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Abstract

Computing geometric representations of data is a cornerstone of modern machine learning, typi-
cally achieved by training dual encoders which map queries and documents into a shared embed-
ding space. Recent work of You et al. [NeurIPS *25] has extended this approach to hierarchical
retrieval, where relevance is determined by the ancestor-descendant relationships in a Directed
Acyclic Graph (DAG). While previous work has shown that valid embeddings exist when the num-
ber of descendants is small, these bounds degrade significantly for deep hierarchies, requiring di-
mensions as large as the total number of nodes.

In this paper, we investigate compact reachability embeddings for more general graph classes
and provide theoretical guarantees for representing hierarchies using embeddings whose dimen-
sion depends on structural graph parameters. We prove that for any directed tree, there exists a
reachability embedding in constant dimension 3, independent of the tree’s size or depth. We gen-
eralize this result to graphs characterized by treewidth ¢, constructing embeddings of dimension
O(tlogn), where n is the number of nodes. Complementing these upper bounds, we provide
matching or near-matching lower bounds, showing that dimension 2(n) is necessary for general
DAGs and €(t/log(n/t)) is required for graphs of treewidth ¢. We also obtain upper and lower
bounds parameterized by the number of cross-edges in the DAG. We additionally show that our
embeddings can be constructed on real world datasets, and that they give much smaller dimensions
in high recall regimes compared to prior embeddings with theoretical guarantees.
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1. Introduction

Computing geometric representations of data, often called embeddings, is one of the key tools in
modern machine learning and information retrieval. Such representations are typically computed
by training a bi-encoder, i.e., two mappings a and b, such that a maps queries and b maps data
points into some d-dimensional feature space. The mappings are designed such that the data points
p that are relevant to a query ¢ are mapped to similar representations a(q) and b(p), and to dis-
similar representations otherwise. Formally, a(q) and b(p) are defined as similar if and only if the
inner product a(q) - b(p) > r for some threshold r. Thanks to such embeddings, retrieval is re-
duced to (approximate) nearest neighbor search in a high-dimensional space, a task for which many
efficient algorithms have been developed (Andoni and Indyk, 2008; Malkov and Yashunin, 2018;
Jayaram Subramanya et al., 2019). This approach, often referred to as dense retrieval, has grown
in popularity over the last two decades, exemplified by Zhan et al. (2021); Zhao et al. (2024); Fang
et al. (2024); Chen et al. (2024); Wang et al. (2026); Quinn et al. (2025); Saxena et al. (2026).

The accuracy of dense retrieval is mostly determined by the quality of the embeddings. Al-
though such quality embeddings exist for many retrieval tasks, recent work on more complex bench-
marks such as BRIGHT (Su et al., 2024) demonstrates the challenges of this approach when the def-
inition of relevance involves complex reasoning. This motivated several recent works (Guo et al.,
2019; Weller et al., 2025; You et al., 2025) investigating when, and under what conditions, good
bi-encoders exist.

In this paper we study embeddings for hierarchical retrieval, an important class of retrieval
tasks where the documents are organized into an (often implicit) hierarchy that determines the rele-
vance. For example, a document on “Poodles” is relevant to a query about a more general category
of “Dogs”, while the reverse is not true in general. Such hierarchies can be modeled as Directed
Acyclic Graphs (DAGs) defined over the data: a document is relevant to a query if the query corre-
sponds to an ancestor of the document in the DAG. Formally, a and b are reachability embeddings
if for any pair of nodes u and v in a DAG, v is reachable from w if and only if a(u) - b(v) > 0.

A recent work (You et al., 2025) pioneered the study of embeddings that represent such notion
of relevance. In a surprising finding, it shows that if the number of descendants S(v) of any node
v in the DAG is bounded by s, then reachability embeddings exist even in dimension of roughly
d = O(slogn), where n is the number of documents.

However, their work leaves open the setting when some nodes v have many descendants. For
example, if a hierarchy is a tree, then the bound s corresponds to the height of the tree, which could
be as large as n. Furthermore, the aforementioned theorem in fact holds in any setting where the
number of nodes relevant to any query ¢ is bounded by s - the relevance sets do not need to involve
reachability in a DAG (Guo et al., 2019). This raises the question of whether more fine-grained
embeddings exist, especially ones that are parametrized by well-studied graph parameters.

Our results In this paper we answer the above question in the affirmative. Specifically, we present
compact reachability embeddings whose dimension depends on the following graph parameters:

* Treewidth: We use the treewidth of the underlying undirected graph. Informally, a graph has
treewidth ¢ if it can be decomposed into balanced components by removing ¢ nodes (see Sec-
tion 2 for a formal definition). Treewidth is a well-studied graph parameter characterizing how
“tree like” the graph is; in particular, the treewidth of a tree is 1. It is also a popular parameter
characterizing the complexity of graph algorithms (Cygan et al., 2015), as well as algorithms
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Graph Class Upper Bound Lower Bound
O(n) Q(n)
General DAG
You et al. (2025) Theorem 16
O(tlogn) Q <%)
Treewidth ¢ log
Theorem 11 Theorem 20
2
34k Q (max (14, KB/ ) )
Cross-Edges k& nlogn
Theorem 25 Theorems 29 and 30
3 3
Directed Trees
Theorem 9 Lemma 23

Table 1: A summary of our upper and lower bounds for the embedding dimension needed to repre-
sent reachability in various graph classes.

in the machine learning literature (Elidan and Gould, 2008; Scanagatta et al., 2016). In par-
ticular, many real-world graphs representing hierarchical relationships admit small treewidth;
for example, for the WordNet dataset (Miller, 1994) used by You et al. (2025), a simple check
on the underlying undirected graph shows that its treewidth is at most 37.

* Cross-Edges: A distinct measure that we also use to measure the complexity of a hierarchy is
the number of cross-edges. Given any directed tree I" with edges from the DAG G, an edge
(u,v) is called a cross-edge w.r.t. T if (u,v) is an edge in G but v is not reachable from u
in T'. This measure is popular in the database community for parameterizing the memory of
data structures answering DAG reachability queries (see Wang et al. (2006); Yildirim et al.
(2010); Chen et al. (2005) and the survey Zhang et al. (2025) for details). Our work instead
uses this natural parameter for characterizing the embedding dimension.

