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Abstract

We study best-policy identification for finite-horizon risk-sensitive reinforcement learning under
the entropic risk measure. Recent work established a constant gap in the exponential horizon
dependence between lower and upper bounds on the number of samples required to identify an
approximately optimal policy. Precisely, known lower bounds scale in Q(el®17) where H is the
horizon of the MDP, while the state-of-the-art upper bound achieves at best O(eQW |H ) (Mortensen
and Talebi, 2025) using a generative model. We show that this extra exponential factor can be
traced to overly loose concentration control for exponential utilities. To close this open gap, we
revisit the analysis of this problem through a forward-model based algorithm building on KL-based
exploration bonuses that we adapt to the entropic criterion. The improvement we get is due to two
main novel technical innovations. We leverage the smoothness properties of the exponential utility
to derive sharper concentration bounds, and we propose a new stopping rule that exploits further
this tightness to obtain a sample complexity that matches the lower bound.

Keywords: Entropic risk measure, Risk-sensitive reinforcement learning, Best policy identification

1. Introduction

Risk-sensitive Reinforcement Learning (RL) studies the problem of learning a policy whose return
distribution, rather than only its expectation, satisfies desirable properties, typically with respect to
downside risk or tail events. In many applications ranging from finance to robotics (Charpentier
et al., 2023; Polydoros and Nalpantidis, 2017), it may be more important for a decision maker to
certify with high confidence that the return does not fall below a critical threshold than to maximize
the expected reward.

A prominent example of a dynamically consistent risk criterion is the Entropic Risk Measure
(Marthe et al., 2023; Howard and Matheson, 1972), which generalizes the expectation through an
exponential utility function parameterized by a scalar 5 € R. The sign and magnitude of 3 control
the risk sensitivity of the decision maker, interpolating between risk-seeking and risk-averse behav-
iors. Crucially, the entropic risk measure satisfies a risk-sensitive dynamic programming principle,
yielding a Bellman-type recursion for finite-horizon Markov Decision Processes (MDPs) (Sutton
and Barto, 2018). As shown by Marthe et al. (2023), this property in fact characterizes the entropic
family among utility-based risk measures satisfying dynamic consistency.

In RL, the MDP is unknown and the learner must rely on sampled trajectories to estimate the
model and plan under uncertainty. Mortensen and Talebi (2025) study this problem in a discounted
infinite horizon setting and show that the sample complexity of identifying an e-optimal policy must
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depend exponentially on the horizon. More precisely, for a horizon H and entropic parameter 3,
they prove a lower bound showing that any algorithm requires at least

Q(exp(|B1H))

samples (up to polynomial factors in the number of states S, actions A, and 1/e) to identify an
e-optimal policy. In the same work, the authors derive an upper bound in exp(2|5|H) using ac-
cess to a generative model and a careful application of the simulation lemma (see Section 2 for
precise statements). While this gap may look benign at first, we show that this constant term in the
exponential is due to a fundamentally loose handling of exponential utilities in exploration bonuses.
Beyond simply closing this open gap, we provide a new set of tools to design algorithms for
risk-sensitive RL. Our algorithm builds on the forward-model framework (Menard et al., 2021)
and tailors the exploration bonuses and stopping-time to the entropic risk measure. We also revisit
previous analyses and extract a problem-dependent quantity, the maximal achievable reward G,
that gives a sharper dependence of the bounds on the MDP than directly using its upper bound H.
The main contributions of the paper are the following:

* First, we derive a lower bound for the best policy identification problem for the forward
model. To the best of our knowledge, this is the first lower bound for BPI in this setting. The
lower bound is expressed in terms of the maximal achievable reward G« that we argue is
the natural scale for the entropic risk measure.

* We present ENTROPIC-BPI, an algorithm that outputs a policy 7 that achieves (e, §)-PAC
with optimal sample complexity up to logarithmic factors and up to e2™@{0%:8} which is a
constant for & small enough. The exponential dependence is el®Gmax(M) < elBIH which
removes the extra exponential factor with respect to previous work.

2. Risk-Sensitive Episodic Reinforcement Learning

We consider a finite-horizon MDP M = (S, A, H, {rh}thl, {ph}thl) where S and A denote the
finite state and action spaces respectively, H € N is the fixed horizon length, ps(- | s,a) is the
transition kernel at step h for each h € {1,...,H}, and r, : S x A — [0, 1] is the deterministic
reward function at step h, which we assume to be bounded in [0, 1].

In the learning problem, the transition kernels {ph}hH:1 are unknown to the learner. Through
interactions, the learner must devise a policy 7 that is a (possibly non-stationary) mapping prescrib-
ing which action to take in each state and step, with the goal of maximizing a suitable performance
criterion. In the literature, this problem is addressed under two distinct interaction models.

* Generative model (Azar et al., 2012; Kearns et al., 2002): In the generative model (also
called a sample oracle), the learner has access to an oracle such that for any query (s, a,h) €
S x A x {1,..., H}, the oracle returns a sample (r, s’') where r = r1,(s,a) and 8" ~ pp(- |
s, a). Each call to the oracle is independent of the past, and the learner may choose its queries
adaptively based on all previously observed samples.

¢ Online (forward) model (Dann and Brunskill, 2015; Strehl et al., 2009): In the forward
interaction model, the learner interacts with the MDP over episodes. At the beginning of
each episode ¢, an initial state s is drawn from a fixed initial distribution ;1 on S. At each
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step h € {1,..., H} of episode t, the learner observes the current state s}, selects an action
az e A according to some policy 7, then receives a reward rh(sz, a%) and the environment
goes to the next state st | ~ pp(- | s, ab).

In this work, we focus exclusively on the online (forward) interaction model. Moreover, rather than
the standard risk-neutral objective where we optimize the total expected reward along the trajectory,
we adopt a risk-sensitive performance criterion based on the entropic risk measure which reflects
the agent’s attitude toward uncertainty, allowing for both risk-seeking and risk-averse behavior.

Policy & value functions A deterministic policy 7 is a collection of functions 75, : S — A for all
h € {1,..., H}, where every 7, maps each state to a single action. Let (Sy, A3)#_, be the random
trajectory induced by the policy (74)peq1,.., iy and the MDP dynamics, i.e., Ay = m,(S5,) and
Shi1 ~ pu(- | S, Ap) starting from a fixed initial state s;'. Define the (random) cumulative return
from step h by:

H
;;:Z (Si, Ay)

The entropic value function of 7, denoted by Vh is defined as:

1 H
Vit (s) = BlogE [exp (5 2 m(si,ai)> | Sp = s]

i=h

where a; = m;(s;) and s;11 ~ p;i(- | 84, a;)

The optimal entropic value functions are defined as V,*(s) = sup, V;"(s) for h € [H]. As for
the expected return, both V™ and V}* satisfy the Bellman equation (Borkar and Meyn, 2000; Sutton
and Barto, 2018; Marthe et al., 2023) and can thus be computed efficiently.

To simplify notation, we introduce a couple of operators that allow us to write concisely the
effect of transition kernels or policies on our functionals of interest. For any bounded function
f 8 — R, we denote by (pnf)(s,a) = Egip, (1s,a)[f(S")] the action of the Markov kernel py,
on f. For any function g : S x A — R and (possibly stochastic) policy 7, we write (7,9)(s) =
E g~r,(-|s)[9(8, A)] for the composition with the policy at step h. Finally, we introduce a useful
quantity that appears naturally in the analysis of the sample complexity.

Definition 1 (Maximum achievable reward in a trajectory) For an episodic MDP M, define the
maximal achievable return (a deterministic quantity depending only on M) as

Gmax(M) = sup sup RT(w)
K w
where w covers all sources of randomness (initial state, transitions, policy’s own randomization).

Intuitively, Gyax (M) is the largest total reward that can occur in a single episode under the most
favorable sequence of outcomes. We will express both the lower bound and the upper bound in
the quantity Gpax(M) rather than the horizon in previous works. It is the natural scale for the

1. As explained in (Fiechter, 1994), if the first state is sampled randomly as s1 ~ po, we simply add an artificial first
state so such that for any action a, the transition probability is defined as the distribution po(so,a) = po. This
augments the state space by one and the horizon by one, and the bounds carry over with only this constant-size
modification.
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entropic risk measure objective where the hardness comes from the exponential amplification of
rewards. Note that we have the inequality Giax(M) < H so our results can also be expressed
(more loosely) as a function of the horizon.

Empirical MDP. Let (s}, al, s} ;) € S x A x S be a tuple observed by the algorithm at step h
of episode ¢. For any h € {1,..., H} and (s,a) € S x A, define the visitation counts

HMW

{(sh>ah) = (s,0)} (s,a,8") = » 1{(s}, @, she1) = (5,0, 5)}

HMW

These quantities induce the empirical transition probabilities

t '
M if nt (s,a) >0,
At s nt (s,a) h
Ph(s']s,a) = 4 Th(s:
— otherwise
S|

We denote 7, (s, a) = E[n}, (s, a)] the expected number of visits, which is called the pseudo-counts.

Best Policy Identification (BPI) under entropic risk  Our objective is to identify a (near) optimal
policy with high probability. In each episode ¢, the agent follows a policy 7! (the sample rule) based
only on the information collected up to and including episode ¢ — 1. At the end of each episode,
the agent can decide to stop collecting data according to a stopping rule (we denote by 7 its random
stopping time) and outputs a guess 7 for the optimal policy.

A BPI algorithm is therefore made of a triple ((7")sen, 7, 7). The goal is to build an (e, §)-PAC
algorithm according to the following definition, for which the sample complexity, that is the number
of exploration episodes 7, is as small as possible.

Definition 2 (PAC algorithm for BPI) An algorithm is (¢, 9)-PAC for best policy identification if
it returns a policy 7 after some number of episodes T that satisfies

P <V1*(51) — Vi (s1) < s) >1-4

Prior bounds.  For the entropic risk measure, the best policy identification problem is harder?
because it magnifies tail outcomes—inflating high rewards when § > 0 and penalizing low rewards
when 8 < 0. Moreover, as this line of work is relatively recent and most of the results aim to
establish regret bounds, the results on PAC bounds remain scarce; to our knowledge, there are no
reward-free algorithms (Jin et al., 2020; Kaufmann et al., 2021) with theoretical guarantees specifi-
cally tailored to this criterion.

Sample complexity with the generative model. In the discounted infinite-horizon, Mortensen
and Talebi (2025) proved a lower bound on the number of oracle calls needed for an e—optimal pol-
icy. In particular, they showed that an exponential dependency on the risk parameter 5 and on the
horizon H is unavoidable: Any algorithm that outputs an e-optimal policy with probability at least

2. In the sense that it admits higher lower bounds, see Sec. 3
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2 15| T
-
1 — 6 must make at least {2 <i ’14672 % log ( cg%) ) calls to the oracle. They also provided two

2|8] 12 2
e |ﬁ\ﬁ_1>

model-based algorithms with respective sample complexity O (Cl (‘19 143)2452 EE log (i—é) )

This gives the first explicit sample complexity characterization for the entropic risk measure objec-
tive with a generative model. It can be mapped back to our finite-horizon setting using H = %

77 b
the effective horizon.

Forward model: There are no known BPI sample-complexity bounds for the entropic risk mea-
sure in this model. However, there exist bounds on the regret, a more forgiving metric that sums
V7™ — V* over episodes that can be connected back to BPI as we explain next. The first non-
asymptotic results are for model-free optimistic algorithms RSVI/RSQ (Fei et al., 2020), estab-
lishing O (\(|8|H?)VH3S2AT) (RSVI) and O (\(|3|H?*)VHASAT) (RSQ) regret with \(u) =
(e3* — 1)/u. Fei et al. (2021) introduce the exponential Bellman equation and a doubly-decaying

bonus, removing an extra elBIH* factor and yielding a regret of @(e‘fgg LVHAS2AK ) More

recently, Hu and Leung (2023) adapt UCB-ADVANTAGE (Zhang et al., 2020) to the exponential-

utility setting and derive a worst-case problem-independent regret bound @(5‘3";'_1 VH2SAK >

along with a tighter problem-dependent bound that matches the information-theoretic lower bound
up to logarithmic factors on a class of MDPs.

These results are not directly related to our problem, though in general there is a connection
between controlling regret and BPI sample complexity. As noticed by Jin et al. (2020), a straight-
forward approach to convert the regret bound to a sample complexity bound is to output a random
policy among the sequence of policies returned by the regret algorithm. This idea was later shown
to be outperformed (for the expected return) by Kaufmann et al. (2021), and the same applies in the
case of entropic risk measures. It can be easily checked that a naive conversion of the best regret
upper bounds above would yield a sample complexity in e2lB1H and a dependence in 6%. This upper
bound can thus be considered the best achievable sample complexity so far for this problem.

3. Lower bound

The case 3 # 0 is fundamentally harder than the risk-neutral case 8 = 0. Under the entropic crite-
rion, trajectories are reweighted exponentially according to their cumulative return: for 8 > 0, rare
high-return trajectories can dominate the objective, while for 8 < 0, rare low-return trajectories can
dominate it. Thus, unlike in the expected-return setting, rare events do not contribute only propor-
tionally to their probability of occurrence; their contribution is amplified by a factor exponential in
the return. Therefore, if achieving near-optimal performance requires hitting a “hard” state—action—
time triple (s*, a*, h*) that is reached with tiny probability, the learner must repeatedly experience
these rare transitions to accurately evaluate their contribution since a small number of tail episodes
can dominate the entropic objective. As a result, learning becomes exponentially hard in the horizon
H and the risk parameter [3.

Theorem3 Fix S > 6,A > 2,H € N, € R*, and 6 € (0,1/16) and € small enough (See
condition (21)). There exists an MDP M with S states, A actions, horizon H, and rewards in
[0, 1] and nonstationary transitions such that for every algorithm A that outputs a policy 7 that is
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(€,8)-PAC for the entropic risk measure after sampling T trajectories we have:

1 (elBlGmax(Mo) _ 1)2 o2min{B.0}e g A f <1>
0g

> _
1650 e‘meaX(MO) (e|6|5 — 1)2 )

EMO [T]

Proof [Sketch of proof] We follow the hard episodic, stage-dependent MDP class introduced by
Domingues et al. (2021). At a high level, these instances behave like a single multi-armed bandit
with ©(H S A) arms, where an “arm” corresponds to a triple (time, leaf, action). The agent starts in
a waiting state s,, and can play a special action a,, to remain in s, up to some stage H; once it stops
waiting (or after H), it is forced to leave s,, and then traverses a full A-ary tree deterministically
(each action selects the corresponding child), reaching a leaf after d steps. From a leaf state s; €
L, at stage h and action a, the process transitions to an absorbing good state s, with probability
Ph(sq]8i, a) and to an absorbing bad state s, otherwise. Rewards are obtained only in s, for the rest
of the horizon.

