
Proceedings of Machine Learning Research vol :1–29, 2026 39th Annual Conference on Learning Theory

Defensive Generation

Gabriele Farina GFARINA@MIT.EDU
Massachusetts Institute of Technology

Juan Carlos Perdomo J.PERDOMO.SILVA@NYU.EDU

New York University

Editors: Steve Hanneke and Tor Lattimore

Abstract
We study the problem of efficiently producing, in an online fashion, generative models of scalar,
multiclass, and vector-valued outcomes that cannot be falsified on the basis of the observed data
and a pre-specified collection of computational tests. Our contributions are twofold. First, we ex-
pand on connections between online high-dimensional multicalibration with respect to an RKHS
and recent advances in expected variational inequality problems, enabling efficient algorithms for
the former. We then apply this algorithmic machinery to the problem of outcome indistinguisha-
bility. Our procedure, Defensive Generation, is the first to efficiently produce online outcome
indistinguishable generative models of non-Bernoulli outcomes that are unfalsifiable with respect
to infinite classes of tests, including those that examine higher-order moments of the generated dis-
tributions. Furthermore, our method runs in near-linear time in the number of samples and achieves
the optimal, vanishing 1/

√
T rate for generation error.

Keywords: Outcome Indistinguishability, Defensive Forecasting, Multicalibration

1. Introduction

Supervised learning frames learning in terms of loss minimization. Under this paradigm, an algo-
rithm succeeds if it is able to find a prediction rule that has low excess risk over the underlying
data distribution, with respect to some loss and hypothesis class. Drawing on a rich set of ideas
from complexity theory and cryptography, outcome indistinguishability offers a different perspec-
tive (Dwork et al., 2021). A learner succeeds if it finds a generative model of outcomes that cannot
be falsified on the basis of the observed data and a pre-specified collection of computational tests.

The motivation behind outcome indistinguishability is that if no computational process can tell
the difference between the “true” data produced by Nature and data produced by the Learner’s
model, then this model effectively is the “real” data generating process. The validity of the Learner’s
model is staked on its ability to withstand falsification.

In this paper, we study the problem of designing computationally efficient algorithms that prov-
ably find outcome indistinguishable generative models for rich classes of outcomes. We study this
question in the online setting where data is arbitrarily (possibly adversarially) chosen. Samples
are not assumed to be drawn i.i.d. from any distribution, yet the Learner is tasked with finding a
generative model that, for all intents and purposes, “looks like” it generated the observed sequence.

Our main contribution is an efficient online procedure that finds generative models of scalar,
multiclass, or vector-valued outcomes that are provably outcome indistinguishable with respect to
rich, infinite collections of tests that live in a vector-valued reproducing kernel Hilbert space. A
generative model here is a function that given a set of features x produces a conditional distribution
µ over outcomes Y . Prior work in this area was either restricted to the case of finding generative
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models of simple binary outcomes, or required explicit enumeration over the set of tests (which ruled
out efficiently guaranteeing indistinguishability with respect to super polynomially-sized classes).
Our algorithm not only expands the scope of settings where one can guarantee indistinguishability,
it also achieves the optimal

√
T regret bound for this problem (see Vovk (2007) for a lower bound).

On a technical level, our result comes from reducing online outcome indistinguishability to
high-dimensional multicalibration and using recent advances on expected variational inequalities
(EVIs) to efficiently solve these underlying calibration problems. A core part of our work hence
relies on exploring the spiderweb of connections between indistinguishability, online calibration,
research on learning in games, and nonlinear optimization.

On a conceptual level, we highlight how our work provides a different perspective on genera-
tive modeling, based on online learning as its foundation. Much of the recent theoretical literature
assumes that there is a fixed distribution we wish to sample from, and relies on function approxima-
tion assumptions to guarantee that the learned model is close in statistical distance to the truth. Our
work on online OI, on the other hand, does not guarantee closeness in statistical distance nor does
it rely on unverifiable function approximation assumptions. Instead, it provides an end-to-end un-
conditional guarantee that the learned model is computationally indistinguishable from the “truth”;
where truth is in quotation marks since data is arbitrary and there is no underlying distribution to
speak of.

Lastly, we produce these indistinguishable models through defensive forecasting, an algorithmic
methodology pioneered in Vovk et al. (2005). Rather than trying to make a good guess around what
the true data will be, defensive forecasting views predictions as a game. A good prediction is not
one which aims to mimic Nature, but rather one that ensures that the generative model looks good
in hindsight (from the perspective of the set of tests) no matter the choice of Nature.

We provide an overview of our contributions in Section 1.1. The interested reader can skip
ahead to Section 1.2 to see example guarantees of our Defensive Generation algorithm in domains
like language generation, learning linear dynamical systems, and weather forecasting. A technical
overview is given in Section 2.

1.1. Overview of Contributions

We design algorithms that work in the following online protocol.
At every time step t, Nature first chooses features xt. After observing xt, the Learner produces

a mixture Dt over conditional distributions µt on the outcome space Y . Then, Nature, knowing the
Learner’s choice of Dt, reveals an outcome yt ∈ Y .

We will associate each µt in the support of Dt with a vector of statistics pt, where pt = g(µt)
for some g. For concreteness, the reader can think of pt as the first moment of the distribution pt =
Eỹt∼µt

[ỹt]. These statistics are given as input to the distinguisher to enhance the indistinguishability
guarantee. Our goal is to design algorithms that achieve the following desideratum.

Definition 1 An algorithm A satisfies online outcome indistinguishability with respect to a class of
distinguishers F if it produces a sequence of mixtures Dt over conditional distributions µt ∈ ∆(Y)
such that for any f ∈ F ,

OIGapT (f) :=

∣∣∣∣ T∑
t=1

Eµt∼Dt [f(xt, pt, yt)]−
T∑
t=1

Eỹt∼µt,µt∼Dt
[f(xt, pt, ỹt)]

∣∣∣∣, (1)
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is o(T ) regardless of Nature’s choices of (xt, yt). Here, pt = g(µt) for some fixed g. We define
OIGapT := supf∈F OIGapT (f).

On the left, we have the outputs of the distinguishers f on the real outcomes yt. On the right, there
is the expected value of the distinguisher over the outcomes ỹt ∼ µt sampled by the Learner’s
model. Dividing both sides of the above equation by T , an algorithm guarantees online outcome
indistinguishability if the value of every function in F is the same when: (1) averaged over the
realized sequence of outcomes yt, or (2) the simulated outcomes ỹt. No distinguisher that has
access to the generated samples ỹt and the vector of statistics pt can spot a difference between the
real data and simulated data:

lim
T→∞

∣∣∣∣ 1T
T∑
t=1

Eµt∼Dt [f(xt, pt, yt)]−
1

T

T∑
t=1

Eỹt∼µt,µt∼Dt
[f(xt, pt, ỹt)]

∣∣∣∣ = 0.

As a thought experiment, if the outcomes yt were truly random and drawn from µt, by a martingale
argument, we should expect that for any f , OIGapT (f) ≈

√
T . Our main contribution is a new

algorithm, Defensive Generation, that achieves exactly the same guarantee, online, and for broad
classes of adversarially chosen outcomes yt.

Theorem 2 (Informal) The following are true regarding the Defensive Generation procedure. Fur-
thermore, in each setting, it runs in time O(poly(d) · log(t)) at time t and has OIGapT ≤ O(

√
T ).

1. Multiclass outcomes, Y = [d]. The procedure outputs distributions µt that are online outcome
indistinguishable with respect to any infinite collection of distinguishers f(x, p, y) that form
an RKHS, and which have full access to the entire conditional distribution µt (i.e., pt = µt).

As a specific example, this in particular implies indistinguishability with respect to all linear
functions at a rate bounded by d

√
T . See Example 1.

2. Scalar outcomes, Y = [−1, 1]. Defensive Generation produces distributions µt that are on-
line outcome indistinguishable with respect to all low-degree tests in any RKHS that only
examine the first d moments of µt. That is, pt = (1,Eµt [ỹt],Eµt [ỹ

2
t ], . . . ,Eµt [ỹ

d
t ]).

For Boolean x, this implies that one can produce distributions over scalar ỹ whose first d con-
ditional moments, E[ỹ j |c(x) = 1], for j = 1 to d, match those of the observed sequence over
all subsets of the hypercube computable by low-depth decision trees c(x). See Example 2.

3. High-dimensional outcomes, Y = {y ∈ Rd : ∥y∥ ≤ 1}. It outputs µt that are online OI with
respect to distinguishers in any RKHS that examine the mean and covariance of µt. That is,

pt = (Eµt [ỹt],Eµt [ỹtỹ
⊤
t ]).

This in particular implies indistinguishability with respect to the infinite set of distinguishers
that can lie in the span of a fixed set of (nonlinear) features Φ(x, p). See Example 4.

Moreover, if the distinguishers only examine the first moments, p = Eµt [ỹt], then the Defen-
sive Generation algorithm works for any compact convex set in Rd, not just the unit ball.

See Example 3.
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To the best of our knowledge, this is the first algorithm that can efficiently guarantee online out-
come indistinguishability with respect to infinite classes F beyond the case of Bernoulli outcomes.
As mentioned previously, the main backbone of this result is a new near-linear-time algorithm for
online multicalibration in high-dimensions. We state this problem formally:

Definition 3 Assume that at every time step, Nature selects features xt ∈ X arbitrarily and then
the Learner produces a distribution Pt over forecasts pt in a compact, convex set Z ⊂ Rd. Lastly,
Nature reveals the target zt ∈ Z . An algorithm A guarantees online multicalibration with respect
to a class of functions H ⊆ {X × Z → Rd} if

sup
h∈H

∣∣∣∣ T∑
t=1

Ept∼Pt

[
h(xt, pt)

⊤(zt − pt)
]∣∣∣∣ ≤ o(T )

regardless of Nature’s choices of (xt, zt) ∈ X × Z in this online protocol.

Unlike other versions of online (ℓ1) calibration studied in the literature (Peng, 2025; Fishelson et al.,
2025) where errors are summed up over a grid of predicted values pt = v, one can achieve error ε
for this multicalibration problem after O(ε−2) many rounds for rich classes of functions H.

