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Abstract

We provide faster running times for exactly solving discounted Markov Decision Processes (DMDPs)
in strongly polynomial time. We obtain our results by efficiently reducing computing optimal val-
ues and policies in DMDPs to the easier tasks of policy evaluation and computing approximately
optimal values. We provide both a straightforward deterministic reduction and a more efficient ran-
domized variant that, together with advances in approximately solving DMDPs, yield our results.

1. Introduction

Markov decision processes (MDPs) are ubiquitous in learning theory. They are a simple, but expres-
sive, model for decision making under uncertainty that forms the basis for more complex learning
theoretic problems. Correspondingly, the problem of solving MDPs—and specifically, y-discounted
MDPs (y-DMDPs' for short)—is a well-studied problem across computer science, operations re-
search, and machine learning. The problem is foundational in reinforcement learning, which con-
siders complex variations of it (see, e.g., Degris et al. (2006); Sigaud and Buffet (2013); Wei et al.
(2017)), and the problem is closely related to canonical combinatorial optimization problems; for
example, when v — 1 and transitions are deterministic, the problem encompasses the problem of
computing a cycle of minimum-mean cost in a directed graph (Madani et al., 2009).

Given the prominence of the problem, there has been extensive research on efficiently solv-
ing v-DMDPs approximately. For example, convergence rates have been provided for a variety
of methods, including value iteration, policy iteration (Howard, 1960; Bellman, 1966; Puterman,
1994; Bertsekas and Tsitsiklis, 1995), stochastic variants (in the context of MDPs) such as temporal
learning (Sutton, 1988; Tsitsiklis and Roy, 2002) and SARSA (Rummery and Niranjan, 1994; Singh
et al., 2000), Q-learning (Watkins and Dayan, 1992) (see Sutton et al. (1998) for a survey on these
methods), policy gradient (Williams, 1992; Sutton et al., 1999), etc. There has also been extensive
research on understanding the sample complexity of the problem (Kakade, 2003; Azar et al., 2012,
2013; Wang, 2017; Sidford et al., 2018; Wainwright, 2019; Agarwal et al., 2020; Jin and Sidford,
2020; Sidford et al., 2023; Jin et al., 2024, 2025).

Relatively less is known about exactly solving v-DMDPs, i.e., computing an optimal policy
m, and the associated values vjr\f. In this paper, we focus on the tabular setting, where we have

explicit access to the v-DMDP M = (S, A, p, r) that consists of Syo; = |S| states and a non-zero,
non-uniform number of actions at each state which amount to a total of Ay © |A| actions (see

1. We note that DMDP is often also used to refer to deterministic Markov decision processes in the literature.
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Section 2 for the formal problem definition).> Even in light of the above approximate algorithms,
exactly solving v-DMDPs in this setting is non-trivial, as there is no known target accuracy € (in
terms of the problem parameters) for policies and values that suffices to obtain an optimal solution.

Nevertheless, strikingly, Ye (2005) provided what they call a “combinatorial interior point
method (IPM)” that solves v-DMDPs exactly in O(A¢; log ‘fi—ojy) time. Additionally, the classic
policy iteration method of Howard (1960) was shown to solve y-DMDPs in 0(14%‘2; log(ﬁ)) it-

erations and can be implemented in O((%ﬁ“%) log(ﬁ)) time (Ye, 2011; Hansen et al.,
2013; Scherrer, 2013), where w < 2.372 is the matrix multiplication constant (Alman et al., 2025).
See Table 1 for prior running times for exactly solving y-DMDPs.

These exact v-DMDP solvers are of interest for multiple reasons. First, they provide techniques
for deducing that certain actions are not in an optimal policy and can thus be discarded. Second,
there have been results for solving MDPs in stochastic settings where exact MDP solvers are used
(Brunskill et al., 2009; Xu and Tewari, 2020; Rosenberg and Mansour, 2021) (though perhaps this
exactness requirement could be relaxed). Third, they efficiently solve a special class of linear pro-
grams in strongly polynomial time (see the discussion on exact algorithms for y-DMDPs and LPs
in Section 1.2). Moreover, interestingly, while policy iteration can be viewed as a type of simplex
method, particular simplex methods are only known to run in weakly polynomial time (Kelner and
Spielman, 2006).

Correspondingly, the goal of this work is to obtain more efficient exact y-DMDP solvers. We
seek both faster algorithms and general frameworks which enable these algorithms.

1.1. Our Results

In this paper we provide more efficient algorithms for solving v-DMDPs exactly. We provide deter-
ministic algorithms with running times that improve upon the prior state of the art and randomized
algorithms that further improve these running times by a factor of Q(Atot / Stot).3 For a comparison
between prior running times and our improved running times, see Tables 1 and 2.

Perhaps more importantly, we obtain these results through a straightforward framework (Algo-
rithm 1) that reduces solving -DMDPs to the easier tasks of policy evaluation* (i.e., computing
vM for a policy 7) which is solvable in O(S¥, ) time, and, essentially, solving a y-DMDP approxi-
mately.

Our framework is broadly inspired by Ye (2005) which provided an IPM that discards subopti-
mal (i.e., not part of any optimal policy) actions over time. At a high level, our algorithm proceeds
similarly but deviates in exactly how it reasons about suboptimal actions and replaces using an [IPM
with an arbitrary approximate algorithm for solving v-DMDPs. We essentially apply an analysis
similar to Ye (2011); Scherrer (2013) inside this general framework to perform a straightforward
analysis of the iteration count. Ultimately, this allows us to obtain faster deterministic algorithms
for solving v-DMDPs by leveraging state-of-the-art approximate solvers (and essentially recovers
the analysis of Ye (2005)). Additionally, we show that it is possible to modify this general frame-
work to incorporate randomization; we show that a randomized variant of the framework allows us

2. Some prior work on solving 7-DMDPs instead suppose that there is a fixed number of actions A at every state and
provide running times in terms of Siot A rather than Ago. For uniformity of comparison and to reflect how results
often generalize, we state running times for such prior work with Aot = Stot A even if the work does not claim it.

3. Throughout this paper, we use O(-) and Q(-) to hide poly log(Atot) factors (but not poly log(1/(1 — 7))).

4. Solving the v-DMDP that contains only the actions of a policy 7, by definition, computes v.
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to prove that more actions can be discarded (in expectation) and thereby to decrease the number of
. . 5
iterations.

From Approximate Values to Exact Policies. Our notion of approximately solving v-DMDPs
is a natural scale-invariant definition of computing §-approximate values as defined in Definition 1
below (where 9§ is set in the reductions). This definition simply scales the accuracy of the values
computed with |||, where r € R is the vector whose entries are the rewards of each action.

Definition 1 (-DMDP Approximations) We call v € RS e-optimal values of v-DMDP M =
(S, A,p,r) for accuracy ¢ > 0 if |v — vM|| < € and we call a policy m of M e-optimal if
oM — vM||oo < &, where vM is the optimal values of M (see Section 2). We call an algorithm a
d-approximate v-DMDP solver for accuracy § € (0,1) if for input v-DMDP M = (S, A,p,r) it
outputs 0|1 ||oo-optimal values v of M.