Consequently, achieving the optimal value requires (i) leaving s,, so as to hit the correct stage
h* at the leaves, (ii) reaching the correct leaf sy« (via the deterministic actions along the tree), and
(iii) playing the correct action a* at that leaf; only then does the probability of reaching s, increase
from p_ to po. We denote u = (h*,[*, a*) for the rest of the proof.

The lower bound proof then compares a reference instance Mg (where no unique action is
optimal) to instances M, (where only one triplet has the favorable probability p.), and applies
standard change-of-measure arguments to show that distinguishing these close Bernoulli transition
models forces a large number of episodes visiting the special triplet.

The construction of p_ for the entropic risk measure differs from the risk-neutral setting (where
p_ = %) to reflect the hardness induced by the entropic risk measure:

* For 8 > 0, the entropic criterion overweights rare high-return trajectories, so we make success
(reaching the good state) rare by choosing p_ ~ e #H

» For 8 < 0, the entropic criterion is especially sensitive to adverse tail events, so we instead
make failure rare by choosing p_ ~ 1 — e~ |BIH

Then, we choose the gap A = p, — p_ so that, in instance M, any policy that does not identify
the special triplet is e-suboptimal for the entropic objective. A change of measure argument (Kauf-
mann et al., 2016) then gives the lower bound. The full proof together with details on the MDP
construction can be found in Appendix C |

To the best of our knowledge, this establishes the first lower bound for Best Policy Identification
(BPI) in the forward model setting with non-stationary transitions.
When || goes to 0, the lower bound approaches:

2 3
q ((Gmax(Mo)® SAH log L)) = o (248 log 1
g2 ) g2 )

The second equality holds because, in the construction of My, the maximum return Gax (M)
scales linearly with H. Thus, we recover the standard lower bound for the risk-neutral case.
Moreover, for sufficiently small €, the bound simplifies to:

Q <SAH€I/B|Gmax(MO)>
82
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This matches the lower bound derived by (Mortensen and Talebi, 2025) in the generative model
setting up to an additional factor of H. This extra factor is inherent to the non-stationary transition
dynamics of the finite-horizon setting. Another difference is that the exponential dependence in
our bound scales with Gax (M) rather than the horizon H (or the effective horizon ﬁ). This
distinction is intuitive: since the hardness of the entropic risk measure comes from exponentially
reweighting trajectory returns, the exponential dependence is naturally governed by the maximum
cumulative reward (G ax) rather than the length of the episode.

4. Algorithm and Matching Upper Bound

We now present an algorithm whose sample complexity matches the lower bound (Theorem 3) up
to logarithmic factors. A central difficulty with the entropic risk measure is that, unlike the risk-
neutral objective, it is neither additive nor sub-additive, which complicates both algorithm design
and analysis. In particular, standard UCB-style approaches rely on concentration inequalities for
additive returns, whereas the entropic criterion involves a log-moment generating function and does
not directly fit into standard risk-neutral concentration frameworks.

A common workaround is to use the Lipschitz continuity of the logarithm to reduce the analysis
to risk-neutral quantities; however, this can yield coarse bounds and, more importantly, may break
the dynamic-programming structure. As observed by Fei et al. (2021), losing a Bellman-type recur-
sion can cause error terms to compound over the horizon, leading to substantially worse dependence
on H in the order of e2#H”. Similarly to Fei et al. (2021), we instead work directly in the exponen-
tial space induced by the criterion. This restores a Bellman recursion for the exponentiated value
functions and enables sharper control of uncertainty. In particular, Lemma 25 derives Bellman-type
variance identities in this space, which are unavailable in the original entropic-value space due to the
lack of sub-linearity®. This identity highlights that the exponential parameterization is the natural
domain for controlling uncertainty under the entropic criterion.

For a policy 7, the exponential transforms of the value and the state-value function are:

Zi(s) = exp(BVyi(s)),  Uj(s,a) = exp(BQj (s, a)).

We introduce two novel techniques. We adapt the KL-based exploration bonuses introduced in
(Menard et al., 2021) to the entropic criterion to obtain bonuses with variance-sensitive control in
the exponential space defined by these exponential transforms. We also propose an entropic stopping
rule that yields sharper horizon dependence, improving over bounds that incur an additional factor
of order H2elBIH (Mortensen and Talebi, 2025).

Similarly to Azar et al. (2017), Zanette and Brunskill (2019) and Menard et al. (2021) we define
optimistic (and pessimistic, see (13)) state-value functions for 8 > 0 on the exponential transform
Uy of Q5 (see (19) for B < 0): fix Uk, (s,a) = 1 and recursively,

~

N 1 N
) < i A0, 000 2 400+ (s~ 2|
(1

3. As shown by Rowland et al. (2019), the variance is a Bellman-closed statistic and can be computed by dynamic
programming. We derive this result for the variance of exponential utilities
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where Z}L and Z!, +1(s,a) denote respectively the optimistic and pessimistic exponential value func-
tions*: (see again (13) for pessimistic versions)

Z4.1(s) =1, andrecursively Z!(s) = max Uls, a), 2)

and the bonus term is defined as:

a*(nt (s, a))

er—n) @(n},(s,a)) A PR a*(nj (s, a))
n} (s, a)

nt (s,a nt (s, a)

3)
with the exploration rates «, @™ (see Eq. (11) for exact definitions) being of the form n,d —
O(log(SAH/S) + log(n)) and coming directly from the Bernstein inequality. As stated before,
our algorithm acts greedily on this optimistic value function. Specifically, at step A in episode ¢,
given state sy, ;, ENTROPIC-BPI executes

b, (s,a) = 2v/2 Varﬁz(szﬂ)

apt = 7Tt(3h7t) = argiax ﬁli(sh,ta a) 4
a

Entropic certificate Following related work, we call certificate an upper bound on the width of
the confidence interval for a policy 7. We define it by backward recursion:

772-:_11(;2(5) =min {eﬁ(Hh1)7 eﬁT’h(S,ﬂ';ﬁl(S)) (362(8, 7TZ+1(S))+ <1+§)I>Z/)\Z(7T2111G2+1)(57 7TZ+1(S))) }
)

with terminal G%; +1 = 0. In particular, on the high-probability good event, the performance gap of
the greedy policy 741 is controlled by the start-state certificate. Concretely, lemma 12 shows that
with high probability 1 — §:

Zi(s1) — Z7 (s1) < Za(s1) — 27 (s1) < mep1,1GL(51) (6)

Stopping rule We derive a stopping criterion based on the certificate G, by relating the value
function gap to the ratio of partition functions. The difference in value functions can be expressed
in the exponential space as:

Vi = Vo) = o (ks ) (o)

To ensure the policy is e-optimal, it suffices to satisfy at stopping time 7:
mGi(s1) < (6’88 - 1) Z{rt(sl) (7)

However, Z]' is unknown as it relies on the true dynamics. We therefore substitute it with a com-
putable lower bound. Using (6), we have:

Z7 (s1) = Z{(s1) — me411 G (51).

4. We use upper and lower tilde accents to indicate optimism and pessimism.
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Substituting this lower bound into the optimality condition (7) yields a stronger, computable stop-
ping rule:

tG(s1) < (865 - 1) (Zf(sl) - WiGl(sl)) .
Solving for ﬂ{G 1(s1), we obtain the final stopping criterion:

Be _ 1~
e
mGi(s1) < szi(sl) ®)

where both 7t Gy (s1) and Z!(s;) can be computed efficiently by dynamic programming.

ﬂ.t
Insight on the stopping rule To guarantee -optimality, we need m1G1(s1)/Z; ' (s1) to be smaller
than a threshold ¢ — 1. Our analysis reveals that (see proof below)

i Var (eﬁRﬂSl = 51) H
mGi(s1)/Z'(51) SO 5 BT [2
E[eﬁRﬂSl = sl] h=1

81] &)

1
ny(s,a)

Var (eBR7lT |S1 :sl>

+, which gov-
E[eﬁRﬂSl:sl]

erns the asymptotic rate in contrast to Var(RﬂSl = 81) in the risk-neutral setting.

It is insightful to make a short comment on the connection of this quantity with the probability
space we are working with. Let us denote P™ the probability distribution of a random trajectory
(s1,a1,...,8H,ap) in the MDP, and consider the tilted law PP defined by the Radon-Nykodim

U T
derivative ngf (w) = e;?(ls(lw))
version of the original MDP that biases transitions towards states with high future exponential re-
turn. It can be easily computed that:

The bound consists of a decreasing visitation term and the constant

. We can see the tilted measure as the law of a trajectory on a twisted

Var (eﬁR?‘Sﬁ = 31>

E[eﬁRﬂSl = 31]2

= Xx*(Pg,P")

In other words, the constant leading the convergence speed in the upper bound (9) is the 2 diver-
gence mismatch between the tilted trajectory distribution and the nominal trajectory distribution: It
measures the extent to which optimizing the entropic objective amounts to learning under an implicit
twisted dynamics that over-samples trajectories with high exponentiated reward. This mismatch is
precisely what gets introduced by maximizing the entropic risk measure and what drives the extra
constant eg—f introduced in the sample complexity in contrast to the risk-neutral setting. Finally,
notice that for 3 ~ 0, the y2-divergence admits the expansion > (Pg, P™) = B2 Varp~ (RﬂSl =
31) + O(B?), which reduces the term in Eq.(9) to the variance term that governs the risk-neutral
case.



ESSAKINE VERNADE

Algorithm 1 Entropic-BPI

1: Input: 8 # 0,5 € (0,1),e > 0.

2: Initialize counts nY () = 0 and P (-|s, a) = 1/5.

3: fort=0,1,2,... do

4  Terminal init: set Z%;, (s) = 1, Z4,,(s) = 1,and G%, , (s) = 0 for all s.

5 forh=H H—-1,...,1do

6: Compute the bonus bf (-): use (12) if 8> 0, and (18) if 8 < 0

7: Backup: for all (s, a) compute the optimistic and pessimistic quantities: use (13) if 3 > 0,
and (19) if 8 < 0.

8: Greedy action: for all s set N

t+1(s) . {argmaxaeA U};(s,a), 8 >0,

Th : ~,
argminge4 Uy (s,a), [ <0,
9: Certificate: Compute TrZHGz: use (14) if 5 > 0, and (20) if 5 < 0.
10:  end for

11:  Stopping test:

122 if > 0and (7i71GY)(s1) < ("’iig” Z!(s1) then

13: stop and output 7/ *1.

14:  end if

15:  if B < Oand (7i71GY)(s1) < (1 — %) Zi(s1) then

16: stop and output 71,

17:  end if

18:  Execute episode ¢ + 1 with 7¢*1, update counts and ﬁzﬂ.
19: end for

Algorithm and sample complexity upper bounds. = We summarize the elements described above
into an algorithm we call ENTROPIC-BPI (Algorithm 1). Using the optimistic proxies in Eq. (13)
for § > 0 and in Eq. (19) for 8 < 0, it builds exploratory trajectories until our stopping criterion
(Eq.8 for 8 > 0 and Eq.(8) for 8 < 0) is reached. We prove a sample complexity bound for
ENTROPIC-BPI in the following theorem. This complexity bound is valid for both 5 > 0 (proof in
Appendix B.1) and for 3 < 0 (proof in Appendix B.2)

Theorem 4 (sample complexity) For any ¢ € [0,1] and € > 0 small enough and for any finite
MDP M, ENTROPIC-BPI (Algorithm 1) outputs a policy that is (g, 0)-PAC for best policy identifi-
cation problem for the entropic risk measure after T episodes. Moreover, with probability 1 — §:

o ((el’B'5 - 1)2 el B1Gmax (M) SAH log( )

The algorithm upper bound matches the lower bound derived in Theorem 3 up to a factor e2lBle
which is a constant when ¢ is small enough and comes from having a stopping rule using computable
proxies instead of Z]. When |3| goes to 0, the upper bound approaches :

& <GmaX(M)25AH) _é (SAH3>

g2 g2

10
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and we recover the optimal sample complexity for the risk-neutral setting (Menard et al., 2021).

Also remark that using the elementary inequality log(1+ ) > § for |3|e € [0, 1] and using that
%# < elBIGma(M) _ 1 < elBIH _ 1 we have an upper bound of the order of :

[ JBIH _
_5 <e 1 SAH)
ﬁQ 62

This matches the lower bound of Mortensen and Talebi (2025) when mapped to the finite-
horizon setting, up to an additional factor H which is unavoidable as it is inherent to the non-
stationary finite-horizon setting (with H separate kernels).

Note that the upper bound is stated in terms of Gyax (M) rather than H. Since rewards lie in
[0,1], Gmax(M) can be interpreted as an effective reward horizon, i.e., the maximal cumulative
reward that can be accrued along a trajectory. This choice is natural for the entropic risk criterion,
whose difficulty comes from the exponential amplification of accumulated rewards; using H may
overestimate this effect in problems where rewards are sparse or concentrated near the end of the
episode. Finally, our algorithm does not require prior knowledge of Gax(M).

Experiments.  To illustrate the gains in sample complexity, we propose a simple 8-state MDP
and compare ENTROPIC-BPI with regret algorithms in the literature. The results are discussed in
Appendix E

5. Proof of Theorem 4

We present the main ideas of the proof for 5 > 0. The full proof is given in Appendix B. We first
control the concentration events (Lemma 6) and work on the good event £ for 3 > 0, which holds
with probability at least 1 — J. As explained in paragraph Stopping rule, when the algorithm stops,
it outputs by design a policy 77 that is e-optimal with high probability 1 — &, this proves the first
statement of Theorem 4.

