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Abstract

We provide algorithms that compute e-estimates of the £,-Lewis weights of a matrix A € R™*" for
p > 4 using O(p? log(m/<)) rounds of leverage score computation, where £,-Lewis weights and
leverage scores are both standard measures of row importance. This improves upon the state-of-
the-art round complexity of O(p*log(m/e)) due to Fazel, Lee, Padmanabha, and Sidford (2022).
We obtain our results by carefully applying a local variant of relatively smooth gradient descent to
primal and dual forms of the £,-Lewis weight optimization problem and providing tools to convert
between different notions of approximate £,-Lewis weights.

Keywords: /,-Lewis weights, leverage scores, relative smoothness, optimal design

1. Introduction

The {,-Lewis weights of a matrix A € R™*™ , denoted 0,,(A) € RZ,,, are a fundamental measure of
the importance of the rows of A (Lewis, 1978; Bourgain et al., 1989; Cohen and Peng, 2015). They
arise in sampling schemes for sparsifying a matrix with respect to the £,-norm (Cohen and Peng,
2015; Lee, 2016; Jambulapati et al., 2022), self-concordant barriers for linear programming (Lee
and Sidford, 2019; van den Brand et al., 2021), optimal design problems in statistics, and geometric
problems (Todd, 2016; Cohen and Peng, 2015; Fazel et al., 2022).

¢p-Lewis weights can be viewed as an /,,-generalization of the leverage scores of A, denoted
o(A), a natural measure of the importance of a row in ¢2. Leverage scores have many applications
in statistics (Rudelson and Vershynin, 2007), randomized linear algebra (Drineas et al., 2012), and
graph algorithms (Spielman and Srivastava, 2008). In the case that A has full (row-)rank (which we
assume for simplicity), o(A) is defined as

o(A); :=a; (ATA)flai and a; is the i"th row of A for all i € [m].

The /,-Lewis weights of A are the leverage scores of A when p = 2. Otherwise, they are defined
implicitly as the leverage scores after appropriate re-weighting the rows by these same leverage
scores. Below we define them formally for what we call non-degenerate matrices.'

. This work subsumes the note “On computing approximate Lewis weights” by Apers et al. (2024).
1. Restricting to non-degenerate matrices is not a strong assumption: zero rows have both leverage scores and Lewis
weights equal to zero and a rank-deficiency can either be removed by carefully restricting to a smaller subspace or
by replacing matrix inverses with pseudoinverses.

© 2026 S. Gribling, A. Sidford & C. Zhang.
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Definition 1 (/,-Lewis weights) For p € (0, 00) the {-Lewis weights of non-degenerate, i.e., full-
rank with no zero rows, A € R™*", denoted 0,(A) € RZ,, is the unique (Lewis, 1978; Wojtaszczyk,
1991; Cohen and Peng, 2015) positive w € RZ, where, for W = Diag(w),

1

w=o(W2 5 A). (1)

To further motivate £,,-Lewis weights, we consider two fundamental problems from statistics
and geometry associated with a set of vectors {ai}ie[m] C R", see e.g., Khachiyan (1996); Todd
(2016).2 First, the D-optimal design problem in statistics associates the {ai}ie[m] to experiments
and asks to assign probabilities A € RZ, to them in order to minimize the determinant of the error

Lie.,

covariance matrix (3_; ¢ Niaa )~
minAeRanO — logdet ( Z )\iaia;) st. 1TA=1. )
i€[m]

This corresponds to designing the experiment to minimize the volume of the resulting confidence
ellipsoid (for any fixed confidence level). The (Lagrange) dual problem,

minysesn, — logdet(M) st a) Ma; <1 Vi € [m]. (3)

is a fundamental geometric problem that computes the minimum volume ellipsoid £ := {x € R" :
o Mx < 1} that contains the vectors {ai}ic[m)» i-€., the John ellipsoid of the set {a; } e[, (Fritz,
1948). Cohen and Peng (2015) showed that an £,,-variant of (3) is connected to Lewis weights:
based on Wojtaszczyk (1991), they introduced the convex program

minpy-o det(M)™"  suchthat > (a] Ma;)P/? < 1. 4)
1€[m]

The optimal solution M, of (4) satisfies M ! = Zie[m] (a;.r M,a;)P/ 2—1aia2— and therefore encodes
the Lewis weights of A as 0,,(A); = (a] M.a;)P/?.

Given their applications and connections, computing £,,-Lewis weights is a prominent struc-
tured optimization problem. Additionally, given the well-studied nature of leverage scores and their
simple expression linear-algebraically, previous work studied how much more algorithmically chal-
lenging it is to compute Lewis weights (Cohen and Peng, 2015; Lee, 2016; Lee and Sidford, 2019;
Fazel et al., 2022). Similarly, in this paper we study the following central question:

How many leverage score computations, i.e., computing o(DA)
for diagonal D, suffice to estimate o,(A)?

We seek new algorithmic and analytic tools for answering this question.

1.1. Prior work
1 1

For p € (0,4), it is straightforward to show the map m(w) := o(Diag(w)?  » A) is multiplicatively
contractive for w € RZ; (Cohen and Peng, 2015). Iteratively applying m gives an algorithm that

2. We assume for simplicity that {a;};c[n is centrally symmetric, that is, {ai }ic(m) = —{@i}icim)-
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computes an e-estimate of oy, i.e., w € RZ; with (1 — ¢)o,(A) < w < (1 4 €)o,(A) using
O(m -log(log(m/e)) leverage score computations (Cohen and Peng, 2015).

However, efficiently obtaining c-estimates of o,(A) for p > 4 has been more challenging.
Cohen and Peng (2015) showed that by applying the ellipsoid method to (4) estimates can be com-
puted in O(m - poly(n)log(1/¢)) time. They also provided a recursive algorithm to compute high-
accuracy estimates using €2(n) leverage score computations. Additionally, Lee and Sidford (2019)
shows how to compute ¢-estimates using O (/7 - p? polylog(mn/¢)) leverage score computations.
Their approach applies a descent method to a volumetric potential (equivalent to F.. defined later
up to a change of coordinates) that captures £,-Lewis weights. They show that the Hessian is stable
around the minimizer which makes the convex objective function locally well conditioned. This
ensures a log(1/e)-dependence of the descent method once weights are found that are close enough
to the minimizer. To find such initial weights they used a homotopy method that slowly increases p.

Only recently, Fazel et al. (2022) provided the only known algorithms which compute -estimates
of Lewis weights for p > 2 using a nearly dimension-free number of leverage score computations.
Their method used O(p? log(mp/e)) leverage score computations. The derivation and analysis of
their algorithms leveraged the following convex optimization problem, where we let V' := diag(v),

. 1 . 2
mlnveR%}"vec(v) where Fyec(v) := —log det(ATVA) + mlTvlJr ? for o, 1= Pt 5)

Optimality conditions imply that its minimizer v, satisfies [v.];” = a; (AT V A)~!a;, and therefore
vi tor - crp(A).3 Fazel et al. (2022) departed from contractivity analysis and instead performed an
innovative, seemingly bespoke, analysis of (5).

The key insight of Fazel et al. (2022) is that a type of quasi-Newton step significantly decreases

Fuec(v) when a geometrically motivated invariant holds. The invariant is pmax(v) < 14 «,, Where

T(AT -1, (V3
Pmax(V) := max;e(m) pi(v) where p;(v) := a; (4 Z:l) @i _ UZ(Kzf) forall i € [m]. (6)
V-

v; i

Note that p;(vs<) = 1 for all @ € [m], which means that the distance from p(v) to the all-ones
vector is a proxy for closeness to (rescaled) Lewis weights. The quantity pmax(v) has a geometric
interpretation: {z € R" : T ATVAz < 1} C {z € R" : |[V"*/2Az| 0o < \/pmax(v)}, which
can be viewed as a notion of rounding (Fazel et al., 2022).4

To ensure that the geometric invariant is maintained, the authors introduced a rounding proce-
dure. Fazel et al. (2022) provided an algorithm that uses O(p> log(mp/¢)) leverage score computa-
tions and alternates between applying the rounding procedure and applying the quasi-Newton step.

The quasi-Newton step can be written as updating v to v+ where vj = (1 + nzzgzg}) v;, and
the step-size 1 is 1/3 for p > 4. Additionally, they provided another algorithm which avoids the
rounding procedure by varying the step-size 7 per coordinate 7 depending on whether p;(v) > 1 or
pi(v) < 1; it also uses O(p® log(mp/c) leverage score computations.

There are additional algorithms that compute weaker approximations than e-estimates of /-

Lewis weights (Cohen and Peng, 2015; Lee, 2016). To motivate these notions, recall that if w is

1
1+ap
and we use v rather than w to indicate vectors in this rescaled space.

4. Indeed, a; (ATVA)"ra; < pmax(v)v; “?. Hence, the rescaled vectors {ai/(vf"p/2 Pmax(v)) }ie[m) belong to

k3 7

the ellipsoid {x € R™ : 2T (ATV A)~'x < 1}. The statement follows by considering the polar of each set.

3. This rescaling of the coordinates of the Lewis weights to the =1- % power is often convenient to work with
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11
an /)-Lewis weight vector, then it satisfies the fixed-point equation w = o(W2 r A), and there-

1 1
fore ||w||y = |[[c(W?2 »A)||; = n. By relaxing the fixed-point equation to a one- or two-sided
inequality, we arrive at the following (increasingly strong up to constants depending on p) notions
of approximate /,-Lewis weights.

Definition 2 (Lewis weight approximations) Let A € R"™*" be a non-degenerate, w € RZ,,
0 <e <1, andp > 0. Then we say

* w is a one-sided e-approximation of o, (A) ifa(Wéf%A) < (1+e)wand ||w|; < (1+4¢e)n.
* w is a two-sided e-approximation of o;,(A) if(l—s)a(W%_%A) <w< (1+5)0(W%_%A).
* w is an e-estimate of 0, (A) if (1 — €)o,(A) < w < (14 ¢)op(A).

