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Abstract

Nonconvex min-max optimization is a cornerstone of modern machine learning. However, its the-
oretical foundations remain largely limited to in-expectation convergence guarantees, which fail
to capture the failure probability of individual training trajectories, particularly in the presence of
heavy-tailed noise. In this work, we bridge this gap by establishing the first high-probability con-
vergence guarantees of stochastic gradient descent-ascent (SGDA) in structured nonconvex games,
specifically nonconvex-PL (NC-PL) and nonconvex-concave (NC-C) problems. We derive high-
probability convergence rates of SGDA matching the best known in-expectation rates in the sub-
gaussian noise regime. Then, we investigate the heavy-tailed noise regime and prove that SGDA
cannot guarantee high-probability convergence in general. Finally, we analyze a gradient-clipped
variant, SGDAcy;p, and show that it recovers high-probability convergence guarantees in both NC-
PL and NC-C games. Our analysis is based on novel progress quantities that simultaneously bound
stationarity and primal-dual martingale terms, which yield self-bounding concentration bounds.

Keywords: min-max games, stochastic gradient descent-ascent, high probability convergence

1. Introduction

Nonconvex min-max games have become a cornerstone of modern machine learning, underpin-
ning the success of Generative Adversarial Networks (GANs) (Goodfellow et al., 2014), adversarial
training (Madry et al., 2018), and multi-agent reinforcement learning (MARL) (Wu et al., 2025). A
key workhorse algorithm for solving min-max games is stochastic gradient descent-ascent (SGDA)
Lin et al. (2019), a generalization of stochastic gradient descent (SGD) for min-max problems. The
prevailing theoretical landscape, however, is dominated by in-expectation guarantees (Gidel et al.,
2019; Lin et al., 2019; Yang et al., 2022; Cho and Yun, 2023), except for a few works that focus
on variational inequalities (Gorbunov et al., 2022b; Sadiev et al., 2023) or specialized algorithms
under light-tailed noise distributions (Laguel et al., 2024). While in-expectation results provide
coarse guarantees, they fail to capture the inherent volatility in individual training. Empirical ob-
servations also suggest neural networks often encounter heavy-tailed noise (Simsekli et al., 2019;
Zhang et al., 2020), which can lead to substantial deviations from in-expectation behavior. The
fact that in-expectation results offer no assurance against failures in each run is a critical deficit for
large-scale training (Wu et al., 2025). To bridge this gap, one must move beyond in-expectation
arguments and establish high probability guarantees.

Contributions. We establish the first high-probability convergence guarantees of SGDA in struc-
tured nonconvex min-max games, specifically nonconvex-PL (NC-PL) and nonconvex-concave
(NC-C) problems. Our main contributions are two-fold:
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* We prove high-probability convergence guarantees of SGDA in NC-PL and NC-C games
under a subgaussian noise model, and match the best known in-expectation rates.

* We demonstrate that while SGDA can lose general high-probability guarantees under a heavy-
tailed noise model, its gradient-clipped variant, SGDAcyj;p, can recover high-probability guar-
antees even under heavy-tailed noise.

The key technical ingredient of our analysis is a two-player self-bounding concentration architec-
ture for SGDA. Unlike SGD, the stochastic terms in SGDA couple primal and dual errors and are
adapted to different stages of the half-step filtration. We therefore design progress quantities that
simultaneously dominate stationarity, dual suboptimality, and the martingale variance proxies. Un-
der heavy-tailed noise, clipping introduces additional bias terms whose bounds are valid only when
both players remain in a low-signal regime; we close this circularity through a pathwise normaliza-
tion/bootstrap argument. In NC-C games, the same idea must also be combined with a blockwise
analysis of the dual maximizer and partition-level martingale control. We defer all proofs to Ap-
pendix B and Appendix C, and summarize our results in Table 1 and Table 2.

2. Related Work

Convex—concave games and monotone variational inequalities are now classic and well-studied
(Nemirovski, 2004; Juditsky et al., 2011; Du and Hu, 2019; Gidel et al., 2019; Azizian et al.,
2020b,a; Mokhtari et al., 2020; Golowich et al., 2020; Gorbunov et al., 2022¢,d). The most well-
studied algorithms for convex—concave games include extragradient (EG) (Korpelevich, 1976b) and
optimistic gradient descent ascent (OGDA) (Popov, 1980; Daskalakis et al., 2018; Gidel et al.,
2019; Mokhtari et al., 2020). Recent work established their last-iterate convergence rates (Golowich
et al., 2020; Gorbunov et al., 2022c,d), and their in-expectation rates of stochastic counterparts
(Gidel et al., 2019; Hsieh et al., 2019; Mishchenko et al., 2020; Gorbunov et al., 2022a). However,
while EG and OGDA have shown strong theoretical guarantees, SGDA-type algorithms remain
main workhorses in practice (Cheng et al., 2024a,b) due to their simplicity and efficiency, and have
been shown to exhibit strong theoretical guarantees as well (Zhang et al., 2022; Beznosikov et al.,
2023). For instance, Zhang et al. (2022) proved that SGDA can enjoy the same optimal local conver-
gence rate as EG and OGDA in strongly-convex—strongly-concave games. Beznosikov et al. (2023)
showed that SGDA can converge in monotone variational inequalities, and enjoys similar rates as
EG and OGDA under quasi-strong monotonicity and star-cocoercivity. These results set baselines
for convex regimes, but they do not address the nonconvexity studied in this paper.

Nonconvex games are computationally intractable in general (Papadimitriou, 1994; Daskalakis
et al., 2006), and often exhibit cycles that induce non-convergence of iterative algorithms (Mer-
tikopoulos et al., 2018). Such computational hardness motivated the study of structured nonconvex
games, where one imposes computationally tractable structures over one of the players. The most
widely studied structured nonconvex games are nonconvex—PL (NC-PL) games (Nouiehed et al.,
2019; Yang et al., 2022; Cho and Yun, 2023; Huang et al., 2025) and nonconvex—concave (NC-C)
games (Lin et al., 2019). NC-PL and NC-C games assume a Polyak—t.ojasiewicz (PL) condition
and concavity in the maximization variable, respectively, and both admit efficient algorithms with
guarantees to approximate stationary points. For instance, Yang et al. (2020, 2022) established
the first in-expectation convergence guarantees of SGDA in NC-PL games, and Lin et al. (2019)
provided the first in-expectation convergence guarantees of SGDA in NC-C games. Subsequent
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works improved upon these results using without-replacement sampling (Cho and Yun, 2023) and
a momentum technique (Huang et al., 2025). Nevertheless, all these works focus on in-expectation
convergence guarantees, and do not provide high-probability guarantees over individual runs.

High-probability guarantees are less studied in min-max optimization, especially in struc-
tured nonconvex min-max games. Laguel et al. (2024) is one of the few works that establish high-
probability convergence guarantees in NC-PL games, but focuses on a smoothed variant of SGDA
under subgaussian noise. Gorbunov et al. (2022b); Sadiev et al. (2023) study high-probability con-
vergence guarantees of clipped variants of stochastic extragradient methods under both subgaussian
and heavy-tailed noise models, but their results focus on variational inequalities. In this work, we
fill this gap by establishing the first high-probability convergence guarantees of (clipped) SGDA in
both NC-PL and NC-C games under subgaussian and heavy-tailed noise.

3. Preliminaries

3.1. Structured Nonconvex Games

Throughout this paper, we make the following standard smoothness assumption on the game f.

Assumption 3.1 (Smoothness) The game f : R% x Y — R is differentiable and (-smooth as:

IVaf(@1,91) — Vaf(xa, y2)|| < L(lxy — x| + ly1 — w2ll), Va1, z2 € R Yy, y0 € Y
IVyf(@1,y1) — Vyf (@2, y2) || < 0(1lxr — 22l + Iy — v2ll),  Vai, 20 € R% Vyy,y0 € V.

We refer to the setting where the function y — — f(x, y) satisfies a PL inequality as nonconvex—PL

(NC-PL) games, and define the condition number x &y /i, where > 0 is a PL parameter.

Assumption 3.2 (NC-PL) Let) = R% and g(x) d:efmaxyey f(z,y) < oo. Y*(z) « argmax, ey f(z,y)
is nonempty for every x € R% . Moreover, there exists ju > 0 such that, for each x € R%,

1
S IVuf@w)I” > ulg(x) - f(z.), Yy eV, (1)
We refer to the setting where the function y — f(x,y) is concave as nonconvex—concave (NC-C).

Assumption 3.3 (NC-C) For each x € R%, f(x,-) is concave on Y, and there exists a maximizer
y*(v) € argmax,cy f(v,y) with Vyf(x,y*(z)) = 0. For each y € Y, the function f(-,y) is

L-Lipschitz on R%. The domain 'Y is convex and closed with D & diam()) < oo.

3.2. Algorithms

SGDA We define two-time-scale stochastic alternating gradient descent-ascent (SGDA) as:

Tip1 = Tt — Mot Go(@e, Y6, ), w1 = Uy (ye + my e Gy(@e41, v, ¢F)), 2

where IIy(-) denotes the orthogonal projection from R% to ). G, G are stochastic gradient
oracles and (¥, ¢/ are random seeds. We focus on two-time-scale regime where y moves faster than
z, e, 0 < 1y < 1y We omit the random seeds ¢, ¢ when they are clear from the context.
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SGDA(jip We define a gradient-clipped variant of SGDA as:
Tpp1 = & — Ny by, (Gu(ze,y1,6F)), Yerr = My (ye + e clipy, (Gy(zes1,91,¢7)))- 3)

v, ol <,

where clip, : R? — R denotes the standard norm clipping clip,.(v) :=
To/ |loll, (ol > 7.

3.3. Noise Models
We define the stochastic gradient noise of each player at time ¢ > 0 as:
def def
f ; G:E(:Btv Yt, Ctx) - vl‘f(xt7 yt)7 f? :e Gy(xt-f-la Yt Cg!) - vyf(xt-f—la yt)a (4)

and define the natural filtrations (F¢);>0 € (Fyy1/2)t>0 as:

FoEo(any | k=0.t)), Fiap oz} UFR).
Throughout the paper, we make the following standard unbiasedness assumption.
Assumption 3.4 (Unbiased stochastic gradients) The gradient noise £ € R% & e R satisfy:
E[¢f | Fi] =0, E[&) | Fryrpe] =0, VE>0
The following two are standard models in the literature: norm-subgaussian and heavy-tailed noise.

Assumption 3.5 (Norm-subgaussian noise) There exists o > 0 such that, for any t > 0, the
stochastic gradient noise £f € Rdz,ﬁf € R satisfy

B[ exp (II&?’“’QH2

g

2
€7
2

g

N F] <o Elew (Bh-) | Fap <

Assumption 3.6 (Heavy-tailed noise) For each p € (1,2|, there exists o > 0 such that, for any
t > 0, the gradient noise of each player £} € Rdl,gf € R% satisfy:

B[ | Fe] < o®, E[IEN | Firrje] < 0. )

4. Nonconvex—PL Games

We follow Yang et al. (2022) and define a potential function F; as:

ef def def
P a Atbe,  aq = 9(x) — gvy b = g(xe) — flae, u1), (6)

with a tunable A\; > 0 and g, def min, g4, g(x). Intuitively, a; and b, represent the primal and dual
suboptimalities at time ¢, respectively. We fix \; = % throughout our NC-PL analysis.
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Table 1: Comparison of existing convergence guarantees in NC-PL games. Complexity is mea-
sured by the number of gradient evaluations to achieve an e-stationary point, i.e.,
minge(o,7) [[Vg(zt)|| < e. Time horizon indicates whether the algorithm requires knowl-
edge of a time horizon 7" in advance. H.P. stands for high-probability guarantees. Our
results in Theorems 4.5, 4.6, 4.11 and 4.12 establish the first high-probability convergence
guarantees of SGDA in NC-PL games under subgaussian and heavy-tailed noise models.

ALGORITHM CITATION NOISE MODEL COMPLEXITY TIME HORIZON H.P.
SGDA YANG ET AL. (2022) BOUNDED 02 O(k*e=%) KNOWN X
SGDA-RR CHO AND YUN (2023)  FINITE-SUM O(k3n05¢=3) KNOWN X
MSGDA HUANG ET AL. (2025)  BOUNDED 02 O(e3)! KNOWN X
ADAMSGDA  HUANG ET AL. (2025)  BOUNDED o? O(e3)! KNOWN X
SM-SGDA YANG ET AL. (2022) BOUNDED o2 O(k%e=4) KNOWN X
SM-SGDA LAGUEL ET AL. (2024)  SUBGAUSSIAN O(k2le=%) KNOWN v
SGDA THEOREM 4.5 SUBGAUSSIAN O(kte=1) KNOWN v
SGDA THEOREM 4.6 SUBGAUSSIAN O(ktte=4) UNKNOWN v
SGDAcp THEOREM 4.11 HEAVY-TAILED O (nszf:lz le™ 35:12) KNOWN v
SGDACL» THEOREM 4.12 HEAVY-TAILED O (nspp:f Ze’sppj) UNKNOWN v

4.1. Subgaussian NC-PL Games

Following (Nouiehed et al., 2019; Lin et al., 2019), we interpret SGDA as an inexact descent on the
outer objective g, and obtain the following estimate of primal progress a;.

Lemma 4.1 (Primal progress of SGDA in NC-PL) Under Assumptions 3.1 and 3.2, if n.; <
1/(12k¢), SGDA iterates satisfy the following for all t > 0:

nx,t
2

To control the potential P, we also need to estimate the dual progress b;. We define the shorthands:

apy1 < ap — —= || Vg(@)||? + dnpeklby — 10y (Va(@e), &) + 302 1kl €7 (7)

Ot & Vaf(e,yt) — Vg(zt), ¢e(y) © 9(xi41) — f(me41,9), bt+1/2 £ be(yt)-

Namely, d; is the bias of V. f (¢, y¢) as an estimate of Vg(z;), and b, /o is the half-step dual gap.

Lemma 4.2 (Dual progress of SGDA in NC-PL) Suppose Assumptions 3.1 and 3.2, and let o &
1+4rtln, . + 12/@262773267,5. Then, SGDA satisfies the following ¥t > 0:

¢ ¢
b1 < bprje — (Mg — 5775,0 IV e (ye) 1+ (g — ) (Ve(we), &) + gnﬁ,t I1E/11%, (8)

1 T T
besrj2 < by + (e + 6807 ) IV () |* + g (00, €F) + Gl 1€ ©)

1. Huang et al. (2025) state the (5(5’3) rate, but do not clearly expose the dependence on x and 4.
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A direct combination of Lemma 4.1 and Lemma 4.2 yields the following potential estimate.

Lemma 4.3 (Potential improvement of SGDA in NC-PL) Suppose Assumptions 3.1 and 3.2, and
let vy ¢ =4 i (TIy,t — %nit). Ifny: < %, Nt < ﬁnyﬂg, then, SGDA satisfies the following ¥t > 0:

1

gﬁx,t HVQ(%‘,)HQ + Yyt ||V¢t(yt)|!2 + 4klng by < Py — P (10)
T 1 T X
— Nt (Vg(21), &) + (5 - 2M7y,t) Nzt (01, §F) + 6"5577:%«,t €511 (11)
1 14 2
+ 5 O = Ong) (Vor(ue), &) + e lIEF (12)

A naive approach to derive a high-probability bound from Lemma 4.3 would be directly invoking a
standard concentration inequality, e.g., Azuma—Hoeffding, to the martingale difference terms &, £/
However, each term on the left-hand side of Lemma 4.3 is in fact an upper bound of variance proxies
of &7, &/ terms, hence prevents a direct application of standard concentration inequalities. To tackle
this problem, we follow the recently adopted self-bounding concentration inequalities in optimiza-
tion literature (Harvey et al., 2019; Nguyen et al., 2023; Liu et al., 2023). The following lemma
identifies and exploits the self-bounding property of the martingale difference terms in Lemma 4.3.

Lemma 4.4 (Self-bounding subgaussian martingales) Assume martingale differences &¢ € R% & e
R% satisfy Assumptions 3.4 and 3.5. Let Nt Myt > 0 be deterministic. Let df ,d} > 0 be deter-

ministic. Suppose we have nonnegative processes Gy, P, > 0 and real-valued random variables r4
such that, for any t > 0, the following holds almost surely:

2
Gt < Pr— Prpr + 10 (e} &) + dinZ NEEN + g (e €0 + dlmg VI + e (13)

Additionally, suppose that ¢f € R% is Fy-measurable and c € R s Fiy1/2-measurable. No
measurability condition is imposed on ry; it is carried pathwise. Assume the self-bounding property

Mot €EN1? + mye [P < C1Ge, WE> 0, (14)

where Cy > 0 is some constant. Then, for any T' > 1 and 6 € (0, 1), with probability at least 1 — 0:

T—-1 T—1
Gy < 2Py +2Y 1+ 160°Cinmaxl's + 402S2(T)Ts (15)
t=0 t=0
holds wi & o2 &
olds with So(T) = Y[ (dFn2 ;+d{n2 ), Thnax = max,e(o,r) max{ne.¢, Myt }, T5 % max{1,log(2/6)}.

The key point is that the left-hand side of Lemma 4.3 is engineered to be both algorithmic progress
and a variance proxy upper bound of the stochastic terms & and &/. In particular, it simultane-
ously controls the primal gradient Vg(x;), the dual gradient V¢ (y;), and the gradient mismatch
b;. This two-player self-bounding closure is what allows high-probability control of SGDA through
Lemma 4.4. Combining Lemma 4.3 and Lemma 4.4 with suitable step size schedules, we obtain our
main high-probability convergence guarantees of SGDA in NC-PL games under subgaussian noise.
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Theorem 4.5 (Convergence of SGDA in subgaussian NC-PL with fixed step sizes) Suppose As-
sumptions 3.1, 3.2, 3.4 and 3.5 hold. LetT > 1, 6 € (0,1), and I's “ max{1,log(2/d)}. Then, if

Nt = Min { 64;1£2€’ \/ 7 ,ngF(; } Nyt = 64K°n,, the following holds for SGDA with probability
at least 1 — §:

v -0
t?&)n%) [Vg(z:)]

k2P, i k2o\/IP)'s . k20°Ts
T VT T

Theorem 4.6 (Convergence of SGDA in subgaussian NC-PL with decaying step sizes) Suppose
Assumptions 3.1, 3.2, 3.4 and 3.5. Let T > 1, § € (0,1), and T; d:efmax{l,log(2/5)}. Then, if
Nyt = Mmin { 64}{2@, \/(6n+1024nf)02021“5(t+1) }, Nyt = 64/{217,3,15, the following holds for SGDA with

probability at least 1 — 6:

min_ | V(a0 = O<

k24P, N k2o TP Ts(1 + log T') N K202F5>
te[0,T)

T VT VT

4.2. Heavy-Tailed NC-PL Games

Recent observations suggest that modern training often encounters heavy-tailed noise (Zhang et al.,
2020; Gorbunov et al., 2022b). Hence, a natural question would be: can we establish general high-
probability guarantees even under heavy-tailed noise? The following result gives a negative answer.

