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Abstract
Nonconvex min-max optimization is a cornerstone of modern machine learning. However, its the-
oretical foundations remain largely limited to in-expectation convergence guarantees, which fail
to capture the failure probability of individual training trajectories, particularly in the presence of
heavy-tailed noise. In this work, we bridge this gap by establishing the first high-probability con-
vergence guarantees of stochastic gradient descent-ascent (SGDA) in structured nonconvex games,
specifically nonconvex-PL (NC-PL) and nonconvex-concave (NC-C) problems. We derive high-
probability convergence rates of SGDA matching the best known in-expectation rates in the sub-
gaussian noise regime. Then, we investigate the heavy-tailed noise regime and prove that SGDA
cannot guarantee high-probability convergence in general. Finally, we analyze a gradient-clipped
variant, SGDAClip, and show that it recovers high-probability convergence guarantees in both NC-
PL and NC-C games. Our analysis is based on novel progress quantities that simultaneously bound
stationarity and primal-dual martingale terms, which yield self-bounding concentration bounds.
Keywords: min-max games, stochastic gradient descent-ascent, high probability convergence

1. Introduction

Nonconvex min-max games have become a cornerstone of modern machine learning, underpin-
ning the success of Generative Adversarial Networks (GANs) (Goodfellow et al., 2014), adversarial
training (Madry et al., 2018), and multi-agent reinforcement learning (MARL) (Wu et al., 2025). A
key workhorse algorithm for solving min-max games is stochastic gradient descent-ascent (SGDA)
Lin et al. (2019), a generalization of stochastic gradient descent (SGD) for min-max problems. The
prevailing theoretical landscape, however, is dominated by in-expectation guarantees (Gidel et al.,
2019; Lin et al., 2019; Yang et al., 2022; Cho and Yun, 2023), except for a few works that focus
on variational inequalities (Gorbunov et al., 2022b; Sadiev et al., 2023) or specialized algorithms
under light-tailed noise distributions (Laguel et al., 2024). While in-expectation results provide
coarse guarantees, they fail to capture the inherent volatility in individual training. Empirical ob-
servations also suggest neural networks often encounter heavy-tailed noise (Simsekli et al., 2019;
Zhang et al., 2020), which can lead to substantial deviations from in-expectation behavior. The
fact that in-expectation results offer no assurance against failures in each run is a critical deficit for
large-scale training (Wu et al., 2025). To bridge this gap, one must move beyond in-expectation
arguments and establish high probability guarantees.

Contributions. We establish the first high-probability convergence guarantees of SGDA in struc-
tured nonconvex min-max games, specifically nonconvex-PL (NC-PL) and nonconvex-concave
(NC-C) problems. Our main contributions are two-fold:
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• We prove high-probability convergence guarantees of SGDA in NC-PL and NC-C games
under a subgaussian noise model, and match the best known in-expectation rates.

• We demonstrate that while SGDA can lose general high-probability guarantees under a heavy-
tailed noise model, its gradient-clipped variant, SGDAClip, can recover high-probability guar-
antees even under heavy-tailed noise.

The key technical ingredient of our analysis is a two-player self-bounding concentration architec-
ture for SGDA. Unlike SGD, the stochastic terms in SGDA couple primal and dual errors and are
adapted to different stages of the half-step filtration. We therefore design progress quantities that
simultaneously dominate stationarity, dual suboptimality, and the martingale variance proxies. Un-
der heavy-tailed noise, clipping introduces additional bias terms whose bounds are valid only when
both players remain in a low-signal regime; we close this circularity through a pathwise normaliza-
tion/bootstrap argument. In NC-C games, the same idea must also be combined with a blockwise
analysis of the dual maximizer and partition-level martingale control. We defer all proofs to Ap-
pendix B and Appendix C, and summarize our results in Table 1 and Table 2.

2. Related Work

Convex–concave games and monotone variational inequalities are now classic and well-studied
(Nemirovski, 2004; Juditsky et al., 2011; Du and Hu, 2019; Gidel et al., 2019; Azizian et al.,
2020b,a; Mokhtari et al., 2020; Golowich et al., 2020; Gorbunov et al., 2022c,d). The most well-
studied algorithms for convex–concave games include extragradient (EG) (Korpelevich, 1976b) and
optimistic gradient descent ascent (OGDA) (Popov, 1980; Daskalakis et al., 2018; Gidel et al.,
2019; Mokhtari et al., 2020). Recent work established their last-iterate convergence rates (Golowich
et al., 2020; Gorbunov et al., 2022c,d), and their in-expectation rates of stochastic counterparts
(Gidel et al., 2019; Hsieh et al., 2019; Mishchenko et al., 2020; Gorbunov et al., 2022a). However,
while EG and OGDA have shown strong theoretical guarantees, SGDA-type algorithms remain
main workhorses in practice (Cheng et al., 2024a,b) due to their simplicity and efficiency, and have
been shown to exhibit strong theoretical guarantees as well (Zhang et al., 2022; Beznosikov et al.,
2023). For instance, Zhang et al. (2022) proved that SGDA can enjoy the same optimal local conver-
gence rate as EG and OGDA in strongly-convex–strongly-concave games. Beznosikov et al. (2023)
showed that SGDA can converge in monotone variational inequalities, and enjoys similar rates as
EG and OGDA under quasi-strong monotonicity and star-cocoercivity. These results set baselines
for convex regimes, but they do not address the nonconvexity studied in this paper.

Nonconvex games are computationally intractable in general (Papadimitriou, 1994; Daskalakis
et al., 2006), and often exhibit cycles that induce non-convergence of iterative algorithms (Mer-
tikopoulos et al., 2018). Such computational hardness motivated the study of structured nonconvex
games, where one imposes computationally tractable structures over one of the players. The most
widely studied structured nonconvex games are nonconvex–PL (NC-PL) games (Nouiehed et al.,
2019; Yang et al., 2022; Cho and Yun, 2023; Huang et al., 2025) and nonconvex–concave (NC-C)
games (Lin et al., 2019). NC-PL and NC-C games assume a Polyak–Łojasiewicz (PL) condition
and concavity in the maximization variable, respectively, and both admit efficient algorithms with
guarantees to approximate stationary points. For instance, Yang et al. (2020, 2022) established
the first in-expectation convergence guarantees of SGDA in NC-PL games, and Lin et al. (2019)
provided the first in-expectation convergence guarantees of SGDA in NC-C games. Subsequent
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works improved upon these results using without-replacement sampling (Cho and Yun, 2023) and
a momentum technique (Huang et al., 2025). Nevertheless, all these works focus on in-expectation
convergence guarantees, and do not provide high-probability guarantees over individual runs.

High-probability guarantees are less studied in min-max optimization, especially in struc-
tured nonconvex min-max games. Laguel et al. (2024) is one of the few works that establish high-
probability convergence guarantees in NC-PL games, but focuses on a smoothed variant of SGDA
under subgaussian noise. Gorbunov et al. (2022b); Sadiev et al. (2023) study high-probability con-
vergence guarantees of clipped variants of stochastic extragradient methods under both subgaussian
and heavy-tailed noise models, but their results focus on variational inequalities. In this work, we
fill this gap by establishing the first high-probability convergence guarantees of (clipped) SGDA in
both NC-PL and NC-C games under subgaussian and heavy-tailed noise.

3. Preliminaries

3.1. Structured Nonconvex Games

Throughout this paper, we make the following standard smoothness assumption on the game f .

Assumption 3.1 (Smoothness) The game f : Rdx × Y → R is differentiable and ℓ-smooth as:

∥∇xf(x1, y1)−∇xf(x2, y2)∥ ≤ ℓ(∥x1 − x2∥+ ∥y1 − y2∥), ∀x1, x2 ∈ Rdx , ∀y1, y2 ∈ Y
∥∇yf(x1, y1)−∇yf(x2, y2)∥ ≤ ℓ(∥x1 − x2∥+ ∥y1 − y2∥), ∀x1, x2 ∈ Rdx , ∀y1, y2 ∈ Y.

We refer to the setting where the function y 7→ −f(x, y) satisfies a PL inequality as nonconvex–PL

(NC-PL) games, and define the condition number κ def
= ℓ/µ, where µ > 0 is a PL parameter.

Assumption 3.2 (NC-PL) Let Y = Rdy and g(x)
def
= maxy∈Y f(x, y) <∞. Y⋆(x)

def
= argmaxy∈Y f(x, y)

is nonempty for every x ∈ Rdx . Moreover, there exists µ > 0 such that, for each x ∈ Rdx ,

1

2
∥∇yf(x, y)∥2 ≥ µ

(
g(x)− f(x, y)

)
, ∀y ∈ Y, (1)

We refer to the setting where the function y 7→ f(x, y) is concave as nonconvex–concave (NC-C).

Assumption 3.3 (NC-C) For each x ∈ Rdx , f(x, ·) is concave on Y , and there exists a maximizer
y∗(x) ∈ argmaxy∈Y f(x, y) with ∇yf(x, y

∗(x)) = 0. For each y ∈ Y , the function f(·, y) is

L-Lipschitz on Rdx . The domain Y is convex and closed with D
def
= diam(Y) <∞.

3.2. Algorithms

SGDA We define two-time-scale stochastic alternating gradient descent-ascent (SGDA) as:

xt+1 = xt − ηx,tGx(xt, yt, ζ
x
t ), yt+1 = ΠY

(
yt + ηy,tGy(xt+1, yt, ζ

y
t )
)
, (2)

where ΠY(·) denotes the orthogonal projection from Rdy to Y . Gx, Gy are stochastic gradient
oracles and ζxt , ζ

y
t are random seeds. We focus on two-time-scale regime where y moves faster than

x, i.e., 0 < ηx,t ≪ ηy,t. We omit the random seeds ζxt , ζ
y
t when they are clear from the context.
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SGDAClip We define a gradient-clipped variant of SGDA as:

xt+1 = xt − ηx,t clipτx
(
Gx(xt, yt, ζ

x
t )
)
, yt+1 = ΠY

(
yt + ηy,t clipτy

(
Gy(xt+1, yt, ζ

y
t )
))
. (3)

where clipτ : Rd → Rd denotes the standard norm clipping clipτ (v) :=

{
v, ∥v∥ ≤ τ,

τ v/ ∥v∥ , ∥v∥ > τ.

3.3. Noise Models

We define the stochastic gradient noise of each player at time t ≥ 0 as:

ξxt
def
= Gx(xt, yt, ζ

x
t )−∇xf(xt, yt), ξyt

def
= Gy(xt+1, yt, ζ

y
t )−∇yf(xt+1, yt), (4)

and define the natural filtrations (Ft)t≥0 ⊆ (Ft+1/2)t≥0 as:

Ft
def
= σ ({xk, yk | k = 0, . . . , t}) , Ft+1/2

def
= σ ({xt+1} ∪ Ft) .

Throughout the paper, we make the following standard unbiasedness assumption.

Assumption 3.4 (Unbiased stochastic gradients) The gradient noise ξxt ∈ Rdx , ξyt ∈ Rdy satisfy:

E
[
ξxt | Ft

]
= 0, E

[
ξyt | Ft+1/2

]
= 0, ∀t ≥ 0

The following two are standard models in the literature: norm-subgaussian and heavy-tailed noise.

Assumption 3.5 (Norm-subgaussian noise) There exists σ > 0 such that, for any t ≥ 0, the
stochastic gradient noise ξxt ∈ Rdx , ξyt ∈ Rdy satisfy

E
[
exp

(∥ξxt ∥2
σ2

) ∣∣∣Ft

]
≤ e, E

[
exp

(∥ξyt ∥2
σ2

) ∣∣∣Ft+1/2

]
≤ e.

Assumption 3.6 (Heavy-tailed noise) For each p ∈ (1, 2], there exists σ > 0 such that, for any
t ≥ 0, the gradient noise of each player ξxt ∈ Rdx , ξyt ∈ Rdy satisfy:

E
[
∥ξxt ∥

p | Ft

]
≤ σp, E

[
∥ξyt ∥

p | Ft+1/2

]
≤ σp. (5)

4. Nonconvex–PL Games

We follow Yang et al. (2022) and define a potential function Pt as:

Pt
def
= at + λtbt, at

def
= g(xt)− g∗, bt

def
= g(xt)− f(xt, yt), (6)

with a tunable λt ≥ 0 and g∗
def
= minx∈Rdx g(x). Intuitively, at and bt represent the primal and dual

suboptimalities at time t, respectively. We fix λt = 1
2 throughout our NC-PL analysis.
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Table 1: Comparison of existing convergence guarantees in NC-PL games. Complexity is mea-
sured by the number of gradient evaluations to achieve an ε-stationary point, i.e.,
mint∈[0,T ) ∥∇g(xt)∥ ≤ ε. Time horizon indicates whether the algorithm requires knowl-
edge of a time horizon T in advance. H.P. stands for high-probability guarantees. Our
results in Theorems 4.5, 4.6, 4.11 and 4.12 establish the first high-probability convergence
guarantees of SGDA in NC-PL games under subgaussian and heavy-tailed noise models.

ALGORITHM CITATION NOISE MODEL COMPLEXITY TIME HORIZON H.P.

SGDA YANG ET AL. (2022) BOUNDED σ2 O(κ4ℓε−4) KNOWN ✗

SGDA-RR CHO AND YUN (2023) FINITE-SUM O(κ3ℓn0.5ϵ−3) KNOWN ✗

MSGDA HUANG ET AL. (2025) BOUNDED σ2 Õ(ε−3)1 KNOWN ✗

ADAMSGDA HUANG ET AL. (2025) BOUNDED σ2 Õ(ε−3)1 KNOWN ✗

SM-SGDA YANG ET AL. (2022) BOUNDED σ2 O(κ2ℓε−4) KNOWN ✗

SM-SGDA LAGUEL ET AL. (2024) SUBGAUSSIAN O(κ2ℓε−4) KNOWN ✓

SGDA THEOREM 4.5 SUBGAUSSIAN O(κ4ℓε−4) KNOWN ✓

SGDA THEOREM 4.6 SUBGAUSSIAN Õ(κ4ℓε−4) UNKNOWN ✓

SGDACLIP THEOREM 4.11 HEAVY-TAILED O
(
κ

3p−2
p−1 ℓε−

3p−2
p−1

)
KNOWN ✓

SGDACLIP THEOREM 4.12 HEAVY-TAILED Õ
(
κ

3p−2
p−1 ℓε−

3p−2
p−1

)
UNKNOWN ✓

4.1. Subgaussian NC-PL Games

Following (Nouiehed et al., 2019; Lin et al., 2019), we interpret SGDA as an inexact descent on the
outer objective g, and obtain the following estimate of primal progress at.

Lemma 4.1 (Primal progress of SGDA in NC-PL) Under Assumptions 3.1 and 3.2, if ηx,t ≤
1/(12κℓ), SGDA iterates satisfy the following for all t ≥ 0:

at+1 ≤ at −
ηx,t
2

∥∇g(xt)∥2 + 4ηx,tκℓbt − ηx,t ⟨∇g(xt), ξxt ⟩+ 3η2x,tκℓ∥ξxt ∥2. (7)

To control the potential Pt, we also need to estimate the dual progress bt. We define the shorthands:

δt
def
= ∇xf(xt, yt)−∇g(xt), ϕt(y)

def
= g(xt+1)− f(xt+1, y), bt+1/2

def
= ϕt(yt).

Namely, δt is the bias of ∇xf(xt, yt) as an estimate of ∇g(xt), and bt+1/2 is the half-step dual gap.

Lemma 4.2 (Dual progress of SGDA in NC-PL) Suppose Assumptions 3.1 and 3.2, and let αt
def
=

1 + 4κℓηx,t + 12κ2ℓ2η2x,t. Then, SGDA satisfies the following ∀t ≥ 0:

bt+1 ≤ bt+1/2 − (ηy,t −
ℓ

2
η2y,t) ∥∇ϕt(yt)∥

2 + (ηy,t − ℓη2y,t) ⟨∇ϕt(yt), ξ
y
t ⟩+

ℓ

2
η2y,t ∥ξ

y
t ∥

2
, (8)

bt+1/2 ≤ αtbt + (
1

4
ηx,t + 6κℓη2x,t) ∥∇g(xt)∥

2 + ηx,t ⟨δt, ξxt ⟩+ 6κℓη2x,t ∥ξxt ∥
2 . (9)

1. Huang et al. (2025) state the Õ(ε−3) rate, but do not clearly expose the dependence on κ and ℓ.
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A direct combination of Lemma 4.1 and Lemma 4.2 yields the following potential estimate.

Lemma 4.3 (Potential improvement of SGDA in NC-PL) Suppose Assumptions 3.1 and 3.2, and

let γy,t
def
= 1

4

(
ηy,t − ℓ

2η
2
y,t

)
. If ηy,t ≤ 1

ℓ , ηx,t ≤ 1
64κ2 ηy,t, then, SGDA satisfies the following ∀t ≥ 0:

1

8
ηx,t ∥∇g(xt)∥2 + γy,t ∥∇ϕt(yt)∥2 + 4κℓηx,tbt ≤ Pt − Pt+1 (10)

− ηx,t ⟨∇g(xt), ξxt ⟩+
(1
2
− 2µγy,t

)
ηx,t ⟨δt, ξxt ⟩+ 6κℓη2x,t ∥ξxt ∥

2 (11)

+
1

2
(ηy,t − ℓη2y,t) ⟨∇ϕt(yt), ξ

y
t ⟩+

ℓ

4
η2y,t ∥ξ

y
t ∥

2
. (12)

A naive approach to derive a high-probability bound from Lemma 4.3 would be directly invoking a
standard concentration inequality, e.g., Azuma–Hoeffding, to the martingale difference terms ξxt , ξ

y
t .

However, each term on the left-hand side of Lemma 4.3 is in fact an upper bound of variance proxies
of ξxt , ξ

y
t terms, hence prevents a direct application of standard concentration inequalities. To tackle

this problem, we follow the recently adopted self-bounding concentration inequalities in optimiza-
tion literature (Harvey et al., 2019; Nguyen et al., 2023; Liu et al., 2023). The following lemma
identifies and exploits the self-bounding property of the martingale difference terms in Lemma 4.3.

