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Abstract

Eldan’s stochastic localization is a probabilistic construction that has proved instrumental to modern
breakthroughs in high-dimensional geometry and the design of sampling algorithms. Motivated
by sampling under non-Euclidean geometries and the mirror descent algorithm in optimization,
we develop a functional generalization of Eldan’s process that replaces Gaussian regularization
with regularization by any positive integer multiple of a log-Laplace transform. We further give a
mixing time bound on the Markov chain induced by our localization process, which holds if our
target distribution satisfies a functional Poincaré inequality. Finally, we apply our framework to
differentially private convex optimization in ℓp norms for p ∈ [1, 2), where we improve state-of-
the-art query complexities in a zeroth-order model.
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1. Introduction

Stochastic localization, an elegant construction introduced in Eldan (2013), has emerged as a key in-
gredient in modern analysis frameworks, enabling recent breakthroughs in high-dimensional geom-
etry and probability (Lee and Vempala, 2018; Eldan, 2018; Klartag, 2018; Eldan, 2020; Eldan et al.,
2020; Eldan and Shamir, 2022; Guan, 2024). As a few highlights, the stochastic localization frame-
work has led to improvements to the Kannan-Lovász-Simonovitz (KLS) constant (Eldan, 2013; Lee
and Vempala, 2024; Chen, 2021; Klartag and Lehec, 2022; Jambulapati et al., 2022; Klartag, 2023)
and the recent resolution of Bourgain’s slicing conjecture (Klartag and Lehec, 2025b) and the thin-
shell conjecture (Klartag and Lehec, 2025a). Recently, through its application to proximal sampling
(Lee et al., 2021; Chen et al., 2022) and the framework of localization schemes (Chen and Eldan,
2022), stochastic localization has also seen applications in the design and analysis of sampling al-
gorithms, for both continuous and discrete distributions (Eldan et al., 2022; El Alaoui et al., 2022;
Gopi et al., 2022; Anari et al., 2023).

A standard viewpoint of stochastic localization is as solving the following problem: given a base
density π over Rd, and a time parameter τ > 0, construct a distribution over linear tilts yτ ∝ Rd,1

such that πτ ∝ Tyτ exp(− τ
2∥·∥

2
2)π equals π in expectation, over the randomness of yτ . This equal-

ity holds in a pointwise sense, i.e., E[πτ (x)] = π(x) for all x ∈ Rd. The reason this is beneficial
is because regardless of how yτ is realized, a large Gaussian regularization ∝ exp(− τ

2∥·∥
2
2) is in-

duced. By using the strong geometric properties enjoyed by Gaussians, e.g., isoperimetric, Poincaré,
or log-Sobolev inequalities, this process can then be used to reason about π itself.

1. Here and throughout, we use Tvν to mean the density that is ∝ exp(⟨v, ·⟩)ν; see Section 2 for notation.
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Functional stochastic localization. A key feature of stochastic localization is that it primarily
lends itself to tools tailored to the Euclidean geometry. This is unsurprising: Gaussians are induced
by a (Euclidean) quadratic potential ψ = 1

2 ∥·∥
2
2, and various alternate definitions of stochastic

localization (cf. Shi et al. (2025) for a recent survey) rely on stochastic differential equations (SDEs),
which are based on the Euclidean construction of Brownian motion. This begs the question: is there
a generalization that is more naturally equipped to handle non-Euclidean geometry, e.g., induced by
a non-Euclidean norm, or even an arbitrary convex function ψ : Rd → R?

This line of inquiry is motivated by the rich literature on non-Euclidean optimization, which has
had wide-ranging applications such as sparse recovery (Candès et al., 2006), matrix completion
(Agarwal et al., 2010), combinatorial optimization (Kelner et al., 2014; Kyng et al., 2019), multi-
armed bandit problems (Bubeck and Cesa-Bianchi, 2012), and more. Many of these applications
are intimately related to the framework of mirror descent, a “functional” generalization of gradient
descent induced by a non-Euclidean regularizer ψ : Rd → R. A parallel question would then be:
is there a functional generalization of stochastic localization, e.g., a distribution over linear tilts
yτ ∈ Rd that satisfies, for some convex ψ : Rd → R, and π a density on Rd,

E [πτ ] = π, pointwise on Rd, where πτ := Tyτ exp (−τψ)π? (1)

The primary contribution of our work is to investigate this question, and to construct a generalized
process realizing (1) for structured ψ. We term our construction functional stochastic localization
(to contrast with Eldan (2013), henceforth referred to as (Euclidean) stochastic localization).

Applications to sampling. While we believe our construction is interesting in its own right, our
primary motivation is applications to designing sampling algorithms under non-Euclidean regular-
ity. Since the characterization of sampling as optimization over the space of measures (Jordan et al.,
1998), sampling algorithms for continuous distributions have drawn heavy inspiration from convex
optimization (Dalalyan, 2016, 2017; Wibisono, 2018, 2019; Vempala and Wibisono, 2019; Durmus
et al., 2019; Ma et al., 2021; Nitanda et al., 2022) (cf. Chewi (2023) for a thorough discussion).
However, compared to sampling in Euclidean spaces, development of non-Euclidean samplers has
lagged behind. The sampling analog of mirror descent is to reweight Brownian motion by ∇2ψ,
e.g., in the mirror Langevin dynamics (Hsieh et al., 2018; Chewi et al., 2020). Several works
have considered the corresponding discretization (Hsieh et al., 2018; Zhang et al., 2020; Ahn and
Chewi, 2021; Jiang, 2021; Li et al., 2022); however, they often require non-standard assumptions to
achieve vanishing bias (Li et al., 2022), or only discretize the drift but not the diffusion (Ahn and
Chewi, 2021; Jiang, 2021; Gu and Kim, 2025). Other approaches include the discretized Rieman-
nian Langevin dynamics, which requires exact sampling from the manifold (Gatmiry and Vempala,
2022; Li and Erdogdu, 2023), or using a filter to obtain an unbiased algorithm (Srinivasan et al.,
2024, 2025), which again requires additional regularity.

Recently, Gopi et al. (2025) introduced a complementary approach via a functional variant of the
proximal sampler (an algorithmic variant of Euclidean stochastic localization), and studied its use
in sampling from non-Euclidean spaces. This approach was based on the theory of the log-Laplace
transform φ♯ (LLT, Definition 2), a probabilistic analog of the Fenchel transform φ∗ central to
mirror descent. Moreover, Gopi et al. (2025) showed that LLTs satisfy useful properties, e.g., self-
concordance and strong convexity-smoothness duality (Facts 1, 2) that make them amenable to ap-
plications similar to uses of mirror descent. The construction of Gopi et al. (2025) can be rephrased
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in terms of (1), where ψ is an LLT, but their framework only permitted taking τ = 1. Moreover, the
proof strategy of Gopi et al. (2025) led to a quadratic overhead in the mixing time of their sampler
compared to Euclidean counterparts, opening the door to a stronger and more flexible approach.2

1.1. Our approach

We develop a new approach to the construction of processes matching (1), when ψ := φ♯ is a log-
Laplace transform (Definition 2). Our construction is summarized and analyzed in Section 3, and
carefully uses structural facts about LLTs and exponential families, a parametric family of high-
dimensional distributions, to argue that the martingale property (1) holds.

Defining functional stochastic localization. Our framework is motivated by and related to Gopi
et al. (2025), but substantially broadens its flexibility. To better explain this relationship, it is helpful
to outline a typical mixing-time result for Euclidean proximal samplers. Let π be a density on Rd
that satisfies an α-Poincaré inequality (PI, Definition 6). The proximal sampler of Lee et al. (2021)
performs Gibbs sampling on an extended space, defined by a random tilt cτ at time τ > 0, and
x ∈ Rd. The mixing time of the proximal sampler (in χ2 divergence) then scales ∝ τ

α (Lee et al.,
2021; Chen et al., 2022; Chen and Eldan, 2022). This leads to a tradeoff: larger τ leads to slower
mixing, but induces additional, helpful, Gaussian regularization in the tilted densities πτ . Choosing
τ to balance the cost of Gibbs sampling with the mixing time then enables a host of applications.

The ability to handle a range of τ is thus clearly useful. Unfortunately, previous approaches to
stochastic localization were firmly continuous, letting τ ∈ R index time in a SDE, and defining
yτ via infinitesimal convolution. The challenge in extending this approach beyond the Euclidean
setting is that under minimal structure, infinitesimal convolutions necessarily lead to Gaussians by
the central limit theorem. Previously, Gopi et al. (2025) sidestepped this issue by only permitting
τ = 1; moreover, their main result (cf. Theorem 1, (Gopi et al., 2025)) has a mixing time that, in
our language, scales with a suboptimal dependence ∝ 1

α2 . Thus, it seems that a new perspective is
necessary to achieve a nontrivial range of τ in non-Euclidean proximal sampling.

Our framework allows for taking arbitrarily large τ , with a twist: although the underlying space Rd
is continuous, τ ∈ N in our process now indexes a discrete time. We then construct the process
defining yτ in (1) using τ convolved draws from an exponential family (Algorithm 1, see also
the alternate definition of our process in (8)). This construction is motivated by an information-
theoretic viewpoint of stochastic localization as posterior sampling, given progressively denoised
observations from a Gaussian channel (Alaoui and Montanari, 2022) (see also Section 3, (Shi et al.,
2025)). Our key observation is that, unlike the SDE-based definitions of stochastic localization,
the perspective based on posterior sampling extends cleanly to discrete time, where τ ∈ N is the
number of observations. We formalize these ideas in Section 3, where we prove that Algorithm 1
meets the requirement (1) and is a localization process in the sense of Chen and Eldan (2022).

Non-Euclidean sampling. The remainder of our paper analyzes the mixing time of a non-Euclidean
proximal sampler (Algorithm 2). Our specific sampler arises by combining our functional stochastic
localization process with the formalism of Chen and Eldan (2022), and admits the following bound.

2. We expand on this point in Section 1.1. The conference version at COLT 2023 (Gopi et al., 2023a) contained an error.
This was later fixed in the third arXiv version, which led to a quadratic overhead, cf. their Section 1.4.
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Algorithm 1: Sampling from πτ

1 Input: density π, ψ : Rd → R the LLT (Definition 2) of convex φ : Rd → R
2 y0 ← 0
3 for j = 0, . . . , τ − 1 do
4 zj ∼ Tyj exp(−jψ)π
5 wj ∼ Tzj exp(−φ) // When φ = ψ = 1

2
∥·∥22, this is equivalently wj ∼ N (zj , Id)

6 yj+1 ← yj +wj

7 end
8 x ∼ Tyτ exp(−τψ)π
9 Return: x

Theorem 1 Let φ : Rd → R be convex, ψ := φ♯, and π satisfy an α-ψ-Poincaré inequality
(Definition 6). For any µ0 ≪ π, iterate xk of Algorithm 2 has density µk satisfying

χ2(µk∥π) ≤
1

(1 + α/τ)2k
χ2(µ0∥π). (2)

By taking φ = ψ = 1
2 ∥·∥

2
2 in Theorem 1, we recover standard convergence rates ∝ τ

α for the
Euclidean proximal sampler (e.g., Theorem 4, (Chen et al., 2022)). Interestingly, we even obtain
the sharpest constant known in the Euclidean case, by revisiting the analysis framework of Chen
and Eldan (2022) in the context of Gibbs sampling and giving a sharper characterization of its con-
vergence rate in Appendix A. Moreover, Theorem 1 appealingly uses the minimal assumption of a
ψ-PI, as opposed to the stronger condition of ψ-strong log-concavity (cf. Fact 4). The property of
ψ-PI is closed under Lipschitz transformations, tensorization, and multiplicative perturbations (by
the Holley-Stroock principle), so Theorem 1 applies to non-log-concave densities that are appropri-
ately compatible with ψ. An analogous statement relying on strong log-concavity would not admit
such extensions; see (Vempala and Wibisono, 2019; Chewi, 2023) for more discussion of this point.