To upper bound the stopping time, we first show that U ! and U} are indeed optimistic and pes-
simistic, respectively, for the exponential transform of the value functions U} (Lemma 9). Then,
following a similar approach to (Menard et al., 2021; Dann et al., 2017), we bound the width certifi-
cate by a computable recursive upper bound, which serves as the stopping rule for our algorithm (6).
Lemma 12 shows that, with probability at least 1 — 4, this width certificate upper bounds the opti-
mality gap. Since the stopping condition is not met for episodes ¢t = {1, ..., 7}, we have:

€€5€; 1 < i 7r1~Cj§(81)
¢ iz Zi(s1)
We bound the right-hand side for episode ¢ by replacing the empirical transition probabilities
with the true ones. We then unroll the resulting recursive inequality for 7} +1G§z under the true

dynamics (see B.1.3 for details):

mGh)(s | & h Var, (27
(12{(18)1()1) < 613E + [I;l exXp (6 eri(si, al)> (36\/(2}24&3;1)04* (n%(sh, ah) A 1)
51]

T

+ 81H65(H*h)a(n§l(sh,ah) A 1))
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We bound the first term using Cauchy-Schwartz inequality:

A h Vary, (Z7)) a*(nl(s,a
Z exp (BZ ri(si,ai)> <\/ 7rEﬂh21 ) ( (t n(s,a) N 1)>
1 Z7)

i=1 nh(s’a)

< 4| BT [exp (2ﬁ th; ri(si, ai)) W]\/Ewt“ [()W(&(ﬂ)]

Using lemma 25 and lemma 26 we bound the first term on the right-hand side as:

h oy = . 2
3 Vatp, (Zh—t:ll)]  Var (e?F (S)|S1 = 51)2 g (eﬂGmd;(M) —1)
(E[eﬂ}zwl(sl)’sl _ 81]> BCma (M)

H
t+1
Z E™ [exp (Zﬁ Z T@'(sz’,ai)) R
h=1 : (Z7 )
For the second term, we bound it loosely by directly upper bounding the per-step reward by 1:

A a(nf (s,a)
gt [Z exp (ﬂ ri(si,ai)>H6ﬁ(H7h)(% A 1))
h

h=1

¢
51] < HeBHE[OW A 1]

ny, (s, a)

)
=
i

We sum over all episodes t = 1, ..., 7. Then using a standard counting argument we have:

2 Z Em [("(2(8)“) A 1] < 3SAHo* (1 —1,6)log(T + 1)
Pl nh s, a

And we have a similar bound for «, Hence:

e —1 13, [ (€fCm(M) —1)2 "
T < 36e \/ BCm () TSAHo* (1 —1,0) log(T + 1)

+ 843P SAHo(t — 1,06) log(t + 1)

Solving this inequality using lemma 31, we find the exact upper bound on 7 with probability 1 — .

6. Regret bounds

Although the main focus of this work is best-policy identification, the techniques developed above
also have implications for regret minimization. In particular, the certificate analysis for Entropic-
BPI can be used to control the regret of a non-stopping variant of the algorithm.

We emphasize that this is not a direct reduction from BPI: BPI evaluates only the final policy,
whereas regret evaluates the full learning trajectory. Nevertheless, both problems are driven by
the need to identify rare transitions whose contribution is exponentially amplified by the entropic
criterion.

We assume in this section that 5 > 0 but the same analysis follows for 3 < 0. We consider
the non-stopping variant of algorithm 1. At each episode, the algorithm outputs the optimistic
model from the current empirical counts, plays the greedy policy, updates the counts and continues
indefinitely.

12
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We define the cumulative regret after K episodes as:

K—
)= Y1 (Vi(s1) = V™ (s1)) (10)
t=0

The key observation is that the same certificate G* used in the stopping rule controls each instan-

t
taneous regret term through the normalized ratio m1G1(s1)/ Zf !(s1). Controlling this normalized
ratio is what allows us to recover the sharper exponential dependence

Theorem 5 On the same high-probability event as theorem 4, the non-stopping variant of Algo-
rithm 1 satisfies, for every K > 2,

(elBIGmax(M) — 1)2 SAHKY\ elflH o (SAHK
R(K <|B|\/ elﬁ\Gmax v KSAHlog< 3 >+ 3 SAHlog< 5 > .

In particular when Gp,ax(M) is of the order of H, the exponential dependency becomes %,

The proof follows the sample-complexity analysis, but instead of stopping when the certificate
becomes smaller than the desired accuracy threshold, we sum the normalized certificates over the

first K episodes. The variance sensitive part is again controlled through the exponential Bellman
. . . . . BGmax(M)_1)2 . .
variance identity, which yields the factor (eeBGmTM)l). The cumulative exploration terms are then

bounded using the same pseudo-count argument as in the stopping-time analysis.

We also evaluate the non-stopping variant of ENTROPIC-BPI on the toy MDP described in
Appendix E. The comparison includes several risk-sensitive regret algorithms from the literature.
Across the tested values of 3, our method achieves smaller cumulative regret, and the improve-
ment becomes more noticeable as the risk sensitivity increases, supporting the sharper exponential
dependence in Theorem 5.

Regret lower bound The lower bound construction of section 3 can be adapted to get the lower

bound for the regret setting. Recall that the hard family contains ©(SAH) possible hard triplets

= (h*,£*,a*). In instance M, only the triplet u has the favorable transition probability p,

while all other triplets have probability p_. Thus, before the learner gathers enough information to
identify w, it incurs regret whenever it fails to visit the correct triplet.

The regret lower bound is obtained by choosing the value gap ¢ as a function of the time horizon

2.2
K. The information gained from one visit to the special triplet is of order : Mﬁ. Since
elBlGmax (M)
there are © (S AH) possible hard triplets and only K episodes, the learner cannot identify the correct

(el BlGmax(M)
1 1 ‘mcmax(M)l SAH 1
triplet when ¢ is the order of — Il € . Consequently, the expected regret satisfies:

o [(eHCmax(M) _ 12
K>]>w\/ PGy AHE

This regret lower bound improves on existing lower bounds in the literature. Combining the
regret upper bound with the corresponding lower-bound argument shows that the non-stopping opti-
mistic variant of Entropic-BPI is minimax-optimal in its leading +/ K term, up to logarithmic factors

13
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and lower-order additive terms. In particular, in worst-case instances where Guax(M) = H, the
leading exponential factor is elPlH/2 /|B|. Thus, at the level of the leading regret term, the analy-
sis closes the gap between previous e/’ /| 3|-type upper bounds and the e!®1#/2/| 3| lower-bound
dependence.

7. Discussions and Conclusions

We provide a new approach to entropic best arm identification that resolves a known suboptimality
gap. Our approach builds a successful optimism-driven framework for the forward model, relying on
a tight control of the variance of the estimators of the entropic value function, and on a specifically
tailored stopping rule.

Indeed, the dependence of the sample complexity on the horizon remains exponential, indicat-
ing one more time that learning exponential utilities in MDPs is a significantly harder problem than
the standard expected return due to the focus on tail (rare) events. However, we show that the real
MDP-dependent term of interest in the exponential is the maximal return, which could be constant
in some sparse reward problems, making the problem more amenable. Such problem-specific in-
vestigations could be an avenue for future work. More broadly, this exponential dependence should
be interpreted as the intrinsic statistical price of entropic risk sensitivity rather than as evidence
that the criterion is unsuitable for learning. Indeed, the entropic risk measure has an important
structural advantage: it preserves an exact Bellman recursion on the original MDP state space and
is essentially characterized by dynamic consistency among utility-based objectives (Marthe et al.,
2023). By contrast, other tail-risk criteria such as CVaR can enjoy favorable statistical rates, includ-
ing near-minimax regret guarantees with polynomial dependence on the tail parameter (Wang et al.,
2023). However, these guarantees rely on additional assumptions on the return distributions, and di-
rect optimization of CVaR typically requires state augmentation and optimization over an additional
risk variable, often handled through discretization which may lead to inefficient runtime.

Recently, Marthe et al. (2025) showed that there is a fundamental connection between the en-
tropic risk measure and more practically-used metrics such as the (conditional) Value at Risk. Our
forward-model approach could be combined with such optimization improvements to propose new
algorithms for (C)VaR optimization in RL.
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Appendix A. Concentration events

Following the ideas of (Menard et al., 2021) we define the following quantities:

a(n,d) =log(3SAH/6) + Slog(8e(n + 1))
a™(8) =log(3SAH/5) and
a*(n,d) =log(3SAH/S) + log(8e(n + 1)) (11)

We also define the KL.-divergence concentration event as:
Exr = {Vt eN,Yhe{l,.. H},Y(s,a) €S x A: Dgr(p(s,a),pn(s,a)) < a(nfb(s,a),é)}

and the Bernoulli concentration event for a series of function (f)xe(z+1) in [0, b]:

& = {VteN,Vhe {1,..,H},¥(s,a) e S x A:

~

a*(n), (s, a), 9)

nt (s, a) n

|(]’7\2 - ph)fh-i-l(sa a)| < \/2 varph(fh+1)(sv CL)
And the counts concentration event:

g = {Vt e N,Vhe{l,.., H},Y(s,a) €S x A:nl(s,a) = =i} (s,a) — acm(é)}

N |

Using this, we define the good event for our algorithm analysis for 8 > 0 and 3 < 0: for 5 > 0
5+ = SKL N 5v* @) gcnt

And for 5 < 0 we have almost the same thing but the definition of V and the range of the functions
changes:

E =8k NnEyx N gent

Lemma 6 It holds that :

P(Ekr) = 1— g, PE™) =1 — g, and  forany f P(&f) =>1-— g
Consequently,
PET)Y=1-6 and PE)=1-6
Proof

The KL concentration event:

For (h, s,a) fixed, we apply lemma F.I with confidence level 05, s, = ﬁ and then do a
union bound over &, s, a to get a concentration inequality that holds uniformly.

The Bernstein concentration event:

Let (f4)he[rr+1] be a sequence of function. Fix (h, s,a) and let (F )¢ be the history filtration.
Define

Wr = 1{(H77S7'7A7') = (h787a)}7 Y = fh+1(ST+1) - E[fh+1(ST+1) ‘ f’r—l]
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Then (w,) is predictable, E[Y; | Fr_1] = 0,

Y| < H, and
E[Y? | Fro1] = Vary, (fr+1)(s,a) on {w, =1}
Let
t t t
Sy = Z wrYr, Vi= Z w2 E[Y? | Froa], Wi= Z wy = nk (s, a)
=1 T=1 T=1
Then V; = W, Var, (fn+1)(s, a) and, for Wy > 1,

Sy

(ﬁ}i —Ph)fh+1(87a) = Wt

Applying lemma 24 with b and confidence dy, ; ., yields (simultaneously for all ¢)

(Ph *Ph)fhﬂ(s,a)‘ < \/ZVarph(th)(S’a) a*(nth(s,a),é) n 3304*(”;1(37@)75)
ny, (s, a) ny (s, a)

where a*(n,d) = log (%) (using n! (s,a) < ¢ and monotonicity of the log term). Finally
choose 0y, 5 o = SALH and we apply a union bound over (h, s, a) to get the result for any state-action
pair

The counts concentration event:
The proof follows from lemma 22 applied to the Bernoulli random variable 1 { (s}, a},) = (s, a)}
for 6p.50 = % and then doing a union bound over h, s, a |

Appendix B. Algorithm analysis

Here we provide a detailed analysis of our algorithm. Our method is a UCB-style algorithm that
plans over a KL confidence region, following the approach of Menard et al. (2021) for the risk-
neutral objective. At each step ¢ and stage h, we construct a confidence set around the true transition
kernel:

C;L(S’a/) = {q € ES : KL (]/?\%(S,a),q(s’a)) < OWSM}

)
nj (s, a)

The algorithm then acts optimistically by selecting, among all transition models ¢ such that ¢(.|s, a) €
C,tl(s, a), the one that yields the highest value function, and plans accordingly.

For the entropic risk measure, we follow the same principle, but carry out optimistic planning
in the exponential (log-moment-generating) space induced by the entropic criterion. As noted by
Fei et al. (2021), working in this exponential space allows us to exploit a Bellman-type recursion
that is generally lost if one applies Lipschitz arguments directly in the original value space. This
means that the upper and lower confidence bounds on the optimal exponential transformation of the
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state-value function U* and value function Z* for > 0 are given by:

Upls,a) = "0 max 5, Z,1(s,a)  Uh(s,a) = 7 min p, 24 1)(s,0)

ﬁhGCZ(s,a) EhGCfL(s,a)
Z(s) = max Uy (s, 0) Z}(s) = max U} (s, a)
—t
Zp(s) =0 Zh1(8) =0
_ _ =t :
Pi(s,a) € argmaxp;,Zy 4 (s, a) p,(s,0) € argminp, Zj, ,4(s, a)
ﬁeCfL(s,a) BeCfl(s,a)
7 (s,a) € arg maXUZ(s,a) mh(s,a) € argmax Ul (s, a).
acA acA

For 3 < 0, U will correspond to the pessimistic Q via the log-transformation. As such, maximizing

Q to define the > policy 7 is equivalent to minimizing U. Similarly, finding the best action at each
stage to define Z and Z corresponds to minimizing U and U respectively:

Up(s,a) = 0 min 5,7Z),.1(s,0)  Ub(s,a) = P69 max p 7% (s,0)

Tjhec}tl(&a) E}LEC;’L(S,LI)
Zy(s) = minT) (s, a) Z(s) = min U}, (s, a)

7t A A

Zpia(s) =0 Zir41(s) =0

Pi(s,a) € arg minﬁhizﬂ(s, a) p’;L(s, a) € arg maxphzzﬂ(s, a)

peC’ (s,a) B peCt (s,a)
7 (s,a) € arg minUZ(s,a) 7k (s,a) € argmax Ul (s, a).
aeA aceA

The KL confidence sets Cf (s, a) are introduced solely to motivate an optimistic model interpre-
tation. We instead build computable optimistic and pessimistic expressions in the empirical MDP
by choosing the radius « so that the true transition kernel belongs to C} (s, a) in the same style as
(Menard et al., 2021). We then prove the corresponding optimism lemma, bound the certificate
width, and derive the sample complexity. We treat the cases 8 > 0 and 5 < 0 separately. We first
restate the theorem in more detail

Theorem 4 (sample complexity) For any § € [0,1] and ¢ €]0, WLHS] and for any finite MDP
M, ENTROPIC-BPI (Algorithm 1) outputs a policy that is (€, 9)-PAC for best policy identification
problem for the entropic risk measure after T episodes. Moreover, with probability 1 — §:

€2max{0,/3}6 (e‘ﬁ'Gmm(M) _ 1)2 3SAH
T < (elfle — 1)2 o1B8|Ginax (M) SAH log(

)C3

ePe—1

~ eQmaX{O,B}E (e|B‘Gmax(M) — 1)2
T = O <(€|B|€ _ 1)2 e|B‘Gmax(M) SAH

Where Cy = 2765¢? log <4617(SH)(HH)€6HSAH2>. In particular, hiding constants and log

terms:
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B.1. Case 5 >0

. We start by building optimistic and pessimistic functions for the state-value function

B.1.1. CONFIDENCE BOUNDS

Let us start with a concentration inequality:

Lemma 8 On the good event E* we have:

a(nh (s,a)) N 565(H7h)a(n2(s,a)) +4H66(H7h)oz(n2(s,a))
nt (s,a) nt (s, a nt (s, a)

(b1 = P1) Zh 41 (s, @)] < 2v24 [Varg: (2,

h
1 > *
+ ﬁﬁz (th1+1 - Zh+1> (s,a)

Proof On the good event £1 we have:

s,a
(P — Bh) Zh+1(s,0)] < \/QVarph< Zh) =7
h

We apply lemma 27 and lemma 28 successively to transport the variance of Z;_ , under py, to the

computable variance of Z,t1 41 under ﬁz

R . _ny (1 (s, a))
Vary, (Zj 1) < QVarﬁ;L(ZhH)(Sa a) + 4e”PH h)m
t

> Wyt (7 * _ny (g (s, a))
< 4Varﬁz(Zfl+1)(s, a) + 4¢”H “ﬁ%(ZiH = Zh1)(s,a) + 4> h)m
r\Ss

