since we have e|β|ε ă 11c`8
10c`8 , this construction is admissible in the sense that 0 ă p´ ă

p` ă 1.
And we prove in the same way that: for every u P U and every policy π,

V Mupπq ě V Mu,‹ ´ ε ùñ νπpuq ą
1

2
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The rest of the argument (change of measure and summing over U goes the same way )and we
finally upper bound the kl divergence:

dpp´, p`q ď pc ` 1q
pe|β|ε ´ 1q2

´

3c`2
2pc`1q

¯2

c2pe|β|ε ´ 1
2q2

ď
9pc ` 1q

c2
pe|β|ε ´ 1q2

e2βε

ˆ

3c ` 2

2pc ` 1q

˙2

Hence by having a looser constant to match the β ą 0 lower bound:

E0rτ s ě
1

1650

`

e|β|GmaxpM0q ´ 1
˘2

e|β|GmaxpM0q

e2βεSAH

pe|β|ε ´ 1q2
log

ˆ

1

δ

˙

Appendix D. Regret bounds

First we prove theorem 5. We only give the proof for β ą 0 but the proof for β ă 0 is similar to the
sample complexity analysis
Proof Consider algorithm 1 run indefinitely with πt`1 the algorithm computed from nt and ppt.Define
the accumulated regret as:

RpKq “

K´1
ÿ

t“1

V ‹
1 ps1q ´ V πt`1

1 ps1q

We will work on the good event E . We have:

RpKq “

K´1
ÿ

t“1

V ‹
1 ps1q ´ V

πt`1

1 ps1q

“

K´1
ÿ

t“1

1

β
log

ˆ

Z‹
1

Zπt`1

1

˙

ps1q

“

K´1
ÿ

t“1

1

β
log

˜

1 `
Z‹
1 ´ Zπt`1

1

Zπt`1

1

¸

ps1q

ď

K´1
ÿ

t“1

1

β
log

ˆ

1 `
πt`1
1 Gt

1ps1q

Zπt`1

1

˙

ps1q

ď

K´1
ÿ

t“1

1

β

πt`1
1 Gt

1ps1q

Zπt`1

1

ps1q

The inequality follows since it’s at each step we have

Z‹
1 ´ Zπt`1

1 ps1q ď πt`1
1 Gt

1ps1q

By following the same analysis as the paper we find that for any episode t we have:

pπ1G
t
1qps1q ď 36e13

d

peβGmaxpMq ´ 1q2

eβGmaxpMq

g

f

f

e

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13eβH
H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘
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Now to compute the regret we sum up to the K episodes and using Cauchy-Schwartz inequality:

RpKq ď 36e13
K´1
ÿ

t“1

1

β

g

f

f

e

peβGmaxpMq ´ 1q2

eβGmaxpMq

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13
1

β
eβH

K´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

ď 36e13
1

β

d

peβGmaxpMq ´ 1q2

eβGmaxpMq

?
K

g

f

f

e

K´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α‹
`

nt
hps, aq

nt
hps, aq

^ 1
˘

` 84e13
1

β
eβH

K´1
ÿ

t“1

H
ÿ

h“1

ÿ

s,a

pt`1
h ps, aq

`α
`

nt
hps, aq

nt
hps, aq

^ 1
˘

Then using the pseudo-counts lemma we have:

RpKq ď 36e13
1

β

d

peβGmaxpMq ´ 1q2

eβGmaxpMq
KSAH

´

log
`3SAH

δ

˘

log
`

8eK
˘

` log
`

8eK
˘2
¯

` 84e13
eβH

β
SAH

´

log
`3SAH

δ

˘

log
`

8eK
˘

` S log
`

8eK
˘2
¯

Hence omitting constants we have:

RpKq “ O

˜

1

|β|

d

pe|β|GmaxpMq ´ 1q2

e|β|GmaxpMq
KSAH log

ˆ

SAHK

δ

˙

`
e|β|H

β
S2AH log2

ˆ

SAHK

δ

˙

¸

.