For many /,-embedding and -regression problems, the weakest one-sided approximation suffices,
even when ||w|; = O(d), see Talagrand (1990); Cohen and Peng (2015); Woodruff and Yasuda
(2023). Lee (2016) showed that iteratively applying the map m(w) for T = O(log(m/n)/e) iter-
ations and outputting the average of the iterates results in a one-sided e-approximation (Lee, 2016,
Theorem 5.3.4). For some applications in optimization, however, a stronger notion of estimates
are used (Lee and Sidford, 2019; Apers and Gribling, 2026). A natural question is how the var-
ious notions are related to each other. The only previously known conversion is that a two-sided
-approximation is also an O(ep?+/n)-estimate (Fazel et al., 2022, Lemma 14).

1.2. Our results

In this paper we develop two new algorithms for computing e-estimates of /,-Lewis weights for
p > 2. Our algorithms use only O(p?log(m/e)) leverage score computations, improving upon the
prior nearly-dimension free results by a factor of p. (See Table 1.)

# Computes Optimality Reference

O(p®log(m/e))  e-estimate  Fazel et al. (2022)
O(log(m/n)/e) e-one-sided Lee (2016)
O(p*log(m/e))  e-estimate Algorithm 1
O(p*log(m/e))  e-estimate Algorithm 2

Table 1: Comparison between the prior state of the art and our work, for the regime p > 4. The
number of computes measures the number of leverage score computations.

Moreover, we show how to obtain these results by a fairly straightforward algorithm (the com-
plete pseudocode is given later in Algorithm 1): starting from the all-ones vector v = 1, it
performs the following iteration 7' = O(p? log(m /<)) many times

o) = (14 )0 i @)

i

where L is a suitably chosen step-size, and outputs @ = o'+ for & = (a; (ATV(T) A)~1a;)V/,
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Theorem 3  For p > 2, Algorithm I outputs an e-estimate of o,(A) in O(p? log(mpay, /<)) itera-
tions. Each iteration computes the leverage scores of DA of some diagonal matrix D.

Together with Cohen and Peng (2015), Theorem 3 gives the state-of-the-art rates for computing
the £,-Lewis weights for all regimes of p.

Excitingly, rather than a particularly tailored analysis of a potential function, we analyze this
algorithm using relative smoothness and relative strong-convexity (Lu et al., 2018), which are gen-
eral regularity assumptions used in analyzing gradient-based methods for convex optimization, see
also Bauschke et al. (2017); Tseng (2008). Via a simple extension, we prove that relatively smooth
gradient descent converges at rates similar to those established in Lu et al. (2018) even when only
a local variant of relative smoothness holds. We show how (7) is essentially equivalent to applying
this method to a suitable objective. Additionally, we show that the convergence guarantees of this
method directly correspond to computing e-estimates of Lewis weights.

Complementing this result, we show that relative smoothness can also be applied directly to (5),
the optimization problem considered in Fazel et al. (2022). We show that replacing (7) with

1/«
v (1 + %) / "o Vi e [m] (8)

for suitably chosen L optimizes Fyec(v) to accuracy ¢ > 0 in O(p? log(mp?ay,/€)) iterations.
However, as in Fazel et al. (2022), significant work is needed to convert the convergence in function
value to a guarantee on closeness to Lewis weights. We later provide Algorithm 2 which does this
and analyze it in several steps. First, we show that the iterates from (8) in fact converge to one-sided
approximations.

Theorem 4  For p > 2, Algorithm 2 with parameter ¢ produces, after T = O(p? log(mp?a,/£))
iterations, a vector w = [vT)]1% that is a one-sided é-approximation of 7,(A).

Then, we establish two new results that show how to convert a one-sided approximation to
either a two-sided approximation or a multiplicative estimate, where (3, = max{l,1/a,} =
max{1, }%2 }.

11
Theorem 5 Forp > 2, ifw is a one-sided € one-approximation of op(A) and w = o (w? » )2 JwPP,
then W is a two-sided & wo-approximation of op(A) for eiwo = 3Bpn50ne(1 + Eone).

Theorem 6 Forp > 2, suppose w is a one-sided €one-approximation of o,(A) satisfying

1 1 1
n < =—mi Y =N .
Fone = ,Bpnmm{96(p " 2)2(dp — 7)2 50}

1 1
Define w € R by w; = Ji(w575)g/wiﬁp for each i € [m]. Then @ is an ecst-estimate of op(A),

where €est = 2(p — 2)(4dp — 7)1/ 6Bpn50ne.

Applying Theorem 6 to the final iterate of Algorithm 2 yields e-estimate as reflected in the
following Theorem 7.
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Theorem 7 Forp > 2, Algorithm 2 outputs an e-estimate of o,(A) in O(p® log(mp>ay /<)) itera-
tions. Each iteration computes the leverage scores of DA of some diagonal matrix D.

Additionally, we establish two new results using our conversion tools. First, in Theorem 8
we give a postprocessing step that transforms any approximate minimizer v of Fy. satisfying
Pmax(v) < 1+ ¢ into a two-sided approximation. Compared to the postprocessing step in Lemma 1
of Fazel et al. (2022), our approach does not incur a dimension-dependent polynomial factor loss in
accuracy. Second, in Appendix E.4 we provide an improved analysis of a variant of (Lee, 2016, Al-
gorithm 6), obtaining two-sided e-approximations from O(pn log m /) approximate leverage-score
computations to accuracy O(g/(pn)).

Theorem 8 Forp > 2ande < min{ ﬁ, ﬁ } suppose v € RZ satisfies Fec (V) — Fyec(vs) <

% and pmax(v) < 1+ ¢. Define w € R™ coordinatewise by setting w; = (o;(v)/v;) T/ if

pi(v) < 1—¢, and w; = vl-Ha”

of op(A).

otherwise. Then w is a two-sided 50max{a,,, 1}e-approximation

Though not the main focus of our work, we briefly discuss the runtime of our algorithms due
to leverage score computations. Exact leverage scores of DA can be computed by first comput-
ing G = ATD?A in time O(mn“~1), then computing H = G~'A" D in time O(mn“~"), and
then computing the inner product of column ¢ of H with row i of DA in time O(mn) for all i.
To the best of our knowledge, there is no better runtime to compute the leverage scores to high
precision, though faster randomized algorithms for approximately computing leverage scores are
known (Spielman and Srivastava, 2008; Clarkson and Woodruff, 2017). The conditioning of D
affects this procedure through the required bit precision. Hence, we view controlling the range
of D as an interesting open problem. We note that in both our algorithms, the diagonal scaling
D) = (V(t))l/ 2 changes by only a constant multiplicative factor in each coordinate between con-
secutive iterations, see Remarks 19, 33.

1.3. Approach

Here we provide a brief overview of our approach. First, we briefly sketch the relative smooth-
ness and convexity framework. (Formal definitions are deferred to Section 2.) For differentiable
functions f and h, we say that f is pu-strongly convex and L-smooth relative to & when

uDp(z,y) < f(z) = fy) = (Vf(y),z —y) < LDp(z,y) Va9, ©)

where Dy (x,y) := h(z) — h(y) — (Vh(y),x — y) is the Bregman divergence associated with h.
For twice-differentiable f and h (9) is equivalent to uV2h(z) < V2f(z) < LV?h(z) for all x (Lu
etal., 2018). Lu et al. (2018), roughly, shows that, when 0 < p < L, the gradient descent scheme

D)« argmin {f(:v(t)) + (Vf(@®), 2 —2®) + LDy (x, ac(t))}
zeC

converges linearly at a rate 1 — % in function value, and in Bregman distance to the minimizer, e.g.,
t . o
Dy (z*, M) < % (1—£) Dy(a*, 2(0)) where z* is the minimizer of f.

6
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In a nutshell, the update step in (7) arises from a careful extension of this framework applied to
the convex optimization problem over positive definite n-by-n matrices

minyesre,, Fmat (M), where

-2
Z (aiTMai)H’BP for 3, := p—= (10)

Fmat(M) := —logdet(M) + 5

1+ 8,

i€[m]

-1
. P
M, of (10) satisfies M, ! = ATV A, where V := 0,(A)™ >, and thus encodes the Lewis
weights. The update from (7) corresponds to the gradient descent method applied the above objec-
tive where M~1 = ATV A. Itis easy to see that Fyp,¢ is 1-strongly convex relative to Apyat (M) =
— logdet(M). Moreover, the Bregman divergence associated to hp,,¢ roughly measures spectral
closeness between matrices: Dy, . (M, M) < 2/4 implies (1 — )M, = M =< (1 + )M,
(Lemma 20), which shows that near-optimal points of Fy,,; provide e-estimates of the Lewis
weights.

The only remaining challenge is to establish the relative smoothness of Fpy,t with respect to
hmat. Unfortunately, a sufficient global bound is unknown, even for sub-level sets. Instead, we in-
troduce local relative smoothness between iterates, a straightforward extension of relative smooth-
ness that just holds between the iterates. The idea of using different local (or adaptive) notions
of smoothness has been used before, e.g., in Sidford and Tian (2018); Malitsky and Mishchenko
(2020); Latafat et al. (2025). In particular, Li et al. (2018) developed a ball-local version of relative
smoothness, requiring the relative-smoothness inequality to hold uniformly within a neighborhood
of each point, while Godeme et al. (2023) used local relative strong convexity on a prescribed neigh-
borhood, typically around a solution.

We prove in Section 2 that such local relative smoothness suffices for linear convergence. In
particular, we show that when M = (ATV A)~! for some V = Diag(v) with v € R™,, then

This problem is essentially dual to (5); see Lemma 12 and note that 3, = a, . The minimizer

V2 Fmat(M) = (1 + Bp®Prmax(v)) VZhmar (M).
where

T(AT -1
Prnax(v) 1= max;e[y,) P;i(v) where ®;(v) = (a; (4 VUA) i) = pi(v)V/ foralli € [m].
’ (11)
Applying this gradient descent scheme to Fiyat and hpag results in the iterates (7), when written
in terms of v. To establish convergence, we set L = 32pmax{/3,, 1} and show that ®y,,x(v) is
uniformly bounded in the segment between each pair of iterates v(*) and v(**1).
As discussed, to further showcase the approach, we then apply the same local relative smooth-
ness framework to the potential Fy .. used in Lee and Sidford (2019); Fazel et al. (2022). In this
case, it is easy to see that Fe. is 1-strongly convex relative to hyec(v) = ﬁl—rv“ﬂp. We show

that for any v € RY};, we have

V2 Free(v) =< (1+ a;lpmax(v)) V2 hyee(V).