Proposition 4.7 (Impossibility of a general high-probability convergence guarantee of SGDA)

Fix any p € (1,2]. There exists a function f : R% x Y — R satisfying Assumptions 3.1 and 3.2,
with f(x,-) strongly concave, such that the following holds. For any deterministic step size sched-
ules 1z t,my,t > 0, any horizon T > 2 with at least one active x-update before time T,

3t €{0,...,T — 2} such that ny ¢+ > 0,

and any confidence level § € (0, 1), there exists a stochastic gradient oracle satisfying Assump-
tions 3.4 and 3.6 with exponent p for which the corresponding SGDA iterates satisfy

( ZHVgxt 25T>26.

Consequently, any general high-probability guarantee of the form

1 T-1
- 2 < >1_
P<T;|V9(xt)” _€> >1-90

for this class of oracles must satisfy T = 2 (?16)

However, Theorem 4.7 only applies to SGDA, and it has been shown that gradient clipping can effi-
ciently counteract extreme fluctuations of heavy-tailed noise in convex optimization and variational
inequalities (Gorbunov et al., 2022b; Sadiev et al., 2023; Nguyen et al., 2023). We show that the
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same holds for NC-PL games, and SGDAcy;p can be tuned to counteract such heavy-tailed noise.
The key technical challenge lies in controlling the clipping biases. Define:

éf “ Chprz,t (Gau(Tt, ), éty = Chpry,t (Gy(Tig1,y1)),

cx def =gz ~x x def ~x

t = Gy — E[Gt ’ ]:t]v t = E[Gt | —B] - vxf(xtayt)a

~y def X = def . x

zzt/ = G?tJ - E[th | ]:t+1/2]7 {? = E[G? ’ ]:t+1/2] - vyf(mt+1ayt)'

Here G’{ denotes the stochastic gradient clipped at threshold 7, ¢, §~t' is its centered residual, and 37
is the corresponding clipping bias. The following bias decomposition lemma is now standard in the
literature (Nguyen et al., 2023; Sadiev et al., 2023).

Lemma 4.8 (Clipping bias decomposition) Suppose Assumptions 3.4 and 3.6 hold. Then, for
eacht > 0, the following holds almost surely:

&

Additionally, if the following inequalities hold at time t:

<2 & < 27 (16)

IVer ol < 55 IVuf (el < 755 (a7
then, the following inequalities hold, almost surely:
1651 < 4orrdr, B[ &1 7] < 1607027, (18)
181 < 40vri?, Bl &1 Fruaje) < 160772

Now we are ready to derive a potential lemma for SGDAcyip.

Lemma 4.9 (Potential improvement of SGDA ¢j;p in NC-PL) Assume Assumptions 3.1, 3.2, 3.4

and 3.6 with A = 1/2. Let y, & %(Uy,t — %7757#/). If the step sizes satisfy Nzt < 1y+/(1286%),ny.+ <
1/¢, and SGDAcyjp, satisfies (17) at a given t > 0, the following holds:

1

gt IVg(@) 1 + vy.e [V e (ya)|* + 4rclns iy < Py = Prpa

- 1 - -

— Na,t <V9($t)7 §f> + (5 - 2M7y7t> Nt <5t, §f> + Gﬁfni,t &

1 ~ /¢ -2 N
5 (e = 020) (Voulun) &) + 5ne €] + 6nea 1821 + 2me I8N 19)

A key challenge for deriving a high-probability bound from Lemma 4.9 lies in controlling the bias
terms /37, 37. Controlling such bias terms requires the low-signal conditions, i.e., Equation (17) of
Lemma 4.8, and therefore, we need to establish a uniform control over P;. The following variant of
Lemma 4.4 incorporates clipping biases, and yields a uniform control over the potential process F;.

2

Lemma 4.10 (Self-bounding clipped martingales) Suppose martingale differences gf € R, f}” €
R% satisfy Assumption 3.4, and admit deterministic bounds vf, v} > 0 and thresholds 7, 4, Tyt >0
such that, for all t > 0, the following holds almost surely:

& &

~ 2 ~ 112
<tre [@] <2 E||@17] < B[|@] 170g] <t o

8
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Let 1.4,my+ > 0 be deterministic, and suppose we have nonnegative processes G, Py > 0 and a
predictable envelope Gy € F; such that Gy < Gy almost surely. Assume that, for any t > 0, the
following holds almost surely:

_ 2 . 2
Gt <P — Pry1 + M <Cf;§f> +dfn;, Hﬁf” + Nyt <Cty;§§1> +din, Hff” +ry, (2D

where cf is Fy-measurable, c¢] and vy are F;_ s2-measurable, di , d{ > 0 are deterministic, ry > 0,
and the coefficients satisfy the self-bounding property

2
et [1F17 4yt [1]” < C1Gy, WE >0, (22)
with a deterministic constant Cy > 0. Define

def def 1
B; = max< 1, max max{B¥,BY, B’} v, z = —,
t X{ i€l0] X{ i i i }} t B,

def / - def / -
BZ“T = 27'171' Clnm,iGi + Sdfﬁi,ﬂg,p B;y = 2Ty,i Clny,z’Gi + 8d?77§,¢7'y2,m

def def
B € 6C) (e 0F +ny0Y), Dy E dfni,tv? + d%nitvf'

Then, for any ¢ € (0, 1), with probability at least 1 — 6, the following holds for all k € N:

k—1 k—1
Z 240Gy + 21 P, < 220Py + 2 Z(ztrt + 22,Dy) + 2 max{log(2/6),1}.
t=0 t=0

Now we are ready to present our main results for SGDA(j;, in NC-PL games under heavy-tailed
noise. Unlike the subgaussian case, the clipping bias estimates are conditional on both players
remaining in a low-signal regime, i.e., Equation (17). Thus the proof cannot simply apply a one-step
bias bound and sum it: it must first establish a uniform pathwise control that keeps the primal and
dual clipping conditions valid simultaneously. The normalization factor in Lemma 4.10 is designed
precisely for this bootstrap. Lemma 4.9 and Lemma 4.10 yield the following results.

Theorem 4.11 (Convergence of SGDA cj;p in heavy-tailed NC-PL with fixed step sizes) Suppose

Assumptions 3.1, 3.2, 3.4 and 3.6 hold with p € (1,2]. FixT > 1,6 € (0,1). Let T; &
max{log(2/0),1}, Ay & (6r + 8192k1)¢, and B, 4 “ 6 + 256K2. Then, if we choose
=
—c ot 1o p — 128+ = (B}
ot =\ G2 gCRe g2eDlvy Myt = oo et =Tt =\ 94, m,
K, K,

there exists a universal constant ¢, > 0 and a threshold Ty = To(p, K, ¢, 0, Py, 0) such that, when-
ever T' > Ty, the following holds for SGDA ¢y, with probability at least 1 — §:

2(p—1)

2—p  2(p—1) <p0_|_1"5> 3p—2

. 2 _ %B?)prA 3p—2
01§1<HT [Vg(ze)|l O | o P T
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Table 2: Comparison of existing convergence guarantees in NC-C games. Complexity is measured
by the number of stochastic gradient evaluations to achieve an e-stationary point, i.e.,
minge(o,7) [[V®(z¢)|| < e. Time horizon indicates whether the algorithm requires knowl-
edge of the time horizon 7' in advance. H.P. stands for high-probability guarantees. Our
results in Theorems 5.6, 5.7, 5.9 and 5.10 establish the first high-probability convergence
guarantees of SGDA in NC-C games under subgaussian and heavy-tailed noise models.

ALGORITHM CITATION NOISE MODEL COMPLEXITY TIME HORIZON H.P.
SGDA LIN ET AL. (2019)  BOUNDED o O(L203:78) KNOWN X
SGDA THEOREM 5.6 SUBGAUSSIAN O (L203c8) KNOWN v
SGDA THEOREM 5.7 SUBGAUSSIAN O (L263e78) UNKNOWN v
SGDAcpwp THEOREM 5.9 HEAVY-TAILED O (L%Qpp:11 e*%) KNOWN v
SGDAcLp THEOREM 5.10 HEAVY-TAILED O (L%fof11 5_%> UNKNOWN v

Theorem 4.12 (Convergence of SGDA ¢j;p in heavy-tailed NC-PL with decaying step sizes) Sup-
pose Assumptions 3.1, 3.2, 3.4 and 3.6 hold withp € (1,2]. Fixd € (0,1). LetT'; “ max{log(2/9),1},
Ay & (6K + 819254)6, and B & 6 + 256k2. Then, there exist universal constants ¢y > 0 and

so = so(p, K, £, 0, Py, d) independent of T such that, if we choose

P
3p—2

PO + F5
y Tyt = 128/‘6277x,t, Txt = Tyt = <

O'QB(2£_p)/pAi(p_1)/p(t + 80)

K, N4

0P By g ) 1/p

Nzt = C
* K 2An,€nz,t

then, the following holds for SGDA ¢y, with probability at least 1 — 0

2p  2=p 2‘(10—1) P T
min |[Vg(a)|* = O [ e%2B A% (?5

2(p—1
T (1 log T)
0<t<T ( &

5. Nonconvex-Concave Games
5.1. Moreau Envelope and Stationarity

In NC-C games, the outer objective g can be nondifferentiable even when f is smooth (Lin et al.,
2019). To define a principled notion of stationarity and a smooth surrogate objective, we follow Lin
et al. (2019) and adopt the Moreau envelope, which can be viewed as a smoothing operator.

Definition 5.1 (Moreau envelope) The A\-Moreau envelope of a proper lower semicontinuous func-
tion f : RY — R U {400}, denoted by f»(-), and the proximal mapping prox () are defined as:

def 1 2 def - 1 2
@) = inf, {f(u) + oy llu—=ll }, prox, s (z) = argmln{f(u) + oy lu =z }

ucRd
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Definition 5.2 (Weak convexity) f : R? — R is p-weakly convex if f(-) + 5 ||-|[? is convex.

A standard result gives differentiability of the Moreau envelope of a weakly convex function.

Lemma 5.1 (Moreau envelope of a weakly convex function is smooth) Let f : R? — RU{+o0}
be proper, closed, and p-weakly convex, and let \ € (0,1/p). Then prox, (z) is single-valued, fy is
continuously differentiable, and ¥ f(x) = X~ (z — prox, ;(z)). If A < 1/(2p), fx is 1/A-smooth.

Notably, Lin et al. (2019) show that the outer objective g is £-weakly convex in NC-C games, and
therefore, its Moreau envelope is differentiable, smooth, and hence, computationally tractable.

Lemma 5.2 (Moreau envelope of the outer objective, (Lin et al., 2019)) Suppose Assumptions 3.1
and 3.3 hold, and let ®(x) := g1 (2¢) (). Then g is {-weakly convex, ® is continuously differentiable
and 2L-smooth, with V®(z) = 2((x — prox, ¢ (¥)). In addition, we have inf,; ®(z) = inf, g(x).

We follow Lin et al. (2019) and measure the stationarity of ®(-) def g1/20(-), as [Ve(z)|| < e
implies a nearby point & € R% with [|# — x| < £/(2¢) and ming cayz) 9] < € (Linetal., 2019).

5.2. SGDA in Subgaussian NC-C Games

We use the same form of potential P, as defined in Equation (6), but with a; = ®(z;) — ®*,
¢* := inf, ®(z), and \; := 201, ;. The following lemma estimates the primal progress.

Lemma 5.3 (Primal Progress of SGDA in NC-C) Under Assumptions 3.1 and 3.3, SGDA iter-
ates satisfy the following for all t > 0:

a1 < ap — % IV ()] + 20n. by — 1t (VO(24), EF) + 2L2£77:%,t + 2577§,t [tslke

Now we derive dual gap estimate and potential improvement lemmas as in Section 4.1.

Lemma 5.4 (Block-wise dual gap of SGDA in NC-C) Suppose Assumptions 3.1 and 3.3 hold.
Let B € N be a block size, and fix a block start index s € 7. Choose an Fs-measurable maximizer
ys € argmax,cy f(zs,y). If nys < i, then, for everyt € {s,...,s+ B — 1}, the following holds
for SGDA almost surely:

2 2
\m—ﬁH—mH—ﬁH+<

¥ 2
. b ) R @9
My,t

b1 <2L||z441 — ]| +

Lemma 5.5 (Potential improvement of SGDA in NC-C) Suppose Assumptions 3.1 and 3.3, and
let B € N be a block size, and let s € 7. be a starting index of a block. For each block, denote
a maximizer y; € argmax,cy f(vs,y). If nys < 2%, then, for every t € {s,...,s+ B — 1}, the
following holds for SGDA almost surely:

Nz

L IVO()[* < P Py + 202007 — o V(1) ) + 2005|167 (24)

2 2
\W—%H—MH—%H+<
277y,t

* 2
+ A1 (zL [ Yi — Ysr &)+ 1y 1E7 ] )

11



Ha

Note that a similar block-wise analysis has been previously used in Lin et al. (2019). The motivation
is that a maximizer of each z; may be nonunique and discontinuous in NC-C games, and therefore,
we need to fix a target maximizer y; over a block of iterations to control the dual gap. For high-
probability analysis, this blockwise device must be combined with concentration of the stochastic
block drifts. Our proof therefore augments the potential with a blockwise dual-distance term and
controls the resulting drifts through a partition-level martingale argument, rather than treating each
block independently. A careful combination of Lemma 5.3 and Lemma 5.4 with martingale control

over the blockwise drifts yields Theorems 5.6 and 5.7. We define a step-independent initial potential

def 1

Py = ®(zo) — ©* + ;(9(z0) — f(w0,y0)), which admits Py < P, for all the schedules below.

Theorem 5.6 (Convergence of SGDA in subgaussian NC-C games) Suppose Assumptions 3.1 and 3.3

to 3.5. Let§ € (0,1), I's. “ max{1,log(2/6)}, Qs ey 02T'5. Then, there exists a thresh-
old Ty = Ty(¢,L,D,0,Py,0) > 0 such that, for every T > Ty, SGDA with stepsizes 1y =
' PTDVRQL tisfies the following with probability at least 1 — §
= ———=%— sat 1. 1. t tl—o:

(€3D202F6Q5)1/4T3/4 Myt Wigsar i satisfies the following with probability at leas

min_|[V®(z)|* = O
0<t<T

B3 D252T5Qs Py \ V/* | DoyTs 02T
T JT T )

Theorem 5.7 (Convergence of SGDA in subgaussian NC-C games with decaying stepsizes) Sup-

pose Assumptions 3.1 and 3.3 to 3.5. Fix § € (0,1), and define T's & max{l,_log(c/é)}, Qs d:efL2+

02T's. Then, there exist universal constants ¢ > 0 and sg = so({, L, D, 0, Py,8) > 0 independent

1303/4 1501/4D1/2Q§/4
(€3D202F5Q5) 1/4(2er‘<50)3/4 Myt = 41/403/2F§/4(t+30)1/4
satisfies the following for every T' > max{2, so } with probability at least 1 — §:

3 D%2T5Q5 P\
. 2 510
Jmin [V®(2)]|” = O ((1 +logT) (T ) .

of T' such that SGDA with step sizes 1 =

5.3. Heavy-Tailed NC-C Games

We follow a similar approach as in Section 4.2 and derive a variant of Lemma 5.5 for SGDAcyip.

Lemma 5.8 (Potential improvement of SGDAcj;p in NC-C)  Suppose Assumptions 3.1 and 3.3.
Let B € Nbe ablock size, let s be the starting index of a block, and choose y; € arg max, ¢y fzs,y).
Ifnz < 1/(20) and nyr < 1/(20), then, for everyt € {s,...,s + B — 1}, SGDAcy; satisfies:

Mot
8

ET 2 |12
|l + 4w I18E ]

IVO(@0)|” < P = Pt + 20202, = g (V0 (w0), &) + 402, |

R P 2

1 i i

v |22 s — oo+ M= 931 znutyH B 4 (g2, ) + 20 (HffH HW,F)]_
y7

Lemma 5.8 and Lemma 4.10 produce our main results for heavy-tailed NC-C games.

Theorem 5.9 (Convergence of SGDA ¢j;p in heavy-tailed NC-C games with fixed step sizes) Sup-
pose Assumptions 3.1, 3.3, 3.4 and 3.6 withp € (1,2]. Let § € (0,1) and T's d:efmax{l, log(c/d)}

12
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def = d d 3
for some constant ¢ > 0. Set Ag :efP(ﬂ—F(;,A(; :ef€3D20pF5(L2+UpF5), and T & (ﬁ) 2
Then, there exist universal constants c,cyp,cyp > 0, and there exists a finite threshold Ty =

To(p, ¢, L, D,a, Py, 8) > 0 such that, for every T > Ty, SGDAcy;p with

A3/4 Copei (A6A6)1/4 o 1
Nt = Cr,pA1/4T((52_p)/4T =2 Nyt = Cy,il’g (2_p)/4T 2 Tpp = Tyt = Tod'3r=2
4 0

3
oPL's 7,

satisfies the following with probability at least 1 — 6:

B p=1
<€3D2UPP5(L2 +0P5)(Py + T5)((DoP) 1 ) v

min ||[V®(z,)||> = O

0<t<T T

Theorem 5.10 (Convergence of SGDA ¢j;p in heavy-tailed NC-C games with decaying step sizes)
Suppose Assumptions 3.1, 3.3, 3.4 and 3.6 withp € (1,2]. Let 6 € (0,1) andT's := max{1,log(c/J)}
4

for some constant ¢ > 0. Set Ag o Py+Ts, As d:ef€3D20pF5(L2+UpI’5), and T =l (ﬁ) w2

Then, there exist universal constants c, ¢y p, ¢y p > 0, and a finite shift so = so(p, ¢, L, D, 0, Py, §) >
0 independent of T, such that, for every T' > max{2, so}, SGDAcy, with

A3/4 2p—1 (A A )1/4 . 1

_ 0 —2p=1 B sAs L B ) L
Nzt = Cx,pW(H-SO) TR Myt = Cymm(t—i—so) B, mpy =1y = To(t450) 7.
satisfies the following with probability at least 1 — 6:

— 2-p 317:12
BD20PTs (L2 + oPTx)(Br + TV (¢ Do?) o1 \ 7
O%inT||V@($t)||2 <Cp(1—|—logT)< oPTs(L* + o (2( 0+ LTs)(¢DoP) v |
<t<

6. Conclusion

In this paper, we established the first high-probability convergence guarantees of SGDA and SGDAcyip
in NC-PL and NC-C games under subgaussian and heavy-tailed noise. Our unified analysis lever-
ages a Lyapunov approach and self-bounding martingale techniques to handle coupled martingale
differences that naturally arise in our analysis. We leave extending our analysis to extragradient-
type algorithms (Korpelevich, 1976a; Popov, 1980) and to more general classes of games, such as
min-max Markov games (Littman, 1994; Wei et al., 2021; Zeng et al., 2022), as future work.
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Appendix A. Preliminary Lemmas

A.1. Elementary Tools

Lemma A.1 For every real x < 3,

Proof Using the Taylor series,

For n > 2, we have

hence
" " x2 sr\n—2
nl T 2.3n72 2 (5)
Therefore, for x < 3,
S E<EY () -5 =
n=2 n m=0 - 1’/
which proves the claim. |

A.2. Properties of NC-PL Games

Lemma A.2 (The outer function is smooth in NC-PL games) Under Assumptions 3.1 and 3.2,
the function g(-) & maxycy f(-,y) is differentiable, and its gradient NV g(-) is 2k(-Lipschitz.