Now we prove the lower bound, that we state first as a theorem:

Theorem 20 Fix β ‰ 0. Let Mε be the hard family used in the BPI lower bound and denote by
Gmax the maximal achievable return of the instances in this family (which does not depend on ε).
Then, for every regret algorithm A and every K ě 2e|β|GmaxSAH we have: there exists an instance
M P MεK (for a well chosen εKq and a constant η ą 0 such that

EM rRM pKqs ě
η

6400|β|

d

pe|β|Gmax ´ 1q2

e|β|Gmax
SAHK

Consequently

inf
A

sup
M

EM rRM pKqs ě
η

32|β|

d

pe|β|Gmax ´ 1q2

e|β|Gmax
SAHK.

Proof Fix an arbitrary regret algorithm A. When A is run for K episodes on an instance M , let
π1, π2, . . . , πK be the policies played by the algorithm. The cumulative regret is

RM pKq “

K
ÿ

t“1

´

V ‹,M
1 ps1q ´ V πt,M

1 ps1q

¯

.
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Choose

εK “
η

|β|

d

pe|β|Gmax ´ 1q2

e|β|GmaxK
SAH

Where η is a constant such that: η ď
?
2 and η2 ď

cBPIe´2 logp32q

8 (with cBPI “ 1
1650 ). The condition

on K allow us to apply the lower bound on the BPI with ε “ εK . Now suppose for contradiction
that: Now suppose, toward a contradiction, that

sup
MPMεK

EM rRM pKqs ă δ0KεK

We construct a fixed-budget BPI algorithm from A: Run A for exactly K episodes. After these K
episodes, sample J „ Unift1, . . . ,Ku independently of the interaction history, and output pπ “ πJ .

For any M P MεK , by independence of J and linearity of expectation,

EM

”

V ‹,M
1 ps1q ´ V pπ,M

1 ps1q

ı

“
1

K

K
ÿ

t“1

EM

”

V ‹,M
1 ps1q ´ V πt,M

1 ps1q

ı

“
EM rRM pKqs

K
ă δ0εK

Since V ‹,M
1 ps1q ´ V pπ,M

1 ps1q ě 0 Markov inequality gives

PM

´

V ‹,M
1 ps1q ´ V pπ,M

1 ps1q ą εK

¯

ď
EM rV ‹,M

1 ps1q ´ V pπ,M
1 ps1qs

εK
ă δ0

Therefore,
PM

´

V ‹,M
1 ps1q ´ V pπ,M

1 ps1q ď εK

¯

ě 1 ´ δ0

We will show now this contradicts the BPI lower bound. The running time is deterministic and
satisfies EM0rτ s “ K We now show that this contradicts the BPI lower bound. Since |β|εK ď 1
by the condition on K and η, we have

e2mintβ,0uεK ě e´2|β|εK ě e´2

Also, using the inequality ex ´ 1 ď 2x for x P r0, 1s, we obtain

e|β|εK ´ 1 ď 2|β|εK

Applying the BPI lower bound with δ0 “ 1{32, we get

TBPIpεK , δ0q ě cBPI
pe|β|Gmax ´ 1q2

e|β|Gmax

e2mintβ,0uεKSAH

pe|β|εK ´ 1q2
logp32q

ě cBPI
pe|β|Gmax ´ 1q2

e|β|Gmax

e´2SAH

4β2ε2K
logp32q

By definition of εK ,

β2ε2K “ η2
pe|β|Gmax ´ 1q2

e|β|Gmax

SAH

K

51



ESSAKINE VERNADE

Substituting this into the previous display yields

TBPIpεK , δ0q ě
cBPIe

´2 logp32q

4η2
K

Since by the definition of η we have:

cBPIe
´2 logp32q

4η2
ě 2

Thus
K “ EM0rτ s ě TBPIpεK , δ0q ě 2K ą K

This contradicts the existence of the fixed-budget pεK , δ0q-PAC BPI algorithm using exactly K
episodes. Therefore, the contradiction assumption must be false. Hence

sup
MPMεK

EM rRM pKqs ě δ0KεK

Substituting the definition of εK , we get

sup
MPMεK

EM rRM pKqs ě δ0K
η

|β|

d

pe|β|Gmax ´ 1q2

e|β|Gmax

SAH

K

“
η

32|β|

d

pe|β|Gmax ´ 1q2

e|β|Gmax
SAHK

Finally, since MεK is a subset of the full MDP class under consideration, and since A was arbitrary,