Hence, using the inequality v/a + b < y/a + v/b and then vab < an + % for n = H and using that
a*(n,0) < a(n,d):

\/Varph(zgﬂ)W<2\/vart( h)a*:LZ?gfé;l)) \/465(H WpL(ZE Zhﬂ)(s,a)a*?izzfj))

nt (s, a) ny, (s, a)
1y = N H-man(s,a))
ﬁﬁz(Z}iH — Z} 1) (s, a) + 26 )W

Hence, by plugging this upper bound and using again that a*(n,d) < a(n,d) we obtain:

< 9V Vary (74, ) D) g p1) O0(80) o @ ((s.0))

| (pn —]/9\2 Zhyal <
( )2 nt (s, a) nt (s, a) nt (s, a)

1 > *
+ Eﬁz (thzﬂ - Zh+1> (s,a)
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|
Denote the bonus term:
Xt ¢ (ot
b (s a) = 2v2y | Vary (72, )% (?h(s’ ) +5e5<H*h>a(7§h<s’G)> 4 4HSH-ME ('fh(s’a))
0t (s,a) nt (s,a nt (s, a)
(12)

Now, following Azar et al. (2017), Zanette and Brunskill (2019) and Menard et al. (2021) we define
optimistic and pessimistic state-value function on the exponential transform of )} which is denoted
by Uy

: —h— rr(s,a ~ 1 >
i) = min 2040, 3 24 0+ (s~ ) 0|

Zi(s) = max k(s ), Zhi(s) = 1

1, /~
g}tL(87a) = max {17 eﬂrh(&a) [ﬁéwﬁ(sa a’) - bl;z,(*sﬂ a) - Eﬁz (thl+1 - thl+1> (87 a)] }
Zi(s) = maxUj(s,a),  Zipaa(s) = 1 (13)

And we consider the greedy policy:

t+1 rrt
-
m, (s) = arg max Up(s,a)

Now let us prove the optimism lemma:

Lemma 9 With high probability 1 — § we have:

~

Un(s,a) < Uj(s,a) < Uj(s,a)

and R
Zh(s) < Zj(s) < Zp(s)

Proof We proceed by induction over h. For h = H + 1 the result is trivially upper bounding and
(resp. lower bounding ) U} by ePUH=h) and 1.

Assume the inequality holds for b’ > h. Fix (s, a) and assume U (s,a) < H since otherwise the
inequality is trivial, we have that:

ry * ~ 1 > *
Uh(s,a) = Up(s,a) = e7n(2) [ﬁzZzH(s, @) + bh(s,a) + 20 (21 — Zhir ) (5, @) = puZipa(5.a)

— eﬂrh(sva) [I/)\’;L (Z}tl+1(8 a Zh+1 S, a ) + ( ph>Zh+l(s a)
¢ 1
+ bh(s,a) + ﬁ h(Zh+1 Zh+1
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But we know by Bernstein inequality that:

* 1 > *
(8= pn) Zi(s.0) > =bl(s.0) = =4 (Zhor = Zin ) (s:0)

Hence:
~ 1 ~ 1
Uh(s,a) = Ui(s,0) = () [(1 = ) (Zhaa(5.0) = Zia(5.0)) + 255 (Zis = Zh ) (s, a>] >0

Where we used the induction hypothesis. We prove the pessimistic property in the same way |

B.1.2. STOPPING RULE

We define the width certificate for the algorithm for the case 8 > 0:
3

Gi(5,0) = min {eﬁwhx e st s.0) + (14 H)ﬁzwt+laz+l<s>]} 14

Lemma 10 establishes the validity of this stopping rule by showing that, with high probability, it

bounds the certificate width:

Lemma 10 On the good event £, for all t and all h,
Zi(s) — ZF () < mHIGh(s)  VseS
In particular, at the initial state s1, Z1(s1) — Z7 " (s1) < 771Gl (s1)

We prove the lemma 10 in this section : We define the auxiliary variable Zﬁ Setting Z}i =1 we
recurse backward for h = H ... 1:

Uil;,pes = max {17 eﬁTh [ﬁhzz+1 - b}fz - %ﬁz(zfz-&-l - Z;z+1)] }
Uli = min {6,37“}1 (phZIterl)? Uftz,pes}
Z(s) = Uk(s, w3, (5))
Because Z' is pessimistic against Z*, we cannot directly compare Z* to Z LA Intuitively, Z! satis-
fies the exponential Bellman recursion under the true kernel py, while being clipped by a pessimistic

.. . 1
empirical backup; hence it serves as a worst-case lower bound for both Z! and Z ™ as shows the
next lemma:

Lemma 11 Forall (h,s,a):

t+1

Uh(s,a) < min (Uf(s,0),U" (s,0))

and
o 71_t+1
Zh(s) < min (Z}(s), Z" (s,0))
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Proof We proceed by backward induction. For h = H + 1, all values are equal to 1 so the
inequalities hold. Assume that for some h < H we have for all (s, a):

° . ﬂ_t+1
Uhr(5,0) < min (Uf 41 (s,0), U, (5,0))

and
t+1

Zhia(s) < min (Zha(5), 2,7 (5,0))
we have by construction:

o o o 71,t+1
Ui(5,0) < Uf e, @) = e (2] ) (5,0) < e (pn 271 ) (5,0) = U™ (s,0)

Where we used the induction hypothesis and the monotonicity of the exponential Bellman operator.

Again by construction;
Un(s,a) < Uj pes(s, a)

But since we have:
5 1 ~
Uh(s,0) = Up pes(s,0) = 9| (3,21 1105, 0) = Vi (s5,0) = 4 (Zhor = Zhot ) (5, )
o 1 ~ °
— (A Zhi(s.0) = bh(s,@) = 54 (Zhin = Zhn ) (s, ) |

T 1 >
= efra(s0) (1 - ﬁ) [ﬁ;z (Z}tl-‘rl - Zitz+1)]

=0
Where we applied the induction hypothesis, we conclude then:
Ul (s,0) < Ul (s,0)
The bound on V follows immediately and we conclude the recursion |

On the good event £ we have:

Lemma 12 On the good event £

~

. 3 N ,
Uﬁ(s, a) — Uﬁ(s, a) < ePrh(5:0) [SbZ(s, a) + (1 + ﬁ)ﬁ;l(Z,’;H — Z/t1+1)]

Proof Fix a state-action pair (s,a) and h € {1, ..., H}, we consider two cases:
First case: U} (s,a) = U} (s, a) we then have:

~

° ¢ 1 ~ ~ .
U;L(‘S? a)_UftL(Sﬂ a) < eﬁrh(s,a) [b2(37 a)+ﬁﬁz (thL-‘rl_Z;L-‘rl) (37 a’) J'_ﬁ;LZ;L-&-l(Sv a’) _phZ;H-l(Sv a)]
The last term can be written as:

ﬁ;LthLH(Sv a) — phZ;L+1(87 a) = ﬁL(thH*l - Zﬁﬂ) (s,a) + (ﬁ% —Ph) Zf:+1 + (Ph —ﬁ%) (Zf*LH - Zﬁﬂ)
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For the second term, by lemma 8:

* 1 ~ *
[(pn = Ph) Ziea (5, )| < B (5,0) + = (Zhss = Zia ) (5.0) < (s,a) + ﬁﬁz (2t - ZhH) (s,0)

For the third term, by the KL-Bernstein inequality 24 and using the inequality v'ab < 7 +

a(n} (s, a)) N geﬁ(H_h) a(n}(s,a))

~t * ~t * 7
(P = D3) (Zh11 = Ziya) < \/2 Vatg (Zj1 = Zhy) nt(s,a) 3 ny, (s, a)

t 2 a(nt (s,a))
9 B(H—h) 7% Zt a(nh(s,a)) < _B(H—h) h\2s
\/ ¢ ACH he1) nt (s, a) * 3¢ nt (s, a)
a)

L ¢ = B(H—h ( ( ) 2 - Ol(nt (Saa))
< =P (Z A o PH-) X\ ) 2 p(H-h) X p\5 )
th( S h+1) + 2e L (s, ) + 3¢ L (s, a)

Hence by combining the two bounds:

- , 9 ~ .
ﬁ}tLZ;LH(S’a) _phthL+1(37 a) < 262(3, a) + (1 + E)Z/)\;L(Z;L-‘rl - Z;L-i-l)

Hence by substituting and using lemma 11:
Ul(s,a) — Uj(s,a) < 79 [3()2(8, a) + (1 + %)ﬁ%(%}fbﬂ - Z}iﬂ)]
Second case: U} (s,a) = 0ﬁ,pes(3a a). In this case:
Oh(s,@) — Uk(s,0) < 0 [, (5,0) + 20 (Zhr — Zhar)(5:0) + B Zhs (5,0
— (A Zha(5.) = By (5,0) = 284 (Zhos = Zh) (5. 0))

rt (s,a ~ g 1~
— M) |t (5,0) + (1 ) 0 = Zhi) + 7Ly = Zhin) ) (5.0)

—_

Hence by lemma 11 we find:
~ . . 2 ~ .
Uﬁ(s, a) — Ufb(s, a) < ePri(s:a) [2()2(3, a) + (1 + ﬁ)ﬁl<Z,€+1 — th1+1)]
‘Which conclude the recursion |

We now prove lemma 10:
Proof We first prove by backward induction that, for all A and s,

Zi(s) = Zi(s) < (m7'GR)(s). (15)
For h = H + 1 it holds since both sides are 0. Assume it holds at step i + 1. For a = 7}, (s)

Z;L(S) - ZQ;L(S) = ﬁftz,(saa) - ﬁftL(Saa)'

26
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By lemma 12, we have :

~ 0 3 ~
Uh(s,a) = Uj(s,0) < ™40 38 (5,0) + (1 + = )4 (Zhes = Zho )|
By the induction hypothesis inside the tilted expectation:
Br(Zhir = Zpaa)(s,0) < Pp(n' TGl p0) (s, a).
Thus,
~ . 3
Zi(s) = Z4(s) < 3¥h(5.) + (1+ 2 )Ph(x" Gt ) (s, ) < Gh(s,0) = (2GR (5)
Finally, use optimism and the ring bridge: on &, Z} < Ztl (lemma 9) and Zfl < Z;:Hl (lemma 11),

hence - N )
Zi(s) = ZF(s) < Zh(s) — Zh(s) < (whF1GY)(s)

|
B.1.3. SAMPLE COMPLEXITY
Now we prove theorem 4 for 3 > 0
Proof the width certificate is:

3
G (s,a) = min {eﬁ(H_h), ePrh(s:0) [3()2(3, a) + (1 + H)phWtHGhH( )]}
Let us transition to the true MDP. Using Bernstein inequality:
B~ p)nt Gl )] < 42V, (141G 4 (5)) (i (s @) + 2T Pl (s, a)

Now, we use the inequality Var(wh+1 Gii(s) < e BH=R) f:rllGhH( ). Hence, using the in-

equality /zy < = + y:

1
6 = ) Gl ()] < gonn* Gl (5) + 3HAH Mo (5,0))
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And using the variance transportation lemmas 27,28 and that a*(n} (s, a)) < a(n! (s,a)):

~ a*(nt(s,a)) 1% (nt (s,a)) ~ 1 a*(nt (s, a))
Vara (Z J——~h2 7 <9, |V, Al h\?> deBH=h)y (7t _ gm R\%s
\/ arpi( h+1) nz s,a) arph( h+1 ) n%(s, a) + € P h+1 h+1 )(s,a)

B(H—h) a(nj,(s,a))

2
T )
11, @ (g (s, a)) _py @ (n},(s,a))
< 24 [Var, (ZF =2 2y g PR Z % 2
\/ T (s, a) ni (s, a)
[ . _ma(nt(s,a))
# g — ) (s.0) + 20D ELEREE
*(n,(s,a)) a*(nj, (s, a))
< 24|V A M AH BH=h) 2 %))
\/ar“( ) e T

1
+ ﬁphWHlGﬁwl(S) + 2e

Hence, by coarsening the constants for the sake of simplicity:

* t * t
bi,(s,a) < 4v/2 Varph(Zﬂt“)M +4(2V2 + 1)H65(H—h)w

h+1 nt (s, a) nt (s, a)
a(nt (s, a 24/2
+ (5 4 4v/2)PH=h) ;z"(i a)>) + ;prhﬂtHGﬁlH(s)

Rer1y O (0 (5,0)  2v/2 1 H—n) ¥}, (5, a))
< 6\/Varph(Zthl ) nl (5,0) + 77 prm TIGY L (5) + 27H P )W

‘We combine the two terms:

a*(n},(s,a)) N 6v/2

t-‘rth
n';L(s,a) H Y2 h+1(5)

Gl (s,a) < ePrnlse) [36\/ Vary, (Z7")
t
aH—n) @(ny(s,a)) 3 41 ot
+81He et (1+ = ) Gl (5)

SNL i 3 s(i—nya(n} (s, a))
+<1+H>th7r Gh+1(5)+<1+H>3He —hr? 7

Hence, simplifying it gives:

* (0t , 13 . ’
Gears 36\/Varph<zziﬁl>cw+ (1 " ) oG ()4 84— 20 (5,0))
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Unrolling this inequality and using the terminal condition G, +1 = 0 we get:

(mGY)( [ Z k" Lexp ( Z rl(si,ai)> <36\/Varph Z}fﬂl) *(nl(sp,an) A 1)

51]
where kK = 1 + % Since we have:

13\ -1 13\ H

h—1 : 13
= 1+7> < lim (1+—) =

: ( H Hi 400 H ¢

+ 84H66(H_h)a(n’;l(sh,ah) A 1)>

we get:

H h

(m1GY)(s1) < eBE™ [ Z exp (ﬁ Z ri(si, ai)) <36\/Varph (27 )ar (nd (sh,an) A 1)

h=1 =1
81]

T elBle 1 5
m1G1(s1) < —5— 21 (51)
e‘mf

+ 84H65(H_h)a(n2(sh,ah) A 1))

The algorithm stops when:

TI'lGl(Sl)
Zi(s1)

mGi(s1) _ (mGi(s1)
Zi(s) 27 (1)

Ll h ar Sp, @
BT [ Z exp( Z 7i( sl,az)> (36\/V Ph (Zh+1 )( hs h)a(nZ(sh,ah) N 1)

h=1 i=1 (Zirtﬂ) (51)

Let us bound the first term, using Cauchy-Schwartz inequality:

o | & Var,,, Z’Tl a*(nt (s,a
E™ Z exp (B Z m(si,ai)> <\/ (pZ{r£+lh)21 ) ( (t h( ) A 1))

We upper bound fort =1,. — 1, using optimism:

+ 84HPHM o (nf (sp, an) A 1))