In a similar fashion as for (7), we establish local relative smoothness between iterates when L =
32p/a, thus establishing convergence in function value. As discussed earlier, with more work
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we are able to use this to obtain approximations of Lewis weights. One component of this re-
duction is an efficient conversion of one-sided approximations into two-sided approximations (see

1_1
Appendix E). We do so by defining a transformation w +— @ such that ||p(w? ?) — 1| is con-
1_1 —~1_1
trolled by the spectral approximation quality of ATW2"» A by AT 2" » A, which can in turn be

bounded by ||w — o (w2 7)||; and is small whenever w is a one-sided approximation.

1.4. Paper organization

In the remainder of this paper we extend the relative smoothness framework (Section 2), apply it to
Fmat (Section 3) and Fy .. (Appendix D), and establish conversion results between the notions of
approximation (Appendix E). We conclude this introduction by providing our notation.

General notation. We use lowercase letters for vectors and capital letters for matrices. When the
context is clear, a capital letter additionally denotes the diagonal matrix formed from its lowercase
counterpart, e.g., W = Diag(w). The all-zero and all-one vectors of appropriate dimension are
denoted by 0, 1, respectively. For u,v € R", we write u < v to denote the entrywise inequality
u; < v; forall i € [n], and write u ~, v if (1 — e)u; < v; < (1 + €)u; for all ¢ € [n]. We use
Diag(u) to denote the diagonal matrix with entries Diag(u);; = w;. For any matrices A, B, we
write A > B, or equivalently, B < A when A — B is positive semidefinite. Moreover, we define
(A, B) = tr(AT B). We write S™ for the space of symmetric n-by-n matrices. For any convex set
C, we use int C to denote its interior. We use ® to denote the Kronecker product.

1
Lewis weight notation. For a matrix A € R"™*", we write v,(A) = o0,(A)**r when p is
clear from context, and write v, when the underlying matrix is clear from the context. Denote
Vi = diag(v4). For any p > 2, we denote o, = ]%, Bp = 1/ap, &y = max{l,«,}, and

Bp = max{1, Bp}.

2. Locally relatively smooth gradient descent framework

In this section, we present a straightforward local extension of the relative smoothness framework
introduced in Lu et al. (2018), where the relative smoothness condition only holds locally, along
linear combinations of selected pairs of points. This differs from the local relative smoothness
framework of Li et al. (2018), in which relative smoothness holds when restricted to a ball region
around any given point. The proofs of the claims in the section are deferred to Appendix B.

Definition 9 (Local relative smoothness) Let f, h : C — R be differentiable functions on a convex
set C, and let x,y € int C. We say that f is L-smooth relative to h between x, vy if we have

(1= Na +2y) < f(2) + (L= NV F(@),y — @)+ LD4((1 = Na + Ay, z), YA€ [0,1],
If f and h are twice differentiable, this condition is equivalent to
V(1 = N+ Ay) =< LV2h((1 = Nz + Ay), VA€ 0,1].

We show that for any objective function f defined on C that is pu-strongly convex relative to
some known convex function h, repeatedly performing the following update

2 argmin {f(l‘(t)) + (VD)2 —20) + LDh(x,g;(t))} (12)

zeC
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converges to the minimizer of f, given that f is L-smooth relative to i between each () and z(*+1),

Proposition 10 Ler f,h : C — R be differentiable functions on a convex set C where f is -
strongly convex relative to h for some p > 0, and h is convex. If in the updating scheme (12) there
exists L > 0 such that f is L-smooth relative to h between ) and x(+1) for every iteration t then

Dy (z, D) + L}; (1——) (f(z®) = fla)) < (1—%)ch(x,aj(0)), Vo e C,t € N*.
(13)

Consequently, for x* = argmin,cc f(z) and when 11 > 0,
t
c o0y < (1 B b ) O _ ety <« PAZHL) o ()
Dufa*,a®) < (1= ) Dy, 20) and f(a?) fa) < g D).

The proof of Proposition 10 is inspired by Theorem 3.1 of Lu et al. (2018). Our main contribution
is to extend their analysis to the setting in which relative smoothness holds only locally rather than
globally, and to measure convergence using both the Bregman distance to the minimizer as well as
the function value gap. The key step for proving Proposition 10 is to establish the following lemma.

Lemma 11 [n the setting of Proposition 10, for each iteration t and any x € C we have

Dh(m,x(tﬂ)) < (1 — %) Dh(ZE,SL‘(t)) + %(f(x) _ f(l,(t—l—l))).

3. A relative smoothness algorithm based on a matrix potential 7, .;

In this section, we present an algorithm that computes e-estimates of Lewis weights by approx-
imately solving (10) via the locally relatively smooth gradient descent framework in Section 2.
Throughout the section, we let hyai (M) = —logdet(M) for all M € S, and denote & =

€
2(14ap) "

3.1. Properties of F .

Here we present several properties of F ., including its duality with Fye., explicit formulas for its
gradient, Hessian and optimum, and its relative strong convexity and local smoothness properties
with respect to hp,t. The proof of Lemma 12 and Lemma 13 can be found in Appendix C.

Lemma 12 The optimization problems (5) and (10) are dual to each other in the following sense:

ﬁi% Fmat(M) =n — r1£1>i13 Frec(w)

Lemma 13 For any M € Sl the gradient and Hessian of Fiat have the following expressions:

VFmat(M) = —M~ + Z (aiTMai)ﬁpaiaiT and (14)
1€[m]
V2 Fmat(M) =M '@ M~ + 8, > (a] Ma)* ' aia] @ aia .
1€[m]

Moreover, Fiat has a unique minimizer M, in 8L that satisfies M 1= ATV, A
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Lemma 14 F,,, is 1-relatively strongly convex with respect to hy, . Moreover, if M = (ATVA)*1
for some V' = Diag(v) with v € RZ,, we have

vz]:mat(M) = (1 + qu)max(v)) v2hmat(M)- (15)

Proof The 1-relative strong convexity of F with respect to hp,t follows from the convexity of
(aiTM ai)Hf‘p = (aiTM ai)p/ 2. More formally, observe that

1
V2 Fnat (M) = V2 hygat (M) + — > (o) Ma;))’* aia] ® aia) = Vhunar (M),
pie[m]

proving that Fp,,4 is 1-relatively strongly convex with respect to hpat (M ).
We now establish (15). First, using M 1/ 2a,-a;-rM 172 <4 aiT Ma;I and monotonicity of the Kro-
necker product, we observe that

Z (a] Ma;)P =MV 2a;a] MY? @ MY2q;0] MY/?
1€[m]

< M2 Z (a] Ma;)Pra;a] | MY2 @ 1.

i€[m]

If M = (ATVA)~! for some V = Diag(v), we have
(af Ma;)Pr = (a] (ATVA)"Lay)r = ®;(v)v; (16)
and therefore

Z (aj Ma;)? = MY 2a;0] MY? @ MY 2a;a] M2
i€[m]

< M2 Z vi®;(v)aa] | MY2 @ T

1€[m]

j (1)1113‘)((7))]\41/2 Z viaial-T M1/2 & I
i€[m)]
=P (VIR

(15) then follows as V2(—logdet(M)) = M~ @ M~ and therefore

Z (aiTMai)'BpflaiaiT ® aiaiT = @max(v)vzhmat(M).

i€[m]

Lemma 15 We have Dy, ((ATViA)™1 (ATA)7Y) <m —n.

10
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Proof By the definition of the Bregman divergence, we have
Dppi (ATVA)7 (AT AT
= —logdet((A"ViA)™") + logdet((ATA) ™) + (ATA, (ATV, A1 — (ATA)™H).
Using ATV, A < AT A, we have
—logdet((ATV,A)™1) 4 logdet((AT A)™!) = logdet(ATV,A) — logdet(AT A) < 0.

Bp

;Hj” < 1for any i € [m], we have

Moreover, since [v.]; = [0p(A)]

(ATA ATV, A) ™ — (ATA) ™) = e[AATVA) AT —n= Y ]/ —n<m—n.

i€[m]

Hence, we can conclude that D, ((ATV.A)~! (ATA)™) <m —n. [

3.2. Applying the local relative smoothness framework to F,,;

Here we give our algorithm that solves (10) by iteratively performing the update in (7). Throughout,
our iterate M) is of the form M) = (ATV® A)~1 where V(") = Diag(v®)) for v® € R7,.
Lemma 16 shows that the update from (7) in terms of v(*) follows the gradient descent scheme.

Algorithm 1: High-precision algorithm using the matrix potential Fyyat
Input: non-degenerate A € R™*" p > 2, > 0
Set L = 32pf,, T = [4Llog(2m/z)] where & = m and vi(o) = 1foralli € [m)].
fort=0,1,..., T —1do
‘ oD (1 + M)U(Q,Vi € [m] // Recall ®;(v)=

(a] (ATVA)"1a;)Pp

CH)

[ )
end
Return @ € R, where @; = (a, (ATVT) A)~1a;) P,

Theorem 3 For p > 2, Algorithm 1 outputs an -estimate of o,(A) in O(p? log(mpay, /<)) itera-
tions. Each iteration computes the leverage scores of DA of some diagonal matrix D.

Lemma 16 For any iteration t in Algorithm 1, we have’

MU+ = argmin {fmat(M ) 1 (VFmar (MDY, M — M®) + LD, (M, M(t))}
M0
Proof Given the choice of h, we have that
Dp(M, M®) = —logdet(M) + logdet(M M) + (M@=t M — M®) (17)

5. Since Fiat is convex and limas 5 ar| a0} Fmat (M) = 400, the minimizer is always attained in the interior.

11
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and, by Lemma 13,

VFmat (M) + LV D (M, MD)| |,
= v]:mat( (t)) L(— [MED=L 4 (M (t)}—l)
= (L + Z TM Bpaz L[M(t+1)]fl

i€[m]

(18)

Substituting M® = (ATV® A)~1 for any , we have (a, M®a;)% = (I)i(v(t))vgt) by (16). Then,
Eq. (18) equals

Z ((L + &;(v®) — l)vgt) — Lvi(tH)) aia, =0
i€[m]

Since Dy, ., (M, M®)) is convex, we can conclude that

M = argmin {}"mat(M(t)) - (V Fae (MDY, M — M®Y + LD, (M, M(t))} .
M*>0

Lemma 17 For any iteration t in Algorithm 1, if@max(v(t)) < 45_]3 < L then @max(v(tﬂ)) < 4ﬂ_p.