Lemma 4.4 (Self-bounding subgaussian martingales) Assume martingale differences ξxt ∈ Rdx , ξyt ∈
Rdy satisfy Assumptions 3.4 and 3.5. Let ηx,t, ηy,t ≥ 0 be deterministic. Let dxt , d

y
t ≥ 0 be deter-

ministic. Suppose we have nonnegative processes Gt, Pt ≥ 0 and real-valued random variables rt
such that, for any t ≥ 0, the following holds almost surely:

Gt ≤ Pt − Pt+1 + ηx,t ⟨cxt , ξxt ⟩+ dxt η
2
x,t ∥ξxt ∥

2 + ηy,t ⟨cyt , ξ
y
t ⟩+ dyt η

2
y,t ∥ξ

y
t ∥

2
+ rt. (13)

Additionally, suppose that cxt ∈ Rdx is Ft-measurable and cyt ∈ Rdy is Ft+1/2-measurable. No
measurability condition is imposed on rt; it is carried pathwise. Assume the self-bounding property

ηx,t ∥cxt ∥
2 + ηy,t ∥cyt ∥

2 ≤ C1Gt, ∀t ≥ 0, (14)

where C1 ≥ 0 is some constant. Then, for any T ≥ 1 and δ ∈ (0, 1), with probability at least 1− δ:

T−1∑
t=0

Gt ≤ 2P0 + 2

T−1∑
t=0

rt + 16σ2C1ηmaxΓδ + 4σ2S2(T )Γδ (15)

holds with S2(T )
def
=
∑T−1

t=0 (d
x
t η

2
x,t+d

y
t η

2
y,t), ηmax

def
= maxt∈[0,T )max{ηx,t, ηy,t}, Γδ

def
= max{1, log(2/δ)}.

The key point is that the left-hand side of Lemma 4.3 is engineered to be both algorithmic progress
and a variance proxy upper bound of the stochastic terms ξxt and ξyt . In particular, it simultane-
ously controls the primal gradient ∇g(xt), the dual gradient ∇ϕ(yt), and the gradient mismatch
bt. This two-player self-bounding closure is what allows high-probability control of SGDA through
Lemma 4.4. Combining Lemma 4.3 and Lemma 4.4 with suitable step size schedules, we obtain our
main high-probability convergence guarantees of SGDA in NC-PL games under subgaussian noise.
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Theorem 4.5 (Convergence of SGDA in subgaussian NC-PL with fixed step sizes) Suppose As-

sumptions 3.1, 3.2, 3.4 and 3.5 hold. Let T ≥ 1, δ ∈ (0, 1), and Γδ
def
= max{1, log(2/δ)}. Then, if

ηx,t = min
{

1
64κ2ℓ

,
√

P0
Aκ,ℓσ2TΓδ

}
, ηy,t = 64κ2ηx, the following holds for SGDA with probability

at least 1− δ:

min
t∈[0,T )

∥∇g(xt)∥2 = O
(
κ2ℓP0

T
+
κ2σ

√
ℓP0Γδ√
T

+
κ2σ2Γδ

T

)
Theorem 4.6 (Convergence of SGDA in subgaussian NC-PL with decaying step sizes) Suppose

Assumptions 3.1, 3.2, 3.4 and 3.5. Let T ≥ 1, δ ∈ (0, 1), and Γδ
def
= max{1, log(2/δ)}. Then, if

ηx,t = min
{

1
64κ2ℓ

,
√

P0
(6κ+1024κ4)ℓσ2Γδ(t+1)

}
, ηy,t = 64κ2ηx,t, the following holds for SGDA with

probability at least 1− δ:

min
t∈[0,T )

∥∇g(xt)∥2 = O
(
κ2ℓP0

T
+
κ2σ

√
ℓP0Γδ(1 + log T )√

T
+
κ2σ2Γδ√

T

)

4.2. Heavy-Tailed NC-PL Games

Recent observations suggest that modern training often encounters heavy-tailed noise (Zhang et al.,
2020; Gorbunov et al., 2022b). Hence, a natural question would be: can we establish general high-
probability guarantees even under heavy-tailed noise? The following result gives a negative answer.

Proposition 4.7 (Impossibility of a general high-probability convergence guarantee of SGDA)
Fix any p ∈ (1, 2]. There exists a function f : Rdx × Y → R satisfying Assumptions 3.1 and 3.2,

with f(x, ·) strongly concave, such that the following holds. For any deterministic step size sched-
ules ηx,t, ηy,t ≥ 0, any horizon T ≥ 2 with at least one active x-update before time T ,

∃ t ∈ {0, . . . , T − 2} such that ηx,t > 0,

and any confidence level δ ∈ (0, 1), there exists a stochastic gradient oracle satisfying Assump-
tions 3.4 and 3.6 with exponent p for which the corresponding SGDA iterates satisfy

P

(
1

T

T−1∑
t=0

∥∇g(xt)∥2 ≥
1

δT

)
≥ δ.

Consequently, any general high-probability guarantee of the form

P

(
1

T

T−1∑
t=0

∥∇g(xt)∥2 ≤ ε

)
≥ 1− δ

for this class of oracles must satisfy T = Ω
(

1
εδ

)
.

However, Theorem 4.7 only applies to SGDA, and it has been shown that gradient clipping can effi-
ciently counteract extreme fluctuations of heavy-tailed noise in convex optimization and variational
inequalities (Gorbunov et al., 2022b; Sadiev et al., 2023; Nguyen et al., 2023). We show that the
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same holds for NC-PL games, and SGDAClip can be tuned to counteract such heavy-tailed noise.
The key technical challenge lies in controlling the clipping biases. Define:

G̃x
t

def
= clipτx,t(Gx(xt, yt)), G̃y

t
def
= clipτy,t(Gy(xt+1, yt)),

ξ̃xt
def
= G̃x

t − E[G̃x
t | Ft], βxt

def
= E[G̃x

t | Ft]−∇xf(xt, yt),

ξ̃yt
def
= G̃y

t − E[G̃y
t | Ft+1/2], βyt

def
= E[G̃y

t | Ft+1/2]−∇yf(xt+1, yt).

Here G̃•
t denotes the stochastic gradient clipped at threshold τ•,t, ξ̃•t is its centered residual, and β•t

is the corresponding clipping bias. The following bias decomposition lemma is now standard in the
literature (Nguyen et al., 2023; Sadiev et al., 2023).

Lemma 4.8 (Clipping bias decomposition) Suppose Assumptions 3.4 and 3.6 hold. Then, for
each t ≥ 0, the following holds almost surely:∥∥∥ξ̃xt ∥∥∥ ≤ 2τx,t,

∥∥∥ξ̃yt ∥∥∥ ≤ 2τy,t. (16)

Additionally, if the following inequalities hold at time t:

∥∇xf(xt, yt)∥ ≤ τx,t
2
, ∥∇yf(xt+1, yt)∥ ≤ τy,t

2
, (17)

then, the following inequalities hold, almost surely:

∥βxt ∥ ≤ 4σpτ1−p
x,t , E

[ ∥∥∥ξ̃xt ∥∥∥2 | Ft

]
≤ 16σpτ2−p

x,t , (18)

∥βyt ∥ ≤ 4σpτ1−p
y,t , E

[ ∥∥∥ξ̃yt ∥∥∥2 | Ft+1/2

]
≤ 16σpτ2−p

y,t .

Now we are ready to derive a potential lemma for SGDAClip.

Lemma 4.9 (Potential improvement of SGDAClip in NC-PL) Assume Assumptions 3.1, 3.2, 3.4

and 3.6 with λ = 1/2. Let γy,t
def
= 1

8(ηy,t−
ℓ
2η

2
y,t). If the step sizes satisfy ηx,t ≤ ηy,t/(128κ

2), ηy,t ≤
1/ℓ, and SGDAClip satisfies (17) at a given t ≥ 0, the following holds:

1

8
ηx,t ∥∇g(xt)∥2 + γy,t ∥∇ϕt(yt)∥2 + 4κℓηx,tbt ≤ Pt − Pt+1

− ηx,t

〈
∇g(xt), ξ̃xt

〉
+
(1
2
− 2µγy,t

)
ηx,t

〈
δt, ξ̃

x
t

〉
+ 6κℓη2x,t

∥∥∥ξ̃xt ∥∥∥2
+

1

2
(ηy,t − ℓη2y,t)

〈
∇ϕt(yt), ξ̃yt

〉
+
ℓ

2
η2y,t

∥∥∥ξ̃yt ∥∥∥2 + 6ηx,t ∥βxt ∥
2 + 2ηy,t ∥βyt ∥

2
. (19)

A key challenge for deriving a high-probability bound from Lemma 4.9 lies in controlling the bias
terms βxt , β

y
t . Controlling such bias terms requires the low-signal conditions, i.e., Equation (17) of

Lemma 4.8, and therefore, we need to establish a uniform control over Pt. The following variant of
Lemma 4.4 incorporates clipping biases, and yields a uniform control over the potential process Pt.

Lemma 4.10 (Self-bounding clipped martingales) Suppose martingale differences ξ̃xt ∈ Rdx , ξ̃yt ∈
Rdy satisfy Assumption 3.4, and admit deterministic bounds vxt , v

y
t ≥ 0 and thresholds τx,t, τy,t > 0

such that, for all t ≥ 0, the following holds almost surely:∥∥∥ξ̃xt ∥∥∥ ≤ 2τx,t,
∥∥∥ξ̃yt ∥∥∥ ≤ 2τy,t, E

[∥∥∥ξ̃xt ∥∥∥2 | Ft

]
≤ vxt , E

[∥∥∥ξ̃yt ∥∥∥2 | Ft+1/2

]
≤ vyt . (20)
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Let ηx,t, ηy,t ≥ 0 be deterministic, and suppose we have nonnegative processes Gt, Pt ≥ 0 and a
predictable envelope Ḡt ∈ Ft such that Gt ≤ Ḡt almost surely. Assume that, for any t ≥ 0, the
following holds almost surely:

Gt ≤ Pt − Pt+1 + ηx,t

〈
cxt , ξ̃

x
t

〉
+ dxt η

2
x,t

∥∥∥ξ̃xt ∥∥∥2 + ηy,t

〈
cyt , ξ̃

y
t

〉
+ dyt η

2
y,t

∥∥∥ξ̃yt ∥∥∥2 + rt, (21)

where cxt is Ft-measurable, cyt and rt are Ft+1/2-measurable, dxt , d
y
t ≥ 0 are deterministic, rt ≥ 0,

and the coefficients satisfy the self-bounding property

ηx,t ∥cxt ∥
2 + ηy,t ∥cyt ∥

2 ≤ C1Gt, ∀t ≥ 0, (22)

with a deterministic constant C1 ≥ 0. Define

Bt
def
= max

{
1, max

i∈[0,t]
max{Bx

i , B
y
i , B

v
i }
}
, zt

def
=

1

Bt
,

Bx
i

def
= 2τx,i

√
C1ηx,iḠi + 8dxi η

2
x,iτ

2
x,i, By

i

def
= 2τy,i

√
C1ηy,iḠi + 8dyi η

2
y,iτ

2
y,i,

Bv
i

def
= 6C1(ηx,iv

x
i + ηy,iv

y
i ), Dt

def
= dxt η

2
x,tv

x
t + dyt η

2
y,tv

y
t .

Then, for any δ ∈ (0, 1), with probability at least 1− δ, the following holds for all k ∈ N:

k−1∑
t=0

ztGt + zk−1Pk ≤ 2z0P0 + 2
k−1∑
t=0

(ztrt + 2ztDt) + 2max{log(2/δ), 1}.

Now we are ready to present our main results for SGDAClip in NC-PL games under heavy-tailed
noise. Unlike the subgaussian case, the clipping bias estimates are conditional on both players
remaining in a low-signal regime, i.e., Equation (17). Thus the proof cannot simply apply a one-step
bias bound and sum it: it must first establish a uniform pathwise control that keeps the primal and
dual clipping conditions valid simultaneously. The normalization factor in Lemma 4.10 is designed
precisely for this bootstrap. Lemma 4.9 and Lemma 4.10 yield the following results.

Theorem 4.11 (Convergence of SGDAClip in heavy-tailed NC-PL with fixed step sizes) Suppose

Assumptions 3.1, 3.2, 3.4 and 3.6 hold with p ∈ (1, 2]. Fix T ≥ 1, δ ∈ (0, 1). Let Γδ
def
=

max{log(2/δ), 1}, Aκ,ℓ
def
= (6κ+ 8192κ4)ℓ, and Bκ,ℓ

def
= 6 + 256κ2. Then, if we choose

ηx,t = cη

 P0 + Γδ

σ2B
(2−p)/p
κ,ℓ A

2(p−1)/p
κ,ℓ T


p

3p−2

, ηy,t = 128κ2ηx,t, τx,t = τy,t =

(
σpBκ,ℓ

2Aκ,ℓηx

)1/p

,

there exists a universal constant cη > 0 and a threshold T0 = T0(p, κ, ℓ, σ, P0, δ) such that, when-
ever T ≥ T0, the following holds for SGDAClip with probability at least 1− δ:

min
0≤t<T

∥∇g(xt)∥2 = O

σ 2p
3p−2B

2−p
3p−2

κ,ℓ A
2(p−1)
3p−2

κ,ℓ

(
P0 + Γδ

T

) 2(p−1)
3p−2

 .
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Table 2: Comparison of existing convergence guarantees in NC-C games. Complexity is measured
by the number of stochastic gradient evaluations to achieve an ε-stationary point, i.e.,
mint∈[0,T ) ∥∇Φ(xt)∥ ≤ ε. Time horizon indicates whether the algorithm requires knowl-
edge of the time horizon T in advance. H.P. stands for high-probability guarantees. Our
results in Theorems 5.6, 5.7, 5.9 and 5.10 establish the first high-probability convergence
guarantees of SGDA in NC-C games under subgaussian and heavy-tailed noise models.

ALGORITHM CITATION NOISE MODEL COMPLEXITY TIME HORIZON H.P.

SGDA LIN ET AL. (2019) BOUNDED σ2 O(L2ℓ3ε−8) KNOWN ✗

SGDA THEOREM 5.6 SUBGAUSSIAN O
(
L2ℓ3ε−8

)
KNOWN ✓

SGDA THEOREM 5.7 SUBGAUSSIAN Õ
(
L2ℓ3ε−8

)
UNKNOWN ✓

SGDACLIP THEOREM 5.9 HEAVY-TAILED O
(
L2ℓ

2p−1
p−1 ε−

2(3p−2)
p−1

)
KNOWN ✓

SGDACLIP THEOREM 5.10 HEAVY-TAILED Õ
(
L2ℓ

2p−1
p−1 ε−

2(3p−2)
p−1

)
UNKNOWN ✓

Theorem 4.12 (Convergence of SGDAClip in heavy-tailed NC-PL with decaying step sizes) Sup-

pose Assumptions 3.1, 3.2, 3.4 and 3.6 hold with p ∈ (1, 2]. Fix δ ∈ (0, 1). Let Γδ
def
= max{log(2/δ), 1},

Aκ,ℓ
def
= (6κ+ 8192κ4)ℓ, and Bκ,ℓ

def
= 6 + 256κ2. Then, there exist universal constants cη > 0 and

s0 = s0(p, κ, ℓ, σ, P0, δ) independent of T such that, if we choose

ηx,t = cη

 P0 + Γδ

σ2B
(2−p)/p
κ,ℓ A

2(p−1)/p
κ,ℓ (t+ s0)


p

3p−2

, ηy,t = 128κ2ηx,t, τx,t = τy,t =

(
σpBκ,ℓ

2Aκ,ℓηx,t

)1/p

.

then, the following holds for SGDAClip with probability at least 1− δ:

min
0≤t<T

∥∇g(xt)∥2 = O

σ 2p
3p−2B

2−p
3p−2

κ,ℓ A
2(p−1)
3p−2

κ,ℓ

(
P0 + Γδ

T

) 2(p−1)
3p−2

(1 + log T )

 .

5. Nonconvex–Concave Games

5.1. Moreau Envelope and Stationarity

In NC-C games, the outer objective g can be nondifferentiable even when f is smooth (Lin et al.,
2019). To define a principled notion of stationarity and a smooth surrogate objective, we follow Lin
et al. (2019) and adopt the Moreau envelope, which can be viewed as a smoothing operator.

Definition 5.1 (Moreau envelope) The λ-Moreau envelope of a proper lower semicontinuous func-
tion f : Rd → R ∪ {+∞}, denoted by fλ(·), and the proximal mapping proxλf (·) are defined as:

fλ(x)
def
= inf

u∈Rd

{
f(u) +

1

2λ
∥u− x∥2

}
, proxλf (x)

def
= argmin

u∈Rd

{
f(u) +

1

2λ
∥u− x∥2

}
.

10
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Definition 5.2 (Weak convexity) f : Rd → R is ρ-weakly convex if f(·) + ρ
2 ∥·∥

2 is convex.

A standard result gives differentiability of the Moreau envelope of a weakly convex function.

Lemma 5.1 (Moreau envelope of a weakly convex function is smooth) Let f : Rd → R∪{+∞}
be proper, closed, and ρ-weakly convex, and let λ ∈ (0, 1/ρ). Then proxλf (x) is single-valued, fλ is
continuously differentiable, and ∇fλ(x) = λ−1(x− proxλf (x)). If λ ≤ 1/(2ρ), fλ is 1/λ-smooth.

Notably, Lin et al. (2019) show that the outer objective g is ℓ-weakly convex in NC-C games, and
therefore, its Moreau envelope is differentiable, smooth, and hence, computationally tractable.