Proof For each x € R% denote the (nonempty) maximizer set

V(@) & argmax f(ry),  glr) = max f(ay)

For NC-PL games, we work in the ) = Ry regime, so the first-order condition V, f(z,y*) = 0
holds for any y* € V*(z).

Step 1: V. f(x, -) is single-valued on V*(x). Fix z and let y1,y2 € Y*(x). Define

d ¥ Vof(z,9) — Vaf (z,12).

We show d = 0. Suppose d # 0 and set v = d/||d||. For e > 0 define z. 2t e By
¢-smoothness of  — f(z,y;) (Assumption 3.1),

14
f(xeayl) > f(l'vyl) + €<vmf($7yl)?u> - 5623

while ,
f(x€7y2) < f(xa y2) + E(me(.l‘, yg),u> + 562.
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Since f(z,y1) = f(z,y2) = g(z), subtracting the two bounds yields

f(xavyl) - f(m€7y2) > €<d7 U> - K‘SQ = EHdH - £€2‘
Choose ¢ € (0,]d||/(2¢)). Then

J(@eyn) = S (e 2) = 5]l

Hence, using g(zc) > f(ze, y1),

b(ze,y2) o g(z:) — fl2e,y2) > flwe,y1) — f(2e,92) > %HdH

On the other hand, since y» € Y*(z) is a maximizer, V, f(x,y2) = 0. By ¢-Lipschitzness of
Vy f(-,y2) (Assumption 3.1),

IVyf (e, y2)l| = [IVy f(2e,92) = Vyf (2, y2) | < Ll — ]| = Le.

Applying the NC-PL inequality (Assumption 3.2) at (x., y2) gives

1 €
SIVuF@ep) |2 = ub(aeye) = -5 d]l.

Thus 3(¢2)? > p|/d||, i.e. % > p|d||. Letting £ | O forces ||d|| = 0, contradiction. Therefore
d=0,1i.e.
Vaf(z,y1) = Vaf(z,y2)  Vyr,y2 € V().

Step 2: Differentiability of g and gradient formula. By Danskin’s theorem, dg(z) = conv{V, f(x,y) :
y € Y*(x)}. Step 1 shows this set is a singleton, hence ¢ is differentiable and

Vy(x) =V f(z,y")  Vy €IV (z)

Step 3: PL-to-distance bound in y. Fix = and define 1,.(y) & b(z,y) = g(z) — f(z,y) > 0.
Then v, is £-smooth in y (Assumption 3.1) and satisfies the PL inequality

IV = IV )l > psals) V.

We claim that for every y,

dist(y, V*(2))* < ww—jww» (25)

=

To prove (25), consider the gradient flow y(t) = —V,(y(t)) with y(0) = y. Since V), is

Lipschitz, the flow exists and is unique. Let ¢(t) = def ¥z (y(t)). Then ¢'(t) = (Vb (y(t)),y(t)) =
—[|[ Vb (y(1))]|? < —2ud(t), so ¢(t) | 0. Moreover, the path length satisfies

oo‘ B 0o B 00 _(b/ —(25,
A\Mwﬁ—A W%@wWﬁ—A,v% ¢ﬂg* J\F

Hence y/(t) has finite length and converges to some yo, € YV* (), and dist(y, V*(2)) < ||y —¥oo|| <

V 2/ A/ ¥z (y), proving (25).
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Step 4: Lipschitzness of Vg. Fix z,2/, pick y* € Y*(z), and apply PL at (2/,y*). Since
Vyf(z,y*) =0and V, f(-,y*) is {-Lipschitz (Assumption 3.1),

IVyf @'y = IVyf (@, y") = Vyf (@90l < €2’ — x|

Thus, by Assumption 3.2,

2

1 l
b(a',y*) < ﬂHVyf(ﬂc’yy*)H2 < ﬂHm’ — x|

Using (25) at 2’ and y*, there exists y*' € Y*(z') such that
* */ . * * / E / /
ly™ =yl < dist(y", Y*(a')) < ;Hx —z| = kK2’ — =]

Finally, using Vg(z) = V,f(z,y*) and Vg(2') = V. f(z',y*), and ¢-Lipschitzness of V, f
(Assumption 3.1),

IVg(x) = Vgl = IVaf(x,y") = Vaf (@, y )| < llle—2/[[+Lly"—y" ]| < L+ r)e]e—2]].

Since 1 < £ for an ¢-smooth PL function, x = ¢/u > 1, hence 1 + £ < 2k. Therefore Vg is
2k (-Lipschitz. |

Lemma A.3 (The outer gradient can be approximated in NC-PL games) Under Assumptions 3.1
and 3.2, the following holds for g(x) d:efmaxyey f(z,y) and b(z,y) d:efg(ar) — f(z,y) > 0:

IVg(z) = Vaf (@, y)|* < 260 b(z,y), Y(z,y) € R% x V. (26)

Proof Fix (z,y) and let Y*(z) = argmaxy,ey f(x,u). Pick y* € Y*(x) such that ||y — y*|| =
dist(y, Y*(x)). By Lemma A.2, g is differentiable and Vg(z) = V, f(z, y*). Hence,

IVg(x) = Vaf(z,y)l| = |Vaf(z,y") — Vaf (2, )l < Lly* =yl

where we used ¢-Lipschitzness of V f(z, ) from Assumption 3.1. Squaring and using the PL-to-
distance bound (25) established in the proof of Lemma A.2 yields

2

Lemma A.4 (The outer gradient upper bound in NC-PL games) Under Assumptions 3.1 and 3.2,
the following holds for g(x) d:efmaxyey f(z,y) and g. = min,cpd, g(x):

IVg(2)||” < 4kl (g(z) — gs), Vz € R%. 27)
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Proof By Lemma A.2, g is Ls-smooth with L, = 2xf. Since g is bounded below by g., the
standard smoothness descent inequality gives

1 1 )
- < - .
o (2= 7-V0(0)) < o(o) = 5 IVl
Because g, < g(z — Vg(x)/Lg), we obtain

1
9- < 9(a) - 5 IVg(@)|*
g

Therefore
IVg(@)||* < 2Ly(9(x) — g.) = 4rl(g(x) — ga)-

A.3. Properties of NC-C Games

The following result justifies Moreau-envelope stationarity as a valid convergence criterion in NC-C
games, and a similar result was shown by Lin et al. (2019).

Lemma A.5 (Moreau envelope stationarity implies approximate stationarity) Suppose Assump-

tions 3.1 and 3.3, and let g(x) 4 maxyecy f(x,y), and let ®(x) 4 91/(20) () be the Moreau en-
velope of g with parameter 1/(2(). Then, if x € R% satisfies |[V®(x)| < ¢, then there exists
a’ € R% such that || — x| < £ with mingepy |l9']| < e

Proof Let z' = prox (o) (z). Then, by the definition of the proximal operator, we have

7' = arg min {g(u) +0)|u— .ZL‘HQ} :

ucRdz
From Lemma 5.2, we have V®(x) = 2{(x — z’), which implies |2’ — z| = ||V<§ém)|| < 5.
Furthermore, the first-order optimality condition of the proximal operator gives

0 € dg(a') + 24(z — z),
which implies there exists ¢’ € dg(z’) such that ||¢’|| = 2¢ ||z — 2/|| = ||[V®(z)|| < e. [

A.4. Martingale Tools

The following is a standard Markov-type maximal concentration that we will use in our analysis.

Lemma A.6 (Ville’s inequality) Ler (M,,),>0 be a nonnegative supermartingale with E[My] < 1.
Then for any a > 0,

1
IP’<supMn > a) < -.

n>0 a

We adopt the following lemma from Nguyen et al. (2023) to control the conditional moment
generating function (MGF) of bounded mean-zero random variables.
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Lemma A.7 (Conditional MGF bound for bounded mean-zero variables) Let G be a o-field and
let X be a random variable such that X < 1 almost surely and E[X | G] = 0. Then

B[ 6] < exp(FEIX? 4]

Proof Apply Lemma A.1 with z = X. Since X < 1, we have 1 — X/3 > 2/3, and thus

eX<1+X+X72<1+X+§X2
- 2(1-X/3) — 47
Taking conditional expectation and using E[X | G] = 0 gives
X 3 2 3 2
Ele \Q]gl—i—ZE[X | G] < exp ZIE[X 1G]],

where we used 1 + u < e* for all real . |

Lemma A.8 (Norm-subgaussian projections) Let G be a o-field and let X € R satisfy

E[X | 6] =0, E[exp(”X”Q) ‘g] <e

o2
Then, for every G-measurable vector v € R% and every \ € R,
Elexp(A(v, X))[G] < exp(4A20o]|?)

Proof The claim is trivial when v = 0, so assume v # 0 and set Y := (v, X) and s := o||v||. Then
Y?/s? < || X||?/o?, hence
E[exp(Y2/s2) 1G] <e.

We use the elementary inequality e < z + e’ forall z € R. If |A]s < 1, conditional Jensen’s
inequality gives
E [eAY | g] < E[AY XY g}
=E |:6)\2Y2 | g:|

2252

Y?/s2 A2s2
<Ele | G <eVd,
If [A\|s > 1, Young’s inequality gives
Y2 )\2 2
AY < \Y| < — 4+ 22
S 4

Therefore
2.2

2.2
E[eM|g] < exp()\48> E[e"/|g| < exp<1 + A:) < exp(4A7s?)

where the last inequality uses |A|s > 1. Combining the two cases proves the claim. |
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Lemma A.9 (Weighted norm-square concentration) Let (X;)]_' be adapted to a filtration (Gy)

and satisfy
X 2
efeso (151
o

Let a; > 0 be deterministic weights and set A := ZtT:_Ol at. Then for a universal constant C' > 0,
with probability at least 1 — 0,

gt:| <e.

T—1

Y al|Xi|* < Co’TsA, T :=max{1,log(c/d)}.

t=0
The same conclusion holds for predictable weights that are dominated by deterministic weights,
after replacing A by the sum of the deterministic dominators.

Proof If A = 0, the claim is trivial. Let amax = maxo<¢<7 a; and 0 := 1/(02amax). Since
at/amax € [0, 1], Jensen’s inequality gives

X, 12
E [exp(fa[| X:[%)[G:] = E[exp<atw> ‘Qt} < ot/ Gmex

Gmax o?

Iterating over the filtration yields

T-1
Eexp (9 Z at||Xt||2> < exp(A/amax)-

t=0
By Markov’s inequality, with probability at least 1 — 6,
T—1

> arl| Xi|? < 0% (A + amaxlog(1/6)) < 20> Amax{1,log(1/6)},
t=0

using amax < A. Enlarging the universal constants gives the displayed form. The dominated
predictable case follows by monotonicity from the deterministic upper bounds. |

Lemma A.10 (Hilbert-valued block Freedman maximal inequality) Ler I = [s,e) be a deter-
ministic interval and let (Q)f;sl be a Hilbert-valued martingale difference sequence adapted to
(F;). Suppose there are deterministic numbers R; > 0 and Vi > 0 such that, almost surely,

Gl < Riy  s<i<e,
and
e—1
S E(IGIP | Fi] < Vi
Let

Rr := max R;, I's := max{1,log(c/d)}.

s<i<e
Then, with probability at least 1 — 6,
t

> G

1=Ss

< C(\/TF&JFRIH)?

where C, c > 0 are universal constants. The same bound holds conditionally on Fs.

max
s<t<e
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Proof This is the standard Hilbert-valued Pinelis—Freedman maximal inequality applied to the
stopped partial sums over the deterministic interval /. The bounded increment scale is [?; and the
conditional quadratic variation is at most V7. The conditional version follows by applying the same
inequality after conditioning on F5 and enlarging the universal constants. |

Lemma A.11 (Weighted block maximal inequality) Let 0 = sg < s1 < -+ < spy =T bea
deterministic partition. For each block I, = [Sp,, Sm+1), let ((;)icr,, be Hilbert-valued martingale
differences adapted to (F;). Suppose there are deterministic numbers R; > 0 and V,,, > 0 such

that, almost surely,
Sm41—1

Gl < Ry, > ENGI | F] < Vi,
Define
R, := max R;, Ky, := v/ Vi + R

1€1m

Let oy, > 0 be deterministic block weights. Then, with probability at least 1 — 6,

M-1 t
g Qyy  max E G
m=0 i

Sm<t<Sm+1
=Sm

<C

0<m<M

M—1
Z amKy, +T's max ame] ,
m=0

where C, ¢ > 0 are universal constants and I's :== max{1,log(c/J)}.

Proof Let

M,, ;= max
Sm §t<3m+1

t
> G

=Sm

By Lemma A.10, conditionally on F;, _, forall w > 1,
Pr (M., > CKpu | Fs,,) <e™“,

because /Viu + Rypu < (vVi, + Ry )u = Kpyu. Tail integration gives, after enlarging C,

E[exp(éf;n) ‘fsm] <2

whenever K, > 0. Equivalently, for universal constants cg, Cy > 0, whenever a;, K, > 0 and

0<0<

ame’

we have
Elexp(Oay, Myy,)| Fs,,] < exp(Cobam Kp,).

Blocks with «,, K, = 0 contribute zero and may be ignored. Set

K, := max a,K,,.
0<m<M
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If K, = 0, the claim is trivial. For 0 < 6 < ¢/ K, iterating the conditional moment-generating-
function estimates over the deterministic blocks yields

M-1 M—1
Eexp <9 Z amMm> < exp (C’OH Z ame> .

m=0 m=0
Taking 6 = ¢o/ K, and applying Markov’s inequality yields, with probability at least 1 — 9,

M-1 M-1
> oMy <C Y am Ky, + CK, log(1/6).

Absorbing constants into I's proves the claim. |

Appendix B. Proofs of Nonconvex—-PL Games

B.1. SGDA in Subgaussian NC-PL Games
B.1.1. LEMMA 4.1

Proof Fix ¢ and write 1, = 1,4, % = &F, and &y = V. f(x4, y1) — Vg(x¢). Then, we have:

Tip1 =2 — 02 (Vaf (@, y0) + €7) = 20 — 0 (Vg(a) + 6 + £7).
By Lemma A.2, g is 2k¢-smooth. Therefore, it follows:

9(x0) + (Vg(xe), g1 — 1) + 6Ll 2041 — 24|
= g(z1) — 12|V g(@)I” = 12(Vg(21), 6t) — na(Vg(ae), ) + klnZ||Vg(ae) + 6 + £
9(@e) — 0| Va(ze)|* + %||V9(33t)||2 + 0 [|6¢]1* = ne(Vg(ze), £7)

+ 32 (Vg (@)l + ) + 16711

3
= g(x) = e (5 — 36602 ) [Va(@e) |2 + (0 + 36n2) 161> — ne(Vg(ar), €7) + 3wt ||€7]1?
4

n
< g(z0) = S Vgl + 2| 0e]* = 1 (Vg (1), £7) + BrlnZ][€7]*
The second inequality uses —(u, v) < 1||ul|> + [|v||* and [Ju+ v +w||? < 3([|ul®+ |v]|2 + |Jw|/?).
The last line uses 1, < 1/(12kf).

Finally, Lemma A.3 gives ||6;||> < 2r/b;. Substituting this and subtracting g, from both sides
yields:

ar+1 < at — %HVQ(%)HQ + dngrlby — 1, (Vg(ar), €7) + 3ulnZ |67,

which is the desired claim. [ |
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B.1.2. LEMMA 4.2

Proof Fix ¢ and write 1, = 7, and n, = 1, ;. Since

¢i(y) = g(@ev1) — f(Te41,9), Voi(yt) = =V f(Te1, 1)

Therefore, the y-update can be written as

Y1 = Y+ 0y (Vyf (@1, ) + &) = ye — nyVou(ye) + ny&l.

By /-smoothness of ¢y,

bi+1 = Ge(Ye+1)
Y4
< oe(ye) + (Vou(ye), =y Ve (ys) +my&f) + 57732,“ — Vou(y) + &

l l
=biy1/2 — (Uy - ?75) IV (yo)llI” + (my — €U§)<V¢t(yt),f§/> + 57732,,”5?"2-

This proves the first claim. For the half-step bound, define b(z, y) := g(z)— f(z,y). By Lemma A.2
and Assumption 3.1, the function = — b(z, y;) is 4xl-smooth. Moreover, V b(x¢,y) = Vg(z;) —
Vaof(xe,yr) = —0p and x40 — 2 = =12 (Vg(zy) + 0 + &F). Therefore, it follows:

bt+1/2 = b(zt41,Yt) < b(xe, yt) + (Vab(Tt, Yt), Te41 — 2e) + 260|141 — »"UtH2
< bt + 12 (01, V(@) + 0 + &) + 26003V g (1) + 6 + &7

1 X X
< bt (e + 6002 [V (0) |2+ (200 + 62) 602 + 1. (30, €8) + OmLr2 €5

1
< (14 dntn, + 1262002 by + (10 + 6502 ) [V g(e) |2+ ma0r, €8) + Gtn? 7.