The heart of our proof of Theorem 1 is Lemma 14 (developed in Section 4), a Poincaré inequality
for the localized measure πτ , which is a generalization of Theorem 3.2, (Srinivasan, 2025) to the
functional setting. In Appendix E, we observe that several other proofs of Lemma 14 in the Gaussian
setting use facts that are false for general ψ, e.g., preserving strong log-concavity under convolu-
tions. In Appendix C, we further give a mixing time bound that leverages our new process, but uses
a conductance-based convergence analysis, as in Gopi et al. (2025). This strategy yields weaker
estimates scaling as ≈ max{ τα ,

τ
α2 }. Thus, achieving Theorem 1 for the full range of τ ∈ N and

α > 0 required both changing the process from Gopi et al. (2025), and the corresponding analysis.

In Appendix B, we showcase the applicability of our new localization framework by deriving new
rates for the problem of differentially private (DP) convex optimization in ℓp geometries, for p ∈
[1, 2). Our oracle query complexity bounds for this problem (Corollary 26) improve quadratically
upon the prior work (Theorem 2, (Gopi et al., 2025)), due to Theorem 1. Moreover, if granted an
appropriate warm start (stated formally in Assumption 1), our resulting query complexity is optimal
up to logarithmic factors for the entire range of p, as discussed in Appendix A, (Gopi et al., 2025).

Our work takes an important step towards extending the theory of stochastic localization to more
general geometries. Perhaps the main outstanding question we leave open is whether an entropic
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strengthening of Theorem 1 (convergence in KL divergence, rather than χ2) holds, as it does in
the Gaussian case (Theorem 3, (Chen et al., 2022)). This could significantly improve mixing time
estimates: for example, it would make our nearly-optimal query complexity in our main DP ap-
plication unconditional. Unfortunately, entropic variants of key facts used in our proof, e.g., the
Brascamp-Lieb inequality (Fact 4), are known to be false in general (Bobkov and Ledoux, 2000).

Towards realizing these goals, we prove Theorem 29, a conditional entropic mixing result, in Ap-
pendix D. Our proof may be of independent interest, as it is quite different from that of Theorem 1.
This result holds under a condition (Assumption 2) that is true for quadratic ψ, and could apply to a
broader family. More generally, we outline directions for future exploration in Section 5, including
obtaining faster runtimes when our framework is induced by certain structured ψ.

1.2. Prior work

Proximal sampling. Initial work on proximal methods for sampling (Pereyra, 2016; Brosse et al.,
2017; Bernton, 2018; Wibisono, 2019) required stringent assumptions or had suboptimal mixing
rates. More recently, Lee et al. (2021) proposed a “modern” proximal sampler for strongly log-
concave targets that improves upon these issues. Subsequently, several works provide convergence
guarantees in various divergences and under isoperimetric conditions (Chen et al., 2022; Altschuler
and Chewi, 2024; Mitra and Wibisono, 2025; Liang et al., 2025; Wibisono, 2025). The proximal
sampling framework has provided state-of-the-art results for structured sampling (Lee et al., 2021;
Gopi et al., 2022; Liang and Chen, 2022; Fan et al., 2023; Yuan et al., 2023), sampling from non-
log-concave distributions (He et al., 2024b, 2025), and sampling from convex bodies (Kook et al.,
2024; Kook and Vempala, 2025a,b; Kook, 2025). Notably, all of these results built upon the Eu-
clidean proximal sampler; our work may permit similar developments in non-Euclidean settings.
We also mention the related work (He et al., 2024a), who also gave a variant of the proximal sam-
pler that complements our motivation. Their focus was sampling from heavy-tailed densities, and
their framework appears to not yield a localization process in the sense of Chen and Eldan (2022).
Moreover, their regularity assumptions still fundamentally cater to the Euclidean geometry.

Localization schemes. As discussed previously, the ideas underpinning localization schemes were
first introduced in Eldan (2013). Recently, Chen and Eldan (2022) unified stochastic localization
and spectral independence, a method for analyzing discrete Markov chains, under the localization
scheme framework, and it has been used to achieve improve guarantees for sampling from Markov
chains (El Alaoui et al., 2022; Benton et al., 2024; Huang et al., 2024; Anari et al., 2024; Huang
et al., 2025; Chen et al., 2025). Other works that use the LLT for sampling via stochastic localization
include (Eldan and Shamir, 2022; Anari et al., 2023).

Amongst extensions of the stochastic localization process in the literature, the most relevant to our
construction is by Mikulincer and Piana (2024), who also consider non-Gaussian reweightings in
(approximate) stochastic localization. Their work leverages different structure than our main result:
instead of regularizing the density by an LLT, they regularize via a low-degree polynomial.

Renormalization. Renormalization is yet another perspective on the derivation of functional in-
equalities (Wilson and Kogut, 1974; Polchinski, 1984); for a recent survey, see Bauerschmidt et al.
(2024). The formalism associates with a measure a flow of measures in terms of a renormalized po-
tential; this structure can be used to prove functional inequalities under a multiscale generalization
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of the Bakry-Émery criterion. In fact, this perspective is dual to stochastic localization: at a high
level, stochastic localization focuses on the stochastic evolution of a random measure, while renor-
malization focuses on a Markov process and its associated renormalized potential. This framework
has been successively employed to derive log-Sobolev inequalities in discrete systems, including
in Euclidean field theory (Kupiainen, 2016; Serres, 2022) and in Ising models (Bauerschmidt and
Bodineau, 2019; Bauerschmidt and Dagallier, 2024). We draw upon this literature in Section 3.

2. Preliminaries

We use lowercase bold font, e.g., x to denote vectors, and uppercase bold font, e.g., A to denote
matrices or linear operators. Uppercase letters, e.g., X,Y denote random variables. Throughout,
τ ∈ N will be reserved to denote a discrete time index and α > 0 will be reserved for strong
convexity and Poincaré parameters. Sans serif uppercase letters, e.g., P are used to denote Markov
operators on suitable L2 spaces, while sans serif lowercase letters, e.g., p are used to denote the
corresponding probability kernels.

Probability. For a density π supported on X , we define π(S) := Prx∼π[x ∈ S]. Let µ, ν be two
densities such that µ≪ ν. The χ2-divergence of µ with respect to ν is χ2(µ∥ν) :=

∫
(dµ

dν − 1)2 dν,
and the Kullback-Leibler (KL) divergence of µ with respect to ν is DKL(µ∥ν) :=

∫
log(dµ

dν ) dµ.

We use throughout the law of total variance: if X,Y are random variables on the same probability
space and the variance of Y is finite, then

Var[Y ] = E[Var[Y | X]] + Var[E[Y | X]]. (3)

We use π̃ to denote general joint densities of random variables (X,Y ). In this way, π̃X , π̃Y are the
marginal densities, and π̃Y |X , π̃X|Y are the conditional densities.

Optimization. When ∥·∥ is a norm on Rd, ∥·∥∗ := sup∥x∥≤1 ⟨x, ·⟩ denotes the dual norm. We say
that twice-differentiable f : Rd → R is α-strongly convex with respect to ∥·∥ if ∇2f(x)[v,v] ≥
α ∥v∥2 for all x,v ∈ Rd, and if∇2f(x)[v,v] ≤ β ∥v∥2, we say f is β-smooth with respect to ∥·∥.
When A and B are matrices in finite dimension, we use A ⪰ B to mean that A − B is positive
semidefinite; when f and g are functions on Rd, we use f ⪰ g to mean f − g is convex.

Log-Laplace transforms. A central object in our development is the log-Laplace transform.

Definition 2 The log-Laplace transform (LLT) of φ : Rd → R is defined as

φ♯(x) := log

(∫
exp (⟨x,y⟩ − φ(y)) dy

)
.

We will typically use ψ := φ♯ as shorthand when φ is fixed.

For a measure ν, define the tilted probability density at a as

Taν(x) :=
exp(⟨a,x⟩)ν(x)∫
exp(⟨a, z⟩)ν(z) dz

. (4)

In this way,
Tx exp(−φ(y)) = exp (⟨x,y⟩ − φ(y)− ψ(x)) , (5)
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which is indeed a probability density as the normalization constant is exactly given by exp(−ψ).
More generally, if f is any integrable nonnegative function over Rd, we let Txf be the density that
is ∝ exp(⟨x, ·⟩)f , where we use ∝ to indicate proportionality.

We now recall some basic facts about the LLT, due to Gopi et al. (2025); see also Proposition
3.1, Wainwright and Jordan (2008). The LLT ψ at x is the cumulant-generating function of the
distribution Tx exp(−φ), which means that ψ is infinitely-differentiable and that ∇kψ is the kth
cumulant tensor of Tx exp(−φ).

Fact 1 (LLT derivatives, Lemma 3, Gopi et al. (2025)) For any x,h ∈ Rd, we have

∇ψ(x) = µ(Tx exp(−φ)) := Ey∼Tx exp(−φ)[y],

∇2ψ(x) = Cov(Tx exp(−φ)) := Ey∼Tx exp(−φ)

[
(y −∇ψ(x))(y −∇ψ(x))⊤

]
,

∇3ψ(x)[h,h,h] = Ey∼Tx exp(−φ)

[
⟨y −∇ψ(x),h⟩3

]
.

Fact 2 (Lemmas 4–6, Gopi et al. (2025)) The following hold.

(1) If φ is convex, then ψ is self-concordant.

(2) If φ is L-smooth with respect to ∥·∥∗, then ψ is 1
L -strongly convex with respect to ∥·∥.

(3) If φ is 1
L -strongly convex with respect to ∥·∥∗, then ψ is L-smooth with respect to ∥·∥.

We also have the following useful property of the LLT under convolution.

Lemma 3 (LLT convolution) Let µ = exp(−φ), ν = exp(−ϕ) be densities, and let π := µ ∗ ν
be their convolution. Then letting χ := − log(π), we have χ♯ = φ♯ + ϕ♯.

Lemma 3 will prove particularly useful to us when convolving multiple copies of a density with
itself. For φ : Rd → R such that π = exp(−φ) is a density, and τ ∈ N, we define φ∗τ to be such
that exp(−φ∗τ ) = π ∗ . . . ∗ π, τ times in total. Then, repeatedly applying Lemma 3 gives

(φ∗τ )♯ = τψ.

Our framework in Section 3 only relies on Lemma 3 through the above fact, so we always assume
that

∫
exp(−φ(x))dx = 1 without loss of generality, so that we need not carry around normalizing

factor adjustments. This can always be achieved by shifting φ by a constant, which does not change
any of the densities used by our Markov chains (e.g., Algorithm 2), nor the starting assumptions of
any of our main results (e.g., Theorem 1 and Corollary 18).

A consequence of Lemma 3 is that if ψ is an LLT, then τψ is an LLT for any τ ∈ N. We show that
this restrictions to integers is inherent, by showing the following result.

Proposition 4 Let τ > 0. There exists an unconstrained, convex function φ : R→ R such that τψ
is an LLT iff τ ∈ N, where ψ := φ♯.

Localization processes. We introduce localization processes, primarily following the expositions
of Chen and Eldan (2022); Shi et al. (2025).

Definition 5 A localization process is a measure-valued stochastic process {πt}t≥0 on a state
space Ω, which satisfies the following properties:
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(1) πt is a probability measure of Ω for all t, almost surely.

(2) For all A ⊆ Ω, t 7→ πt(A) is a martingale.

(3) For all A ⊆ Ω, limt→∞ πt(A) ∈ {0, 1}, almost surely.

A localization scheme maps π, a measure over Ω, to a localization process {πt}t≥0 with initial
condition π0 = π. Further, the localization dynamics associated with the localization process and
some fixed time T > 0 is the Markov chain with transition kernel defined by

pπT (A | ω) = E
[
πT (ω)πT (A)

π(ω)

]
, for all ω ∈ Ω, A ⊆ Ω. (6)

A discrete-time localization process indexed by time τ can be viewed as a continuous time localiza-
tion process that is constant on [τ, τ + 1).

Fact 3 For any T > 0, π is reversible and stationary for (6).

This immediately implies that every localization scheme induces an unbiased sampling algorithm.

Isoperimetric and covariance inequalities. We require a few additional definitions, centered
around isoperimetric inequalities in a metric defined locally by a convex function φ.