51
ny, (s, a)

Vary, (Z iﬁ:ll )

H Oé*(nt (s,a)
= 3 S pk (s, a) exp (5Zrl~(si,ai)> <\/ @) (— /\1))

ny,(s,a)

h=
H h t+1
Var,, (ZF a*(nt(s,a
< J Z pzﬂ(s a) exp (25 Z n Sz,az)>(z;7r€+1h+l - Z ZPHI 7( h( ))
1 h=1 s,a
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For a policy 7. By lemma 25 we have:
oV (s) = 20T Vary, (Z744) (s,7(s)) + 7T (pro VT, ) (s, m(s))
Multiplying the equation by 2?2_11 r;i(si, a;) and take the expectation under 7:

E™ [6252?;11 Ti(si:ai)o-vhﬂ(sh)] — E~ [625 Sy ri(sisai) Var,, (Z;LT—H)] +E7 [6252?:1 m(sz',ai)gvhﬂ+1(sh+l)]
By summing over i = 1, ..., H and since oV} | = 0 we get:

H t+1
Z Eﬂ' 6262?:1 ri(si,ai) Va'rph (Z;:+1 ) _ ]E7r |:0—‘/17T(81):|
= (272 (27)
But notice that for a deterministic policy 7:

oV (s1) B Var(eBRﬂS’l =51)
(Zir)2 N E(eﬁRﬂSl = 51)2

Using lemma 26 we get that:
OVE (s1) _ (/O (M) 12

(Z7)2 S eBCumM)

Applying this for '+ we get:

H h t+1
Vary, (ZF.)  (efCGma(M) _1)2
1 pr \Zh+1
Z ZP}? (s,a) exp (25 Z ri(si, ai)) Zhﬂm ; < eBGmax (M)
h=1 s,a i=1 ( 1 )
For the second term:
H ¢
a(nt(s,a
™ Z exp (BZ rz(sz,ai))Heﬁ(H_h)( (t AL A1) s
h=1 i=1 (s, a)
H h t
_py a(n) (s, a)
= Z p';:rl(s,a) exp (52 ri(sl,az)>Hef8(H h)( (t h : N 1)
h=1 s,a i=1 Ty 8, a
Ll a(nl (s, a)
< 2 p';:rl(s,a)ethHeﬂ(H_h)( th A 1)
P R ny (s, a)
BH S t+1 a(nj,(s, a)
< He Zth (s,a)( o (5.a) /\1)
h=1 s,a h\™>
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Hence:
(@ﬂGmax _ t+1 n%(s, (l)
(m1GY)(s1) < 36€" P (s0) (7~ Al
eﬂGmx hZ:l ; 2(3’ a) )
+ 84el3ePH Z Zptﬂ 7(?%(8 @) A 1)
h=1 s,a h(s7 a’)
BGmax(M) — 1)2 (nt (s,a)
+ 84e'3eH 2 PPN W 1
28 7 N )
h=1 s,a h(s7 a’)

Let us sum over ¢ < 7. By sub-optimality for each episode ¢t = 0, ..., 7 — 1 we have:

1Ble — 1~
e
G (s1) > B Zi(s1)

Hence by summing over all the episodes and using Cauchy-Schwartz:

Be _ T—1 ( BGmax (M) _ ( t( )
e e nt (s, a
36613 pt+1 h\?» A 1)
ef Z eﬁGmax hZ:l SZ‘; nt (s, a)
—1 H t
13 _BH tHL (g O‘(”h(saa)
+ 84e”e tZ:l Z Zp 7n2(s,a) A 1)
h=1 s,a
BGmax(M) — 1)2 T—1 (nt (s,a)
<36613\/(€ VT t+1 s,.a A
eBGmax(M) P ;1;‘; nh(s,a) )
—1 H t
13 _BH t+1 a(nh(s,a)
+ 84e!3¢P Z phJr (s, )(771lt 5a) A 1)
t=1 h=1 s,a R\

- t —1 H
a(ny(s,a)
Z Z Zp”l (t A1) < Z Zp%“(s,a)a(n%(s a) v 1)
—1 h=1 nh(s, a) t=1 h=1 s,a
-1 H 1
< a(r—1,9) p’,‘jl(s e —
P };lé nt(s,a) v 1
-1 H ~t ~t
1 (s,a) — (s, a)
<alr—1,9) ZE nt (s,a) v 1
t=1 h=1 s,a h\™s

1h=1
<3SAHa(r —1,0)log(T + 1)
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Where in the final inequality we used lemma 31. Similarly, we find:

T—1

H * (ot
) Zpgﬂ(s,a)(w A1) < 3SAHA*(r —1,68) log(r + 1)
t=1 h=1 s,a nh(s,a)

eﬁa —1 (e/BGmax(M) — 1)2
T < 36¢!3 B TSAHa*(t —1,0) log(t + 1) + 84e 3P SAHA(t — 1,6) log(t + 1)

Therefore, by replacing a* and « by their expression and using that log(7 + 1) < log(8e7) since
T=1:

efe 1 (eﬁGmaX(M) — 1)2 3SAH 2
T 5 < 36@13\/ e TSAH(]og ( 3 ) log (8eT) + log (8er) )

3SAH

+ 8461365HSAH<10g ( ) log (867‘) + S'log (867’)2)

Finally, we use lemma 31 with :

Be BGmax(M) —1 2 3SAH
_ap 13_€ (e ) B -
¢ = 36 €B6 — 1\/ eﬁGmax(M) SAH ’A - log( 5 ) 7B =1
e
D= 6667_18461366}11—[2514 and EF=S5
Which yield:
6265 eﬂGmax(M) _ 1 2 3SAH eﬁHH2SA 3SAH

TS (e 1)2( G () ) SAH<1°g( ;T 1>012 +36ﬁ€eﬁs_1<log( : )+s>c§ +1

Where C = %log 4617(S+1)(H;?fllﬁHSAH2

In particular, if € is small enough so that the first term dominates the second then:

62,35 (eﬁcmux(M) — 1)2 3SAH
T < (665 _ 1)2 eﬁGmax(M) SAH log( 5

)C3

Where C'y = 3eC';. We can finally hide the constants and the log terms to get:

~ 1 (eﬁGmax(M) _ 1)2
=0 <(eﬁg _ 1)2 eBGmax(M) SAH

Finally to see that the stopping rule implies (g, d)PAC, remark that at time 7:

T 665 —1 ~t
WlGl(Sl) < 7Z1(81)
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ENTROPIC BEST POLICY IDENTIFICATION

This is equivalent to :
T Gi(s1) < (el —1) <Ef(81) - 77{G1($l)>

Since Z{(sl) — Z7(s1) < Z{(sl) — Zl(s1) < m14+1,1GY (s1), this stopping condition is stronger
than the condition:

T

G (s1) < (e —1)ZF

But we can write:

. 1 Z 1 zZr — 77 1 T
W?VF“xa>=kg<l>wo=1%(1+l])@n<1%<1+”“*“”>wo<e

B.2. Case 5 <0
B.2.1. STOPPING RULE

We first discuss the stopping rule for 5 < 0. The difference in value functions can be expressed in
the exponential space as:

R 1 zr
Vi = Vo) = 10w (o ) (o)

p i
1 ZI _th+l

To ensure the policy is e-optimal, it suffices to satisfy at stopping time 7:
Tt Gi(s1) < (eﬁf - 1) Zr (s1) (16)

However, Z7 * is unknown as it relies on the true dynamics. We therefore substitute it with a com-
putable lower bound:

wtGi(s1) < (eﬁf - 1) 27 (s1) 17)

where both 7¢ G (s1) and Z1(s1) can be computed efficiently by dynamic programming.

B.2.2. CONFIDENCE BOUNDS

We first start with a lemma:

Lemma 13 On the good event £~ :




ESSAKINE VERNADE

Proof On the good event £~ we have:

o (nj (s, @)

eB(H—h)) a*(nj(s,a))
nl (s, a)

+3(1 -
nj, (s, a)

|(Ph - ﬁl)ZﬁH(s,aﬂ < \/2 Vary, (Z;,,)

Since Z; and py, are unknown, we use a variance transportation inequality to replace with its value
for Zfl the optimistic bound for V*. By applying lemma 27 and lemma 28 successively:

a(nj,(s,a))

Vary, (Z}, 1) < 2Varﬁz(Z};+1)(s,a) +4(1 — BUH=h))2 e

< 4Varg (Z)11)(s,0) + 400 = PITNG(Z] 1 = Z]4) (5,0) +4(1 = 70

Hence, using the inequality v/a + b < v/a + /b and then v/ab < an + % for n = H and using that
a*(nh (s,a)) < a(nh(s,a)):

n(s,a)  ny(s,a)
a*(nf (s, a)) B(H—m), @ (1],(5,a))
= 2\/Varph(zh)<57“> w(sa) O
1 A (7% t B(H—h) a(n;L(Sv (I))
+ 7 Pn(Zhia = Zpia)(s,0) +2(1 —e )

Hence:

Denote the bonus term as:

bt (s, a) = 2v/2 Varﬁz(Z;L)(s,a)a*(nz(&a>)+5(1—6B(H_h))a(n2(87a))+4H(1—€B(H_h))a*(n2(s,a>)
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ENTROPIC BEST POLICY IDENTIFICATION

Now, like the case 8 > 0 we define define optimistic and pessimistic state-value function on the
exponential transform of ) which denoted by Uy .

~ 1 ~
PhZh 41 (5.) + Bi(s, @) + 0 (Zhs — Zho ) (s, >]}

Zi(s) =minUj(s,a),  Zji(s) =1

~

Uitz(S, a) = min {17 ePra(s,a)

—h— rr(s,a 1 ~
Q;‘i(&@) = max {eﬁ(H " 1)765 wls, )[ﬁ;zgz-&-l(sva) - bZ(S,a) o Eﬁ;l (Zitz-&-l - Zﬁ+1>(87a)] }
Zi(s) = minUk(s,@),  Zhpia(s) =1 (19

And we consider the greedy policy:

i+l ot
= U
" (s) = arg EémNh(Sa a)

Let us prove an optimism lemma:

Lemma 14 On the good event £~ we have:

~

Un(s,a) < Uj(s,a) < Uy(s, a)

and N
Zi(s) < Zp(s) < Zj(s)

Proof We proceed by induction over h. For h = H + 1 the result is trivially upper bounding and
(resp. lower bounding ) Q* by H and 1. N
Assume the inequality holds for &’ > h. Fix (s, a) and assume Q' (s, a) < H .we have that:

N . ~ 1y (5 .
Uh(s,a) — Up(s,a) = ) [ﬁzzm, @) + Vi (5,0) + =04 (Zhis = Zhia ) (5:0) = puZi s (s,0)

T

= ePru(sa) [ﬁz (Zfbﬂ(s a)—Zp,1(s,a ) + ( ph)ZhH(s a)

1 ~
+bh(s,a) + =4 (Zhis — Zho ) <s,a>]

But we know by Bernstein inequality that:

* 1 * 1 ~ *
(7= pn) Zi(s.0) > =bi(5.0) = =4 (Ziver = Zhon ) (5:0) > =B (s,0) = =4 (Zhor = Zin ) (s:0)

Hence:
~ 1 ~
Uh(s,a) = Up(s,a) = e7() [(1 + )b (Zhialsa) - ZzH(s,a))] >0

Where we used the induction hypothesis. We prove the pessimistic property in the same way |

35



ESSAKINE VERNADE

B.2.3. STOPPING RULE

We define the stopping rule for the algorithm for 5 < 0 as:

3
Gl (s,a) = min {1, efrnls.a) [3b};(s, a) + (1 + E)ﬁ;ﬂtHGzH(s, a)] } (20)
Lemma 15 establishes the validity of this stopping rule by showing that, with high probability, it
bounds the certificate width:

Lemma 15 On the good event £, for all t and all h,
727 (s) = Zi(s) < mHIGh(s)  VseS
In particular, at the initial state s1, V*(s1) — V™ (s1) < TGl (s1)

We prove the lemma 15 in this section : As in the case 5 < 0. We define the auxiliary (analysis-only)
variable Z}tL. Setting Z}IH = 1, we recurse backward forh = H,...,1:

Uh (s, @) = min{ 1,79 | (3,20 1) (s, ) + V(5. 0) + 4 (5 Zhois = Zhe)) (5, 0) |},
Uh(s,a) = max{ e (p, 21 1) (s,0), U g(5,0) .
Zi(s) = Uk (s, 7t 1(s)).
Because Z! is pessimistic with respect to Z* (and 8 < 0 reverses the relevant order), we cannot

directly compare it to Z ™*' We introduce Z* as a bridge quantity. Intuitively, Z! satisfies the ex-

ponential Bellman recursion under the true kernel p;, while being clipped by an optimistic empirical
backup; hence it serves as a worst-case upper bound for both Z¢ and Z LA

Lemma 16 Forallt, Forall (h,s,a):

t+1

Up(s, ) = max (T (s,0), U (s,0))

and -
Zh(s) = max (Zi(s), 2" (s,0))

Proof We proceed by backward induction. For h = H + 1, all values are equal to O so the
inequalities hold. Assume that for some h < H we have for all (s, a):

° ~ t+1
U,tLH(S, a) > max (U}tLH(s, a), Uy h(s, a))

and ) N -
Zhia(s) = max (211 (), 273 (s,0)

we have by construction:

o o o 1 1
Ut (s,a) = Uf e(s,a) = D (p 28 1) (s,0) = P2 (9, 27 V(s,a) = UF T (s,a)
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Where we used the induction hypothesis and the monotonicity of the exponential Bellman operator.