inf
A

sup
M

EM rRM pKqs ě
η

32|β|

d

pe|β|Gmax ´ 1q2

e|β|Gmax
SAHK

Appendix E. Experiments

For our experiments, we consider a toy MDP that consists of 8 states and two actions, safe and risky.
Starting from s0, safe deterministically walks along the bridge s0 Ñ s1 Ñ s2 Ñ s3 Ñ s4 Ñ s5 Ñ

sg, where sg is an absorbing goal state. The risky action attempts shortcuts: from early states it
jumps directly to s4 but can fall into an absorbing bad state sb with state-dependent probability
(start/mid/final risk); from s4 it makes a final dash to sg that can also fail and transition to sb. Both
sg and sb are absorbing and we receive reward 1 in sg for the rest of the horizon. For analogy, think
of it as a child standing at the top of a long staircase. Taking safe means walking down (or along) the
stairs one step at a time, steadily progressing. Taking risky means you try to jump over several steps
at once to land much farther ahead saving time, but with some chance of missing the landing and
falling into a pit (failure). After the staircase you reach a narrow bridge: safe is crossing it normally,
while risky is a final dash across the bridge, which is faster but again risks falling into the pit. If you
make it, you end in the goal; if you fall, you’re stuck in failure. The MDP is visualized in the figure
2. In our experiments we take

!

prisk,start, prisk,mid, prisk,final, pfall,dash

)

“

!

0.95, 0.75, 0.25, 0.85
)

, we
also take ε “ 0.2 and δ “ 0.1
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s0 s1 s2 s3 s4 s5 sg

sb

1 1 1 1 1 1

1 ´ prisk,start

prisk,start

1 ´ prisk,mid

p
risk,mid

1 ´ prisk,final

p
risk,final

1 ´ pfall,dash

p fa
ll,

da
sh

1

1

Figure 2: toy MDP. Safe action follows the straight chain to sg; risky action can shortcut but may
fall to sb. safe action is represented by a black edge and risky action by a dashed red edge.

E.1. Sample complexity

We study the sample complexity of our method as a function of the risk sensitivity β and the horizon
H . In the first sweep, we fix H “ 7 and run the algorithm for β P t2.5, 3.0, 3.5, 4.0, 4.5u until
the stopping condition is met. In the second sweep, we fix β “ 0.5 and vary the horizon H P

t5, 7, 9, 11, 13, 15, 17u. For each configuration, we run 15 independent trials (different random
seeds) and plot the mean stopping time τ ; the y-axis is shown on a log scale. For Figure 4, the

Figure 3: Sample complexity in function of β
(log-scale y-axis)

Figure 4: Sample complexity in function of H
(log-scale y-axis)

stopping time τ increases sharply as β grows. Moreover, the approximately linear trend on the
log-scale y-axis suggests that log τ increases roughly linearly with β, i.e., the sample complexity
is consistent with an exponential scaling τ « exppc βq over the tested range. This is in line with
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the intuition behind the entropic objective, where larger β amplifies tail events and makes BPI more
demanding.

Interestingly, the effective slope c is not constant across β. We hypothesize that this variation
is driven by the χ2-divergence term χ2pPπ

β,Pπq discussed after equation 9, which depends on the
policy induced at each β. In our sweep, the learned policy changes substantially as β increases,
reflecting policy changes as the agent shows increasingly risk-seeking behavior, and then stabilizes
around β « 3.5. Beyond this point, further increases in β do not change the policy, which may
explain the change in scaling behavior. For Figure 4, we observe a similarly sharp increase in the
stopping time τ as the horizon H grows and is roughly linear on the log scale

E.2. Regret bounds

We now compare our approach to other regret algorithms. At each episode, we evaluate the current
policy returned by each algorithm from the initial state s0. We then compute the cumulative regret
for each algorithm defined by:

RpKq “

K
ÿ

k“1

V ‹ps0q ´ V πk`1
ps0q

Where πk`1 is the policy returned by the algorithm at the end of episode k. We cap the stopping
time at 107 episodes and plot the regret for β P r1.0, 2.0, 3.0, 4.0s. We compare our method to
multiple regret algorithms:

• RSVI and RSQ from (Fei et al., 2020)

• RSVI2 and RSQ2 from (Fei et al., 2021)

• UCB ADVANTAGE from (Hu and Leung, 2023)