Our results are summarized in Table 1. In short, we present reachability embeddings with
dimension depending linearly on parameters of interest (treewidth or the number of cross-edges). In
the specific case where the graph is a directed tree, we construct embeddings into space of constant
dimension 3. Note that in this case, prior embeddings given in You et al. (2025) required dimension
as high as Q(n), where n is the total number of nodes in the graph. We note that dimension 3 is
necessary, even for directed trees of constant size (Lemma 23).

Lastly, in Appendix D, we describe two graph families, one having constant tree-width but Q(n)
number of cross-edges, and the other having 2(n) tree-width but a constant number of cross edges,
showing that our two upper bounds are incomparable in general.
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2. Preliminaries

We first define reachability embeddings.

Definition 1 (Reachability) Let G = (V, E) be a directed graph. We say a vertex v is reachable
from another vertex u in G, denoted by u ~~¢ v, if and only if there is a directed path from u to v
in G. We denote by u ¢ v if there is no path from u to v in G. We may drop the subscript G when
it is clear from context.

Definition 2 (Reachability Embedding) Ler G = (V| E) be a directed graph. A reachability em-
bedding of dimension d in G is defined as a pair of two embeddings a,b : V +— R such that for
any two vertices u,v € V:

(@y,by) >0 <= u~g .

Next we formally introduce treewidth and review relevant properties useful for Theorem 11.
First we state the definition of a tree cover.

Definition 3 Let G = (V, E) be an undirected graph, T' be a tree, and V = (V) be a family of
vertex sets Vi, C V indexed by all the nodes t of T (we also call V the bags of V). Then (T, V) is a
tree-decomposition of G if the following hold:

V= UtGT‘/t;

* For every edge (u,v) € E, there exists a bag containing both u,v: that is u,v € V; for some
telT;

* For any vertex u € V, all the bags containing u (i.e., {t € T : u € V;}) induce a connected
subtree of T..

When T is a path, the tree-decomposition is called a path-decomposition.

Intuitively, the treewidth of G is the minimum integer k such that there exists a tree decomposi-
tion of G with bags of size at most k + 1.

Definition 4 (Treewidth) The width of a tree decomposition of an undirected graph G is one less
than the maximum bag size of that tree decomposition of G. The treewidth tw (G) of G is the
minimum width of all tree decompositions of G.

Treewidth has the following properties which we use in the construction of Theorem 11.

Theorem 5 (Robertson and Seymour (1986)) Let G = (V, E) be an undirected graph with treewidth
t. Then there exists a vertex set S C V with |S| < t + 1 such that every connected component of
G[V \ S] has at most 5|V \ S| vertices. The vertex set S is also referred to as vertex separators.

Lemma 6 (Robertson and Seymour (1986)) Let G = (V, E) be an undirected graph with treewidth
t. Any minor H of G has treewidth at most t. Furthermore, let H be any subgraph of G. Then
tw(H) <tw(G) =t.
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Next we define the notion of cross-edges. This is a standard definition for the edges whose
reachability relationships are not captured by a depth-first search tree of a DAG.

Definition 7 Let G = (V| E) be a directed acyclic graph (DAG) and F = (V, EF) be a directed
spanning-forest subgraph of G. We say (u,v) € E is a cross-edge w.r.t. F in G if u ¥ v.

For simplicity, we abbreviate a cross-edge w.r.t. F in G simply as a cross-edge, where no
ambiguity arises. Note that, by Definition 7, a cross-edge must be in £ — Er (a non-forest edge).
Additional preliminaries about standard algorithmic results relating to depth-first search and cross-
edges are given in Appendix B.1.

The construction of reachability embeddings in some of our theorems is built on the reachability
information of certain ‘special’ vertices (e.g. the separator vertices of Theorem 5), necessitating the
following definition.

Definition 8 Let G = (V, E) be a directed graph. For any vertex v € V, we define the reachability
sets In(v) and Out(v) w.rt. G as:

In(v) ={w e Viw ~gv}U{v} and Out(v)={w € Vv ~gw}U{v}.

3. Reachability Embeddings for Directed Trees

In this section, we study embeddings for the simplest non-trivial setting: rooted directed trees. Note
a directed tree is a DAG whose underlying graph is a tree and rooted implies there is a vertex which
can reach all other vertices.

Theorem 9 Let T = (V, E) be a rooted directed tree. There exists a reachability embedding of
dimension d = 3 for T.

The key observation is that in a rooted directed tree, reachability information is concisely cap-
tured by the discovery/finishing times of the standard depth-first search (DFS) algorithm (see Ap-
pendix B for an overview of DFS). Letting d, denote the discovery time of a vertex v (the first
time DFS visits v), and f, denote the finish time (when DFS exits v), we have the following in-
terval containment result, stated formally in Theorem 22: v is a descendant of u if and only if
(o £o] € [dus fu-

Thus, we design vectors a,, b, € R3 whose inner product equals (f, — dy)(d, — dy), which is

positive exactly when d,, lies strictly between d,, and f, i.e., exactly when v lies in the DFS subtree
of u.
Proof [Proof of Theorem 9] Running depth-first search (DFS) on T yields discovery time d,, and
the finishing time f,, for any u € V, whose properties are given in Definition 21. By Theorem 22,
for any u,v € V, v is a descendant of w if and only if [d,, f,] C [dy, fu]. Thus, we can define the
embeddings a,b : V — R3 as follows:

Gy = (du + fur—1,—dufu) and by = (dy,d2,1), VueV.
Since {(ay, by) = (dy + fu)dy — d? — dufu = (fu — dy)(dy — d.,), then we have

(G, by) >0 <= dy < d, < fyor fy < dy < dy.
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Furthermore, by Theorem 22, if d,, < d,, < fu, then [dy, fy] C [du, fu]. Therefore,
(ay,by) >0 <= [dy, fv] C [dy, fu] < visadescendant of u <= wu ~>p v.

The construction above is component-wise: it only relies on DFS interval structure within a
tree. As a result, it extends immediately to directed forests by running DFS on one tree component
after another and applying the same embedding construction on each tree component since the
reachability never holds across components.

Corollary 10 Let F' = (V, E) be a directed forest. There exists a reachability embedding of
dimension d = 3 in F..

Proof Again running DFS on F' yields discovery time d,, and the finishing time f;, for any u € V.
We still use the embeddings a,b : V' — R3? as described in Theorem 9. For the same reasons as
in Theorem 9, we know that for any two vertices u, v in the same tree component of F', we can
guarantee that:

(G, by) >0 <= u~>po.