Definition 6 (φ-PI) Let π ∝ exp(−V ) for V : Rd → R, and let φ : Rd → R be convex. We say
that π satisfies a φ-Poincaré inequality with constant α (abbreviated as α-φ-PI) if, for all smooth
functions f : Rd → R,

Varπ[f ] ≤
1

α
Eπ
[
∥∇f∥2(∇2φ)−1

]
.

This is also called a mirror Poincaré inequality in the literature if φ is a mirror map. If φ = 1
2 ∥·∥

2
2

(so that ∇2φ is the identity), this recovers the standard PI.

Fact 4 (Brascamp-Lieb) If π is α-strongly log-concave with respect to φ, i.e.,− log π ⪰ αφ, then
π satisfies α-φ-PI.

Similar to α-φ-PI, we also respectively abbreviate α-φ-strongly log-concave.

Fact 5 (Cramér-Rao) If π ∝ exp(−V ) for V : Rd → R, CovX∼π(X) ⪰ EX∼π[∇2V (X)]−1.

Lemma 7 Suppose π = π1 ∗ π2, where πi satisfies an αi-φ-PI, i = 1, 2. Then π satisfies an φ-PI
with constant (α−1

1 + α−1
2 )−1.

Proof Let X ∼ π1, Y ∼ π2 be independent. Then by subadditivity of the variance,

Varπ[f ] = Varπ[f(X + Y )] ≤ Eπ1 [f(X + Y ) | X] + Eπ2 [f(X + Y ) | Y ]

≤ (α−1
1 + α−1

2 )E
[
∥∇f(X + Y )∥2(∇2φ)−1

]
.
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Joint distribution induced by the LLT. Using Definition 2 and Lemma 3, we obtain a joint
density corresponding to a target distribution π. Fix τ ∈ N ∪ {0}, and define π̃(τ) ∈ P(X × Y) as

π̃(τ)(x,y) := exp (⟨x,y⟩ − φ∗τ (y)− τψ(x))π(x). (7)

It is immediate that π = π̃X(τ).

The joint density π̃(τ) will be our primary object of study. In Section 3, we show that the process

obtained from taking π̃X|Y=yτ

(τ) with yτ ∼ π̃Y(τ) is a discrete-time localization process, where τ
indexes time. In Section 4, we use this perspective to prove rapid mixing for Algorithm 2.

3. Functional Stochastic Localization

Write πyτ := π̃
X|Y=y
(τ) . We construct a discrete-time stochastic localization process via the following:

x ∼ π, a1, . . . ,aτ
i.i.d.∼ Tx exp(−φ), yτ :=

τ∑
i=1

ai, πτ := πyτ
τ = π̃

X|Y=yτ

(τ) , (8)

with y0 = 0, so that yτ is a noisy observation of x. Intuitively, as τ →∞, we receive more signal
about Tx exp(−φ), so (8) has a natural interpretation as denoising a sample x ∼ π. Indeed, taking
φ = 1

2 ∥·∥
2
2, the process (8) exactly reduces to the noisy Gaussian channel studied by Alaoui and

Montanari (2022).

Note that ai | x ∼ exp (⟨ai,x⟩ − φ(ai)− ψ(x)), so by Lemma 3,

yτ | x ∼ exp (⟨yτ ,x⟩ − φ∗τ (yτ )− τψ(x)) .

Then
π̃Y(τ)(y) =

∫
exp (⟨y,x⟩ − φ∗τ (y)− τψ(x))π(dx).

As stated, (8) produces yτ via τ draws from a “shared sample” x, which appears to be a history-
dependent process. We give a convenient reformulation of (8) that shows it is Markov.

Lemma 8 The process {yτ}τ≥0 is Markov.

3.1. Renormalization

It is instructive to demonstrate the evolution of yτ as a Markov process by explicitly giving the
Markov operator. In the remainder of this section, we will use λ ∈ N ∪ {0} to denote another time
index. Define for all 0 ≤ τ ≤ λ:

Vτ (a) := − log

∫
exp (⟨a, z⟩ − τψ(z))π(dz),

Pτ,λf(a) := exp(Vτ (a))

∫
f(a+w) exp(−Vλ(a+w)− φ∗(λ−τ)(w)) dw.

(9)

We can think of Vτ as “renormalized potentials” and Pτ,λ as the “Polchinski operator” in the frame-
work of Bauerschmidt et al. (2024) but reversed with respect to time; see also (Shi et al., 2025).

Moreover, we can identify Vτ with−(τψ−log π)♯, that is, the negative of the log-Laplace transform
of τψ − log π. Note that V0(a) = − log

∫
exp(⟨a, z⟩)π(dz), so in particular V0(0) = 0.

9
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Algorithm 2: LLT-Prox(τ,x0,K)

1 Input: localization parameter τ ∈ N, initial x0 ∈ Rd, iteration count K ∈ N
2 for 0 ≤ k < K do
3 yk ∼ Txk

exp(−φ∗τ )
4 xk+1 ∼ Tyk

exp(−τψ)π
5 end
6 Return: xK

Proposition 9 Pτ,λ defines a discrete-time Markov semigroup. Moreover, P0,τf(0) = Eπ̃Y
(τ)

[f ]

and π̃Y(τ)(y) = exp (−Vτ (y)− φ∗τ (y)).

The next lemma describes the density of w conditioned on yτ when w is generated as in Lemma 8.

Lemma 10 Let w be generated as follows: for fixed y, z ∼ Ty exp(−τψ)π, and w ∼ Tz exp(−φ).
Then the density νyτ of w is νyτ (w) = exp(−φ(w)− Vτ+1(y +w) + Vτ (y)).

The noise w added to yτ at time τ thus depends on both y and τ via the renormalized potentials.
With direct calculations similar to Fact 1 we can show the following:

Lemma 11 The gradient and Hessian of Vτ satisfy

∇Vτ (a) = −∇(τψ(a)− log π(a))♯ = −µ(πaτ ),
∇2Vτ (a) = −∇2(τψ(a)− log π(a))♯ = −Cov(πaτ ).

3.2. A localization process

Using our constructions from Section 3.1, we demonstrate that πτ is a localization process.

Proposition 12 The measure-valued random process {πτ}τ≥0 defined in (8) is a localization pro-
cess (Definition 5).

We summarize the procedure for generating samples from πτ in Algorithm 1. Note that the algo-
rithm relies on oracles for sampling from Ty exp(−jψ)π (for all 0 ≤ j ≤ τ − 1) and Tz exp(−φ).

4. LLT Proximal Sampling

We instantiate Gibbs sampling from the previous section with the LLT-based proximal sampler
using the joint density (7), restated for convenience:

π̃(τ)(x,y) = exp (⟨x,y⟩ − φ∗τ (y)− τψ(x))π(x),

where π is the target distribution and τ is a fixed step-size. With respect to this joint distribution,
let K,K† be the operators as in (11), (12), respectively. We can see that the corresponding Gibbs
sampler is implemented as Algorithm 2 (note that this implementation of the process uses the per-
spective in (8), rather than its Markov reformulation in Lemma 8).

We first show the dynamics corresponding to Gibbs sampling on π̃(τ) are equivalent to the localiza-
tion dynamics pπτ (6) induced by the localization process of (8).

10
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Proposition 13 The dynamics corresponding to Gibbs sampling on π̃(τ) are equivalent to the lo-
calization dynamics induced by {πτ}τ≥0 defined in (8).

Henceforth, as we fix τ as step-size (in contrast to Section 3 and Proposition 13, where τ is viewed
as time), we write π̃ := π̃(τ). To prove variance contraction, we use the following technical lemma.

Lemma 14 Let φ be convex, ψ := φ♯, and let π = π̃X satisfy an α-ψ-Poincaré inequality. Then
π̃Y satisfies an α

τ(α+τ) -φ-Poincaré inequality.

We mention that the derivation in Lemma 14 shares significant similarity with proofs of the van
Trees inequality (Section 2.4.2, (Van Trees, 2004)). Moreover, when specialized to the Euclidean
setting, it uses a very similar proof strategy as Theorem 3.2, (Srinivasan, 2025), so Lemma 14 can
be viewed as a functional generalization of that proof technique.

Remark 15 This matches the Poincaré constant in the Euclidean case, where existing proofs have
realized π̃Y explicitly as a Lipschitz transformation of a Gaussian convolution of π (Shi et al., 2025,
Proposition 1) or via multiscale Bakry-Émery (Bauerschmidt et al., 2024, Theorem 3.6). Our proof
demonstrates that this constant holds more generally via a linear algebraic proof, using properties
of the LLT. In Appendix E we show how alternative approaches that work for Gaussians, e.g., via
convolution or convexity, break down in our more general setting.

Corollary 16 Let (X,Y ) ∼ π̃ with marginals (π̃X , π̃Y ). For every smooth g : Y → R,

Varπ̃X [(Kg)(X)] ≤ 1

1 + α/τ
Varπ̃Y [g(Y )]. (10)

Lemma 17 Let f ∈ L2(π̃X), g ∈ L2(π̃Y ) be mean-zero functions. Then if π = π̃X satisfies a
ψ-Poincaré inequality with constant α,

∥Kg∥L2(π̃X) ≤
1√

1 + α/τ
∥g∥L2(π̃Y ) ,

∥∥∥K†f
∥∥∥
L2(π̃Y )

≤ 1√
1 + α/τ

∥f∥L2(π̃X) .

Proof The first statement follows from Corollary 16. The second follows from Lemma 21.

We are now ready to prove our main result on the convergence of Algorithm 2.

Theorem 1 Let φ : Rd → R be convex, ψ := φ♯, and π satisfy an α-ψ-Poincaré inequality
(Definition 6). For any µ0 ≪ π, iterate xk of Algorithm 2 has density µk satisfying

χ2(µk∥π) ≤
1

(1 + α/τ)2k
χ2(µ0∥π). (2)

Proof Let hk := dµk
dπ̃X − 1 so that χ2(µ0∥π̃X) = ∥h0∥2L2(πX). From (13) we have hk = PkXh0, so

that χ2(µk∥π̃X) = ∥hk∥2L2(π̃X) =
∥∥PkXh0∥∥2L2(π̃X)

. As

∥PXhk∥2L2(π̃X) ≤
1

(1 + α/τ)2
∥hk−1∥2L2(π̃X)

by Lemmas 22 and 17, recursing and noting h0 is mean-zero furnishes the result.

As a corollary, we achieve the quadratic improvement to the main result of Gopi et al. (2025).

11
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Corollary 18 Let π = π̃X ∝ exp(−V ) such that V ⪰ αψ. Then Theorem 1 holds for π.

Proof The statement is an application of Brascamp-Lieb (Fact 4).

For completeness, we prove a variant of Theorem 1 in Appendix C using machinery closer to that
in Gopi et al. (2025), i.e., classical conductance arguments based on isoperimetry. Our proof in
Appendix C yields a looser constant, and also is less flexible, obtaining an asymptotically worse
rate when α ≤ 1. This discrepancy shows the advantage of leveraging our direct characterization of
variance contraction, as opposed to isoperimetric properties afforded by self-concordance of LLTs.

5. Conclusion

Our work significantly expands upon the theory and potential applications of proximal sampling via
the log-Laplace transform by constructing a novel localization process and connecting it to two-state
Gibbs sampling. There are several important open directions, which we believe will be of interest
to the community.

Faster mixing rate. While we improve upon the quadratic dependence on the relative convexity
parameter from Gopi et al. (2025) and further weaken this assumption to a Poincaré inequality, our
mixing rate still scales linearly in log β, where β is the warm-start parameter, which may incur
dimension-dependent factors, e.g., see the discussion before Corollary 26. This is avoided in the
Euclidean setting by using the stronger condition of a log-Sobolev inequality and conducting the
analysis in KL divergence, which achieves a runtime scaling in log log β. Although we take an
initial step towards this result in Appendix D under Assumption 2, it remains to prove the result
in broader generality. Specifically, it is interesting to understand whether a weaker condition than
Assumption 2 suffices, as well as the types of regularizers ψ := φ♯ that satisfy such conditions.