~

[ojftL<87 a) - ﬁlz(& a’) = Z?Ii,opt<87 a) - UftL(Sv a)
. 1 .
> i) [ﬁzzms, @) + bh(5,a) + =74 (Zh 1 = Zhot ) (5.0)
~ 1 ~
— (P Z4(s.0) + ¥h(s.0) + =4 (Zhis = Zha ) (s, a))]

1 o s
> efrn(s:0) [ (1 + H) o (Z;H*l - Z}i+1) (s,a)]

Where we applied the induction hypothesis, we conclude then:

Ui(s,a) > Uj(s,a)

For Z:
Z}(s) = 2" (s,a) = Uj(s,mh(s) = U (s, (5)) > 0
And:
Z4(5) = Up(s,wh(5)) = Oh (s, 7h(5)) = min U (5, ) = Z4(s,0)
Which conclude the recurrence |

Lemma 17 Foranyt, any h € {1, ..., H} and any state-action pair:

Uh(s,@) = Uk(s,0) < 0 38} (5,) + (1 4+ 2 )B4 (Zh(5,0) — Zho ) (5,0)]

Proof Fix h € {1,..., H} and fix a state-action pair (s, a). We have two cases:
First case: U} (s, a) = U} ,.(s,a), we have:

° 1 ~ °
Uh(s,a) = Uh(s, ) < ™0 b1 (5,0) + =4 (Zhor = Zhon ) (5:0) + P Zhs(5,0) = 5 Zhi (5,0)]

The last term can be written as:
phZitlH(Sa a) — ﬁzgfz-&-l(sv a) = ﬁ%(zltwl - g/tzﬂ) (s,a) + (1’971 —Ph) Zﬁ+1(5>a) + (Ph _ﬁz) (ZitL-H - Zi:-H)
For the second term, by lemma 13:

* 1 ja-d * ]. ~ o
| (pn —ﬁz)zh+1(87a)| < bj,(s,a) + ﬁﬁz (Z;%H - Zh+1)(57a) < bj,(s,a) + Eﬁz (Zfz+1 - Zﬁ+1>(57a)
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For the third term, by the KL-Bernstein inequality 24 and using the inequality vab < 7 + bH:

a(n%(sja)) 2

* 7 * 5 H—h 0]
(ph _ﬁth) (Zh+1 - Z;:Hrl) < \/2va‘rﬁi(zh+1 - Z;LJFI)W + g (1 — 6’8( )>

o )a(n}a(s,a)) N 2 (1 eB(H*h)> a(nl (s, a))

<y |28 H-D) G (7

h+1 h+1 ”Z(S’a) g

r—t<

B i

t t
1y s—nyny(s,a)) 2 gy a(n,(s,a))
< th(Zh+1 Zpy1) +2He Tnl(s,a) t3 (1 e ) o

Hence by combining the two bounds:

. 2 .
PhZitz+1(5,a) - ﬁzg};+l(sv a) < 2bj(s,a) + (1 + E)Az(Zsz - Zﬁﬂ)

Hence by substituting and using lemma 16:

Uf(s,0) ~ Uf (s, @) < 50 36 (5,0) + (142 )4 (Zhos — 24 )|

Second case: U} (s,a) = ﬁ,’prt(s,a), we have:

° ° 1 °
Uf (s.) ~ Uh(s.a) < 7o) [%ZZH@, @)+ 5,) & 7 (Zhos = Zhon ) (5,9)

—_

1 ~
(o)) - 4 (B~ ) )|
_|_

_ Pru(sa) [2b;g(s,a) + (1 + H> ﬁ(i,ﬁH - g}tm) (s,a)
Using lemma 16 we get:

Uh(s,@) — Uk(s,0) < 0 28] (5,) + (1 + 2 )B4 (Zh(5,0) — Zhn ) (5,0)]

We now prove lemma 15:
Proof We first prove by backward induction that, for all h and s,

Zi(s) = Zh(s) < (m,"'Gh)(s).
For h = H + 1 it holds since both sides are 0. Assume it holds at step i + 1. For a = WZH(S)
Z(s) = Zi(s) = Ul(s,a) = Uk(s,a)
Apply Lemma 16:

3

Uh(s,a) = Uh(s,a) < B30 (5,0) + (1 + -2 )4 (Zi(s.0) = 2411 ) s,0)
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By the induction hypothesis:

21 (Z4(5.0) = Zhir ) (5,0) < B (51 Gl (5, ).

o 3
Z4(s) = Zh(s) < BWh(5,0) + (1+ )DL (51 Gt (s, ) < Ghs,0) = (771G (5)
7t

Finally, use optimism and the ring bridge: on £, Z} > Z,tl (optimism lemma 14) and Z{{Hl < Zj,
(Lemma 16): )
4 . °
Zi (s) = Zi(s) < Zy(s) — Zi(s) < (m, "G (5)

B.2.4. SAMPLE COMPLEXITY

Proof the width certificate is:
3
G]itz(sa a) = min {17 e ri(5:) [3b2(37 a) + (1 + H)ﬁmt—i_lGﬁwl(s)]}

Let us transition to the true MDP. Using Bernstein inequality:

i ny, (s, a)

alnt (s,a) 2 iy a(nt (s, a))
|(Bh — Pr)m" Gl (5)] < \/2 Vary, (Wt_'_lGl;z—i-l(S))W (- P

t+1 Gt

Now, we use the inequality Var(m," Gj,, (s)) < (1 — eﬂ(H*h))ﬂZfleH(s). Hence, using the

inequality /2y < x + y:
1 -
|(]32 - ph)Wt+1G§z+1(5)| < ﬁphﬂtHGZH(S) +3H(1 - P hH))

And using the variance transportation lemmas 27 and 28 and that o* (n} (s, a)) < a(n} (s, a)):

a*(nt (s, a)) w1, @ (g (s, a))
\/Varﬁ;@zﬂ)(s, @) 2 <y [V, (Z77) 2 e 2

nl (s, a) nt (s, a)

* (ot
+ \/4(1 — eBUH=R)py (7 — 7 )(s, G)M

+ 2(1 _ eﬁ(H—h))O‘(TEZ(S? a))
ny (s, a)

* (ot *( T
< 2\/Varph(2}ﬁ_+11)a (:L?S(SC?L;L)) +4H(1 _eﬁ(Hfh))a (?h(saa))

t+1

t
A ZE N = 2 ) (s,a) + 201 — PO (5 )

H nt (s, a)
w1y 0% (1, (s,a)) - @ (1, (s, a))
< 24 Vi, (Z715) 5 S 41 s
a(nj (s, a))

1 _
+ EphthGzH(s) +2(1 — AU
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Since we have :

i+l

t > t t
Zh+1 Zhi1 < Zpy1 — Zpar < Gh+1(3)

Hence, using that o* (n} (s, a)) < a(n} (s, a)) and simplifying constants and using that H > 1

:‘(‘F
—~
»
Q
SN—
~—

* 3 _pa(n
s a) < g @ (5,0)) 3 27H(1 — f(H-1) A5 ¢))
b (s, a) 6\/Varph( ) sy T HEPT Gl o1(s) +2TH(1 e ) nt (5, a)

We combine the two terms:

Gt (s,a) < eBrn(s,a)

e @t (nh(s,a)) 62
36\/Varph(th+) nzl(ls,a) + thﬂt+1G2+1(8)

t
+81H(1 - e5<H*h>)w + (1 + %)pwt“GLl(S)

ny, (s, a)

3NL i 3  a(H—h), (N} (s,a))
(1 2Y L)+ (1 2Yarra - - rkfe0)

nj (s, a)

Hence, simplifying it gives:

B (s, 13
Gl e 36\/Va“"ph@?f”l)a(nh(m))+ (1 i ) PG (5) +81H (1—¢PUH=M)

nj, (s, a)

Unrolling this inequality like the case 5 > 0:

h
(TG (1) < 131@”[ Z exp ( Z (si,ai) ) (36\/Varph (25 1) (nd (s, an) A 1)

h=1

+ 81H (1 — PH=M)q (nh(sh,ah)/\l)>

The algorithm stops when:
T Gi(s1) < (1—-e™) 2]

This is equivalent to:
elBle 1

T t
m (Zl +771G1(81))

ﬂ'lGl(Sl) S

We then need to upper bound the quantity %(Sl) fort=1,...,7 — 1:

<1

mGi(s) _ mGi(s1)
Zr + mGi(s1) Zf“(sl)

d i Var Wt“ t s,
7]}_‘:7" [ exp (5 Z TZ S, a’L (36\/ phﬂ_t+1h+1 (a(zh((zha;z}l) N 1)

t
h=1 i=1 h

t
+ SLH(1 — HH-) (ZE S "f s’“a’h A1) s
AC

40
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Like the case 5 > 0 we write directly:

Vary, (Z7, ) oVt
t+1 ( ) pn \“h+1) _ o 1
(s,a)exp (2 ri(si,a;) | ——5 " = E" | ———
hzlgp P2 Z i) = gy !
But since the greedy policy is deterministic we have:
oV (s1) _ Var(eﬁRﬂSl =$1)
(Z{r)Z E(eﬁRﬂSl = 81)2
Where L = ¢ Xit1 ri(si,6i) ysing lemma 26 we get that:
TVE (51) _ (eld0mt0 — 12
(ZT)? = el B1Gmax(M)
Hence:
h t+1
Var,, (ZT a(nt (s, a)
Z Zthrl (s, ) exp( Z (55, i) )( \/ phwgﬂh? )( (th A 1))
h=1 s,a i=1 (Zl ) nh(s’a’)
h t+1
Var,, (2T
< 36 Z Zp”l S, a) exp (2521"2 sl,a,)>phﬁg+1h+1 Z ZptH
h=1s,a i=1 (Z h=1 s,a
(elBlGmax(M) — =% a*(nﬁl(s, a))
g P L
36\/ elﬁleax Z 2P nt (s, a)
h=1 s,a

For the second term:

S1
h=1 i=1
H
! Z (s, a) ex BZ’F‘(S a;) | H(1 — PH=h)
ZWHl by, ) p i\Si, Q5
1 h=1 s,a =1
S 41 Bh B(H—h) a(nj,(s,a))
<22ph (s,a)e”"H(1 —e ) nl (5,a) Al
h=1 s,a
H t
|8|H t+1 a(nj,(s,a))
< He hz_]l;ph (s,a)( nl (5.a) Al

We then sum on ¢ < 7 and use that by sub-optimality we have fort = 1,...,7 — 1:

mGi(s1) _ 71 G1(s1)
Zr T (2T + mGh(s1))

> elfle 1
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Hence:
= |81 Gmax (M) — 1 *(nt(s,a)
Ble _ 1) < 36e!362181 (e t+1 R\ 1
13 2081 17 JBIH N ot (ni(s,a)
=1 h=1 s,a
< 36013 QBIa\/( (elPlGmax (M) I)Q)ﬁ T—1 i t+1( )(a*(nZ(s,a) 1)
< 36e e P S, a)(——F———— A
elB8|Gmax (M) Pl e h nt (s,a)
13 2 HT_1 2 ¢ 1 04(”2(3,@)
+ 81e'3e2lPl Helfl Z ZZ H(s,a) (=== A1)
t=1 h=1 s,a (s, a)

Similarly to the case 5 > 0 we bound the other terms using the counting argument which yield:

13 2 (elB1Gmn(M) — 1)2 13 2 H 72
T(elflE — 1) < 36e!3e28l5) [( IGO0 )TSAH* (1 —1,6)log(r 4 1) + 81e'3e?PleelSIH H25 A0(r — 1, 6)
e max

We replace a* and « by their expressions and using that log(7 + 1) < log(8er) since 7 > 1:

(elBIGumax(M) _ 1)2 3SAH

r(elflF —1) < 36613€2|B€\/( TG (M) )TSAH(log (

+ 8161362|B‘5e|B|HH25’A(10g (%) log (867’) + S'log (867’)2>

) log (867‘) + log (867’)2>

Finally, we use lemma 31 with :

(e‘mcmix(M ]_)2 SAH
o 13 \/(46\45|G.m<M> ) ... (3SAH _
C = 36e 1 A =log(—5—) ,B=1
8lel3ePH2S A
= A 1 and EF =S5
Which yield:
(elBIGmax(M) _ 1)2 (2Bl 3SAH WBH 12 3SAH 5

Where Cy = %log (4617(S+1)(Ié;}3i|f;{SAH2

In particular, assuming that ¢ is small enough that the first term dominates the second term then:

(elGmaM) _ 132 208le 3SAH

2
€|ﬁ|Gmax(M) (e‘ﬁlf . 1)2SAH log( )02

T<
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Where Cy = 3C7. We can finally hide the constants and the log terms to get:

A (BIGm M) )2 28l
T:o<(e 1)” e )SAH>

BlCnnM) (Il — 1)2

Finally to see that the algorithm is (e, J) PAC, At time 7:
T Gi(s1) < (1-e™)2f"
Since ZT > zZ7 ", this is a stronger stopping condition than:
m1G(s1) < (1 — %) 27"
Now, we write:

(1 = V7)) = o (7)o = o (10 12220 ) < o (14 T2 ) <
1

Appendix C. Lower bound
We first state a change of measure for bandit models result from (Kaufmann et al., 2016):

Lemma 18 Let N,(t) = Zizl L4a,—ay be the number of draws of arm a between the instants 1

andt and N, = N,(7) be the total number of draws of arm a by some algorithm A = ((Ay), T, Sm).
Let v and V' be two bandit models with K arms such that for all a, the distributions v, and
V!, are mutually absolutely continuous. For any almost-surely finite stopping time o with respect to

(F2),

K

Z )| KL(vg, V) = sup d(P,(£),P,(&))

a—1 EeFs,
where d(x,y) = xlog(z/y) + (1 — x)log((1 — x)/(1 — y)) is the binary relative entropy, with the
convention that d(0,0) = d(1,1) = 0.

We make the following assumption:
Assumption 1 Let d = [log 4((S — 3)(A — 1) + 1)|. Assume that H > 3d
This assumption means that the horizon is long enough with respect to the size of MDP so
that the agent can reach the reward state. We state the proof under the stronger assumption that
d =1log,4((S—3)(A—1)+1) for simplicity. But as discussed in (Domingues et al., 2021), we can
extend the construction to the general case by not having a full A-ary tree.
Condition A The bound is stated in the small € regime. Let ¢ = elBIH _ 1, Assume that we have :
. 4(c+1)% 16
L { P el T3} p>0
elfle < Q1)
min{f<5.45f  8<0
When |S|H = In(2), the condition is reduced to the constants and gets harder to satisfy as 3 goes

to 0. Condition 21 is used to have a valid construction in the proof below i.e to ensure the transition
probabilities are in [0, 1]
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Theorem 3 Fix S > 6,A > 2 H e N,B e R* ande,d € (0,1) such that 6 < 1/16 and ¢ satisfy
the condition (21). Then there exists an MDP M with S states, A actions, horizon H, and rewards
in [0, 1] such that for every algorithm A output a policy 7 that is (g,0)-PAC for the entropic risk
measure after sampling T trajectories we have:

1 e‘ﬁ'Gmax(MO) —1)2 e2min{,3,0}sSAH 1
B[] > ) o (1)

= -
- 1650 e‘ﬁ'Gmax(MO) (e|ﬁ|€ _ 1)2 5

Proof Consider the following MDP defined in (Domingues et al., 2021)(with different transitions).
We have three special states s,,(waiting state), s,(the good absorbing state) and s;(the bad absorbing
state). The rest S — 3 are arranged in the form of a full A-tree of depth d — 1 denoted £ whose root
1S Spoot, this means that the number of states is

d—1 d
- A% —1
3+§A’=3+ =5
i=1 A-1

The action setis A = {1, ..., A} and let a,, € A be a fixed action, denote L = A '. Let H < H—d
be an integer to be chosen later.
The episode starts at s, for steps b = 1, ..., H we have the transition kernel:

ph(5w|aa Sw) = ]l{a=aw,h<ﬁ} and ph(5r00t|5wv a) =1 _ph(5w|5wa a)

This means that for the first H steps, you can either chose the action a,, to stay in the waiting state
5., or pick any other action and enter the tree at the next step, and at step h = H we exit regardless
of the chosen action.