The second inequality uses (u,v) < 1]v[|* + [|u[|? and |lu + v + w||* < 3(|[u]|® + |[v]|* + Jw]?).
The last inequality uses Lemma A.3, namely ||0;||* < 2k¢b;. This is the half-step claim. [

B.1.3. LEMMA 4.3

_ P2
Proof Fix t and write 1, = 1, and ), = 7, ;. Let 0; def % — 22Uyt = M. Decompose

the potential at the half step and insert Lemmas 4.1 and 4.2 as:

1 1
Py — Pi1 = (a — agq1) + i(bt —bip12) + i(bt+1/2 — by1)

Na 1 1 1 14
> | Vg(ae) | — artnabe + 5be— Sheaye + 5 (= 575 ) Ve |

1 ¢
+ e (Vg (), &) = 3RO 617 = 5 (ny = Gr)(Vou(w), &) — glled I

At fixed x4 1, apply the NC-PL condition to ¢;(y) = g(x¢+1) — f(Te+1,Y):
Vo ()| = IVy f (ex1, y) II* > 20b411 o
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Since vy = %( — Eny /2), this converts the half-step term as

1

1 1 / 1
20— Sbipa + §<77y - ?75) IV () I* = vyl Ve (ye) 1> + Sbt— Otbiy1/2-

Moreover, 7, < 1/¢and p < £ imply 0 < p(ny — En /2) < 1,hence 0 < 6, < 1/2. Using the
half-step estimate from Lemma 4.2 and 6, > 0,

1
Pi— P 2 [ 0, + 6w072) |99l + 2V 60(w0) 2 + [ 5 — uon — st ] b

1 0
+ 1 (Vg (@), &) = 0ma{s, &) = (3 + 600k |71 = 5 (ny — ng) (Vdu(n), &) — g lIE? I

It remains to lower bound the two deterministic coefficients. For the gradient coefficient, §; < 1/2
and 1, < 1, /(64k?) < 1/(12k¢) give

1,1 3 1
n"” Ht( e + 6/@57735) > - (an + ﬁﬁfni) =3~ Brlns > -

=5 9 g

For the b; coefficient, the step-size assumptions give

C oo\ _ iy by ny
p(ny = 5n) = =2 <1 Ty ) = g =3

Using oy = 1 + 4rln, + 12520272,

1 — 2/ — (o — 1
2—0,504,;—4/1&795—”( / ) i ) — 4kln,
iy — /2 )
2
16k, — 6Kln, — 6&25277920 > 4klny,

— 6kln, — 61@26277326

\%

where the last inequality uses xfn, < 1. Finally, §; < 1/2 implies (3 + 60;)rln? < 6rén?.
Substituting these coefficient bounds into the lower bound on P; — P, and moving the martingale
and quadratic-noise terms to the right-hand side gives the claim. |

B.1.4. LEMMA 4.4

Proof Let St := ZtT:_Ol Giand Ry = tT_Ol r¢. The term Ry is carried pathwise throughout
the proof; no conditional expectation or moment-generating-function argument is applied to r;.
Summing the assumed one-step inequality and using Pr > 0 gives

St < Py + M7 + Qr + Rr,

where My = /. _0 Nzt &F ) + ZtT_Ol ny.t(cl, &) is the linear martingale term, and Qp :=
ZtT;()l din JIEF|1? + ZtT o ng I€7]1? is the quadratic noise term. We first control My. By
Theorem A.8 applied conditionally with Assumptions 3.4 and 3.5, for every A > 0,

T-1
exp()\MT—4 o (27 r||2+nyt|‘ct” ))]

t=0

E

29



Ha

Thus, by Markov’s inequality, with probability at least 1 — §/2,

T-1

1 2

My < 400® 3 (2 Jief? + 2 1) + 5 log 5.
t=0

By self-bounding,
T—

(2 et 17 + 5 lle? 1) < CrtmmaxSt-
0

[y

t=

If C1Mmax = 0, then M7 = 0 almost surely. Otherwise, choose A = 1/(802C1%max). Then, with
probability at least 1 — §/2,

1 2
MT < §ST + 80’20177max IOg g

Next control Qp. Write af := dfn2,, af := din2,, and amax = maxo<icr max{af,af}. If
amax = 0, then Q7 = 0. Otherwise, let § := 1/(0%amax). We use the squared-norm exponential
moment in Assumption 3.5 directly. Since af /amax € [0, 1], Jensen’s inequality applied to the
convex function u — e and the weights af /amax and 1 — a /amax gives

a® x||2 .
E[exp(0afll¢|2) | 7] = E[eXp(at”ft”) | ft] .

2
max O

The same argument gives
Y
E[exp(0a? |2 ]%) | Frarja] < e/ames.

Iterating over the half-step filtration yields

Omax

Eexp(6Q1) < exp (Sz(T)> :
By Markov’s inequality, with probability at least 1 — /2,
Qr < UQSQ(T) + 0% amax log %
Because apax < So(T) and T's > 1,
Qr < 20%S5(T)Ts.
On the intersection of the two events, which has probability at least 1 — 4,
Sr < Py+ %ST + 80%C1 Nmax 1og§ +20%8,(T)T's + Ry.

Rearranging and using log(2/6) < I's gives

St < 2Py + 2Ry + 1602 Ciimax s 4+ 40282 (T)Ts.
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B.1.5. THEOREM B.1

Theorem B.1 (Convergence of SGDA in Subgaussian NC-PL games) Suppose Assumptions 3.1,
3.2,34 and 3.5 hold. Let T > 1 and § € (0,1). Suppose the deterministic step sizes satisfy

1
ny,t:64/€277x,t7 Ognx,té M7 t:077T_1

Define
9 ~1
I's := max {1,log 5} , Si1(T) == Z Nty
t=0
T-1
Ay o= (6r+ 1024k1)2, So(T) := Ay Z ng’t,
t=0
and
o — ann2
Mhmax == orélf?% Myt = 64k o?i}% Tt

If S1(T') > O, then with probability at least 1 — 6,

, 16P) 3207 (4C1max + S2(T))Ts
2
<
o, IVo@dl” < g + () !

where C := 73/8.

Proof For each ¢, write ¢¢(y) := g(x141) — f(@e41,Y), 6t := Vo f(ay, ye) — Vg(zy), and vy 4 :=
%Uy,t — én;t. Define

1
Gy = é%,t“vg(ﬂ?t)HQ + Vy,t”vﬁbt(yt)HQ + 4klny 1by.

By Lemma 4.3, with 6 := 5 — 2uy,. = {1 — pu(ny, — 02 ,/2)}/2 € [0,1/2],
Gt < Pt - Pt-J,-l - 77:1:,t<v9(33t)7 gtz> + 9t77x,t<5t7 gtx> + 6’f€n92c,t”§f”2

1 L
5 1y — 002 )V ulun), €8 + €t

This is in the form of Lemma 4.4 with ¢ := —Vg(2;)+0:6;, dF := 6L, ¢ := 1(1—Lny 1)V (y),
df == (/4, and ry = 0, since ny.(c}, &) = 3 (g — 2 )(Vor(yr), &). We verify self-bounding.
Since 0 < 0y < 1/2, for any 5 > 0,

1
11 < (1 + B Vgl + (1 n 5) 0215,
P4
) ?bta

1\ ¢
|Vg(ze)||* + (1 + 5) ?Um,tbt-

< (14 B)|[Va(a)P + (1 n

Sl

where the last line uses Lemma A.3, ||6;||> < 2r£b;. Therefore

Natllef|? < (1+ B)inag
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Choosing 8 = 1/64 and comparing with the %nx,tHVg(xt) |? and 4rn, +b; terms inside Gy gives

65
Nl |I” < th'

For the y-part, set u; := {n,,; € [0,1]. Since (1 — u;)? < %(2 — ) on [0, 1],

Tyt
P = (1 — ) Ven(ye) |

< L2 — )| Vo) |2 = 7l Vr(wo)|* < G

Nyt

Combining gives

2 73

1P + el < G

Nzt
Also,
¢
dinge + ding, = 6rlng, + - (6467)%07, = (65 +1024K1) Lz,

Thus the quadratic normalization in Lemma 4.4 is So(T') = A, ¢ Zfz_ol nzi. Applying Lemma 4.4,
with probability at least 1 — 4,

T-1
> Gy < 2Py + 160°CiijmaxD's + 40° So(T)Ts.
t=0

Since Gy > 215.¢[|Vg(2¢)||?, we have

T—1
1 . 2
> — .
;0 Gy > 851(T) oin Vg(zs)|l

Combining and multiplying by 8/51(T) gives

6Py = 12802C s 320%S(T)T
. 2 0 17maxl ¢ 2 )

This is equivalent to the displayed bound. |

B.1.6. THEOREM 4.5

Proof The chosen step sizes satisfy 1, < 1/(64x2¢) and n, = 6427, so Theorem B.1 applies. For
fixed steps, S1(7") = TNy, S2(T) = A,{,ngg, and Nyax = 64k%7,. Substituting these fixed-step
quantities into Theorem B.1 gives, with probability at least 1 — 6,

16P, 81920, k202T
min_ || Vg(z,)|? < o= + : d

324, j0°n, L.
0<t<T Tn, T + 358,00 Mal 5
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The first and third terms are the only ones that depend on the balancing choice of n,. Let h :=
1/(64x2¢) and ap := /Py /(A ¢0*TTy); since 0, = min{h, ar}, we have 1/n, < 1/h + 1/arp
and 7, < ar. Therefore

16.P, 2 h B 2
324 [5<16(— +—)+324 r
T, + kL0 TNzels = (Th + T(ZT> + k€0 arls
_ 1024K2(P, N 480 /A 1 PoL's
T VT '

The inequality estimates the initial-error term using the cap h and the variance-balancing scale ar,
while the last stochastic-accumulation term uses only 7, < a7. Substituting this estimate into the
master bound gives

1024k%0Py  480+\/A.PTs  8192C)k%0°T
min_ (| Vg(z,)|* < oy VA RTs n k202D

0<t<T T VT T
_ 0 K2(P, n k20+\/lPyTs 4 k20°T s
B T VT T ’
because C'y = 73/8 is numerical and, for k > 1, A, p = (6x + 1024x4)¢ < 1030K%2. [ |

B.1.7. THEOREM 4.6
Proof Leth := 1/(64k?¢) and a := \/Py/(Ax¢0%Ts), s0 1y + = min{h,a/\/t + 1}. The step-

size assumptions of Theorem B.1 hold because 7,4 < h =1/ (64r2¢) and Nyt = 64/127717,5. Write
Si(T) := Z?:Bl Ny and Qo (T') := Zf:_ol 12 ;. Theorem B.1 gives, with probability at least 1 — 4,

i [Vo(a)|? < 16P) = 12802C1Mmaxls 32024, 0Q2(T)Ts
min xr
ostar I =g () S1(T) S1(T) :

where Npax = 64k2 maxo<¢<7 Nz, First lower bound Sy (7T'). Since a/+/t + 1 > a/\/T for every
t<T,

1 1
e <
Si(T) = hT  oJT

S(T) = T_lmin{h, a } > Tmin{h,\%} = min{hT,aVT} =

Consequently

B P R 64K20P) 01/ AxePols
Si(T) = W' aJT T VT ’
Next control the Nmax term. Let 0l = maxo<i<r Nzt fh < a/ VT, then all steps are capped,

0 N2 /S1(T) = h/(AT) = 1)T < 1/V/T. I h > a/V/T, then Sy (T) > av/T and 1%, < a, so
again 0%, /S1(T) < 1/V/T. Therefore
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Thus 02T §7max/S1(T) = O(k20?T's/\/T). Finally control the quadratic-noise term. If h <
a/v/T, then all steps are capped and Qo(T)/S1(T) = Th?/(Th) = h < a/VT. If h > a/VT,
then S (T) > av/T and Q2(T) < a® Y1 o' (t +1)~! < a?(1 + log T). Therefore, in both cases,

Q2(T)
S1(T)

a(l+logT)
T

<

Hence
JZAK,ZF(;QQ(T) < JQA,.@,gF(;a(l +logT) B 0/ Ak Pol's(1 4+ logT)

51(T) B VT VT ’
where the last equality substitutes a = /Py/ (A ¢0?T's). Combining the three bounds gives

2(P, A, Pols(1 +logT 2,27

0<t<T T VT VT

Since A, < 1030x%¢ for k > 1, we have o\/A, ;Pol's = O(k?0+/fPyLs). This proves the
claimed rate. u

B.2. SGDA in Heavy-Tailed NC-PL Games
B.2.1. PROPOSITION 4.7

Proof Fix any p € (1,2], deterministic step size schedules {7, ¢ }+>0, {1y, }+>0, @ horizon T" > 2
with at least one active z-update before time 7', and a confidence level § € (0,1). We construct a
one-dimensional NC-PL game and an unbiased heavy-tailed oracle, which may depend on (7, 9),

for which P(T—l S HIVg(z))? > 1/ (5T)) > §. This immediately implies 7' = Q(1/(£d))
for any general high-probability guarantee over the oracle class satisfying Assumptions 3.4 and 3.6.

Step 1: An NC-PL game with strongly concave inner problem. Letd, =d, =1,) = R, and
f(x,y) == 2%/2 — y*/2. Then

g(x) = rgg@f(%y) = %ﬁ g(z) — f(z,y) = %yQ,

Vyg(z) =z, Vif(r,y)=2z, Vuf(z,y)=—y, %H%J"’(ﬂw)!\2 = %yz.

Thus Assumption 3.1 holds with ¢ = 1, the inner problem is 1-strongly concave with unique maxi-
mizer y*(x) = 0, and Assumption 3.2 holds with p = 1.

Step 2: SGDA reduces to noisy SGD on a quadratic. Run SGDA from (z, 39) = (0,0), take
the y-oracle to be exact, Gy (x,y,¢;/) = —y, and take the x-oracle to be Gy (¢, yr, () = ¢ + &,
where {&;} is specified below. Then & = 0, hence y; = 0 for all ¢ > 0, and the z-recursion is

Top1 = ¢ — Neg(Te + &) = (1= Nw) Tt — Neiée-
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Step 3: A heavy-tailed unbiased noise at all steps up to the horizon. Let S := {0 < ¢t <
T —2:nz >0} and m := |S|, so m > 1 by assumption. Set ¢ := 1 — (1 — §)'/™ € (0, 1); since
(1—6)"/™ >1— 6, wehave ¢ < 6. Fort € S, define independent noises by

1 q
,  with probability =,
nm,tl\/g 2
§ =4 ——= with probability <
, probability =,
nx,t\/g 2
0, with probability 1 — g,

and & := 0 almost surely for ¢ ¢ S. The distribution is symmetric, and for ¢ € S,

El¢ | F) =0, E[&lP|Fl= Ly =1 P
— — — < < .
[gt | t} ) Hgt‘ ‘ t] q 77x7t\/3 np 51”/2 = ng’t = ng,t

x,t

The same bounds are trivial for ¢ ¢ S. Hence Assumptions 3.4 and 3.6 hold with, for example,
O 1= maxies 1), % The oracle is nontrivial at every active x-oracle call that can affect the horizon,
namely every t € S C {0,...,T — 2}.

Step 4: A rare outlier at an arbitrary step forces (2(1/J) stationarity. Let 7 := min{t € S :
& # 0}, with 7 = 400 if no such index exists. Independence and the choice of ¢ give

P(r<oo)=1-(1-q™=1—(1-0) =0

On {7 < oo}, all earlier noises that can affect the iterate are zero; since o = 0, the recursion gives
xy = 0 for all ¢ < 7 and hence

1 1 . .1
Tr4l = — ,T£T7 Tril| =Nz == = = VQ Tr41 =T = =<
+ Nz | + | Nz 7’]3;’7_\/5 \/g || ( + )H T+1 5

Because 7 < T' — 2, the index 7 + 1 lies inside the averaging window, and therefore

1

T-1
1 1
L 25 1 2 _ 4
7 2 Va@)l > I¥serl = g7 on {7 <o)

T-1
1 , 1
— > — | > = 0.
= P <T tgzo IVg(x)||* > 5T> >P(r<o0)=24

Thus any claim of the form ]P(T_l S IVa(z)|? < 5) > 1—0 must fail whenever 1/(6T") > ¢,

because the constructed oracle gives the complementary event probability at least §. Equivalently,
any such guarantee requires 7' > 1/(ed), i.e., T = Q(1/(e6)). Finally, the constructed game
satisfies that f(x,-) is 1-strongly concave in y, as claimed. [ |
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B.3. SGDA(jip in Heavy-Tailed NC-PL Games
B.3.1. LEMMA 4.8

Proof While this result is standard in the clipped-gradient literature (Nguyen et al., 2023; Sadiev
et al., 2023), we include the proof below for completeness. We only prove the z-part, as the y-part
is identical with 7,4, and g, = V, f (we11, y1). Write 7 = 7,1, ¢ & Vo f (e, y), € & GF — g, and
Y clip, (g + &), so that E[¢ | 7] = 0, &F = G —E[G | Fi, and 87 = E[G | F] — g.

First, the norm bound follows directly from clipping and Jensen’s inequality:

IE 1l = |G~ E[G | Al < |Gl + IEIG | Fll < 7 +E[|G] | Fi] < 2r.

Now assume the low-signal condition ||g|| < 7/2. Since clipping changes g + £ only on the
event {||g + £|| > 7}, and since ||g + &|| > 7 implies ||£|| > 7/2, we have:

18711 = |[Elclip- (g + &) — (9 + &) | Fl
< Elllclip, (9 +&) — (9 + I | Fi]
<Elllg +&l{llg + &Il > 7} | Fi]
< 2E[llgl{ligll > 7/2} | Fil
< 2(r/2)' VE[JEIP | ) < 207 < 407717,
The fourth line uses ||g + & < ||g|| + ]| < 2[|€]| on {||&]] > 7/2}; the fifth uses ul{u > a} <
wPa'™P foru > 0,a > 0,and p > 1.