Lemma 5.2 (Moreau envelope of the outer objective, (Lin et al., 2019)) Suppose Assumptions 3.1
and 3.3 hold, and let Φ(x) := g1/(2ℓ)(x). Then g is ℓ-weakly convex, Φ is continuously differentiable
and 2ℓ-smooth, with ∇Φ(x) = 2ℓ(x− proxg/(2ℓ)(x)). In addition, we have infxΦ(x) = infx g(x).

We follow Lin et al. (2019) and measure the stationarity of Φ(·) def
= g1/(2ℓ)(·), as ∥∇Φ(x)∥ ≤ ε

implies a nearby point x̂ ∈ Rdx with ∥x̂− x∥ ≤ ε/(2ℓ) and ming′∈∂g(x̂) ∥g′∥ ≤ ε (Lin et al., 2019).

5.2. SGDA in Subgaussian NC-C Games

We use the same form of potential Pt as defined in Equation (6), but with at := Φ(xt) − Φ⋆,
Φ⋆ := infxΦ(x), and λt := 2ℓηx,t. The following lemma estimates the primal progress.

Lemma 5.3 (Primal Progress of SGDA in NC-C) Under Assumptions 3.1 and 3.3, SGDA iter-
ates satisfy the following for all t ≥ 0:

at+1 ≤ at −
ηx,t
4

∥∇Φ(xt)∥2 + 2ℓηx,tbt − ηx,t ⟨∇Φ(xt), ξ
x
t ⟩+ 2L2ℓη2x,t + 2ℓη2x,t ∥ξxt ∥

2 .

Now we derive dual gap estimate and potential improvement lemmas as in Section 4.1.

Lemma 5.4 (Block-wise dual gap of SGDA in NC-C) Suppose Assumptions 3.1 and 3.3 hold.
LetB ∈ N be a block size, and fix a block start index s ∈ Z+. Choose an Fs-measurable maximizer
y∗s ∈ argmaxy∈Y f(xs, y). If ηy,t ≤ 1

2ℓ , then, for every t ∈ {s, . . . , s+B− 1}, the following holds
for SGDA almost surely:

bt+1 ≤2L ∥xt+1 − xs∥+
∥yt − y∗s∥

2 − ∥yt+1 − y∗s∥
2

2ηy,t
+ ⟨yt − y∗s , ξ

y
t ⟩+ ηy,t ∥ξyt ∥

2
. (23)

Lemma 5.5 (Potential improvement of SGDA in NC-C) Suppose Assumptions 3.1 and 3.3, and
let B ∈ N be a block size, and let s ∈ Z+ be a starting index of a block. For each block, denote
a maximizer y∗s ∈ argmaxy∈Y f(xs, y). If ηy,t ≤ 1

2ℓ , then, for every t ∈ {s, . . . , s + B − 1}, the
following holds for SGDA almost surely:

ηx,t
4

∥∇Φ(xt)∥2 ≤ Pt − Pt+1 + 2L2ℓη2x,t − ηx,t ⟨∇Φ(xt), ξ
x
t ⟩+ 2ℓη2x,t ∥ξxt ∥

2 (24)

+ λt+1

(
2L ∥xt+1 − xs∥+

∥yt − y∗s∥
2 − ∥yt+1 − y∗s∥

2

2ηy,t
+ ⟨yt − y∗s , ξ

y
t ⟩+ ηy,t ∥ξyt ∥

2
)

11
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Note that a similar block-wise analysis has been previously used in Lin et al. (2019). The motivation
is that a maximizer of each xt may be nonunique and discontinuous in NC-C games, and therefore,
we need to fix a target maximizer y∗s over a block of iterations to control the dual gap. For high-
probability analysis, this blockwise device must be combined with concentration of the stochastic
block drifts. Our proof therefore augments the potential with a blockwise dual-distance term and
controls the resulting drifts through a partition-level martingale argument, rather than treating each
block independently. A careful combination of Lemma 5.3 and Lemma 5.4 with martingale control
over the blockwise drifts yields Theorems 5.6 and 5.7. We define a step-independent initial potential
P̄0

def
= Φ(x0)− Φ⋆ + 1

4

(
g(x0)− f(x0, y0)

)
, which admits P0 ≤ P̄0 for all the schedules below.

Theorem 5.6 (Convergence of SGDA in subgaussian NC-C games) Suppose Assumptions 3.1 and 3.3

to 3.5. Let δ ∈ (0, 1), Γδ
def
= max{1, log(2/δ)}, Qδ

def
= L2 + σ2Γδ. Then, there exists a thresh-

old T0 = T0(ℓ, L,D, σ, P̄0, δ) > 0 such that, for every T ≥ T0, SGDA with stepsizes ηx,t =
P̄

3/4
0(

ℓ3D2σ2ΓδQδ

)1/4
T 3/4

, ηy,t =
P̄

1/4
0 D1/2Q

1/4
δ

ℓ1/4σ3/2Γ
3/4
δ T 1/4

satisfies the following with probability at least 1− δ:

min
0≤t<T

∥∇Φ(xt)∥2 = O

((
ℓ3D2σ2ΓδQδP̄0

T

)1/4

+
ℓDσ

√
Γδ√

T
+
σ2Γδ

T

)
.

Theorem 5.7 (Convergence of SGDA in subgaussian NC-C games with decaying stepsizes) Sup-

pose Assumptions 3.1 and 3.3 to 3.5. Fix δ ∈ (0, 1), and define Γδ
def
= max{1, log(c/δ)}, Qδ

def
= L2+

σ2Γδ. Then, there exist universal constants c > 0 and s0 = s0(ℓ, L,D, σ, P̄0, δ) > 0 independent

of T such that SGDA with step sizes ηx,t =
P̄

3/4
0(

ℓ3D2σ2ΓδQδ

)1/4
(t+s0)3/4

, ηy,t =
P̄

1/4
0 D1/2Q

1/4
δ

ℓ1/4σ3/2Γ
3/4
δ (t+s0)1/4

satisfies the following for every T ≥ max{2, s0} with probability at least 1− δ:

min
0≤t<T

∥∇Φ(xt)∥2 = O

(
(1 + log T )

(
ℓ3D2σ2ΓδQδP̄0

T

)1/4
)
.

5.3. Heavy-Tailed NC-C Games

We follow a similar approach as in Section 4.2 and derive a variant of Lemma 5.5 for SGDAClip.

Lemma 5.8 (Potential improvement of SGDAClip in NC-C) Suppose Assumptions 3.1 and 3.3.
LetB ∈ N be a block size, let s be the starting index of a block, and choose y⋆s ∈ argmaxy∈Y f(xs, y).
If ηx,t ≤ 1/(2ℓ) and ηy,t ≤ 1/(2ℓ), then, for every t ∈ {s, . . . , s+B − 1}, SGDAClip satisfies:

ηx,t
8

∥∇Φ(xt)∥2 ≤ Pt − Pt+1 + 2L2ℓη2x,t − ηx,t

〈
∇Φ(xt), ξ̃

x
t

〉
+ 4ℓη2x,t

∥∥∥ξ̃xt ∥∥∥2 + 4ηx,t ∥βxt ∥
2

+ λt+1

[
2L ∥xt+1 − xs∥+

∥yt − y⋆s∥
2 − ∥yt+1 − y⋆s∥

2

2ηy,t
+
〈
yt − y⋆s , ξ̃

y
t + βyt

〉
+ 2ηy,t

(∥∥∥ξ̃yt ∥∥∥2 + ∥βyt ∥
2
)]

.

Lemma 5.8 and Lemma 4.10 produce our main results for heavy-tailed NC-C games.

Theorem 5.9 (Convergence of SGDAClip in heavy-tailed NC-C games with fixed step sizes) Sup-

pose Assumptions 3.1, 3.3, 3.4 and 3.6 with p ∈ (1, 2]. Let δ ∈ (0, 1) and Γδ
def
= max{1, log(c/δ)}

12
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for some constant c > 0. Set ∆δ
def
= P̄0+Γδ, Aδ

def
= ℓ3D2σpΓδ(L

2+σpΓδ), and τ0
def
=
(

ℓDσp

(Aδ∆δ)1/4

) 4
3p−2

.

Then, there exist universal constants c, cx,p, cy,p > 0, and there exists a finite threshold T0 =
T0(p, ℓ, L,D, σ, P̄0, δ) > 0 such that, for every T ≥ T0, SGDAClip with

ηx,t = cx,p
∆

3/4
δ

A
1/4
δ τ

(2−p)/4
0

T
− 2p−1

3p−2 , ηy,t = cy,p
(Aδ∆δ)

1/4

ℓσpΓδ τ
3(2−p)/4
0

T
− 1

3p−2 , τx,t = τy,t = τ0T
1

3p−2

satisfies the following with probability at least 1− δ:

min
0≤t<T

∥∇Φ(xt)∥2 = O

(ℓ3D2σpΓδ(L
2 + σpΓδ)(P̄0 + Γδ)(ℓDσ

p)
2−p
p−1

T

) p−1
3p−2

 .

Theorem 5.10 (Convergence of SGDAClip in heavy-tailed NC-C games with decaying step sizes)
Suppose Assumptions 3.1, 3.3, 3.4 and 3.6 with p ∈ (1, 2]. Let δ ∈ (0, 1) and Γδ := max{1, log(c/δ)}

for some constant c > 0. Set ∆δ
def
= P̄0+Γδ, Aδ

def
= ℓ3D2σpΓδ(L

2+σpΓδ), and τ0
def
=
(

ℓDσp

(Aδ∆δ)1/4

) 4
3p−2 .

Then, there exist universal constants c, cx,p, cy,p > 0, and a finite shift s0 = s0(p, ℓ, L,D, σ, P̄0, δ) >
0 independent of T , such that, for every T ≥ max{2, s0}, SGDAClip with

ηx,t = cx,p
∆

3/4
δ

A
1/4
δ τ

(2−p)/4
0

(t+s0)
− 2p−1

3p−2 , ηy,t = cy,p
(Aδ∆δ)

1/4

ℓσpΓδ τ
3(2−p)/4
0

(t+s0)
− 1

3p−2 , τx,t = τy,t = τ0(t+s0)
1

3p−2 .

satisfies the following with probability at least 1− δ:

min
0≤t<T

∥∇Φ(xt)∥2 ≤ Cp(1 + log T )

(
ℓ3D2σpΓδ(L

2 + σpΓδ)(P̄0 + Γδ)(ℓDσ
p)

2−p
p−1

T

) p−1
3p−2

.

6. Conclusion

In this paper, we established the first high-probability convergence guarantees of SGDA and SGDAClip
in NC-PL and NC-C games under subgaussian and heavy-tailed noise. Our unified analysis lever-
ages a Lyapunov approach and self-bounding martingale techniques to handle coupled martingale
differences that naturally arise in our analysis. We leave extending our analysis to extragradient-
type algorithms (Korpelevich, 1976a; Popov, 1980) and to more general classes of games, such as
min-max Markov games (Littman, 1994; Wei et al., 2021; Zeng et al., 2022), as future work.

References

Waiss Azizian, Ioannis Mitliagkas, S. Lacoste-Julien, and Gauthier Gidel. A tight and unified
analysis of gradient-based methods for a whole spectrum of differentiable games. In AISTATS,
2020a.

Waiss Azizian, Damien Scieur, Ioannis Mitliagkas, S. Lacoste-Julien, and Gauthier Gidel. Acceler-
ating smooth games by manipulating spectral shapes. In AISTATS, 2020b.

13



HA

Aleksandr Beznosikov, Eduard Gorbunov, Hugo Berard, and Nicolas Loizou. Stochastic gradient
descent-ascent: Unified theory and new efficient methods. In Francisco Ruiz, Jennifer Dy, and
Jan-Willem van de Meent, editors, Proceedings of The 26th International Conference on Artificial
Intelligence and Statistics, volume 206 of Proceedings of Machine Learning Research, pages
172–235. PMLR, 25–27 Apr 2023. URL https://proceedings.mlr.press/v206/
beznosikov23a.html.

Pengyu Cheng, Tianhao Hu, Han Xu, Zhisong Zhang, Yong Dai, Lei Han, nan du, and Xiaolong Li.
Self-playing adversarial language game enhances LLM reasoning. In The Thirty-eighth Annual
Conference on Neural Information Processing Systems, 2024a. URL https://openreview.
net/forum?id=oCGkSH7ys2.

Pengyu Cheng, Yifan Yang, Jian Li, Yong Dai, Tianhao Hu, Peixin Cao, Nan Du, and Xiao-
long Li. Adversarial preference optimization: Enhancing your alignment via RM-LLM game.
In Lun-Wei Ku, Andre Martins, and Vivek Srikumar, editors, Findings of the Association for
Computational Linguistics: ACL 2024, pages 3705–3716, Bangkok, Thailand, August 2024b.
Association for Computational Linguistics. doi: 10.18653/v1/2024.findings-acl.221. URL
https://aclanthology.org/2024.findings-acl.221/.

Hanseul Cho and Chulhee Yun. Sgda with shuffling: Faster convergence for nonconvex-pł minimax
optimization. In International Conference on Learning Representations, 2023. URL https:
//openreview.net/forum?id=6xXtM8bFFJ.

C. Daskalakis, P. Goldberg, and C. Papadimitriou. The Complexity of Computing a Nash Equilib-
rium. Electron. Colloquium Comput. Complex., 2006.

C. Daskalakis, Andrew Ilyas, Vasilis Syrgkanis, and Haoyang Zeng. Training GANs with Optimism.
In ICLR, 2018.

Simon S Du and Wei Hu. Linear convergence of the primal-dual gradient method for convex-
concave saddle point problems without strong convexity. In International Conference on Artificial
Intelligence and Statistics, pages 196–205. PMLR, 2019.
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Appendix A. Preliminary Lemmas

A.1. Elementary Tools

Lemma A.1 For every real x < 3,

ex ≤ 1 + x+
x2

2 (1− x/3)
.

Proof Using the Taylor series,

ex = 1 + x+

∞∑
n=2

xn

n!
.

For n ≥ 2, we have
n! = 2 · 3 · 4 · · ·n ≥ 2 · 3n−2,

hence
xn

n!
≤ xn

2 · 3n−2
=
x2

2

(x
3

)n−2
.

Therefore, for x < 3,
∞∑
n=2

xn

n!
≤ x2

2

∞∑
m=0

(x
3

)m
=
x2

2
· 1

1− x/3
,

which proves the claim.

A.2. Properties of NC-PL Games

Lemma A.2 (The outer function is smooth in NC-PL games) Under Assumptions 3.1 and 3.2,

the function g(·) def
= maxy∈Y f(·, y) is differentiable, and its gradient ∇g(·) is 2κℓ-Lipschitz.

Proof For each x ∈ Rdx , denote the (nonempty) maximizer set

Y⋆(x)
def
= argmax

y∈Y
f(x, y), g(x) = max

y∈Y
f(x, y).

For NC-PL games, we work in the Y = Rdy regime, so the first-order condition ∇yf(x, y
⋆) = 0

holds for any y⋆ ∈ Y⋆(x).

Step 1: ∇xf(x, ·) is single-valued on Y⋆(x). Fix x and let y1, y2 ∈ Y⋆(x). Define

d
def
= ∇xf(x, y1)−∇xf(x, y2).

We show d = 0. Suppose d ̸= 0 and set u = d/∥d∥. For ε > 0 define xε
def
= x + εu. By

ℓ-smoothness of x 7→ f(x, yi) (Assumption 3.1),

f(xε, y1) ≥ f(x, y1) + ε⟨∇xf(x, y1), u⟩ −
ℓ

2
ε2,

while
f(xε, y2) ≤ f(x, y2) + ε⟨∇xf(x, y2), u⟩+

ℓ

2
ε2.
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Since f(x, y1) = f(x, y2) = g(x), subtracting the two bounds yields

f(xε, y1)− f(xε, y2) ≥ ε⟨d, u⟩ − ℓε2 = ε∥d∥ − ℓε2.

Choose ε ∈
(
0, ∥d∥/(2ℓ)

)
. Then

f(xε, y1)− f(xε, y2) ≥ ε

2
∥d∥.

Hence, using g(xε) ≥ f(xε, y1),

b(xε, y2)
def
= g(xε)− f(xε, y2) ≥ f(xε, y1)− f(xε, y2) ≥ ε

2
∥d∥.

On the other hand, since y2 ∈ Y⋆(x) is a maximizer, ∇yf(x, y2) = 0. By ℓ-Lipschitzness of
∇yf(·, y2) (Assumption 3.1),

∥∇yf(xε, y2)∥ = ∥∇yf(xε, y2)−∇yf(x, y2)∥ ≤ ℓ∥xε − x∥ = ℓε.

Applying the NC–PL inequality (Assumption 3.2) at (xε, y2) gives

1

2
∥∇yf(xε, y2)∥2 ≥ µ b(xε, y2) ≥ µ · ε

2
∥d∥.

Thus 1
2(ℓε)

2 ≥ µ ε
2∥d∥, i.e. ℓ2ε ≥ µ∥d∥. Letting ε ↓ 0 forces ∥d∥ = 0, contradiction. Therefore

d = 0, i.e.
∇xf(x, y1) = ∇xf(x, y2) ∀ y1, y2 ∈ Y⋆(x).

Step 2: Differentiability of g and gradient formula. By Danskin’s theorem, ∂g(x) = conv{∇xf(x, y) :
y ∈ Y⋆(x)}. Step 1 shows this set is a singleton, hence g is differentiable and

∇g(x) = ∇xf(x, y
⋆) ∀ y⋆ ∈ Y⋆(x).

Step 3: PL-to-distance bound in y. Fix x and define ψx(y)
def
= b(x, y) = g(x) − f(x, y) ≥ 0.

Then ψx is ℓ-smooth in y (Assumption 3.1) and satisfies the PL inequality

1

2
∥∇ψx(y)∥2 =

1

2
∥∇yf(x, y)∥2 ≥ µψx(y) ∀y.