We provide deterministic and randomized reductions to approximate y-DMDP solvers. To
present these results we let Tpet (Stot, Atot, 04) be the running time of a deterministic - -approximate
+-DMDP algorithm on input M = (S, A, p,r) and let Trnd(Stot, Atot, 04) be the expected run-
ning time of such a randomized algorithm. See Table 2 for the running times for exactly solving
~v-DMDPs that we obtain using our reductions and different approximate y-DMDP algorithms.

Our first reduction is deterministic. At a high level, it shows that given an arbitrary policy ,
as long as it is not optimal, an approximate y-DMDP solve (plus some additional evaluation of
policies) suffices to detect one suboptimal action (specifically, from 7) in the v-DMDP. Discarding
that action and repeating thus gives us an O( Ay )-iteration reduction.

Theorem 2 (Deterministic Reduction) There is a deterministic algorithm that solves a v-DMDP
M = (57 A, p, 7“) in O( é’étAtot + Stot-A%Ot) + O(-Atot) : 'ﬁjet(stota Aot @(1 - ’Y)) time.

State-of-the-art deterministic §,-approximate y-DMDP solver include an O (A% log(m))

time® IPM-based algorithm by van den Brand (2020)7 (using a reduction in Sidford et al. (2023)),
where weurr ~ 2.371339 (Duan et al., 2023; Alman and Vassilevska Williams, 2021; Gall, 2024;
Vassilevska Williams et al., 2024; Alman et al., 2025) is the current value of the matrix multi-
plication constant, and the well-known value iteration algorithm of Bellman (1966) that runs in
O(S“it_“‘f;‘“ log( (17}” 5 )) time (see, e.g., Jin et al. (2024)). Instantiating Theorem 2 with these algo-
rithms implies the following.

Corollary 3 There is a deterministic algorithm that solves a v-DMDP M = (S, A,p,r) in the
2 ~
minimum of O(SE, Atot + S“itf;‘“ log(ﬁ)) and O( At log(ﬁ)) time.

5. It is conceivable that similar improvements for deterministic algorithms could be obtained by incorporating insights
of Ye (2005) into recent IPM results. It is also conceivable that one can incorporate our randomization insights within
the framework of Ye (2005). It may be useful that we obtain black-box reductions without appealing to IPMs.

6. The actual running time of van den Brand (2020) is O((A%, + ALPT/2To() 4 g21/6F0(1)y log(ﬁ)),
where w is the matrix multiplication constant and « is the dual matrix exponent (i.e., largest p so that multipl;ing
an x n* matrix by a n* x n matrix can be done in O(n*"¢) time for every ¢ > 0). For the current values of
W = Weurr ~ 2.371339 (Alman et al., 2025) and o = curr > 0.321334 (Gall, 2024; Vassilevska Williams et al.,
2024), the running time of van den Brand (2020) simplifies to O (A log(ﬁ)).

7. Cohen et al. (2019); Lee et al. (2019) obtain similar running times but their algorithms are randomized. Jiang et al.
(2021) also obtains the same running time for the best-known value of w and improves by a polynomial factor over
these works if w = 2.
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Paper Method Running time
Ye (2005) Combinatorial IPM O( Ay log (1))
Ye (2011) Simplex PI O((Sit “““;tj,y StotA“’t)log(l%))
Scherrer (2013) Howard’s PI O((%ﬁt“%) log(ﬁ))
Table 1: Prior running times for solving v-DMDPs exactly.
Approximate solver Implied running time Deterministic
or randomized
Bellman (1966) O(S¢ Arot + S“’““;Ot log(ﬁ)) Deterministic
van den Brand (2020) O(Ags M og(115)) Deterministic
van den Brand (2020) O(Spor A log(= —)) Randomized
van den Brand et al. (2021) O((SE Atot + S7) log(ﬁ)) Randomized
Jin et al. (2025) O(S! + (824 Avor + F42411) 100 (11)) | Randomized

Table 2: Improved running times for solving y-DMDPs exactly.

Randomization for Faster Algorithms. While our deterministic reduction removes the reliance
of Ye (2005) on using a specific IPM, our best analysis only bounds that it proceeds in a similar
O (Aot ) iterations; in our worst case analysis it may only detect one suboptimal action per approx-
imate solve. We improve this bound by showing that instead of detecting suboptimal actions based
on an arbitrary policy , if we pick 7 uniformly at random at each iteration, then asymptotically
more actions can be discarded in expectation. In particular, this improves the expected iteration
count to O(Stot) which is lower than O(Ato) whenever there are sufficiently many actions per
state.

Theorem 4 (Randomized Reduction) There is a randomized algorithm that solves a v-DMDP
M= (S, A p,7)in O8I + 82 Atot) + O(Stot) - Trud (Stot, Atot, O(1 — 7)) expected time.

Note that Theorem 4 requires the approximate v-DMDP solver to have an expected running
time instead of, e.g., succeeding with constant probability. However, in the following Lemma 5
(proved in Appendix B) we show that we can apply fairly well-known techniques and properties
of v-DMDPs to efficiently convert an approximate y-DMDP algorithm that succeeds with constant
probability into one with an expected running time, with a limited loss in approximation.

Lemma 5 Suppose there is a randomized algorithm that on input v-DMDP M’ = (S, A',p/, ')
outputs 0'||1" || co-optimal values v of M in time Tyic (S, Alot, 0') with constant probability. Then,
there is a randomized 0-approximate v-DMDP algorithm that on input v-DMDP M = (S, A, p,r)
runs in expected time Trud(Stots Atot, 6) = O(StotAtot + T (Stots Atot, O(6 - (1 —7))).

For randomized Monte Carlo ¢.,-approximate -DMDPs solvers, the state of the art includes an
O((Stot Aot + 7‘31"_2:“0“) log®™) (1_17) 5 ) time® sampling-based value iteration algorithm (Sidford

8. We note that Jin et al. (2025) only claimed a running time of O((SiotAtor + VS“J At“t)logo(l) = 7)5 )
when SiotAior < Asot(l — 7)2.  However, when Siot Aoy > Asor/(1 — 'y) , the O((StotAtot +
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et al., 2023; Jin et al., 2024, 2025) and an O((StotAtot +827) 1og(ﬁ)) time IPM-based algo-
rithm (van den Brand et al., 2021). Combining Lemma 5 with these algorithms (as well as that in
van den Brand (2020)) and plugging them into Theorem 4, we obtain the following running times
for exactly solving v-DMDPs.

Corollary 6 There is a randomized algorithm that solves an input v-DMDP M = (S, A, p,r) in
L. ~ 51.5A ° ~

the minimum of O(Sigt" + (S Avor + =45 ) 10g”M(115)), O(Stedior + Sist) log(25)),

and O(Seor Asi™™ log(ﬁ)) expected time.