On the other hand, for any two vertices u, v in the different tree components of F, it is clear that
u > v. By Theorem 22, the intervals [d,,, f,,] and [d,, f,] are entirely disjoint. Thus,

<au7 bv> = (fu - dv)(dv — du) < 0.

Therefore, this pair of two embeddings is a valid reachability embedding of dimension d = 3 in F'.
|

We note that results of Delsarte and Kamp (1989) and Alon et al. (2016) already give a con-
struction of a directed tree which requires a reachability embedding of > 3; see Lemma 23.

4. Reachability Embeddings Parameterized by Treewidth

This section proves our main upper bound. We note that it holds for any directed graph, not neces-
sarily DAGs.

Theorem 11 Let G be a directed graph with n vertices whose underlying undirected graph has
treewidth t. Then G admits a reachability embedding of dimension d(n) = O(tlogn).

The construction for Theorem 11 is recursive and relies on balanced vertex separators implied
by bounded treewidth (Theorem 5). At each step, we remove a separator .S of size at most ¢ + 1 so
that the remaining graph breaks into components of size at most half. We then group these compo-
nents into two sides A and B of size at most 2n/3, embed G[A] and G[B] recursively. Naively, one
can hope to simply combine the embeddings of the two components via concatenation, but this may
create false positives: pairs of vertices on two different components with no reachability relation-
ships but positive inner product. Thus, we carefully add a small number of additional coordinates
to (i) eliminate false positives across the split and (ii) certify reachability that is realized via vertices
in the separator.
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We begin with a simple combinatorial partitioning lemma. After removing a small separator
S, the graph G[V \ S| decomposes into connected components. Then Lemma 12 will allow us to
group the component sizes into two balanced sides while keeping entire components intact so that
no edges cross between the two sides.

Lemma 12 Let x4, ..., xi be positive integers such that Zle x; = n and max << x; < n/2.
Then there exists a 2-partition [1 4, Ig] of [k] (i.e., [4 U Ip = [k] and 14 N I = () such that:

SAZZa:iSQ?n and SB:Z@S%L.

i€y i€lp

Proof See Appendix B.2. |

Next we combine Lemma 12 with the standard balanced-separator guarantee for bounded treewidth.
Theorem 5 ensures that removing at most ¢ 4 1 vertices breaks the graph into components of size
at most half. We then apply Lemma 12 to merge these components into two groups of size at most
2n/3, obtaining a separation (A, B, S) suitable for recursion.

Lemma 13 Let G = (V, E) be an undirected graph on n vertices with treewidth t. Then there
exists a separator S C V with |S| <t + 1 and a partition V' \ S = AU B such that:

I |A] < 2 and |B| < 2,
2. there are no edges between A and B in G|V \ S)|.

Proof By Theorem 5, there exists a separator S C V with |S| < ¢ + 1 such that every connected
component of G[V'\ S] has size at most |V \ S|/2. Let these component sizes be z1, . . ., T, so that
Zle x; = m where m := |V \ S|, and max; z; < m/2. Applying Lemma 12, we can partition the
components into two groups whose total sizes are each at most 2m/3. Let A (resp. B) be the union
of components in the first (resp. second) group. Then |A| < 2m/3 and |B| < 2m/3, and there are
no edges between A and B in G[V \ S| because they are unions of distinct connected components.

Finally, since m < n, we also have |A|,|B| < 2n/3. [

To prove Theorem 11, given a balanced separation V' \ S = A Ll B, we embed G[A] and

G|[B] recursively. We then add two separation coordinates that impose a large negative contribution
on cross-pairs (A, B), preventing false positives across the split. Finally, we add |S| connection
coordinates to contribute a large positive term exactly when a directed path from « to v can be
realized via some separator vertex in S.
Proof [Proof of Theorem 11] We prove the claim by induction on n = |V|. The base case n = 1
is immediate. Let f(n) be the number of dimensions required for n. Assume the theorem holds
for all directed graphs on fewer than n vertices whose underlying undirected graph has treewidth at
most t. Let G = (V, E) be a directed graph on n vertices, and suppose the underlying undirected
graph has treewidth ¢. By Lemma 13, there exists a separator S = {s1,...,sx} with k < ¢ + 1
and a partition V' \ S = A U B such that |A|,|B| < 2n/3 and there are no edges between A and
Bin G[V '\ S]. By Lemma 6, the induced subgraphs G[A] and G[B] have treewidth at most ¢. By
the inductive hypothesis, G[A] and G[B] admit reachability embeddings (a*,b4) and (a?,b?) of
dimension f(2n/3). We construct embeddings a,b : V — R/(27/3)+2+k by concatenating three
blocks of coordinates.
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Coordinate construction.

1. Recursion Coordinates. Define ", 5" : V — R/(27/3) py

al ueA, bl ue A,
a=<a? weB, by =<b8 weB,
0 wuwes, 0 wues.

In particular, for u,v € A we have (ay°,b;7°) > 0 <= u ~>g4 v, and similarly for
u,v € B.Ifu € Sorv € S then (a;°°, ;) = 0.

2. Separation Coordinates. Let M7 > 0 satisfy

M1 > ;22)‘5 <a;ec7 b;ec>
Define a*P, 5P : V — R? by
(1,0) uwe A, (0,—M1) weA,
P =0(0,1) weB, BP={(=M,0) ue B,
(0,0) ue€S, (0,0) ues.

Then for any u,v € V,

- {—M1 if (ue Aandv € B) or (u € Bandv € A),
o

<asep psepP

u v .
otherwise.

3. Connection Coordinates. Let M2 > 0 satisfy

M3 > My — min (a;, by)
p,qeV

Define a®™, b°™ : V — R” by, for each i € [k],

My if 5; ~>a u,

aconn[i] _ My ifu~gq s, peonn [Z] _
“ 0 otherwise, “ 0 otherwise.

Thus (aS™™, b5°™) > 0 iff there exists s; € S with u ~»¢ s; and s; ~>¢ v.

Finally, we concatenate the three coordinates and define the reachability embeddings: for all

uevV,

.__ (,TEC. _sep. ,conn .__ (JTec. psSep. jconn
ay = (a3 % as P al™), by = (b5 bR bSO,

so that
(au, bu) = (ay, %, 0°) + (ay P, 0P) + (ai ™™™, b>™).
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Correctness. We prove that (a,,b,) > 0 if and only if u ~»¢ v. Call a pair (u,v) reachable
u ~>qg v via S if there exists a separator vertex s; € S with u ~»¢g s; and s; ~¢g v. Every directed
u — v path either passes through S (yielding reachability via S) or avoids S altogether. In the
latter case the path is contained in G[V' \ S]; because there are no edges between A and B in this
subgraph, we must have v and v on the same side, i.e., u ~>g[4 v Wwhen u,v € A or u ~g(p v
when u,v € B.