This is in contrast to the lower bound of d poly(1/ε) many rounds for the ℓ1 version. In particular,
we design an algorithm that guarantees

√
T regret for any vector-valued RKHS H. Our construction

relies on recent advances in solving expected variational inequality problems (Zhang et al., 2025),
along with the high-dimensional defensive forecasting algorithm from Dwork et al. (2025). We state
its guarantees below:

Theorem 4 (Informal) Let H ⊆ {X × Z → Rd} be any vector-valued RKHS with correspond-
ing matrix valued kernel Γ. Then, the high-dimensional defensive forecasting algorithm can be
efficiently implemented to run in time O(poly(d) log(t)) at time step t and guarantee that for any
h ∈ H,

∣∣∣∣ T∑
t=1

Ept∼Pt

[
h(xt, pt)

⊤(zt − pt)
]∣∣∣∣ ≤ ∥h∥H

√√√√ T∑
t=1

Ept∼Pt(zt − pt)⊤Γ((xt, pt), (xt, pt))(zt − pt).

Here, ∥ · ∥H denotes the norm of the functions in the RKHS H.

As a final note, prior work (Gopalan et al., 2023; Dwork et al., 2025; Okoroafor et al., 2025) has
established that models that are OI are also loss minimizing. OI in fact implies loss minimization not
just for a single loss, but rather for many losses simultaneously (that is, omniprediction) (Gopalan
et al., 2022). By efficiently guaranteeing OI in higher-dimensions, we hope to enable future work
on faster algorithms for omniprediction in richer domains.

1.2. Example Applications

We provide in this section a few different examples of generative modeling problems and the asso-
ciated guarantees of the Defensive Generation algorithm.

Rather than highlighting the strongest possible guarantees, we focus on highlighting concrete
examples and the intuition behind the indistinguishability definitions. Some of these example in-
stantiations may be of independent interest.
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Token-Based Sequence Modeling. To start, we consider token-based generation of sequences,
such as language modeling. In this setting, the goal is to produce, given the history of tokens xt, a
conditional distribution µt over the next token yt ∈ Y = [d] where Y is a vocabulary of d tokens.

In more detail, at each round t = 1, 2, . . . , we let xt be the entire history of tokens observed
so far xt = (y1, y2, . . . , yt−1). Having seen xt, the learner produces a distribution µt ∈ ∆([d]) :=
{µ ∈ Rd

≥0 : 1⊤µ = 1}. That is, a generative model of the next token given the history, Prµt [yt =
· | xt]. Having produced µt, the next token yt ∈ [d] is revealed.

In this setting, we can produce, as a simple example, distributions µt that are unfalsifiable with
respect to tests that are linear functions of some feature embedding Φ(xt) of the history, such as a
frozen Transformer or BERT representation of the context. We define

k(x, x′) = ⟨Φ(x),Φ(x′)⟩, Γ(x, x′) = Id k(x, x
′), G = sup

t
k(xt, xt) = sup

t
∥Φ(xt)∥22.

Associated distinguishers take the form

fh(x, p, y) = h(x)⊤y⃗, where h(x) = W⊤Φ(x) ∈ Rd and y⃗ = (1{y = 1}, . . . , 1{y = d})

with norm ∥h∥H = ∥W∥F . In this case, Defensive Generation guarantees that for any such h,

1

T
·OIGapT (fh) =

∣∣∣∣∣ 1T
T∑
t=1

E
[
h(xt)

⊤(y⃗t − µt)
]∣∣∣∣∣ ≤ 4∥h∥H

√
G

T
.

This means, no matter how the tokens yt are generated, every linear function of the embedded
history Φ(xt) looks the same when evaluated 1) over the empirical distribution of tokens

∑T
t=1 y⃗t

or 2) the conditional distributions
∑T

t=1 µt. We note that in this case the distinguishers f are only
a function of xt and the outcomes yt. They ignore the side-information pt, which in this case is
exactly equal to the full conditional distribution µt. Also note that the generation error bound only
depends on the norms of the functions and not explicitly on the ambient dimension.

The guarantees presented here follow directly from Theorem 9.

Predicting Correlated Rain Across the United States. Next, we illustrate how Defensive Gener-
ation can be used to produce conditional distributions over high-dimensional, real-valued outcomes.
In particular, consider the problem of predicting how much it will rain in all 50 US states every day.
Here, yt ∈ R50 is a vector where yt,i ∈ R denotes the amount of rainfall in state i on day t. We
normalize precipitation units so that ∥yt∥2 ≤ 1.

Let xt ∈ Rn be a vector of features (e.g. atmospheric measurements, seasonality information,
prior rainfall, etc.) with ℓ2 norm uniformly bounded by B. At every time t, the algorithm takes in
xt and outputs a joint distribution µt over vectors in R50 (rainfall in all 50 states).1 It also outputs
an auxiliary statistic pt = (vt, Qt) where Eỹt∼µt

[ỹt] = vt and Eỹt∼µt
[ỹtỹ

⊤
t ] = Qt describing the

mean and covariance of the conditional distributions of rain.
If we use the linear kernel, the algorithm guarantees (as a special case) indistinguishability with

respect to all functions of the form

fθ(xt, pt, yt) = yt,i · θ⊤xt, fβ(xt, pt, yt) = yt,i · yt,j · β⊤xt, fw(xt, pt, yt) = v⊤t w · yt,i,

1. As per Algorithm 3, this is an atomic measure supported on 51 points.
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where w, β, θ are vectors in Rd, pt = (vt, Qt) = (Eµt [ỹt],Eµt [ỹtỹ
⊤
t ]), and i, j are arbitrary state in-

dices in {1, . . . , 50}. Expanding the definition of indistinguishability and plugging in the guarantees
for Defensive Generation we get the following statements:

1

T
·OIGap(fθ) =

∣∣∣∣ 1T
T∑
t=1

θ⊤xt(yt,i − Eµt [ỹt,i])

∣∣∣∣ ≤ 4∥θ∥2

√
(B2 + 2)

T
, (correct mean per state)

1

T
·OIGap(fβ) =

∣∣∣∣ 1T
T∑
t=1

β⊤xt(yt,i · yt,j − Eµt [ỹt,iỹt,j ])

∣∣∣∣ ≤ 4∥β∥2

√
(B2 + 2)

T
,

(correct covariances)

1

T
·OIGap(fw) =

∣∣∣∣ 1T
T∑
t=1

w⊤Eµt [ỹt](yt,i − Eµt [ỹt,i])

∣∣∣∣ ≤ 4∥w∥2

√
(B2 + 2)

T
.

(self-consistent means)

Unpacking this a bit further, from the first set of conditions, we get that for every state i the expected
value of rain is uncorrelated with any linear function of the features x. That is, the generative model
of rain has means that are conditionally correct as per this test.

The second equation shows that not only are the means per state correct, the conditional distribu-
tion also captures the pairwise correlations between any pair of states. If a storm hits Massachusetts,
it likely also hits Rhode Island. This second set of tests guarantees that the joint distribution of rain
passes all these pairwise checks. It also asserts that the variances of the per state rainfall distributions
are correct (i, j can be the same).

The last set of conditions shows that the means are not only conditionally correct, they are
self-consistent in the sense that the errors in the expected value of rain in state i, Eµt [ỹt,i] − yt,i,
are uncorrelated with any linear function of the means of the distributions themselves. This is
a strengthening of the indistinguishability guarantee and is not implied by either of the first two
conditions.2 See Foster and Kakade (2006) for further discussion of this point.

The guarantees presented in this example follow from Theorem 12 (see also Appendix F). We
note how this example highlights the distinction between the conditional distributions µt produced
by the algorithm and the statistics pt consumed by the distinguisher. While Defensive Generation
produces a probability measure over points in the unit ball, the distinguishers only examine the first
and second moments of the distribution.

Learning Linear Dynamical Systems. Next, we consider the task of finding a generative model
that is indistinguishable with respect to data generated by a linear dynamical system. In particular,
consider the system

zt+1 = Azt + ζt, yt = Czt + νt.

Here, yt ∈ Rd is the observation, zt is the hidden state, A and C are matrices, and ζt and νt are
noise vectors which could be adversarial (not i.i.d.).

Assume that observations yt are uniformly bounded, ∥yt∥ ≤ B. This is true whenever the initial
hidden state x0 is bounded, the noise terms (νt, ζt) are bounded, and the matrix A has spectral radius
strictly less than 1 (A is strictly stable). To keep notation simple, we set B = 1 (assuming strict

2. The covariances in this example are also self-consistent, we omit the equation for the sake of concision.
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stability one can always renormalize). Now fix a history length ℓ ≥ 1 and set the features xt in the
online protocol to be the history of observations yj up to some lag ℓ:

xt := (yt−1, yt−2, . . . , yt−ℓ) ∈ Rdℓ.

Note that ∥xt∥22 ≤ ℓ. Given xt, the Defensive Generation algorithm produces a probability measure
µt over points in Rd along with statistics pt = (Eµt [ỹt],Eµt [ỹtỹ

⊤
t ]).

Again using the linear kernel Γ((x, p), (x′, p′)) = I · x⊤x′, by Theorem 12, the Defensive
Generation algorithm guarantees indistinguishability with respect to all distinguishers of the form

f(xt, pt, yt) =
d∑

i=1

x⊤t αi · yt,i +
∑

1≤i≤j≤d

x⊤t βij · (yt,iyt,j),

where αi and βi,j are all vectors in Rd. In particular, for any such function f ,3

OIGap(f) ≤

 d∑
i=1

∥αi∥2 +
∑

1≤i≤j≤d

∥βi,j∥2

√
4Tℓ. (2)

This in particular means that the Defensive Generation algorithm produces probability distributions
µt that “look like” they generated the observations yt, at least from the perspective of any linear
function of the truncated history of observations,

1

T

T∑
t=1

[
d∑

i=1

x⊤t αi · yt,i +
∑

1≤i≤j≤d

x⊤t βij · (yt,iyt,j)

]

≈ 1

T

T∑
t=1

[
d∑

i=1

x⊤t αi · Eµt [ỹt,i] +
∑

1≤i≤j≤d

x⊤t βij · Eµt [ỹt,iỹt,j ]

]
.