It remains to bound the conditional second moment. Since conditional expectation minimizes
conditional mean-square deviation, we have:

E(IE71% | 7] = E[|G — E[G | A]II* | 7] <E[IG - g]* | Fi)-

Under ||g|| < 7/2, clipping gives |G — g|| < |G|l + |lgll < 37/2. Also, because clip,(-) is
the Euclidean projection onto the ball of radius 7 and clip, (g) = g, it is non-expansive and gives
|G — gl < ||€]|- Therefore,

~ o 3\ 3\, )
BIG - gl |7 < (37) EIG-alr 17 < (5)  ~ElleP | 7 < 10077

Combining the two yields the desired inequality E[[|7||? | ] < 1607727, [

B.3.2. LEMMA 4.9

Proof Fix ¢ and write 1, = 134, 1y = 7yt, and 7y, = 7y, . Abbreviate {f = ng and £/ = ~§/ By
the definitions of the centered residuals and clipping biases,

GF =V, f(z,y) + BF + &7, GY = Vo f(@e,90) + B + &

Also, for ¢1(y) := g(x1+1) — f(T141,y), we have Vy(yr) = =V f(2r41, y:) and hence yi11 =
yr — ny (Ve (ye) — B — &) The same smoothness calculations used in Lemmas 4.1 and 4.2, with
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the bias terms handled by Young’s inequality, give the three one-step estimates as:
arer < @y — [ Vg(an) [P + 4rbnaby —no(Vg(a), &) + 3ren2 67| + 4n. | 87|,
1
brarp < anby + <4nx - 6fwn§) IVl + o, €7) + Gren2l|Es |2 + 415712

¢ J4
b1 < b1y — <77y - 277§> IV (yo)lI” + (ny — €n§)<V¢t(yt), B +¢&) + 577§||5ty +&/?
< beyrya = AwlIVe o) II* + (ny — ) (Vde(ye), &) + g 1717 + 4y 167117,

where o = 1 + 4kln, + 126%¢*n2. In the last line, we used 7, < 1/¢ to absorb (1, —
) (Ve(ye), BY )+ | BY || into 1y [V e (ye)||? /4+2n ]| 57 1%, and then used 1, — g /21, /4 >
4ry,.

Let 6; := 1/2 — 2uy,. Sincen, < 1/fand k = ¢/p > 1, we have 0 < 6, < 1/2. The NC-PL
condition applied to ¢ gives ||V (y;)||? > 2ubyiq /2- Combining this with the last display yields

2
= 0o (01, €7) — 6Ol ||E7 1> — 46,2 |1 57|

1 L
— S0y — GV Su(w), &) — Sn2NENN® — 20,167

1 1 1
50 = bu2) = Vo) P + (5 — s )b 00 (e + 00822 ) [t P

Here the half-step estimate was substituted with a negative coefficient —6;.
Now it remains to check the deterministic coefficients. The step-size assumptions imply:

I l ny Iny ny
Gy =B [y — =p2) = (1 -2 > T S 60
Ky 4 <77y 277y> dr 9 = 8k = KTz,
1

5 Oray — 4klng = 2pryy — O (o — 1) — dklng > 2pyy — 260, — 6/{26277§ — 4rln, > 4kbny,,

1

- — > — — > —n..
5 0; (47795 + 6/<e€77x> > 8% 3kln; > 8%

The second line uses 6; < 1/2, oy — 1 = 4kln, + 12/{262773, and kfn, < 1; the last line uses
Nz < 1/(12k¢), which follows from the step-size assumptions. Adding the primal estimate to the
lower bound on (b; — byy1)/2, using the coefficient bounds, and moving the noise and bias terms to
the right-hand side gives

1
Vg 2+ T () 2+ by < Py~ Pro
1
~ 1ol 8) + (5 = 2 ) el ) + S0P

1 0 .
501y — 2) (Vou(un), €0) + Sn2E0 12 + 6na | BE I + 201572
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B.3.3. LEMMA 4.10

Proof By construction, (B;) is nondecreasing, so (z;) is nonincreasing and 0 < z; < 1. Since
G € F; and all other quantities entering B; are deterministic or F;-measurable, z; is predictable
for the z-increment and F; ;| jo-measurable for the y-increment. Moreover,

%BF <1, xBY<1,  zB'<L. (28)

Fix k > 1. Multiplying the assumed one-step inequality by z;, summing over ¢ < k, using
the monotonicity of (z;), and separating the predictable quadratic drift from its centered fluctuation
gives

k—1 k-1 k-1
Z 2tGy + 211 P < 20Py + Z zert + Z 2z Dy + Sk, (29)
t=0 t=0 t=0
def e : =
Sk B Y 2t mealef, &) + din? (167117 — BLIE|? | )
t=0

el &) + A2 (IE07 — BOIEYI? | Fipapol) |

The telescoping part used here is ), ;. 2¢(P — Piy1) = 20P0 — 2—1 P + Zf:_ll(zt —z1)P <
20FPy — zx—1F, and the drift separation uses di > 0 and the conditional second-moment bounds.
Define the half-step filtration by Ho; := F; and Hoyy1 := Fpq /2 and let Ag; and Ag41 be the
x- and y-summands in Sy, respectively. Then Sy = Z?iﬁl Agand E[Ag | Hs] = 0.
We next verify the bounded-increment and variance conditions. It suffices to write the x-case;
the y-case is identical. By Cauchy—Schwarz, clipping, and the self-bounding condition,

<Cfaéf>| < 270 il cF || < 27000/ C102,4 Gt < 27414/ C1nz Gt

a1 12 — BN | 7| < 8dind 2

Thus |Ag| < zBf <1, and similarly [Ag 1| < 2:BY < 1.

For the conditional variance, use (a + b)2 < 2a® + 2b? directly on the two terms inside Aoy.
The linear part is controlled by self-bounding and z;B; < 1, while the centered quadratic part is
controlled by clipping and 2 BY < 1:

~ ~ 2
LA | 7] < 2502 1Pt + 253t | (1P - B0eN? 1 7)° |

< 22:Gy (2 Cinp ) + 22¢df 77325,75”? (4thf7732:,t7'x2,t)

IN
—_

~2Gy + ndin? oy, (30)

E[A%t+1 | Fiy1/2]

AN
c.o\r—*oo

%Gy + zd]n, v} (31)

The second line uses E[(U — E[U | F))? | 7] < E[U? | Fy] < 472,07 for U = ||&F||% the last
line uses z;C17,vf < 1/6 from z,Bf < 1and 4zdfn3 72, < 1/2 from zBf < 1.
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Since each A; is a mean-zero martingale difference bounded above by 1, Lemma A.7 and Ville’s
inequality give, with probability at least 1 — §, simultaneously for all n > 0,

n—1 -
; A, < Z Z:; A2 | H,] + max{log(2/), 1}. (32)

Indeed, the process exp{>_,_,, As — (3/4) 3., E[AZ | H,]} is a nonnegative supermartingale,
and exp(— max{log(2/6),1}) < 5 Applying (32) with n = 2k and using (30)—(31) gives, on the
same event,

k—1
3
Sk < (E[A3, | Fe) + E[AS 1 | Fry1/2]) + max{log(2/6),1}
t=0
1 k—1 k—1
<3 3 %Gy + ; %Dy + max{log(2/4),1},

where D; = dfn3 ,of + dfn; ,vf and D; > 0. Substituting this estimate for Sy, into (29) yields:

k—1 k-1 k-1

1

B Z 210Gy + 21 P < 20P + Z zre + 2 Z 2Dy + max{log(2/6),1}.
t=0 t=0 t=0

Multiplying by 2 and weakening the left side from ), _, 2;G¢ + 22,1 Pp to >, 2:Gt + 241 Py
proves the claimed bound. Since the Ville event holds for all n simultaneously, the conclusion holds
for all k£ € N simultaneously. |

B.3.4. THEOREM B.2

We derive a master theorem for SGDAy;p in heavy-tailed NC-PL games, from which we deduce
Theorem 4.11 and Theorem 4.12.

Theorem B.2 (Convergence of SGDA cj;p in heavy-tailed NC-PL) Suppose Assumptions 3.1, 3.2,
3.4 and 3.6 hold with exponent p € (1,2]. Assume 1, = 1281, + and 1, < 1/(128x2¢) for all
t> 0. Let

def 1 14 def
Tyt = 3 (ny,t - 2n§,t> . y) Z glais) — F(m,y),
and define
def 1
Gt = Jilat IVg(@ol* + vyt IV 2 (e)|I* + Al b,
= def 1
oY gt IVg(@)I” + 27y 1V g f (@, yo) II” + Akl by + 270202 472
Let
o948 ey @l Y 160v727, ol D i6orr2?
1_§7 2 'Ut— O'Tt Ut— O'Tth.
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Define

1
B, —fmax{l max max{B;, BY B”}} 2 o
1€[0,t]

. -

B? o 272.i\/ C112,:Gi + 48Kl ;72
. -

BY < 27,1 /CryiGi + At 72,

d
Bv €f96010p<77:vz p+77yz 2 p),

k—

e

H

Sl’T

k—
2—2 2-2 d 14 2—
(6773;,,57'%75 P+ 277y,t7y,t p> y S2 7— = Z <6H67]3257t P 277y,t Y.t p> .
t=0 =0
1

Then, for each 6 € (0, 1), there exists an event E5 with P(Es) >
implication holds for all integers k > 1 simultaneously:

— § such that, on &, the following

T T
(IVaf @yl < 24 IV f @yl < 22 tnpemee < 25 VE€ {01, k= 1}]
k—1 p
= |21 P+ Y 2Gr < 220P + 32078y 1 (k) + 6407 S5 (k) + 205 |, T  max{log(2/5), 1}
t=0

Proof We combine Lemmas 4.9 and 4.10.
Step 1: Predictable envelope and predictable stopping. Since V;(y;) = —V, f(2¢+1,y) and
the z-update is clipped,
i1 — @e]| < NatTap
By /-smoothness,
IVyf(@ir1,ue) = Vyf(@oyo)ll < eiTats
and hence
IV (o)ll” = [V f (@1, ye)|I* < 21V f (e, ye) |” + 26°03 472,
Thus G; < Gy and G; € F;. Define the predictable validity event

def

Tz,
E Ve fany)| < LIV f )l <

T t
T lggmee < )

and the stopping time Tiop el inf {t > 0 : V fails}, with T, = +o00 if the set is empty. Let

I def 1{t < Tyop}. Then I; is F;-measurable. On V,

Hvyf(ﬁftﬂayt)” < Hvyf xtvyt)H +€th+1 —HftH < Z +£77$ tTot < ;t

so Lemmas 4.8 and 4.9 apply whenever I; = 1. Now define:

s def

3:/ def
Pt

/ def yl def
PinTiops G, = LGy, LE, Le}.

Since I € F; C Fyy1/2, indeed:
Bl | Fl=0, B[ | Firpel =0,
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Step 2: Invoke Lemma 4.9. Whenever I; = 1, Lemma 4.9 yields

Gt <Py — P+ gy <Cf,§~tx> t”xt”ft H2+77yt<0taft>+d 77yt”§t”2+7“t7 (33)

where we set

1
&&= V() + (5 — 2y )b df =GR,

¢
of =31 =tny) Vorly),  df =3,

:BH2

Ty = 677xt”ﬁt yHQ'

et € ner, V€ Ll and v, € L 1, = 0, then Gy = 0, P, = P!, |, & = €/ = 0, and
r; = 0, so (33) holds trivially with primes. Therefore, the stopped processes satisfy for all ¢ > 0:

Gé < Pt Pt+1+77:ct<ct7 t >+dfn§’t|]§f/||2+ny, <Ctv g;/> tﬁyt“§ H2+T£' (34)

Step 3: Verify the clipped-noise bounds. Lemma 4.8 always gives || &7 < 27,+ and HE,;Z’ | <
271y+. Hence, we have:

1€ < 270t HE,?/H <27y a.s. for all ¢.

Moreover, if I; = 1 then the predictable validity condition holds at ¢, so Lemma 4.8 implies

~ 2 ] 2
E[llgF)* | 7] < 160777, E[IE/I” | Fips] < 1607757,

and therefore for all ¢ > 0,

E[I&1° 1 7] <vf, E[E17 ] Fopa] <of

with the deterministic choices v = 1607727, v¥ := 160772 ,".

Te ,t y t
Step 4: Verify the self-bounding condition. We show that for all ¢ > 0,
81
Neall e ? + nyalled | < C1GL with  Cy = 5 (35)
For t > Tiop both sides are zero by definition, so it suffices to consider ¢t < Ttqp.
(x-part). Let 0y < L — 24y, , € [0,1/2]. Forany 8 > 0, |lu+v|> < (1 + 8)[ul®> + (1 +

) |v||2. With u = —Vg(a:t) and v = 040y,

1
IeFIP < (1+ BIVglz)l? + (1+57) 7l1ol

By Lemma A.3, ||6:]|2 = |V f (21, y:) — Vg(z1)||* < 260 by. Thus

4

Medllcf P < (14 B)nedl Vo) + (14 87) 5 b

Comparing with the definition of Gy, we can bound the RHS by C', G; whenever

4
@I < Co- el VoGl (1457 Swaby < Co- Al neghy

(1+8) a
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i.e. whenever C;, > 8(1 + ) and Cp > %. Choosing 3 = &; gives 8(1 + 8) = % and

1481
8

= % , hence

2 < %5 Gy. (36)

(y-part). We have
1
Myellet 12 = 1y, - (y ) IV e (ye) 1%

Let u := ¢ny, € [0,1] (since n,; < 3). Then

1 2—
Yyt = qyét (2—wu) and 1(1 —u)? < Tu Vu € [0, 1]
(the latter is equivalent to u(2u — 3) < 0). Therefore
MyellefI? < 2956l V(o) II” < 2Gy. (37

Combining (36)~(37) yields ng 4[|} ||* + my.¢l|cf > < 3 Gy, which gives (35).

Step 5: Apply Lemma 4.10 to the stopped process. We now invoke Lemma 4.10 with:

( flv iﬂ)v (Uf,’U%}), (Tx,tﬂ—y,t); (G;7P15/)7 (Ctxlvct) (dtz>dy)7 T1/57

with the predictable envelope G; and with the self-bounding constant C; = % verified above.

Lemma 4.10 yields an event & with Pr(Es) > 1 — 6 such that on &, for all integers £ > 1
simultaneously,

k—1 k-1
> uGl+ 21 P, < 220P5 +2) (2t + 22 Dy) + 2T, (38)
t=0 t=0

where z; is the theorem’s weight sequence and I's = max{log(2/4),1}.

Step 6: Specialize to times & < T, and bound r;, ;. Fix any integer £ > 1 and assume the
premise of the theorem for this k, i.e. the predictable Validity event V; holds for all t € {0,...,k —
1}. Equivalently, Ttop > k, and therefore, for all ¢ € {0, . — 1}, we have:

G;:Gt, P];:Pk, PéZPQ, T‘,/f:T‘t.

Hence, on &, inequality (38) becomes

k-1 k-1
> 2Gy+ 21 P < 220Py + 2 (2m + 22.Dy) + 2T5. (39)
t=0 t=0

It remains to upper bound r; and D, via Lemma 4.8 (valid for ¢ < k under the premise). Indeed,
for such ¢, Lemma 4.8 gives

1671 < doP,

17
:pt ’ ”57%/” < 4JpTy,tp'
Therefore

FIP + 20| 117 < 6o 1607072, 2y - 160°P 75,

Ty =
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so we have:
2, < 3202 (672 P+ 2127, t) (40)
Also by Lemma 4.8, we have:
vf = 1607727, = 160777,
and with df = 6k, d} = (/2,
Dy = dfn? of + dY 6kl 160772 Pg 160772
t = dyng v + tnytvt_ K 77:ct o Ty, +277yt orTy,
holds, and we have:
l o
4D, = 640" (6/%7- ke 5T png,t). (41)
Plugging (40)—(41) into (39) yields:
k—1 k—1
Zk_ 1P + Z 220Gy < 220FP) + 3202 Z 2t <GT 7Iact + 27’ ny t)
t=0 t=0

y4
T t 77yt> + 20.

+64UPZzt<6/<c€T ; 77“—1- 57y

Recalling the definition of G and the theorem’s notation

/
S1(k) = 32 2 (672 o + 275 Py )y S (k) = 3 Okl R+ S )
t

El
—
bl
[

Il
o
o~
I
o

we obtain exactly the claimed inequality. Since Pr(&5) > 1 — 0 and k was arbitrary, this completes
the proof. |

B.3.5. THEOREM 4.11

Proof Let
2(p—1
Agd—efpo—l-rg, Ozdéf P , ’r’défl—azi(p )7
3p—2 3p—2
def p—1 7 def 2 def 2 p(2-p)/p 42(p=1)/p
0S5 Ty ReTIBE, HoySBPTATTR.
Set

o (Aﬁ )a el <0an,£>””
K Hn,ﬁ,p ’ 2An,€ﬁ ‘

Let ¢+, cg > 0 be sufficiently large universal constants, and define
3p—2
VKLA 1/
T, & {1 V (Rl )/ v <W> v (CB\/RH ﬁ?\/ﬁzfA(;) ‘
T
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V (egR27272) Py (ep(1 + R,.C)opﬁ#—?’)l/ﬂ .

Then the theorem’s schedule is equivalently 1, = 77~%, 7 = 71/ 3P=2) Let M o MAs, where
Chr > 0is a sufficiently large universal constant. We first show that, under the balanced schedule
and T' > Ty, the assumptions needed to apply Theorem B.2 are automatically satisfied.

The smoothness-cap term in T gives

11
R0 128k2¢°

Ne =N~ <
The clipping-bootstrap term in T gives

72 = PTYO0) > 2wl
Choosing c; sufficiently large, this implies

72 > 64Kl M.
Assume for a moment that P, < M. Then a; < P, and by < 2F,. By Lemmas A.4 and A.3,
IVg(a)|® < 4vM,  ||6]* < 4rEM,
where §; = V. f(x¢, y1) — Vg(z,). Hence
Ve f @@yl < Vgl + 16 < 4VREM < 7/2.

Also, since y — g(x¢) — f(x¢,y) is nonnegative and ¢-smooth,

Hvyf(wtayt)Hz < 20by < 4LM,

and hence
IVyf (e, y0)ll < 2VEM < 7/4.

Finally,
T < 71/4

because 7, < 1/(128x%¢) and k > 1. Therefore the predictable premise of Theorem B.2 holds
whenever P, < M. Next, under P, < M, the predictable envelope in Theorem B.2 satisfies

Gy < Car?n.M + Car*nir?
for a universal constant Cg. Therefore the three terms defining B; are controlled by
C\/RunemVEUM, CR2(n2r?,  C(1+ Ry)oPn,m>7P.