 Case 1: u ~>¢ v via S. Then (al°™ bCo™®) > M2, Moreover, (a5 ", by’) > —Mj always,

evenifu,v € A (resp. u,v € B). Hence, the inner product of their reachability embeddings:

(@u; bo) = (ay, b, ) + (@ ®, b7 ) + (™, b))
> p{rqlier‘l/ <a£€c, bgec> — M+ M2 >0
by the choice of M5.

* Case 2: u ~»¢ v not via S. Then any u — v path lies entirely in V' \ S. Since there are
no edges between A and B in G[V \ S], we must have either u,v € A or u,v € B. Assume
u,v € A (the other case is identical). Then u ~ 4] v, s0 (ay™, bi¢) > 0 by the inductive

embedding on G[A], and (ay ", by ©) = 0. Also (aS°™, ") = ( by assumption. Therefore
(Gy, by) > 0.

+ Case 3: u /~¢ v. Then in particular u cannot reach v via any separator vertex, so (a’™, bS"") =
0. We show (af®¢, b°¢) + (ay ", by *) < 0.

(i) u and v lie on different sides. If u € A,v € Boru € B,v € A, then {ay ", by") = — My,
and hence

(ay, by) < ;I;%}é<a;ec’bzec> - M; <0

by the choice of Mj.
(it) uw and v lie on the same side. Assume u,v € A (the case u,v € B is identical). Then

(a®,by”) = 0. Since u ¢ v, we also have u 4] v, and therefore (a}e°, bi°) < 0 by
correctness of the recursive embedding on G[A]. Thus (a,, b,) < 0.

(iii) at least one vertex lies in S. If u € S then a!*® = ay" = 0, and if v € S then

bree = by = 0. Together with (aS°™®, pS81) = (), this implies (a,, by,) = 0.

u

Dimension bound. The construction uses f(2n/3) recursive coordinates, 2 separation coordi-
nates, and £ < ¢ 4 1 connection coordinates, hence

f(n) < f(2n/3)+2+4 (t+1) = f(2n/3) + O(t).

Unrolling the recurrence yields f(n) = O(tlogn), completing the proof. |
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5. Lower Bound on Embedding Dimension

This section establishes lower bounds on the dimension required by reachability embeddings. In
the main body we present our lower bounds for general DAGs (Theorem 16), as well as our lower
bound for graphs with treewidth ¢ (Theorem 20). Our lower bound parameterized by the number of
cross-edges is deferred to Appendix E.

We start with a general lower bound for arbitrary DAGs, and then refine it for graph families with
bounded treewidth. Following Weller et al. (2025), our main tool is a reduction from embedding
dimension to the sign rank of the reachability matrix, which allows us to invoke known counting
bounds for low sign-rank sign matrices.

Definition 14 (Sign rank) For x € R, define sign(x) = +1 if x > 0 and sign(x) = —1 otherwise.
For a matrix M € {£1}"*", its sign rank, denoted by rank (M), is the minimum rank of a real
matrix R € R™" such that M;; = sign(R;;) for all i, j.

Suppose G = (V, E) with |V| = n admits a reachability embedding in dimension d, given by
maps a, b : V — R? satisfying the convention

(A, by) >0 <= u ~g v, €))

and thus (a,,b,) < 0 whenever u ¥+ v. Stacking the vectors into matrices A, B € R™*? and
defining R := ABT, we obtain an n x n real matrix whose entry R, equals (a,,b,). Let M €
{£1}™*™ be the induced reachability sign matrix M, := sign(Ry,). By (1), My, = +1 if and
only if u ~»¢ v. Crucially, the factorization R = AB" implies rank(R) < d because both A and
B have at most d columns. Therefore the reachability sign matrix M is realized by a rank-< d real
matrix, and hence

ranky (M) < rank(R) < d.

Any lower bound on rank (/) immediately yields a lower bound on the embedding dimension d.
We also rely on the following counting bound on the number of matrices with low sign rank.

Lemma 15 (Lemma 24 of Alon et al. (2016), Lemma 1.1 of Hatami et al. (2022)) Letd < n/2.
The number of sign matrices M € {£1}"" with ranky (M) < d is at most (O (n/d))*™ <
QO(dnlog %) < 90(dnlogn)

5.1. General Lower Bound

The next theorem follows from a counting argument: (1) Lemma 15 upper bounds how many reach-
ability sign matrices can be represented in dimension d, while (2) an explicit family of DAGs yields
exponentially many distinct reachability sign matrices.

Theorem 16 (Combinatorial Lower Bound) Any reachability embedding scheme for DAGs on n
vertices requires dimension d = )(n) in the worst case.

Proof Let d be the embedding dimension. Fix d < n/2 and let M be the set of n x n sign matrices
that arise as the sign pattern sign(AB ") of some embedding a, b : V + R? (equivalently, matrices
of sign rank at most d). By Lemma 15, we have

‘Md’ S 2O(dnlog%). (2)

10
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We now lower bound the number of distinct reachability matrices that can occur for DAGs on
n vertices by an explicit family. Assume for simplicity that n is even and partition the vertex set
into two parts L and R with |L| = |R| = n/2. Consider directed bipartite graphs G that only have
edges from L to R (and no edges inside L or inside R). Such a graph is a DAG, and moreover every
directed path has length at most 1. Hence for v € L and v € R we have

u~gv <<= (u,v) €E.

Therefore, distinct edge sets E C L X R yield distinct reachability matrices. There are |L X R| =
(n/2)? = n?/4 potential edges from L to R, each chosen independently, so this family contains
27*/4 distinct reachability matrices. In particular, any class M, that represents all reachability
matrices of DAGs on n vertices must satisfy

IMg| > 27774 3)

Combining (2) and (3) gives 90(dnlog ) > 2n*/4 and taking logarithms yields O (dn log %) >
Q(n?). Rearranging, and solving for d proves d = Q(n). [ |

The same asymptotic lower bound also follows from classical counting results for partial orders.
In particular, Kleitman and Rothschild (1970, Theorem 1) show that the number of labeled partial
orders on n elements is 27°/4+°(n*) " Since reachability in a DAG is a partial order, this yields a
corresponding lower bound on the number of reachability sign matrices. Plugging this stronger
counting bound into the sign-rank argument above again gives d = Q(n).