Lastly, in Appendix A, we show that instantiating Theorem 4 instead with the classic policy
iteration algorithm of Howard (1960) results in a simple randomized policy iteration with a running
time that improves upon e.g., Scherrer (2013), but does not improve upon applying our framework
with the (fastest) sampling-based value iteration methods of Sidford et al. (2023); Jin et al. (2024,
2025).

1.2. Additional Related Work

Approximate Algorithms for v-DMDPs. There have been numerous advances in obtaining fast
approximate algorithms for v-DMDPs in different parameter regimes. Beyond classic algorithms
such as policy and value iterations (Bertsekas, 2012; Bellman, 1966; Howard, 1960; Tseng, 1990;
Littman et al., 1995), there are several works that give sampling-based methods for v-DMDP, some
of them in the context of reinforcement learning (Lattimore and Hutter, 2012; Azar et al., 2012,
2013; Sidford et al., 2023; Jin et al., 2024, 2025). Since v-DMDPs are instances of linear programs,
they can also be solved to high accuracy using weakly polynomial time linear programming (LP)
algorithms (e.g., using a reduction of Sidford et al. (2023)). High-accuracy algorithms for linear
programs have been extensively studied and there has been recent progress in improving their run-
ning times (Lee and Sidford, 2014, 2015; Cohen et al., 2019; van den Brand, 2020; van den Brand
et al., 2021; Jiang et al., 2021) some of which yield several state-of-the-arts for v-DMDPs.

Exact Algorithms for v~-DMDPs and LPs. Our work on exact algorithms for v-DMDPs builds
on a line of work on providing strongly polynomial time algorithms for solving v-DMDPs when
the discount factor -y is a constant. Ye (2005) provided the first analysis of such an algorithm for
this variant of the problem, followed by Ye (2011); Hansen et al. (2013); Scherrer (2013). Strongly
polynomial algorithms can be defined for different models of computation. In the real RAM model,
an algorithm runs in strongly polynomial time if the number of arithmetic operations it performs
does not depend on the bit complexity of the inputs. In the stricter Turing model, on the other
hand, it is additionally required that the space complexity of the algorithm is bounded by poly(L),
where L is the total bit complexity of the inputs.® In most of the paper we do not discuss the space
complexity; however, in Theorem 18, we briefly discuss our framework’s performance in the Turing
model.

Ator/(1 — 4)?) logPWD (1_%57) running of Jin et al. (2024) would also be bounded by O((SiotAsor +

7«/51(&;% ) o(1) (1_}7) 5 ). We additionally note that this running time is better than the standard value iteration

(Bellman, 1966) in all regimes of parameters.
9. One classic example is that one can compute 22" using n multiplications. However, the space complexity of such an
algorithm would be 2", so it is considered strongly polynomial in real RAM but not the Turing model.

log
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Related to work on strongly polynomial algorithms for solving v-DMDPs with constant -y is a
long sequence of works (Tardos, 1986; Vavasis and Ye, 1996; Dadush et al., 2020b,a) that obtain
exact algorithms for LPs whose running times only depend on certain condition numbers of the
constraint matrix A of the linear program (e.g., XA or X7 ). These algorithms are thus strongly
polynomial for certain classes of suitably-conditioned LPs, which constitutes progress towards the
outstanding open problem of obtaining a strongly polynomial time algorithm for (general) LPs in the
Turing model (Megiddo, 1983) (see Dadush et al. (2024) for further discussion). However, when A
is the constraint matrix in the linear programming formulation of solving v-DMDPs, the quantities
XA and x4 still depend on the bit complexity of the transition probabilities of the -DMDP. Hence,
one cannot apply the results in Tardos (1986); Vavasis and Ye (1996); Dadush et al. (2020b,a)
black-box to obtain strongly polynomial time algorithms for v-DMDP, even for bounded values of
~ (though there might be ways to closely follow these frameworks and obtain such algorithms).
Additionally, there is a line of work (Dadush et al., 2024; Allamigeon et al., 2025; Dadush et al.,
2026) on designing IPMs whose running time is tightly related (i.e., up to polynomial factors) to a
quantity that Allamigeon et al. (2025) call the straight line complexity (SLC) of the linear program.
Independently of this paper, Natura and Végh (2025) claims that the SLC of the LP formulation of
solving a v-DMDP is O(poly(Ayet) log(1/(1 —¥))).

We note that some of these works, e.g., Tardos (1986); Dadush et al. (2020b), analogously to this
paper, give a reduction from exact to approximate LP algorithms. In fact, Tardos’ framework, when
applied to v-DMDPs, proceeds similarly to our deterministic framework; however, we leverage the
particular optimality properties specific to v-DMDPs to obtain our particular bound on the accuracy
required for the approximate solves.

Deterministic 7-DMDPs. ~-DMDP instances where p(s,a) € {0,1} for all state-action pairs
(s,a) (i.e., transitions to a new state are deterministic) are called deterministic y-DMDPs and are
well-studied. In particular, strongly polynomial time algorithms that do not depend on the value of
~ are known for deterministic y-DMDPs (Madani et al., 2009; Karczmarz, 2022). Simplex methods
are also known to be strongly polynomial time algorithms on deterministic y-DMDPs (Post and Ye,
2013; Hansen et al., 2014), yet such variants have worse running times than the specialized methods
of Madani et al. (2009); Karczmarz (2022).

Simplex Methods and v-DMDPs. Given the close relationship between policy iteration algo-
rithms and simplex methods for v-DMDPs (for instance, the version of policy iteration that only
switches the action at a single state every time (Ye, 2011) is one type of simplex method for -
DMDPs), we note that there have been several results on proving lower bounds for certain variants
of the simplex methods. In particular, Melekopoglou and Condon (1994); Fearnley (2010); Fried-
mann et al. (2011); Hansen (2012); Avis and Friedmann (2017); Disser et al. (2023) show that
several (deterministic or randomized) variants of the simplex method applied for v-DMDPs require
subexponential (or exponential) time when v = 1. Note that in the rest of the paper we only con-
sider the setting where +y is bounded away for 1, and thus the lower bounds in the works mentioned
do not contradict our results.

1.3. Paper Organization

The rest of the paper is organized as follows. In Section 2, we establish the necessary notation and
preliminaries. In Section 3, we present our framework for reducing the problem of exactly solving a
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~v-DMDP to approximately solving several v-DMDPs and prove our deterministic reduction (Theo-
rem 2). In Section 4, we instantiate our framework to obtain our randomized reduction (Theorem 4).
In Appendix A, we again use the framework and the randomized analysis to present our simple ran-
domized algorithm based on the policy iteration algorithm of Howard (1960). In Appendix B we
provide proofs that are omitted from the main body of the paper.

2. Preliminaries

General Notation. We write © < v (respectively, v > v) for u,v € R? to indicate u; < v;
(respectively, u; > v;) for all ¢ € [d].

~v-DMDPs. This paper considers the problem of solving or optimizing a y-DMDP for v € (0, 1).
We specify a v-DMDP by a tuple M = (S, A, p, r), where S is a non-empty finite set of states, A =
{(s,a) | s € S} is a finite set of state-action pairs, p : A — AS for AS = {q € RS, | llglls = 1}
denotes transition probabilities, and € RA denotes rewards. We call A, < {a | (s,a) € A} the
actions at s € S and assume each A, # ().