By the last three terms in 7j, these quantities are all at most 1 after increasing cp if necessary.
Consequently, By < 2 and z; > 1/2 on any interval on which P, < M. Now define

K%inf{ke{1,...,T}: P, > M},
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with K & 7 + 1 if the set is empty. Work on the event & from Theorem B.2. Suppose for
contradiction that K < T'. Then P, < M for all t < K, so the premise of Theorem B.2 holds up to
time K, and z; > 1/2 fort < K. Applying Theorem B.2 with k = K and dropping the nonnegative
progress term gives

2k-1Prx <2Py+2I's + Co pBKngI 2= 2p+CO'pA,€gT772 2-p,

. . PR .
The balanced identity 77 = 20 7 :772 gives

0% By (Tt 2 + 0P Ay (TP < CH,p, Tn3=2/P,

B Ag p/(3p—2)
Tle = Cp ng’pT )

the right-hand side is at most C'As. Thus, after choosing Cs sufficiently large,

Since

21 Pg < M/2.

Since zx—1 > 1/2, this implies Px < M, a contradiction. Hence K = T + 1. Therefore P, < M,
Theorem B.2’s premise holds, and z; > 1/2 for all ¢ < T'. Apply Theorem B.2 with k = T'. Since

1
Gy > §77m va(xt)H27
we get

T-1
1
5 2w IVala) | < O
0

using the balanced identity once more. Since ZtT:_Ol 21N > Ty /2, we obtain

A
min [ Vg(a)|” < €

0<t< Tn,

(e
Substituting 7, = ¢, (%ﬁ) gives us
K,E,p

As J3p—2) [ Ds 2op 2em) A\
=0 _ Hp 4 —o — 3p 2BSp 2A 3p 2 =0
T, CHy e 7) =¢° T

B.3.6. THEOREM 4.12

Proof Let As & Py +Ts 0 € p/Bp—2), 7 20— 1)/Bp—2),a ¥ (p—1)/(3p - 2),
Ry € 12852, and Hy g & 2B PP A2/ set

roe (ALY, (g
K Hn,[,p ’ 214/{,@77 .
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Let ¢, cg > 0 be sufficiently large universal constants, and define
RIS\ P 1/a
S0 def {1 vV (Rnﬁﬁ)l/“ vV (w> vV (CB\/RK 07/ K2€A5>
T
(CBR2€ 7]2 2)1/(2a) ( s(1+ RH)JPF]T’Q_”) Ur_‘ )

The theorem’s schedule is equivalently 7, ‘= ﬁ(t + 50) " and 7, = 7(t + $0)/P~2). Fix an
arbitrary integer 7' > max{2, so}. Let M, & CMAg( + 3k o (t+s0)7") for k > 1, and set

My o mAgs, where C'yy > 0 is a sufficiently large universal constant. Under the shifted schedule,

Meai P =07 P (t+50) 7, mium P =0t P(t+s0)
The balanced identity 77 = 0By, ¢/(2A, ¢1z,+) implies
2-2 2 .
anB,@mx,tTt Py apA,@mitTt P < OAs(t+ s0)7 "

after substituting the definitions of 77 and 7. Hence M}, dominates the deterministic upper envelope
generated by the right-hand side of Theorem B.2.

We first verify the validity and normalization conditions. The first term in so gives 7, < 70 =
nsy ¢ < (128k2¢)~. The second term in sq gives Tg > c2klAs. Moreover, for every t > 0,

The elementary inequality used here is that, for 8 € [1/2,2], (1 +u)? > cg(1 + log(1 + u)) for
all u > 0, and the constants can be chosen uniformly for p € (1, 2]. Thus, for ¢, sufficiently large,
Tt2 > 64klM;yq forallt > 0. If P, < My, then a; < Myyq and by < 2M; 1. Lemmas A.4
and A.3 give

IVef(ze, ye) |l < 4/ KbMpr <1/2, ||V f(ogye)ll < 24/ My < 1 /4

Also ¢n,47¢ < 7¢/4 because 1, < 1/(128x%¢) and x > 1. Therefore the predictable premise of
Theorem B.2 holds at time ¢ whenever P; < M;;. Under P; < M;, the predictable envelope
satisfies

Gt < Car®lny i Myy1 + Car?l®n? tTt

Consequently, the terms controlling B; are bounded by

CV/ Ry Nesmi/K2UMyy1, CR2( 772,%527 C(1+ R,{)apnx,ﬂf*p.
Using the shifted schedule,

Noate = T7(E+ 50) "% 02478 = TP72(t+ 80) 2% Magry P =072 Pt +s0) "

The last three terms in sg, together with the same polynomial-dominates-log inequality, ensure
these quantities are all at most a sufficiently small universal constant. Thus B; < 2 and z; > 1/2
whenever P; < M;,; forall i <t.
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Now bootstrap the potential. Let K &f inf{k € {1,...,T}: P, > My}, with K =T+ 1if the
set is empty. Work on the event £ from Theorem B.2. Suppose K < T'. Then, for every t < K,
either ¢ = 0, in which case Py < Ay < My, or P, < M; < M;y;. Therefore Theorem B.2’s
premise holds for all t < K, and z; > 1/2 fort < K.

Applying Theorem B.2 with k = K, dropping the nonnegative progress term, and using z; < 1,

K1 K-1
zk—1Px < 2Py +2T5 + Co* B,y Z Neati P+ CoP Ay Z 77325,757}271)-
=0 =0

By the balanced identity and the definition of M, the right-hand side is at most My /2 for Cy

sufficiently large. Since zx—1 > 1/2, this implies Py < M, contradicting the definition of K.

Hence K = T + 1. Thus P, < M, the premise of Theorem B.2 holds, and z; > 1/2 forall ¢t < 7.
Apply Theorem B.2 with k = T'. Since Gy > 1151 || Vg(zy) ||%, we obtain

1 T-1 T—1 1
- Va(z)|* < CAs | 1 .
=S s V() < a( +Zt+so>
t=0 t=0
Since z; > 1/2,
T-1 T—1

M\H

> wney >0y (t+s0) =T " = cnT".
t=0 t

The second inequality uses 7" > sg. Also, ZtT;Ol (t+s0)~' < 1+logT. Therefore

Il
o

As(1+1logT)
<(—————.
min, [Van) | < 0220

Substituting 17 = ¢, (As/Hy o) gives

A 2—p 2(p—1)

= CHLY AL LG — oW IBY, AN
This proves the claimed logarithmic unknown-horizon rate for the fixed horizon 7'. Since T' >
max{2, sp} was arbitrary and the event £ does not depend on 7', the claim follows. |

Appendix C. Proofs of Nonconvex—Concave Games
C.1. SGDA in Subgaussian NC-C Games
C.1.1. LEMMA 5.1
Proof Let
ute) = pross (o) = arganin { ) + 5 u—al}.

Since f(u) + § ||w||? is convex and A < 1/p, the objective defining u(z) is (1/X — p)-strongly
convex; hence u(z) exists and is unique. The optimality condition gives

p(a) = 2D ¢ of(u())
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For z, 2/ write v = u(z), v’ = u(z’), p = p(z), and p’ = p(z'). Weak convexity is equivalent to
hypomonotonicity of the subdifferential:

(p=p u—u)=—pllu—u].
Usingu — v =z — 2’ — A(p — p/), the last inequality implies

P
1—pA

2
)

o=y 2 A o=~ pllo—o = Mp=p)|* =~ o <

where the final inequality follows by minimizing the preceding quadratic lower bound over p — p'.
Also, the same optimality relation gives the standard Lipschitz bound

1
1—pA

() - u(=)]| < |l = 2"

The usual envelope argument, using u(z) and u(z') as comparison points in the two proximal
problems and then sending =’ — x, yields continuous differentiability and

Virz) =p(z) = % (z — prox, () .

Using u(z) as a feasible point in the definition of f)(x') gives

1 2
H@) < falz) + <Vf>\(a:),:c’ — a:> + o Hx’ — xH )

Finally, the hypomonotonicity bound for V f = p and the fundamental theorem of calculus along

the segment x + 0(z' — x) give

|2 —z|*.

G 2 H@) + (V@) —a) 57t |

These two quadratic inequalities imply

)

/ 1 /
[V Aa(a") = Vi) < maX{)\, : _'OpA} |" =«

soif A < 1/(2p), then p/(1 — p\) < 1/A, and fy is 1/A-smooth. [

C.1.2. LEMMA 5.2
Proof Fix y € ) and set hy(x) := f(x,y). By Assumption 3.1, h, is /-smooth in z, so

¢
hy(a') > hy(x) + (Vhy(z),2" — z) — 3 B a:H2
. 14 712 . m2 __ 2 / / 2 .
Adding 5 ||2'||” and using ||2'[|” = ||z + 2 (x, 2" — x) + [|2’ — z||” gives
/ o2 ¢ 2 /
hy (") + 3 |2||” = hy(z) + 3 |z||* + (Vhy(z) + lz, 2" — x) .
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Thus = — f(z,y) + g |||? is convex for each y. Taking the pointwise maximum over y € )
preserves convexity, so

12 2 1 2
o) + 5 ol = mage { o)+ 3 ol

is convex, and g is /-weakly convex.
Apply Lemma 5.1 to g with p = £ and A = 1/(2¢). Then ® = g, (9 is continuously differen-
tiable,

Vo(zr) =20 (x — ProXg/(20) (:r)) ,

and, since A = 1/(2¢) < 1/(2p), ® is 2¢-smooth. Finally, ®(z) < g(x) by choosing u = z in the
envelope definition, while

P (x) = inf {g(u) O — xHQ} > inf g(u).

Taking infima in z gives inf, ®(z) = inf, g(z). [ |

C.1.3. LEMMA 5.3
Proof Recall ®(-) = g;/(2¢)(*) and define

r € Prox,(ap (1) i= argmin{ g(u) + u — 24| }.
uERz

By Lemma 5.2, @ is 2¢-smooth and
V() = 20(xe —wp),  D(x4) = glue) + €l|ug — 2. (42)
Moreover, the SGDA x-update can be written as
Tip1 =2t — Nay (Ve f (@) + &)
Step 1: Smoothness descent for ®. By 2/-smoothness of @,
D(2141) < () + (VO(24), we1 — ) + a1 — ][>,
Substituting x¢41 — 2t = Nzt (Vo f (2, ye) + &F) gives

(1) = Nt (VO(21), Vi f (@0, 30) + &) + 0 (| Vo f (1, 1) + &I

(w¢) = N2t (VO(24), Vi f (21, Ut)) — e e (VO (24), &) + Eni,tllvxf(xt, yi) + &I
43)

Subtracting ®* from both sides yields the same inequality for a;y; = ®(z441) — P*.
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Step 2: Lower bound (V®(x;),V, f(z¢,y:)). Fix t and consider the function x — f(z,y:). By
Assumption 3.1, it is /-smooth, hence for any u,

l
fQusye) = f(@e, ye) + (Vo f (@6, 90) u — @) — §||U — x|
Applying this with « = u; and rearranging gives
1
(Vaf (@, ye), e —w) > f(xe,ye) — fu, ye) — §||9Ct — ug||”.
Multiplying by 2¢ and using V®(z;) = 20(xy — uy),

(VO(x0), Vo f (e, y)) > 20(f (@, ye) — flug, ye)) — |z — we)®. (44)

Since £2||z; — w||? = §[|V®(z)||? by (42), we obtain

Nt (VO(z4), Vo f (@, 1)) < =200 (f (@, ) — flue, p)) + Uz,t VD ().

Using f(ut, y:) < g(ug) and (42),
=204 (f (e, ye) — e, ye)) < —20ng 1 f (e, y) + 2005.209(ue)
= =20y f (e, 1) + 2005, ®(20) — 2000 4|20 — we]|?
= 20y (D) — £ (0, 0)) — L V()2

Therefore,
N2t (VO (1), Vo f (x4, 91)) < —%HV‘I}(%)HQ + 20054 (P(24) — 2, 31)). (45)

Finally, since ®(x;) < g(z¢) = maxyey f(xs,y), we have ®(z¢) — f(ze, ye) < g(ze) — f(xe, 1) =
b;, hence

e (VO(@1), Vi f (e, y1)) < =4[V (1) 2 + 261

Step 3: Bound the quadratic term. Using ||a + b||? < 2||a||? + 2||6]|?,

2 Ve f (@, ye) + 1P < 2002 IV f (e ye) |2+ 26021167112

Assumption 3.3 states that z — f(z,y) is L-Lipschitz for each fixed y; since f(-,y;) is differen-
tiable, this implies ||V f(x¢, y¢)|| < L. Therefore

Oz IV f (e ye) + 6|1 < 200703, + 2603 |67 |1
Step 4: Combine. Plugging the last two displays into (43) yields:

vt < ap = BT (w)|[P o+ 2ab — s (TO(n), ) + 202, L7 + 2002, |72 (46)
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C.1.4. LEMMA 5.4

Proof Recall by = g(z141) — f(@e41,ye+1). We first relate by to the gap against the fixed

comparator y;.

Step 1: Reduce b, ; to a fixed-comparator gap. Since x — f(x,y) is L-Lipschitz for each y,

the outer function g(x) = maxycy f(x,y) is also L-Lipschitz:

g(z) — g(2') < r;leag(f(w, y) — f(',y)) < Lz — 2|,

and similarly g(z') — g(x) < L||x — 2'||. Therefore,
9(@i41) < g(xs) + Lzt — 25|l = [, 45) + Ll — 24l
Also, by L-Lipschitzness of = — f(x,y%),

F(@s,95) < f(@e1,45) + Lz — -

Combining the two inequalities gives

biv1 = g(zes1) — flxer1,yer1) < 2L)wen — 2ol + (2o, 9%) — F(@e11, Yer1)).-

Step 2: One-step ascent bound in y. Define the concave function (in y)

h(y) = f(xt+17y)7 Yy S ya

which is /-smooth by Assumption 3.1. The y-update is
Y1 =1Ly (yt 1yt (Vh(yt) + f}?l))

Let g; :== Vh(y:) + & so that yir1 = Iy (ye + ny.9¢)-
(i) Concavity + smoothness. Concavity implies

h(ys) < h(ye) + (Vh(ye), s — ),

and /-smoothness implies (equivalently, smoothness of —h)

Y4
h(ye) — h(yer1) < (VR(Ye), vt — Y1) + §Hyt+1 — .

Adding (48) and (49) yields

N /
h(ys) — h(yer1) < (VA(Ye), ¥ — yer1) + §Hyt+1 — ||

(47)

(48)

(49)

(50)

(ii) Insert g; and apply the projection inequality. Since Vh(y;) = g — &, we can rewrite the

inner product term as
(VA(e) 4% = yra1) = (96,52 = yera) + (& g — 2)-
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For Euclidean projection, the following inequality holds: if y;41 = IIy(y: + ng¢), then for any
yel,

2
) < lye = yll* = llyers — yl* = lyes — vell

— 51
(969 — yr+1) < 2 (S1)
Applying (51) with y =y and n = 7, gives
*112 *]2 2
. < Myt = 921 = e = w2 1° = s — el
<gt7ys Y1) < Mt
Thus, from (50),
lye = vs 12 = llyers = w2 * llyers — el
h y* —h Yt+1 S S S _
( S) ( t“l‘ ) 277y7t 277y7t
L
+ (& Yy — u3) + §||yt+1 — yel)? (52)
lye = v51? = lyers — w312 y . Myt vi2
< — T 53
|Z/1t—y*|2—|ylt1—Z~/*||2 * 2
< D=l 2l 2080 e = i) + €l (54)
y’
My,t

where we use Young’s inequality with a parameter
for the last inequality.

. . 1
T—tn, for the second inequality, and 7, + < o;

Step 3: Conclude. Since h(y) = f(x41,y), inequality (54) is exactly a bound on f(z¢4+1,y}) —
f(xt41,ye41). Substituting (54) into (47) yields:

2 2
||yt - y;"|| - ||yt+1 - y;”
277y,t

bist < 2L ||z — ]| + Ay -yl g 55

C.1.5. LEMMA 5.5

Proof We start from Lemma 5.3 and rearrange it as:
D2\ 7@ (2|2 < (g — 2 by — 1wt (VO(21), E5) + 2002 L2 + 20n2 | €22, (56
1 t < (ar — apg1) + 200z 1y — 04 (1), &) + Ne L™ + 77z,t||ft % (56)
Since \; = 200, ;, we have 2{n; ;b; = A\:b;. Therefore,
(ar — agg1) + Meby = (ag + Meby) — a1 = P — agq1.
Moreover, P;11 = a;1 + Ai41b441 implies
Py — ary1 = (Py — Pig1) + Aeg1bita.

Substituting these identities into (56) yields

fat
4

VO(20)[|* < (P — Pi1) 4+ Msrbear — 0 (VO(20), &) + 203 L + 202 ,||€711%. (57)
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Finally, apply Lemma 5.4 to bound b 1:

lye — 211 = llyees — v2 112

277y,t

2
b1 < 2L[|xpp1 — x| + + (g — y5, &) + e 1E7 1]

Multiplying by A;+1 and plugging into (57) gives the desired result. |

C.1.6. THEOREM C.1

Theorem C.1 (Convergence of SGDA in Subgaussian NC-C games) Suppose Assumptions 3.1
and 3.3 to 3.5 hold. Fix T > 1 and a deterministic partition 0 = sg < 81 < --- < §pr = T. Let
By, := Sm+1 — Sm and let s(t) = s, whenever s, < t < Sy41. For each block start, choose
an Fs,,-measurable maximizer y; € argmax,cy f(zs,,,y). Assume deterministic steps satisfy
0 < ner < 5,0 < Myt < iv)‘t = 201y 4, and both (1)3.1); and (Xi1/1y¢)¢ are nonincreasing.
Define

T-1
Sl (T) = Nzt Z Nzt S2 Z Nty t
t=0
—1 Sm41—1 M-1 n
$op(T)i= 3 B D mpur  SH(T)i= 3 =,
m=0 t=sm m=0 y,sm

Mmase 1= MAX 1zt ['s := max{1,log(c/d)}.
<T

Then with probability at least 1 — 9,

min ||V<I>(xt)H2

C
Py + ¢D?*S,(T
0<t<T Sl(T)[ 0t 5:(T)

+ (L + 0°T5) (S2(T) + S2,5(T))
+4D0o+/So(T)Ls 4+ Lo*T5S5(T) 4+ 0> NmaxLs | -
Proof We start from Lemma 5.5, introduce an augmented potential that telescopes the within-

block y-distance term, apply Lemma 4.4 only to the self-bounding x-noise, and then postprocess
the pathwise remainder.