Samplers for explicit functions. Our work primarily focuses on establishing the theory of func-
tional stochastic localization and its connection to the non-Euclidean proximal sampler from Gopi
et al. (2025), leaving sharper, practical, algorithmic guarantees of sampling of the conditional dis-
tributions for future work. We briefly mention that Gopi et al. (2025) provides some algorithms
for ℓp geometries, e.g., via rejection sampling and the inverse Laplace transform, as discussed in
Appendix B. However, even these applications require generic log-concave sampling algorithms
(in Proposition 24), which do not exploit problem structure. This could potentially be avoided for
specific φ of interest.

Additional applications. Our main application in Appendix B is for sampling in continuous
spaces. We are hopeful that our framework will have applications for discrete sampling as well;
see for instance (Anari et al., 2023), where the theory of LLTs was used in a discrete sampling
problem.
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Appendix A. Gibbs Sampling

In this appendix, we revisit general two-state Gibbs sampling, and provide several structural facts
relating the variance contraction of the “primal process” that samples from one of two state spaces,
to the variance contraction of the corresponding “dual process” on the other state space. These facts
will be used to analyze Algorithm 1 in Section 4. We remark much of the content in this section
has been derived in the information theory literature through the lens of strong data processing
inequalities (Raginsky, 2016; Polyanskiy and Wu, 2025); we include brief rederivations to keep our
exposition self-contained.
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For readers more familiar with discrete probability, we provide an intuitive explanation of our main
characterizations in Lemmas 19 and 22 when both spaces are discrete in Appendix A.3.

We work with two spaces X ,Y , equipped with σ-algebras ΣX ,ΣY , respectively. For intuition, the
reader may assumeX = Y = Rd equipped with the Borel σ-algebra. X,Y denote random variables
on X ,Y , respectively. Let Ω = X × Y be equipped with the product σ-algebra, and as stated in
Section 2, let π̃ be a joint probability measure on Ω with marginal densities π̃X , π̃Y and conditional
densities π̃Y |X , π̃X|Y .

Consider the Hilbert spaces L2(π̃X), L2(π̃Y ), and define the operator K : L2(π̃Y )→ L2(π̃X) as

[Kg](x) :=

∫
Y
g(y)π̃Y |X=x(dy) = E[g(Y ) | X = x]. (11)

We can derive the adjoint K† : L2(π̃X)→ L2(π̃Y ) as follows

⟨Kg, f⟩L2(π̃X) =

∫
X
f(x)[Kg](x)π̃X(dx)

=

∫
X

∫
Y
f(x)g(y)π̃Y |X=x(dy)π̃X(dx)

=

∫
X

∫
Y
f(x)g(y)π̃(dx, dy)

=

∫
X

∫
Y
f(x)g(y)π̃X|Y=y(dx)π̃Y (dy)

=:
〈
g,K†f

〉
L2(π̃Y )

,

which is simply Bayes’ rule. Then,

[K†f ](y) :=

∫
X
f(x)π̃X|Y=y(dx) = E[f(X) | Y = y]. (12)

A single iteration of Gibbs sampling starts from x ∈ X , samples y ∼ π̃Y |X=x, and finally samples
x′ ∼ π̃X|Y=y. Symmetrically, there are analogous dynamics on Y . These dynamics reflectively
define Markov operators PX := KK†,PY := K†K.

21



GU SHI TIAN

It is immediate that π̃X is stationary for PX . Indeed,

Eπ̃X [PX f ] =

∫
X
[PX f ](x)π̃

X(dx)

=

∫
X
[KK†f ](x)π̃X(dx)

=

∫
X

∫
X

∫
Y
f(x′)π̃(x, dy)π̃(dx′,y)π̃X(dx)

=

∫
X

∫
X

∫
Y
f(x′)π̃(dx, dy)π̃(dx′,y)

=

∫
X

∫
Y
f(x′)π̃(dx′,y)π̃Y (dy)

=

∫
X
f(x′)π̃X(dx′)

= Eπ̃X [f ],

and a similar calculation holds for PY . Moreover, PX ,PY are self-adjoint on L2(π̃X), L2(π̃Y ):

⟨PX f1, f2⟩L2(π̃X) =
〈
KK†f1, f2

〉
L2(π̃X)

=
〈
K†f1,K

†f2

〉
L2(π̃Y )

= ⟨f1,PX f2⟩L2(π̃X) , (13)

and a similar calculation holds for PY .

A.1. Variance contraction via spectral gap

Now, we interlude with a discussion on the mixing rate for Markov chains associated to general
localization processes by completing the argument in Proposition 19, (Chen and Eldan, 2022). That
is, Proposition 19, (Chen and Eldan, 2022) gives a generic way of converting a variance conservation
bound in a localization scheme to a spectral gap on the associated Markov chain. We provide a
more explicit variant of this calculation that in fact holds for generic Markov chains, not just Gibbs
samplers. For an analogous derivation in the discrete space setting, see Example 33.8, (Polyanskiy
and Wu, 2025).

Lemma 19 For all functions f ∈ L2(π̃X),

Varπ̃X [PX f ]

Varπ̃X [f ]
≤ λ2 (PX )

2 .

Proof We have

Varπ̃X [PX f ] = Eπ̃X [(PX f − Eπ̃X [PX f ])
2]

= Eπ̃X [(PX f)
2]− Eπ̃X [f ]2

= Eπ̃X [f2]− Eπ̃X [f2] + Eπ̃X [(PX f)
2]− Eπ̃X [f ]2

= Varπ̃X [f ]−
(
Eπ̃X [f2]− Eπ̃X [(PX f)

2]
)

= Varπ̃X [f ]−
(
∥f∥2π̃X − ⟨PX f,PX f⟩π̃X

)
= Varπ̃X [f ]−

(
∥f∥2π̃X −

〈
P2
X f, f

〉
π̃X

)
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by reversibility. This object in the parentheses is the Dirichlet form E(f, f) associated with P2
X .

Then

Varπ̃X [f ]−
(
∥f∥2π̃X −

〈
P2
X f, f

〉
π̃X

)
=

(
1− E(f, f)

Varπ̃X [f ]

)
Varπ̃X [f ]

≤ λ2(P2
X )Varπ̃X [f ]

= λ2(PX )
2Varπ̃X [f ],

obtaining the squared rate.

We apply Lemma 19 to prove a convergence rate on Gibbs sampling from the LLT-induced joint
density (7) in Section 4. Interestingly, even the specialization of our result to Euclidean stochas-
tic localization yields a rate that is twice as fast as derived in existing applications of localization
schemes machinery (e.g., Theorem 58, (Chen and Eldan, 2022)), which owes to our sharper charac-
terization in Lemma 19. We remark that the same generic “forwards contraction implies backwards
contraction” characterization of Gibbs samplers is false in full generality, in the case of entropy
instead of variance, cf. Caputo et al. (2025) for a counterexample.

A.2. Contraction rate for Gibbs sampling

We now give a more precise characterization of this squared rate in Gibbs sampling due to con-
traction of both forward and backward channels (at the same rate). In particular, we only require
proving a bound on the contraction factor of one of the two channels, as contraction of the other
channel follows from the fact that the operators on the two channels are adjoint.

We start with the following two lemmas.

Lemma 20 The operators K,K† map mean-zero functions to mean-zero functions, i.e., for g ∈
L2(π̃Y ) with Eπ̃Y [g] = 0 and f ∈ L2(π̃X) with Eπ̃X [f ] = 0,

Eπ̃X [Kg] = 0,

Eπ̃Y [K†f ] = 0.

Proof This is a simple calculation in iterated expectation. We have

Eπ̃X [Kg] = Eπ̃X [E[g(Y ) | X = x]] = Eπ̃Y [g] = 0.

A similar calculation proves the statement for K†.

Lemma 21 Write K|1⊥ ,K
†
|1⊥ to be the restriction of the operators K,K† to mean-zero functions on

L2(π̃Y ), L2(π̃X), respectively. Then ∥K|1⊥∥L2(π̃Y ) = ∥K
†
|1⊥∥L2(π̃X).
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Proof It suffices to show K†
|1⊥ = (K|1⊥)†. The result then follows as the norms of a bounded

operator and its adjoint are equal. We have, for f, g mean-zero in L2(π̃X), L2(π̃Y ), respectively,〈
g,

((
K|1⊥

)†
− K†

|1⊥

)
f

〉
L2(π̃Y )

=

〈
g,
(
K|1⊥

)†
f

〉
L2(π̃Y )

−
〈
g,K†

|1⊥f
〉
L2(π̃Y )

=

〈
g,
(
K|1⊥

)†
f

〉
L2(π̃Y )

−
〈
g,K†f

〉
L2(π̃Y )

=
〈
K|1⊥g, f

〉
L2(π̃X)

− ⟨Kg, f⟩L2(π̃X)

= 0.

By non-degeneracy of the inner product, we have the claim (K|1⊥)† = K†
|1⊥ .

Our interpretation of variance contraction for Gibbs sampling is captured by the following lemma.

Lemma 22 We have

sup
E
π̃Y [g]=0

Varπ̃X [Kg]

Varπ̃Y [g]
= sup

E
π̃X [f ]=0

Varπ̃Y [K†f ]

Varπ̃X [f ]
. (14)

Moreover, if both quantities in (14) are β < 1, then for all mean-zero f in L2(π̃X),

Varπ̃X [PX f ]

Varπ̃X [f ]
≤ β2.

Proof The first statement is a consequence of Lemmas 20 and 21. To see the second, for any f with
Eπ̃X [f ] = 0, we have

Varπ̃X [PX f ] = Varπ̃X [KK†f ] ≤ βVarπ̃Y [K†f ] ≤ β2Varπ̃X [f ],

as long as we ensure K†f is mean-zero; but this is Lemma 20.

Lemma 22 is a somewhat more explicit variant of Lemma 19, which shows that controlling just
one of the two quantities in (14) is sufficient to obtain the squared contraction rate for the overall
Gibbs sampler. This is convenient in Section 4, as one of the relevant bounds in (14) is much more
straightforward to obtain in our particular application of LLT proximal sampling.

A.3. Gibbs Sampling for Discrete Spaces

We perform a derivation that clarifies the spectral gap of the Gibbs sampler PX in the discrete
setting, where X = [n] and Y = [m].

Let P ∈ Rn×m≥0 be the matrix corresponding to the joint probabilities of π̃, so that Pxy = π̃(x, y).
Then r = P1m, c = P⊤1n describe the marginal probabilities, and form the matrices R =
diag(r),C = diag(c). A direct calculation shows that the conditional probabilities are:

π̃Y |X=x(y) =
Pxy

rx
, π̃X|Y=y(x) =

Pxy

cy
.
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Gibbs sampling thus yields the transition matrices

K = R−1P, K† = C−1P⊤, PX = R−1PC−1P⊤.

We proceed by deriving the spectral gap of PX . We have

1

2

∑
x,x′

rx(PX )xx′(φx −φx′)
2 = φ⊤Rφ−φ⊤PC−1P⊤φ.

Then

gap(PX ) = inf
φ∈Rn

∑
x,x′ rx(PX )xx′(φx −φx′)

2

2Varπ̃X [φ]

= inf
φ∈Rn

φ⊤Rφ−φ⊤PC−1P⊤φ

φ⊤(R− rr⊤)φ

= 1− sup
φ∈Rn

(
1− φ⊤Rφ−φ⊤PC−1P⊤φ

φ⊤(R− rr⊤)φ

)
= 1− sup

φ∈Rn

(
φPC−1P⊤φ−φrr⊤φ

φ⊤(R− rr⊤)φ

)
= 1− sup

φ∈Rn

Varπ̃Y [K†φ]

Varπ̃X [φ]
.

This calculation, essentially the contents of Lemma 22 in the discrete case, shows that the spec-
tral gap of PX does not characterize the full variance contraction of the forward-backward Gibbs
sampling process, and instead captures the contraction through just one of the two channels. By
performing the same calculation as above in the other direction, we conclude that gap(PX )

2 gives
the full variance contraction of Gibbs sampling, as in Lemma 19.