We claim that for every y,

dist(y,Y⋆(x))2 ≤ 2

µ
ψx(y) =

2

µ
b(x, y). (25)

To prove (25), consider the gradient flow ẏ(t) = −∇ψx(y(t)) with y(0) = y. Since ∇ψx is

Lipschitz, the flow exists and is unique. Let ϕ(t) def
= ψx(y(t)). Then ϕ′(t) = ⟨∇ψx(y(t)), ẏ(t)⟩ =

−∥∇ψx(y(t))∥2 ≤ −2µϕ(t), so ϕ(t) ↓ 0. Moreover, the path length satisfies∫ ∞

0
∥ẏ(t)∥ dt =

∫ ∞

0
∥∇ψx(y(t))∥ dt =

∫ ∞

0

−ϕ′(t)
∥∇ψx(y(t))∥

dt ≤
∫ ∞

0

−ϕ′(t)√
2µϕ(t)

dt =

√
2

µ

√
ϕ(0).

Hence y(t) has finite length and converges to some y∞ ∈ Y⋆(x), and dist(y,Y⋆(x)) ≤ ∥y−y∞∥ ≤√
2/µ

√
ψx(y), proving (25).
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Step 4: Lipschitzness of ∇g. Fix x, x′, pick y⋆ ∈ Y⋆(x), and apply PL at (x′, y⋆). Since
∇yf(x, y

⋆) = 0 and ∇yf(·, y⋆) is ℓ-Lipschitz (Assumption 3.1),

∥∇yf(x
′, y⋆)∥ = ∥∇yf(x

′, y⋆)−∇yf(x, y
⋆)∥ ≤ ℓ∥x′ − x∥.

Thus, by Assumption 3.2,

b(x′, y⋆) ≤ 1

2µ
∥∇yf(x

′, y⋆)∥2 ≤ ℓ2

2µ
∥x′ − x∥2.

Using (25) at x′ and y⋆, there exists y⋆′ ∈ Y⋆(x′) such that

∥y⋆ − y⋆′∥ ≤ dist(y⋆,Y⋆(x′)) ≤ ℓ

µ
∥x′ − x∥ = κ∥x′ − x∥.

Finally, using ∇g(x) = ∇xf(x, y
⋆) and ∇g(x′) = ∇xf(x

′, y⋆′), and ℓ-Lipschitzness of ∇xf
(Assumption 3.1),

∥∇g(x)−∇g(x′)∥ = ∥∇xf(x, y
⋆)−∇xf(x

′, y⋆′)∥ ≤ ℓ∥x−x′∥+ℓ∥y⋆−y⋆′∥ ≤ (1+κ)ℓ∥x−x′∥.

Since µ ≤ ℓ for an ℓ-smooth PL function, κ = ℓ/µ ≥ 1, hence 1 + κ ≤ 2κ. Therefore ∇g is
2κℓ-Lipschitz.

Lemma A.3 (The outer gradient can be approximated in NC-PL games) Under Assumptions 3.1

and 3.2, the following holds for g(x)
def
= maxy∈Y f(x, y) and b(x, y)

def
= g(x)− f(x, y) ≥ 0:

∥∇g(x)−∇xf(x, y)∥2 ≤ 2κℓ · b(x, y), ∀(x, y) ∈ Rdx × Y. (26)

Proof Fix (x, y) and let Y⋆(x) = argmaxu∈Y f(x, u). Pick y⋆ ∈ Y⋆(x) such that ∥y − y⋆∥ =
dist(y,Y⋆(x)). By Lemma A.2, g is differentiable and ∇g(x) = ∇xf(x, y

⋆). Hence,

∥∇g(x)−∇xf(x, y)∥ = ∥∇xf(x, y
⋆)−∇xf(x, y)∥ ≤ ℓ∥y⋆ − y∥,

where we used ℓ-Lipschitzness of ∇xf(x, ·) from Assumption 3.1. Squaring and using the PL-to-
distance bound (25) established in the proof of Lemma A.2 yields

∥∇g(x)−∇xf(x, y)∥2 ≤ ℓ2 dist(y,Y⋆(x))2 ≤ ℓ2 · 2
µ
b(x, y) = 2

ℓ2

µ
b(x, y) = 2κℓ · b(x, y).

Lemma A.4 (The outer gradient upper bound in NC-PL games) Under Assumptions 3.1 and 3.2,

the following holds for g(x)
def
= maxy∈Y f(x, y) and g∗

def
= minx∈Rdx g(x):

∥∇g(x)∥2 ≤ 4κℓ (g(x)− g∗) , ∀x ∈ Rdx . (27)
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Proof By Lemma A.2, g is Lg-smooth with Lg = 2κℓ. Since g is bounded below by g∗, the
standard smoothness descent inequality gives

g

(
x− 1

Lg
∇g(x)

)
≤ g(x)− 1

2Lg
∥∇g(x)∥2.

Because g∗ ≤ g(x−∇g(x)/Lg), we obtain

g∗ ≤ g(x)− 1

2Lg
∥∇g(x)∥2.

Therefore
∥∇g(x)∥2 ≤ 2Lg(g(x)− g∗) = 4κℓ(g(x)− g∗).

A.3. Properties of NC-C Games

The following result justifies Moreau-envelope stationarity as a valid convergence criterion in NC-C
games, and a similar result was shown by Lin et al. (2019).

Lemma A.5 (Moreau envelope stationarity implies approximate stationarity) Suppose Assump-

tions 3.1 and 3.3, and let g(x)
def
= maxy∈Y f(x, y), and let Φ(x)

def
= g1/(2ℓ)(x) be the Moreau en-

velope of g with parameter 1/(2ℓ). Then, if x ∈ Rdx satisfies ∥∇Φ(x)∥ ≤ ε, then there exists
x′ ∈ Rdx such that ∥x′ − x∥ ≤ ε

2ℓ with ming′∈∂g(x′) ∥g′∥ ≤ ε.

Proof Let x′ = proxg/(2ℓ)(x). Then, by the definition of the proximal operator, we have

x′ = argmin
u∈Rdx

{
g(u) + ℓ ∥u− x∥2

}
.

From Lemma 5.2, we have ∇Φ(x) = 2ℓ(x − x′), which implies ∥x′ − x∥ = ∥∇Φ(x)∥
2ℓ ≤ ε

2ℓ .
Furthermore, the first-order optimality condition of the proximal operator gives

0 ∈ ∂g(x′) + 2ℓ(x′ − x),

which implies there exists g′ ∈ ∂g(x′) such that ∥g′∥ = 2ℓ ∥x− x′∥ = ∥∇Φ(x)∥ ≤ ε.

A.4. Martingale Tools

The following is a standard Markov-type maximal concentration that we will use in our analysis.

Lemma A.6 (Ville’s inequality) Let (Mn)n≥0 be a nonnegative supermartingale with E[M0] ≤ 1.
Then for any a > 0,

P
(
sup
n≥0

Mn ≥ a

)
≤ 1

a
.

We adopt the following lemma from Nguyen et al. (2023) to control the conditional moment
generating function (MGF) of bounded mean-zero random variables.
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Lemma A.7 (Conditional MGF bound for bounded mean-zero variables) Let G be a σ-field and
let X be a random variable such that X ≤ 1 almost surely and E[X | G] = 0. Then

E
[
eX | G

]
≤ exp

(
3

4
E[X2 | G]

)
.

Proof Apply Lemma A.1 with x = X . Since X ≤ 1, we have 1−X/3 ≥ 2/3, and thus

eX ≤ 1 +X +
X2

2(1−X/3)
≤ 1 +X +

3

4
X2.

Taking conditional expectation and using E[X | G] = 0 gives

E[eX | G] ≤ 1 +
3

4
E[X2 | G] ≤ exp

(
3

4
E[X2 | G]

)
,

where we used 1 + u ≤ eu for all real u.

Lemma A.8 (Norm-subgaussian projections) Let G be a σ-field and let X ∈ Rd satisfy

E[X | G] = 0, E
[
exp

(
∥X∥2

σ2

)∣∣∣∣G] ≤ e.

Then, for every G-measurable vector v ∈ Rd and every λ ∈ R,

E[exp(λ⟨v,X⟩)|G] ≤ exp
(
4λ2σ2∥v∥2

)
.

Proof The claim is trivial when v = 0, so assume v ̸= 0 and set Y := ⟨v,X⟩ and s := σ∥v∥. Then
Y 2/s2 ≤ ∥X∥2/σ2, hence

E
[
exp(Y 2/s2) | G

]
≤ e.

We use the elementary inequality ez ≤ z + ez
2

for all z ∈ R. If |λ|s ≤ 1, conditional Jensen’s
inequality gives

E
[
eλY | G

]
≤ E

[
λY + eλ

2Y 2 | G
]

= E
[
eλ

2Y 2 | G
]

≤ E
[
eY

2/s2 | G
]λ2s2

≤ eλ
2s2 .

If |λ|s > 1, Young’s inequality gives

λY ≤ |λY | ≤ Y 2

s2
+
λ2s2

4
.

Therefore

E
[
eλY | G

]
≤ exp

(
λ2s2

4

)
E
[
eY

2/s2 | G
]
≤ exp

(
1 +

λ2s2

4

)
≤ exp

(
4λ2s2

)
,

where the last inequality uses |λ|s > 1. Combining the two cases proves the claim.
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Lemma A.9 (Weighted norm-square concentration) Let (Xt)
T−1
t=0 be adapted to a filtration (Gt)

and satisfy

E
[
exp

(
∥Xt∥2

σ2

)∣∣∣∣Gt

]
≤ e.

Let at ≥ 0 be deterministic weights and set A :=
∑T−1

t=0 at. Then for a universal constant C > 0,
with probability at least 1− δ,

T−1∑
t=0

at∥Xt∥2 ≤ Cσ2ΓδA, Γδ := max{1, log(c/δ)}.

The same conclusion holds for predictable weights that are dominated by deterministic weights,
after replacing A by the sum of the deterministic dominators.

Proof If A = 0, the claim is trivial. Let amax := max0≤t<T at and θ := 1/(σ2amax). Since
at/amax ∈ [0, 1], Jensen’s inequality gives

E
[
exp
(
θat∥Xt∥2

)∣∣Gt

]
= E

[
exp

(
at
amax

∥Xt∥2

σ2

)∣∣∣∣Gt

]
≤ eat/amax .

Iterating over the filtration yields

E exp

(
θ

T−1∑
t=0

at∥Xt∥2
)

≤ exp(A/amax).

By Markov’s inequality, with probability at least 1− δ,
T−1∑
t=0

at∥Xt∥2 ≤ σ2 (A+ amax log(1/δ)) ≤ 2σ2Amax{1, log(1/δ)},

using amax ≤ A. Enlarging the universal constants gives the displayed form. The dominated
predictable case follows by monotonicity from the deterministic upper bounds.

Lemma A.10 (Hilbert-valued block Freedman maximal inequality) Let I = [s, e) be a deter-
ministic interval and let (ζi)e−1

i=s be a Hilbert-valued martingale difference sequence adapted to
(Fi). Suppose there are deterministic numbers Ri ≥ 0 and VI ≥ 0 such that, almost surely,

∥ζi∥ ≤ Ri, s ≤ i < e,

and
e−1∑
i=s

E[∥ζi∥2 | Fi] ≤ VI .

Let
RI := max

s≤i<e
Ri, Γδ := max{1, log(c/δ)}.

Then, with probability at least 1− δ,

max
s≤t<e

∥∥∥∥∥
t∑

i=s

ζi

∥∥∥∥∥ ≤ C
(√

VIΓδ +RIΓδ

)
,

where C, c > 0 are universal constants. The same bound holds conditionally on Fs.
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Proof This is the standard Hilbert-valued Pinelis–Freedman maximal inequality applied to the
stopped partial sums over the deterministic interval I . The bounded increment scale is RI and the
conditional quadratic variation is at most VI . The conditional version follows by applying the same
inequality after conditioning on Fs and enlarging the universal constants.

Lemma A.11 (Weighted block maximal inequality) Let 0 = s0 < s1 < · · · < sM = T be a
deterministic partition. For each block Im = [sm, sm+1), let (ζi)i∈Im be Hilbert-valued martingale
differences adapted to (Fi). Suppose there are deterministic numbers Ri ≥ 0 and Vm ≥ 0 such
that, almost surely,

∥ζi∥ ≤ Ri,

sm+1−1∑
i=sm

E[∥ζi∥2 | Fi] ≤ Vm.

Define
Rm := max

i∈Im
Ri, Km :=

√
Vm +Rm.

Let αm ≥ 0 be deterministic block weights. Then, with probability at least 1− δ,

M−1∑
m=0

αm max
sm≤t<sm+1

∥∥∥∥∥
t∑

i=sm

ζi

∥∥∥∥∥ ≤ C

[
M−1∑
m=0

αmKm + Γδ max
0≤m<M

αmKm

]
,

where C, c > 0 are universal constants and Γδ := max{1, log(c/δ)}.

Proof Let

Mm := max
sm≤t<sm+1

∥∥∥∥∥
t∑

i=sm

ζi

∥∥∥∥∥ .
By Lemma A.10, conditionally on Fsm , for all u ≥ 1,

Pr (Mm > CKmu | Fsm) ≤ e−u,

because
√
Vmu+Rmu ≤ (

√
Vm +Rm)u = Kmu. Tail integration gives, after enlarging C,

E
[
exp

(
Mm

CKm

)∣∣∣∣Fsm

]
≤ 2

whenever Km > 0. Equivalently, for universal constants c0, C0 > 0, whenever αmKm > 0 and

0 ≤ θ ≤ c0
αmKm

,

we have
E[exp(θαmMm)|Fsm ] ≤ exp(C0θαmKm).

Blocks with αmKm = 0 contribute zero and may be ignored. Set

K⋆ := max
0≤m<M

αmKm.
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If K⋆ = 0, the claim is trivial. For 0 ≤ θ ≤ c0/K⋆, iterating the conditional moment-generating-
function estimates over the deterministic blocks yields

E exp

(
θ

M−1∑
m=0

αmMm

)
≤ exp

(
C0θ

M−1∑
m=0

αmKm

)
.

Taking θ = c0/K⋆ and applying Markov’s inequality yields, with probability at least 1− δ,

M−1∑
m=0

αmMm ≤ C
M−1∑
m=0

αmKm + CK⋆ log(1/δ).

Absorbing constants into Γδ proves the claim.

Appendix B. Proofs of Nonconvex–PL Games

B.1. SGDA in Subgaussian NC-PL Games

B.1.1. LEMMA 4.1

Proof Fix t and write ηx = ηx,t, ξx = ξxt , and δt := ∇xf(xt, yt)−∇g(xt). Then, we have:

xt+1 = xt − ηx
(
∇xf(xt, yt) + ξx

)
= xt − ηx

(
∇g(xt) + δt + ξx

)
.

By Lemma A.2, g is 2κℓ-smooth. Therefore, it follows:

g(xt+1) ≤ g(xt) + ⟨∇g(xt), xt+1 − xt⟩+ κℓ∥xt+1 − xt∥2

= g(xt)− ηx∥∇g(xt)∥2 − ηx⟨∇g(xt), δt⟩ − ηx⟨∇g(xt), ξx⟩+ κℓη2x∥∇g(xt) + δt + ξx∥2

≤ g(xt)− ηx∥∇g(xt)∥2 +
ηx
4
∥∇g(xt)∥2 + ηx∥δt∥2 − ηx⟨∇g(xt), ξx⟩

+ 3κℓη2x

(
∥∇g(xt)∥2 + ∥δt∥2 + ∥ξx∥2

)
= g(xt)− ηx

(3
4
− 3κℓηx

)
∥∇g(xt)∥2 +

(
ηx + 3κℓη2x

)
∥δt∥2 − ηx⟨∇g(xt), ξx⟩+ 3κℓη2x∥ξx∥2

≤ g(xt)−
ηx
2
∥∇g(xt)∥2 + 2ηx∥δt∥2 − ηx⟨∇g(xt), ξx⟩+ 3κℓη2x∥ξx∥2.

The second inequality uses −⟨u, v⟩ ≤ 1
4∥u∥

2+ ∥v∥2 and ∥u+ v+w∥2 ≤ 3(∥u∥2+ ∥v∥2+ ∥w∥2).
The last line uses ηx ≤ 1/(12κℓ).

Finally, Lemma A.3 gives ∥δt∥2 ≤ 2κℓbt. Substituting this and subtracting g∗ from both sides
yields:

at+1 ≤ at −
ηx
2
∥∇g(xt)∥2 + 4ηxκℓbt − ηx⟨∇g(xt), ξx⟩+ 3κℓη2x∥ξx∥2,

which is the desired claim.
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B.1.2. LEMMA 4.2

Proof Fix t and write ηx = ηx,t and ηy = ηy,t. Since

ϕt(y) = g(xt+1)− f(xt+1, y), ∇ϕt(yt) = −∇yf(xt+1, yt).

Therefore, the y-update can be written as

yt+1 = yt + ηy
(
∇yf(xt+1, yt) + ξyt

)
= yt − ηy∇ϕt(yt) + ηyξ

y
t .

By ℓ-smoothness of ϕt,

bt+1 = ϕt(yt+1)

≤ ϕt(yt) + ⟨∇ϕt(yt),−ηy∇ϕt(yt) + ηyξ
y
t ⟩+

ℓ

2
η2y∥ − ∇ϕt(yt) + ξyt ∥2

= bt+1/2 −
(
ηy −

ℓ

2
η2y

)
∥∇ϕt(yt)∥2 +

(
ηy − ℓη2y

)
⟨∇ϕt(yt), ξyt ⟩+

ℓ

2
η2y∥ξ

y
t ∥2.