This indistinguishability guarantee of the probability measures µt holds for any truncation
length ℓ and with no stochasticity assumptions on the noise. Furthermore, the hidden state zt can be
infinite-dimensional and the pair of matrices (A,C) need not satisfy any observability conditions.
We only required that the observations yt had bounded norm.

Moreover, unlike other approaches to learning dynamical systems that only produce point esti-
mates Eµt [ỹt] for yt, our algorithm produces a full probability measure with calibrated estimates of
what the covariances Eµt [ỹỹ

⊤] will be.
We note that our procedure does not recover the matrices (A,C). It only learns to produce

distributions that are indistinguishable with respect to the true data generated by the system. Using
arguments from the literature (e.g., Simchowitz (2021)), it is plausible one can show that by setting
ℓ in the order of O(log(T )), the means of the distributions µt will be as good as those produced by
a Kalman filter. However, we defer a detailed investigation to future work.

3. Compared to the distinguishers in the previous example, which looked at each mean yt,i individually, each f in this
example has a much larger scale, since it looks at all of the terms simultaneously. This is reflected by the term in
parentheses in (2), which increases when the number of dimensions d increases.
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Generative Models of Educational Outcomes. As a final example, we mention how the tech-
niques we develop in this paper can provide fine-grained indistinguishability guarantees for gener-
ative models of social outcomes, like student test scores. Our algorithm can generate conditional
distributions over scalar-valued outcomes that are valid even after conditioning on rich subsets of
the features and examining higher-order moments.

To illustrate this, assume that at every time step t we see students with Boolean features xt ∈
X = {±1}n and we want to output a probability distribution µt over scalar outcomes yt ∈ [0, 1]
describing their test scores on an exam. Using the polynomial kernel, we can guarantee that, not
just the mean, but any fixed number of moments of these distributions will be accurate over all
subpopulations c(x) ⊆ {±1}n computable by depth-r decision trees.

1

T

T∑
t:c(xt)=1

yjt ≈
1

T

T∑
t:c(xt)=1

Eµt [ỹ
j
t ] for all j = 1, . . . 2d.

Here, c(x) is any Boolean function computable by a decision tree of depth r. The Defensive Gen-
eration algorithm guarantees that if we look at the subset of points in {±1}n where c(x) = 1, the
empirical moments of students’ test scores yt will match those of the conditional distributions µt.
This guarantee holds not just for any fixed tree c or moment j, but rather for all trees and moments
j ∈ [2d] simultaneously.

In this case, we let each distinguisher have access to the vector of moments of the distribution
µt produced by the algorithm, pt = (1,Eµt [ỹt], . . . ,Eµt [ỹ

2d
t ]). Defensive Generation is able to

produce these distributions efficiently, as we show in more technical terms in Example 2.

1.3. Related Work

The notion of outcome indistinguishability was first defined in the batch case and for binary out-
comes by Dwork et al. (2021). They proved that OI was equivalent to the influential notion of
multicalibration (Hébert-Johnson et al., 2018) if the distinguishers f cannot examine the underly-
ing computational circuits that produce the samples. Using ideas on moment multicalibration from
Jung et al. (2021), these equivalences between OI and multicalibration (for the batch setting) were
extended to the case of non-Bernoulli outcomes by Dwork et al. (2022).

Following (and prior to) work on OI and multicalibration in the batch setting, there’s been
significant interest in extending the analyses to the online setting, with the vast majority of work
focused on the case of predicting (equivalently, generating) a binary outcome. Some of this work
goes back to Foster and Vohra (1998); Sandroni et al. (2003); Vovk (2007); Foster and Kakade
(2006). Following Hébert-Johnson et al. (2018) there was renewed interest in the problem (Gupta
et al., 2022; Okoroafor et al., 2025). Our work builds on that of Dwork et al. (2025) who focused
on outcome indistinguishable models of binary outcomes with respect to scalar valued RKHSs.

Our work is also closely related to work designing algorithms for high-dimensional multicali-
bration. In this vein, Noarov et al. (2025) design the first algorithms for this problem. They achieve√

T log(|F|) regret but require enumerating over the functions in a finite set F . Our work also
builds on the idea of guaranteeing indistinguishability for richer outcome spaces and non-linear
distinguishers by converting OI to a multicalibration problem in a higher-dimensional space where
non-linear functions become linear in an expanded basis (Lu et al., 2025; Gopalan et al., 2023;
Gupta et al., 2022). We build on these results to design computationally efficient algorithms that
can cope with distinguisher classes F that are infinitely large.
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Lastly, our technical approach relies and expands on the philosophy of defensive forecasting, a
methodology introduced by Vovk et al. (2005) for online prediction where forecasts are derived by
correcting past mistakes. Perdomo and Recht (2025) provide an overview of this line of work and
show how it can be used to design algorithms for online calibration, quantile regression, and loss
minimization (amongst others). Our core results essentially extend the meta-algorithm discussed in
Perdomo and Recht (2025) to work in high-dimensional settings.

We defer a discussion of expected variational inequalities to Section A.

2. Technical Overview

Our work builds on layers of ideas from different research areas. In this section, we provide a
conceptual overview of how these relate and lead to our final result.

Recall that the goal is, given features xt, produce a mixture Dt over (conditional) distributions
µt over outcomes in a set Y that withstands falsification with respect to the true revealed outcome
yt for that xt. That is, f(xt, pt, yt) ≈ Eỹt∼µt

[f(xt, pt, ỹt)]. This goal is well-defined even if the dis-
tinguishers only examine the features and the sampled outcome f(xt, pt, yt) = f(xt, yt). Allowing
f access to the “side information” in pt only strengthens the indistinguishability guarantee.4

For certain classes of outcomes yt, we can guarantee indistinguishability even if we provide
distinguishers with a full description of the conditional distribution µt from which we sample ỹt.
That is, we let pt = µt. In the binary case, this conditional distribution is just a single number
Prµt [ỹt = 1]. And in the multiclass case where Y = [d], this is a point on the simplex µt,j =
Prµ[ỹt = j] for j ∈ [d]. However, for continuous outcomes, one might in principle require infinitely
many parameters to specify the full conditional distribution over ỹ ∈ [−1, 1].

To address this computational issue, when dealing with real-valued outcomes y, we restrict
ourselves to guaranteeing oblivious outcome indistinguishability as defined in Dwork et al. (2022).
Here, we restrict the class of distinguishers f to those that can be written as a function of a finite-
dimensional vector of statistics s(y) living in set Z ⊂ Rd,

f(x, p, y) = gf (s(y), x, p).

For instance, if the distinguisher f only examines the first two moments of the distribution then we
can write f(x, p, y) = gf (y, y

2, x, p) where s(y) = (y, y2) is a vector of sufficient statistics.

In many important cases, these distinguishers are in fact linear in the sufficient statistics. That
is, for every f , there exists a function hf (x, p) : X × Z → Rd such that f(x, p, y) is equal to
hf (x, p)

⊤s(y) for all (x, p). This “linearization” is always true for the case of discrete outcomes
since the conditional distribution is a sufficient statistic for any f . If we can write f(x, p, y) =
h(x, p)⊤s(y), then outcome indistinguishability reduces to online high-dimensional, multicalibra-

4. Using the terminology from Dwork et al. (2021), we operate within the sample-access formulation of OI.
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tion with respect to the collection of functions H that depend on F . More precisely,

OIGapT = sup
f∈F

∣∣∣∣ T∑
t=1

Ept [f(xt, pt, yt)]−
T∑
t=1

Ept,ỹt∼µt
[f(xt, pt, ỹt)]

∣∣∣∣
= sup

h∈H

∣∣∣∣ T∑
t=1

Ept [h(xt, pt)
⊤s(yt)]− Ept,µt [h(xt, pt)

⊤s(ỹt)]

∣∣∣∣
= sup

h∈H

∣∣∣∣ T∑
t=1

Ept [h(xt, pt)
⊤(zt − pt)]

∣∣∣∣,
where in the last equality we let zt = s(yt) and set pt = Eµt [s(ỹt)].

Therefore, as long as we can solve for a distribution µt over Y such that Eµt [s(ỹt)] = pt, we can
reduce online outcome indistinguishability to high-dimensional multicalibration. In particular, to
produce the mixture Dt over conditional distributions µt, given xt, we first produce a multicalibrated
distribution Pt over forecasts pt such that pt ≈ zt = s(yt). Then, for every pt in the support of Pt,
we solve for a measure µt. The distribution Dt is simply the pushforward of Pt under the backfitting
operation.5

Having established this reduction, our central algorithmic contribution is a procedure that ef-
ficiently guarantees online high-dimensional multicalibration with respect to any vector-valued re-
producing kernel Hilbert space H. These are rich spaces that can express functions such as all
polynomials and which can be learned efficiently. We provide a brief primer for those unfamiliar.

A vector-valued RKHS is a Hilbert space of functions H ⊆ {X ×Z → Rd} that is equal to the
closure of the set

h(x, p) =
n∑

i=1

Γ((xi, pi), (x, p))θi.

Here, Γ((x, p), (x′, p′)) ∈ Rd×d is a matrix-valued kernel, θi are vectors, and (xi, pi) are elements
in X ×Z . In particular, Γ is a symmetric function whose outputs are positive semidefinite matrices
and which satisfies the reproducing property. For any h ∈ H and θ ∈ Rd,

h(x, p)⊤θ = ⟨h,Φ(x, p)θ⟩H

where Φ(x, p) = Γ(·, (x, p)) is the evaluation functional for the RKHS. By virtue of being a Hilbert
space, an RKHS has a unique inner product ⟨·, ·⟩H and induced norm ∥h∥H =

√
⟨h, h⟩H that serves

an instance-dependent notion of complexity.
A simple case to keep in mind is when Φ(x, p) ∈ Rr×d is a finite-dimensional feature map

and Γ((x, p), (x′, p′)) = Φ(x, p)⊤Φ(x′, p′). In this case the RKHS contains the set of functions
h(x, p) = Φ(x, p)⊤θ for θ ∈ Rr, the inner product is equal to the standard inner product in Rr

⟨θ, θ′⟩H =
∑r

i=1 θiθ
′
i, and the norm of the functions h ∈ H is equal to ∥h∥H = ∥h∥2.