• RODI (OTP and PTO variants) and ROVI from (Liang and Luo, 2024)

We report the findings of our experiment:

Figure 5: Regret for different algorithms for
β “ 1.0

Figure 6: Regret for different algorithms for
β “ 2.0
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Figure 7: Regret for different algorithms for
β “ 3.0

Figure 8: Regret for different algorithms for
β “ 4.0

Figures 5, 6, 7, 8 show that our algorithm consistently achieves the lowest cumulative-regret
trajectory over all values of β. Since cumulative regret is computed by evaluating the current policy
from the initial state each episode and summing the resulting value gap to optimality, the consis-
tently flatter Entropic BPI curve suggests stronger learning efficiency and performance.

Appendix F. Concentration inequalities

F.1. Sanov’s theorem

First we introduce the K divergence concentration inequality derived via Sanov’s theorem

Lemma 21 (High-probability KL bound via Sanov) Let Σm “ tq P Rm
ě0 :

řm
i“1 qi “ 1u and let

p P Σm. Let X1, . . . , Xn be i.i.d. with law p, and let the empirical distribution ppn be

ppnpiq “
1

n

n
ÿ

k“1

1tXk “ iu, i P rms.

Then for any δ P p0, 1q, with probability at least 1 ´ δ,

Dpppn}pq ď
pm ´ 1q logpn ` 1q ` logp1{δq

n
.

Proof Let Σm “

!

q P Rm
ě0 :

řm
i“1 qi “ 1

)

be the pm ´ 1q-simplex and let p P Σm. Let
X1, . . . , Xn be i.i.d. with law p, and let ppn denote the empirical distribution by

ppnpiq :“
1

n

n
ÿ

k“1

1tXk “ iu, i P rms

Sanov’s theorem (Theorem 11.4.1 Cover and Thomas (2006)) states that for any set E Ď Σm

Pr
`

ppn P E
˘

ď pn ` 1qpm´1q exp
´

´ n inf
qPE

Dpq}pq

¯
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Fix ε ą 0 and take the set E “ tq P Σm|Dpp||qq ě εu then infqPE Dpq}pq “ ε and by Sanov’s
theorem:

Pr
`

Dpppn||pq ě ε
˘

ď pn ` 1qm exp
´

´ nε
¯

We turn it to high probability bound by setting the r.h.s to δ which yield:

ε “
m logpn ` 1q ` logp1{δq

n

Doing a union bound on all state action pairs and all time steps we get that with probability 1 ´ δ
we have:

Dpppn||pq ď
pm ´ 1q logpn ` 1q ` logpSAH{δq

n

F.2. Concentration inequality for Bernoulli random variables

We state a deviation inequality for Bernoulli random variables from Dann et al. (2017)(Lemma F.4):

Lemma 22 Let Fi for i “ 1 . . . be a filtration and X1, . . . Xn be a sequence of Bernoulli random
variables with PpXi “ 1|Fi´1q “ Pi with Pi being Fi´1-measurable and Xi being Fi measurable.
It holds that

P

˜

Dn :
n
ÿ

t“1

Xt ă

n
ÿ

t“1

Pt{2 ´ logp
1

δ
q

¸

ď δ

F.3. Self-normalized Bernstein inequality

We state the self-normalized Bernstein-type inequality by (Menard et al., 2021).

Lemma 23 Let pYtqtPN‹ , pwtqtPN‹ be two sequences of random variables adapted to a filtration
pFtqtPN. We assume that the weights are in the unit interval wt P r0, 1s and predictable, i.e. Ft´1

measurable. We also assume that the random variables Yt are bounded |Yt| ď b and centered
ErYt|Ft´1s “ 0. Consider the following quantities

St fi

t
ÿ

s“1

wsYs, Vt fi

t
ÿ

s“1

w2
s ¨ ErY 2

s |Fs´1s, and Wt fi

t
ÿ

s“1

ws

and let hpxq fi px ` 1q logpx ` 1q ´ x be the Cramér transform of a Poisson distribution of
parameter 1. Then For all δ ą 0:

P
ˆ

Dt ě 1, pVt{b
2 ` 1qh

ˆ

b|St|

Vt ` b2

˙

ě logp1{δq ` logp4ep2t ` 1qq

˙

ď δ.