This proves the first claim. For the half-step bound, define b(x, y) := g(x)−f(x, y). By Lemma A.2
and Assumption 3.1, the function x 7→ b(x, yt) is 4κℓ-smooth. Moreover, ∇xb(xt, yt) = ∇g(xt)−
∇xf(xt, yt) = −δt and xt+1 − xt = −ηx(∇g(xt) + δt + ξxt ). Therefore, it follows:

bt+1/2 = b(xt+1, yt) ≤ b(xt, yt) + ⟨∇xb(xt, yt), xt+1 − xt⟩+ 2κℓ∥xt+1 − xt∥2

≤ bt + ηx⟨δt,∇g(xt) + δt + ξxt ⟩+ 2κℓη2x∥∇g(xt) + δt + ξxt ∥2

≤ bt +
(1
4
ηx + 6κℓη2x

)
∥∇g(xt)∥2 +

(
2ηx + 6κℓη2x

)
∥δt∥2 + ηx⟨δt, ξxt ⟩+ 6κℓη2x∥ξxt ∥2

≤
(
1 + 4κℓηx + 12κ2ℓ2η2x

)
bt +

(1
4
ηx + 6κℓη2x

)
∥∇g(xt)∥2 + ηx⟨δt, ξxt ⟩+ 6κℓη2x∥ξxt ∥2.

The second inequality uses ⟨u, v⟩ ≤ 1
4∥v∥

2 + ∥u∥2 and ∥u+ v + w∥2 ≤ 3(∥u∥2 + ∥v∥2 + ∥w∥2).
The last inequality uses Lemma A.3, namely ∥δt∥2 ≤ 2κℓbt. This is the half-step claim.

B.1.3. LEMMA 4.3

Proof Fix t and write ηx = ηx,t and ηy = ηy,t. Let θt
def
= 1

2 − 2µγy,t =
1−µ(ηy−ℓη2y/2)

2 . Decompose
the potential at the half step and insert Lemmas 4.1 and 4.2 as:

Pt − Pt+1 = (at − at+1) +
1

2
(bt − bt+1/2) +

1

2
(bt+1/2 − bt+1)

≥ ηx
2
∥∇g(xt)∥2 − 4κℓηxbt +

1

2
bt −

1

2
bt+1/2 +

1

2

(
ηy −

ℓ

2
η2y

)
∥∇ϕt(yt)∥2

+ ηx⟨∇g(xt), ξxt ⟩ − 3κℓη2x∥ξxt ∥2 −
1

2
(ηy − ℓη2y)⟨∇ϕt(yt), ξ

y
t ⟩ −

ℓ

4
η2y∥ξ

y
t ∥2.

At fixed xt+1, apply the NC-PL condition to ϕt(y) = g(xt+1)− f(xt+1, y):

∥∇ϕt(yt)∥2 = ∥∇yf(xt+1, yt)∥2 ≥ 2µbt+1/2.
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Since γy,t = 1
4(ηy − ℓη2y/2), this converts the half-step term as

1

2
bt −

1

2
bt+1/2 +

1

2

(
ηy −

ℓ

2
η2y

)
∥∇ϕt(yt)∥2 ≥ γy,t∥∇ϕt(yt)∥2 +

1

2
bt − θtbt+1/2.

Moreover, ηy ≤ 1/ℓ and µ ≤ ℓ imply 0 ≤ µ(ηy − ℓη2y/2) ≤ 1, hence 0 ≤ θt ≤ 1/2. Using the
half-step estimate from Lemma 4.2 and θt ≥ 0,

Pt − Pt+1 ≥
[ηx
2

− θt

(1
4
ηx + 6κℓη2x

)]
∥∇g(xt)∥2 + γy,t∥∇ϕt(yt)∥2 +

[1
2
− θtαt − 4κℓηx

]
bt

+ ηx⟨∇g(xt), ξxt ⟩ − θtηx⟨δt, ξxt ⟩ − (3 + 6θt)κℓη
2
x∥ξxt ∥2 −

1

2
(ηy − ℓη2y)⟨∇ϕt(yt), ξ

y
t ⟩ −

ℓ

4
η2y∥ξ

y
t ∥2.

It remains to lower bound the two deterministic coefficients. For the gradient coefficient, θt ≤ 1/2
and ηx ≤ ηy/(64κ

2) ≤ 1/(12κℓ) give

ηx
2

− θt

(1
4
ηx + 6κℓη2x

)
≥ ηx

2
− 1

2

(1
4
ηx + 6κℓη2x

)
=

3

8
ηx − 3κℓη2x ≥ 1

8
ηx.

For the bt coefficient, the step-size assumptions give

µ
(
ηy −

ℓ

2
η2y

)
=
ℓηy
κ

(
1− ℓηy

2

)
≥ ℓηy

2κ
≥ 32κℓηx.

Using αt = 1 + 4κℓηx + 12κ2ℓ2η2x,

1

2
− θtαt − 4κℓηx =

µ(ηy − ℓη2y/2)αt − (αt − 1)

2
− 4κℓηx

≥
µ(ηy − ℓη2y/2)

2
− 6κℓηx − 6κ2ℓ2η2x

≥ 16κℓηx − 6κℓηx − 6κ2ℓ2η2x ≥ 4κℓηx,

where the last inequality uses κℓηx ≤ 1. Finally, θt ≤ 1/2 implies (3 + 6θt)κℓη
2
x ≤ 6κℓη2x.

Substituting these coefficient bounds into the lower bound on Pt −Pt+1 and moving the martingale
and quadratic-noise terms to the right-hand side gives the claim.

B.1.4. LEMMA 4.4

Proof Let ST :=
∑T−1

t=0 Gt and RT :=
∑T−1

t=0 rt. The term RT is carried pathwise throughout
the proof; no conditional expectation or moment-generating-function argument is applied to rt.
Summing the assumed one-step inequality and using PT ≥ 0 gives

ST ≤ P0 +MT +QT +RT ,

where MT :=
∑T−1

t=0 ηx,t⟨cxt , ξxt ⟩ +
∑T−1

t=0 ηy,t⟨c
y
t , ξ

y
t ⟩ is the linear martingale term, and QT :=∑T−1

t=0 d
x
t η

2
x,t∥ξxt ∥2 +

∑T−1
t=0 d

y
t η

2
y,t∥ξ

y
t ∥2 is the quadratic noise term. We first control MT . By

Theorem A.8 applied conditionally with Assumptions 3.4 and 3.5, for every λ > 0,

E

[
exp

(
λMT − 4λ2σ2

T−1∑
t=0

(
η2x,t∥cxt ∥2 + η2y,t∥c

y
t ∥2
))]

≤ 1.
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Thus, by Markov’s inequality, with probability at least 1− δ/2,

MT ≤ 4λσ2
T−1∑
t=0

(
η2x,t∥cxt ∥2 + η2y,t∥c

y
t ∥2
)
+

1

λ
log

2

δ
.

By self-bounding,
T−1∑
t=0

(
η2x,t∥cxt ∥2 + η2y,t∥c

y
t ∥2
)
≤ C1ηmaxST .

If C1ηmax = 0, then MT = 0 almost surely. Otherwise, choose λ = 1/(8σ2C1ηmax). Then, with
probability at least 1− δ/2,

MT ≤ 1

2
ST + 8σ2C1ηmax log

2

δ
.

Next control QT . Write axt := dxt η
2
x,t, a

y
t := dyt η

2
y,t, and amax := max0≤t<T max{axt , a

y
t }. If

amax = 0, then QT = 0. Otherwise, let θ := 1/(σ2amax). We use the squared-norm exponential
moment in Assumption 3.5 directly. Since axt /amax ∈ [0, 1], Jensen’s inequality applied to the
convex function u 7→ eu and the weights axt /amax and 1− axt /amax gives

E
[
exp
(
θaxt ∥ξxt ∥2

)
| Ft

]
= E

[
exp

(
axt
amax

∥ξxt ∥2

σ2

)
| Ft

]
≤ ea

x
t /amax .

The same argument gives

E
[
exp
(
θayt ∥ξ

y
t ∥2
)
| Ft+1/2

]
≤ ea

y
t /amax .

Iterating over the half-step filtration yields

E exp(θQT ) ≤ exp

(
S2(T )

amax

)
.

By Markov’s inequality, with probability at least 1− δ/2,

QT ≤ σ2S2(T ) + σ2amax log
2

δ
.

Because amax ≤ S2(T ) and Γδ ≥ 1,

QT ≤ 2σ2S2(T )Γδ.

On the intersection of the two events, which has probability at least 1− δ,

ST ≤ P0 +
1

2
ST + 8σ2C1ηmax log

2

δ
+ 2σ2S2(T )Γδ +RT .

Rearranging and using log(2/δ) ≤ Γδ gives

ST ≤ 2P0 + 2RT + 16σ2C1ηmaxΓδ + 4σ2S2(T )Γδ.
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B.1.5. THEOREM B.1

Theorem B.1 (Convergence of SGDA in Subgaussian NC-PL games) Suppose Assumptions 3.1,
3.2, 3.4 and 3.5 hold. Let T ≥ 1 and δ ∈ (0, 1). Suppose the deterministic step sizes satisfy

ηy,t = 64κ2ηx,t, 0 ≤ ηx,t ≤
1

64κ2ℓ
, t = 0, . . . , T − 1.

Define

Γδ := max

{
1, log

2

δ

}
, S1(T ) :=

T−1∑
t=0

ηx,t,

Aκ,ℓ := (6κ+ 1024κ4)ℓ, S2(T ) := Aκ,ℓ

T−1∑
t=0

η2x,t,

and
ηmax := max

0≤t<T
ηy,t = 64κ2 max

0≤t<T
ηx,t.

If S1(T ) > 0, then with probability at least 1− δ,

min
0≤t<T

∥∇g(xt)∥2 ≤
16P0

S1(T )
+

32σ2
(
4C1ηmax + S2(T )

)
Γδ

S1(T )
,

where C1 := 73/8.

Proof For each t, write ϕt(y) := g(xt+1) − f(xt+1, y), δt := ∇xf(xt, yt) −∇g(xt), and γy,t :=
1
4ηy,t −

ℓ
8η

2
y,t. Define

Gt :=
1

8
ηx,t∥∇g(xt)∥2 + γy,t∥∇ϕt(yt)∥2 + 4κℓηx,tbt.

By Lemma 4.3, with θt := 1
2 − 2µγy,t = {1− µ(ηy,t − ℓη2y,t/2)}/2 ∈ [0, 1/2],

Gt ≤ Pt − Pt+1 − ηx,t⟨∇g(xt), ξxt ⟩+ θtηx,t⟨δt, ξxt ⟩+ 6κℓη2x,t∥ξxt ∥2

+
1

2
(ηy,t − ℓη2y,t)⟨∇ϕt(yt), ξ

y
t ⟩+

ℓ

4
η2y,t∥ξ

y
t ∥2,

This is in the form of Lemma 4.4 with cxt := −∇g(xt)+θtδt, dxt := 6κℓ, cyt := 1
2(1−ℓηy,t)∇ϕt(yt),

dyt := ℓ/4, and rt = 0, since ηy,t⟨cyt , ξ
y
t ⟩ = 1

2(ηy,t − ℓη2y,t)⟨∇ϕt(yt), ξ
y
t ⟩. We verify self-bounding.

Since 0 ≤ θt ≤ 1/2, for any β > 0,

∥cxt ∥2 ≤ (1 + β)∥∇g(xt)∥2 +
(
1 +

1

β

)
θ2t ∥δt∥2

≤ (1 + β)∥∇g(xt)∥2 +
(
1 +

1

β

)
κℓ

2
bt,

where the last line uses Lemma A.3, ∥δt∥2 ≤ 2κℓbt. Therefore

ηx,t∥cxt ∥2 ≤ (1 + β)ηx,t∥∇g(xt)∥2 +
(
1 +

1

β

)
κℓ

2
ηx,tbt.
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Choosing β = 1/64 and comparing with the 1
8ηx,t∥∇g(xt)∥

2 and 4κℓηx,tbt terms inside Gt gives

ηx,t∥cxt ∥2 ≤
65

8
Gt.

For the y-part, set ut := ℓηy,t ∈ [0, 1]. Since 1
4(1− ut)

2 ≤ 1
8(2− ut) on [0, 1],

ηy,t∥cyt ∥2 =
ηy,t
4

(1− ut)
2∥∇ϕt(yt)∥2

≤ ηy,t
8

(2− ut)∥∇ϕt(yt)∥2 = γy,t∥∇ϕt(yt)∥2 ≤ Gt.

Combining gives

ηx,t∥cxt ∥2 + ηy,t∥cyt ∥2 ≤
73

8
Gt.

Also,

dxt η
2
x,t + dyt η

2
y,t = 6κℓη2x,t +

ℓ

4
(64κ2)2η2x,t = (6κ+ 1024κ4)ℓ η2x,t.

Thus the quadratic normalization in Lemma 4.4 is S2(T ) = Aκ,ℓ
∑T−1

t=0 η
2
x,t. Applying Lemma 4.4,

with probability at least 1− δ,

T−1∑
t=0

Gt ≤ 2P0 + 16σ2C1ηmaxΓδ + 4σ2S2(T )Γδ.

Since Gt ≥ 1
8ηx,t∥∇g(xt)∥

2, we have

T−1∑
t=0

Gt ≥
1

8
S1(T ) min

0≤t<T
∥∇g(xt)∥2.

Combining and multiplying by 8/S1(T ) gives

min
0≤t<T

∥∇g(xt)∥2 ≤
16P0

S1(T )
+

128σ2C1ηmaxΓδ

S1(T )
+

32σ2S2(T )Γδ

S1(T )
.

This is equivalent to the displayed bound.

B.1.6. THEOREM 4.5

Proof The chosen step sizes satisfy ηx ≤ 1/(64κ2ℓ) and ηy = 64κ2ηx, so Theorem B.1 applies. For
fixed steps, S1(T ) = Tηx, S2(T ) = Aκ,ℓTη

2
x, and ηmax = 64κ2ηx. Substituting these fixed-step

quantities into Theorem B.1 gives, with probability at least 1− δ,

min
0≤t<T

∥∇g(xt)∥2 ≤
16P0

Tηx
+

8192C1κ
2σ2Γδ

T
+ 32Aκ,ℓσ

2ηxΓδ.
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The first and third terms are the only ones that depend on the balancing choice of ηx. Let h :=
1/(64κ2ℓ) and aT :=

√
P0/(Aκ,ℓσ2TΓδ); since ηx = min{h, aT }, we have 1/ηx ≤ 1/h + 1/aT

and ηx ≤ aT . Therefore

16P0

Tηx
+ 32Aκ,ℓσ

2ηxΓδ ≤ 16

(
P0

Th
+

P0

TaT

)
+ 32Aκ,ℓσ

2aTΓδ

=
1024κ2ℓP0

T
+

48σ
√
Aκ,ℓP0Γδ√
T

.

The inequality estimates the initial-error term using the cap h and the variance-balancing scale aT ,
while the last stochastic-accumulation term uses only ηx ≤ aT . Substituting this estimate into the
master bound gives

min
0≤t<T

∥∇g(xt)∥2 ≤
1024κ2ℓP0

T
+

48σ
√
Aκ,ℓP0Γδ√
T

+
8192C1κ

2σ2Γδ

T

= O
(
κ2ℓP0

T
+
κ2σ

√
ℓP0Γδ√
T

+
κ2σ2Γδ

T

)
,

because C1 = 73/8 is numerical and, for κ ≥ 1, Aκ,ℓ = (6κ+ 1024κ4)ℓ ≤ 1030κ4ℓ.

B.1.7. THEOREM 4.6

Proof Let h := 1/(64κ2ℓ) and a :=
√
P0/(Aκ,ℓσ2Γδ), so ηx,t = min{h, a/

√
t+ 1}. The step-

size assumptions of Theorem B.1 hold because ηx,t ≤ h = 1/(64κ2ℓ) and ηy,t = 64κ2ηx,t. Write
S1(T ) :=

∑T−1
t=0 ηx,t and Q2(T ) :=

∑T−1
t=0 η

2
x,t. Theorem B.1 gives, with probability at least 1− δ,

min
0≤t<T

∥∇g(xt)∥2 ≤
16P0

S1(T )
+

128σ2C1ηmaxΓδ

S1(T )
+

32σ2Aκ,ℓQ2(T )Γδ

S1(T )
,

where ηmax = 64κ2max0≤t<T ηx,t. First lower bound S1(T ). Since a/
√
t+ 1 ≥ a/

√
T for every

t < T ,

S1(T ) =
T−1∑
t=0

min

{
h,

a√
t+ 1

}
≥ T min

{
h,

a√
T

}
= min{hT, a

√
T} =⇒ 1

S1(T )
≤ 1

hT
+

1

a
√
T
.

Consequently
P0

S1(T )
≤ P0

hT
+

P0

a
√
T

=
64κ2ℓP0

T
+
σ
√
Aκ,ℓP0Γδ√
T

.

Next control the ηmax term. Let ηxmax := max0≤t<T ηx,t. If h ≤ a/
√
T , then all steps are capped,

so ηxmax/S1(T ) = h/(hT ) = 1/T ≤ 1/
√
T . If h > a/

√
T , then S1(T ) ≥ a

√
T and ηxmax ≤ a, so

again ηxmax/S1(T ) ≤ 1/
√
T . Therefore

ηmax

S1(T )
= 64κ2

ηxmax

S1(T )
≤ 64κ2√

T
.
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Thus σ2Γδηmax/S1(T ) = O(κ2σ2Γδ/
√
T ). Finally control the quadratic-noise term. If h ≤

a/
√
T , then all steps are capped and Q2(T )/S1(T ) = Th2/(Th) = h ≤ a/

√
T . If h > a/

√
T ,

then S1(T ) ≥ a
√
T and Q2(T ) ≤ a2

∑T−1
t=0 (t+ 1)−1 ≤ a2(1 + log T ). Therefore, in both cases,

Q2(T )

S1(T )
≤ a(1 + log T )√

T
.

Hence
σ2Aκ,ℓΓδQ2(T )

S1(T )
≤
σ2Aκ,ℓΓδa(1 + log T )√

T
=
σ
√
Aκ,ℓP0Γδ(1 + log T )

√
T

,

where the last equality substitutes a =
√
P0/(Aκ,ℓσ2Γδ). Combining the three bounds gives

min
0≤t<T

∥∇g(xt)∥2 = O

(
κ2ℓP0

T
+
σ
√
Aκ,ℓP0Γδ(1 + log T )

√
T

+
κ2σ2Γδ√

T

)
.