An agent interacts with a y-DMDP in time-steps ¢t = 0, 1, . . .. If the agent takes action a; € As,
at state s; € S at time-step ¢ then the agent receives reward r, ,,) € R and randomly transitions
or moves to state s;+1 € S sampled independently from distribution p(s;, a;) for time-step ¢ + 1,
i.e., Prsir1 = 5| st) = p(se, ar)s.

In a v-DMDP we optimize over (deterministic stationary) policies m which map states s € S to
actions at that state, i.e., 7(s) € As. The value of a policy 7 at state s € S, denoted by [vM], is
the expected ~y-discounted reward received by an agent following 7 starting from state s, i.e.,

[”r/rvl]s ZE

(o9}
nytrsm(st)] where sq = s and Pr[s;y1 = 8|ss, ..., 50] = p(s¢, m(s¢))s, YVt € N, 10
=0

ey

where the transitions are drawn independently from each other. Let [vM], % max,[vM], be the
optimal values. It is known that v = U{T\f for some policy 7, (see, e.g., Puterman (1994)); we call
such a policy 7, optimal.

Bellman Operator To reason about policies and values, we define the Bellman on-policy operator
TM : RS — RS with respect to a policy 7 by [TM(v)]s = 7 15 +7 - (p(s,7(s)),v), and the
Bellman value operator TM : RS — RS that maximizes over all actions instead of a fixed policy,
ie., [TM(v)]s = maxeea, rsa+7-(p(s,a), v). It is known that both T and TM are contractions
and we use the following folklore contraction bounds for v-DMDPs throughout the paper.

Lemma 7 (see, e.g., (Sidford et al., 2023, Lemmas 3.4 and 3.5)) Let M = (S, A,p,r) be a -
DMDP. The unique fixpoint of TUis vM, and for any values u,v € RS it holds that

1
1T () = T W)lloo < yllu—vlloe  and  lu— v}l < e [Ju—TM ()

0o *

10. For notational convenience, we may omit parentheses in subscripts, e.g., we may write rs o instead of r (4 4).
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Note that the above inequalities apply to 7;/\” and vﬁr\" as well by simply considering the ~-
DMDP with only actions in 7, i.e.,

1
1T (W) = T @)oo < yllu—vll  and fu— vl < T Ju—TMW) - @

Advantage Function Values. To reason about the suboptimality of values and actions, we define,
for values v € RS, the advantage function values A (v) € RA with respect to v as AM(v)g 4 =
(rsa+7 - (p(s,a),v)) — vs for every (s,a) € A.!! For brevity, throughout the paper, we often use
advantage(s) to refer to advantage function value(s). Note that AM(U)S’W(S) = [TM(v)]s — vs by

definition. Additionally, since v is the unique fixpoint of 7™ (Lemma 7) and 7, maximizes

over all actions, AM(vM); . < 0, i.e., all actions have non-positive advantage at v/. Moreover,
since vM is the unique fixpoint of 7, the policy 7 is optimal if and only if every action has zero

advantage with respect to v M, i.e., AM (vi\")s,ﬂ(s) =0foralls € S.

Discarding Actions. For y-DMDP M = (S, A,p,r) and R C A, we write M \ R as removing
the actions R from M. More precisely, it is the y-DMDP M’ = (S, A\ R, p/, ') such that p’ and
r’ are p and r restricted to A \ R, respectively.

Notational Simplification. Throughout the paper, when the v-DMDP M is clear from context,
we may omit M in the superscript in our notation (e.g., we may write v, instead of ).

3. From Approximate Values to Exact Policies

In this section, we present our general framework (Algorithm 1) for solving v-DMDPs by reducing
the problem to policy evaluations and computing approximate values (as mentioned in Section 1.1).
We first analyze the framework and then instantiate it to prove Theorem 2.

At a high level, our framework for solving v-DMDPs iteratively discards suboptimal actions,
i.e., actions not chosen by any optimal policy. This is a common technique for obtaining strongly
polynomial time algorithms. For example, in linear programming, irrelevant constraints are dis-
carded (see, e.g., Dadush et al. (2020b)), and in submodular function minimization, elements that
are deduced to not be in any minimizers are discarded (see, e.g., Dadush et al. (2021)). For ~-
DMDPs, the IPM of Ye (2005) discards suboptimal actions, and Ye (2011) argues that iterations of
policy iteration will no longer consider certain suboptimal actions after a few iterations.

To discard suboptimal actions, our framework starts from a policy 7, computes e-optimal val-
ues v, for a suitable value of ¢, and then considers the advantage function A(v)s, = (754 + 7 -
(p(s,a),v)) — vs with respect to v to detect such suboptimal actions. In particular, using known
arguments for reasoning about v-DMDPs we can show that if A(v), q is sufficiently negative, i.e.,
less than —&(1 + -y), then no optimal policy 7, contains (s,a). To reason about what value of &
suffices to guarantee that at least one (s, a) satisfies A(v)s, < —e(1+4) and can thus be discarded,
we follow an analysis similar to Scherrer (2013) and note that for any policy 7w, we can relate the
most negative A(vy ) r(s) to the suboptimality ||v; —vs|oo of 7 (see, e.g., Lemma 7). Consequently,
by relating A(vi) s r(s) t0 A(v) r(s), We observe that it suffices to compute e-optimal values v for
¢ on the order of the suboptimality of 7 up to poly(1 — ) factors (see Lemma 9).

To compute e-optimal values v for ¢ < ||v; — vi||oo - POly(1 — ), we develop and apply an
algorithm MultValApprox, which can be thought of as an algorithm for computing approximate

11. This coincides with the natural notion of slack when expressing v-DMDPs as a linear program.
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values to multiplicative accuracy relative to the suboptimality of 7. MultValApprox first com-
putes v It is known that evaluating the values v, can be done in O(S, ) by solving a linear system.

Fact 8 (Policy Evaluation in Fast Matrix Multiplication Time) There is an algorithm that, given
any policy T in v-DMDP M = (S, A, p, r), outputs v* in O(S¥,) time.
Proof It is known that v = (I — yP, )~ 7., where P, € R‘;és is such that [P];; (i, 7(4));

foralli,j € S and r; € RS is such that [r,]; < Tix() forall i € S (see, e.g., Puterman (1994)).

Thus, vir\/‘ can be computed by solving a linear system which takes O(Sy,) time. |

After the evaluation, MultValApprox discards actions with very negative advantages, mean-
ing advantages more negative than —AM_(v;) - (1 + ), where

AM () £ max AM (Vr)s,a 3)
(s,a)eA
as they are not chosen by any optimal policy (see Claim 16). Next, it shifts rewards using v,
by considering a new 7-DMDP M’ where the rewards of remaining actions are replaced by the
advantages A (v,). Finally, it applies a d~-approximate y-DMDP algorithm ApxALG for 6, =
poly(1 —~) to M’, which yields e-optimal values v for M for explicit e = O(AM, (v,) - poly(1 —
7)) = O(J[vx — vlloo - poly(1 — 7)) (see Lemma 12).