The previous inequality can be weakened to obtain a more explicit bound: with probability at
least 1 ´ δ, for all t ě 1,

|St| ď
a

2Vt logp4ep2t ` 1q{δq ` 3b logp4ep2t ` 1q{δq.
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F.4. KL-Bernstein inequality

We state a KL-Bernstein inequality from (Talebi and Maillard, 2018):

Lemma 24 Let p, q P ΣS , where ΣS denotes the probability simplex of dimension S ´ 1. For all
α ą 0, for all functions f defined on S with 0 ď fpsq ď b, for all s P S, if KLpp, qq ď α then

|pf ´ qf | ď

b

2Varqpfqα `
2

3
bα

where we use the expectation operator defined as pf fi Es„pfpsq and the variance operator defined
as Varppfq fi Es„ppfpsq ´ Es1„pfps1qq2 “ ppf ´ pfq2.

Appendix G. Technical results

The next lemma introduces the entropic variance under a fixed policy π, defined as the conditional
variance of the exponentiated return eβGh around its entropic value eβQ

π
h . It shows that σQπ

h satisfies
a Bellman-style recursion: for each step h and state–action pair ps, aq, σQπ

hps, aq decomposes into
(i) the variance under the next-state transition php¨ | s, aq of eβprhps,aq`V π

h`1ps1qq and (ii) the expected
next-step entropic variance scaled by e2βrhps,aq with terminal condition σπ

H`1V
π
h “ 0.

Lemma 25 (Entropic variance recursion) Fix a (deterministic) policy π.

σQπ
hps, aq “ Eπ

«˜

eβR
π
hps,aq ´ eβQ

π
hps,aq

¸2 ˇ

ˇ

ˇ

ˇ

ˇ

Sh “ s,Ah “ a

ff

with terminal condition σπ
H`1ps, aq “ 0 and:

σV π
h psq “ σQπ

hps, πpsqq

Then, for every h P t1, ...,Hu and ps, aq P S ˆ A,

σQπ
hps, aq “ e2βrhps,aq VarS1„php¨|s,aq

´

Zπ
h`1pS1q

¯

` e2βrhps,aq pph σV
π
h`1qps, aq (24)

Proof Fix h P t1, ...,Hu and ps, aq. By definition of Uπ
h “ eβQ

π
h (exponential entropic Q), we

have
Uπ
h ps, aq “ Eπ

”

eβR
π
h | Sh “ s, Ah “ a

ı

,

hence σQπ
hps, aq “ Var

`

eβR
π
h | Sh “ s,Ah “ a

˘

.
Since rhps, aq is deterministic given psh, ahq “ ps, aq,

eβR
π
h “ eβrhps,aq eβR

π
h`1 ñ σQπ

hps, aq “ e2βrhps,aq Var
´

eβR
π
h`1 | sh “ s, ah “ a

¯

Apply the law of total variance w.r.t. Sh`1:

Var
´

eβR
π
h`1 | sh “ s, ah “ a

¯

“ E
”

Var
´

eβR
π
h`1 | Sh`1 “ sh`1

¯

| Sh “ s, Ah “ a
ı

` Var
´

E
”

eβR
π
h`1 | Sh`1 “ sh`1

ı

| Sh “ s, Ah “ a
¯
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For the first term, conditioning on Sh`1 “ s1 and following π thereafter gives

Var
´

eβR
π
h`1 | Sh`1 “ s1

¯

“ σV π
h`1ps1q

so

E
”

Var
´

eβR
π
h`1 | Sh`1

¯

| Sh “ s, Ah “ a
ı

“ ES1„php¨|s,aq

“

σV π
h`1pS1q

‰

“ pph σV
π
h`1qps, aq

For the second term, by definition of Zπ
h`1ps1q “ eβV

π
h`1ps1q

“ EπreβGh`1 | sh`1 “ s1s,

Var
´

E
”

eβGh`1 | Sh`1

ı

| Sh “ s, Ah “ a
¯

“ VarS1„php¨|s,aq

´

Zπ
h`1pS1q

¯

Multiplying by e2βrhps,aq yields

σQπ
hps, aq “ e2βrhps,aq VarS1„php¨|s,aq

´

Zπ
h`1pS1q

¯

` e2βrhps,aqpph σV
π
h`1qps, aq

as claimed.