Proof By the update formula in Line 3, we have vZ(tH) > (1 — %)vi(t), which leads to

Uz(t) (aiT(ATV(tJrl)A)flai),Bp
(t+1) NO)

q)i (v(t-‘rl)) —

1\ P vi(t) (af (ATV® A)~1q,)Pr
- L> LD ' ®

(2

—Bp Oy 1)
-(-3) (@MH) (o).

Since L > 1, the function /: Rt — R defined as 1[)( )= (1— %)76” (1+ %‘1)71 x, is mono-
tonically increasing for > 0. Then, using @max( ) < 43 we have

—Bp 3 _ - -1 3\1 -
o2 (1) (1052 2 () () "z

where the second inequality uses L > 4/3, and 43, > 2, and the fact that (1 — )% < (1—B,x)7!
forall0 < = < 1/(25,). The third inequality uses /Bp < 1, and the fact that (1—z) ' (1+2z)~! <1
forall0 <z < 1/4. [ |

IA
/N
—_

h

Lemma 18 For any iteration t in Algorithm 1 and any A € [0,1], if Prax(v?) < 48, and
L > 16ppB,, we have that

V2 Fmat (My) < (14 16pB,) V2 humat(My)  where My := (1 — N)M® 4 xMED - (19)

12



COMPUTING LEWIS WEIGHTS TO HIGH PRECISION USING LOCAL RELATIVE SMOOTHNESS

(t+1)_, (®)
Proof By the update formula in Line 3, we have v o) vl
v

|®s (v )1 _ 48p—1 _ 1
< T < —4— < 7 where the

second inequality follows from @max(v(t)) < 4Bp, and the last inequality uses L > 16po > 165,3.
Consequently, %ATV(t)A < ATy 4 < %ATV(”A, and thus %M(t) =< M, = %M(t) for any
A € [0, 1]. By Lemma 13, the Hessian of Fy,, admits the decomposition

_ o1 _
V2 Fmat(My) = My @ M+ — 7 (o) Myai)»aia] @ aia.

*p 1€[m]

We bound the second term as follows:

Z(a Mya; )fBP_liwl/2 ;—M)l\/2®M>\1/2a,;aiTMi/2

i€[m]
<2 Z (a:MAai)Bp_l[M(t)]l/QaiaiT[M(t)]l/Q ® [M(t)}l/QaiaiT [M(t)]1/2
1€[m]
< 2MO2 N (0] Myai)Praial | [MO]2 @1, (20)

1€[m]

where the first inequality uses the spectral closeness between M)y and M (). Next, by Lemma 17,
for each coordinate ¢ we have

(o] Myai) < (max{a] MWa;,a] MEVa;})Pr
< max{vz-(t)@i(v(t)), v§t+1)@i(v(t+1))} < 8prz‘(t)‘
Therefore,

[M“)W?( S (o] Maas)rasa] ) MO]2 < 8BP[M“>W2< S o] ) MO — 8,1,

i€[m] i€[m]

which combined with Eq. (20) gives Zle[m (a Mya; )Bff’_lMl/2 ,aTMl/2 ® Mi/2a, a; Ml/2
16,1 ® I. Consequently, V> Fipat (M) = (14 16p8p) VZhmat (M)). I

Proof of Theorem 3. By Lemma 16, each iteration of Algorithm 1 can be equivalently written as

M) — aremin {}'mat(M(t)) AV Fanat (MDY, M — M®Y + LDy, (M, M(t>)} ,
M0

where M) = (ATV® A)~1, Since

04 ('U(O)) )519

IR ON:
O 1+1/8 = maX;em)oi(v)™ < 1,

@max(v(o)) = (maxze[m]

Lemma 17 ifnplies that (I)max(v(t)) < 4Bp for all iterations . By Lemma 18, it follows that Fy,¢
is (1 + 16pB,) < L-smooth relative to h between any two consecutive iterates M (t) and M+,

13
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Moreover, since J, ¢ 1S 1-strongly convex relative to h by Lemma 14, Proposition 10 yields

1\" 1 1\
Dy, (M., MT) < <1 - L) Dy(Mu, M) 4+ 3 (1 - L) (Finat (M) = Finar(M 1))
te[T)
2

m)

1 T
§<1_L) Dy(M,,, M) <

—_
D

where the second inequality uses that M, = arg ﬁi% Fmat(M). Lemma 20 then implies M (7)
—

~z/2 M. Consequently, v € RT with v; = (a] (ATVT) A)=1a;)P for all i € [m] satisfies

Vs ~ ; 3 ,
— 1l =|"————-1| < - foralli € [m].
[U*]z ' a/;-rM*G/i - 2 [ ]
Therefore (1 — €)o,(A) < w < (1 +¢€)o,(A) since 0p,(A) = vl P and @ = 51+ 1/, [

Remark 19 By Lemma 17 and the initialization, @max(v(t)) < 4Bp for every iteration t in Algo-
rithm 1. Therefore, for every coordinate i € [m),

IN

1
1

o ‘:@i(w))—u S48 1

o L ~ 32p8, 8p

1/2

Consequently, the diagonal scaling D) = (V(t)) used in each leverage score computation

satisfies
2Dl <D < 2DY. i m)

In this paper we provide two algorithms for computing approximations of /,-Lewis weights. Addi-
tionally, we provide simple procedures that convert weaker notions of approximation into stronger
ones, e.g., that turn one-sided approximations into two-sided approximations. For the fundamental
problem of computing e-estimates, our methods improve upon the prior state-of-the-art by a factor
of p. Moreover, we obtain these algorithms by a general locally relatively smooth gradient descent
method and straightforward applications of it to convex formulations of Lewis weights.

Altogether, these algorithms and the analysis shed light on the complexity of £,-Lewis weight
computation, through the lens of relative smoothness and strong convexity. Given the fundamental
and pervasive nature of £,-Lewis weights and how natural the associated objective functions are, we
hope this work may facilitate the development of efficient optimization algorithms more broadly.

4. Conclusion
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Appendix A. Technical lemmas

Lemma 20 Let h : S — R be defined as h(M) = —logdet(M). Then, for any My, Mo € 8L
satisfying Dy (Ma, My) < ¢ for some ¢ < 1/10, we have

(1 =2Ve)My = My < (14 2Ve)M;
Proof Denote A = M; /*MyM;"/* + 0. Then
Dh(MQ, Ml) = h(MQ) — h(Ml) — <Vh(M1), M2 — M1> = TI'(A) — IOg det A — n.

Hence, letting A1, . . ., A, be the eigenvalues of A and ¢(\) := X\ —log A — 1, we have

Dy (Ma, M) = Zqﬁ
i€(n]

Note that the function ¢ is convex on (0, 00), with a unique minimizer at A = 1 and ¢(1) = 0.
Hence, ¢(A) > 0 for all A > 0, which gives ¢(\;) < Dp(Ma,M;) < € < 1/10 and thus
|A; — 1] < 24/e for all i. Therefore,

(1-2Ve) I = A= (1+2e)l
o 12 .
Conjugating by M’ " yields
(1-2ve)My = Mo = (14 2Ve) My,
which completes the proof. |
Lemma 21 Suppose x,y € RY, and § > 0 are such that y < (1 + 6)x entrywise and ||z; <
(L+ )yl Then |z — yllr < 36]ly[]x.

Proof The proof follows from writing z — y = (z — 1—}r§y) — %y and applying the triangle
inequality:

1 ) 1 0
|z =yl < Z Ti = 1Y +m,z lyil = Z T — 1+5yi+1+&z Yi
i€[m] i€[m] i€[m] i€[m]
= ol = 5yl + sl
2_
Finally, using [[]l1 < (1+8) [yl we obtain o — ylly < (4552) lyl < 300)ylh.

Lemma 22 tr[BUABT] < ||U||1 for any full column rank B € R™*"™ and PSD symmetric matrix
U € R, where B := B(B' B)~1/?

17
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Proof
tr[BUB'] = tr[BUY2U2BT] = tr[U'2BT BU'/?].
Note that
B'B=B"B)"V?B"B(B"B)"'/? <1,
which leads to

tr[BUBT] < tr[U] < ||U]};.

|
Lemma 23 For any ( > 0 and two full-rank PSD matrices My and My satisfying
8720 — MM < ¢ <, 1)
we have
1305 20 = )y P < S

Proof Let N := M, Y 2MQJW 12 5o that (21) is equivalent to the statement that | N — I||; < ¢ <
1/2. Note that

~1/2 172 . _
|0y 2y = M) My Py = [N = T = [V = DN <IN = TN e
However, since ||[N — I||s < ||N — I]j1 < ¢ we know that every eigenvalue of N is between 1 — ¢

and 1 + ¢. Consequently, | N!0 < (1 —¢)~! yielding the result. [ |

Lemma 24 For any symmetric matrix M satisfying || M |2 < 1/2, we have

H(I+M 1H1 < 2| M||;.

Proof We use A1, ..., A, to denote the eigenvalues of M. Then we have
|+ 1 = by ]m ~1| <230 =2,
1€[n]
where the inequality is due to the fact that for each A\; we have |\;| < [|[M|; < 1/2. [

18
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Appendix B. Deferred proofs of Section 2

Lemma 25 (Three-Point Property, Tseng (2008)) Ler p: C — R be convex. Given z € R?, let
2t = argmingec{p(z) + Dy(z, 2)}. Then,

() + Dp(x,2) > @)+ Dyp(2",2) + Dp(z,2%), Vo eC.
Proof of Lemma 11 By the L-locally relative smoothness condition, for any iteration ¢, we have
F@™D) < f@0) + (9 £@0),at+D = 20) 4 LDy, ).