Algorithm 1 Solving v-DMDPs Exactly Using an Approximate v-DMDP Solver

Function SolveDMDP (M) :
fort=0,1,... do
// In the randomized reductions considered in Section 4, we

sample a uniformly random m.
Select a policy 7 of M.

// Compute e-optimal values for ¢ < =21 - |jux — o (see

3(1+47)
Section 3.2).
(v,€) ¢ MultValApprox (M,m).
// Use v to detect and discard suboptimal actions, D.
M+ M\ D where D = {(s,a) € A: AM(v)s4 < —e(1+7)}}. // discard D
// If no actions are discarded, the policy must be optimal.

if D = () then return 7 // For analysis define Tt on this line

end

Function MultvalApprox (M, ) :

X™ < {(s,a) € A: AM(vp)50 < =AM (vr) - (14+7)}. // actions to ignore

Compute v/ < ApxALG(M[AM(v,)] \ X7, 8,) where 6, = where ApxALG is a
d~-approximate v-DMDP solver (see Definition 1).

return (v, €) where v < v' + v and ¢ + AM . (vr) - ﬁ

11—y
3(14+7)*

In the remainder of this section we break down our analysis of Algorithm 1 (and the use of it
to prove Theorem 2) into multiple parts. First, in Section 3.1, we prove Lemma 9, which shows
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that solving the v-DMDP to an accuracy proportional to the suboptimality of a policy 7, meaning
|lvxe — vx|loo, suffices to detect actions that have a negative enough advantage and can thus be
discarded (as they are provably not part of any optimal solution). In Section 3.2 we then analyze
MultValApprox. Finally, in Section 3.3, we leverage the two parts to prove the correctness of
our reduction framework and bound the running time of each iteration (see Theorem 17). Finally,
Theorem 2 follows from this analysis straightforwardly.

3.1. Detecting Suboptimal Actions

In this section, we state and prove Lemma 9 which provides a bound on the accuracy to which it
suffices to solve for the approximately optimal values to detect suboptimal actions. Similar bounds
and analysis appeared in Scherrer (2013), and we provide a self-contained proof for completeness
and to enable our specific algorithms.

Our analysis, Scherrer (2013), and Lemma 9 all connect the suboptimality of a policy 7 to
a key quantity A7 mm( m) defined as the minimum advantage value of the optimum values for a
state-action pair in 7, i.e.,

AM (1) = min AMM), 1 (4)

*mll’l SES

Although we do not compute Af/‘mm( ) exactly in Algorithm 1, we use it in our analysis to bound
the progress made by our algorithm in discarding actions. In particular, we leverage in the analysis
of our framework (Algorithm 1) that when v, 7 satisfy that ||[v — v is small enough relative
to [oM — vM| oo, any (s,a) € A with AM(vM)s, < Af/tmm( ) will be discarded as it does not
belong to the set of optimal actions. Additionally, Lemma 9 implies that solving up to accuracy

e < oM — M| 0o - 5 (1 - -y suffices to be able to discard at least one action this way.

Lemma 9 (Scherrer (2013)) Letv € RS be e-optimal for y-DMDP M = (S, A, p,r). If AM (V)s,a
< —&(1 + 7) for some (s,a) € A, no optimal policy 7, of M has m.(s) = a. Moreover, if
e < oM — oMo - 2(11+’y) then any (s,a) € A with AM(vM)s, < Aiwmm( ) will satisfy
AM(V)50 < —e(1+7).

To prove Lemma 9, we provide two helper lemmas, Lemmas 10 and 11, whose proofs we defer
to Appendix B.

Lemma 10 For a y-DMDP M = (S, A, p,r) and any u,v € RS and (s,a) € A,
|AM ()50 — AM(V) 50| < (1 +7) 1t — v]|oo.

Lemma 11 For any policy w iny-DMDP M = (S, A, p, )AM (1) < —(1=9)|[vM =M 0o

*,min

We are now ready to prove Lemma 9.
Proof By Lemma 10, for any (s, a) € A, we have

[A(0)s.a = Av)sal < (1 +) e = vlloc < (T +7)e.

Hence, A(v)sq < —e(14 ) implies A(vy)s,4 < 0, and thus no optimal policy 7 of M has 7(s) =
a. Next, by Lemma 11, any action (s, a) with A(vy)sq < Ay min(7) has A(vy)sq < —n(1 — 7).

= s 5 =

This in turns by Lemma 10 shows that A(v)s, < —n(1 —7) + (1 + y)e. Fore < 7 - 2(11;:7), we

have —n(1 — ) + (1 + v)e < —&(1 + ~y) which concludes the proof.

10
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3.2. Approximate Values via Reward Shifting

In this section, we state and prove Lemma 12, which provides the correctness and efficiency guaran-
tee of MultValApprox, whose pseudocode was given in Algorithm 1. As discussed, this subrou-
tine is applied to obtain approximate values v of a y-DMDP to the accuracy required by Lemma 9.

Lemma 12 Given a policy m of v-DMDP M = (S, A, p,r), the MultValApprox subroutine in
Algorithm 1 computes ¢ < ||[vM — vM|| oo - 3(11177) and e-optimal values v and can be implemented
in deterministic O(Sg, + StotAtot) + TDet (Stots Atot, O(1 — 7y)) time and can be implemented in

randomized O (S, + StotAtot) + TRnd (Stot, Atot, O(1 — 7)) expected time.

To motivate the MultValApprox subroutine, note that it is not immediately clear how to
efficiently run the approximate y-DMDP solvers on the original v-DMDP instance to accuracy

[l

||lvr — vi]|oo - pPOly(1 — ) to enable applying Lemma 9. This is because the ratio Ton—o = can be
very large, and the running time of the approximate solver depends on this ratio.

To bypass this obstacle, the MultValApprox subroutine appropriately modifies the rewards
in the v-DMDP instance that the solvers run on (as aforementioned). In particular, the first step
of MultValApprox is to shift the reward so that the actions taken by the policy 7 become the
“baseline”, i.e., have value 0. This is done by using the advantage function A(v,) with respect to
vy as the reward instead. Note that given 7, A(v,)s o can be computed in O (S + StotAtot) time

for all (s,a) € A using Fact 8. The shifted MDP is formally defined as follows.

Definition 13 (Shifted MDP) For a v-DMDP M = (S, A,p,r) and a policy ™ of M, M™ E
(S, A, p, AM(vM)) is the v-DMDP that has the same states, actions, and transition probabilities
as M, but with reward vector AM (vM) instead of r.

To prove Lemma 12, we provide a helper lemma and two claims, whose proofs we defer to Ap-
pendix B. We first show that, for any policy 7/, the value vector of 7’ in M™ is merely the value
vector of 77’ in M shifted by v,.