Appendix B. Zeroth-Order Private Convex Optimization

In this appendix, we apply our framework to problems in differentially private convex optimization.
To keep our presentation self-contained, we first define differential privacy (Dwork et al., 2006;
Dwork and Roth, 2014). Let S be an abstract domain, and let n ∈ N. We say that a mechanism
(randomized algorithm)M : Sn → Ω that takes size-n datasets in Sn to outcomes in Ω satisfies
(ε, δ)-differential privacy (DP) if for any event S ⊆ Ω, and any two datasets D,D′ ∈ Sn that differ
in exactly one element,

Pr [M(D) ∈ S] ≤ exp(ε) Pr
[
M(D′) ∈ S

]
+ δ.

We now define the main pair of problems we study.

Problem 1 (DP-ERM and DP-SCO) Let n ∈ N, ε, δ ∈ (0, 1), D,G ≥ 0, and let X ⊂ Rd be
compact and convex with diameter at most D in a norm ∥·∥. Let P be a distribution over a set S
such that for any s ∈ S, there is a f(·; s) : X → R which is convex and G-Lipschitz in ∥·∥. Let
D := {si}i∈[n] consist of n independent draws from P , and let fi := f(·; si) for all i ∈ [n].
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In the differentially private empirical risk minimization (DP-ERM) problem, we receiveD and wish
to design a mechanismM which satisfies (ε, δ)-DP and approximately minimizes

Ferm(x) :=
1

n

∑
i∈[n]

fi(x).

In the differentially private stochastic convex optimization (DP-SCO) problem, we receive D and
wish to design a mechanismM which satisfies (ε, δ)-DP and approximately minimizes

Fsco(x) := Es∼P [f(x; s)] .

Our goal is to obtain improved algorithms for Problem 1, when the norm ∥·∥ used to measure the
regularity of the instance is an ℓp norm, for p ∈ [1, 2). We focus on solving Problem 1 under a
zeroth-order (value) oracle access model, where we can query the value of fi(x) for any i ∈ [n]
and x ∈ X . While Problem 1 has also been studied under first-order oracle access (Asi et al., 2021;
Bassily et al., 2021), all first-order methods currently lose logarithmic factors (or worse) in their
excess risk bounds. To address this gap, Gopi et al. (2022, 2023b) introduced a sampling approach
that leverages zeroth-order oracles within a regularized exponential mechanism to obtain improved
tradeoffs.

While these previous sampling-based approaches (Gopi et al., 2023b, 2025) establish state-of-the-
art tradeoffs between the sample size n and the excess risk, the resulting algorithms are inefficient
from the perspective of the number of oracle queries used. Specifically, Gopi et al. (2023b) used
the proximal sampler of Lee et al. (2021), which was catered to Euclidean geometry and thus lost
dimension-dependent factors in its oracle query complexity for p < 2. On the other hand, Gopi et al.
(2025) developed a basic non-Euclidean proximal sampler using the theory of LLTs, that yielded a
suboptimal convergence analysis compared to Euclidean counterparts. This gave a quadratic over-
head in the oracle query complexity of the Gopi et al. (2025) algorithm, even when granted a warm
start. Our main application uses our functional stochastic localization framework to remove the
quadratic overhead of the Gopi et al. (2025) algorithm, while retaining its state-of-the-art excess
risk bounds.

As in prior results, our main workhorse is the following structural fact, showing that sampling from
an appropriately-regularized distribution provides the stability required for DP to hold.

Proposition 23 (Theorem 3, Theorem 4, Gopi et al. (2023b), Theorem 6.9, Gopi et al. (2022)) In
the setting of Problem 1, let k ≥ 0, and let r : X → R be 1-strongly convex with respect to ∥·∥,
with additive range maxx∈X r(x) −minx∈X r(x) at most Θ. Let π be the density on X satisfying
dπ(x) ∝ exp(−k(Ferm(x) + µr(x)))dx. Then the algorithm which returns a sample from π for

k =

√
dnε

G
√
2Θ log 1

2δ

, µ =
2G2k log 1

2δ

n2ε2
, (15)

satisfies (ε, δ)-DP, and guarantees

Ex∼π [Ferm(x)]−min
x∈X

Ferm(x) ≤ O

G√Θ ·
√
d log 1

δ

nε

 .
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Further, the algorithm which returns a sample from π for

k =
1

G
√
Θ
·

√√√√(d log 1
2δ

ε2n2
+

1

n

)
·min

(
ε2n2

log 1
2δ

, nd

)
, µ = G2k ·max

(
log 1

2δ

n2ε2
,
1

nd

)
(16)

satisfies (ε, δ)-DP, and guarantees

Ex∼π [Fsco(x)]−min
x∈X

Fsco(x) ≤ O

G√Θ ·

√
d log 1

δ

nε
+

1√
n

 .

Proposition 23 gives a straightforward way to attack Problem 1. Our goal is to design a regularizer
r : X → R that is 1-strongly convex in a norm ∥·∥ with small additive range Θ, and such that

dπ(x) ∝ exp (−kFerm(x)− kµr(x)) dx (17)

admits an efficient sampler from the perspective of zeroth-order query complexity, for the choices of
parameters k, µ in (15), (16). Our strategy is to directly choose r to be a multiple of an appropriate
LLT, and to apply our framework to sample from the density (17) efficiently.

B.1. Setup

To obtain our sampling result, we recall some preliminaries from Gopi et al. (2025).

Regularizer construction. To construct an appropriate r for use within Proposition 23, we need
several helper facts. Recall the second item in Fact 2, which shows that to obtain strong convexity
when ∥·∥∗ is an ℓp norm for p ∈ [1, 2), we should take the LLT of a function smooth in the dual ℓq
norm, where 1

p +
1
q = 1. We now provide such a function and bound the range of its LLT.

Fact 6 (Ball et al. (1994); Kakade et al. (2009)) For all p ∈ [1, 2) and a > 0, letting q > 2 satisfy
1
p +

1
q = 1, the function

φp,a(y) := a ∥y∥2q (18)

is 2a
p−1 -smooth with respect to ∥·∥q over Rd.

Fact 7 (Lemma 19, Gopi et al. (2025)) For all p ∈ [1, 2) and a > 0, letting q > 2 satisfy 1
p +

1
q =

1, define

ψp,a(x) := φ♯p,a(x) = log

(∫
exp

(
⟨x,y⟩ − a ∥y∥2q

)
dy
)
. (19)

Then the additive range of ψp,a over the unit ℓp ball {x ∈ Rd | ∥x∥p ≤ 1} is

O

(
1 +

1

a
+

√
d

a
log

(
a+

d

a

))
.

Marginal samplers. Our algorithm applies functional stochastic localization to the target density
(17), by choosing kµr = αψp,a as defined in (18) for appropriate choices of a, α. Denoting V :=
kFerm, this results in alternate sampling from a joint density of the form

exp
(
⟨x,y⟩ − φ∗τ

p,a(y)− τψp,a(x)
)
π(x), where π(x) ∝ exp (−V (x)− ψp,a(x)) . (20)
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We hence additionally require the existence of oracle query-efficient and time-efficient samplers for
sampling from the induced marginals of (20). For the x-marginal, we use the following result.

Proposition 24 (Proposition 1, Gopi et al. (2025)) Let δ ∈ (0, 1), and let ν ∝ exp(−U(x) −
R(x)) be a density over compact, convex X ⊆ Rd, where R : X → R is µ-strongly log-concave in
∥·∥, and U = Ei∼unif.IUi for some index set I and {Ui : X → R}i∈I that are all G-Lipschitz in ∥·∥.
If

µ ≥ 104G2 log

(
1

δ

)
,

there is an algorithm that queries (in expectation) O(1) value oracles for Ui where i ∼unif. I, and
O(1) samples drawn from the density∝ exp(−R) within total variation distance Ω(δ), and outputs
a sample within total variation distance δ from ν.

Finally, both our “base distribution sampler” (for sampling ∝ exp(−R) in uses of Proposition 24),
and our sampler for the y-marginal of (20), leverage state-of-the-art generic samplers for log-
concave densities. The former also requires an efficient evaluation oracle for ψp,a.

For the following statement, we work in a standard computational model where, given value access
to a one-dimensional function f : R → R≥0, we assume we can exactly evaluate the integral∫
x∈R f(x)dx and sample from the density∝ f in O(1) time. This assumption is standard and holds

up well in practice for most well-behaved f ; accounting for the imprecision of numerical solvers
adds polylogarithmic overhead in problem parameters, and is omitted to avoid tedium.

Fact 8 (Section 5.3, Gopi et al. (2025)) For p ∈ [1, 2) and a > 0, there is a value oracle for ψp,a
that is implementable inO(d) time, and we can sample from Tx exp(−φp,a) for any x ∈ Rd inO(d)
time.

Proposition 25 (Theorem 1.7, Kook and Vempala (2025a)) Let δ ∈ (0, 1), let ν ∝ exp(−V ) for
convex V : X → R and compact, convex X ⊂ Rd with diameter at most R > 0 in ∥·∥2, and let
r > 0, x0 ∈ X be such that all x ∈ X with ∥x− x0∥2 ≤ r satisfy V (x) − minx∈X V (x) ≤ d.
There is an algorithm that uses

O

(
d3.5polylog

(
dR

δr

))
value oracle queries to V , and outputs a sample within total variation distance δ to ν.

B.2. Main application

We conclude by putting together the tools from Appendix B.1 to produce a joint density of the form
(20) that is efficiently sampleable within our framework. To begin we require an assumption.

Assumption 1 Fix p ∈ [1, 2) and k, a > 0. Assume there is an algorithm Awarmstart that returns a
sample∼ π̂, satisfying χ2(π̂∥π) ≤ β for some β ≥ 0, where π is the density in (17) for kµr = ψp,a.

In the setting of Problem 1, Assumption 1 holds unconditionally using no oracle queries, with
β = exp(O(GD)). This follows from boundedness of X and Proposition 25 (cf. Lemma 18, (Gopi
et al., 2025)). Applying this constructive warm start within our framework would lose a polynomial
in problem parameters, similarly to Gopi et al. (2025). We leave the explicit construction of such a
warm start with β depending polynomially on parameters to future work. Existence of an entropic
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variant of Theorem 1, as conjectured in Appendix D, would eliminate the need for Assumption 1,
as then our mixing times would depend doubly-logarithmically on β.

Corollary 26 Let p ∈ [1, 2) and ε, δ ∈ (0, 1). In the setting of Problem 1, where ∥·∥ is the ℓp norm
on Rd, there is an (ε, δ)-DP algorithmMerm that outputs x ∈ X satisfying

Ex∼Merm [Ferm(x)]−min
x∈X

Ferm(x) = O

 GD√
p− 1

·

√
d log 1

δ

nε

 for p ∈ (1, 2),

Ex∼Merm [Ferm(x)]−min
x∈X

Ferm(x) = O

GD√log d ·

√
d log 1

δ

nε

 for p = 1.

Further, there is an (ε, δ)-DP algorithmMsco that outputs x ∈ X satisfying

Ex∼Msco [Ferm(x)]−min
x∈X

Ferm(x) = O

 GD√
p− 1

·

 1√
n
+

√
d log 1

δ

nε

 for p ∈ (1, 2),

Ex∼Msco [Ferm(x)]−min
x∈X

Ferm(x) = O

GD√log d ·

 1√
n
+

√
d log 1

δ

nε

 for p = 1.

BothMerm andMsco call A in Assumption 1, appropriately parameterized, once.Merm uses

O

((
1 + n2ε2 log(d) log

(
nd log β

δ

))
log

(
β

δ

))
additional value queries (in expectation) to some f(·; si), andMsco uses

O

((
1 + min

(
n2ε2, nd

)
log(d) log

(
nd log β

δ

))
log

(
β

δ

))
such additional value queries (in expectation). Both algorithms use poly(d, log(nβδ )) additional
time.

Proof As in Theorem 2, (Gopi et al., 2025), we make the following simplifying assumptions: we let
D = 1, p − 1 = Ω( 1

log d), and allow for δ total variation error in the application of Proposition 23.
The former two assumptions are correct by scale invariance of the problem and norm distortions in
Rd. The last follows from a union bound and standard facts about approximate DP (Lemma 3.17,
(Dwork and Roth, 2014)).