Applying Lemma 25 with ¢ () :== (V f(z®), z —2®) and using the fact that z(*+1) = argmin, .
{¢(z) +LDy(z, 1)}, we obtain that for any x € C,

(V@) 20D —a) < (Vf(@W),a — oY) + LDy(w, 2)
— LDy (2 2®) — LDy, (2, 2D,

Therefore,
F@) < f@D) + (Vf(a0), 2 — 20) + LDy (2, 20) — LDy (w, V)
< f(.%‘) + (L - ,U)Dh(xa x(t)) - LDh(x¢$(t+1))7 (22)
or equivalently,
(t+1) _K @)+ L p(z) — p(20HD
D, 2™V < (1= 2) Dalw,a®) + £ (f(@) = f@D)).
|

Proof of Proposition 10. By Lemma 11, for each iteration ¢ and any « € C we have

Dh(l‘,gj(t-l-l)) (1 _ Z) Dy (z, x(t)) + —(f(z) - f(x(t-i-l)))'

For iteration ¢ this yields
(® VAL )4 1 T ) f(a®
Da(@,a®) < (1= 2) Duw,a®) + 2 37 (1-2) " (f(@) - f@™)).

Substituting z = x* into the inequality above gives
t
Dy(a*,a¥) < (1= £) Dy(a*,2®),

and
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where we used that f(z*) — f(z®)) < 0 for all k, and that Dj,(z*, 2()) > 0 since h is convex.
Substituting z = z® in (22), we obtain f(z(**t1)) < f(z®) — LDy (z, 2D < f(=®), which
gives

and therefore

Appendix C. Deferred proofs of Section 3

Proof of Lemma 12 Observe that

m>i(r)1 Fuee(v) = minmax | logdet(M) 4+ n — Tr(MATVA) +

S O‘p} (23)

R L+ ay i€[m)
Define
®(v, M) := logdet(M) — Tr(MATVA) + S e,
1+ ot

Then, ®(v, M) is convex with respect to v € RZ, and concave with respect to M € RZj". More-
over, Fyec diverges to +0o whenever any coordinate v; — 0 or v; — 0. Therefore, Fye. admits
a finite minimizer, and both the minimization over v and the maximization over M in (23) may
be restricted to compact convex subsets without changing their values. Applying Sion’s minimax
theorem on these restricted domains then yields

1 +
i — ; _ 1 ap
Igglfvec(v) = max min [log det(M)+n—Tr(MA VA)+ T+a, EE[ ]vl }

nxn

Furthermore, for any M € Rly",

1
min,~o®(v, M) = logdet(M) + Z Uigfo (1 . viHap - aiTMai>
i€lm] »

= log det(M) — 2 Z (a] Ma;)P'? = — Frat(M),

1€[m]
which gives

. M) = 1 i .
Inin Fmat(M) =n Igl;gfvec(v)

20
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Proof of Lemma 13 For any M € R%d and H € R%¥? we have

&L—o log det(M + tH) = Te(M~H) = (M, H),

and since p/2 — 1 =22 =3,

d T /2 P T \Be T rr,.
dt‘tzo(ai (M +tH)a;))P'= = i(ai Ma;)??a; Ha;
for any i € [m]. Hence,

dt t=0

= < - M+ Z (az—Mai)BPaia;-r,H>,

1€[m]

which gives
V Fmat(M) = =M~ + Z (af Ma;)?a;a; .

i€[m]

Similarly, for any M € R%{? and H € R¥¢ we have

lim VFmat(M + tK) — V Fpat (M)

- - 1 T 1/, T T
lim . =M KM+ — Z(ai Ma;)%~Ya] Ka;) a;a

a “
P icim)

which gives

%‘HW”MHK%W — (MM H) + — S (0] May) % Nasa], B (aa], K,

pie[m]
for all M € RY5? and H, K € R%*?, which implies
1
V2fmat(M) =M 'toM '+ o Z (a;rMai)ﬂp_laia;-r ® aiag—.
P 1€[m]

Note that VQJ-'mat(M ) > 0. Hence, Fat is strictly convex and has a unique minimizer M, satis-
fying V Fat (M) = 0, or equivalently,

Mt = Z (aj M,a;)?a;a, .

i€[m]

Let u € RT be the vector with coordinates [u.]; = (a; M,a;)P. Then, we have M, = (AU A)_1
and
[uli = (a] (AUA) " a))™,

showing that u = v,. [ ]
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Algorithm 2: High-precision algorithm using Fec

Input: non-degenerate A € R™*"™, p > 2, accuracy € € (0, %]

Set &€ = [_—}I%Lmin {W, %}, A = min {3?;1—2?, %}, L = 32pB,,
T = 2Lmax {In (42),41n (%) }, and v = 1 forall i € m].

fort=0,1,..., 7T —1do

ol (1 + 7’02'(”(2))71)1/%11“) Vi € [m)]

7 10

end
Return @ € R, where @; = (a, (ATV 1) A)~1q;) +1/ap,

Appendix D. A relative smoothness algorithm using ..

In this section, we present an algorithm that computes e-estimates of Lewis weights by approx-
imately solving (5) via the locally relatively smooth gradient descent framework in Section 2.

Throughout this section, we set p = 4/3,, and define 7(v) = ﬁ > ie[m] vil e

Theorem 7 Forp > 2, Algorithm 2 outputs an e-estimate of o,(A) in O(p? log(mp?ay /<)) itera-
tions. Each iteration computes the leverage scores of D A of some diagonal matrix D.

To prove Theorem 7, we first present several properties of Fye in Section D.1. We then show
in Section D.2 that the function value gap becomes sufficiently small after half of the iterations.
Finally, in Section D.3, we establish that the final iterate o) of Algorithm 2 gives a one-sided
é-approximate Lewis weight vector, which can be converted into an e-estimate using Theorem 6.
We present Algorithm 2 with the parameter € as input since the main purpose of Algorithm 2 is to
compute e-estimates of o,,(A), but we point out that the one-sided é-approximation of Theorem 4
holds for any & € (0, 1].

D.1. Properties of F.

Here we present several properties of F.., including explicit formulas for its gradient and Hessian,
an upper bound on its function value gap for any v € R, and the fact that it is convex and locally

smooth relative to . We will use the projection matrix P(v) := V/2A(ATVA)~"'ATV/2 and
write P(v)®) for the Schur product (entry-wise product) of P(v) with itself.

Lemma 26 (Gradient and Hessian, Lemma 3 of Fazel et al. (2022)) For any v € RY,, the gra-
dient and Hessian of Fyec have the following expressions:

[V Fiec(v)], = vt (UHO"’ —0oi(v)) and

)

V2 Frec(v) = VTIP(0) DV + VoL,

Lemma 27 (Lemma 6 of Fazel et al. (2022)) For any v € R, we have

— v L ,Ul-i-ap . M
]:vec(v) fvec( *) D Z i pl(’l)) 1 .
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1

14ayp
e, Zie[m] v; . Moreover,

Lemma 28 F is I-strongly convex relative to r(v) :=

Pmax(V)

v2-Fvec(v) = <1 +
Qp

> Vir(v), Yve€RZ,.

Proof The gradient and Hessian of r satisfy
[Vr(v)]; = )7, Vir(v) = ap - Vor—L,

Note that

0=<V? (— logdet(ATVA)) =V P)@V ! < VI8V ! = Diag(Vr~1p),

where we denote ¥ := Diag(o(v)). Then by Lemma 26, we can conclude that

V2 (v) < V2 Fyeo(v) < (1 + pma"“”) V2r(v),

Qp

which shows that F is 1-strongly convex relative to r. |

D.2. Function value decrease in Algorithm 2

Here we show that the value of Fec (v(t)) — Fuec(vs) is at most A after ¢ > T'/2 iterations in
Algorithm 2.

Lemma 29 For any iteration t of Algorithm 2, we have

o) = argmin {]:vec(v(t)) + <V~/_"vec(v(t))7 v — U(t)> + LD, (v, U(t))}' 24)

veRY,
Proof Since the function
]:vec(v(t)) + <V]:vec(v(t)), v — U(t)> + LD, (v, v(t))

is convex, it has one unique minimizer. Given that

v=p(+1)

v <’7:"ec(v(t)) + <V}-vec(v(t))v v — U(t)> + LD, (v, vm))
= LVT(U(H_D) + v]:.vec(v(t)) - LVr(v(t)) =0,
we can conclude that

Y = argmin {]-'Vec(v(t)) + <V.7:V€C(v(t)), v — v(t)> + LD, (v, v(t))}.

veRT,

The following two lemmas establish that F.. is relatively smooth with respect to r between
each pair of consecutive iterates v® and vt+1) (and are analogs of Lemma 17 and 18 for Fyec).
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Lemma 30 Let L > 4B,. Forany iteration t in Algorithm 2, if pmax (V) < 4B, then prax (VD)) <
43,. Consequently, Pmax(v®) < 4, for all iterations t.

Proof The proof strategy is similar to Lemma 17. First, note that pmax(v(o)) <1< 4Bp. We then
show that for any ¢ satisfying pmax(v(t)) < 43, it also holds that pmax(v(t+1)) < 45,. In particular,
(t+1) > (1- %)1/%”@ =(1- %)B"vgt), which leads to

7 i

by the update formula in Line 3, v

p~(v(t+1)) _ ’U,Et) P ) CLZT(ATV(t'i_l)A)_lai
oY (v)er
< (1 1\ P vgt) o aj (ATV®A) g,
s\t 7 MO ' (v(t))ap
-1
1\~ pi(v®) —1 )

= (1L) <1+L pi(v"), (25)

and the remainder of the proof proceeds analogously to proof of Lemma 17. |

Lemma 31 For any iteration t in Algorithm 2 and any \ € [0, 1], if pmax(v®) < 48, and L > 45,

then -
pmax((l - )\)U(t) + )\U(tJrl)) < 16,617

Proof Let u = (1—\)v®)+\v(**t1), By the update formula in Line 3, we have u; = (1 + A ((1 + %)1/% - 1))

for all ¢ € [m], and therefore

1/ap
u; > <1+/\<<1—i> —1))1}1@.