To guarantee indistinguishability with respect to vector-valued RKHS, we make use of ideas
from defensive forecasting, an algorithmic template introduced by Vovk et al. (2005). Defensive
forecasting is a game-theoretic strategy for prediction where forecasts are derived not by prognos-
tication, but rather by correcting past mistakes. Our main advancement here is to draw on recent

5. Solving for µt is trivial in the discrete case where pt = µt. It is less obvious for the scalar case where pt =
(Eµt [ỹ], . . . ,Eµt [ỹ

d]), but we show it can still be done by leveraging results from semi-algebraic optimization.

10
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breakthroughs on algorithms for solving expected variational inequalities (EVI) to be able to effi-
ciently do defensive forecasting in high dimensions (Zhang et al., 2025).

Expected variational inequalities have appeared in different areas with different names, includ-
ing “outgoing minimax problems” (Foster and Hart, 2021) or “accuracy certificates” (Nemirovski
et al., 2010). Given a desired tolerance ε > 0, a convex, compact set Z ⊂ Rd, and an operator
S : Z → Rd, the goal of an EVI is to find a (finitely supported) distribution D ∈ ∆(Z) such that

Ep∼D[S(p)
⊤(z − p)] ≤ 0

for all z ∈ Z .
As we discuss in Section A, these problems always admit a O(poly(d, 1/ε)) time algorithm

via a rather clean reduction to regret minimization.6 While Nemirovski et al. (2010) proposed
algorithms with log(1/ε) complexity for the limited case in which S(·) is a monotone operator, it
was not until recently that these problems (and some generalizations) were shown to be solvable in
O(poly(d) log(1/ε)) time for general operators S(·) (Zhang et al., 2025). This is in stark contrast
with traditional variational inequality problems (“find p ∈ Z such that S(p)⊤(z − p) ≤ 0 for
all z ∈ Z”), which are computationally intractable already when S is a linear function and Z is
the product of two simplices in light of standard connections with the problem of computing Nash
equilibria in bimatrix games (Chen et al., 2009; Daskalakis et al., 2009).
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Appendix A. Efficient High-Dimensional Multicalibration

In this section, we present an efficient algorithm for high-dimensional multicalibration with respect
to general vector-valued reproducing kernel Hilbert spaces. Throughout the section, we assume that
Z ⊂ Rd is a given convex body for which an efficient (i.e., responding to queries in time polynomial
in d and logarithmic in the desired precision) projection, linear optimization, or separation oracle is
available. These oracles are all known to be efficiently reducible to each other in time polynomial
in the dimension d under minimal regularity assumptions that we assume are satisfied (Grötschel
et al., 1993; Lee et al., 2018). Furthermore, we will denote with

D := max
z,z′∈Z

∥z − z′∥2 and G := sup ∥Γ(·, ·)∥op (3)

the diameter of Z and the maximum operator norm of the matrix kernel Γ, respectively. Finally, we
assume that the matrix kernel Γ can be evaluated in poly(d) time for any input, and likewise that
the feature map Φ can be evaluated in poly(d, r) time for any input (if r is finite).

Given T samples, our algorithm guarantees order
√
T regret in polynomial-time. At the heart

of the construction, our algorithm relies on recent algorithmic advances for solving expected varia-
tional inequality problems efficiently (Zhang et al., 2025). To appreciate why EVIs are connected
to multicalibration, and what operators arise in these contexts, it is instructive to look at the general
template of defensive forecasting.

Defensive forecasting was introduced by Vovk et al. (2005), and can be thought of as a par-
ticular instantiation of the framework of Blackwell approachability. Related ideas have appeared
throughout the literature, including Foster and Vohra (1997); Sandroni et al. (2003); Lehrer (2001);
Fudenberg and Levine (1999); Foster and Hart (2021), and others. We refer the reader to Perdomo
and Recht (2025) for an overview of the defensive forecasting philosophy. At all times t, defensive
forecasting picks distributions Pt so that the quantity

ZT =

∥∥∥∥∥
T∑
t=1

Ept∼PtΦ(xt, pt)(zt − pt)

∥∥∥∥∥
H

is guaranteed to be sublinear (as a function of T ) no matter how Nature selects zt (after Pt has been
picked) and xt (before Pt has been picked). This is sufficient for ensuring sublinear multicalibration
error, since by the reproducing property:∣∣∣∣∣

T∑
t=1

Ept∼Pth(xt, pt)
⊤(zt − pt)

∣∣∣∣∣ =
∣∣∣∣∣⟨h,

T∑
t=1

Ept∼PtΦ(xt, pt)(zt − pt)⟩H

∣∣∣∣∣ ≤ ∥h∥HZT .

Although, strictly speaking, ZT is not a Blackwell approachability game due to the presence of
the (potentially adversarial) context xt in the otherwise bilinear objective (as a function of Pt and
zt), the same idea behind Blackwell’s approachability algorithm yields a sublinear guarantee. In
particular, observe the recursive expansion

Z2
t = Z2

t−1 +
∥∥Ept∼PtΦ(xt, pt)(zt − pt)

∥∥2
H

+ 2Ept∼Pt

[
(zt − pt)

⊤Φ(xt, pt)
⊤

t−1∑
τ=1

Epτ∼PτΦ(xτ , pτ )(zτ − pτ )︸ ︷︷ ︸
=: St(pt)

]
.
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Algorithm 1 Efficient High-Dimensional Multicalibration via Expected VIs
1: Matrix-valued kernel function Γ : (X × Z)2 → Rd×d

2: For t = 1, 2, . . . , T :
3: See the features xt and define St : Z → Rd as

St(p) = Φ(xt, p)
⊤

t−1∑
τ=1

Epτ∼PτΦ(xτ , pτ )(zτ − pτ ) =
t−1∑
τ=1

Epτ∼PτΓ((xt, p), (xτ , pτ ))(zτ − pτ )

4: Predict pt ∼ Pt, where the distribution Pt ∈ ∆(Z) satisfies the expected variational inequality

Ep∼Pt

[
St(p)

⊤(z − p)
]
≤ εt ∀z ∈ Z (EVI)

for some small error εt; for example, εt = 1 or εt = 1/
√
t

It is then clear that, as long as Pt is selected so that

Ept∼Pt

[
St(pt)

⊤(z − pt)
]
≤ 0 ∀z ∈ Z, (4)

the third term can be dropped, yielding the bound

Z2
T ≤

T∑
t=1

∥∥Ept∼PtΦ(xt, pt)(zt − pt)
∥∥2
H =⇒ ZT ≤

√√√√ T∑
t=1

∥∥Ept∼PtΦ(xt, pt)(zt − pt)
∥∥2
H.

This guarantees a multicalibration error growing at a
√
T rate, with constants depending on D, G,

and the norm of the functions in the RKHS. We summarize the procedure in Algorithm 1, incor-
porating the possibility of error εt on the right of (4). From the above discussion, we immediately
derive the following guarantee.

Proposition 5 Let Γ be a matrix-valued kernel with associated RKHS H ⊆ {X × Z → Rd}. If
the predictions pt ∼ Pt are made according to Algorithm 1, then for all T ≥ 1 and h ∈ H:∣∣∣∣∣

T∑
t=1

Ept∼Pth(xt, pt)
⊤(zt − pt)

∣∣∣∣∣ ≤ ∥h∥H

√√√√TD2G+

T∑
t=1

εt.

Hence, as long as
∑T

t=1 εt = O(T ), Algorithm 1 guarantees order O(
√
T ) multicalibration error.

Efficiently Solving the EVI. The key (and effectively, only) step in Algorithm 1 is constructing
a distribution Pt over Z that solves the expected variational inequality problem (EVI). As men-
tioned in Section 1.3, a solution of an EVI can always be computed efficiently for any general, even
discontinuous, bounded VI operator (in our case, St), given oracle access—for example, a member-
ship, linear optimization, or separation oracle—to the convex compact domain (in our case, Z). In
the rest of this section, we sketch two known general approaches for solving EVIs, with runtimes
scaling polynomially and polylogarithmically in the desired inverse precision 1/εt, respectively.
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To start, a distribution Pt such that (EVI) holds can be found in poly(d,D,G, 1/εt) time by
no-regret algorithms (see also Zhang et al. (2025); Farina (2026)). In particular, consider setting
up any no-regret learning algorithm outputting at every time k a point pk ∈ Z , and receiving as
utilities (losses) the functions p 7→ St(pk)

⊤p.7 Then, expanding the definition of what it means to
have no-regret over the course of an arbitrary number K of iterations, one has

RegretK
K

=
1

K

K∑
k=1

St(pk)
⊤(z − pk) = o(1) ∀z ∈ Z,

implying that the uniform distribution Pt over the set of iterates {p1, . . . , pK} produced by the no-
regret algorithm converges to an arbitrarily good solution of the expected variational inequality as
the number of iterations K grows. By using known regret bounds for online projected gradient
ascent, setting the learning rate appropriately, and accounting for the fact that the diameter of the
image of St is of order tGD, we obtain the following rate (see Appendix C.1 for the derivation).

Proposition 6 There exists a no-regret-based implementation of Algorithm 1 that achieves av-
erage multicalibration error | 1T

∑T
t=1 Ept∼Pth(xt, pt)

⊤(zt − pt)| ≤ ε in time O(poly(d,D,G) ·
min{r, ε−6} · ε−6). In particular, the runtime is never worse than O(poly(d,D,G) · ε−12).

Significantly faster approaches solving EVIs (and even harder generalizations) at log(1/ε) rates
have been very recently developed by leveraging a new constructive version of the minimax theorem
(Farina and Pipis, 2024; Zhang et al., 2025; Farina, 2026). These methods are based on the ellipsoid
method, and can solve EVIs to error εt with only order log(1/εt) evaluations of the operator St. We
include a high-level, self-contained description of these more advanced algorithms in Appendix C.2.
Here, we only state the final result; a proof is deferred to Appendix C.3.

Proposition 7 There exists an ellipsoid-based implementation of Algorithm 1 that achieves av-
erage multicalibration error | 1T

∑T
t=1 Ept∼Pth(xt, pt)

⊤(zt − pt)| ≤ ε in time Õ(poly(d,D,G) ·
min{r, ε−2} · ε−2). In particular, the runtime is never worse than Õ(poly(d,D,G) · ε−4), and it is
of order Õ(poly(d,D,G) · ε−2) if the number of features r is polynomial in d,D, and G.