Once you enter the tree, the transition is deterministic. From any internal node x, the action a
deterministically goes to the a-th child of z. Thus, after exactly H + d the policy reaches a leaf of
the tree L.

Define the index set of “triples”

U=[H]xLx][A], |Ul=HLA
A triple u = (h, [, a) corresponds to:
* exiting at step h (so leaf step is i + d),
* reaching leaf [,
* choosing leaf action a

Fix two numbers 0 < p_ < p; < 1.The baseline instance M: for every triple u = (t,[, a),
P(sq | t,1,a) = p—

For My, all leafs are the same and takes to the good state with probability p_ regardless of the
chosen action. The Special instance M,, for each u = (h*,[*,a*) € U: identical to M except that
at the single triple u =,

P(Sg | u) = py
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action = @,

action # @,

Figure 1: An example of the MDP construction. Here the state sy is optimal and has a better
probability p of landing in the good state sy, p; and p_ are defined below in the proof. Figure
reproduced from (Domingues et al., 2021)

and for all other triples v’ # u,P(sq | ') = p_. This means that there exists one unique optimal
leaf [* where the agent can chose one unique optimal action ¢* when exiting precisely at step h*
Thus, the family is {Mo} U {M,, : u € U}, and any two instances differ in exactly one Bernoulli
parameter at one triple.
Let
H=H+d+1, H =H-H-d

Define rewards by }
rh(s,a) = 1{s = sq}1{h > H}

So rewards are in [0, 1], and rewards only accumulate from H onward. We give an illustration
in figure (1) taken from (Domingues et al., 2021) and adapted to have our transitions that are a bit
different from the original construction:

By construction, by time H the chain has already entered s, or s, and is absorbing. Therefore
the return is

H
G =) 1{Sh =54} = H'1{Sy = s4} € {0, H'}
h=H

For any policy 7 and instance M, let

pM(7) = Pra(Sy = sg)
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The probability of being at the good state by the time H. By construction, by the time H we are
either in s, or sy, Then:

E[eﬂG] =(1 —pM(ﬂ'))l +pM(7r)65H/ =1+ CpM(ﬂ'), c=efH 1

Hence

VM) = glog (1+ ep™ (m)) (22)

For a policy 7, define the probability of success:
vr(u) = Pr(the episode’s exit/leaf/action triple equals u), welU

Because each episode produces exactly one triple, we have

Z Up(u) =1

ueld

In instance M., since only when the realized triple equals the special one do we get probability p;
otherwise p_. The success probability is

pMe(m) = p + (pr — p-)vx(u)

Let A = py — p_ > 0. The optimal policy in M, can choose ¢, route to [, and pick action a
deterministically so that v (u) = 1. Hence the optimal success probability is p, and

1
VM — 3 log(1 + cp4.)

Let us now chose p. and p_ so any e-optimal policy must satisfy v, (u) > % in M,,. The entropic
criterion overweights rare high-return trajectories, so we make success(reaching the good state) rare
by choosing p_ ~ e #H more precisely:

1 /
~ e_ﬁH

P== 9%t

‘We have:

V() = élog(l +e(p— + Avr(u)))

We chose A so that whenever we have a probability of success v (u) smaller than % the policy 7 is
e-suboptimal. When v, (u) < 1/2, then p™« (1) < p_ + A/2. So it suffices to enforce

llo 1+c(p- +A) o 1+c(p- +A4A) _ e
5 %1+ c(p_ + A)2) 1+ c(p- +A/2)

Hence, we must have:

(3¢ +2)(e® — 1)
cle+1)(2 —efe)

4(c+1)?

. Be _E\erm)”
Since we have that e”* < 55=="—

that 0 < p_ < ps < 1.

< 2 by condition 21, the construction is admissible in the sense
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By this construction, we have for every u € U and every policy T,

1
VMu(r) > VM — o — 1 (u) > 3 (23)

Indeed, if v (u) < 1/2, then p™u (1) < p_ + A/2, while the optimal policy achieves p;, = p_ +A.

Hence ) ) ( A)
+ c(p- +
yMux _yMu(r) > 1o =c
(m) B 1+ c(p— + A/2)
And the contraposition yields the claim (23). Let the algorithm output 7 at stopping time 7. Define
the event

Eu = {vi(u) > 1/2}

By the previous remark and (e, 6)-PAC correctness,
Py(u)=1—-0 Yueld

Also, since ), v;(u) = 1, at most one u can satisfy v;(u) > 1/2. Hence the events {&, },c are
mutually exclusive and in particular under M,

D IPy(&) <1

ueld

Let N, (7) be the number of episodes k& < 7 in which the algorithm’s realized triple equals u. Then
Z Ny(t) =7 as.

Fix v € U. We apply lemma 18 for the event &,, the two instances M, and M differ only in the
Bernoulli transition at triplet u hence:

EO[NU(T)]d(p_,er) = d(PO(gu)yIPu(gu)) = (1 - PO(SU)) log <1—IP1u(gu>)> o lOg(Q)
= (1 — Po(gu)) 1Og <(15> - IOg(2)

Where we used the (£, 0)-PAC in the last inequality. We sum over u € U:

1 1 1 1
Bolr] = 3 EolNu(r)] > 70— (Zu - Po(e o (5 - log<2>> > i lulos (5)

= (r—,p+) \ &,

Where we used in the final inequality that Y}, Po(£,) < 1 and the condition § < 7% and since:

(p+ —p-)?
p—(1—p-)

2
d(p-.p+) < -1 (f5h) (e n) (-1 <3c+2>>2

<(c+1 -
(c+1) 2(1 — Lefe)2 2 (1—4efe)2 \2(c+1

Using the condition ¢ < }—g we get:

d(p—,py) < ——
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Hence:

Fo[r] > 50 ¢ (H—H-d)LA 1
= T5oter 1 (eFe1)2  °\5s
Since the number of leaves is given by L = (1 — 1/A)(S —3) + 1/A = S/4 (for A > 2, S > 6),
and taking H = H /3 with d < H /3, we obtain the sample complexity lower bound:

— 2
(T 1) gup 1
Eo[7] = E log 5

T 1650  eBH-H-1)  (eff —1 5

Since in the constructed MDP, we only accumulate rewards after H and the optimal policy accu-
mulate rewards across all subsequent steps, we have: Gyax(Mo) = H — H +1 = H — H—d
Hence:

0

For 8 > 0 (risk-seeking entropic criterion), we choose p_ so that transitioning to the good absorbing
state is a rare event. This makes upside tail events hard to detect and estimate, and since the entropic
objective overweights favorable rare outcomes, this again leads to larger sample complexity.

Fol7] = 1650~ cpGmm o) (B —1)2 log <>

E[e”C] = (1= pM(m)1 + pM(m)e? = M (1= pM(m)el 4 pM(m))

= M (1= pME)(E 1)+ 1) = (1= pM(m))e + 1)

And we have the entropic risk measure:

1

1 L
I&]

I&]

Where ¢ = elfIH" — 1.
For 5 < 0, the entropic criterion is especially sensitive to adverse tail events, so we instead
make failure rare by choosing p_ ~ 1 — e~ 1B more precisely:

VM) = log (eﬁH' (1- pM(7))e + 1)) =H' log ((1 — pM(7))e + 1)

po=1——"—+<~1—c¢

We derive p similarly to 8 > 0 and we find if p, = p_ + A then:

(3¢ +2)(elflF — 1)
c(c+1)(elBle — %)

11c+8

T0c1g- this construction is admissible in the sense that 0 < p_ <

Again, since we have elfle <

Py < 1.
And we prove in the same way that: for every u € U and every policy ,

1
VMu(r) = VM e — p(u) > 3
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The rest of the argument (change of measure and summing over U goes the same way )and we
finally upper bound the kl divergence:

(e|ﬁ|€_1)2 3212 2 . JBle _ 1y2 . )
d(p—,py) < (c+1) (#th) et D 1) (3 +2)>

2(elfle — 1)2 T2 e2Be 2(c+1
Hence by having a looser constant to match the 5 > 0 lower bound:

1 (elBCmax(Mo) _1)* 28egAp 1
1650 el/Bleax(MO) (€|5‘E — 1)2 <5>

Eo[7]

Appendix D. Regret bounds

First we prove theorem 5. We only give the proof for 8 > 0 but the proof for 8 < 0 is similar to the
sample complexity analysis

Proof Consider algorithm 1 run indefinitely with
the accumulated regret as:

t+1 the algorithm computed from n! and p’ Define

Al t+1
R(K) = > Vi(s1) = VI (s1)
t=1

We will work on the good event £. We have:

K-1
R(K) = ), Vi'(s1) = V(" (s1)

t=1
K—1
Z*
log () (1)

log <1 + W) (s1)

1
Zl

N
g

1
B
K-1
< ;Wi-‘rlG’i(Sl) (81)

rt+l
Zl

The inequality follows since it’s at each step we have
t+1

Zi =77 (s1) < 7 TG(s1)

By following the same analysis as the paper we find that for any episode ¢ we have:
ﬁGmax(M) — 1)2 H Oé* (nt (S a)

t 13, | (€ t+1 h\®s
(mG1)(s1) < 36e \/ B M) 2 2P (Sva)(w A1)
h=1 s,a
+ 84el3ePH i Zpt“(s a)(ia(n}fl(s,a) A1)

S T nhsa)
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Now to compute the regret we sum up to the K episodes and using Cauchy-Schwartz inequality:

K—-1
1 BGmax(M _ 1 (n (S a)
K)<36e™ > — (s a) (S D)
; I} eBGmax(M) thg nh(s a)
Jr84613 ﬂHKzzlintJrl WAU
nj, (s, a)
t=1 h=1 s,a
1 [(efGman(M) —1)2 Aol A o* (nl (s, a)
< 36 13\/ VK pit(s, h 1
B eﬂGmaX(M) t=1 I;l s,a " ( )( n;L(S a) )
134 BH Eerd t+1 @(nZ(Saa)
+ 84e Z pi (s, a) (—5 A1)
t=1 h=1 s,a ny, (s, a)

Then using the pseudo-counts lemma we have:

1 [ (efGman(M) —1)2 3SAH 2
R(K) < 366135\/ V) KSAH(log( 5 )log (SeK) + log (8eK) )

o8l
+ 84135 — 5 SAH (1o g (3541

) log (8eK) + Slog (8€K)2)

Hence omitting constants we have:

(elBlGmax(M) — 1)2 SAHK\ elflH SAHK
KSAH1 2 AH log? .
U Qm¢ st (S5) - S stamor (S475)

Now we prove the lower bound, that we state first as a theorem:

Theorem 20 Fix 5 # 0. Let M. be the hard family used in the BPI lower bound and denote by
Ghax the maximal achievable return of the instances in this family (which does not depend on ¢).
Then, for every regret algorithm A and every K > 2¢lP|IGmax S AH we have: there exists an instance
M e M., (for a well chosen ) and a constant n > 0 such that

(elBlGmax — 1)2
Ep[Rar (K 6400\5’\/ B SAHK
Consequently
] (elBlGmax — 1)2
ijs}\l/prM[RM 32’5|\/ G SAHK.
Proof Fix an arbitrary regret algorithm .A. When A is run for K episodes on an instance M, let
7t w2, ..., 7% be the policies played by the algorithm. The cumulative regret is

K
Ra(K) = 3 (VY () = v M (s1) )

t=1
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Choose

e‘ﬁleax J— 1 SAH
K= |5| IBICma I

Where 7) is a constant such that: n < v/2 and 7% < M (with cgpr = 1g55). The condition
on K allow us to apply the lower bound on the BPI with € = €. Now suppose for contradiction
that: Now suppose, toward a contradiction, that

sup  En[Ru(K)] < doKex
MeMe

We construct a fixed-budget BPI algorithm from .4: Run A for exactly K episodes. After these K
episodes, sample J ~ Unif{1, ..., K} independently of the interaction history, and output 7 = 7.

For any M € 91, ,., by independence of J and linearity of expectation,

B [V (s1) = V7Y (s0)] = ZEM[Vl s1) = VM (s1) |

_ En [RM(K)]
B K
< (505](

Since Vl*’M(sl) - Vf’M(sl) > 0 Markov inequality gives

R N Ep[VoM (s1) — ViM (s
P <V1 M(s1) = VM (s1) >€K> < wl Vi lg)K (1)) < do

Therefore,
Py (Vf’M(Sl) ~ Vi (s1) < €K> =1—4do

We will show now this contradicts the BPI lower bound. The running time is deterministic and
satisfies Eq,[7] = K We now show that this contradicts the BPI lower bound. Since |5lex < 1
by the condition on K and 7, we have

e2min{B0)ex 5 (~20Blex > o2
Also, using the inequality e — 1 < 2z for = € [0, 1], we obtain
elfler —1 < 2|Blex
Applying the BPI lower bound with dy = 1/32, we get

\ﬁ\Gmax —1)2 €2min{ﬂ,0}aKSAH
Tpi(ek, 0o) = CBPI( BCo )

log(32)

(e|f8|5K — 1)2
(elflGmax —1)2 e=2SAH
= CBPI log(32)
elB‘Gmax 4B25%(

By definition of £,
62 s 9 <6|5|G’max _ 1)2 SAH
Ex =1 elemax K
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Substituting this into the previous display yields

cgpie” 2 log(32)

K
4n?

Tepi(ek, 00) =

Since by the definition of 77 we have:
cgpre > log(32) S 9
4n? -

Thus
K = EMO[T] = TBPI(EK,(SO) >2K > K

This contradicts the existence of the fixed-budget (ex, dp)-PAC BPI algorithm using exactly K
episodes. Therefore, the contradiction assumption must be false. Hence

sup EM[RM(K)] > 0gKeg

eM. K

Substituting the definition of e, we get

(elflGmax — 1)2 SAH
sup En R > oK — \/
MeM. . [ (& ’5’ elBIGmax K

€|5|Gmax —_ 1 SAHK
32‘B| elﬁ'Gmax

Finally, since 1., is a subset of the full MDP class under consideration, and since .4 was arbitrary,

e|B‘Gmax — 1
mf SupEM[RM 32|ﬁ| G SAHK

Appendix E. Experiments

For our experiments, we consider a toy MDP that consists of 8 states and two actions, safe and risky.
Starting from sg, safe deterministically walks along the bridge s — s; — s3 — s3 — §4 — 55 —
s4, where s, is an absorbing goal state. The risky action attempts shortcuts: from early states it
jumps directly to s4 but can fall into an absorbing bad state s; with state-dependent probability
(start/mid/final risk); from s4 it makes a final dash to s, that can also fail and transition to s,. Both
s4 and sy, are absorbing and we receive reward 1 in s, for the rest of the horizon. For analogy, think
of it as a child standing at the top of a long staircase. Taking safe means walking down (or along) the
stairs one step at a time, steadily progressing. Taking risky means you try to jump over several steps
at once to land much farther ahead saving time, but with some chance of missing the landing and
falling into a pit (failure). After the staircase you reach a narrow bridge: safe is crossing it normally,
while risky is a final dash across the bridge, which is faster but again risks falling into the pit. If you
make it, you end in the goal; if you fall, you’re stuck in failure. The MDP is visualized in the figure

2. In our experiments we take {prisk,startu Prisk,mid prisk,ﬁnalvpfall,dash} = {0-957 0.75,0.25, 0-85}, we
alsotake e = 0.2 and 6 = 0.1
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Figure 2: toy MDP. Safe action follows the straight chain to s,; risky action can shortcut but may
fall to s;. safe action is represented by a black edge and risky action by a dashed red edge.