Since B, = 1/,

(t) p T(ATUA) L ;
pl(u) = <U,; > ! % (( (t))a) e (26)
i v, P
By L/ O\ T ATU® 4 -1,
RS ) M T
U; (Ui )ap
1 B —Qp
-~ 1\ pi(v®) — 1\ *)
(28)

We bound the two multiplicative factors in (28) separately. For the first factor, we have

ol ) ()
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where the first inequality uses that (1 — %)ﬂ ?—1 < 0, and the last inequality uses that (1 — %)’B P>

% since L > 4Bp. For the second factor in (28), we distinguish two cases: p,-(’u(t)) <1lor pi(v(t)) >

1. On the one hand, when pi(v(t)) > 1, this second factor is at most 1. On the other hand, when

Y1\ P . .
pi(v(t)) < 1, we have (1 + %) v 1 < 0 and therefore this second factor increases when

A increases. This shows that

Bp —arp —Qp
pz(,u(t)) -1 1 Bp
- 7 — < - —
1+ (1 + 7 1 <|t+{(1-7 1 :

which is at most 2%7 < 2 by (29) when «, < 1, and is at most

ﬂp —Qp 1 —1
1-— <[|[1--— <2
( L = L) =
when oy, > 1. Together, this shows that p;(u) < 4p;(v®) for each i € [m], which gives prax(u) <
4pmax(v(t)) < 166}7 n

Proposition 32 For any iteration t > T/2 in Algorithm 2, we have Fee(v®) — Free(vs) < A.

Proof Given our choice of L, Lemma 30 establishes that pmax(v(t)) < 4Bp for any iteration ¢ of
Algorithm 2. Then, by Lemma 28 and Lemma 31, it follows that F is (1 + 16p3,) < L-smooth
relative to 7 between any two consecutive iterates v(*) and v and is 1-strongly convex relative
to r. Hence, applying Proposition 10 gives

O (1-1/L) 0)
fvec(’U ) —Fvec(v*) < 1_ (1 — 1/L>tDT(v*’v ) < A, (30)

where we used the fact that
Dy (v5,0) = r(v,) — r(0 @) — (Vr(0?), 0, — D) < 2m
since [v,]; < 1 for any i € [m]. [ |

Remark 33 By Lemma 30 and the initialization, pmax(v(t)) < 45;:: for every iteration t in Algo-
rithm 2. Therefore, for every coordinate i € [m),

1 1/0&
v§t+)_1_ 1_’_pi(v(t))*1 p_l <1
o® N L -2
(2
Consequently, the diagonal scaling D) = (V(t))l/ 2 used in each leverage score computation

satisfies

ﬁ Dy < DY < ﬁ DY, Vie[m].
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D.3. One-sidedness property of the last iterate

Next, we show that the last iterate v(T) of Algorithm 2 provides one-sided approximate Lewis
weights. To facilitate this analysis, for any 4, j € [m], we define ;; to be the angle between the

vectors (ATVA)71/2U'1/2CLZ‘ and (ATVA)*l/zvjl-/zaj, ie.,

7

T 1/2(ATVA) 1 1/2aj )

Yij = arccos (
’ ATV A)=1/20)2ay]| - [|(ATV A)=1/201 %a |

The next three lemmas show that, for any iteration ¢ of Algorithm 2 at which fvec(v(t)) is suf-
ficiently small, the value of |p;(v(®)) — 1| will decrease multiplicatively until it is below certain
threshold.

Lemma 34 (Lemma 47 of Lee and Sidford (2019)) For any vector v € R7, and i € [m),

Z oj(v) - cos? (i) = 1, Vi € [m)].

j€[m]
Lemma 35 Let v, v" be vectors in R such that § < vt < 3% and define
vt
= > v —vjl-af (ATVA) g cos(vij)* = Y |- = 1] - 05(v) cos(is)*.
0.
‘ jem 1

Then for any i we have

(1-30,) (“) ) g (“) -

Vg

Proof Note that

(+) 17 T ATV A1
(o — | Y L TATv g1 — | Y a; (A VWA Ra;
,OZ(U ) [ v; ] ['Uz']ap a; ( Vv ) a; v; a;-r(ATVA)fl pl(v)'
Hence, it suffices to bound (T’L(‘;‘T/‘(;i;‘) % Denote A = AT(V(+) — V) A. Then,

a] (ATVH A la; o] (ATVA+A)!
af (ATVA)-la; —  a) (ATVA)la
af (ATVA)™V2(I 4+ A)y"H ATV A) "2,
a] (ATVA)=1a; '

where
A=ATVATIPAATVA V2 = (ATVA)V2AT(VT —V)AATVA)~Y2
From the assumption v/2 < v it follows that A = —1I/2. The latter in turn implies

1-A=(I+A)=<1-A+2A%
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Therefore, we have the following chain of inequalities
(I,LT(ATVA)_l/Q(l — A)(ATVA)_I/QCLZ' - a;r(ATv(J,—)A)_lai
aiT(ATVA)—lai = aiT(ATVA)—lai
_ o (ATVA)TV( - A+ 282)(ATVA) g
B o] (ATVA)a; |

D

We proceed by separately bounding the terms that depend linearly and quadratically on A. First,
for the term that depends linearly on A, we have

la] (ATVA)TV2AATVA) Y20 = |a] (ATVA) TTAT(VT = V)A(ATVA) La]

2
< Z |v]+ — vj] (aI(ATVA)*laO (32)
jelm]
<aj (ATVA) g, Z |U]+ - vj|a;r(ATVA)_1aj cos(vij)?
Jj€lm]

Second, for the term that depends quadratically on A, we have
A2 = (ATVA)V2ATVT —V)AATVA) ATV —v)AATV A)~1/2
= (ATVA)T2AT(WVF — V)V I2Y1244TV A)7!
CATVI2y 2yt vy AATV A)TY?

<L (ATVA)TV2ATWT -V V2= 12(vF V) AATV A2

= (ATVA)TV2AT (v —v)2v—tAAaTvA)~Y2
This allows us to proceed as before and obtain

la] (ATVA)TV2AL ATV A) 1 24|

<la] (ATVA)TTAT(WVT - V)2V 14ATVA) Lay

o —oil* (1,7 1)
< Z -2 (ai (A' VA~ aj>
iy
J€[m] / (33)
TAT 1 o —uil® 1o 1 2
<a; (A'VA) " a; Z Jilaj (A" VA) ajcos(vij)
jetm)
<aj (ATVA) g, Z |v;r — vj|ajT(ATVA)_1aj cos(7ij)?,
Jj€lm]

where the last inequality uses the assumption |v;r — v;| < v;. Combining the above estimates (32)
and (33) with (31) concludes the proof. |

Lemma 36 For any iteration t in Algorithm 2 and any i € [m), we have

(o®Y —
pi(v(t"'l)) < max {1 + 15L9(v(t))7 (1 - pZ(U421> pi(v(t))} (34)
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where

9(11) = 2\/30(]'—%0(“) - fvec(v*))v Vo € IR7g()'

apL \| oy

Proof By the choice of L and Lemma 31, for any i € [m] we have

B pi(v®) — 1\
ey

LD

O

%

<

| =

Then, invoking Lemma 35 gives

(t+1)\ ~r (0, (t+1) (t+1)\ ~%
(1 3@)( M) < pYOO) §(1+3ez)< (t)> ,

) Ui
where
(1+1)
e iyt
JE€[m] ]
(ay(1) 1/ap
= 5 | (+ 2O T s conta)
J€[m]
2
< — Z ‘pj(v(t)) —1 ( (t))cos(%g) )
wl o)

By Cauchy-Schwartz inequality, we have

Z Ip;( (t) —1]-0j(v (t))cos(%j)

[m]
Z o;(v®)(p;(v Z o;(v®) cos?(7i5)

jelm] j€im]
D o) (pi(v®) = 1)2
J€[m]
<V Pmax@®) |57 O] oy (0l0) — 1)2
JE€m|
< \/30<]:vec(v(t)) - fvec(v*))a
Qp
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where the second inequality uses Lemma 34 and the last inequality uses Lemma 27. Hence, we
have 6; < A(v(")) for all i € [m], which leads to

14 30(v®)

(g (1) - i (p(®
pi(v ) < 14 Pz‘(v(B),l pi(v'")
(p®) =1
< (1+36()) (1 - ”(”22) pi(v®). (35)
Note that the function ¢(z) = (1 — %) x is monotonically increasing in [0, 1]. Thus for any ¢

with p;(v®) < 1, the value of (35) is at most 1 4 39(v(")). Otherwise, we have

(O —
pi(0®)) < max {1 +15L0(v ™), (1 - pl“’“) pi(v(t))} .

4L
|
Lemma 37 Forany0 < 8, < land L > 1, let {C (t)}tzo be a sequence satisfying
t+1 (W =1\
D < max 1+ﬁp,<14L><<> , VteN (36)

with0 < (0 < L and L > 1. Then, there exists a finite index t = [4L In(max{¢®, 1+ Bp}/Bp)]
such that
(D <148, Vit

Proof First note that for every ¢t > 0, if { (®) <1+ f,, we have

(t+1) ¢ -1\
¢ <max{q1l+8,, |1- 1 ¢ <14 B,

Hence, it suffices to prove that ® <1+ 8.
Assume the contrary, i,e, there exists a sequence {¢ (t)}tZO satisfying (36) with ( @ > 1+ Bp-
Then, for any ¢ < ¢ we have ®>1+ Bp, and thus

) _
¢t —1 < (1— Ct4L 1) ¢(W-1< <1—41L> (¢ —1),

which leads to

1\’ ¢
® <« _ 0) _ 1) < 2 )0 <
¢ _1+<1 4L) (¢ 1)_1+exp( 4L>C <1+ By,

contradiction. Therefore, we can conclude that we have ¢(©) < 1 + Bp for any sequence {( (t)}tzo
satisfying (36) and any ¢ > t. [ |
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Lemma 38 Forany 0 < ¢ < 1/2 and any v € RY satisfying pmax(v) < 1+ € and Fyec(v) —
Fuec(vs) < €3n/(384ay), the vector w = v is a one-sided -approximation of o,(A).