5.2. Treewidth-Parameterized Lower Bound

We now consider the case where the input graphs have bounded treewidth. We construct a specific
family of graphs with treewidth ¢ that generates a large number of distinct reachability matrices.

Definition 17 Let n and t be integers with 1 < t < n. We define G,, ; to be the family of directed
graphs on vertex set V.= {1,...,n} such that a graph G = (V, E) is in Gy, 1 if and only if every
edge (u,v) € F satisfies: (1) u is odd and v is even, (2) u < v, and (3) v — u < t.

We also state the definition of pathwidth which will be useful in lower bounding the treewidth
of graphs in G,, ;.

Definition 18 (Pathwidth) The width of a path decomposition of an undirected graph G is one less
than the maximum bag size of that path decomposition of G. The pathwidth pw (G) of G is the
minimum width of all path decompositions of G.

Lemma 19 Any graph G' € G, ; has treewidth at most t.

Proof We show that G has pathwidth at most ¢. Consider the sequence of subsets X1,..., X,
where X; = {i,i + 1,...,i + t}. For any edge (u,v) € E, we have u < v < u + t, so both
endpoints are contained in the set X,,. Furthermore, for any vertex v, the indices ¢ such that v € X;
form the interval [max(1, v —t), v], which is contiguous. Since each set has size ¢+ 1, the pathwidth
(and thus treewidth) is at most (¢ + 1) — 1 = ¢. [ |

11
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Theorem 20 For the embedding problem on DAGs with treewidth t, the required dimension is
d=Q(t/logh).

Proof Let d be the embedding dimension. Consider the graphs in G,, ;. Since edges only go from
odd vertices to even vertices, the graph is bipartite and maximum path length is 1. Therefore, for all
distinct edge sets, the corresponding reachability relations are distinct.

We now count the number of possible graphs in G,, ;. For each odd vertex u, there are approxi-
mately ¢/2 valid even vertices v such that u < v < w4 ¢. Since there are n/2 odd vertices, the total
number of possible edges is roughly (n/2) - (t/2) = nt/4. Each potential edge can be chosen inde-

pendently, so the number of distinct graphs in G,, ; is at least 2nt/4 Using Lemma 15, the number

dnlog %)

of sign matrices of rank d is at most 20( . Rearranging, and solving for d we get,

N t
20(dn10g 2) > ont/4 . (dnlog ﬁ) >Q(nt) = d>Q .
d log %

6. Experiments

We empirically evaluate the representational capacity of our construction based on balanced vertex
separators (Section 4). By demonstrating that our algorithm achieves perfect retrieval recall on
large-scale real-world hierarchies using low dimensions, we validate our theoretical analysis. These
results support our O(tlogn) bound and indicate that the constant factors involved are modest.

We compare our approach against the “Handcrafted Embeddings” (which essentially applies JL
lemma under the hood) in (You et al., 2025). While (You et al., 2025) also demonstrate a Learned
Embedding which optimizes query-document similarity via stochastic gradient descent to achieve
high performance in low dimensions, it does not guarantee exact retrieval, requires computationally
expensive training, and has no theoretical guarantees. In contrast, our method is faster, constructive,
deterministic, and ensures 100% recall. Furthermore, it is supported by a theoretical guarantee for
low treewidth graphs.

6.1. Implementation Details

We implement the deterministic construction defined in Section 4, which builds embeddings recur-
sively using balanced vertex separators. To approximate balanced vertex separators, we utilize the
KaHIP library (Sanders and Schulz, 2013). We ensure numerical stability in deep hierarchies by
stepwise renormalization of embeddings.

Setup We evaluate on three hierarchical datasets: WordNet (N = 82k, DAG) (Miller, 1994),
Gene Ontology (N = 24k, DAG) (Ashburner et al., 2000; Consortium, 2025), and Cora (N =
2.7k, citation graph — has some cycles) (McCallum, 2017). The task is to retrieve all ancestors
for a query. We compare against the handcrafted embedding of (You et al., 2025), which sums
normalized ancestor vectors. Following (You et al., 2025), we report Recall@k. We display the
baseline’s performance across a range of dimensions to illustrate its scaling behavior, highlighting
the dimension required to attain > 95% recall, consistent with the success threshold established in
their work.

12
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6.2. Results

Table 2 compares our embedding against the handcrafted embedding of You et al. (2025).

Table 2: Comparison of Recall @k (%). Bold values denote recall > 95%.

Dataset Dim (100(‘)7:lli§ecall@k) Baseline Method Recall @k by Dimension

64 128 256 512 1024
WordNet 152 Handcrafted You et al. (2025) 144 509 86.1 99.2 100.0
Cora 192 Handcrafted You et al. (2025) 69.5 82.0 91.2 954 96.9
Gene Ontology 492 Handcrafted You et al. (2025) 22.6 53.1 829 96.8 99.6

Our method consistently achieves 100% Recall with only a modest number of dimensions. On
WordNet, our embedding solves the retrieval task exactly with d = 152. In comparison, the hand-
crafted baseline yields only 50.9% recall at a similar dimension (d = 128) and requires d = 512 to
cross the 95% success threshold—a 3.4 x increase in dimensionality. While the Learned (Pretrain-
Finetune) baseline You et al. (2025) performs significantly better than the handcrafted version
(achieving 92.3% recall at d = 64 on WordNet), it still does not guarantee exact recall. Simi-
larly, on Cora and Gene Ontology, our method guarantees exactness at dimensions lower than those
required by the handcrafted baseline. This empirically validates our theoretical bound and demon-
strates the efficiency of our constructive approach. Furthermore, our embedding would improve
with access to a better vertex separator oracle.
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Appendix A. Other Related Works

Related Works on Graph Parameters. The notion of treewidth was introduced by Robertson
and Seymour (1986), as a central tool in analyzing graph structure and designing graph algorithms.
A long line of work shows that NP-hard problems can be solved in polynomial time on classes of
graphs with bounded treewidth (we refer to the textbook (Cygan et al., 2015), the survey (Bod-
laender, 1994) or a detailed overview of the state of the art (Korhonen and Lokshtanov, 2023) for
details).