Since Aκ,ℓ ≤ 1030κ4ℓ for κ ≥ 1, we have σ
√
Aκ,ℓP0Γδ = O(κ2σ

√
ℓP0Γδ). This proves the

claimed rate.

B.2. SGDA in Heavy-Tailed NC-PL Games

B.2.1. PROPOSITION 4.7

Proof Fix any p ∈ (1, 2], deterministic step size schedules {ηx,t}t≥0, {ηy,t}t≥0, a horizon T ≥ 2
with at least one active x-update before time T , and a confidence level δ ∈ (0, 1). We construct a
one-dimensional NC–PL game and an unbiased heavy-tailed oracle, which may depend on (T, δ),
for which P

(
T−1

∑T−1
t=0 ∥∇g(xt)∥2 ≥ 1/(δT )

)
≥ δ. This immediately implies T = Ω(1/(εδ))

for any general high-probability guarantee over the oracle class satisfying Assumptions 3.4 and 3.6.

Step 1: An NC–PL game with strongly concave inner problem. Let dx = dy = 1, Y = R, and
f(x, y) := x2/2− y2/2. Then

g(x) = max
y∈R

f(x, y) =
1

2
x2, g(x)− f(x, y) =

1

2
y2,

∇g(x) = x, ∇xf(x, y) = x, ∇yf(x, y) = −y, 1
2
∥∇yf(x, y)∥2 =

1

2
y2.

Thus Assumption 3.1 holds with ℓ = 1, the inner problem is 1-strongly concave with unique maxi-
mizer y⋆(x) = 0, and Assumption 3.2 holds with µ = 1.

Step 2: SGDA reduces to noisy SGD on a quadratic. Run SGDA from (x0, y0) = (0, 0), take
the y-oracle to be exact, Gy(x, y, ζ

y
t ) ≡ −y, and take the x-oracle to be Gx(xt, yt, ζ

x
t ) = xt + ξt,

where {ξt} is specified below. Then ξyt ≡ 0, hence yt ≡ 0 for all t ≥ 0, and the x-recursion is

xt+1 = xt − ηx,t(xt + ξt) = (1− ηx,t)xt − ηx,tξt.
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Step 3: A heavy-tailed unbiased noise at all steps up to the horizon. Let S := {0 ≤ t ≤
T − 2 : ηx,t > 0} and m := |S|, so m ≥ 1 by assumption. Set q := 1− (1− δ)1/m ∈ (0, 1); since
(1− δ)1/m ≥ 1− δ, we have q ≤ δ. For t ∈ S, define independent noises by

ξt :=


1

ηx,t
√
δ
, with probability

q

2
,

− 1

ηx,t
√
δ
, with probability

q

2
,

0, with probability 1− q,

and ξt := 0 almost surely for t /∈ S. The distribution is symmetric, and for t ∈ S,

E[ξt | Ft] = 0, E[|ξt|p | Ft] = q

(
1

ηx,t
√
δ

)p

=
q

ηpx,tδ
p/2

≤ δ1−p/2

ηpx,t
≤ 1

ηpx,t
.

The same bounds are trivial for t /∈ S. Hence Assumptions 3.4 and 3.6 hold with, for example,
σ := maxt∈S η

−1
x,t . The oracle is nontrivial at every active x-oracle call that can affect the horizon,

namely every t ∈ S ⊆ {0, . . . , T − 2}.

Step 4: A rare outlier at an arbitrary step forces Ω(1/δ) stationarity. Let τ := min{t ∈ S :
ξt ̸= 0}, with τ = +∞ if no such index exists. Independence and the choice of q give

P(τ <∞) = 1− (1− q)m = 1− (1− δ) = δ.

On {τ <∞}, all earlier noises that can affect the iterate are zero; since x0 = 0, the recursion gives
xt = 0 for all t ≤ τ and hence

xτ+1 = −ηx,τξτ , |xτ+1| = ηx,τ ·
1

ηx,τ
√
δ
=

1√
δ
, ∥∇g(xτ+1)∥2 = x2τ+1 =

1

δ
.

Because τ ≤ T − 2, the index τ + 1 lies inside the averaging window, and therefore

1

T

T−1∑
t=0

∥∇g(xt)∥2 ≥
1

T
∥∇g(xτ+1)∥2 =

1

δT
on {τ <∞}

=⇒ P

(
1

T

T−1∑
t=0

∥∇g(xt)∥2 ≥
1

δT

)
≥ P(τ <∞) = δ.

Thus any claim of the form P
(
T−1

∑T−1
t=0 ∥∇g(xt)∥2 ≤ ε

)
≥ 1−δ must fail whenever 1/(δT ) > ε,

because the constructed oracle gives the complementary event probability at least δ. Equivalently,
any such guarantee requires T ≥ 1/(εδ), i.e., T = Ω(1/(εδ)). Finally, the constructed game
satisfies that f(x, ·) is 1-strongly concave in y, as claimed.
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B.3. SGDAClip in Heavy-Tailed NC-PL Games

B.3.1. LEMMA 4.8

Proof While this result is standard in the clipped-gradient literature (Nguyen et al., 2023; Sadiev
et al., 2023), we include the proof below for completeness. We only prove the x-part, as the y-part
is identical with τy,t, and gy = ∇yf(xt+1, yt). Write τ def

= τx,t, g
def
= ∇xf(xt, yt), ξ

def
= Gx

t − g, and

G̃
def
= clipτ (g + ξ), so that E[ξ | Ft] = 0, ξ̃xt = G̃− E[G̃ | Ft], and βxt = E[G̃ | Ft]− g.
First, the norm bound follows directly from clipping and Jensen’s inequality:

∥ξ̃xt ∥ = ∥G̃− E[G̃ | Ft]∥ ≤ ∥G̃∥+ ∥E[G̃ | Ft]∥ ≤ τ + E[∥G̃∥ | Ft] ≤ 2τ.

Now assume the low-signal condition ∥g∥ ≤ τ/2. Since clipping changes g + ξ only on the
event {∥g + ξ∥ > τ}, and since ∥g + ξ∥ > τ implies ∥ξ∥ > τ/2, we have:

∥βxt ∥ = ∥E[clipτ (g + ξ)− (g + ξ) | Ft]∥
≤ E[∥clipτ (g + ξ)− (g + ξ)∥ | Ft]

≤ E[∥g + ξ∥1{∥g + ξ∥ > τ} | Ft]

≤ 2E[∥ξ∥1{∥ξ∥ > τ/2} | Ft]

≤ 2(τ/2)1−pE[∥ξ∥p | Ft] ≤ 2pσpτ1−p ≤ 4σpτ1−p.

The fourth line uses ∥g + ξ∥ ≤ ∥g∥ + ∥ξ∥ ≤ 2∥ξ∥ on {∥ξ∥ > τ/2}; the fifth uses u1{u > a} ≤
upa1−p for u ≥ 0, a > 0, and p > 1.

It remains to bound the conditional second moment. Since conditional expectation minimizes
conditional mean-square deviation, we have:

E[∥ξ̃xt ∥2 | Ft] = E[∥G̃− E[G̃ | Ft]∥2 | Ft] ≤ E[∥G̃− g∥2 | Ft].

Under ∥g∥ ≤ τ/2, clipping gives ∥G̃ − g∥ ≤ ∥G̃∥ + ∥g∥ ≤ 3τ/2. Also, because clipτ (·) is
the Euclidean projection onto the ball of radius τ and clipτ (g) = g, it is non-expansive and gives
∥G̃− g∥ ≤ ∥ξ∥. Therefore,

E[∥G̃− g∥2 | Ft] ≤
(
3

2
τ

)2−p

E[∥G̃− g∥p | Ft] ≤
(
3

2

)2−p

τ2−pE[∥ξ∥p | Ft] ≤ 16σpτ2−p.

Combining the two yields the desired inequality E[∥ξ̃xt ∥2 | Ft] ≤ 16σpτ2−p.

B.3.2. LEMMA 4.9

Proof Fix t and write ηx = ηx,t, ηy = ηy,t, and γy = γy,t. Abbreviate ξxt = ξ̃xt and ξyt = ξ̃yt . By
the definitions of the centered residuals and clipping biases,

G̃x
t = ∇xf(xt, yt) + βxt + ξxt , G̃y

t = ∇yf(xt+1, yt) + βyt + ξyt .

Also, for ϕt(y) := g(xt+1) − f(xt+1, y), we have ∇ϕt(yt) = −∇yf(xt+1, yt) and hence yt+1 =
yt − ηy(∇ϕt(yt)− βyt − ξyt ). The same smoothness calculations used in Lemmas 4.1 and 4.2, with
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the bias terms handled by Young’s inequality, give the three one-step estimates as:

at+1 ≤ at −
ηx
2
∥∇g(xt)∥2 + 4κℓηxbt − ηx⟨∇g(xt), ξxt ⟩+ 3κℓη2x∥ξxt ∥2 + 4ηx∥βxt ∥2,

bt+1/2 ≤ αtbt +

(
1

4
ηx + 6κℓη2x

)
∥∇g(xt)∥2 + ηx⟨δt, ξxt ⟩+ 6κℓη2x∥ξxt ∥2 + 4ηx∥βxt ∥2,

bt+1 ≤ bt+1/2 −
(
ηy −

ℓ

2
η2y

)
∥∇ϕt(yt)∥2 + (ηy − ℓη2y)⟨∇ϕt(yt), β

y
t + ξyt ⟩+

ℓ

2
η2y∥β

y
t + ξyt ∥2

≤ bt+1/2 − 4γy∥∇ϕt(yt)∥2 + (ηy − ℓη2y)⟨∇ϕt(yt), ξ
y
t ⟩+ ℓη2y∥ξ

y
t ∥2 + 4ηy∥βyt ∥2,

where αt := 1 + 4κℓηx + 12κ2ℓ2η2x. In the last line, we used ηy ≤ 1/ℓ to absorb (ηy −
ℓη2y)⟨∇ϕt(yt), β

y
t ⟩+ℓη2y∥β

y
t ∥2 into ηy∥∇ϕt(yt)∥2/4+2ηy∥βyt ∥2, and then used ηy−ℓη2y/2−ηy/4 ≥

4γy.
Let θt := 1/2 − 2µγy. Since ηy ≤ 1/ℓ and κ = ℓ/µ ≥ 1, we have 0 ≤ θt ≤ 1/2. The NC-PL

condition applied to ϕt gives ∥∇ϕt(yt)∥2 ≥ 2µbt+1/2. Combining this with the last display yields

1

2
(bt − bt+1) ≥ γy∥∇ϕt(yt)∥2 +

(
1

2
− θtαt

)
bt − θt

(
1

4
ηx + 6κℓη2x

)
∥∇g(xt)∥2

− θtηx⟨δt, ξxt ⟩ − 6θtκℓη
2
x∥ξxt ∥2 − 4θtηx∥βxt ∥2

− 1

2
(ηy − ℓη2y)⟨∇ϕt(yt), ξ

y
t ⟩ −

ℓ

2
η2y∥ξ

y
t ∥2 − 2ηy∥βyt ∥2.

Here the half-step estimate was substituted with a negative coefficient −θt.
Now it remains to check the deterministic coefficients. The step-size assumptions imply:

2µγy =
µ

4

(
ηy −

ℓ

2
η2y

)
=
ℓηy
4κ

(
1− ℓηy

2

)
≥ ℓηy

8κ
≥ 16κℓηx,

1

2
− θtαt − 4κℓηx = 2µγy − θt(αt − 1)− 4κℓηx ≥ 2µγy − 2κℓηx − 6κ2ℓ2η2x − 4κℓηx ≥ 4κℓηx,

ηx
2

− θt

(
1

4
ηx + 6κℓη2x

)
≥ 3

8
ηx − 3κℓη2x ≥ 1

8
ηx.

The second line uses θt ≤ 1/2, αt − 1 = 4κℓηx + 12κ2ℓ2η2x, and κℓηx ≤ 1; the last line uses
ηx ≤ 1/(12κℓ), which follows from the step-size assumptions. Adding the primal estimate to the
lower bound on (bt − bt+1)/2, using the coefficient bounds, and moving the noise and bias terms to
the right-hand side gives

1

8
ηx∥∇g(xt)∥2 + γy∥∇ϕt(yt)∥2 + 4κℓηxbt ≤ Pt − Pt+1

− ηx⟨∇g(xt), ξxt ⟩+
(
1

2
− 2µγy

)
ηx⟨δt, ξxt ⟩+ 6κℓη2x∥ξxt ∥2

+
1

2
(ηy − ℓη2y)⟨∇ϕt(yt), ξ

y
t ⟩+

ℓ

2
η2y∥ξ

y
t ∥2 + 6ηx∥βxt ∥2 + 2ηy∥βyt ∥2.
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B.3.3. LEMMA 4.10

Proof By construction, (Bt) is nondecreasing, so (zt) is nonincreasing and 0 < zt ≤ 1. Since
Ḡt ∈ Ft and all other quantities entering Bt are deterministic or Ft-measurable, zt is predictable
for the x-increment and Ft+1/2-measurable for the y-increment. Moreover,

ztB
x
t ≤ 1, ztB

y
t ≤ 1, ztB

v
t ≤ 1. (28)

Fix k ≥ 1. Multiplying the assumed one-step inequality by zt, summing over t < k, using
the monotonicity of (zt), and separating the predictable quadratic drift from its centered fluctuation
gives

k−1∑
t=0

ztGt + zk−1Pk ≤ z0P0 +
k−1∑
t=0

ztrt +
k−1∑
t=0

ztDt + Sk, (29)

Sk
def
=

k−1∑
t=0

zt

[
ηx,t⟨cxt , ξ̃xt ⟩+ dxt η

2
x,t

(
∥ξ̃xt ∥2 − E[∥ξ̃xt ∥2 | Ft]

)
+ ηy,t⟨cyt , ξ̃

y
t ⟩+ dyt η

2
y,t

(
∥ξ̃yt ∥2 − E[∥ξ̃yt ∥2 | Ft+1/2]

)]
.

The telescoping part used here is
∑

t<k zt(Pt − Pt+1) = z0P0 − zk−1Pk +
∑k−1

t=1 (zt − zt−1)Pt ≤
z0P0 − zk−1Pk, and the drift separation uses d•t ≥ 0 and the conditional second-moment bounds.

Define the half-step filtration by H2t := Ft and H2t+1 := Ft+1/2, and let ∆2t and ∆2t+1 be the
x- and y-summands in Sk, respectively. Then Sk =

∑2k−1
s=0 ∆s and E[∆s | Hs] = 0.

We next verify the bounded-increment and variance conditions. It suffices to write the x-case;
the y-case is identical. By Cauchy–Schwarz, clipping, and the self-bounding condition,

ηx,t|⟨cxt , ξ̃xt ⟩| ≤ 2τx,tηx,t∥cxt ∥ ≤ 2τx,t
√
C1ηx,tGt ≤ 2τx,t

√
C1ηx,tḠt,

dxt η
2
x,t

∣∣∣∥ξ̃xt ∥2 − E[∥ξ̃xt ∥2 | Ft]
∣∣∣ ≤ 8dxt η

2
x,tτ

2
x,t.

Thus |∆2t| ≤ ztB
x
t ≤ 1, and similarly |∆2t+1| ≤ ztB

y
t ≤ 1.

For the conditional variance, use (a + b)2 ≤ 2a2 + 2b2 directly on the two terms inside ∆2t.
The linear part is controlled by self-bounding and ztBv

t ≤ 1, while the centered quadratic part is
controlled by clipping and ztBx

t ≤ 1:

E[∆2
2t | Ft] ≤ 2z2t η

2
x,t∥cxt ∥2vxt + 2z2t (d

x
t )

2η4x,tE
[(

∥ξ̃xt ∥2 − E[∥ξ̃xt ∥2 | Ft]
)2∣∣∣∣Ft

]
≤ 2ztGt (ztC1ηx,tv

x
t ) + 2ztd

x
t η

2
x,tv

x
t

(
4ztd

x
t η

2
x,tτ

2
x,t

)
≤ 1

3
ztGt + ztd

x
t η

2
x,tv

x
t , (30)

E[∆2
2t+1 | Ft+1/2] ≤

1

3
ztGt + ztd

y
t η

2
y,tv

y
t . (31)

The second line uses E[(U − E[U | Ft])
2 | Ft] ≤ E[U2 | Ft] ≤ 4τ2x,tv

x
t for U = ∥ξ̃xt ∥2; the last

line uses ztC1ηx,tv
x
t ≤ 1/6 from ztB

v
t ≤ 1 and 4ztd

x
t η

2
x,tτ

2
x,t ≤ 1/2 from ztB

x
t ≤ 1.
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Since each ∆s is a mean-zero martingale difference bounded above by 1, Lemma A.7 and Ville’s
inequality give, with probability at least 1− δ, simultaneously for all n ≥ 0,

n−1∑
s=0

∆s ≤
3

4

n−1∑
s=0

E[∆2
s | Hs] + max{log(2/δ), 1}. (32)

Indeed, the process exp{
∑

s<n∆s − (3/4)
∑

s<n E[∆2
s | Hs]} is a nonnegative supermartingale,

and exp(−max{log(2/δ), 1}) ≤ δ. Applying (32) with n = 2k and using (30)–(31) gives, on the
same event,

Sk ≤ 3

4

k−1∑
t=0

(
E[∆2

2t | Ft] + E[∆2
2t+1 | Ft+1/2]

)
+max{log(2/δ), 1}

≤ 1

2

k−1∑
t=0

ztGt +
k−1∑
t=0

ztDt +max{log(2/δ), 1},

where Dt = dxt η
2
x,tv

x
t + dyt η

2
y,tv

y
t and Dt ≥ 0. Substituting this estimate for Sk into (29) yields:

1

2

k−1∑
t=0

ztGt + zk−1Pk ≤ z0P0 +
k−1∑
t=0

ztrt + 2
k−1∑
t=0

ztDt +max{log(2/δ), 1}.