Lemma 14 For any policies 7 and 7' of v-DMDP M = (S, A, p,7), vMt = oM + oM, and
M — viWT + U7/rV1.

therefore v,
This shows that the M™ has the same optimal policy, and thus we can focus on identifying
suboptimal actions in M™. Observe that A™M (vr) s;r(s) = O for all states s € S. That is, each
state has at least one action with reward 0. Recall the definition of A (v;) in (3) and note that
AM (v;) > 0. Next, we provide Claim 15 and Claim 16, whose proofs we defer to Appendix B.

max

Claim 15 For every policy T of y-DMDP M = (S, A, p,7), v = 0 and || oM || 0o > AM  (v,).

max

Claim 15 implies that actions with sufficiently negative rewards do not belong to any optimal
policy and can thus be ignored. This allows us to bound the range of the rewards that we need to
consider for the approximate value optimization.

Claim 16 For any policy w of v-DMDP M = (S, A, p,r), no optimal policy . of M has . (s) =
afor AM(vp)sa < =AM (ve) - (14 7).

11
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Based on Claim 16, we let X™ = {(s,a) : AM(vr)s0 < —AM_(v7) - (14 )} be the set of
actions that have very negative advantages in M and can be ignored. We now prove Lemma 12.
Proof [Proof of Lemma 12] We first bound the runtime of MultValApprox. MultValApprox
first computes X™ which can be done in O(S¥, + SiotAtot) time by calculating v, and AM (v,) s,a

forall (s,a) € A (which is also used in computing the return value of & o AM (vr)- ﬁ). Since
3(}+77)2 = ©(1—), the call to a §-approximate solver can be implemented in Tpet (Stot , Atot, O(1—

«v)) deterministic time or Trnd (Stot, Atot, O(1 — 7)) randomized expected time, which establishes
the running time of MultvValApprox.

We now prove the correctness of MultValApprox. Let M’ &M \ X7, ie., the v-
DMDP that only contains actions in A \ X7 and has the reward vector A (v,). Note that since

6y = 5 é;’vy)z = AN (o)1) and the maximum magnitude of the reward in M is bounded by
AM

M (vy) - (14 ~) by definition of X™, the value vector v’ it outputs satisfies ||v" — vM || < &
(see Definition 1 for the definition of an §-approximate algorithm). Thus, it follows from Lemma 14
and Claim 16 that v is e-optimal for the original v-DMDP M. Lastly, note that by Claim 15
and Lemma 14 we know that ||y —vM|| o > AM  (v,), which implies € < [J[uM — M| o - 3(11:7),
so ¢ satisfies our requirement. This concludes the proof.

3.3. Putting Everything Together

Here we use Lemmas 9 and 12 to prove the correctness and efficiency of Algorithm 1, our reduction
from exact v-DMDP solvers to approximate y-DMDP solvers. This is captured by Theorem 17
below. We then use Theorem 17 to prove Theorem 2.

Theorem 17 (Correctness and Efficiency of Algorithm 1) Given a v-DMDP M = (S, A, p,r),
Algorithm 1 computes an optimal policy m of M and each iteration of the for loop can be im-
plemented in O(SE, + StotAtot) + Tpet (Stot, Atot, O(1 — 7)) deterministic time and O(Sy, +
Stot-Atot) + Trnd (Stot s Atot, O(1 — 7)) randomized expected time.

Proof First, we prove the correctness of Algorithm 1. For this, first note that by Lemma 9, every
(s,a) € D, for D defined in Algorithm 1, satisfies that 7(s) # a for all optimal policies 7 of M
since v is e-optimal by Lemma 12. Next, we show that if AM . (1) < 0 in some iteration of the

* Inln

for loop in Algorithm 1, D 2 DM (), for DM(7) = {(s,a) € A : AM(v)sa < AM . (1)}

— * mm

For this, note that if AM . (7) < 0, then ||vx — v4]|oo > 0, and thus € < [Jvy — Vi ||oo - 2(1+7). By

* mm

Lemma 9, any (s, a) with AM(v,)s, < AM () must have AM(v)s, < —&(1 + 7). Therefore,

in this case we must have D O DM (7) = {(s,a) € A: AM(v)sq < Ai”mm( )}.andso|D| > 1.
Consequently, if D = () in some iteration of the for loop in Algorithm 1, we have A, i (7) = 0,
since otherwise the (s, m(s)) with A(vs)s r(s) = Ax min(7) Will be in D. This shows that whenever
Algorithm 1 terminates, the policy 7 must have A, min(7) = 0, i.e., is optimal.

Now, we bound the running time of Algorithm 1. To do so, we bound the running time of
each iteration of the for loop in Algorithm 1. Note that selecting a policy 7 takes O (Aot ) time.
O(StotAtot) time, respectively. Computing approximate values, by Lemma 12, takes O(Sy, +
StotAtot) + Toet (Stot, Atot, O(1 — 7)) time or O(SE + StotAtot) + TRnd (Stot > Atot, O(1 — 7))

randomized expected time. Computing D in Algorithm 1 takes O(Siot.Atot) time by computing

12
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A(v)s,q for all (s,a) € A. Thus, overall, the (expected) running time per iteration is bounded by
O(St24+Stot Aot ) + Thet (Stot Atot, ©(1—7)) or O(Stos +StotAtot) + TRud (Stot s Atot; O(1—7)).
|

Remark 18 It is easy to see that our framework itself runs in strongly polynomial time even in
the stricter Turing model (i.e., the space complexity of our framework is polynomial of the input bit
complexity). In particular, our framework first evaluates v, which can be implemented in O(S,)
strongly polynomial time in the Turing model (see, e.g., Storjohann (2005)). It then only performs
a constant number of basic operations (e.g., addition, subtraction, multiplication) involving v, and
the inputs. This includes multiplication with 1/(1 — ~y) which has the same bit complexity as the
input value .

However, since the framework invokes a black-box approximate solver (e.g., the recent linear
programming algorithms), we do not formally claim our end-to-end exact algorithms run in strongly
polynomial time in the Turing model, as bounding the bit complexity of the operations performed
by these approximate solvers is beyond the scope of this paper. That being said, we remark that
there has been some recent work (Ghadiri et al., 2023) that does this for a class of continuous
optimization methods and some linear programming algorithms.

We now prove our theorem regarding the deterministic reduction, which we restate below.

Theorem 2 (Deterministic Reduction) There is a deterministic algorithm that solves a v-DMDP
M = (S, A,p,7) in O(SZ; Aot + Stot A2 ) + O(Arot) - Thet (Stots Atot, O(1 — 7)) time.

Proof We prove that Algorithm 1 respects the desired properties. Note that its correctness and
running time follow from Theorem 17 provided that the number of iterations 7" of Algorithm 1
satisfies 7' = O(Atot). However, T' = O(Ayot) as in every iteration of the for loop in which the
algorithm does not terminate, the set DD contains at least one action, and therefore the number of
actions in M decreases by at least 1. |

4. Randomized Reduction

In this section, we instantiate our framework Algorithm 1 to obtain our randomized reduction, with
correctness and efficiency guarantees stated in Theorem 4. In particular, instead of choosing an
arbitrary policy 7 in Algorithm 1 of Algorithm 1, we select a policy uniformly at random from
the remaining policies (i.e., policies which do not choose actions already discarded), i.e., each
remaining policy has an equal probability of being selected. This approach is motivated by the fact
that the worst-case running time for the algorithm we give for Theorem 2 is achieved when only
one action is discarded at a time, which intuitively corresponds to picking the “most suboptimal”
policy 7 in each iteration. We show that picking a random policy instead decreases the number of
iterations of Algorithm 1 in expectation.