The problem of efficiently determining reachability in Directed Acyclic Graphs (DAGs) has
been extensively studied in the database community. In particular, the “Tree Cover” methodology
starts with a spanning tree and then resolves the remaining reachability information from cross-
edges using techniques such as building a look up table; see the works of Agrawal et al. (1989);
Chen et al. (2005); Wang et al. (2006); Jin et al. (2011); Zhang et al. (2025) for more details. This
line of work aims to capture reachability relationships in data structures, with the trade-offs of data
structure construction time, query time, and data structure space being studied. In contrast, our work
studies embedding reachability structures in low dimensional space.
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Appendix B. Additional Preliminaries

B.1. Useful Facts About Depth-First Search

We recall the following standard facts about depth-first search (DFS), e.g. see the textbook of
Cormen et al. (2022). This underlies the reachability embedding for directed trees in Appendix 3.

Proposition 21 Consider the standard DFS procedure on a directed graph G = (V, E). We have
the following observations:

1. If G is connected, the depth-first forest consists of exactly one depth-first tree.

2. When DFS on G is finished, each vertex u € V has been assigned a discovery time d,, (the
first time DFS visits u) and a finishing time f, (the time when DFS exists ).

3. All timestamps (discovery and finishing times) are distinct integers.

It is easy to see (and a classical fact) that the discovery and finishing times have the following
properties.

Theorem 22 (Parenthesis theorem) In any DFS of a directed graph G = (V, E), for any two
vertices u and v, exactly one of the following holds:

* the intervals [d,, f,] and [d,, f,] are entirely disjoint, and neither u nor v is a descendant of
the other in the depth-first forest,

* the interval [dy, f,] is contained entirely within the interval [d,,, f,], and w is a descendant of
v in a depth-first tree, or

* the interval [d,, f,] is contained entirely within the interval [d,, f,], and v is a descendant of
u in a depth-first tree.

We also note that prior work implies three dimensions are necessary for a particularly simple
directed tree.

Lemma 23 There exists a directed tree G on O(1) nodes which does not admit a reachability
embedding of dimension < 2.

Proof It is shown in Delsarte and Kamp (1989) and Alon et al. (2016) that for sufficiently large
constant m, the m X m sign matrix with diagonals equal to 1 and off-diagonals equal to —1 has sign
rank 3. This sign-matrix is a sub-matrix of the induced reachability sign matrix of the star-graph.
The claim follows from noting that the sign-rank is a lower bound on the reachability embedding
dimension (see the discussion in Section 5). |
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B.2. Useful combinatorial partitioning lemma

Lemma 24 Let x1,...,x) be positive integers such that Zle x; = nand maxj<;<p r; < n/2
Then there exists a 2-partition [L4, Ig| of [k] (i.e., [4 U Ip = [k] and 14 N I = () such that:

Proof [Proof of Lemma 12] We consider two cases:

* Case 1: If z; < n/3 holds for all i € [k]. Reorder so that 21, ...,z are in non-increasing
order. Let j be the largest index such that >27_, x; < 2n/3 so that 7% z; > 2n/3. Set
In=A{1,...,j}and Ip = {j +1,...,k}. Then

j
Sa=)Y z;<2n/3
=1

and
Sp=n—S4>n—-2n/3=n/3.

Since xj11 < n/3 we have

k j+1
Sp=xj11+ Z x; <n/3+ (n— sz) <n/3+4+n/3=2n/3.
i=j+2 i=1

» Case 2: If exists ¢ with x; > n/3. Letx; > n/3. SetI4 = {1} and Ip = {2,...,k}. Then
Sa=x1 <n/2and Sp=n—x1 < 2n/3.

Appendix C. Reachability Embeddings for DAGs Parameterized by Cross-Edges

In Section 3 we constructed a 3-dimensional embedding that exactly captures reachability in a di-
rected forest. For a general DAG, the obstruction is that a spanning forest F' C G may miss directed
paths that rely on non-forest edges (i.e., cross-edges). In this section we show a simple augmenta-
tion principle: each cross-edge that creates a mismatch between reachability in /' and in G can be
“repaired” by introducing one additional coordinate. As a consequence, we obtain an embedding
whose dimension grows linearly with the number of cross-edges.

Informally, the forest embedding certifies reachability whenever a path exists entirely inside F'.
For any remaining reachable pair (u,v), every directed path from u to v in G must traverse two
disjoint subtrees of 7', thus contain at least one cross-edge. We use the coordinate corresponding to
that cross-edge to contribute a large positive term M2, dominating any negative contribution from
the forest part.

Theorem 25 Let G = (V, E) be a DAG with a spanning forest F. Denote by Ecyoss the set of all
cross-edges, and let k = |Ecross|- Then there exists a reachability embedding of G with dimension
d=3+k.
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We start from the 3-dimensional forest embedding and add one coordinate per cross-edge. The
new coordinate for each cross-edge (z;,y;) activates exactly for vertices that can reach into z;
and vertices reachable from y;. Choosing M sufficiently large ensures that any reachable pair not
already captured by the forest gains a positive M2 contribution, while unreachable pairs cannot
simultaneously activate any coordinate.

Proof [Proof of Theorem 25] By Corollary 10, there exists a reachability embedding of dimension
d = 3in F, denoted by a!" and b"". By the definition of reachability embedding, we have that for
any two vertices u,v € V:

(aF bfy >0 <= u~po.

u v
Suppose that Ecoss = {€1,...,ex}, where e; = (z;,y;). We consider the reachability sets In(x;)
and Out(y;) w.r.t. G for any i € [k]. Let M be a sufficiently large positive constant such that

M? + mir%/(aF bEy > 0.

ur v
RS

Then we define the embeddings %%, 5% : V +— RF as follows:

M ifuel ; M ifu € Out(y;
azross [2] _ ru n(xz) and bzross [Z] _ mru . U (yz) ., YueVie [k],
0  otherwise 0  otherwise

where oS °%%[i] and b/ °%%[i] denote the i-th coordinates of a % and bS % respectively.

u
Finally, we define the embedding a : V ~ R3%* as a concatenation of " and a"*%*:

ay = (af’;acmo%), forallu € V.

Similarly, we define the embedding b : V +— R3** with

by = (bE;657°%%) forallu € V.

U U

The embeddings a, b : V + R3+* defined above is a reachability embedding in G. Notice that
<au,bv> — <CLF bF> + <aC7"055’qu)’!‘OSS>‘

u v u

There are three cases to be considered:

* Case 1: u ~»r v. The base 3-dimensional embedding on the forest certifies reachability:
(af',bF) > 0. The additional cross-edge coordinates can only increase the inner product

u v
since (aS*%*, b5°%) > 0. Hence (ay, b,) > 0. Finally, any path in F is also a path in G, so

u
u ~>p vimplies u ~>g v.