Under these simplifications, we take kµr = αψp,a in (17) for k, µ given by (15) or (16), and
appropriate choices of α, a so that r is 1-strongly convex in ∥·∥p. By Facts 2 and 6, we require

α(p− 1)

2a
≥ kµ ⇐⇒ α ≥ 2akµ

p− 1
.

We choose a = 1
d log(d) and α = 2akµ

p−1 . Applying Fact 7 for r := α
kµψp,a shows that it suffices to

take the additive range of r to be

Θ = O

(
α

akµ

)
= O

(
1

p− 1

)
.
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With these choices in hand, we begin by discussing our DP-ERM algorithm, specializing k, µ to
their definitions in (15). Let V := kFerm = Ei∼unif.[n]kfi, so that V is a uniform mixture over kG-
Lipschitz functions. We apply Theorem 1 for T iterations, to the density π ∝ exp(−V − αψp,a),
for a parameter τ such that ταψp,a meets the strong convexity requirement in Proposition 24. For
failure probability O( δT ) in Proposition 24, this requires

τkµ = Ω

(
k2G2 log

(
T

δ

))
⇐⇒ τ = Ω

(
kG2 log(Tδ )

µ

)
.

Finally, by plugging in the parameters from (15), we may choose (for appropriate constants)

τ = O

(
n2ε2 log

(
nd log β

δ

))
, α = Ω

(
1

log d

)
, T = O

(
τ

α
log

(
β

δ

))
for Theorem 1 to giveO(δ) total variation distance to π under Assumption 1. The query complexity
follows because Proposition 24 uses O(1) value oracle queries in expectation per iteration of Theo-
rem 1, and all other sampling access is provided in polynomial time by Fact 8 and Proposition 25.

The analysis of our DP-SCO algorithm is identical, except we use the parameter settings in (16)
instead. These settings yield the same bounds on α and T , and

τ = O

(
min

(
n2ε2, nd

)
log

(
nd log β

δ

))
.

This concludes the proof.

Both parts of our framework (the definition of the localization process in Section 3, and our analysis
technique in Section 4) were critical in obtaining Corollary 26 without additional overheads in the
query complexity. As discussed after Theorem 28, the Gopi et al. (2025) variant of the LLT frame-
work only permits taking τ = 1, and has a quadratically worse dependence on the scale-invariant
parameter τ

α . This led to roughly a quadratically-worse query complexity than Corollary 26.

On the other hand, if we were solely to change the sampling framework to that in Section 3, but keep
the analysis the same, we would obtain Theorem 28 as our mixing time result. Because α = o(1)
is required in the parameter settings of Corollary 26 to obtain the tight excess risk, this would again
lead to an extraneous 1

α factor in the query complexity, that is removable using Theorem 1.

Appendix C. Proof of Theorem 1 Weakening via Conductance

In this appendix, we give a brief presentation of how to apply the mixing time estimate technique in
Gopi et al. (2025) to establish a convergence bound for Algorithm 2. However, as we demonstrate,
this proof requires additional assumptions, yielding a weaker guarantee in certain parameter ranges
(closer to that of Gopi et al. (2025), i.e., with a quadratic overhead) and worse constants overall.

Before we prove the main result, we will state some preliminaries. We say a convex φ : Rd → R is
self-concordant if

|∇3φ(x)[h,h,h]| ≤ 2(∇2φ(x)[h,h])
3
2 , for all x,h ∈ Rd.

We will use the following three facts to prove a bound on the Poincaré constant.
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Fact 9 (Lemmas 4 and 12, Chen et al. (2020)) Consider a Markov chain on Rd with transition
kernels {tx}x∈Rd and stationary distribution π. Suppose the following two conditions hold for
some metric m : Rd × Rd → R≥0.

1. For all x,x′ ∈ Rd with m(x,x′) ≤ ∆, we have DTV(tx, tx′) ≤ 1
2 .

2. The density π satisfies α-isoperimetry in m, i.e., for all partitions S1 ∪ S2 ∪ S3 = Rd,

π(S3)

min {π(S1), π(S2)}
≥ α inf

x∈S1,x′∈S2

m(x,x′).

Then the Poincaré constant (χ2 contraction) of the Markov chain is Ω((∆α)2).

We note that Chen et al. (2020) gives a more modern statement of Fact 9 that depends on the entire
isoperimetric profile of π, at different scales of expansion.

Fact 10 (Lemma 9, Gopi et al. (2025)) Let ψ : Rd be convex and self-concordant, and let π be
α-ψ-strongly log-concave for α ∈ (0, 1]. For any partition S1 ∪ S2 ∪ S3 of Rd,

π(S3)

min {π(S1), π(S2)}
= Ω

(
α inf

x∈S1,x′∈S2

mψ(x,x
′)

)
.

Fact 11 (Lemma 10, Gopi et al. (2025)) Let φ : Rd → R be convex and ψ := φ♯ be an LLT. For
any x,x′ ∈ Rd such that mψ(x,x

′) ≤ 1
4 ,

DTV(Tx exp(−φ), Tx′ exp(−φ)) ≤ 1

2
.

In the above two results, mψ is defined to be the metric induced by∇2ψ. We defer a more complete
discussion of the Riemannian geometry involved to Gopi et al. (2025).

Now to prove our mixing time bounds, we bound the Poincaré constant.

Lemma 27 Let φ : Rd → R be convex, ψ := φ♯, and let V be α-ψ-strongly convex. Then
the Poincaré constant of one step of Algorithm 2 with π ∝ exp(−V ) as target distribution is
Ω(min{α,α2}

τ ).

Proof We lower bound the Poincaré constant in the two cases α ≥ 1 and α ≤ 1.

First, suppose that α ≥ 1, and define ω ← αψ. Then, ω is self-concordant, so Fact 10 concludes
that for m← mω, we may take α = 1 in Fact 9. Further, taking ∆ = 1

4

√
α/τ , we have

mω

(
x,x′) ≤ ∆ =⇒ mτψ

(
x,x′) ≤ 1

4
,

so that Fact 11 with φ← φ∗τ now gives

DTV(tx, tx′) ≤ DTV(Tx exp(−φ∗τ ), Tx′ exp(−φ∗τ )) ≤ 1

2
,

where the first inequality uses the coupling characterization of the TV distance. Plugging in these
choices of α and ∆ into Fact 9 now gives the claimed lower bound.
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In the other case α ≤ 1, we directly apply Fact 10 with m ← mψ, so that α ← α in Fact 9. Then,
the analogous application of Fact 11 requires ∆ = 1

4

√
1/τ , and then Fact 9 gives the result.

Equipped with this lemma, we prove an analogous result to Theorem 1.

Theorem 28 Let φ : Rd → R be convex, ψ := φ♯, and π = π̃X ∝ exp(−V ) such that V ⪰ αψ.
For any µ0 ≪ π, iterate xk of the proximal sampler (Algorithm 2) has density µk satisfying

χ2(µk∥π) ≤
1

(1 +O(min{α, α2}/τ))k
χ2(µ0∥π).

Proof This is a direct consequence of Lemma 27.

We briefly compare Theorem 28 to Theorem 1, as it differs in three main ways. First, the explicit
constant hidden in the rate is weaker, as it relies on the characterization in Fact 9 which is typi-
cally lossy. Second, as the isoperimetric inequality used in its proof is based on log-concavity (via
Fact 10), this proof technique must rely on ψ-strong convexity as its starting assumption, rather than
a weaker assumption such as a ψ-Poincaré inequality (as in Theorem 1).

Third, and perhaps qualitatively most importantly, Theorem 28 is unable to match the ≈ τ
α conver-

gence rate of Theorem 1 unless α ≥ 1. This led to a particularly stark gap in the framework of
Gopi et al. (2025), which only permitted taking τ = 1, and thus their analog of Theorem 28 was
quadratically worse than Theorem 1. Our localization framework in Section 3 allows for taking an
arbitrary τ ∈ N, and our analysis strategy in Section 3 also achieves the correct dependence on α
(Theorem 1), by bypassing the prior work’s reliance on self-concordant isoperimetry.

Appendix D. Entropic Contraction Under Assumption 2

In this appendix, we prove entropic contraction of Algorithm 2 under a condition that we assume ψ,
the LLT used, satisfies (Assumption 2). While we cannot prove Assumption 2 in full generality (and
indeed, numerically there appear to be counterexamples), it is a natural condition that we believe
serves as a stepping stone towards more generic proofs of entropic contraction.

We start with some definitions. For a convex function φ : Rd → R, the induced Bregman divergence
and Wasserstein distance are respectively defined as

Dφ(x′∥x) := φ(x′)− φ(x)−
〈
∇φ(x),x′ − x

〉
,

Wφ(µ′∥µ) := inf
γ∈Γ(µ′,µ)

E(x,x′)∼γ
[
Dφ(x′∥x)

]
where Γ(µ′, µ) is the set of all couplings of the two densities µ′, µ, i.e., joint densities whose
marginals are as specified. We will also use the following two helper facts from prior work.

Fact 12 (Lemma 10, Gopi et al. (2025)) For a density µ = exp(−φ) : Rd → R≥0 and tilts
x,x′ ∈ Rd,

DKL (Tx′µ∥Txµ) = Dφ♯
(x∥x′).
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Fact 13 (Corollary 1, Ahn and Chewi (2021)) Suppose π is φ-strongly log-concave. Then, for
all densities µ on Rd,

DKL(µ∥π) ≥Wφ(µ∥π).

The key assumption we rely on to derive our entropic contraction is the following.

Assumption 2 Let ψ := φ♯, and let V ⪰ αψ. Then αV ♯ ⪯ φ.

To motivate Assumption 2, we first consider the case α = 1 and V = ψ. Then Assumption 2 simply
posits that ψ♯ = φ♯♯ is “less convex” than φ, in the sense that φ − φ♯♯ is convex. In other words,
taking the LLT of a convex function φ twice gives a function which is smaller than φ in the convex
partial ordering. There are some analogies present in the literature between the Fenchel conjugation
operator ∗ (for which φ∗∗ = φ) and the LLT operator, e.g., (Chen et al., 2022), Section B.2 and
(Gopi et al., 2025), Section 3.1. Unfortunately, essentially any non-quadratic example witnesses
φ♯♯ ̸= φ.3

Assumption 2 suggests that the LLT operator satisfies a relaxed version of the property φ♯♯ = φ.
More generally, the relative strong convexity and scaling in Assumption 2 is as one would expect
based on the Gaussian case (Example 1 below). Note that applying Fact 2 to quadratic norms shows
that Assumption 2 is indeed correct whenever φ itself is a quadratic.

Example 1 Let φ(y) = 1
2(y−µ)

⊤Σ−1(y−µ), so that the density∝ exp(−φ) isN (µ,Σ). Then,
the density ∝ exp(−ψ) is N (−µ,Σ−1).

Proof This is a simple calculation. Indeed,

ψ(x) = log

(∫
exp

(
⟨x,y⟩ − 1

2
(y − µ)⊤Σ−1(y − µ)

)
dy
)

= log

(∫
exp

(
−1

2
(y − µ−Σx)⊤Σ−1(y − µ−Σx) + ⟨x, µ⟩+ 1

2
x⊤Σx

)
dy
)

= ⟨x, µ⟩+ 1

2
x⊤Σx+ C

=
1

2
(x+ µ)⊤Σ(x+ µ) + C ′,

for constants C,C ′ independent of x.

We prove the convergence of Algorithm 2 in KL divergence as follows.

Theorem 29 Let φ : Rd → R be convex, ψ := φ♯, and π = π̃X ∝ exp(−V ) such that V ⪰ αψ.
If Assumption 2 holds, then for any µ0 ≪ π, iterate xk of the proximal sampler (Algorithm 2) has
density µk satisfying

DKL(µk∥π) ≤
1

(1 + α/τ)2k−1
DKL(µ0∥π).

Proof This is a straightforward consequence of Lemmas 30 and 31 below. In particular, we apply
Lemma 30 for k − 1 iterations, and in the last iteration, we apply Lemma 31.