Step 1: start from Lemma 5.5 Fixanyt¢ € {0,1,...,7—1} andlet s := s(t). Lemma 5.5 gives,
almost surely,

%HV‘P(%)HQ < Py— P + 2020020 + A <2L|1$t+1 — x|

yt_y*Q_ yt+1_*2 .
4 Q= el s = 56 +<yt—ys,5$>+ny,tu£f||2>
Ny t
— Nt (VO(24), &) + 2002, ||&F )12 (58)
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Step 2: introduce the y-drift augmented potential. Define

_ A
277y,t ’

w; : 13t = P, 4 wy|lye — Z/:(t)H2~

For the terminal potential, set s(T") := sp;—1 only to make ]3T well-defined. Note that (w;)>0 is
nonincreasing because (A¢y1/7y.¢):>0 is nonincreasing.
Rewrite the drift term in (58) as

3 lye = vall> = llyees — will®>
t+1 5 =
Tly,t

We now compare the telescoping structure with the augmented potential:

w(lye — vi1* = v — vi117).

P, — Py = (P — Pi1) + willye — y2 11 — wera yess — yiesn - (39)
Subtracting (59) from the desired telescoping expression gives
(Pr = Pry1) +we(lye — vi1* = lyesr — vil1?) = (Pr — Prga)
= —willyer1 — Y31 + wenllyern — vl
If s(t + 1) = s(t), this residual equals —(w; — wyr1)||yer1 — y2)|? < 0. If t+1 < T and
s(t + 1) # s(t), the residual is at most D?w; 1 since y; 1, Y541y € V- Therefore, forall ¢ < T,
(Py— Pry1) +we([lye — 211> = lyes1 — v 11?) < Po—Pry1+ D*wig Lo1<r s@ern)#st))- (00)
Plugging (60) into (58) yields, for all ¢,
%HV‘P(%)W < (P — Poyr) + 202002 + 2Lt |21 — 2oyl
+ D?wep1 L et s sy} + M1 (Ut — Uiy &) + Aepany | €711
— (VO (1), &) + 2007 1|67 |1 (61)
Step 3: fit into Lemma 4.4 (self-bounding subgaussian martingales). Define
Gy = %qumt)\\?, Po=D, & =-Vd(z), d¥=2L.
Then the z-noise part in (61) equals
Mot (5, €F) + di g f|IEF 1.
Let the remaining terms be
re = 202005 + 2LArq1 [T — To || + D*wiri L1 <, s(er1)2s()}
F A1y = Yl &) + Aerany €117 (62)
Then (61) becomes

Gy < P — Prot + Mot (ch, &) + dimz NEFI1P + e (63)

Moreover, the self-bounding condition in Lemma 4.4 holds with C; = 4 since

N7 = nesl|[ V(2| = 4G,

nz,t

54



HIGH PROBABILITY CONVERGENCE OF SGDA IN STRUCTURED NONCONVEX MIN-MAX GAMES

Step 4: apply Lemma 4.4 to control the x-noise terms. Apply Lemma 4.4 to (63) with C; = 4,
df =20, ¢} = 0,d} =0, and ;™™ = 0. Then for any §; € (0,1), with probability at least
1 -4,

T-1 T-1
Gy <2P)+2) 1t + Co%imaxl's, + CLo?Sy(T)Ts,, (64)
t= t=0

where I'5, := max{1,log(c/d1)} and Nmax = maxe(o,7) Nz,t-

Step 5: postprocess. It remains to upper bound ﬁo and Y r; using Sa, %, S2 B, Sy.
(a) Bounding Py and the boundary term by (D2S,.(T). Since 1, Yso) €Y llyo — Ys0) | <D,
hence R
Py = Py + wollyo — y:(o)HQ < Py + D*wy.

Moreover, wo = A1/(21y,0) = €12,1/1y,0 < €na0/my,0 < £S5, (T), s0

Py < Py + (D?S,(T). (65)
Similarly,
T-1 M—1 Mol
Z D*wy 1127, s(t1)s(t)} = Z D*w,,, < (D? Z ;ﬁ < UD*S,(T).
t=0 m=1 m=1 '¥5m

Thus, the boundary contribution is also < ¢D?S,.(T).
(b) Deterministic smooth/Lipschitz term.

T—

—_

2L%0n3, = 20L*Sy(T). (66)

t=

(c) Blockwise x-drift term into So p(T). We bound » 3, 2LA;i1||7e41 — gyl First, since
f(-,y) is L-Lipschitz and differentiable, ||V, f(x,y)|| < L for all (z,y). Using the SGDA update
Ter1 = Ty — Nt (Vo f (2, ye) + &) gives

i1 — x|l < (L + ||EF]])- (67)
Fix a block m with start s = s,,,. Fort € {s, ..., s;m4+1 — 1},
t t
[ze41 — a5 < Z [it1 — il < an,i(L +11€°1)-
i=s i=s

Also A1 = 20n, 441 < 20n, 4 since (1)) is nonincreasing. Hence,

Sm+1—1 Sm+1—1 t
> 2Lhalwn —adll <Y ALnes > mes(L+ 1)
t=s t—s i—s
sm+1-1 Sm4+1—1
= AUL Y e LHED Y me 68)
i=s t=i
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Since 1, ¢ < n,; for t > i, we have Zfz;’l_l Nwt < Bmnsi. Plugging this into (68) yields

Sm+1—1 Sm+1—1
> 2LMpallwegr — @l S4LB Y 2L+ I€7]).
t=s 1=5

Using L(L + [|€]|) < 3L + 3|1¢|%,
ALBy, 2 (L + ||€F]]) < 6€L* By 2 ; + 2¢Bo 2 ;|| E7 1%

Summing over blocks,

T-1 M—-1  smy1—1
2LA 1 [[wegr — o] S 6CLPSop(T) 420 B > mz lIEFN* (69)
t=0 m=0 t=sm

By Theorem A.9 with weights a; = anfm‘ fori € [sp, Sm+1 — 1], with probability at least 1 — do,

M-—1 3m+1*1
> B Y, ni NP < Co®Sap(T)log(c/dy). (70)
m=0 t=sm
Combining (69)—(70) gives
T—1
Z 2L)\t+1”$t+1 — Ts(t) H < Cf(L2 + O’2 log(c/52)) SZB(T). (71)
t=0

(d) y-noise inner product: a /S log bound. Define Z; :== \yy1(y: — Yiey &/). Conditioned on
Fiv1/2: Yt —y;"(t) is measurable, so Theorem A.8 implies that Z; is conditionally subgaussian up to a
universal constant, with scale at most 0 D \;; 1. By standard subgaussian martingale concentration,
for any 03 € (0, 1), with probability at least 1 — d3,

T-1 T—1
Z At1{ye — y:(t)afty> < CoD, |log(1/d3) )‘%-5-1' (72)
t=0 t=0
Since A1 = 200z 141 < 200,
T-1 T-1
D AL AP 0t =48 (T).
t=0 t=0
Plugging into (72) gives
T-1
D A1 — Yl &) < CLDa/Sy(T) log(1/53). (73)
t=0

(e) y-noise quadratic term: an S5(T') log bound. Since \i11 < 201, 4,

T-1

Aepimye < 20 ey = 2095(T).
=0

N
-

~+
I
o
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By Theorem A.9 applied to &/ with weights oy = A¢417y,4, with probability at least 1 — 44,

T-1

T—1
V|17 < Co®log(c/64) > Mpanys < CLo?S5(T) log(c/64). (74)
t=0 t=0

(f) Collecting the bounds for »_ ;. Combining (66), (71), the boundary estimate in (a), and
(73)—(74), we obtain that with probability at least 1 — (d2 + d3 + d4),

T-1
N1 < CLD*S,(T) + CU(L? + 0% log(¢/82)) (S2,5(T) + S3(T)) 5)
t=0

+ClDo/So(T) log(1/d3) + Cla?S,(T) log(c/ds).
Step 6: divide by S;(7) to get min, ||[V®(z;)||%. By definition Gy = 24| V®(z4)]|?,
T-1 = 1
> G 1 Y el V()| = 1 ouT) i, V()|
t=0 t=0
Hence
min ||[V®(z,)|?* < (76)
t€[0,T)

Now combine (64), (65), and (75). Set 61 = dg = I3 =04 = 6 / 4 and apply a union bound to obtain
an event of probability at least 1 — § on which

T-1
Y G <c (Po +¢D?*S,(T) + (¢L? + Lo? log(c/d)) (S2,5(T) + S2(T))
=0 77
+4Do\/So(T) log(c/8) + La®Sh(T) log(c/8) + 0 Nmax 10g(c/5)> ,
Finally apply (76) to conclude the theorem.
|

C.1.7. THEOREM 5.6

Proof If Py = 0, then ap = 0 and by = 0. Hence ®(zg) = o*, and since ® is 2(-smooth and
minimized at z9, V®(zo) = 0. Thus the conclusion is trivial. Assume Py > 0. Let

s := max{L,log(c/8)}, Qs:=L?+ 0T,

o B B S (wf)/
(€3D202F5Q5)1/4 £1/4a3/2I‘§/4 PoQs
Ty = [2 V (86cg)¥3 v (26c,)* v dck v c;ﬂ .

The proof uses a block partition only as an analysis device.
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Step 1: finite fixed-step specialization of Theorem C.1. For arbitrary constant steps 17, ; = 7
and n,; = 7, obeying 7, < 1/(8¢) and 1, < 1/(2¢), and for any uniform proof partition with
block length B € {1,...,T}, Theorem C.1 gives, with probability at least 1 — J,

. Py (D? ¢(Do\JTs o°Ts
) < — 4 B+1)+ ol .
o A Y
(Cl-fixed)

Indeed, for this partition,
S1=Tne,  Sa=Tn;,  S5=Tnty,  Tmax = Na;

while S, < C(T/B)(nz/ny) and Sp p < BTn?2. Substituting these estimates into Theorem C.1
yields (C1-fixed).

Step 2: choose the hidden proof block length. Set
B = ’703\/T —‘ .

Step 3: verify the step caps. Since 7' > T,
1

T= (85093)4/3 = Ma= CxT_3/4 < 8¢’
and 1
T> (20c,) = mny=c¢T V< 2%
Step 4: verify the hidden block feasibility. Since T" > 01_32, we have ¢ B\/T > 1, and therefore

B = {CBﬁW < 2cBﬁ.

Also T > 4c% implies 2cpvV/T < T. Thus 1 < B < T.
Step 5: substitute the theorem’s choices. By Py < P,, (Cl-fixed) gives

{Do+/Ts N o?Ts
VT T |

Substitute 1, = ¢, T~3/4, n, = ¢,7~'/4, and B = [cpV/T|. The block bounds from Step 4 give
B > cB\/T and B < 2ch/T. Therefore

min_ |[V®(z)|? < C

P 2
0<t<T + + 5@6%(3 + 1) +lo F(;?]y +

T, B Ty

[ Py (D?

[ S i
= — <
Tﬁx CxT1/4’ ngnt ~ QEQgcmCBT s
(D? (D?

EJQF(my = 602F50yT_1/4.

< ;
Bny, ~ cpe,TV/4

With the definitions of c;, ¢y, ¢, each of the four displayed terms is bounded by a universal constant

times B
<£3D2U2F5Q5P0> 1/4
— 7 .
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The remaining +1 in B + 1 contributes

(Qsn: = €Qsc, T34,

which is bounded by the same balanced term after enlarging the universal constant, since B > 1
implies 1, < 1, B. Keeping the two residual terms in (C1-fixed) gives

<€3D202F5Q5P0> L/4 | DoyTs 02T

min_ |[V®(z)|? < C - T -

0<t<T

C.1.8. THEOREM 5.7

Proof If Py = 0, then ap = bp = 0, and the same argument as in the proof of Theorem 5.6 gives
V& (xp) = 0. Assume Py > 0. Let

Ty := max{1,log(c/5)},  Qs:=L*+ o°Ty,

A:=P,, B = 1Qs, Cy = {D?, Dy := lo°Ts.

Define
M; := (ABCoDo)V/* = ((*D%6°T5Qs By) ",
A3/4 A1/4(BCO)1/4
“TBGDYT VT T pyn
e (COD0>1/2 _ (ep_wrg)l/{
AB PoQs

Construct the deterministic shift

o?T 4/3
50 1= {1 V (80c,)Y3 v (20e,)t V ¢ v gtV < M;) -‘ .

The theorem’s schedules are exactly
Net = C:Jc(t + 50)_3/4> Tyt = Cy(t + 50)_1/4'

Step 1: verify the step caps, monotonicity, and initial potential. By the definition of s,

_ 1

sg > (8€cx)4/3 = N0 = Cz5 3/4 < 37
4 —1/4 _ 1

50 > (20cy) = Ny0 = CySy < 2%

Since both schedules are decreasing, these caps hold for every ¢ > 0. Also (7)) is nonincreasing.
For the second monotonicity condition in Theorem C.1, write, for u =t + so > 1,

1/4
At41 _ %Ci (t + so0) _ 2£C—mu1/4(u + 1)—3/4'
Myt cy (t+ 14 s0)3/4 Cy
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The map u — u'/*(u + 1)~3/ is nonincreasing on [1, c0) because

d (1 3 1-2u
logu — > 1 ) =——"" <y
du ( ogu— 7 log(u+ )> tufu+1) =

Finally, 1,0 < 1/(8¢) gives

Py = ®(x0) — ®* + 20n,0(9(z0) — f(20,90)) < Po = A.

Step 2: define the hidden adaptive proof partition. Fix an arbitrary horizon 7" > max{2, so}
and set

Ar :=1+1og(1+T/s0).
Define the deterministic partition recursively by 7o := 0 and

Tm+1 := Min {T, Tm + (CB\/M]}

until 73 = T, and let

By, = Tit1 — T

This partition is only used in the proof; it is not part of SGDA. For every nonempty block,

By < [eBvVTm + 50| < ¢BVTm + 50+ 1 < 2¢VTm + S0,

because cg+\/Tmm + So = ¢By/So > 1 by s9 > 01_32. For every full nonterminal block, the recursion

also gives
By = cvVTm + so.

Step 3: evaluate the sums in Theorem C.1. The ordinary sums satisfy

T—1
S1(T) = ¢y (t+ so)_3/4 > ce, YA,
t=0
Also,
T—1
So(T) = 2y (t+s0) %2 < Oy,
t=0
T—1
S5(T) = cyey Z(t + 30)_1 < CegeyAr, Nmax = CzSg 3/4,
t=0

For the block-comparator sum, put u,, := 7., + sg. Then

M— M-1
2 : N, tm } :ufnl/Z.
m=0 ny Tm Cy m=0

For every full nonterminal block,

c B
B < m
VvV Um Um
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The upper block bound and sy > CQB imply By, /u,;, < 2. Hence

B
=< Clog <Um+1> = Clog (W)> .

Um Um Tm + S0

Summing over the full nonterminal blocks telescopes, while the final block contributes at most
N 1/2 < cl_gl. Therefore

M-1
S < CeglAr,  S(T) < O Ay
m—0 CyCB

For the block-drift sum, monotonicity of 7, ; within each block gives

m=0 t=Tm
M-1
< B2,¢2(Tm + s0) 732
m=0
M-—1
< Clch (T + 50) /2
m=0
< CcicBAT

Step 4: apply Theorem C.1. Apply Theorem C.1 with the deterministic partition above and with

block starts s,, = 7,,. Using Py < A and the preceding sum estimates, with probability at least
1-4,

C [A ID?
1 2 < — | — PR
0St<T IVe(z)I” < /4 |:Cm * CyCBAT + fQacscphr
+ EUQF(;cyAT + ngcxsal/2 (*)

+ Do/ F5351/4 + 02F5353/4 .

Indeed, the terms arise as follows:

¢D%S,.(T) C (D?
Sl(T) - T1/4 CyCRB T

0Qs52,B(T) < C

Sl(T) = T1/46Q5CICBAT7
£Qs52(T) C ~1/2
STy = paat@etsso
(Do/So(TT; _ C i
sy S pPovEse
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S(7) < 717 Lo“TscyAr,
02 NmaxLs 9 —3/4
STy =A%
Step S: balance the constants. The definitions of c;, ¢, cg, M give the four identities
A ¢D?
— = M;, =Ms,  {Qscycp = Ms,  o’Tsc, = Ms.
Cy CyCB

The remaining terms are lower order by the construction of sg. First,

so>cgt = 881/2 < c¢B,
)
f@acmsal/Q <UQscqc = M.
Second,
so > czB = 361/4 < 01_31/2,
and
(Do\/Tycy'? = M,
)
(Do+/Tysy /* < Mj.
Third,
2 4/3
r _
80 > (U 6) —  Tysy Yt < M.
M
Substituting these bounds into () and using Ap > 1 gives
CA
. 2 T
< —F .

Since T' > s¢ > 1,
Ar=1+1log(14+T/sp) <C(1+1logT),

and the definition of M gives the claimed bound. Since T' > max{2, so } was arbitrary, the theorem
follows. u

C.2. SGDA(yj;p in Heavy-Tailed NC-C Games
C.2.1. LEMMA 5.8

Proof We start from Lemma 5.5 and replace the SGDA noise vectors by
§+67, & +p
The block dual-gap term inherited from Lemma 5.4 is

2L w41 — sl
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so the clipped version must keep the same shifted iterate. The direct substitution gives

Nzt 2

4

IV@()|I* < P = Prya + 212002 , — s (V0 (w0) & + B7) + 2002, ||&F + 57

lye — v = lyesr — v
+ A1 | 2L [z — @[ + 5
ny,t

+<yt—y§,§§’+55’>+77y7tH5§’+6i’H2]-

For the z-bias inner product,

e (VO(21), B7) < 2LV (a)|* + 20 1571
Also,
2 ||l¢x x 2 2 ||¢x 2 2 x |12 2 ||l¢x 2 x 2
200, & + Br || < e, & | + 42, 18717 < 42, & |+ 2mee 18717,

where the last inequality uses 7, ; < 1/(2¢). Finally,
Y yl|? su|? 2
&+ 8| <z2[&| +2080

Substituting these estimates and moving the absorbed (7,.¢/8) || V®(z;)||* term to the left proves
the lemma. u

C.2.2. THEOREM C.2

Theorem C.2 (Convergence of SGDA cjjp in heavy-tailed NC-C games) Suppose Assumptions 3.1,
3.3, 3.4 and 3.6 hold with p € (1,2]. Fix a horizon T > 1 and a deterministic partition 0

sp < 51 < -+ < sy = T. Let s(t) = sy, whenever s,, < t < Sy41, and choose y} €

d

arg max,cy f(s,,,y). Assume 1z < éﬂ?y,t < iva,t > 2L,7yy > 2D, and let \ o

d d D2)\? . . . d

200y 4, wy o g‘f?;lt,ut o D2\ qwy = 27];?, and assume wy is nonincreasing. Define G i
Nz, t

g V() 12+ u; and G, & LA L2+ uy. Let Co > 0 be a sufficiently large constant and define:

Y

—1
By = max{l,gg?%(t{Bf,Bf,Bf}}, z = B,

BY = 273071-\/@ + 6457]:%,17'33@
v . 5 2 2
B! = 27y7i\/m + 64wy, ;7 ;s

B! :=96Cyo” <77x,ﬂ§;p =+ ny,ﬂ;,?p> :

where
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For k <T, define
k—1

Sq(k) == DQwozo—i—Z 2 [2L2€nit + 2L ||zee1 — 2y || + D?w, 1{s(t + 1) # s(t)} +w]
=0

k—1

1—

S()’q—(/{) = E Zt/\t+1Ty7tp,
t=0

k—1

S1+(k) = Zzt [772,157';?;2}) + )\t+177y,t7'y2;2p} :
t=0
k—1

Sor(k) =D 21 [ 02 727" + Aevamyary |
t=0

Then, with probability at least 1 — ¢, forall 1 < k < T,

k—1
zp_ 1P + Z 221Gy < C [Z()P() + Sd(k) + DUPS(),T(]C) + O'2p5177—(k) + O'pSQﬂ—(k) + F(;} ,
t=0

where C, ¢ > 0 are universal numerical constants and I's := max{1,log(c/d)}.