To analyze the iteration count when randomly selecting 7 in Algorithm 1, we consider the
number of (s,a) € A with AM(vM),, < Ai\j[min(ﬂ') = miny AM (U;{Vt)slﬂr(s/) (i.e., all actions
with more negative advantages than “worst” action chosen by 7) for policy 7 picked uniformly at
random. It is easy to see that obtaining c-optimal values v for the value of € chosen in Algorithm 1

13
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allows us, by Lemma 9, to discard all aforementioned actions. To reason about how many such
actions we can discard, we let II(M) be the set of all policies of M, define a potential ¢(M) =
[TI(M)| = 1, |-As| to be the number of policies, and let w ~ II(M) denote sampling 7 uniformly
at random from II(M). In Lemma 19, we show that, in expectation for 7 ~ II(M), ®(M) drops
by a factor of two after discarding actions more suboptimal than Ai\f‘min(ﬂ). Consequently, this

allows us to reduce the number of calls to our procedure from Ao — Stotr t0 O(Stot log Aot ) in
expectation. The proof of Lemma 19 is deferred to Appendix B.

def

Lemma 19 Let M = (S, A,p,r) be a v-DMDP where ®(M) > 0. Then, letting DM (7r) =
{(s,a) : AM (M0 < AM (1)} for policy m we have B iy [@(M \ DM(7))] < 58(M).

— % ,min

We now use Lemma 19 to prove Theorem 4, the theorem regarding our randomized reduction,
which we restate below.

Theorem 4 (Randomjzed Reduction) Therejs a randomized algorithm that solves a v-DMDP
M= (S, A,p,r)in O(SZT + SLiAiot) + O(Stot) - Thnd(Stots Atot, O(1 — 7)) expected time.

Proof We prove that Algorithm 1 with uniformly random policy selection respects the desired prop-
erties. Note that its correctness and running time follow from Theorem 17 provided that the number
of iterations T of Algorithm 1 satisfies E[T] = O(Siot)-

To this end, note that by Lemma 9 the set D contains D(7) as long as AM . (1) # 0. Thus,
by Lemma 19, ®(M) decreases by a factor of 2 each iteration in expectatiorf, since clearly @ is
such that ®(M \ D) < &(M \ D(w)). When ®(M) < 1, M has only one policy which is
guaranteed to be optimal, and thus we will get Ai\’/tmin(ﬂ') = 0 and D = () at that point. The
value of ®(M) is upper bounded by Af;gt, and thus the expected number of iterations 7' of the
for loop until we have an optimal policy is O(S;ot 10g Atot). By Theorem 17, each iteration takes
O(S2; + StotAtot) + Trnd (Stots Atot, ©(1 — 7)) randomized expected time, and thus the stated

expected runtime of our algorithm follows. |

5. Conclusion

In this paper we propose a generic framework that reduces solving a v-DMDP exactly to solving a
sequence of DMDPs approximately. Plugging existing approximate solvers into the framework re-
sults in state-of-the-art running times for exactly solving DMDPs. On top of the baseline determin-
istic framework, we show how by utilizing randomization we can further improve the algorithms.
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Appendix A. A Randomized Policy Iteration Algorithm

In this section, we instantiate our framework (Algorithm 1) to obtain a simple randomized variant of
policy iteration that alternates between a “random” step and O(log(1/v)/(1 — «)) policy iteration
steps, outperforming the deterministic variant (Algorithm 2). In particular, we start from a policy
selected uniformly at random in Algorithm 1, as in Section 4, and, to implement a ¢.-approximate
~v-DMDP solver ApxALG, apply the well-known policy iteration algorithm (Howard, 1960) that, for
each state s, simultaneously switches the action taken at s to one that has the best advantage with
respect to the current policy 7. In other words, in each iteration of policy iteration, we update 7 to
7+ where AM (vr)g o+ (5) = maxq AM(vy)sq forall s € S.

Algorithm 2 A randomized policy iteration algorithm

Function RandomizedPolicyIteration (M):
fort=0,1,...do
Select a uniformly random policy 7 of M.

fora::(),...,[ww do

| m<+ PolicyIterationStep (M,m).

end
1—
M < M\ D where D = {(s,a) € A: AM(U)M < =AM (v)- !
if D = () then return 7 // For analysis define Tt on this line
end

Function PolicyIterationStep (M, m):
return 7, where 7 (s) & arg Max (s gyeaTs,a +7 - (05, @), vr).

To prove the correctness of Algorithm 2, we use the following fact that ©(log(1/9)/(1 — 7))
policy iteration steps times suffices to improve the optimality of a policy = by a § < 1 factor.

Lemma 20 (see, e.g., (Scherrer, 2013, Lemma 2)) For any v-DMDP M = (S, A, p,r), policy

T of M, and 7t = PolicyIterationStep(M,n) (as in Algorithm 2), oM — oM <
M _ M
YMoz" = v oo

Using Lemma 20, we prove the following corollary.
Corollary 21 Given a v-DMDP M = (S, A, r,p), Algorithm 2 computes an optimal policy 7 of

~ w+1 2
M in expected O((%;MAM) log(ﬁ)) time.
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Proof We show that Algorithm 2 is an instantiation of Algorithm 1, where 7 in Algorithm 1 is
chosen uniformly at random form the remaining policies (as in Section 4) and the for loop in Al-
gorithm 2 is used to implement Algorithm 1 in Algorithm 1, i.e., compute e-optimal values v for

In(3(1++)/(1-7)?)

e =AM (v,)- 3(1 - =5~ For this, note that Lemma 20 implies that after [ | iterations

1=y
of policy iteration—i.e., [MW iterations of the for loop in Algorithm 2—starting from
7, the new policy 7’ satisfies that [|v% — vM||o < :(31(1+7 oM — v M| 0. We now show that (1 —
oM — oMo < AM _(v,). For this, note that it suffices to show (1 —7)|[vM ||eo < AM (vy).

This follows immediately from the fact that A2 (v, ) is the maximum reward in the v—DMDP M™.
Therefore, the loop in Algorithm 2 computes c-optimal values v for ¢ = AM_(v,) - Thus,
the correctness of the algorithm follows from Theorem 17.

To bound the running time, note that computing v, can be implemented in O(Sy, ) time (Fact 8).
Additionally, A%X(vﬂ) and each iteration of the for loop in Algorithm 2 can be implemented in

O(Stot Aot )- Moreover, by Lemma 19, the number of iterations 7’ is at most O(Stot) in expectation,
which implies the desired running time. |

3(1+ y

This result opens the door to analyzing a range of randomized variants of the policy iteration
algorithm. We chose to analyze this particular algorithm in Algorithm 2 as it is consistent with
the framework discussed at the beginning of Section 3. We leave the exploration of alternative
randomized variants of the policy iteration algorithm for future work.