1_1 1
Proof We directly have o(w? 7) < (1 + &)w since pmax(w?
upper bound on ||w||;, we denote

B =

) = pmax(U) <1+ e. As for the

I':={ie[m]]|pi(v)>1—¢e/4}. (37)
Then, [|wl1 = 3_;cr wi + 3¢ r Wi> Where we have
1 1_1 € 11 €
sz “1-e/4 Zal(uﬂ r) s <1+ 2) Z oi(w? 7)< <1+ 2) n (38)
i€l iel i€[m]
and
2
_ 4o, 32 I+ap (pi(v) = 1)
S owe 3 el 5 el
i€[m]\I' i€[m]\I' i€[m]\I'
192 En
< p(»¢vec<”) - fvec(v*)) < —,

2

where the second inequality uses Lemma 27. Hence, we can conclude that ||w|[; < (1 + ¢)n and
thus w are one-sided e-approximate Lewis weights. |

Theorem 4 For p > 2, Algorithm 2 with parameter ¢ produces, after T = O(p*log(mp?a,/€))
iterations, a vector w = [v1))1* that is a one-sided é-approximation of op(A).

Proof By Proposition 32, for any iteration ¢ > 7'/2 we have fvec(v(t)) — Frec(vx) < A. Then,
invoking Lemma 36 gives

(B —
pi()) < max {1 + €, (1 - pZ(U4L)1> Pi(v(t))}

for any i € [m] and t > T'/2. Therefore, by Lemma 37, we have p;(v(7)) < 1 4 & for any i € [m)],
or equivalently, pmax(v(T)) < 1+ €. Using Lemma 38, we can conclude that w is a one-sided
é-approximation of o, (A). |

Theorem 7 can then be established by combining Theorem 4 and Theorem 6.

Appendix E. Conversion between different approximation guarantees

In this section, we first show how to convert one-sided approximations of o,(A) to two-sided ap-
proximations in Section E.1, and then how to convert them to estimates of o,,(A) in Section E.2. In
Section E.3, we show how to convert approximate minimizers of Fyec to two-sided approximations.
Finally, in Section E.4, we present an improved analysis of a variant of the algorithm in Lee (2016);
the full guarantee is stated in Theorem 49. Throughout this section, we denote H = ATW%_%A,

~ Tl R 11 m
H:=A"W2 rA and p = p(w? ») € RY,.
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E.1. From one-sided approximations to two-sided approximations
Here we establish the following result.

D

1_1
Theorem 5 Forp > 2, ifw is a one-sided &one-approximation of o, (A) and @ = (w2~ »)2 JwP,

then W is a two-sided € wo-approximation of op(A) for eiwo = 3Bpn50ne(1 + &me)B .

We first prove a key lemma that allows us to compare quadratic forms associated with @ and w.

1_1
Lemma 39 For any w € RY, and ety = H@ —o(w27p)

|28 — HYH2]) < (- o (w5, = o

and consequently, R
(1 — 5tw0)H <HX (1 + 5tvv0)H-

Proof Let A == @' » — w' 7 and let A4 :=max{A,0} and A_ := max{—A, 0} entrywise so
that Ay, A_ € RT), A=A — A_,and [[Afly = [[A4[]1 + [[A—]1. Then, we have

HH—1/2(I§7H)H—1/2H HH 1/2 ATA A H—1/2H +HH 1/2 ATA A 1/2”

We then use the fact A is positive semidefinite, and therefore so is H /2 (ATA+A) HY2 to
upper bound the spectral norm by the trace:

HH—1/2 (ATA, AV H WH tr[H_l/Q(ATA+A)H_1/2}

1 1
(w2 P
=Y A [aaTwE AT = Y (a2 )
i€[m) " iem] w; *
By symmetry, the same bound holds for A_. Combining the two bounds yields that
1 1)
1/2/ 4T ~1/2 i(w? e
HH (ATAA)H H Z 1A -2 =
Z
Recalling that A = @1_% — wl_% we obtain the desired upper bound:
oi(w?7)
w2 P . 1_1
Do 1Al = @ o (w7 = o
1€[m] w; P
Finally, we conclude that
HH V2(AT AA)VH 1/2H HH*W(ATAA)MWH1 < Eomo (39)
and thus (1 — egyo)H = H = (1 + £4wo) H. |

|
B)
|
2
S‘
e

Next, we show how to bound the approximation factor ey =
one-sided approximation of o, (A).

- )H1 when w is a
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Lemma 40 Ifw € RY, is a one-sided €one-approximate {y,-Lewis weight of A for p > 2, then

~

1
|@ — o(w?

1 _

p)Hl < 3/8pn50ne(1 + Eone)ﬂp
1 1

Proof If p > 4 and 3, > 1, since w and o (w2~ ») are non-negative, it follows that

oi(w> )\ % 1
w;

@ o2 3|, = Y oi(w? )

1€[m]

where in the last step we used the fact that

x X
|1 —z¢ = ’/ c-yc_ldy‘ < ’/ c-max{l,m}c_ldy‘ = c-max{1,z} |1 — x|
1 1

1 1
forany > 0 and ¢ > 1, and that o(w? ») < (1 + gope)w. Otherwise, if 2 < p < 4 and
0 < B, <1, we have

O'i(w%_%) Pr 1
wj

@ —o(w2r)|, = 3 oi(w2 )

1€[m]
(w2 7)
o;(w2 » 1_1 11
?;]lwi oi(w2 7)) —wi| < (1+ £one) o (w2 7) — w].
1 m

The result then follows from the fact that ||w — a(w%
Lemma 21.

_1
?)[i < 3eonello(w)lli = 3eonen, by
|
Now we are ready to prove Theorem 5.
Proof of Theorem 5 For any i € [m/], we have

3 =

1

5277, _

J(wA )i — 3, _
Wi

(1

(22

(ATt a)1aT) 4@ AT

[A(ATWl‘%A)—lAT}
(23
We wish to lower and upper bound this fraction by 1/(1 + €¢wo) and 1/(1 — e¢wo ), respectively. For
this it suffices to prove that
1 _2 ~1-2 .\ — 1 _2
—  (ATWTRA) T (AT A) T (AT w A
1+ €two

— Etwo
which is equivalent to showing that

=1

(1 - o) ATW P A < ATW 0 A < (1 + epwo)ATW' 5 A

By Lemma 39 and Lemma 40 this holds for ey, = |0 — 0’(’[1}%_%) I < 3Bpn50ne(1 + 50ne)5 [ ]
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E.2. From one-sided approximations to estimates of Lewis weights

Theorem 6 For p > 2, suppose w is a one-sided €one-approximation of o,(A) satisfying

1 1 1
< —mi — 5.
Fone = ﬁpnmm{%(p —2)2(dp —7)%’ 50}

1_1
Define w € R by w; := Ui(wi_g)g/wfp foreach i € [m]. Then W is an eqs-estimate of o,(A),

where get = 2(p — 2)(4p — 7)1/ GBpnsone.

" If cowo < 1/8 then

N

Lemmadl Ler 5 = diag(oy(%2 7)) and eo = ||@ — ofw
1 1
I p(@2 )| < dey)

two*

Proof

11 2 ~ 2 )
pi(@2 7)) =, "a; (ATW 2 A) gy = =&

which leads to

where

Denote

Then, |A|l; < 2&4wo by Lemma 24. Define Ay = max{A,0} and A_ = max{—A, 0} entry-
wise, and define a new positive semidefinite matrix A := A, — A_ that satisfies

IAflL < AL+ AL < 2 AL < 4etwo.

Moreover, we have

1
11 H 2a,
oty —1) < M2els Ay e < L
1H ™ 2a;|3
which leads to
NASal2  2H 35 7ai?
2a;|[% 2 |2
!ln(ﬂz(@%_%))|< | _azlle_ H i_lalnA,
MH=2ally @7 v a3
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and
POEUC
11 11 11 11 [[H 2wy Pagl|
Ip(@2 %)% =D oi(@2 #)|[In(pi(@2 #)? <4y oy(@? 7) —————=.
i€[m] i€[m)] ||H_5l/lji2 pai||§‘
~ —~1 1 ~
Denote A = W2"» AH~2. Then by Lemma 22,
11 1.1 i Ad; 2 1_1 6 Ad;
s s—= i i (T L i %
[ p(@272) [ <4 3 oi(@2 ) < al i ) SEDIEACED ( a] >
i€[m] v i€|m] ?
= 4tr[AAAT] < || A1 < 16840
a Aa; 1L AT A
here we use that ( ———) < 1 and that o;(wW2 ?) = a, ;. [
a; a; ?

Lemma 42 (Lemma 14 and Claim 1 of Fazel et al. (2022)) Consider v := ﬂ?l_% which satisfies
|pi(0) — 1| < 1/2 for any i, define

~ o . o T = toay 14ap
o(t) = agg@onft(v) = —logdet (A'VA) + T+a Z‘Z;pz(v)v , Vte|0,1]. (40)

Then, we have 0(1) = v, 0(0) = v, and

o(t) |1HP Hoo [ 10 p(9) |52 (s(
0(1) o2 ’

p

Lemma 43 For any § € RY that satisfies || In&|oc = v < 1/4, we have

o(diag(£)A)

<14 8~.
o(4) =4S

HOO

Proof Given that || In{]|oc = v < 1/4, we have ﬁ < & <14 2yforalli € [m]. Then for each
1, we have
0i(€4) = ai (A" diag(§)*4) ',
< (1+29) T( A4 >_1 < (1+27)%0i(A) < (1+87)0i(A)
a; | ——— a; < oi(A) < oi(A).
< Wi (G5 Y ot
|

Proof of Theorem 6 By Theorem 5, we have that @ is an e¢yo-two-sided approximation of ¢, (A)
for some ey, satisfying

~ 3 = 1
Etwo < 35pn50ne(1 + 5one)ﬁp < 65pn50ne < é (41)
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by our choice of €ope. Assume 0 = @' satisfies | In(/v4)[|oc < %, which will be justified later.
Consider the vector function ¢(t) defined in (40), by Theorem 5 and Lemma 42, we have

In pl|x (s 1
Hd1n< b(t) )H |lanoo N | np||§(v(t)) - 2emo [ an?(v(t
1 o o o
By Lemma 43,
. R o(o(t)) . 0(t)
1 oy < 1 o <1 o (148l .
Il < 1Al 0@(1))]]00 < mpls (148 (53|
Moreover, since
@ (0) 1
< R
0(1) )|l ~ 4
and || In p[|5;(5) < 4€two by Lemma 41, we obtain
d, (o) 12 (p—2)? 0(t)
71 WO 4 s 1 1 ~
i Gl < e (52) (18] (55
1
< (p - 2)6two + 4(p - 2)25:\7/\7(2) < Z

Integrating over ¢ € [0, 1] gives

3 1
H ( i)H ) (4p — 7>6343_<p—2)(4p—7)\/M§1, vt € [0,1],

where the second inequality uses (41). This verifies the assumption made at the beginning of the
proof. Since 0(0) = v, it follows that

exp (= (p—2) (4p — T)epha)vs <0 < exp ((p— 2) (dp — 7) efe) v

and thus (1 — gest)op(A) < W < (1 + €est)op(A). [

E.3. From approximate minimizers of 7. to two-sided approximations

Here we establish the following result.