Proof Define the augmented potential

_ 2
P =P +wy Hyt - yz(t)H .

From Lemma 5.8, for s = s(t),
% IVO(2:)[|* < P — Pryr + 2L2£7732:,t + 2L 41 ||wee1 — 25|

2 2
Hyt - y*(t)H - Hyt+1 - y*(t)H ~
g O L g (V@) &) + a0, |
Tyt
~ ~ 12
+ A1 <yt - yz(t),£f> + 2N 1m0yt Hf{?H + 4ng ||/Bf”2

2
+ At (v = Vi BY) + 2heamy 1877

2

&

Because wy = Aiy1/(21y,+), the distance difference equals

2 2
Wt (HZ/t - Z/:(t)H - HytH - yz(t)H ) .

Using nonincreasing w; and the blockwise definition of s(t),

2 2 -
wy <Hyt - 3/2(,5)H - Hyt+1 - y&@” ) < P, — Piy1 + D*wil{s(t + 1) # s(t)}.
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Add wu; to both sides and set

A
cf = —Vo(xy), cf = 17t+t1 (vt — Y2))» dy =4, d} = 4wy.
y’

Since di’n;t = 2\14+17y,1, We obtain

Gy < Py — Pt + My <c§,2§0> +dins, HQEHQ + Nyt <ci’,g§’> +din H%?HQ + 7,
where the nonnegative remainder is
T ::2L2€ni’t + 2L 41 H$t+1 — Ty(p) H + D?w1{s(t +1) # s(t)} + w
+ At 1B + DAeyr 1BY] + 2hamye 118Y11

This is the only place where the y-bias inner product is handled: it is paid linearly via A;y1 <yt — y;( 2’ BY > <
DA¢41]|3Y]|- The self-bounding property is immediate:

Nt |7 ]|° = 10t [|[V@(20)[|* < 8Gy,

A\? 2 D2)\?
2
P = ZE |y — g || £ T = 200 < 26
Tyt Tyt
Thus 1;.¢ || |* + 1.6 [} |* < 10G.
The deterministic low-signal conditions in the theorem imply Lemma 4.8 applies at every iterate:
\Vaf(xe, y)|| < L < 7py/2and ||Vy f(2i41,9:) || < €D < 7,4/2. Hence, almost surely,

ny,t

’ gf < 27—3:,257 H%H < 27—y,ta
2|2 p_2—p su|? P 2P
E[|\& | | Fil < 16077,,7, E[H&H | Fig1y2] < 16077, .7,
1— 1—
18E 1 < 4Up7'x,tp> 1671 < 4UpTy,tp'

Apply Lemma 4.10 to the process ﬁt with the deterministic envelope Gy, C; = 10, d¥f = 4/, and
d{ = 4aw;. The definitions of By in the theorem dominate the corresponding normalization terms in
that lemma. With probability at least 1 — 4, simultaneously for all k < T,

k—1 k—1 k—1
21 P, + Z 2:Gy < 220FP) + 2 Z zre + 4 Z 2Dy + 215,
t=0 t=0 t=0

where D; < CoP (En%tnf;p + /\t+177y7t7'§;p ) Moreover, P, > P, and Py < Py + D?wyg. The
squared clipping biases give

2—2 2 2—2
A |1BEN? < Co®Pnp a7, 2A 1yt 18717 < Co™PXamyary 7,

x,t

while the linear y-bias gives
DX\t |18} < 4DoP A7y "

Substituting these bounds, absorbing numerical constants, and using the definitions of Sg, So. -,
S1,r,and Sy~ proves the theorem. |
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C.2.3. THEOREM 5.9

Proof Leta == 2p—1)/B3p—2),¢c:=1/83p—2),q :=p/B3p—2),andr :=1—a =
(p—1)/(3p — 2). Write

I's := max{1,log(co/5)}, Ay := Py+ Ty, Hy := L? + oL, A := (3D?0PT'5Hy,

and set Y := ¢Do? and 1 := {Y/(A5A4)Y/*}4/(3p=2) where ¢y > 0 is universal. Write the fixed
schedules as n, = ¢, T~ %, 1y, = ¢, T~ ¢, and 7 = 79T, with

A§/4 (AsAg)t/4

Cop~ T (5 TL> Cy = Cyp— a5 11"
P v Dy P

Cp i=

Let p := (D?/(Hsczcy))Y/? and B := [pT?], and use the deterministic proof partition 0 = s <
s1 < -+ < sy = T into consecutive blocks of length B, except possibly the last block. The
partition is only an analysis device.

Choose Tp large enough sothat 1 < B < T, n, < (8¢)~1,n, < (2¢)~%,and 7 > 2max{L, (D}
forall T' > Ty. We also choose Tj large enough and c; 5, ¢, ;, small enough so that the normalization
factors in Theorem C.2 satisfy B; < 2, hence z; > 1/2. The quantities being estimated here are
precisely the deterministic envelope G and the three self-normalizer coefficients BY, By, BY:

G, = "7xL2 D2)‘t2+1

772
S el? + 2D,
21y 77y

Bx< (mL+€Dn3/277 1/2> +£77
B 5 T (L 77:(:7]3/ 1/2 +{D 7796) +€nx77y s
By < aP(n, 2 P4y 2= Py,

Z

Under the displayed schedules, the factors appearing in these four lines obey

T = O(T™), 2y 12 = O(T7™), nprt = O(I™"),
7(nemy) 2 = O(T™"), Ny = O(T72),  ner* P+ P =0(T7").

Thus all self-normalizer coefficients are controlled by the threshold 7y and the p-dependent con-
stants.

Apply Theorem C.2 with confidence /2, and apply Lemma A.11 with confidence §/2 to the
same deterministic partition. Enlarging the universal constant inside I's if necessary, both events
use the same I'5. On their intersection, whose probability is at least 1 — §,

~

2Gy < C [As + Sa(T) + Do Sy (T) + 081 (T) + 0P8 (T)]

I

2 Gy >

co|

. (& .
(Z n) min [V (a)|* = 7577 min [ Vo)

t<T

N

t<

The lower bound uses z; > 1/2 and 7', = ¢, T".
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We next bound the terms on the right-hand side of the master inequality. The block-boundary
term, the smoothness term, and the u;-term satisfy
2
S D2, < 2Ll < e
blocks B My Py
D 2L = O(T' %) = o(1),
t<T

2
3w S DT = O(T'%%¢) = o(1).
t<T My
Here 1 — ¢ — a + ¢ = 0 gives the boundary estimate, while 1 — 2a + ¢ = —r < 0 makes the last
two terms lower order; increasing 7y absorbs them. _
It remains to control the block drift. For a block I, = [$p,, Sm41), Write My, 4 := Zﬁzsm nz&r.
The clipped update, the NC-C Lipschitz bound ||V, f(z;,y;)|| < L, and the clipping-bias bound
18] < 40PT17P give, for t € Iy,
t
Jots1 = Tonll < 3y (L + 4077177) 4 [ My

1=Sm

Therefore, for Dy := ), 7 2Lzi Ay 1||Te g1 — Ty(t)

M-1
Dy < CLL?BTn? + CLLo? BT 7P + Z O TAX | M el
€lm
m=0

Q= 2L Z zthir1 < CLEB,.
teln,
The first deterministic block-drift term is < ¢L%pc2 because 1 + ¢ — 2a = 0, and the deterministic
clipping-bias contribution has the extra factor 7<(1=7) = 77"
For the weighted-block event, instantiate Lemma A.11 with (; := ﬁng, R; := 2n,7, and
Vi := 1607 Bn?727P. Then K, < nyV BoPT2=P + 1,7, and

M-1
Z Qp max || My, || < C
0 telm 0<m<M

M-—1
Z amKy + s max ame] ,
m=0

M-1
Z am K < LETn? (\/ BopPr2—P 4 7') )
m=0

The first summand in the last line scales as 7" because 1 — 2a + {q + ¢(2 — p)}/2 = —r, and
the second also scales as T~ " because 1 — 2a + ¢ = —r. The maximal term is lower order after
increasing 7p, so
Dr < CplHspc?.
The remaining clipped-noise terms are deterministic under the fixed schedules:
Do?Sy (T) < Do? Z g1 P < YCmT(}ip,
t<T
UQpSl,T(T) S; 021) [Tnaﬂjizp + Tnxny7—272p] ,

o?S9+(T) < bo® [TH§T2”’ + T77x77y727p] S ggpmcxcyﬁ?_p-
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The first line uses 1 — a + ¢(1 — p) = 0; the S} ; terms and the first S ; term are lower order, while
Tnanym> P = cyeyre P and Ts > 1 give the last bound.
Combining the master estimate with the deterministic bounds gives

¢(D?%c,

E 2 Gy < Cp [Ag + + (H;spc? + LoPTscaeymy ¥+ chTol_p] ;
PCy
t<T

and division by the lower bound ¢, 7" /16 yields

min_ IVe ()| <

Q As  (D?
0<t< - Tr

7+7+€H5pcx+60' F50y70 p+Y ] .
Py

It remains only to evaluate the deterministic choice of constants. The chosen value of p balances
the two block-boundary terms:

(D? H
—— + (Hspcy, = 20D o
pey Cy

Balancing this expression with £gPT's CyTO P gives

2/3
ED\/H(;CQC {D 2 1 3
ey =p | ———— ) = 4 (Hspcy + boPTscyme P <, (Asce 7‘ /
y ~p <£O’pP5T§ p pc, PCx yTo - Sp ( )
Balancing this term with Ag/c, gives
3/4
Ay A5

. =5 3 1/4,_(2-p)/4
Cz =p /4 _(2—p)/2° + (Asce T ) Y S (A(SAJ) To :
As' ”“'

The corresponding c, is exactly the stated ¢, ,(AsAs)1/4/((oPT g7 > P4

dependent constant. Finally, the chosen 7 balances the last two terms:

, after adjusting the p-

(AsD) V472 Ly 7l P < (A5 05)7Y BP)/(Bp=2),

Substituting into the preceding stationarity bound and using r = (p — 1)/(3p — 2) gives

0<t< T

AAs Y@/ -1\
min ||v¢><xt>u?scp( el :

which is the claimed rate after expanding As = (3D%0PT's(L? + oPTs), As = Py + I's, and
Y ={¢DoP. |
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C.2.4. THEOREM 5.10
Proof Leta := (2p—1)/3p—2),¢c :=1/3p—2),q :=p/3p—2),andr := 1 —a =
(p—1)/(3p —2). Write
[y :=max{l,log(co/6)},  As:=Py+Ts,  Hs:=L>+0"T5,  As:=(’D’s"T;Hy,

and set Y := (DoP and 79 := {Y/(AsAs)/4}*/3P=2) where ¢ > 0 is universal. Write the shifted
schedules as 1), 4 = ¢ (t + s0) ™%, Nyt = ¢y(t + s0) "¢, and 7 = 79(t + 50)€, with

A§/4 (AsAg)'/4

Cop—T——r, Cy 1= Cyp———giz—T
pA¢1$/4T(§2 p)/4 Y ypﬁgpf(; 73( p)/4

Cp 1=

Set p := (D?/(Hjsczcy))'/2. Choose sq large enough that, for all ¢ > 0, we have 7, ; < (8¢)71,
Nyt < (20)~%, 7, > 2max{L,£D}. We also choose sq large enough, and Ca.p, Cy,p SMall enough,
so that the normalization factors in Theorem C.2 satisfy B; < 2, hence z; > 1/2. The quantities
being estimated are the deterministic envelope G and the self-normalizer coefficients B, By, BY:

2
ﬁxtLQ n D? )‘t—l—l < nesL? + €2D2M,
21y ¢ Tly,t

3/2 1/2
(7790 +L + 4D nz/t nyt/ ) + 0 477

B! < t(L Nealyt) > + €D, t)+€nxmy,m,
By S ”(nxm +77ytTt .

Gy =

Here we used 7, t+1 < 72+ in the bound on G;. Under the shifted schedules, these factors decay as

—2r 3/2 —1/2 —3r -
e = O((t+50) "), m'my® = O((t +50)™). n7f = O((t 4 50) ™),
Tt(nxmyt)l/Z =O0((t+50)7")  Meemyeri = O((t+50) 7). moury T = O((t+50) ™),
ety = O((t +50) 7).
Thus the normalization conditions hold after increasing sy and shrinking the p-dependent constants
if needed.

Also choose sg so that wy is nonincreasing. Since wy = A1/(2ny) = L(ca/cy)(t + 1 +
$0) " *(t + sp)¢, it suffices to impose sg > [¢/(a —¢)] = [1/(2(p — 1))]. Indeed, for u =t + sy,

):E_ a :c—(a—c)u<0
u

d C —a
OBt D) u+1 w(u+1) —

du

whenever u > ¢/(a — ¢).
Define the deterministic proof partition by ro = 0 and

rip1 = min {7, r; + [p(r; + s0)?]} .

Let I; = [rj,rj4+1) and B; := ;41 — r;. This partition is only an analysis device.
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Apply Theorem C.2 with confidence §/2, and apply Lemma A.11 with confidence §/2 to the
same deterministic partition. On their intersection event, whose probability is at least 1 — 4,
T-1
> %Gy < C[As + Sa(T) + DoPSo - (T) + 0 S1 +(T) + 07 S2-(T)] ,
t=0

1 .
Z Zth Z g Z Ztncc,t I;Iil%l HV<I>(a:t)||2
t<T t<T

> ey (Z(t + so>“> min [ V(r0)|

t<T
> ¢,c,T" min |[V® 2
> ¢pe; 1" min [V (ay)]|

The last line uses z; > 1/2 and the integral lower bound Y, (¢ + s9) ™% 2, T'~%, valid because
T > sp.

We now estimate the deterministic terms. By increasing sy once more, the adaptive blocks
satisfy 741 + so < 2(r; + so), and the ceiling error in the block count is absorbed by 1 + log T’
for all T" > sg. Hence the usual integral comparison for this partition gives the block-boundary,
smoothness, and u; estimates

Cx —(a—c
> DPwy, SIDPEY (4 50) )
j

Yo
T+so
<D= (1 / yma=(a=0) du+1>
Cy p S0
(D2
< =21 +1ogT),
PCy
oS (t+s0)7,
t<T t
n2 c?
5 < B gyt
vt it Gy

The boundary estimate uses the monotonicity of w; and ¢ + (a — ¢) = 1; the last two sums are finite
uniformly after the shift because 2a > 1 and 2a — ¢ > 1.

For ¢t € Ij, the clipped update, the NC-C bound ||V, f(z;,v:)|| < L, and |57 < 407’7'@-1_13
imply

¢ ¢
lees =, | < 30 mes (L4407 7) 4 3 mesy
1=r; =T
Consequently, the deterministic part of the block drift satisfies

T+so
CrL? Z B; Z 773:,t < CUL%pc? / u?™2% du
J

tte S0

< UL%pc(1 4 log T).
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Here ¢ — 2a = —1. The deterministic clipping-bias part has the additional factor Ttl_p , whose
exponent makes the corresponding integral summable after the shift. B

For the martingale part, instantiate the weighted-block event with ¢; := n; ;£ R; := 21, ,;7;,
and Vj := 1607 3, /. ng,irf_p. Use block weights o := 2L, ;. ztAeq1: for uj := 75 + so,

a; S Lﬁcxpu;ka,

KJ S_, Ca;\/WTO(Q_Z))/2u;a+(q+6(2_p))/2 +C$7-Ouj_a+c-

ate — uj_%. Converting the block sum with

density (pu?)~!du gives exponent (¢ — a — 2r) — q = —a — 2r < —1. Thus >_jo;K; and
I's max; a; K; are, after increasing sg, dominated by the same logarithmic scale, and the whole
block-drift term obeys

Since ¢ + ¢(2 — p) = 2c, both powers in K are u;

Z QLZt)\t+1 th+1 — l’s(t) H S CPEH(;pCi(l + 10g T).
t<T

The remaining clipped-noise terms are deterministic under the shifted schedules:

Do?So(T) < YVegry P Z(t +50) 0P < Ve P (1 + log T),
t<T

2 2 2-2
oS ( pz {nx 1 A Ny p] ;
t<T

o"52.(T) 5 EUPZ [77;1; tTt P+ nxmy,m p] :
t<T

The Sp - line is logarithmic because —a +¢(1 —p) = —1. The S} ; terms and the first S ; term are
summable after the shift, whereas the second Sy ; term is logarithmic because —a —c+¢(2 —p) =
—1; therefore

P Sy (T) S lo? FngCyTO P(1+1ogT).

Combining the bounds gives

(D?c,

3" %Gy < Cy(1+1og T) [Ag +

+ EHypc? + LoPTscoeymy P+ Yeory p} '
t<T ey

Dividing by the lower bound c¢,c,T" yields

min HV‘P(:Q)H <

Cp(1+1ogT) & (D?
0<t<T Tr

—— + {Hspc, + EapfgcyTo + YTé_p} .
Cy pCy

The bracket is the same deterministic bracket optimized in the proof of Theorem 5.9. With the same
choices of p, c;, ¢y, 7o, it is bounded by Cp(A5A5)TY(2_p)/(3p_2). Therefore

1+logT
mln HV(I)(:L‘t)”Q <G, 1+losd

y 2-p)/(3p—2)
0<t< Tr (A586)"Y ’

which is the claimed rate after expanding A, As, and Y = ¢DoP. |
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