Multiplying by 2 and weakening the left side from
∑

t<k ztGt + 2zk−1Pk to
∑

t<k ztGt + zk−1Pk

proves the claimed bound. Since the Ville event holds for all n simultaneously, the conclusion holds
for all k ∈ N simultaneously.

B.3.4. THEOREM B.2

We derive a master theorem for SGDAClip in heavy-tailed NC-PL games, from which we deduce
Theorem 4.11 and Theorem 4.12.

Theorem B.2 (Convergence of SGDAClip in heavy-tailed NC-PL) Suppose Assumptions 3.1, 3.2,
3.4 and 3.6 hold with exponent p ∈ (1, 2]. Assume ηy,t = 128κ2ηx,t and ηx,t ≤ 1/(128κ2ℓ) for all
t ≥ 0. Let

γy,t
def
=

1

8

(
ηy,t −

ℓ

2
η2y,t

)
, ϕt(y)

def
= g(xt+1)− f(xt+1, y),

and define

Gt
def
=

1

8
ηx,t ∥∇g(xt)∥2 + γy,t ∥∇ϕt(yt)∥2 + 4κℓηx,tbt,

Ḡt
def
=

1

8
ηx,t ∥∇g(xt)∥2 + 2γy,t ∥∇yf(xt, yt)∥2 + 4κℓηx,tbt + 2γy,tℓ

2η2x,tτ
2
x,t.

Let

C1
def
=

81

8
, dxt

def
= 6κℓ, dyt

def
=
ℓ

2
, vxt

def
= 16σpτ2−p

x,t , vyt
def
= 16σpτ2−p

y,t .
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Define

Bt
def
= max

{
1, max

i∈[0,t]
max{Bx

i , B
y
i , B

v
i }
}
, zt

def
=

1

Bt
,

Bx
i

def
= 2τx,i

√
C1ηx,iḠi + 48κℓη2x,iτ

2
x,i,

By
i

def
= 2τy,i

√
C1ηy,iḠi + 4ℓη2y,iτ

2
y,i,

Bv
i

def
= 96C1σ

p(ηx,iτ
2−p
x,i + ηy,iτ

2−p
y,i ),

S1,τ (k)
def
=

k−1∑
t=0

zt

(
6ηx,tτ

2−2p
x,t + 2ηy,tτ

2−2p
y,t

)
, S2,τ (k)

def
=

k−1∑
t=0

zt

(
6κℓη2x,tτ

2−p
x,t +

ℓ

2
η2y,tτ

2−p
y,t

)
.

Then, for each δ ∈ (0, 1), there exists an event Eδ with P(Eδ) ≥ 1− δ such that, on Eδ, the following
implication holds for all integers k ≥ 1 simultaneously:[

∥∇xf(xt, yt)∥ ≤ τx,t
2
, ∥∇yf(xt, yt)∥ ≤ τy,t

4
, ℓηx,tτx,t ≤

τy,t
4
, ∀t ∈ {0, 1, . . . , k − 1}

]
=⇒

[
zk−1Pk +

k−1∑
t=0

ztGt ≤ 2z0P0 + 32σ2pS1,τ (k) + 64σpS2,τ (k) + 2Γδ

]
, Γδ

def
= max{log(2/δ), 1}

Proof We combine Lemmas 4.9 and 4.10.

Step 1: Predictable envelope and predictable stopping. Since ∇ϕt(yt) = −∇yf(xt+1, yt) and
the x-update is clipped,

∥xt+1 − xt∥ ≤ ηx,tτx,t.

By ℓ-smoothness,
∥∇yf(xt+1, yt)−∇yf(xt, yt)∥ ≤ ℓηx,tτx,t,

and hence
∥∇ϕt(yt)∥2 = ∥∇yf(xt+1, yt)∥2 ≤ 2 ∥∇yf(xt, yt)∥2 + 2ℓ2η2x,tτ

2
x,t.

Thus Gt ≤ Ḡt and Ḡt ∈ Ft. Define the predictable validity event

Vt
def
=
{
∥∇xf(xt, yt)∥ ≤ τx,t

2
, ∥∇yf(xt, yt)∥ ≤ τy,t

4
, ℓηx,tτx,t ≤

τy,t
4

}
,

and the stopping time Tstop
def
= inf{t ≥ 0 : Vt fails}, with Tstop = +∞ if the set is empty. Let

It
def
= 1{t < Tstop}. Then It is Ft-measurable. On Vt,

∥∇yf(xt+1, yt)∥ ≤ ∥∇yf(xt, yt)∥+ ℓ ∥xt+1 − xt∥ ≤ τy,t
4

+ ℓηx,tτx,t ≤
τy,t
2
,

so Lemmas 4.8 and 4.9 apply whenever It = 1. Now define:

P ′
t

def
= Pt∧Tstop , G′

t
def
= ItGt, ξ̃x′t

def
= Itξ̃

x
t , ξ̃y′t

def
= Itξ̃

y
t .

Since It ∈ Ft ⊆ Ft+1/2, indeed:

E[ξ̃x′t | Ft] = 0, E[ξ̃y′t | Ft+1/2] = 0.
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Step 2: Invoke Lemma 4.9. Whenever It = 1, Lemma 4.9 yields

Gt ≤ Pt − Pt+1 + ηx,t
〈
cxt , ξ̃

x
t

〉
+ dxt η

2
x,t∥ξ̃xt ∥2 + ηy,t

〈
cyt , ξ̃

y
t

〉
+ dyt η

2
y,t∥ξ̃

y
t ∥2 + rt, (33)

where we set
cxt := −∇g(xt) +

(1
2
− 2µγy,t

)
δt, dxt := 6κℓ,

cyt := 1
2(1− ℓηy,t)∇ϕt(yt), dyt :=

ℓ

2
,

rt := 6ηx,t∥βxt ∥2 + 2ηy,t∥βyt ∥2.

Set cx′t
def
= Itc

x
t , cy′t

def
= Itc

y
t , and r′t

def
= Itrt. If It = 0, then G′

t = 0, P ′
t = P ′

t+1, ξ̃x′t = ξ̃y′t = 0, and
r′t = 0, so (33) holds trivially with primes. Therefore, the stopped processes satisfy for all t ≥ 0:

G′
t ≤ P ′

t − P ′
t+1 + ηx,t

〈
cx′t , ξ̃

x′
t

〉
+ dxt η

2
x,t∥ξ̃x′t ∥2 + ηy,t

〈
cy′t , ξ̃

y′
t

〉
+ dyt η

2
y,t∥ξ̃

y′
t ∥2 + r′t. (34)

Step 3: Verify the clipped-noise bounds. Lemma 4.8 always gives ∥ξ̃xt ∥ ≤ 2τx,t and ∥ξ̃yt ∥ ≤
2τy,t. Hence, we have:

∥ξ̃x′t ∥ ≤ 2τx,t, ∥ξ̃y′t ∥ ≤ 2τy,t a.s. for all t.

Moreover, if It = 1 then the predictable validity condition holds at t, so Lemma 4.8 implies

E
[
∥ξ̃xt ∥2 | Ft

]
≤ 16σpτ2−p

x,t , E
[
∥ξ̃yt ∥2 | Ft+ 1

2

]
≤ 16σpτ2−p

y,t ,

and therefore for all t ≥ 0,

E
[
∥ξ̃x′t ∥2 | Ft

]
≤ vxt , E

[
∥ξ̃y′t ∥2 | Ft+ 1

2

]
≤ vyt ,

with the deterministic choices vxt := 16σpτ2−p
x,t , v

y
t := 16σpτ2−p

y,t .

Step 4: Verify the self-bounding condition. We show that for all t ≥ 0,

ηx,t∥cx′t ∥2 + ηy,t∥cy′t ∥2 ≤ C1G
′
t with C1 =

81

8
. (35)

For t ≥ Tstop both sides are zero by definition, so it suffices to consider t < Tstop.

(x-part). Let θt
def
= 1

2 − 2µγy,t ∈ [0, 1/2]. For any β > 0, ∥u + v∥2 ≤ (1 + β)∥u∥2 + (1 +
β−1)∥v∥2. With u = −∇g(xt) and v = θtδt,

∥cxt ∥2 ≤ (1 + β)∥∇g(xt)∥2 +
(
1 + β−1

)1
4
∥δt∥2.

By Lemma A.3, ∥δt∥2 = ∥∇xf(xt, yt)−∇g(xt)∥2 ≤ 2κℓ bt. Thus

ηx,t∥cxt ∥2 ≤ (1 + β)ηx,t∥∇g(xt)∥2 +
(
1 + β−1

)κℓ
2
ηx,tbt.

Comparing with the definition of Gt, we can bound the RHS by CxGt whenever

(1 + β)ηx,t∥∇g(xt)∥2 ≤ Cx ·
1

8
ηx,t∥∇g(xt)∥2,

(
1 + β−1

)κℓ
2
ηx,tbt ≤ Cx · 4κℓ ηx,tbt,
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i.e. whenever Cx ≥ 8(1 + β) and Cx ≥ 1+β−1

8 . Choosing β = 1
64 gives 8(1 + β) = 65

8 and
1+β−1

8 = 65
8 , hence

ηx,t∥cxt ∥2 ≤
65

8
Gt. (36)

(y-part). We have

ηy,t∥cyt ∥2 = ηy,t ·
1

4
(1− ℓηy,t)

2 ∥∇ϕt(yt)∥2.

Let u := ℓηy,t ∈ [0, 1] (since ηy,t ≤ 1
ℓ ). Then

γy,t =
ηy,t
16

(2− u) and
1

4
(1− u)2 ≤ 2− u

8
∀u ∈ [0, 1]

(the latter is equivalent to u(2u− 3) ≤ 0). Therefore

ηy,t∥cyt ∥2 ≤ 2γy,t∥∇ϕt(yt)∥2 ≤ 2Gt. (37)

Combining (36)–(37) yields ηx,t∥cxt ∥2 + ηy,t∥cyt ∥2 ≤ 81
8 Gt, which gives (35).

Step 5: Apply Lemma 4.10 to the stopped process. We now invoke Lemma 4.10 with:

(ξ̃x′t , ξ̃
y′
t ), (v

x
t , v

y
t ), (τx,t, τy,t), (G

′
t, P

′
t), (c

x′
t , c

y′
t ), (d

x
t , d

y
t ), r

′
t,

with the predictable envelope Ḡt and with the self-bounding constant C1 = 81
8 verified above.

Lemma 4.10 yields an event Eδ with Pr(Eδ) ≥ 1 − δ such that on Eδ, for all integers k ≥ 1
simultaneously,

k−1∑
t=0

ztG
′
t + zk−1P

′
k ≤ 2z0P

′
0 + 2

k−1∑
t=0

(
ztr

′
t + 2ztDt

)
+ 2Γδ, (38)

where zt is the theorem’s weight sequence and Γδ = max{log(2/δ), 1}.

Step 6: Specialize to times k ≤ Tstop and bound rt, Dt. Fix any integer k ≥ 1 and assume the
premise of the theorem for this k, i.e. the predictable validity event Vt holds for all t ∈ {0, . . . , k −
1}. Equivalently, Tstop ≥ k, and therefore, for all t ∈ {0, . . . , k − 1}, we have:

G′
t = Gt, P ′

k = Pk, P ′
0 = P0, r′t = rt.

Hence, on Eδ, inequality (38) becomes

k−1∑
t=0

ztGt + zk−1Pk ≤ 2z0P0 + 2

k−1∑
t=0

(
ztrt + 2ztDt

)
+ 2Γδ. (39)

It remains to upper bound rt andDt via Lemma 4.8 (valid for t < k under the premise). Indeed,
for such t, Lemma 4.8 gives

∥βxt ∥ ≤ 4σpτ1−p
x,t , ∥βyt ∥ ≤ 4σpτ1−p

y,t .

Therefore

rt = 6ηx,t∥βxt ∥2 + 2ηy,t∥βyt ∥2 ≤ 6ηx,t · 16σ2pτ2−2p
x,t + 2ηy,t · 16σ2pτ2−2p

y,t ,
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so we have:
2rt ≤ 32σ2p

(
6τ2−2p

x,t ηx,t + 2τ2−2p
y,t ηy,t

)
. (40)

Also by Lemma 4.8, we have:

vxt = 16σpτ2−p
x,t , vyt = 16σpτ2−p

y,t ,

and with dxt = 6κℓ, dyt = ℓ/2,

Dt = dxt η
2
x,tv

x
t + dyt η

2
y,tv

y
t = 6κℓ η2x,t · 16σpτ

2−p
x,t +

ℓ

2
η2y,t · 16σpτ

2−p
y,t

holds, and we have:

4Dt = 64σp
(
6κℓ τ2−p

x,t η
2
x,t +

ℓ

2
τ2−p
y,t η2y,t

)
. (41)

Plugging (40)–(41) into (39) yields:

zk−1Pk +
k−1∑
t=0

ztGt ≤ 2z0P0 + 32σ2p
k−1∑
t=0

zt

(
6τ2−2p

x,t ηx,t + 2τ2−2p
y,t ηy,t

)

+64σp
k−1∑
t=0

zt

(
6κℓ τ2−p

x,t η
2
x,t +

ℓ

2
τ2−p
y,t η2y,t

)
+ 2Γδ.

Recalling the definition of Gt and the theorem’s notation

S1,τ (k) :=

k−1∑
t=0

zt

(
6τ2−2p

x,t ηx,t + 2τ2−2p
y,t ηy,t

)
, S2,τ (k) :=

k−1∑
t=0

zt

(
6κℓ τ2−p

x,t η
2
x,t +

ℓ

2
τ2−p
y,t η2y,t

)
,

we obtain exactly the claimed inequality. Since Pr(Eδ) ≥ 1− δ and k was arbitrary, this completes
the proof.

B.3.5. THEOREM 4.11

Proof Let

∆δ
def
= P0 + Γδ, α

def
=

p

3p− 2
, r

def
= 1− α =

2(p− 1)

3p− 2
,

a
def
=

p− 1

3p− 2
=
r

2
, Rκ

def
= 128κ2, Hκ,ℓ,p

def
= σ2B

(2−p)/p
κ,ℓ A

2(p−1)/p
κ,ℓ .

Set

η̄
def
= cη

(
∆δ

Hκ,ℓ,p

)α

, τ̄
def
=

(
σpBκ,ℓ

2Aκ,ℓη̄

)1/p

.

Let cτ , cB > 0 be sufficiently large universal constants, and define

T0
def
=

⌈
1 ∨ (Rκℓ η̄)

1/α ∨
(
cτ
√
κℓ∆δ

τ̄

)3p−2

∨
(
cB
√
Rκ η̄τ̄

√
κ2ℓ∆δ

)1/a
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∨
(
cBR

2
κℓ η̄

2τ̄2
)1/(2a) ∨ (cB(1 +Rκ)σ

pη̄τ̄2−p
)1/r⌉

.

Then the theorem’s schedule is equivalently ηx = η̄T−α, τ = τ̄T 1/(3p−2). Let M def
= CM∆δ, where

CM > 0 is a sufficiently large universal constant. We first show that, under the balanced schedule
and T ≥ T0, the assumptions needed to apply Theorem B.2 are automatically satisfied.

The smoothness-cap term in T0 gives

ηx = η̄T−α ≤ 1

Rκℓ
=

1

128κ2ℓ
.

The clipping-bootstrap term in T0 gives

τ2 = τ̄2T 2/(3p−2) ≥ c2τκℓ∆δ.

Choosing cτ sufficiently large, this implies

τ2 ≥ 64κℓM.

Assume for a moment that Pt ≤M . Then at ≤ Pt and bt ≤ 2Pt. By Lemmas A.4 and A.3,

∥∇g(xt)∥2 ≤ 4κℓM, ∥δt∥2 ≤ 4κℓM,

where δt = ∇xf(xt, yt)−∇g(xt). Hence

∥∇xf(xt, yt)∥ ≤ ∥∇g(xt)∥+ ∥δt∥ ≤ 4
√
κℓM ≤ τ/2.

Also, since y 7→ g(xt)− f(xt, y) is nonnegative and ℓ-smooth,

∥∇yf(xt, yt)∥2 ≤ 2ℓbt ≤ 4ℓM,

and hence
∥∇yf(xt, yt)∥ ≤ 2

√
ℓM ≤ τ/4.

Finally,
ℓηxτ ≤ τ/4

because ηx ≤ 1/(128κ2ℓ) and κ ≥ 1. Therefore the predictable premise of Theorem B.2 holds
whenever Pt ≤M . Next, under Pt ≤M , the predictable envelope in Theorem B.2 satisfies

Ḡt ≤ CGκ
2ℓ ηxM + CGκ

2ℓ2η3xτ
2

for a universal constant CG. Therefore the three terms defining Bt are controlled by

C
√
Rκ ηxτ

√
κ2ℓM, CR2

κℓ η
2
xτ

2, C(1 +Rκ)σ
pηxτ

2−p.

By the last three terms in T0, these quantities are all at most 1 after increasing cB if necessary.
Consequently, Bt ≤ 2 and zt ≥ 1/2 on any interval on which Pt ≤M . Now define

K
def
= inf{k ∈ {1, . . . , T} : Pk > M},
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with K
def
= T + 1 if the set is empty. Work on the event Eδ from Theorem B.2. Suppose for

contradiction that K ≤ T . Then Pt ≤M for all t < K, so the premise of Theorem B.2 holds up to
timeK, and zt ≥ 1/2 for t < K. Applying Theorem B.2 with k = K and dropping the nonnegative
progress term gives

zK−1PK ≤ 2P0 + 2Γδ + Cσ2pBκ,ℓTηxτ
2−2p + CσpAκ,ℓTη

2
xτ

2−p.

The balanced identity τp = σpBκ,ℓ

2Aκ,ℓηx
gives

σ2pBκ,ℓTηxτ
2−2p + σpAκ,ℓTη

2
xτ

2−p ≤ CHκ,ℓ,pTη
(3p−2)/p
x .