Appendix B. Online Outcome Indistinguishable Generative Models

In this section, we illustrate how to use the high-dimensional multicalibration algorithm from Sec-
tion A to produce online outcome indistinguishable generative models for multiclass, scalar-valued,
and vector-valued outcomes. We assume throughout that εt = GD2 in Algorithm 2.

Algorithm Description. As discussed in Section 2, the Defensive Generation algorithm guaran-
tees indistinguishability with respect to functions f that can be written as f(x, p, y) = h(x, p)⊤s(y)
where h belongs to vector-valued RKHS H. The procedure takes as input the outcome and predic-
tion sets Y and Z ⊂ Rd, as well as the function s : Y → Z that together define the generative
modeling task. It also takes as input the matrix-valued kernel function Γ : (X × Z)2 → Rd×d that
implicitly defines the RKHS H.

7. We use k to indicate the iteration of the no-regret algorithm, to avoid confusion with scalar kernel k used in Section B.
An EVI (EVI) must be solved at every time t in Algorithm 1, and we are proposing an iterative algorithm indexed
over iterations c to solve such an EVI at that time t.
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Algorithm 2 The Defensive Generation Algorithm
1: Input: matrix-valued kernel Γ, outcome and prediction sets Y and Z , function s : Y → Rd

2: For t = 1, . . . , T :
3: Receive features xt
4: Produce distribution Pt over pt ∈ Z via defensive forecasting (Algorithm 1) to error εt
5: Output Dt equal to the pushforward of Pt, where for each pt ∈ supp(Pt), µt solves

Eỹt∼µt
[s(ỹt)] = pt

6: Record true outcome, yt ∈ Y and statistic s(yt) = zt

Defensive Generation is just a simple wrapper around the online multicalibration routine (Al-
gorithm 1). Given xt, it appeals to the defensive forecasting procedure to find a distribution Pt over
forecasts pt that is multicalibrated with respect to the outcome zt = s(yt). Then, for every pt it
“backfits” a measure µt. That is, it solves for a distribution µt such that Eµt [s(ỹt)] = pt. The final
mixture distribution Dt is simply the pushforward measure of Pt under this backfitting operation.

To specialize it to different outcome spaces Y , we need to ensure that we can 1) implement
efficient oracle access (e.g., separation) for the set Z as discussed in Section A and 2) be able to
solve for µt. The rest of this section shows how to do both of these things for different choices of
Z and Y . Before discussing these adaptations, we state the end-to-end guarantee of the algorithm:

Theorem 8 Fix an outcome space Y , a function s : Y → Z , and let F be a class of distinguishers
f that can be written as f(x, p, y) = hf (x, p)

⊤s(y) for a function hf in vector-valued RKHS H.
Given access to a sampling oracle that on input z returns a probability measure µ such that

Eỹ∼µ[s(ỹ)] = z, and a separation oracle for the set Z ,8 the Defensive Generation algorithm with
εt = D2G, where D and G are as in (3), guarantees online outcome indistinguishability with
respect to F . More precisely, given any f ∈ F ,

OIGapT (f) ≤ ∥hf∥H
√
2D2GT.

B.1. Generative Models for Multiclass Outcomes

In this subsection, we specialize this main theorem to the case where Y consists of d labels. In this
setting, our results simplify substantially and we can guarantee indistinguishability with respect to
distinguishers that examine the entire conditional distribution from which we are sampling. That is,
we let p = µ where µ is a point on the simplex,

µ ∈ Z = ∆([d]) = {p : pj ≥ 0,

d∑
j=1

pj = 1} and ỹ ∼ µ.

In more detail, if Y = {1, . . . , d}, then for any function f(x, p, y), we can write

f(x, p, y) =
d∑

j=1

f(x, p, j) · 1{y = j}.

8. Given z′, a separation oracle for the set Z returns true if z′ ∈ Z . If z′ /∈ Z , it returns a hyperplane (w, b) such that
w⊤z′ > b but w⊤z < b for all z ∈ Z
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Therefore, any distinguisher f can be expressed as a linear function of its values at d points,
f(x, p, y) = hf (x, p)

⊤s(y) where hf (x, p) = (f(x, p, 1), . . . , f(x, p, d)) and s(y) = (1{y =
1}, . . . , 1{y = d}) ∈ Z is a one-hot encoded version of the outcomes y.

Moreover, for this multiclass case, there is a simple formula we can use to construct function
spaces that contain these functions hf . In particular, assuming that there is a scalar-valued RKHS
that contains each of the scalar-valued functions f(x, p, i) for i ∈ [d], we can always construct a
vector-valued RKHS that contains the function hf (x, p) from above.

Fact 1 (Alvarez et al. (2012)) Let k((x, p), (x′, p′)) ∈ R be a scalar-valued kernel with RKHS
Hscalar ⊂ {X × Z → R}. Then, Γ((x, p), (x′, p′)) = Id · k((x, p), (x′, p′)) ∈ Rd×d is a matrix-
valued kernel whose corresponding vector-valued RKHS Hd consists of all functions of the form:

h(x, p) = (h1(x, p), . . . , hd(x, p))
⊤ where hj(x, p) ∈ Hscalar for all j ∈ [d].

Furthermore, for any function h ∈ Hd its RKHS norm is equal to ∥h∥2Hd
=
∑d

j=1 ∥hj∥2Hscalar
.

Here, there is no need to implement a sampling oracle, since the algorithm directly solves for the
distribution p = µ as part of the multicalibration subroutine. Furthermore, it is simple to check
whether any point is in the simplex Z = {p : pi ≥ 0,

∑d
i=1 pi = 1}, and one can easily implement

a separation oracle. Tying these facts together with Theorem 8, we get the following corollary:9

Corollary 9 Set Y = [d] and define Z to be the simplex in Rd, Z = {p : pj ≥ 0,
∑d

j=1 pj = 1}.
Let k be a kernel such that supx,p |k((x, p), (x, p))| ≤ G with an associated scalar-valued RKHS
Hscalar, such that f(x, p, j) = hj(x, p) ∈ Hscalar for all j ∈ [d].

Then, Defensive Generation with kernel Γ = Id · k produces distributions µt over outcomes
Y that are online outcome indistinguishable with respect to the set of functions f(x, µ, y) where
hj(x, µ) = f(x, µ, j) is in Hscalar for every j ∈ [d]. In particular, for every such f ,

OIGapT (f) ≤ 4

 d∑
j=1

∥hj∥Hscalar

√
TG.

We can further specialize this statement to guarantee indistinguishability with respect to common
function classes as per this example:

Example 1 Let Y = [d], X = {x : ∥x∥2 ≤ 1} ⊂ Rr, and set k((x, p), (x′, p′)) = ⟨x, x′⟩+ ⟨p, p′⟩.
Running the Defensive Generation with Γ((x, p), (x′, p′)) = Id·k((x, p), (x′, p′)) guarantees online
outcome indistinguishability with respect to the set of functions,

F = {f(x, p, y) : f(x, p, j) = ⟨x, θj⟩+ ⟨p, θ′j⟩, (θi, θ
′
i) ∈ Rr × Rd for all i ∈ [d]}.

In particular, if we restrict ∥θj∥2 + ∥θ′j∥2 ≤ B for every j ∈ [d], then we get that OIGapT (f) is at
most 4dB

√
T for any f . Furthermore, at time t the algorithm runs in time O(poly(d,B, r) log(t)).

9. We use µt and pt interchangeably in Theorem 9 since they are the same for this multiclass setting.
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B.2. Generative Models for Scalar-Valued Outcomes

As a second application, we show how Defensive Generation can be used to produce distributions
µt over scalar outcomes yt that are outcome indistinguishable from the perspective of any f that
examines higher-order moments of the distribution, up to some fixed degree 2d. In symbols, we
focus on the setting in which Y = [−1, 1] and s(y) = (1, y, y2, . . . , y2d) and Z is the (convex) set
of moments:

Z :=

{(∫
[−1,1]

y0 dµ, . . . ,

∫
[−1,1]

y2d dµ

)
: µ is a Borel probability measure on [−1, 1]

}
. (5)

To extend our results to this setting, we leverage techniques from semi-algebraic optimization. As
we discuss in Section D, Z admits an efficient separation oracle, thus satisfying the preconditions
of our construction in Section A for efficiently producing defensive forecasts pt ∈ Z . Furthermore,
once a moment vector pt ∈ Z is selected, it is possible to efficiently construct a discrete distribution
µt on [−1, 1] whose moments match those specified by pt. By sampling a ỹt ∼ µt, we can complete
the roundtrip and yield predictions that are indistinguishable with respect to tests that only examine
a fixed number of moments. Tying these ideas together, we get the following corollary:

Corollary 10 Set Y = [−1, 1] and define Z ⊂ R2d+1 to be the set of moments as in Equation (5).
Let Γ be a matrix-valued kernel with associated vector-valued RKHS H ⊆ {X ×Z → R2d+1} and
let F be the set of functions,

F := {f(x, p, y) : f(x, p, y) = h(x, p)⊤s(y) where s(y) = (1, y, . . . , y2d)}.

The Defensive Generation algorithm with the sampling and separation oracles from Section D
produces distributions µt and statistics p⊤t = (1,Eµt [ỹt], . . . ,Eµt [ỹ

2d
t ]) such that for every f ∈ F ,

OIGapT (f) ≤ ∥h∥H

√√√√ T∑
t=1

Ept(pt − s(yt))⊤Γ((xt, pt), (xt, pt))(pt − s(yt)) +GD2T .

Using this we can generate distributions over scalar outcomes that fool all low degree tests. That
is, we can use the Defensive Generation algorithm to produce distributions µt over scalar outcomes
in [−1, 1] such that all low degree moments are conditionally valid over all subsets of the Boolean
hypercube computable by low-depth decision trees.

Example 2 Let X = {±1}n be the Boolean hypercube and consider the polynomial kernel,

kpoly(x, x
′) = (1 + x⊤x′)r.