3. An easy way to see this is to take any φ that is not self-concordant. Then φ♯♯ = φ is ruled out simply by Fact 2.
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Lemma 30 Instate the setting of Theorem 29. Consider running two copies of Algorithm 2 ini-
tialized with x0 and x′

0, and with iterates {yk,xk+1}0≤k<K and {y′
k,x

′
k+1}0≤k<K , respectively.

Letting µk, µ′k denote the total laws of xk,x′
k on an iteration k, for any 0 ≤ k < K in Algorithm 2,

W τψ(µ′k+1∥µk+1) ≤
1

(1 + α/τ)2
W τψ(µ′k∥µk).

Proof Throughout the proof, we let µk+0.5, µ
′
k+0.5 denote the total laws of yk,y′

k on an iteration t.
Recall the notation of (7). Let γk be the coupling of (µk, µ′k) realizing W τψ(µ′k∥µk). Conditioning
on the values of (xk,x′

k) = (x,x′) ∼ γk, we have by Fact 13 and Fact 12 respectively that

Wφ∗τ
(
π̃
Y |X=x
(τ)

∥∥ π̃Y |X=x′

(τ)

)
≤ DKL

(
π̃
Y |X=x
(τ)

∥∥ π̃Y |X=x′

(τ)

)
= Dτψ(x′∥x). (21)

Now let γk+0.5 be the coupling of (µk+0.5, µ
′
k+0.5) which first draws (x,x′) ∼ γk, and then condi-

tioned on these values, draws and outputs (y,y′) from the coupling realizing Wφ∗τ
(π̃
Y |X=x
(τ) ∥π̃(τ)).

Conditioning on the values of (y,y′) ∼ γk+0.5, we have by Lemma 7, Fact 13, and Fact 12 that(
1 +

α

τ

)
W τψ

(
π̃
X|Y=y′

(τ)

∥∥ π̃X|Y=y
(τ)

)
≤W V+τψ

(
π̃
X|Y=y′

(τ)

∥∥ π̃X|Y=y
(τ)

)
≤ DKL

(
π̃
X|Y=y′

(τ)

∥∥ π̃X|Y=y
(τ)

)
= D(V+τψ)♯(y∥y′).

(22)

Now by applying Assumption 2 and Lemma 7, we finally have(
1 +

α

τ

)
D(V+τψ)♯(y∥y′) ≤ Dφ∗τ

(y∥y′). (23)

Let γk+1 be the coupling of (µk+1, µ
′
k+1) which first draws (y,y′) ∼ γk+0.5, and then conditioned

on these values, draws and outputs (x,x′) from the coupling realizing Wψ∗τ
(π̃
X|Y=y′

(τ)

∥∥ π̃X|Y=y
(τ) ).

By combining (21), (22), (23), and using the fact that W τψ(µ′k+1∥µk+1) is an infimum over cou-
plings (one of which is γk+1), we have shown (1 + α

τ )
2W τψ(µ′k+1∥µk+1) ≤ W τψ(µ′k∥µk), as

claimed.

Lemma 31 Consider the same setup as in Lemma 30. It holds that

DKL(µ
′
k+1∥µk+1) ≤

(
1 +

α

τ

)
W τψ(µ′k∥µk).

Proof Following Lemma 30 up to (22), we have some coupling γk+0.5 of (yk,y′
k) = (y,y′) such

that (
1 +

α

τ

)
E(y,y′)∼γ

k+1
2

[
DKL

(
π̃
X|Y=y′

(τ)

∥∥ π̃X|Y=y
(τ)

)]
≤W τψ

(
µ′k∥µk

)
.

We now apply Fact 14, analogously to its use in Theorem 1, Lee et al. (2021), with z← (y,y′).

Fact 14 (Lemma 3, Lee et al. (2021)) Let Pz and Qz be distributions supported on X indexed by
z, a random variable distributed as πz. Let P̃ be the joint distribution of (x, z) for x ∼ Pz and
z ∼ πz and Q̃ be the joint distribution of (x, z) as x ∼ Qz. Then,

DKL(P∥Q) ≤ Ez∼πz [DKL(Pz∥Qz)].
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Appendix E. Comparison of Lemma 14 with Gaussian Setting

In this appendix, we give two variations on Lemma 14 specifically in the Gaussian setting, and
then identify exactly where in these proofs things break in the more general setting. This seems to
indicate the techniques in our proof of Lemma 14 are somewhat brittle.

Proofs in the Gaussian setting. Let φ := 1
2 ∥·∥

2
2 + log

∫
exp(−1

2 ∥x∥
2
2) dx so that exp(−φ) is a

density. From Proposition 9 we have explicitly

π̃Y(τ)(y) = exp(−Vτ (y)− φ∗τ (y))

∝
∫

exp

(
−τ
2

∥∥∥y
τ
− z
∥∥∥2
2

)
π(z) dz.

(24)

Proof [Proof via explicit convolution] We use the second line of (24) and follow the proof of Propo-
sition 1, (Shi et al., 2025). Here, π̃Y(τ) is almost of the form of a Gaussian convolution. First define

ντ (y) ∝
∫

exp
(
−τ
2
∥y − z∥22

)
π(z) dz.

Then this is the convolution of two densities that satisfy Poincaré inequalities with constants α and
τ , respectively. Therefore, by Lemma 7, ντ satisfies a ατ

α+τ -Poincaré inequality. Now ντ and π̃Y(τ)
are equivalent up to a 1

τ -Lipschitz mapping; thus, by Proposition 2.3.3, (Chewi, 2023), π̃Y(τ) satisfies
a α
τ(α+τ) -Poincaré inequality.

Remark 32 If π satisfies a log-Sobolev inequality with constant α, the result can be upgraded
to a log-Sobolev inequality with the same derived constant, again by properties of the Gaussian
convolution.

Proof [Proof via convexity] We use the first line of (24); write V := − log π and assume V ⪰ αψ.
By Lemma 11, we have −∇2Vτ = ∇2(V + τψ)♯; if V ⪰ αψ then certainly V + τψ ⪰ (α+ τ)ψ.
In the Gaussian setting, Assumption 2 holds. We then have

−(α+ τ)Vτ = (α+ τ)(V + τψ)♯ ⪯ φ =⇒ ∇2Vτ ⪰ −
1

α+ τ
∇2φ. (25)

Next, as exp (−φ∗τ ) ∝ exp(− 1
2τ ∥·∥

2
2), it is clear that

∇2φ∗τ ⪰ 1

τ
∇2φ. (26)

Indeed, this is actually an equality here. Then combining (25) and (26), we have

−∇2 log π̃Y(τ) = ∇
2φ∗τ +∇2Vτ

⪰
(
1

τ
− 1

α+ τ

)
∇2φ

=
α

τ(α+ τ)
∇2φ

=
α

τ(α+ τ)
Id,

as claimed. Now the result follows from Fact 4 with quadratic φ.
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Breakdown for general φ. The proof via convolution does not hold for general φ because we do
not have an explicit representation of π̃Y(τ) as an object close to a convolution.

The proof via convexity is brittle in two respects. Generally, Assumption 2 may not hold. Moreover,
it is not necessarily the case that ∇2φ∗τ ⪰ 1

τ∇
2φ. Indeed, consider the proof of Lemma 25, (Shi

et al., 2025) for general φ. We would like

f(x,y) := exp(−φ(y)) exp(−φ(x− y)) exp(γφ(x))

to be log-concave for γ ≤ 1
2 , and then integrate over y and apply Prékopa-Leindler. We have

−∇2f(x,y) =

(
0d×d 0d×d
0d×d ∇2φ(y)

)
+

(
∇2φ(x− y) −∇2φ(x− y)
−∇2φ(x− y) ∇2φ(x− y)

)
− γ

(
∇2φ(x) 0d×d
0d×d 0d×d

)
=

(
∇2φ(x− y)− γ∇2φ(x) −∇2φ(x− y)

−∇2φ(x− y) ∇2φ(y) +∇2φ(x− y)

)
.

For−∇2f(x,y) to be positive semidefinite, it is necessary that both diagonal blocks, i.e.,∇2φ(x−
y) − γ∇2φ(x) and ∇2φ(y) + ∇2φ(x − y) are positive semidefinite. There are one-dimensional
counterexamples to this (take φ(x) = x4 and x = y), and indeed, in general, counterexamples to
∇2φ∗τ ⪰ 1

τ∇
2φ.

Appendix F. Proofs for Section 2

F.1. Proof of Fact 3

Proof By property (2) of Definition 5, it holds E[πT ] = π, which implies for π-almost every ω ∈ Ω,

E
[
πT (ω)πT (Ω)

π(ω)

]
= E

[
πT (ω)

π(ω)

]
= 1.

Thus, pπT (· | ω) is a probability density. For every A,B ⊆ Ω, by Fubini’s theorem, we have

∫
B
pπT (A | ω)π(dω) =

∫
B
E
[
πT (ω)πT (A)

π(ω)

]
π(dω) = E

[∫
B

πT (ω)πT (A)

π(ω)
π(dω)

]
= E [πT (A)πT (B)] =

∫
A
pπT (B | ω)π(dω),

so that the Markov chain is reversible and stationary.
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F.2. Proof of Lemma 3

Proof This is a straightforward calculation: for all w ∈ Rd,

χ♯(w) = log

(∫
exp (⟨w,y⟩ − χ(y)) dy

)
= log

(∫
exp (⟨w,y⟩)π(y)dy

)
= log

(∫ (∫
exp (⟨w, z⟩) ν(z) exp (⟨w,y − z⟩)µ(y − z)dz

)
dy
)

= log

(∫ (∫
exp (⟨w,y − z⟩)µ(y − z)dy

)
exp (⟨w, z⟩) ν(z)dz

)
= log

(∫ (∫
exp (⟨w,y⟩)µ(y)dy

)
exp (⟨w, z⟩) ν(z)dz

)
= log

(∫ (∫
exp (⟨w,y⟩ − φ(y)) dy

)
exp (⟨w, z⟩ − ϕ(z)) dz

)
= φ♯(w) + ϕ♯(w).

The first two lines are definitions, the third expands π = µ ∗ ν, the fourth applies Fubini’s theorem,
the fifth performs a change of variables, and the last again applies definitions.

F.3. Proof of Proposition 4

Proof The “if” direction follows from Lemma 3, so let τ > 0 be noninteger henceforth. Let

h(y) =
1

2
√
2π

∫ 1

−1
exp

(
−(y − u)2

2

)
du

and let φ := − log h. Note that h is the convolution of the log-concave random variables U ∼
Unif([−1, 1]) and Z ∼ N (0, 1), so φ is finite, smooth, and convex. Let the Laplace transform be

Ψ(x) =

∫
R
exp (xy − φ(y)) dy = exp

(
x2

2

)
sinhx

x
, 4

so that the LLT is ψ(x) = logΨ(x) = x2

2 + log sinhx
x . Note that Ψ is an entire function (see Propo-

sition 3.2.2, (Duchi, 2023); this also follows by direct computation and dominated convergence).

Now, suppose τψ is an LLT for τ ̸∈ N, so that τψ(x) = log(
∫
R exp(xy)µ(y)dy) for some measure

µ over R. Then, let Ψτ (z) :=
∫
R exp(zy)µ(y)dy, which is also entire. Define the entire function

H(z) := Ψ′
τ (z)Ψ(z) − τΨτ (z)Ψ

′(z). Since Ψ(x) > 0 for all x ∈ R, we may differentiate
the identity logΨτ = τ logΨ on R, to conclude that H(x) = 0 for all x ∈ R. Thus, by the
identity theorem for analytic functions (Chapter 4, Section 3.2, (Ahlfors, 1979)), H ≡ 0 over C, so
meromorphically,

Ψ′
τ (z)

Ψτ (z)
= τ

Ψ′(z)

Ψ(z)
. (27)

4. We use the convention sinh x
x

= 1 at x = 0; after removing this singularity, sinh x
x

is entire.
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We next observe that the left-hand side of (27) has integer residues. This is shown in Chapter
4, Section 5.2, (Ahlfors, 1979), and follows because residues are the −1th term in the Laurent
expansion, and if Ψτ is analytic with an order-m zero a ∈ C, then Ψτ = (· − a)mf for some
analytic f with f(a) ̸= 0.