Lemma 26 [A normalized variance bound for an exponential transform] Let f : X Ñ r0, Rs and
let β P R. Define

Y “ eβfpXq

Set
m “ emint0,βRu “ mint1, eβRu, M “ emaxt0,βRu “ maxt1, eβRu.

Then Y P rm,M s a.s., µ P rm,M s, and

VarpY q

µ2
ď

pe|β|R ´ 1q2

4e|β|R

Proof If β “ 0 then Y ” 1 and Var “ 0, so assume β ‰ 0. Since fpXq P r0, Rs, we have
βfpXq P rmint0, βRu,maxt0, βRus, hence

m ď Y “ eβfpXq ď M a.s.

and therefore µ “ ErY s P rm,M s.
By the Bhatia–Davis inequality:

VarpY q ď pM ´ µqpµ ´ mq

Dividing by µ2 ą 0 yields
VarpY q

µ2
ď

pM ´ µqpµ ´ mq

µ2

Now consider

gpµq “
pM ´ µqpµ ´ mq

µ2
, µ P rm,M s
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Rewrite

gpµq “
M ` m

µ
´

Mm

µ2
´ 1, g1pµq “ ´

M ` m

µ2
`

2Mm

µ3
“

2Mm ´ pM ` mqµ

µ3

Thus g1pµq “ 0 iff µ‹ “ 2Mm
M`m P rm,M s, and g increases on rm,µ‹s and decreases on rµ‹,M s.

Hence the maximum is attained at µ‹. Substituting gives

gpµ‹q “

`

M ´ 2Mm
M`m

˘`

2Mm
M`m ´ m

˘

`

2Mm
M`m

˘2 “
pM ´ mq2

4Mm

so for all µ P rm,M s

pM ´ µqpµ ´ mq

µ2
ď

pM ´ mq2

4Mm

Finally, since M{m “ e|β|R ě 1, we have

pM ´ mq2

4Mm
“

`

M
m ´ 1

˘2

4M
m

“
pe|β|R ´ 1q2

4e|β|R

We state lemma 11 and 12 from (Menard et al., 2021) that are used for the variance transporta-
tion:

Lemma 27 Let p, q P ΣS and f is a function defined on S such that 0 ď fpsq ď b for all s P S. If
KLpp, qq ď α then

Varqpfq ď 2Varppfq ` 4b2α and

Varppfq ď 2Varqpfq ` 4b2α

Lemma 28 For p, q P ΣS , for f, g two functions defined on S such that 0 ď gpsq, fpsq ď b for all
s P S, we have that

Varppfq ď 2Varppgq ` 2bp|f ´ g| and

Varqpfq ď Varppfq ` 3b2}p ´ q}1,

where we denote the absolute operator by |f |psq “ |fpsq| for all s P S.

We state the pseudo-counts lemma 7 that allows to go from counts to their mean the pseudo-counts
and lemma 8 a standard inequality from (Menard et al., 2021)

Lemma 29 On event Ecnt, for any αp¨, δq such that x ÞÑ βpδ, xq{x is non-increasing for x ě 1,
x ÞÑ βpx, δq is non-decreasing @h P t1, ...,Hu, ps, aq P S ˆ A.

@t P N˚,
αpnt

hps, aq, δq

nt
hps, aq

^ 1 ď 4
αpn̄t

hps, aqq, δ

n̄t
hps, aq _ 1
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Lemma 30 For T P N˚ and putqtPN˚ for a sequence where ut P r0, 1s and Ut fi
řt

i“1 ui, we get

T
ÿ

t“0

ut`1

Ut _ 1
ď 4 logpUT`1 ` 1q.

Finally we state lemma 13 from (Menard et al., 2021)

Lemma 31 Let A,B,C,D,E, and α be positive scalars such that 1 ď B ď E and α ě e. If
τ ě 0 satisfies

τ ď C
a

τ pA logpατq ` B logpατq2q ` D
`

A logpατq ` E logpατq2
˘

(25)

then
τ ď C2pA ` BqC2

1 `

´

D ` 2
?
DC

¯

pA ` EqC2
1 ` 1

where
C1 “

8

5
log

`

11α2pA ` EqpC ` Dq
˘
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