It is a well-known result that the RKHS Hpoly for this kernel contains all Boolean functions c :
{±1}n → {0, 1} computable by decision trees of depth at most r.10

10. See Proposition 4.12 in Dwork et al. (2025) for a proof. As per O’Donnell (2014), a decision tree is a representation
of a boolean function as a rooted binary tree in which the internal nodes are labeled by coordinates [i] ∈ [n], the
outgoing edges are labeled by −1 and 1 and the leaves have real numbers corresponding to the outputs.
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Moreover, by Fact 1, the matrix-valued kernel Γ((x, p), (x′, p′)) = I2d+1 · kpoly(x, x′) contains
all functions, h(x) = (c0(x), . . . , c2d(x)) where each ci is a Boolean function in Hpoly. Conse-
quently, if we consider the space of functions F that can be written as,

f(x, p, y) = h(x)⊤s(y) =

2d+1∑
j=1

cj(x)y
j , (6)

this space contains all tests of the form f(x, p, y) = 1{c(x) = 1}·yj . Therefore, the Defensive Gen-
eration algorithm guarantees that for any j = 1, . . . , 2d + 1 and all low-degree boolean functions
c,

lim
T→∞

∣∣∣∣ 1T
T∑
t=1

1{c(xt) = 1}yjt −
1

T

T∑
t=1

1{c(xt) = 1}Eỹt∼µt,µt∼Dt
[ỹjt ]

∣∣∣∣ = 0. (7)

That is, the first 2d moments of the conditional distributions we produce (online) match those of the
revealed outcomes. Furthermore, this is true conditionally over all the subsequences {xt : c(xt) =
1, c is a decision tree of depth r}. More formally, for all functions f of the form in Equation (6),

OIGapT (f) ≤ O(poly(d) · nr ·
√
T ).

While Dwork et al. (2025) achieved the guarantee in Equation (7) for the case where j = 1, our
algorithm produces distributions which (simultaneously) satisfy the guarantee for all j = 1, . . . , 2d.
This result is also closely related to the guarantees in Gupta et al. (2022). Their results hold for
higher order moments, but only with respect to a finite class of distinguishers.

We note that one interesting consequence of producing distributions that have these high order
guarantees of validity is that one can use them to derive high-probability prediction intervals via
Chebyshev’s inequality. We refer the reader to Gupta et al. (2022) for further details.

B.3. Generative Models for High-Dimensional Outcomes

As a final application, we consider guaranteeing outcome indistinguishability when outcomes are
high-dimensional, Y ⊂ Rd.

Indistinguishability of conditional expectations To start, we show that we can always guaran-
tee online outcome indistinguishability when the distinguishers f are linear functions of the first
moment of y, f(x, p, y) = h(x, p)⊤y, and s(y) = y. That is, they guarantee that the distribu-
tions produced by the learner have first moments that are conditionally correct as measured by the
functions h.

For this setting, we let Z = Y ⊂ Rd which is assumed to be any compact, convex set with
diameter bounded by D with an efficient separation oracle (e.g. Y = [−1, 1]d). Since s(y) is just the
identity function, the problem of finding a distribution µt such that Eỹ∼µt

[s(ỹt)] = Eỹt∼µt
[ỹt] = pt

is easy, just return a point mass distribution at pt. Here, we have the following corollary:

Corollary 11 Let Γ be a matrix valued kernel with operator norm uniformly bounded by G and
with vector-valued RKHS H ⊆ {X × Z → Rd} where Z has diameter bounded by D. Then, the
Defensive Generation algorithm with kernel Γ guarantees online OI with respect to the set of func-
tions f(x, p, y) = h(x, p)⊤y where h(x, p) ∈ H. For any f ∈ F , OIGapT (f) ≤ ∥h∥H

√
2TD2G.
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As a concrete instantiation of this result, we can guarantee indistinguishability with respect to the
set of functions: F = {f(x, p, y) = h(x, p)⊤y where h(x, p) = Φ(x, p)θ for θ ∈ Rr}.

Here, Φ is a finite-dimensional feature map Φ(x, p)⊤ ∈ Rd×r and h(x, p) is any function that
lies in the span of these features. For instance, if we let,

Φ(x, p)⊤ =
[
g1(x, p) | · · · | gr(x, p)

]
∈ Rd×r (8)

where {g1, . . . , gr} is any arbitrary collection of r functions then we get that H = span({g1, . . . , gr}).
This is just one choice of an explicit feature map, but one could of course consider others.

Example 3 Let Y = Z be a compact subset of Rd with diameter D and let Φ : X ×Z → Rr×d be
a feature map. The Defensive Generation algorithm with matrix valued kernel Γ((x, p), (x′, p′)) =
Φ(x, p)⊤Φ(x′, p′) guarantees online outcome indistinguishability with respect to the set of functions
f(x, p, y) = h(x, p)⊤y where h(x, p) = Φ(x, p)θ. In particular, for every such h,

OIGapT (f) ≤ ∥θ∥2
√
2D2T · sup

x,p
∥Φ(x, p)∥2op.

Therefore, if we set Φ as in (8) for functions g1, . . . , gr, where max1≤j≤r ∥gj(x, p)∥2 ≤ B, then for
any f(x, p, y) = gj(x, p)

⊤y, we have OIGapT (f) ≤
√
2rB2D2T .

Indistinguishability with respect to higher-order moments In general, the defensive generation
approach described so far can guarantee efficient online outcome indistinguishability with respect
to d-order moments, when the set of such moments admits an efficient separation oracle. This
condition is equivalent to the existence of efficient algorithms for the minimization of polynomials
of degree up to d on Y .

As an illustration, we show that on the high-dimensional ball Y = {y ∈ Rd : ∥y∥2 ≤ 1}, we
can guarantee indistinguishability with respect to functions f that examine the first two moments of
the distributions µt,

f(x, p, y) = h(x, p)⊤s(y), and s(y) = (y1, . . . , yd , y21 , y1y2 , . . . , yiyj) for i, j ∈ [d], i ≤ j. (9)

In other words, they guarantee that the distributions µt produced online have high-dimensional
means, Eµt [ỹt], and covariances, Eµt [ỹtỹ

⊤
t ] ∈ Rd×d, that are conditionally correct as measured by

h. In this setting, the set of moments Z is

Z = {(v,Q) : ∃ a probability measure µ over ∥y∥2 ≤ 1 such that Eµ[y] = v,Eµ[yy
⊤] = Q}

(10)

Since quadratic functions on the unit ball can always be optimized efficiently (by performing a
singular value decomposition), a separation oracle for Z can always be constructed efficiently. In
fact, in this case we do not even need to resort to complicated separation oracle constructions: as
it turns out, the set Z admits a simple characterization. Indeed, an application of the S-Lemma
(Yakubovich, 1971) lets us write

Z = {(v,Q) : Q ⪰ 0, Q ⪰ vv⊤,Tr[Q] ≤ 1}, (11)

where Tr[Q] denotes the trace of Q and A ⪰ B denotes that A − B is positive semidefinite. (A
more constructive proof of (11) via some intermediate results that will be used later in this section
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Algorithm 3 Backfitting a probability measure µ.
// We use δ(y) to denote a point mass on a point y.

1: Input: PSD matrix Q and vector v ∈ Rd such that Q ⪰ vv⊤

2: Compute the SVD of Q− vv⊤ =
∑d

i=1 σiuiu
⊤
i

3: For i = 1 . . . d,
4: Solve for the 2 real-valued roots t+i > 0 and t−i < 0 that satisfy ∥v + t · ui∥ = 1
5: Define

y+i = v + t+i ui, y
−
i = v + t−i ui and λ+

i =
σi

t+i (t
+
i − t−i )

, λ−
i =

σi

t−i (t
−
i − t+i )

6: Return µ = λ0δ(v) +
∑d

i=1[λ
+
i δ(y

+
i ) + λ−

i δ(y
−
i )] where λ0 = 1−

∑d
i=1(λ

+
i + λ−

i )

is available in Appendix E.) From this rewriting, it is straightforward to efficiently check whether
any given proposed moments (v′, Q′) belong to Z , or return a separating hyperplane (violated con-
straint) otherwise.

Moreover, given (v,Q) ∈ Z , we can efficiently find an atomic probability measure µ over the
unit ball such that Ey∼µ[y] = v and Eµ[yy

⊤] = Q. It involves nothing more complicated than taking
the SVD of a matrix. We present the procedure in Algorithm 3 and the proof of its correctness in
Appendix E.

Given that we can implement a separation oracle and a way to solve for a probability measure
µ whose moments match a target vector of moments in Z , we have the following corollary:

Corollary 12 Let Γ be a matrix-valued kernel with operator norm uniformly bounded by G and
with vector-valued RKHS H ⊆ {X × Z → Rd+d(d+1)/2} where Z is as in (10) and s(y) ∈
Rd+d(d+1)/2. Then, Z has diameter at most

√
8 and the Defensive Generation algorithm with kernel

Γ guarantees online OI with respect to the set of functions f(x, p, y) defined in (9). For any f ∈ F ,

OIGapT (f) ≤ 4∥h∥H
√
TG.

As a concrete instantiation of this result, we can guarantee indistinguishability with respect to the
set of functions in Equation (9) where s(y) ∈ Rm for m = d + d(d + 1)/2 is a vector containing
all the variables in the first and second moments of y (e.g. yi, y

2
i and also the mixed pairs yiyj

for y = (y1, . . . yd)). In this example, Φ is a finite-dimensional feature map Φ(x, p) ∈ Rm×r and
h(x, p) is any function that lies in the span of these features. For instance, if we let,

Φ(x, p)⊤ =
[
g1(x, p) | · · · | gr(x, p)

]
∈ Rm×r

where g1, . . . , gr is any arbitrary set of r functions then we get that H = span({g1, . . . , gr}). This
is just one choice of an explicit feature map, but one could of course consider others.

Example 4 Let Z (see Equation (10)) be the set of first and second moments of probability distri-
butions over the unit ball and let Φ : X × Z → Rr×m be a feature map.