* Case 2: u ¥p v but u ~»¢ v. Fix any directed path P from v to v in G. Then the
path P contains a cross-edge e; = (x;,y;) such that u ~»¢ x; and y; ~»¢ v; equivalently,
u € In(z;) and v € Out(y;) !. By the definition of the cross-edge coordinates, this implies
a$fo%[i] = b5 [i] = M, and hence

<(/ZZI'OSS7 bf)rOSS> 2 G/ZI'OSS [Z} . bf}l‘OSS [Z] — M2

af’ bf

by > minpyqev(ag, b5>, our choice of M ensures

Since (

<auabv> = <(IF bF> + <acur055’bgr055> > 0.

u v

1.Let P = (u = vo — v1 — -+ — vg = v) be a directed path in G. If u ¥ F v, let j be the smallest index such that
u v p vj. Then u ~>r v;—1 but u /~F v;. So the edge (v;—1, v;) is a cross-edge by definition, and its head is v;.
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+ Case 3: u ¢ v. Then in particular v > v, and the forest embedding gives (a’’, bf") <

u v
0 by Theorem 9. It remains to argue that the cross-edge coordinates do not create a false

positive. We claim (a$°%, b$°%%) = 0: indeed, if there is an index ¢ with a$°%[i] = b/*[i] =

M, then u € In(z;) and v € Out(y;), so u ~¢ x;, (x;,y;) € E, and y; ~»¢ v, which would

imply u ~~¢ v, a contradiction. Therefore (a{°%*, b5°%) = 0, and hence

<au,bv> — <CLF bF> + <across’b7c)ross> § 0.

u v u
|

The following simple observation formalizes why cross-edges are unavoidable on any path that
is not realized inside the forest. It is the only place where we use the definition of cross-edges.

Appendix D. Comparing the Treewidth with the Number of Cross-Edges

In this section, we give examples of graph families that have large treewidth but few total number
of cross-edges, and vice-versa, showing that these two parameters are incomprable in general.
We first need a basic fact about treewidth.

Lemma 26 (Robertson and Seymour (1986)) For n > 1, the complete graph K,, has treewidth
n — 1.

We now show our first incomparability result.
Theorem 27 There exists a DAG G with n nodes such that:
1. For some spanning tree T of G, there is no cross-edge w.r.t. T in G.
2. The underlying undirected graph G’ of G has treewidth Q(n).
Proof We construct G = (V, E) and T = (V, E) as follows:
o V ={v,v9,...,0n},
o E={(vi,vj)|]1 <i<j<n} (ie. edges point from a smaller label to a larger label),
e Br ={(vi,vigx1)|]1 <1 <n-—1}.

Observe that the vertex v; is reachable from the vertex v; in T"if and only if 7 < j. Since all directed
edges in F are from v; to v; for ¢ < j, there is no cross-edge w.r.t. T in GG. Note that the underlying
undirected graph G’ is a complete graph K,,. Thus, by Lemma 26, G’ has treewidth 2(n). See the
figure below for an example on 6 nodes where the blue path indicates the spanning tree 7" and the
dashed lines show the cross edges (direction not shown). |

Now we show the complementary result.

Theorem 28 For every sufficiently large n, there exists a DAG G with n nodes such that:

1. There exists a spanning tree T of G that has Q)(n) cross-edges w.rt. T in G.
2. The underlying undirected graph G' of G has treewidth O(1).

Proof We construct such a graph G = (V| F) using a layered structure. Let & be the number of
layers, such that the total number of vertices n is linear in k.
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Construction Let the layers be Ly, Lo, ..., Lg.
* Ly = {r} (a single source vertex).
e Fori=2,... k,let L; = {u;,v;} (two vertices per layer).

* The edge set E consists of all possible edges directed from layer L; to L;; ;. Formally, for
each 1 < i < k, there is a directed edge (z,y) forall z € L; and y € L;4;.

The total number of verticesisn = 1+ 2(k — 1), so k = ©(n).

Lower Bound on Cross-Edges Let 7" be an arbitrary spanning tree of GG rooted at r. Since every
vertex v € V' \ {r} must have exactly one incoming edge in 7" (its parent), we can count the tree
edges layer by layer.

Consider the transition between layer L; and L; 1 for 7 > 2. The subgraph induced by L;UL; 11
is a complete bipartite graph directed from L; to L; 1, containing |L;| X |L; 1| = 2 x 2 = 4 edges.
To include the vertices of L;; in the spanning tree, 7' must select exactly 2 edges (one parent for
ui+1 and one for v;41). Consequently, 2 edges between these layers are not in 7.

In a layered DAG where edges only exist between L; and L;;1, any edge (z,y) spans exactly
one layer. Therefore, x cannot be an ancestor of y unless x is the immediate parent of y. If (x,y) is
a non-tree edge, x is not the parent of y, and thus z is not an ancestor of y. Similarly, y cannot be
an ancestor of x (due to edge directions). Therefore, all non-tree edges are cross-edges, as desired.

Summing over all layers ¢ = 2 to k — 1, the total number of cross-edges is at least 2(k — 2), which
is Q(n).

Treewidth We show that G’ (the underlying undirected graph) has treewidth O(1) by constructing
a tree decomposition (specifically, a path decomposition). Define the bags By, ..., By_1 as:

Bi=L;ULjy.

It is easy to check that this decomposition satisfies all properties of Definition 3, and the size of
each bag is bounded by a constant, implying that the treewidth is O(1). See the figure below for a
pictorial representation of the graph.

|
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Appendix E. Cross-Edge-Parameterized Lower Bounds

In this section we give two distinct lower bounds for how the required embedding dimension must
scale with the number of cross-edges. Recall the definition of cross-edges. Let F' = (V, Er) be a
directed spanning-forest subgraph of G, then the cross-edges w.r.t. F' are all the edges (u, v) where
u cannot reach v in F'.