Theorem 8 Forp > 2ande < min{ﬁloo, ﬁ }, suppose v € RY satisfies Fuec(V) — Fyec(vs) <

% and pmax(v) < 1+ ¢. Define @ € RT coordinatewise by setting w; = (o;(v)/v;)* T/ if

pi(v) <1 —g¢ andwz—vJr P

of op(A).

otherwise. Then W is a two-sided 50max{cy,, 1}e-approximation

For comparison, prior work established the following conversion from approximate optimality
to estimates. Ours achieves two-sided approximations instead of estimates, but without polynomial
overhead in terms of the dimension.
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Lemma 44 (Lemma 1 of Fazel et al. (2022)) For any v € RY satisfying pmax(v) < 1+ «ay, and
~Fvec(v) - Jrvec(v*) < £ with

a3t
(25m(y/n + ap)(ap + a;l))

Then, the vector @ defined as @; = (a; (ATVA)~! )1+ /%% is an e-estimate of op(A).

g = )

We first prove a key lemma that allows us to compare quadratic forms associated with w and w.

Lemma 45 Letv € RY,, S C [m], and define

N (o5(v)/v)Y % ifie S
’U,L- =
V; otherwise.

Then B
(1-0ATVA<ATVA=<(1+8)ATVA,

where § == ;¢ |5Z-1+ap —o;(v)].
Proof Let A := v — v and let A} := max{A,0} and A_ := max{—A,0} entrywise so that
A, AL eRY), A=A —A_.LetH = ATV Aand H = ATV A. Then, we have

HH_1/2(ﬁ _ H)H—I/QH HH 1/2 ATA A) H—1/2H 4 HH 1/2 ATA AVH 1/2”

We then use the fact A is positive semidefinite, and therefore so is H /2 (ATA+A) H™1/2 1o
upper bound the spectral norm by the trace:

HH_1/2 (ATA+A)H—1/2H1 —tr [H—l/z (ATA+A)H‘1/2] — Z (AL {A(ATVA)‘IAT}

1€[m)] K

-y A

v;
i1€[m]

By symmetry the same bound holds for A_. Combining the two bounds yields that

HH V2(ATAA)H 1/2” Z A oi(v

1€[m]

Recalling that A = ¥ — v we obtain the desired upper bound:

3 (A 2 =Zw§*ap—ai<v>\ = 4.

i€[m] ies
Finally, we conclude that
HH—W (ATAA)H WH HH V(AT AAVH WH <5 (42)
and thus (1 — 0)H < H < (1+ 6)H. |
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Lemma 46 Forany 0 < e < 1 and any v € RT; we have

Z U1+ap < de (fvec(v) - Fvec(v*)) (1 + pmax(v))
7 —= 2 '
i€lm]:p;(v)<l—e ¢

Proof This follows immediately from Lemma 27. Indeed,

@ « % -1 2 max 1

Z UZ'1+ P < Z UZ'1+ p(p (U)2 ) P (/U) + (43)

. . E pi(v) +1

i€lm]:p;(v)<l—e i€lm]:p;(v)<l—e
pmax(v) +1 1+a (pi(v) - 1>2
< ——— e 44
S ;} EEOE )
< 6 (Frec(v) — ]:vec2(v*)) (1+ f"maX(U))7 (45)
€

where the last inequality uses Lemma 27. |

Lemma 47 Let v € RY be such that Fyec(v) — Frec(vs) < €3 and puax(v) < 1+ ¢. Let ¥ be
defined as follows

i — .
V5 otherwise.

_ {(o—i(v)/m”aﬂ ifpi(v) <1—¢

1+ _
Then 3 icimlpr(oy<1—c [0 " = ai(v)] < 12ap(1 +¢)e

Proof Apply the triangle inequality. Observe that for each ¢ for which p;(v) < 1 — ¢ we have:

@Ha? < vi1+a” since (Ui(v)/vi)l/o"’ = vipi(v)V and o;(v) < vl-1+a”. Finally, apply Lemma 46.
|

Proof of Theorem 8 We first note that by Lemma 45 and Lemma 47 we have
(1-0)ATVA<ATVA<(1+8)AVA
for 6 = 24aye. This shows that

L
149

1

T + T4\t
(A'VA)" 2 (A'VA) X173

(ATvA)*, (46)

We now bound p;(v). We distinguish two cases: p;(v) < 1 — e and p;(v) > 1 — e. First, when
pi(v) < 1— e we have 7; = (0;(v) /v;)"/*», and therefore

[A(AWA)MT] )
i [A(ATVATAT],

k23

pi(@) = - [A(ATvA)—lAT}
(46) then shows that p;(v) € [(1+ )7L, (1 —6)71).
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Second, when p;(v) > 1 — ¢ we proceed as follows. We have v; = v; and therefore

- —q T77 14T {A(AT‘N/A)_IAT}
pi(®) = v - [A(A VA A Ll = pi(v) - [A(ATVA)_IAT]:'

(46) then shows that p;(v) € [(1+ )" Lpi(v), (1 — §)~Lp;(v)] C [%, 1]
Combining the two cases shows that w = 17 is a two-sided &-approximation of op(A) for
&= % = 25a,e/(1 — ) < 50aye. u

c —

E.4. Improved analysis of Lee’s algorithm

Through Theorem 5, we can show that a variation of Lee’s algorithm can be used to compute e-
estimates of o,,(A) using approximate leverage score computations at the expense of a poly(n, p)-
overhead in precision and a dimension dependent number of iterations, see Theorem 49.

We first prove a simple lemma that shows that two-sided approximation is “stable” with re-
spect to a multiplicative change (i.e., if w is a two-sided approximation then so is its multiplicative
approximation).

Lemma 48 Lety > 1. Let w,w € RY, be such that v rw; < wy < yw; for all i € [m). Then

~1_1 1.1 ~1_1
’7_10'1‘(Wj »A) < oi(W2"rA) < ’yai(Wj »A)
wW; Wy Wy

Proof We first prove the first inequality. We have that

1
. 27 p _2 —~
M X: {A(ATWI_%A)"'AT]

K23

_2
<qw, 7 [A(ATWP%AVAT} —

2 Wy

_2 _2 —
where the inequality uses w,; ” < ’y%wi ? and (ATI/VP%A)Jr = fyl*% (ATWP%A)*. The second
inequality of the lemma follows by exchanging the roles of w and w. |

We can now state our variation of Lee’s algorithm and prove its correctness.

Theorem 49 (Approximate Lewis weights from approximate leverage scores) Algorithm 3
outputs a two-sided e-approximation of the {,-Lewis weights of A. Each iteration computes the
leverage scores of D A of some diagonal matrix D to multiplicative accuracy O(g/(pn)).

Proof Steps 1.-4. of the algorithm correspond to Algorithm 6 by Lee (2016). In Theorem 5.3.4
1_1
of Lee (2016) it is shown that the resulting w satisfies w;/o;(W2 » A) > exp(—e1) and hence

leverage scores so that ||w|; < (1 4 e1/4)n, and hence w is a one-sided 2¢;-approximation of

1 1
o;(W2"rA) < exp(er)w; < (1 + 2e1)w;. Moreover, w is an average over £ /4-approximate
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Algorithm 3: Two-sided Lewis weight approximation

Input: A € R™*"™, p > 2, accuracy € > 0
Let wgl) =n/mforalli € [m],e; =¢/(100pn), e2 = ¢/(3p), T = [2log(m/n)/e1];
fork=1,..., T —1do
‘ Let w**+ 1 be ¢ /4-estimates of a((W(k’))%_%A);
end
Letw = & > kelT] w*) and s be eo-estimates of J(W%_%A);

return @ with @; = w;(s;/w;)? forall i € [m]

11 . . . .
op(A). By Theorem 5 this implies the vector 0 = o(w? )% JwPr is a two-sided Lewis weight
approximation with approximation factor

68,ne1(1 + 221)Prn < /3
by our choice of 1. Finally, we use e2-estimates s of U(W%_%A) to define w; = w;(s;/ wi)g, SO

that
1 ~

— P20 < 1w 25 < — — o
(1 —ex)P2w; <w; < (1+e9)P?w; < (1_52)1)/211),.

We can now apply Lemma 48 with v = 1/(1 — £5)?/? < 1 + /3 by our choice of e5. This implies
that the w;’s are two-sided Lewis weight approximations satisfying

(e < T2 P4 gy e,

1

Using that (1 —¢/3)2 > 1 — e and (14 ¢/3)? < 1 + ¢, this proves the claim. |

Theorem 49 implies that we can obtain a two-sided e-approximation of o, (A) by iteratively com-
puting O(pn log m/e) many O(e/(pn))-approximate leverage scores.

39



	Introduction
	Prior work
	Our results
	Approach
	Paper organization

	Locally relatively smooth gradient descent framework
	A relative smoothness algorithm based on a matrix potential Fmat
	Properties of Fmat
	Applying the local relative smoothness framework to Fmat

	Conclusion
	Technical lemmas
	Deferred proofs of Section 2
	Deferred proofs of Section 3
	A relative smoothness algorithm using Fvec
	Properties of Fvec
	Function value decrease in Algorithm 2
	One-sidedness property of the last iterate

	Conversion between different approximation guarantees
	From one-sided approximations to two-sided approximations
	From one-sided approximations to estimates of Lewis weights
	From approximate minimizers of Fvec to two-sided approximations
	Improved analysis of Lee's algorithm