Appendix B. Omitted Proofs

In this section, we provide the proofs that are omitted from the main body of the paper. We start
with the result regarding converting an approximate v-DMDP algorithm that succeeds with constant
probability into one with an expected running time, which we restate below.

Lemma 5 Suppose there is a randomized algorithm that on input v-DMDP M’ = (8", A’ p',r")
outputs 0' ||’ || so-optimal values v of M in time Taic (S{o, Atot, O ) with constant probability. Then,
there is a randomized d-approximate v-DMDP algorithm that on input yv-DMDP M = (S, A, p,r)
runs in expected time Trnd (Stot; Atot, 0) = O(StotAtot + Tnic (Stot, Atot, ©( - (1 —7))).

Proof Consider running the Monte Carlo algorithm on M with accuracy §ES. 1 + . Let v be the

values it returns. In O(So Aot ) time we can compute 7. (v) and ||[v — T (v) || oo- If ||v— T (v) |loo <
3||7|loo - (1 —7y), then we have by Lemma 7 that ||v — v4||oo < 8||7||co and thus we can output v. On
the other hand, again by Lemma 7 we know that || 75 (v) —v|co < ||Tx(v) =04 || oot ||vx =] 0o < (1+
Y)||v—04]| o and thus if v is 0’||7|| o-optimal then we must have that [|[v— 7% (V) |00 < 8|70 (1—7)-
Thus, with constant probability this procedure outputs values v with certified optimality. Repeating
this procedure until such a v is output yields the result. |

We now prove the following two lemmas (stated in Section 3.1) which are used to prove
Lemma 9.

Lemma 10 For a v-DMDP M = (S, A, p,r) and any u,v € RS and (s,a) € A,

AM(u)yq = AM(0)] < (L4 7)u = o]l
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Proof It follows from the definition of AM (u)s,q that

|A(u)s,a - A(U)s,a| = ‘(Ts,a + - <p(87 CL),U> - us) - (Ts,a + - <p(37 a),v) - ’Us)‘
= "7 : (p(s,a),u—v) — Us +Us‘ <~ ](p(s,a),u—vﬂ + |Us - Us|
< @+ )]u = vl

where in the last inequality we used that (p(s,a),u —v) < ||p(s,a)1 - ||[v — v||co = ||t — V|00 and
that |us — vs| < |lu — v]|so- [

Lemma 11 For any policy 7 iny-DMDP M = (S, A,p,7), AM . (1) < —(1—7)||oM — oM o

*,min

Proof Note that A(vi)s r(s) = Ts,x(s) 7 (P(5,7(8)), Vi) = [Vs]s = [Tz (vs)]s—[v4]s. Consequently,
using (2), which, as discussed in Section 2, follows from Lemma 7, we obtain

1 1
[vr = vslloo < 1_ 7””* = Tr(vs)lloe = 1—~ seag [A (V) s,m(5)] -

Rearranging and using that maxses [A(vx ) x(s)| = —As min(7) proves the lemma. |

The following two claims, stated in Section 3.2, were used to prove Lemma 12, our result
regarding the correctness and efficiency guarantee of MultValApprox.

Claim 15 For every policy 7 of v-DMDP M = (S, A, p, 1), v" = 0 and ||oM” ||l oo > AM  (vr).

Proof That ||v" ||, = 0 follows by Lemma 14 since each (s, 7(s)) satisfies A™M (Vr)sm(s) = 0.
For the bound on ||v!” ||, consider the action (s, a.) € A that maximizes AM (v, )s, 4. which
by definition has AM (v,)s, 0, = AM (v,). Let 7' be the policy that is the same as 7 except at
state s, where 7/(s.) = a.. Note that since for every s, the reward of (s,7(s)) is 0 in M7, it

follows easily that [v!"]5, > AL (v,), as the rewards from following 7’ are all non-negative. W

Claim 16 For any policy w of v-DMDP M = (S, A, p, ), no optimal policy 7. of M has m,(s) =
afor AM(vp)sa < =AM (vr) - (14 7).

Proof By Claim 15 and Lemma 14, we have ||v; — v.|| > Apax(vr). Thus, Lemma 9 asserts that
(s,a) with A(vr)sa < =AM (vr) - (1 + ) is not part of any optimal policy. [ |

max

Finally, we prove the result, stated in Section 4, that we use to prove our randomized reduction.
Lemma 19 Let M = (S, A,p,r) be a y-DMDP where ®(M) > 0. Then, letting DM (7) <
{(s,a) : AM (M), < Afﬁmin(ﬂ)}forpolicy ™ we have B i ) [®(M \ DM(7))] < 38(M).
Proof We proceed by an induction on ®(M). For the base case where (M) = 1, there exists
exactly one policy m of M. This means that all actions are optimal, i.e., have advantage zero, and
thus DM () contains all of them and thus ®(M \ DM (7)) =0 < 3.
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When & (M) > 1, consider an action (s, a.) that minimizes AM (vM)g, 4.. If AM(vM)s, 0, =
0, then again all actions are optimal and therefore ®(M \ DM (7)) = 0 < F®(M). We thus as-
sume for the remainder of the proof that AM (vM),, o, < 0. Let M’ = M\ {(54,a.)} be the
7-DMDP obtained by removing (s, a.) from M. First observe that (s, a.) € DM (7) regardless
of the choice of 7 and that ®(M') = ®(M) - |JL|‘XJ_|1 by definition of ®. Consider the process of
selecting a uniformly random policy 7 of M. We consider the two cases of whether 7(8x) = ax or
not and bound E[®(M \ DM(1))] by

E[®(M \ DM (r))] = Prln(s.) # a.] - E[@(M \ DM (7)) | m(s.) # ai]

5
+Prlr(s.) = a.] - E[@(M \ DM (7)) [ (s.) = au]. ®

To compute the first term, note that the event 7(s.) # a. happens with probability 1 — @.
The distribution of 7 ~ II(M) conditioned on 7(s.) # a, is the same as the distribution 7 ~
II(M’). Moreover, observe that we have v, = vf/l/ since we only remove a suboptimal action,
and therefore AM(vM),, = AM (VM) for all (s,a) # (5., as). In particular this implies
DM (1) = DM (1) \ {(5x, ax)}. Because (s, a.) € DM () regardless of the choice of 7, we have

E i) [@(M\ DM()) | 7(s2) # ] = Eponioun [@(M'\ DM (m))] < S®(M)),

N

where the last inequality follows from the inductive hypothesis. For the second term in (5), again
since DM (7) contains (s, a,) we have ®(M \ DM (7)) < ®(M’). Overall, we get

Aol—1 1 1 A2 -1
Ertiow) [R(M\ DM ()] < ‘\A : 5‘1)(/\/1,) + A (M) = | 2|JJ1 5~ (M)
1
< 5@(/\/‘)
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