The first lower bound, based on counting the number of matrices of a particular sign rank via
Lemma 15, is given below. The first lower bound is useful in the regime when number of cross-edges
is large (> n), and the second one is better suited for small values of the number of cross-edges.

n?—2n

Theorem 29 Let n be an even number. For every k € {0,1,..., "=}, there exists a family F
of DAGs on n vertices such that: (i) each G € F, j, satisfies k(G) = k, and (ii) F,, , contains at
least (@(]?2) ) distinct reachability sign matrices. Consequently, any reachability embedding scheme

that succeeds on all graphs in F,, j, must use dimension

d:g<"w).

nlogn

Proof Let m := n/2 and partition the vertex set into L = {¢y,...,4,} and R = {ry,...,mn}.
Define the directed edge set

Ep :={(li,r;) : i € [m]},

andlet U := (L x R) \ Ep, so |U| = ”3%2”. For each subset S C U with |S| = k, define the
bipartite DAG
Gg = (LUR, ES), Eg:=FEpUS.

Since all edges go from L to R, every vertex in R has out-degree 0. Hence every directed path has
length at most 1, so reachability coincides with adjacency: for v € Land v € R,

U~ragg U <= (u,v) € Eg.

Therefore, distinct choices of S yield distinct reachability relations, and hence distinct reachability
sign matrices.

Since F' = (V, EF) is a directed spanning-forest subgraph of Gg, every edge in Es \ EF is a
cross-edge:

Ecross(Gs) = Es \ Ep = S, and thus k(Ggs) = |S| = k.

It follows that F,, j, :== {Ggs : S C U, |S| = k} has size (6(:2)), every graph in the family has
k cross-edges and induces distinct reachability sign matrix. Now suppose there is a reachability
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embedding of dimension d for every graph in F,, ;. Then all (9(]? )) corresponding reachability
sign matrices have sign rank at most d. By Lemma 15, the number of n x n sign matrices of sign
rank at most d is at most 2°(#1°8 ) Therefore,

<@ (I€n2)> < 90(dnloz %)

k
and rearranging and using the fact that (@(:2)) > < % ) gives

d:g<’“°g<”2/’“>>.

nlogn

For our second lower bound, we deploy a different strategy. Instead of employing a count-
ing argument to count the number of matrices of a particular sign rank (via Lemma 15), we di-
rectly construct a family of graphs with large sign rank. In particular, we construct a DAG whose
reachability sign matrix M includes the Sylvester—-Hadamard matrix H; as its submatrix. The
Sylvester—-Hadamard matrix H; has spectral norm exactly /¢, which allows us to lower-bound the
sign-matrix of H; by utilizing Forster’s Theorem (Theorem 31). Note that the sign-rank of a matrix
is at least the sign-rank of any of its submatrices. Thus, we show a lower bound of the sign-rank of
M, which immediately yields a lower bound on the embedding dimension d (see the discussion in
Section 5). Our second lower bound result of the section is the following.

Theorem 30 For every sufficiently large k, there exists a DAG with k cross-edges and and any
reachability embedding for this grpah requires dimension d = Q(kzl/ 4.

For the sake of completeness, we state Forster’s Theorem (shown as Theorem 31) and the prop-
erties of Sylvester—Hadamard matrix.

Theorem 31 (Forster (2002)) For a matrix M € {—1,1}"*", ranks: M > n/|| M|, where || M ||
represents the spectral norm of M.

Lemma 32 (Horadam (2012)) For the Sylvester—Hadamard matrix H; of order t, where t = ok
for some positive integer k, we have the following properties:

1. The first row and first column of Hy consist entirely of +1 entries.

2. Each row (except the first) and each column (except the first) has exactly t/2 entries equal to
+1 and t/2 entries equal to —1.

3. The spectral norm of Hy is |Hy|| = /1.

Furthermore, we need the property that the sign-rank of a matrix is at least the sign-rank of any
of its submatrices, the correctness of which can be derived from the definition of sign-rank.

Lemma 33 Given a matrix M € {—1,1}"*". Let M’ be a submatrix of M. Then ranky M >
ranks M.
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Proof Suppose that ranki M = r. From the definition of sign-rank, we know that there exists a
real matrix R such that M;; = sign(R;;) for all ¢, j and rank(R) = r. Let R’ be the submatrix of
R such that M;,;, = R}, for all ¢/, j'. Since R’ is the submatrix of R, then we have rank(R') <
rank(R) < r. By the definition of sign-rank, we have rankyL M’ < rank(R') <r =rankysM. R

The correctness of Theorem 30 can be directly derived from the following construction.
Lemma 34 Forany 0 < k < n?/4, there exists some DAG G = (V, E) with n nodes such that:

1. there are less than k cross-edges in G.

2. the reachability sign matrix M of G has sign-rank Q(k'/4).

Proof Let H; be a Sylvester-Hadamard matrix of order t. Set m = L%J and t = 2. Then
t € (Vk/2,Vk]. Since k < n?/4, we have vk < n/2,son — 2t > 0.
We construct G = (V, E) as follows:

1. V=XUYUR,where X = {z;}l_,,Y = {y;}_, and R = {r,}}Z{" are disjoint.
2. E={(zs,y;)|Hi; = 1,Vi,j € [t]}, where Hj is the (i, j) entry of Hy.

Note that G consists of a bipartite directed graph (X, Y, E) and a set R of isolated vertices.
By the properties of Sylvester-Hadamard matrix shown in Lemma 32, we can know that

1. x1 canreach every node y; in Y.
2. Foreachi € [2,t], z; can reach exactly ¢/2 nodes in Y.
3. The spectral norm of Hy is | Hy|| = /.

Let FF = (V, E’), where E' = {(z1,y;)|7 € [t]}. Then F is a spanning forest of G. Furthermore,
there are (¢ — 1)t/2 cross-edges. Since ¢ < /k, the number of cross-edges is (t — 1)t/2 < k.
Observe that the reachability sign matrix M of G has a sub-matrix Hy, because we can select
the rows of x; and the columns of y;. By Lemma 33, rank+ M > rank4 H;. By Forster’s theorem
(refer to Theorem 31), Hy has the sign-rank ranky Hy > t/||H| = \/t. Therefore, we can conclude
that ranks M > v/t = Q(k'/%).
|

24



	Introduction
	Preliminaries
	Reachability Embeddings for Directed Trees
	Reachability Embeddings Parameterized by Treewidth
	Lower Bound on Embedding Dimension
	General Lower Bound
	Treewidth-Parameterized Lower Bound

	Experiments
	Implementation Details
	Results

	Other Related Works
	Additional Preliminaries
	Useful Facts About Depth-First Search
	Useful combinatorial partitioning lemma

	Reachability Embeddings for DAGs Parameterized by Cross-Edges
	Comparing the Treewidth with the Number of Cross-Edges
	Cross-Edge–Parameterized Lower Bounds