E.1. Sample complexity

We study the sample complexity of our method as a function of the risk sensitivity 5 and the horizon
H. In the first sweep, we fix H = 7 and run the algorithm for 5 € {2.5,3.0,3.5,4.0,4.5} until
the stopping condition is met. In the second sweep, we fix § = 0.5 and vary the horizon H €
{5,7,9,11,13,15,17}. For each configuration, we run 15 independent trials (different random
seeds) and plot the mean stopping time 7; the y-axis is shown on a log scale. For Figure 4, the

Stopping time vs beta Stopping time vs beta

=
=)
%

9% 107

Sample complexity
Sample complexity

6x 108
8% 107

4% 100
7x107

T T T T T T T T T T T T T
2.0 2.5 3.0 35 4.0 45 6 8 10 12 14 16 18
beta

Figure 3: Sample complexity in function of Figure 4: Sample complexity in function of H
(log-scale y-axis) (log-scale y-axis)

stopping time 7 increases sharply as 5 grows. Moreover, the approximately linear trend on the

log-scale y-axis suggests that log 7 increases roughly linearly with 3, i.e., the sample complexity
is consistent with an exponential scaling 7 ~ exp(c ) over the tested range. This is in line with
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the intuition behind the entropic objective, where larger 8 amplifies tail events and makes BPI more
demanding.

Interestingly, the effective slope ¢ is not constant across 5. We hypothesize that this variation
is driven by the x2-divergence term y?( B P™) discussed after equation 9, which depends on the
policy induced at each 5. In our sweep, the learned policy changes substantially as § increases,
reflecting policy changes as the agent shows increasingly risk-seeking behavior, and then stabilizes
around S ~ 3.5. Beyond this point, further increases in 8 do not change the policy, which may
explain the change in scaling behavior. For Figure 4, we observe a similarly sharp increase in the
stopping time 7 as the horizon H grows and is roughly linear on the log scale

E.2. Regret bounds

We now compare our approach to other regret algorithms. At each episode, we evaluate the current
policy returned by each algorithm from the initial state sg. We then compute the cumulative regret
for each algorithm defined by:

k+1

K
R(K) = V*(s0) = V™ (s0)
k=1

Where 751 is the policy returned by the algorithm at the end of episode k. We cap the stopping
time at 107 episodes and plot the regret for 3 € [1.0,2.0,3.0,4.0]. We compare our method to
multiple regret algorithms:

e RSVI and RSQ from (Fei et al., 2020)

* RSVI2 and RSQ2 from (Fei et al., 2021)

* UCB ADVANTAGE from (Hu and Leung, 2023)

* RODI (OTP and PTO variants) and ROVI from (Liang and Luo, 2024)

We report the findings of our experiment:

= 5 R5Q2

6. RODI OTP. e

-s— 7. RS UCB advantage
== 8. ROVI
== 9_ Entropic BPI

1e6 Cumulative regret for beta = 1.0 Cumulative regret (ranked by final, decreasing) for beta = 2.0
le6
44 o
4 Vs
N /./‘
3 Ty |
31 S ¥
ol g ‘/./ A - 1. RsQl
& | = 3.RODIPTO r o 2.RSIV1
#- 4 RSQ2 / N 4 == 3. RS UCB advantage
= 5 RSVI2 ; - - 4. RODI-PTO

-#+ 8. ROVI
< 9. Entropic BPI

cumulative regret
cumulative regret

0 2 } 5 8 0.0 0.2 0.4 0.6 0.8 1.0
Episode le6 Episode le7

Figure 5: Regret for different algorithms for ~ Figure 6: Regret for different algorithms for
B=1.0 B =20
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1e7 Cumulative regret for beta = 3.0 187 Cumulative regret for beta = 4.0

1.4 4

1.2

1.0 =8~ 1_RS UCB advantage

2.RSIV1
== 3.RSQL
-#- 4 RODI-PTO
- 5.RSQ2

6. RSVI2
-#- 7.RODI OTP
=+ 8 ROVI
== 9_ Entropic BPI

-~ 1 RS UCB advantage
2.RSQL

-+ 3.RSIV1

-4~ 4 RODI-PTO

== 5. RSQ2
6. RSVI2

=~ 7. RODI OTP

=% B_ROVI

== 9. Entropic BPI

0.8 4

0.6

cumulative regret
cumulative regret

0.4+

0.2 4
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Figure 7: Regret for different algorithms for  Figure 8: Regret for different algorithms for
B8 =3.0 B8 =4.0

Figures 5, 6, 7, 8 show that our algorithm consistently achieves the lowest cumulative-regret
trajectory over all values of 5. Since cumulative regret is computed by evaluating the current policy
from the initial state each episode and summing the resulting value gap to optimality, the consis-
tently flatter Entropic BPI curve suggests stronger learning efficiency and performance.

Appendix F. Concentration inequalities
F.1. Sanov’s theorem

First we introduce the K divergence concentration inequality derived via Sanov’s theorem

Lemma 21 (High-probability KL bound via Sanov) Let %, = {¢ € RZ, : >, ¢; = 1} and let
pE Y. Let X1, ..., X, bei.id with law p, and let the empirical distribution p,, be

Pli) = - N UXe =i}, iefm]

k=1
Then for any § € (0, 1), with probability at least 1 — 0,

D(Gnlp) < (m—1)log(n+1) + log(l/é)'

Proof Let %, = {q e RZ, : 2" ¢ = 1} be the (m — 1)-simplex and let p € %,,. Let
X1,..., X, beiid. with law p, and let p,, denote the empirical distribution by
1 n
Pali) = = > U{Xy =i}, ie[m]

k=1

3

Sanov’s theorem (Theorem 11.4.1 Cover and Thomas (2006)) states that for any set £ < X,

Pr (pn € E) < (n+1)" Vexp ( — n;ggD(QHP))
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Fix ¢ > 0 and take the set £ = {q € ¥,,|D(p||q) > €} then inf,cp D(¢|p) = € and by Sanov’s
theorem:

Pr (D(pnllp) =€) < (n+1)"exp ( - ne)
We turn it to high probability bound by setting the r.h.s to & which yield:

~ mlog(n + 1) + log(1/9)

n

Doing a union bound on all state action pairs and all time steps we get that with probability 1 —
we have:
(m —1)log(n+ 1) + log(SAH/d)

n

D(ﬁan) <

F.2. Concentration inequality for Bernoulli random variables

We state a deviation inequality for Bernoulli random variables from Dann et al. (2017)(Lemma F.4):

Lemma 22 Let F; fori = 1... be a filtration and X1, ... X,, be a sequence of Bernoulli random
variables with P(X; = 1|F;—1) = P, with P; being F;_1-measurable and X; being F; measurable.

It holds that
n n 1
IP(an;Z Z P;/2 —log(= ><5
t=1 t=1

F.3. Self-normalized Bernstein inequality

We state the self-normalized Bernstein-type inequality by (Menard et al., 2021).

Lemma 23 Let (Y3)iens, (we)en+ be two sequences of random variables adapted to a filtration
(Ft)ten. We assume that the weights are in the unit interval w; € [0, 1] and predictable, i.e. F;—q
measurable. We also assume that the random variables Y; are bounded |Y;| < b and centered
E[Y;|Fi—1] = 0. Consider the following quantities

t t
= > w Y, Vo= Y wl-E[Y2|Foa), and W= Z w,

s=1 s=1

and let h(z) = (z + 1)log(x + 1) — x be the Cramér transform of a Poisson distribution of
parameter 1. Then For all § > 0:

P(3t=>1,(Vy/b> + 1)h bl > log(1/8) + log(4e(2t + 1)) ) < 0.
Vi + b2

The previous inequality can be weakened to obtain a more explicit bound: with probability at
least 1 — 0, forallt > 1,

|S¢| < A/2V; log(4e(2t + 1)/8) + 3blog(4e(2t + 1)/9).
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F.4. KL-Bernstein inequality

We state a KL-Bernstein inequality from (Talebi and Maillard, 2018):

Lemma 24 Let p,q € Xg, where Y g denotes the probability simplex of dimension S — 1. For all
a > 0, for all functions f defined on S with 0 < f(s) < b, forall s € S, if KL(p, q¢) < « then

2
[pf = afl < /2Varg(fla + Sba

where we use the expectation operator defined as pf = E,., f(s) and the variance operator defined

as Varp(f) = Esvp(f(s) — Egvpf(s)? = p(f — pf)%

Appendix G. Technical results

The next lemma introduces the entropic variance under a fixed policy 7, defined as the conditional
variance of the exponentiated return ¢*“* around its entropic value e’%%. It shows that cQT satisfies
a Bellman-style recursion: for each step h and state—action pair (s, a), cQ7 (s, a) decomposes into
(i) the variance under the next-state transition py, (- | s, a) of Prn(0)+ Vil () and (i) the expected

next-step entropic variance scaled by e2871(5:9) with terminal condition oV =0.

Lemma 25 (Entropic variance recursion) Fix a (deterministic) policy .

2
UQZ(& a) =E" [ (eﬁRZ(SvG) _ e,BQZ(s,a)>

Shzs,Ah:a]

with terminal condition o7; (s, a) = 0 and:
oVi(s) = 0Qp(s,m(s))

Then, for every h € {1,...,H} and (s,a) € S x A,
oQf(s,0) = ) Varg 100y (Z01(8) + €0 (m, oV )(s,0)  4)

Proof Fix h € {1,...,H} and (s,a). By definition of U = ¢”@k (exponential entropic Q), we
have
Ui (s,a) =E" [GBR;; | Sp=s, Ap = a] ,

hence 0Q7 (s, a) = Var (e’Fi | S), = s, A}, = a).
Since rp(s, a) is deterministic given (sp, ap) = (s,a),

O = Pru(sa) PRLL — 5QT (s,a) = €2P7(59) Var (eﬁRZH | sp=s, ap = a)
Apply the law of total variance w.r.t. Sp1:
Var (eﬁR;H | sp, =s, ap = a) =F [Var (eﬁRZﬂ | Spi1 = sh+1) | Sp=s, Ap = a]

us

+ Var (IE [eﬁRhH | She1 = sh+1] | Sp=s, Ap = a)
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For the first term, conditioning on Sy, = s” and following 7 thereafter gives
Var (7741 | Spy1 = ) = oV ()
o)
B[ Var ("1 | Sir ) | Sh = s, A = a| = Bgrp o) [0Vim (5] = (noViin)(5.0)
For the second term, by definition of Z] ,(s') = Vi (s) = Er[efChi | 5, 4 = o],
Var (E [eﬁGh“ | Sh+1] | Sp =s, Ap = a) = Varg .p, (.|s,a) (ZZ[H(S/))
Multiplying by e2#7(5:9) yields
0QR(3,0) = ) Varg (o) (Z71(8) + €70 (o Vil ) (s,0)
as claimed. |
Lemma 26 [A normalized variance bound for an exponential transform] Let f : X — [0, R] and
let B € R. Define
Y = BfX)

Set
m = e™{0BR} min{1, PRy M = e»x{08R} max{1, PRy

ThenY € [m, M] a.s., u € [m, M], and

Var(Y) - (elBIE —1)2
,u2 = 4€‘B|R

Proof If 3 = Othen Y = 1 and Var = 0, so assume 8 # 0. Since f(X) € [0, R], we have
Bf(X) € [min{0, BR}, max{0, SR}], hence

msYzeﬁf(X) <M as.

and therefore y = E[Y] € [m, M].
By the Bhatia—Davis inequality:

Var(Y) < (M — p)(p —m)

Dividing by p? > 0 yields

Now consider
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Rewrite

M+m Mm , M+m 2Mm  2Mm— (M +m)u

9(w)
I I 3

Thus ¢'(n) = 0 iff p* = f}iﬁ € [m, M], and g increases on [m, u*] and decreases on [u*, M].

Hence the maximum is attained at p*. Substituting gives

oy = M = 5 (R —m) _ (M —m)?
(3 4Mm

so for all € [m, M]
(M = p)(p—m) _ (M —m)?
2 = 4Mm

Finally, since M /m = elfIR > 1, we have

(M—m)2 (M -1)" (elIR 1y

AMm 4% T 4elBIR
[ |

We state lemma 11 and 12 from (Menard et al., 2021) that are used for the variance transporta-
tion:

Lemma 27 Letp,q € Xg and f is a function defined on S such that 0 < f(s) < bforall s€ S. If
KL(p, q) < a then

Var,(f) + 4b’a  and
Var,(f) + 4b*a

Lemma 28 For p,q € Xg, for f, g two functions defined on S such that 0 < g(s), f(s) < b for all
s € S, we have that

Vary,(f) < 2Vary(g) + 2bp|f — g| and
Vary(f) < Vary(f) + 3% |p — g1,

where we denote the absolute operator by | f|(s) = |f(s)| forall s € S.

We state the pseudo-counts lemma 7 that allows to go from counts to their mean the pseudo-counts
and lemma 8 a standard inequality from (Menard et al., 2021)

Lemma 29 On event £, for any of-, 8) such that x — [3(8,x)/x is non-increasing for x > 1,
x +— [(x,0) is non-decreasing Yh € {1,..., H}, (s,a) € S x A

a(nj,(s,a),9)
nt (s, a)

a(ﬁ‘;l(s, a)),o

Vt € N*
' nl(s,a) v 1

Al<4
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Lemma 30 For T € N* and (u;)en+ for a sequence where u, € [0, 1] and Uy = 22:1 u;, we get

T
u
2 < 41log(Urs1 + 1).
i—0 Ut v 1

Finally we state lemma 13 from (Menard et al., 2021)

Lemma 31 Let A, B,C, D, E, and « be positive scalars such that 1 < B < F and o > e. If
T = 0 satisfies

T < Cy/7 (Alog(at) + Blog(ar)?) + D (Alog(ar) + Elog(ar)?) (25)

then
T < C*(A+ B)C} + (D + 2\/5(7) (A+ E)C?+1

where

Cy = glog (11a*(A + E)(C + D))
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