We finally claim that the right-hand side of (27) has a residue of τ at some pole. To see this, letting
s(z) := sinh z

z with s(0) = 1, it is equivalent to show that 1 is a residue of the logarithmic derivative

Ψ′(z)

Ψ(z)
= z +

s′(z)

s(z)
.

Indeed, the argument of Chapter 4, Section 5.2 reduces this to verifying that z = iπ is an order-1
zero of s(z), which is a simple calculation. Thus we have reached a contradiction, because the
left-hand side of (27) cannot have a residue of τ at z = iπ.

Appendix G. Proofs for Section 3

G.1. Proof of Lemma 8

Proof Given yτ ∼ π̃Y(τ), we claim that we can generate yτ+1 with marginal density π̃Y(τ+1) as
follows: draw z ∼ Tyτ exp(−τψ)π and w ∼ Tz exp(−φ), and set yτ+1 = yτ +w (Algorithm 1).

This process is clearly Markov. It remains to show yτ+1 ∼ π̃Y(τ+1). Indeed, consider the joint
density over (yτ , z,w): this is proportional to(∫

exp (⟨yτ ,x⟩ − φ∗τ (yτ )− τψ(x))π(dx)
)

· exp (⟨yτ , z⟩ − τψ(z))π(z)∫
exp (⟨yτ , z⟩ − τψ(z))π(dz)

· exp (⟨z,w⟩ − φ(w)− ψ(z))

= exp (⟨yτ +w, z⟩ − φ∗τ (yτ )− φ(w)− (τ + 1)ψ(z))π(z)

= exp (⟨yτ+1, z⟩ − φ∗τ (yτ )− φ(yτ+1 − yτ )− (τ + 1)ψ(z))π(z),

where the last expression is proportional to the joint density over (yτ , z,yτ+1) via a change of
variables. Integrating over yτ , we notice that this is in the form of a convolution, so (z,yτ+1) has
joint density equal to

exp
(
⟨yτ+1, z⟩ − φ∗(τ+1)(yτ+1)− (τ + 1)ψ(z)

)
π(z).

Finally, marginalizing over z, we immediately have that yτ+1 ∼ π̃Y(τ+1).

G.2. Proof of Proposition 9

Proof Using the fact that exp
(
−φ∗0) = δ0 with respect to test functions,

Pτ,τf(a) = exp(Vτ (a))

∫
f(a+w) exp

(
−Vτ (a+w)− φ∗0(w)

)
dw = f(a).
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Let τ ≤ λ ≤ σ. First, define

g(a) := Pλ,σf(a) = exp (Vλ(a))

∫
f(a+w) exp

(
−Vσ(a+w)− φ∗(σ−λ)(w)

)
dw.

Then,

Pτ,λg(a) = exp (Vτ (a))

∫
g(a+ y) exp

(
−Vλ(a+ y)− φ∗(λ−τ)(y)

)
dy

= exp (Vτ (a))

·
∫ [

exp (Vλ(a+ y))

∫
f(a+ y +w) exp

(
−Vσ(a+ y +w)− φ∗(σ−λ)(w)

)
dw
]

· exp
(
−Vλ(a+ y)− φ∗(λ−τ)(y)

)
dy

= exp (Vτ (a))

·
∫ ∫

f(a+ y +w) exp
(
−Vσ(a+ y +w)− φ∗(σ−λ)(w)− φ∗(λ−τ)(y)

)
dw dy

= exp (Vτ (a))

·
∫ ∫

f(a+ z) exp
(
−Vσ(a+ z)− φ∗(σ−λ)(w)− φ∗(λ−τ)(z−w)

)
dw dz

= exp (Vτ (a))

∫
f(a+ z) exp

(
−Vσ(a+ z)− φ∗(σ−τ)(z)

)
dz

= Pτ,σf(a),

which proves the first statement. For the second statement,

P0,τf(0) = exp(V0(0))

∫
f(w) exp (−Vτ (w)− φ∗τ (w)) dw

=

∫ ∫
f(w) exp (⟨w, z⟩ − φ∗τ (w)− τψ(z))π(dz) dw

=

∫
f(w)π̃Y(τ)(dw),

(28)

as claimed. The explicit formula for π̃Y(τ) can be seen from the first line of (28) as the definition of
integrating functions f with respect to π̃Y(τ).

G.3. Proof of Lemma 10

Proof The density of Ty exp(−τψ)π is exp (⟨y, z⟩ − τψ(z) + Vτ (y))π(z), and the density of
Tz exp(−φ) is exp (⟨z,w⟩ − φ(w)− ψ(z)). Therefore, we have

νyτ (w) =

∫
exp (⟨y, z⟩ − τψ(z) + Vτ (y))π(z) exp (⟨z,w⟩ − φ(w)− ψ(z)) dz

=

∫
exp (⟨y +w, z⟩ − (τ + 1)ψ(z)− φ(w) + Vτ (y))π(dz)

= exp(−φ(w)− Vτ+1(y +w) + Vτ (y)),

as desired.
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G.4. Proof of Proposition 12

Proof We check the conditions of Definition 5. First, (1) holds by definition. To check (2), one
possibility is to use Definition 3.1, (Montanari, 2025); we have that πτ is the posterior density of
X given yτ , which by the Markov property, is equal to the posterior density of X given the entire
filtration up to τ , i.e., πτ is a Doob measure-valued martingale. Alternatively, to demonstrate (2)
directly, first define µτ to be the density of w given yτ in the described Markov chain. Consider the
density of πτ+1 conditioned on realizations of yτ and w. Then

πτ+1(x) = exp (⟨yτ+1,x⟩ − (τ + 1)ψ(x) + Vτ+1(yτ+1))π(x)

= exp (⟨yτ +w,x⟩ − (τ + 1)ψ(x) + Vτ+1(yτ +w))π(x)

= exp (⟨yτ ,x⟩ − τψ(x) + Vτ (yτ ))π(x) · exp (⟨w,x⟩ − ψ(x)− Vτ (yτ ) + Vτ+1(yτ +w))

= exp (⟨w,x⟩ − ψ(x)− Vτ (yτ ) + Vτ+1(yτ +w))πτ (x).

Therefore,

Eπτ+1 [f | πτ ] =
∫ ∫

f(x) exp (⟨w,x⟩ − ψ(x)− Vτ (yτ ) + Vτ+1(yτ +w))πτ (x)ν
yτ
τ (w) dw dx.

From Lemma 10, we have

νyτ
τ (w) = exp(−φ(w)− Vτ+1(yτ +w) + Vτ (yτ )),

and so

Eπτ+1 [f | πτ ] =
∫ ∫

f(x)πτ (x) exp (⟨w,x⟩ − φ(w)− ψ(x)) dw dx

= Eπτ [f ],

using the definition of the LLT.

To check (3), first fix x ∼ π. Then by the strong law of large numbers and Fact 1,

yτ
τ

=

∑τ
i=1 ai
τ

−−−→
τ→∞

Ea1∼Tx exp(−φ)[a1] = ∇ψ(x).

In other words, yτ asymptotically gives perfect information about x (since (∇ψ)−1 = ∇ψ∗, where
ψ∗ is the convex conjugate of ψ; see Bubeck and Eldan (2019)), and πτ thus converges to δx,x ∼ π,
as we have realized πτ as a posterior density.
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Appendix H. Proofs for Section 4

H.1. Proof of Proposition 13

Proof From the construction given in (8), we draw w ∼ π and c | w ∼ π̃
Y |X=w
(τ) , and set πτ =

π̃
X|Y=c
(τ) . Then

pπτ (x
′ | x) = E

[
πτ (x

′)πτ (x)

π(x)

]

= E(w,c)∼π̃(τ)

 π̃X|Y=c
(τ) (x′)π̃

X|Y=c
(τ) (x)

π(x)


= Ec∼π̃Y

(τ)

 π̃X|Y=c
(τ) (x′)π̃(τ)(x, c)

π̃Y(τ)(c)π(x)


=

∫
π̃
X|Y=c
(τ) (x′)π̃

Y |X=x
(τ) (c) dc.

This is precisely Gibbs sampling.

H.2. Proof of Lemma 14

Proof Write g(x) := Ey∼π̃Y |X=x [f(y)] as the conditional mean. Using the law of total variance
(3),

Varπ̃Y [f(y)] = Ex∼π̃X [Vary∼π̃Y |X=x [f(y)]] + Varx∼π̃X [g(x)]. (29)

To bound the first term in (29), we apply Fact 4 and Lemma 7 : Tx exp(−φ) is 1-strongly log-
concave w.r.t. φ and so satisfies 1-φ-PI, and thus π̃Y |X=x = Tx exp(−φ∗τ ) satisfies τ−1-φ-PI.
Therefore,

Ex∼π̃X [Vary∼π̃Y |X=x [f(y)]] ≤ τEx∼π̃X

[
Ey∼π̃Y |X=x

[
∥∇f(y)∥2(∇2φ(y))−1

]]
= τEy∼π̃Y

[
∥∇f(y)∥2(∇2φ(y))−1

]
.

(30)

Now we proceed with the second term in (29). We first compute ∇g. We start by introducing the
following helpful notation, where we use the derivations from Fact 1:

m(x) := Ey∼π̃Y |X=x [y] = τ∇ψ(x),
Σ(x) := Covy∼π̃Y |X=x [y] = τ∇2ψ(x),

fx(y) := f(y)− Ey′∼π̃Y |X=x [f(y′)] = f(y)− g(x),
yx := y − Ey′∼π̃Y |X=x [y′] = y −m(x).
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In other words, fx and yx are “centered” versions of f and y. Then we have

∇g(x) = ∇x

(∫
f(y) exp (⟨x,y⟩ − φ∗τ (y)− τψ(x)) dy

)
=

∫
(y − τ∇ψ(x)) f(y) exp (⟨x,y⟩ − φ∗τ (y)− τψ(x)) dy

=

∫
yxf(y) exp (⟨x,y⟩ − φ∗τ (y)− τψ(x)) dy

=

∫
yxfx(y) exp (⟨x,y⟩ − φ∗τ (y)− τψ(x)) dy

= Ey∼π̃Y |X=x [yxfx(y)].

Next, observe that for any vector v ∈ Rd,(
v⊤∇g(x)

)2
=
(
Ey∼π̃Y |X=x

[
v⊤yxfx(y)

])2
≤ Ey∼π̃Y |X=x

[
fx(y)

2
]
· Ey∼π̃Y |X=x

[
(v⊤yx)

2
]

= Varπ̃Y |X=x [f ] · v⊤Σ(x)v.

Plugging in v = Σ(x)−1∇g(x) gives

∇g(x)⊤Σ(x)−1∇g(x) ≤ Varπ̃Y |X=x [f ]. (31)

Now if π = π̃X satisfies α-ψ-PI, then it also satisfies α
τ -τψ-PI. Then

Varx∼π̃X [g(x)] ≤
τ

α
Ex∼π̃X

[
∇g(x)⊤Σ(x)−1∇g(x)

]
≤ τ

α
Ex∼π̃X [Varπ̃Y |X=x [f ]]

≤ τ2

α
Ey∼π̃Y

[
∥∇f∥2(∇2φ)−1

]
.

(32)

The second inequality applied our previous derivation (31) and the last line uses (30). The result
follows by combining the bounds (30) and (32) in (29).

H.3. Proof of Corollary 16

Proof Applying the law of total variance (3) to g(Y ), we have

Varπ̃Y [g(Y )] = Eπ̃X [Var[g(Y ) | X]]︸ ︷︷ ︸
A

+Varπ̃X [E[g(Y ) | X]]︸ ︷︷ ︸
B

.

Using the proof of Lemma 14 (precisely (32)), we note B ≤ τ
αA and, so rearranging Varπ̃Y [g] =

A+B yields the claimed bound (10):

B ≤ 1

1 + α/τ
Varπ̃Y [g].
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