The Defensive Generation algorithm with kernel Γ((x, p), (x′, p′)) = Φ(x, p)⊤Φ(x′, p′) guar-
antees online outcome indistinguishability with respect to the set of functions f(x, p, y) = h(x, p)⊤s(y)
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where h(x, p) = Φ(x, p)θ. In particular, for every such h,

OIGapT (f) ≤ 4∥θ∥2
√
T · sup

x,p
∥Φ(x, p)∥2op.

Therefore, if we set Φ as in (8) for functions g1, . . . , gr, where max1≤j≤r ∥gj(x, p)∥2 ≤ B, then for
any f(x, p, y) = gj(x, p)

⊤s(y),

OIGapT (f) ≤ 4
√
rB2T .

We note that while we presented the results in this last section for the case where Y is the unit
ball, they apply more generally to the case where Y is any ellipsoid

Y = {x : (x− b)⊤A(x− b) ≤ 1, A ≻ 0, b ∈ Rd},

by simply changing basis x 7→ A−1/2x+ b.

Appendix C. Expected Variational Inequalities

C.1. Proof of Proposition 6

From the definition of St, the norm of the utility gradient is at most G′ := maxz ∥St(z)∥2 ≤ tGD.
Hence, by setting the learning rate η = D/(G

√
T ), and using the known analysis of the online

projected gradient ascent algorithm (Zinkevich, 2003), we can write

RegretK
K

≤ 2G′D

√
K

K
≤ 2D2G

t√
K

.

This shows that it is enough to set K = t2 to obtain an error of 2D2G in the solution of (EVI) and
thus, by Theorem 5, a multicalibration error bounded by 2∥h∥H

√
D2GT against any h ∈ H.

To achieve a given average multicalibration error ε, it is then necessary to run Algorithm 1 for
T = D2G/ε2. The only step left to complete the proof is then to estimate the complexity of each
iteration of the no-regret-based EVI solution algorithm.

Each iteration involves evaluating St at the current pk, taking a gradient step, and projecting
onto Z . The latter two operations require poly(d) time. Thus, at every time t we need to perform
an amount of work that is of order t2(poly(d) + Eval(St)), where Eval(St) denotes the cost of
evaluating St. We distinguish two possibilities for evaluating St.

• In general, St is defined as a sum of t expectations. Each expectation is over the distribution
Pτ that solved (EVI) at time τ . As discussed above, the support at time τ is Kτ = τ2.
So, given our assumption that each evaluation of Γ takes poly(d) time, we are left with a
O(t3poly(d)) time bound for each evaluation of St.

Putting all the pieces together, we are left with a O(t5poly(d)) time per iteration of Algo-
rithm 1, leading to a O(T 6poly(d)) runtime to complete T iterations. Plugging T = D2G/ε2

yields a bound of poly(d,D,G) · ε−12.
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• When r = O(poly(d,D,G)), the cost of evaluating St(p) can be amortized, by accumulating
over time the vector quantity

mt :=
t−1∑
τ=1

Epτ∼PτΦ(xτ , pτ )(zτ − pτ ).

Indeed, by definition of St, we have St(p) = Φ(xt, p)
⊤mt, leading to a cost of O(rd) for

each evaluation of St. To solve the EVI, we then require t2poly(d) time.

After every iteration t of Algorithm 1, the quantity mt can be updated by summing the new
expectation arising from Pt. Since the distribution has support K = t2, such an update has a
O(t2poly(d)) cost.

In total, each iteration of Algorithm 1 requires t2poly(d, r) time, for a total of T 3poly(d)r
time. Plugging T = D2G/ε2 yields a bound of O(poly(d,D,G) · r · ε−6) time to reach ε
average multicalibration error.

Taking the minimum between the two cases yields the statement.

C.2. Intuition Behind the Construction of Zhang et al. (2025)

As mentioned in Section A, significantly faster approaches for solving EVIs (and even harder gen-
eralizations) at log(1/ε) rates have been very recently developed by leveraging a new constructive
version of the minimax theorem (Farina and Pipis, 2024; Zhang et al., 2025; Farina, 2026).

We now give a high-level intuition for these methods; for more details, we refer the reader to the
paper of Zhang et al. (2025). These faster algorithms can be understood as operating in two phases:

• First, they produce an extremely sparse set S = {p1, . . . , pK} ⊂ Z of size

K = O(poly(d) log(G,D, 1/ε)).

• Then, they search for a distribution over the K points in S that guarantees value ε for all
z ∈ Z . This discrete distribution (λ1, . . . , λK) solving the EVI problem can be computed by
solving the convex optimization problem

argmin
λ∈∆K

max
z∈Z

K∑
k=1

λkS(pk)
⊤(z − pk).

over ∆K . This can be solved using standard convex optimization techniques in time polyno-
mial in K, the diameter of Z and S (Grötschel et al., 1993).

Conceptually, to produce the sparse support, the algorithm makes use of the ellipsoid algorithm
to certify the emptiness of the set Ω := {z ∈ Z : S(p)⊤(z − p) > 0 ∀p ∈ Z}. The emptiness of
Ω is direct, since for any z ∈ Z , the constraint indexed by p = z is trivially violated. By running
the ellipsoid over Ω using p = z as the separation oracle, the ellipsoid method is therefore able to
produce a trace of violated constraints indexed by the ellipsoid centers p1 = z1, p2 = z2, . . . , pK =
zK that sparsely certifies the emptiness of Ω. The Farkas lemma then implies that a distribution
over the constraints must be an EVI solution, justifying the soundness of the second step.
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C.3. Proof of Proposition 7

The ellipsoid-based algorithm for EVIs is able to solve the EVI problem with only

O(poly(d) log(D,G, log 1/ε))

calls to the operator St, producing a distribution with support size bounded by the same quantity.
Following the discussion in Section C.1, we distinguish two cases for the cost of evaluating St.

• In general, St is defined as a sum of t expectations. Each expectation is over the distribution
Pτ that solved (EVI) at time τ . Since the support at time τ is Kτ = Õ(log(t/ε)), given our
assumption that each evaluation of Γ takes poly(d) time, we are left with a O(t · poly(d))
time bound for each evaluation of St.

Putting all the pieces together, we are left with a O(t log2(t/ε)) time per iteration of Algo-
rithm 1, leading to a Õ(T 2poly(d)) runtime to complete T iterations. Plugging T = D2G/ε2

yields a bound of Õ(poly(d,D,G) · ε−4).

• When r = O(poly(d,D,G)), the cost of evaluating St(p) can be amortized as described in
Section C.1, leading to a O(poly(d)r) evaluation time for St. Hence, we can solve the EVI
in time Õ(poly(d)r)

After every iteration t of Algorithm 1, the quantity St can be updated by summing the new
expectation arising from Pt. Since the distribution has support K = Õ(1), such an update
has a Õ(poly(d)) cost.

In total, each iteration of Algorithm 1 requires Õ(poly(d)r) time, for a total of O(Tpoly(d)r)
time. Plugging T = D2G/ε2 yields a bound of O(poly(d,D,G) · r · ε−2) time to reach ε
average multicalibration error.

Taking the minimum between the two cases yields the statement.

Appendix D. More details on the Cone of the first d Moments in R

In the interest of keeping the exposition as self-contained as possible, in this section we sketch
classical results regarding the algebraic and computational properties of the cone of moments. For
more details, we refer the reader to Chapters 3.3 and 3.4 of the book on moment and polynomial
optimization by Nie (2023), or the paper of Parrilo (2006).

To lighten notation, in this section we use the notation ⟨·, ·⟩ to denote the standard dot product
in R2d+1.

Efficient Separation Oracle for the Moment Set An efficient separation oracle for Z can be con-
structed by leveraging a duality result between moments and nonnegative polynomials, and invoking
classical Positivstellensatz results to characterize the latter via the positive semidefinite (PSD) cone.
To start, it is well understood that the dual set Z∗ of the Z from (5), defined as

Z∗ := {a = (a0, a1, . . . , a2d) ∈ R2d+1 : ⟨a, z⟩ ≥ 0 ∀z ∈ Z}

corresponds to the set of polynomials that are nonnegative everywhere on the interval [−1, 1]:

Z∗ =

{
(a0, a1, . . . , a2d) ∈ R2d+1 :

2d∑
i=0

aiy
i ≥ 0 ∀y ∈ [−1, 1]

}
.
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To see this, observe that for any a ∈ R2d+1,

⟨a, z⟩ ≥ 0 ∀z ⇐⇒
2d∑
i=0

(
ai

∫
[−1,1]

yi dµ

)
≥ 0 ∀µ ⇐⇒

∫
[−1,1]

(
2d∑
i=0

aiy
i

)
dµ ≥ 0 ∀µ.

Since, in particular, we are free to take µ to be a Dirac delta centered at any y ∈ [−1, 1], it is
immediate to see that∫

[−1,1]

(
2d∑
i=0

aiy
i

)
dµ ≥ 0 ∀µ ⇐⇒

2d∑
i=0

aiy
i ≥ 0 ∀y ∈ [−1, 1],

completing the proof. Both Z and Z∗ are convex and closed sets.
The dual set Z∗ plays a key role in constructing an efficient separation oracle for Z . Indeed,

one can prove that Z∗ defines a cutting plane characterization of Z , in the sense that

Z = {z ∈ R2d+1 : z0 = 1 ∧ ⟨z, a⟩ ≥ 0 ∀a ∈ Z∗}. (12)

The proof of the above result is a standard application of separation for closed convex sets. Equa-
tion (12) implies that a separation oracle for Z can be constructed directly from a linear optimization
oracle for Z∗. Specifically, to check whether a given point w belongs to Z , one can do the following:

• if w0 ̸= 1, then clearly w /∈ Z , and the vector (1, 0, . . . , 0) provides a separating direction;
else

• We solve the convex optimization problem mina∈Z∗⟨w, a⟩. If the optimal value of the prob-
lem is non-negative, then w ∈ Z; else, the minimizer a∗ provides a separating direction, as
⟨a∗, w⟩ < 0 by assumption, and yet ⟨a∗, z⟩ ≥ 0 for all z ∈ Z by Equation (12).

To complete the construction, it remains to show that the cone Z∗ of nonnegative polynomials
on [−1, 1] admits an efficient linear optimization oracle. As mentioned above, this follows from
important results in semi-algebraic optimization. In particular, it is a celebrated result that in di-
mension one, polynomial nonnegativity is intimately connected with the notion of sum-of-squares
(SOS) polynomials. A polynomial q of degree at most 2d is said to be SOS, denoted q ∈ Σ2d, if it
can be written in the form

q(y) =


1
y
...
yd


⊤

Q


1
y
...
yd

 , where Q =


q00 q01 . . . q0d
q01 q11 . . . q1d

...
...

. . .
...

q0d q1d . . . qdd

 ⪰ 0d+1 is a PSD matrix. (13)

An application of the Positivstellensatz result for univariate polynomials states that a polynomial
p(y) = a0 + · · ·+ a2dy

2d is nonnegative on [−1, 1] if and only if it can be decomposed in the form

p(y) = r(y) + (1− y2)s(y), for r ∈ Σ2d, s ∈ Σ2d−2.

The coefficients of the polynomial on the right-hand side depend linearly on the PSD matrices R
and S underlying r and s. Letting H : R(d+1)×(d+1) × Rd×d → R2d+1 denote the mapping from
(R,S) to the coefficients of the right-hand side polynomial, we therefore conclude that

Z∗ =
{
a ∈ R2d+1 : a = H(R,S), R ⪰ 0d+1, S ⪰ 0d

}
.
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Hence Z∗ is a convex conic domain defined as the intersection between the linear constraint a =
H(R,S), and the product of two PSD cones. Minimization of a linear objective over Z∗, as used
by the separation oracle for Z , can therefore be solved using standard semidefinite programming
techniques.

Solving for µt. Having discussed how to implement a separation oracle for the moment cone, we
now describe how given a target vector of moments zt ∈ Z , one can produce a discrete distribution
µ over [−1, 1] with at most 2d+ 1 atoms in the support, whose moments match z,

Eµt [s(ỹt)]
⊤ = (1,Eµt [ỹt], . . . ,Eµt [ỹ

2d
t ]) = zt.

To do so, we leverage once again the duality between the moment set Z and the set Z∗, as
captured by (12). In light of the connection, the statement that z ∈ Z is witnessed by the fact that
z0 = 1 and ⟨z, a⟩ ≥ 0 for all a ∈ Z∗. In particular, let

a∗ ∈ argmin
a∈Z∗: 1⊤a≥1

⟨a, z⟩,

which can be computed efficiently by semidefinite programming using the ideas we discussed.11

Since (a∗)⊤z ≥ 0, we can assume without loss of generality that the optimal solution satisfies
1⊤a∗ = 1. Since a∗ belongs in Z∗, it induces a nonzero polynomial

p∗(y) := a∗0 + a∗1y + · · ·+ a∗2dy
2d, p∗(y) ≥ 0 ∀y ∈ [−1, 1].

Let {γ1, . . . , γm} be the distinct zeros of p∗ (of course, 0 ≤ m ≤ 2d, since p∗ is not identically
zero).

We now show that the set {γ0 := 1, γ1, . . . , γm} defines a valid discrete support for a distribution
µ that matches the moments z. By the first-order optimality conditions, it must then be the case that
the gradient of the objective is in the normal cone of the feasible set at a∗. Since all constraints are
binding by construction, this condition is exactly the existence of convex combination coefficients
λ0, . . . , λm such that

z =

m∑
j=0

λj


1
γ1j
...

γ2dj

 . (14)

In other words, there exists a discrete distribution supported on {1, γ1, . . . , γm} whose moments
match z. The probability masses λj can be computed directly by solving for the coefficients λj

in (14), which can be done efficiently via a linear program.

Appendix E. The Set of First and Second Moments on the Euclidean Ball

In this section, we provide similar results as in the previous appendix section but for the case where
the outcomes y live in the unit ball in Rd. We start by recalling the definition of the moment set:

Z = {(v,Q) : ∃ a probability measure µ over ∥y∥2 ≤ 1 such that Eµ[y] = v,Eµ[yy
⊤] = Q}

(15)

11. We remark that the feasible set is not empty, since all a ∈ Z∗ must be such that a⊤w ≥ 0 for all w ∈ Z , and 1 ∈ Z
since it is the moment vector of the point mass distribution with support {1}.
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Since ∥y∥2 ≤ 1 and Tr[Q] = Eµ∥y∥22, it must be the case that Tr[Q] ≤ 1 and that Q = Eµ[yy
⊤] ⪰

0. Furthermore, for (v,Q) = (Eµ[y],Eµ[yy
⊤]), it is also true that:

Eµ[(y − Eµ[y])(y − Eµ[y])
⊤] ⪰ 0 ⇐⇒ Q− vv⊤ = Eµ[yy

⊤]− Eµ[y]Eµ[y]
⊤ ⪰ 0.

Using these probability facts, stipulating necessary conditions on (v,Q) ∈ Z , we conclude that
Z ⊆ M where,

M = {(v,Q) : Q ⪰ vv⊤, Q ⪰ 0,Tr[Q] ≤ 1}.

Next, we show that given any (v,Q) ∈ M we can construct a probability measure µ over points
y in the unit ball using Algorithm 3 such that Eµ[y] = v and Eµ[yy

⊤] = Q. This both solves the
problem of finding a measure µ with appropriate moments and shows that M ⊆ Z . Since we had
already argued that Z ⊆ M, this establishes that Z = M and solves the problem of characterizing
the set Z in terms of PSD constraints.

We establish the correctness of Algorithm 3 in the following proposition. Similar results and
constructions have appeared throughout the literature, we include the proof here simply for the sake
of having a self-contained exposition.

Proposition 13 Let (v,Q) be any element in M. Algorithm 3 returns an atomic measure µ sup-
ported on 2d+ 1 points such that Eµ[y] = v and Eµ[yy

⊤] = Q.

Proof Consider the SVD of Σ = Q − vv⊤ =
∑d

i=1 σiuiu
⊤
i . We can assume without loss of

generality that the ui form an orthonormal basis for Rd and that σi ≥ 0 for all i. Also for i ∈ [d],
the equation,

∥v + tui∥22 = 1 ⇐⇒ t2 + 2tv⊤ui − (1− ∥v∥2) = 0,

always has either 2 solutions t+i and t−i since ∥v∥2 = Tr[vv⊤] ≤ Tr[Q] ≤ 1 or 1 solution (which
is t = 0) if ∥v∥ = 1. If there are 2 solutions, by the quadratic formula t+i t

−
i = −(1 − ∥v∥22) ≤ 0.

Hence we can let t+i > 0 and t−i < 0. We will deal with the case where there are 2 solutions that
are non-zero (∥v∥ < 1) and address the other case later. We define

y+i = v + t+i ui, y
−
i = v + t−i ui and λ+

i =
σi

t+i (t
+
i − t−i )

> 0, λ−
i =

σi

t−i (t
−
i − t+i )

> 0.

We can check that Λi = λ+
i + λ−

i = σi/(1− ∥v∥22). Recall that the measure is,

µ = λ0δ(v) +
d∑

i=1

[λ+
i δ(y

+
i ) + λ−

i δ(y
−
i )],

where λ0 = 1−
∑d

i=1 Λi. By construction, the total weight amongst all of the 2d+ 1 points in the
measure is:

λ0 +
d∑

i=1

Λi = λ0 +

∑d
i=1 σi

1− ∥v∥2
= 1.

Note that by definition of (v,Q), 1− ∥v∥22 ≥ Tr[Q]− ∥v∥22 = Tr[Q− vv⊤] =
∑d

i=1 σi ≥ 0 hence
the fraction is well-defined. Here we note that if ∥v∥ = 1 (the other case) we are effectively just
adding weight on the v so there is no issue.
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It remains to show that µ has the right first and second moments. A direct calculation shows
that for every i, λ+

i t
+
i + λ−

i t
−
i = 0. Using this, and plugging in the definitions of y+i , y

−
i , we get

that

Eµ[y] = λ0v +

d∑
i=1

(λ+
i y

+
i + λ−

i y
−
i ) = λ0v +

d∑
i=1

(λ+
i + λ−

i )v +

d∑
i=1

(λ+
i t

+
i + λ−

i t
−
i )ui = v

To verify the second moment, we use the fact that λ+
i (t

+
i )

2 + λ−
i (t

−
i )

2 = σi and plug in again the
definition of µ to get that:

Eµ[(y − v)(y − v)⊤] =
d∑

i=1

(λ+
i (t

+
i )

2 + λ−
i (t

−
i )

2)uiu
⊤
i =

d∑
i=1

σiuiu
⊤
i = Q− vv⊤.

Appendix F. Further Details on the Examples in Section 1.2

Predicting Correlated Rain Across the United States. The particular guarantees stated there are
essentially a restatement of Theorem 12. In particular, let k((x, p), (x′, p′)) = x⊤x′ + p⊤p′ be the
linear, scalar-valued kernel. Then, Γ = I ·k is a matrix-valued kernel that contains all the functions,

h(x, p) = Ax+ Cp

where ∥h∥2H = ∥A∥2F + ∥C∥2F and ∥ · ∥F denotes the Frobenius norm. Note that

∥Γ((x, p), (x, p))∥op = ∥I(∥x∥22 + ∥p∥22)∥op (16)

By assumption, ∥x∥22 ≤ B2. Also, since p = (Eµt [ỹt],Eµt [ỹtỹ
⊤
t ])

∥p∥22 = ∥Eµt [ỹt]∥22 + ∥Eµt [ỹtỹ
⊤
t ]∥2F

The first term is at most 1 since ỹt is on the unit ball. By Jensen’s, ∥Eµt [ỹtỹ
⊤
t ]∥2F ≤ Eµt∥[ỹtỹ⊤t ]∥2F ≤

1 and ∥Γ((x, p), (x, p))∥op ≤ B2 + 2.
Defensive Generation guarantees indistinguishability with respect to all functions of the form

f(x, p, y) = h(x, p)⊤s(y) where, as in Equation (9), s(y) is a vector containing ỹt and ỹtỹ
⊤
t .

The specific examples in that section correspond to cases where A and C are zero everywhere
except for one row corresponding to a specific entry in s(y). In this case, the Frobenius norm of the
matrices just becomes the ℓ2 norm of that row. The rest of the statement follows from Theorem 12.
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