Since

ηx = cη

(
∆δ

Hκ,ℓ,pT

)p/(3p−2)

,

the right-hand side is at most C∆δ. Thus, after choosing CM sufficiently large,

zK−1PK ≤M/2.

Since zK−1 ≥ 1/2, this implies PK ≤M , a contradiction. Hence K = T + 1. Therefore Pt ≤M ,
Theorem B.2’s premise holds, and zt ≥ 1/2 for all t < T . Apply Theorem B.2 with k = T . Since

Gt ≥
1

8
ηx ∥∇g(xt)∥2 ,

we get
1

8

T−1∑
t=0

ztηx ∥∇g(xt)∥2 ≤ C∆δ

using the balanced identity once more. Since
∑T−1

t=0 ztηx ≥ Tηx/2, we obtain

min
0≤t<T

∥∇g(xt)∥2 ≤ C
∆δ

Tηx
.

Substituting ηx = cη

(
∆δ

Hκ,ℓ,pT

)α
gives us

∆δ

Tηx
= CH

p/(3p−2)
κ,ℓ,p

(
∆δ

T

)r

= Cσ
2p

3p−2B
2−p
3p−2

κ,ℓ A
2(p−1)
3p−2

κ,ℓ

(
∆δ

T

)r

.

B.3.6. THEOREM 4.12

Proof Let ∆δ
def
= P0 + Γδ, α def

= p/(3p − 2), r def
= 2(p − 1)/(3p − 2), a def

= (p − 1)/(3p − 2),

Rκ
def
= 128κ2, and Hκ,ℓ,p

def
= σ2B

(2−p)/p
κ,ℓ A

2(p−1)/p
κ,ℓ . Set

η̄
def
= cη

(
∆δ

Hκ,ℓ,p

)α

, τ̄
def
=

(
σpBκ,ℓ

2Aκ,ℓη̄

)1/p

.
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Let cτ , cB > 0 be sufficiently large universal constants, and define

s0
def
=

⌈
1 ∨ (Rκℓ η̄)

1/α ∨
(
cτ
√
κℓ∆δ

τ̄

)3p−2

∨
(
cB
√
Rκ η̄τ̄

√
κ2ℓ∆δ

)1/a
∨
(
cBR

2
κℓ η̄

2τ̄2
)1/(2a) ∨ (cB(1 +Rκ)σ

pη̄τ̄2−p
)1/r⌉

.

The theorem’s schedule is equivalently ηx,t = η̄(t + s0)
−α and τt = τ̄(t + s0)

1/(3p−2). Fix an

arbitrary integer T ≥ max{2, s0}. Let Mk
def
= CM∆δ(1 +

∑k−1
t=0 (t + s0)

−1) for k ≥ 1, and set

M0
def
= CM∆δ, where CM > 0 is a sufficiently large universal constant. Under the shifted schedule,

ηx,tτ
2−2p
t = η̄τ̄2−2p(t+ s0)

−1, η2x,tτ
2−p
t = η̄2τ̄2−p(t+ s0)

−1.

The balanced identity τpt = σpBκ,ℓ/(2Aκ,ℓηx,t) implies

σ2pBκ,ℓηx,tτ
2−2p
t + σpAκ,ℓη

2
x,tτ

2−p
t ≤ C∆δ(t+ s0)

−1

after substituting the definitions of η̄ and τ̄ . Hence Mk dominates the deterministic upper envelope
generated by the right-hand side of Theorem B.2.

We first verify the validity and normalization conditions. The first term in s0 gives ηx,t ≤ ηx,0 =
η̄s−α

0 ≤ (128κ2ℓ)−1. The second term in s0 gives τ20 ≥ c2τκℓ∆δ. Moreover, for every t ≥ 0,

τ2t = τ̄2(t+ s0)
2/(3p−2) ≥ c τ̄2s

2/(3p−2)
0

(
1 + log

(
1 +

t

s0

))
.

The elementary inequality used here is that, for β ∈ [1/2, 2], (1 + u)β ≥ cβ(1 + log(1 + u)) for
all u ≥ 0, and the constants can be chosen uniformly for p ∈ (1, 2]. Thus, for cτ sufficiently large,
τ2t ≥ 64κℓMt+1 for all t ≥ 0. If Pt ≤ Mt+1, then at ≤ Mt+1 and bt ≤ 2Mt+1. Lemmas A.4
and A.3 give

∥∇xf(xt, yt)∥ ≤ 4
√
κℓMt+1 ≤ τt/2, ∥∇yf(xt, yt)∥ ≤ 2

√
ℓMt+1 ≤ τt/4.

Also ℓηx,tτt ≤ τt/4 because ηx,t ≤ 1/(128κ2ℓ) and κ ≥ 1. Therefore the predictable premise of
Theorem B.2 holds at time t whenever Pt ≤ Mt+1. Under Pt ≤ Mt+1, the predictable envelope
satisfies

Ḡt ≤ CGκ
2ℓ ηx,tMt+1 + CGκ

2ℓ2η3x,tτ
2
t .

Consequently, the terms controlling Bt are bounded by

C
√
Rκ ηx,tτt

√
κ2ℓMt+1, CR2

κℓ η
2
x,tτ

2
t , C(1 +Rκ)σ

pηx,tτ
2−p
t .

Using the shifted schedule,

ηx,tτt = η̄τ̄(t+ s0)
−a, η2x,tτ

2
t = η̄2τ̄2(t+ s0)

−2a, ηx,tτ
2−p
t = η̄τ̄2−p(t+ s0)

−r.

The last three terms in s0, together with the same polynomial-dominates-log inequality, ensure
these quantities are all at most a sufficiently small universal constant. Thus Bt ≤ 2 and zt ≥ 1/2
whenever Pi ≤Mi+1 for all i ≤ t.
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Now bootstrap the potential. Let K def
= inf{k ∈ {1, . . . , T} : Pk > Mk}, with K = T +1 if the

set is empty. Work on the event Eδ from Theorem B.2. Suppose K ≤ T . Then, for every t < K,
either t = 0, in which case P0 ≤ ∆δ ≤ M1, or Pt ≤ Mt ≤ Mt+1. Therefore Theorem B.2’s
premise holds for all t < K, and zt ≥ 1/2 for t < K.

Applying Theorem B.2 with k = K, dropping the nonnegative progress term, and using zt ≤ 1,

zK−1PK ≤ 2P0 + 2Γδ + Cσ2pBκ,ℓ

K−1∑
t=0

ηx,tτ
2−2p
t + CσpAκ,ℓ

K−1∑
t=0

η2x,tτ
2−p
t .

By the balanced identity and the definition of MK , the right-hand side is at most MK/2 for CM

sufficiently large. Since zK−1 ≥ 1/2, this implies PK ≤ MK , contradicting the definition of K.
Hence K = T + 1. Thus Pt ≤Mt, the premise of Theorem B.2 holds, and zt ≥ 1/2 for all t < T .

Apply Theorem B.2 with k = T . Since Gt ≥ 1
8ηx,t ∥∇g(xt)∥

2, we obtain

1

8

T−1∑
t=0

ztηx,t ∥∇g(xt)∥2 ≤ C∆δ

(
1 +

T−1∑
t=0

1

t+ s0

)
.

Since zt ≥ 1/2,
T−1∑
t=0

ztηx,t ≥
1

2
η̄
T−1∑
t=0

(t+ s0)
−α ≥ cη̄T 1−α = cη̄T r.

The second inequality uses T ≥ s0. Also,
∑T−1

t=0 (t+ s0)
−1 ≤ 1 + log T . Therefore

min
0≤t<T

∥∇g(xt)∥2 ≤ C
∆δ(1 + log T )

η̄T r
.

Substituting η̄ = cη(∆δ/Hκ,ℓ,p)
α gives

∆δ

η̄
= CH

p/(3p−2)
κ,ℓ,p ∆r

δ, H
p/(3p−2)
κ,ℓ,p = σ

2p
3p−2B

2−p
3p−2

κ,ℓ A
2(p−1)
3p−2

κ,ℓ .

This proves the claimed logarithmic unknown-horizon rate for the fixed horizon T . Since T ≥
max{2, s0} was arbitrary and the event Eδ does not depend on T , the claim follows.

Appendix C. Proofs of Nonconvex–Concave Games

C.1. SGDA in Subgaussian NC-C Games

C.1.1. LEMMA 5.1

Proof Let

u(x) := proxλf (x) = argmin
u

{
f(u) +

1

2λ
∥u− x∥2

}
.

Since f(u) + ρ
2 ∥u∥

2 is convex and λ < 1/ρ, the objective defining u(x) is (1/λ − ρ)-strongly
convex; hence u(x) exists and is unique. The optimality condition gives

p(x) :=
x− u(x)

λ
∈ ∂f(u(x)).
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For x, x′ write u = u(x), u′ = u(x′), p = p(x), and p′ = p(x′). Weak convexity is equivalent to
hypomonotonicity of the subdifferential:〈

p− p′, u− u′
〉
≥ −ρ

∥∥u− u′
∥∥2 .

Using u− u′ = x− x′ − λ(p− p′), the last inequality implies〈
p− p′, x− x′

〉
≥ λ

∥∥p− p′
∥∥2 − ρ

∥∥x− x′ − λ(p− p′)
∥∥2 ≥ − ρ

1− ρλ

∥∥x− x′
∥∥2 ,

where the final inequality follows by minimizing the preceding quadratic lower bound over p− p′.
Also, the same optimality relation gives the standard Lipschitz bound∥∥u(x)− u(x′)

∥∥ ≤ 1

1− ρλ

∥∥x− x′
∥∥ .

The usual envelope argument, using u(x) and u(x′) as comparison points in the two proximal
problems and then sending x′ → x, yields continuous differentiability and

∇fλ(x) = p(x) =
1

λ

(
x− proxλf (x)

)
.

Using u(x) as a feasible point in the definition of fλ(x′) gives

fλ(x
′) ≤ fλ(x) +

〈
∇fλ(x), x′ − x

〉
+

1

2λ

∥∥x′ − x
∥∥2 .

Finally, the hypomonotonicity bound for ∇fλ = p and the fundamental theorem of calculus along
the segment x+ θ(x′ − x) give

fλ(x
′) ≥ fλ(x) +

〈
∇fλ(x), x′ − x

〉
− ρ

2(1− ρλ)

∥∥x′ − x
∥∥2 .

These two quadratic inequalities imply

∥∥∇fλ(x′)−∇fλ(x)
∥∥ ≤ max

{
1

λ
,

ρ

1− ρλ

}∥∥x′ − x
∥∥ ,

so if λ ≤ 1/(2ρ), then ρ/(1− ρλ) ≤ 1/λ, and fλ is 1/λ-smooth.

C.1.2. LEMMA 5.2

Proof Fix y ∈ Y and set hy(x) := f(x, y). By Assumption 3.1, hy is ℓ-smooth in x, so

hy(x
′) ≥ hy(x) +

〈
∇hy(x), x′ − x

〉
− ℓ

2

∥∥x′ − x
∥∥2 .

Adding ℓ
2 ∥x

′∥2 and using ∥x′∥2 = ∥x∥2 + 2 ⟨x, x′ − x⟩+ ∥x′ − x∥2 gives

hy(x
′) +

ℓ

2

∥∥x′∥∥2 ≥ hy(x) +
ℓ

2
∥x∥2 +

〈
∇hy(x) + ℓx, x′ − x

〉
.
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Thus x 7→ f(x, y) + ℓ
2 ∥x∥

2 is convex for each y. Taking the pointwise maximum over y ∈ Y
preserves convexity, so

g(x) +
ℓ

2
∥x∥2 = max

y∈Y

{
f(x, y) +

ℓ

2
∥x∥2

}
is convex, and g is ℓ-weakly convex.

Apply Lemma 5.1 to g with ρ = ℓ and λ = 1/(2ℓ). Then Φ = g1/(2ℓ) is continuously differen-
tiable,

∇Φ(x) = 2ℓ
(
x− proxg/(2ℓ)(x)

)
,

and, since λ = 1/(2ℓ) ≤ 1/(2ρ), Φ is 2ℓ-smooth. Finally, Φ(x) ≤ g(x) by choosing u = x in the
envelope definition, while

Φ(x) = inf
u

{
g(u) + ℓ ∥u− x∥2

}
≥ inf

u
g(u).

Taking infima in x gives infxΦ(x) = infx g(x).

C.1.3. LEMMA 5.3

Proof Recall Φ(·) = g1/(2ℓ)(·) and define

ut ∈ proxg/(2ℓ)(xt) := argmin
u∈Rdx

{
g(u) + ℓ∥u− xt∥2

}
.

By Lemma 5.2, Φ is 2ℓ-smooth and

∇Φ(xt) = 2ℓ(xt − ut), Φ(xt) = g(ut) + ℓ∥ut − xt∥2. (42)

Moreover, the SGDA x-update can be written as

xt+1 = xt − ηx,t
(
∇xf(xt, yt) + ξxt

)
.

Step 1: Smoothness descent for Φ. By 2ℓ-smoothness of Φ,

Φ(xt+1) ≤ Φ(xt) + ⟨∇Φ(xt), xt+1 − xt⟩+ ℓ∥xt+1 − xt∥2.

Substituting xt+1 − xt = −ηx,t(∇xf(xt, yt) + ξxt ) gives

Φ(xt+1) ≤ Φ(xt)− ηx,t⟨∇Φ(xt),∇xf(xt, yt) + ξxt ⟩+ ℓη2x,t∥∇xf(xt, yt) + ξxt ∥2

= Φ(xt)− ηx,t⟨∇Φ(xt),∇xf(xt, yt)⟩ − ηx,t⟨∇Φ(xt), ξ
x
t ⟩+ ℓη2x,t∥∇xf(xt, yt) + ξxt ∥2.

(43)

Subtracting Φ⋆ from both sides yields the same inequality for at+1 = Φ(xt+1)− Φ⋆.
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Step 2: Lower bound ⟨∇Φ(xt),∇xf(xt, yt)⟩. Fix t and consider the function x 7→ f(x, yt). By
Assumption 3.1, it is ℓ-smooth, hence for any u,

f(u, yt) ≥ f(xt, yt) + ⟨∇xf(xt, yt), u− xt⟩ −
ℓ

2
∥u− xt∥2.

Applying this with u = ut and rearranging gives

⟨∇xf(xt, yt), xt − ut⟩ ≥ f(xt, yt)− f(ut, yt)−
ℓ

2
∥xt − ut∥2.

Multiplying by 2ℓ and using ∇Φ(xt) = 2ℓ(xt − ut),

⟨∇Φ(xt),∇xf(xt, yt)⟩ ≥ 2ℓ
(
f(xt, yt)− f(ut, yt)

)
− ℓ2∥xt − ut∥2. (44)

Since ℓ2∥xt − ut∥2 = 1
4∥∇Φ(xt)∥2 by (42), we obtain

−ηx,t⟨∇Φ(xt),∇xf(xt, yt)⟩ ≤ −2ℓηx,t
(
f(xt, yt)− f(ut, yt)

)
+
ηx,t
4

∥∇Φ(xt)∥2.

Using f(ut, yt) ≤ g(ut) and (42),

−2ℓηx,t
(
f(xt, yt)− f(ut, yt)

)
≤ −2ℓηx,tf(xt, yt) + 2ℓηx,tg(ut)

= −2ℓηx,tf(xt, yt) + 2ℓηx,tΦ(xt)− 2ℓ2ηx,t∥xt − ut∥2

= 2ℓηx,t
(
Φ(xt)− f(xt, yt)

)
− ηx,t

2
∥∇Φ(xt)∥2.

Therefore,

−ηx,t⟨∇Φ(xt),∇xf(xt, yt)⟩ ≤ −ηx,t
4

∥∇Φ(xt)∥2 + 2ℓηx,t
(
Φ(xt)− f(xt, yt)

)
. (45)

Finally, since Φ(xt) ≤ g(xt) = maxy∈Y f(xt, y), we have Φ(xt)−f(xt, yt) ≤ g(xt)−f(xt, yt) =
bt, hence

−ηx,t⟨∇Φ(xt),∇xf(xt, yt)⟩ ≤ −ηx,t
4

∥∇Φ(xt)∥2 + 2ℓηx,tbt.

Step 3: Bound the quadratic term. Using ∥a+ b∥2 ≤ 2∥a∥2 + 2∥b∥2,

ℓη2x,t∥∇xf(xt, yt) + ξxt ∥2 ≤ 2ℓη2x,t∥∇xf(xt, yt)∥2 + 2ℓη2x,t∥ξxt ∥2.

Assumption 3.3 states that x 7→ f(x, y) is L-Lipschitz for each fixed y; since f(·, yt) is differen-
tiable, this implies ∥∇xf(xt, yt)∥ ≤ L. Therefore

ℓη2x,t∥∇xf(xt, yt) + ξxt ∥2 ≤ 2ℓL2η2x,t + 2ℓη2x,t∥ξxt ∥2.

Step 4: Combine. Plugging the last two displays into (43) yields:

at+1 ≤ at −
ηx,t
4

∥∇Φ(xt)∥2 + 2ℓηx,tbt − ηx,t ⟨∇Φ(xt), ξ
x
t ⟩+ 2ℓη2x,tL

2 + 2ℓη2x,t ∥ξxt ∥
2 . (46)
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C.1.4. LEMMA 5.4

Proof Recall bt+1 = g(xt+1) − f(xt+1, yt+1). We first relate bt+1 to the gap against the fixed
comparator y⋆s .

Step 1: Reduce bt+1 to a fixed-comparator gap. Since x 7→ f(x, y) is L-Lipschitz for each y,
the outer function g(x) = maxy∈Y f(x, y) is also L-Lipschitz:

g(x)− g(x′) ≤ max
y∈Y

(
f(x, y)− f(x′, y)

)
≤ L∥x− x′∥,

and similarly g(x′)− g(x) ≤ L∥x− x′∥. Therefore,

g(xt+1) ≤ g(xs) + L∥xt+1 − xs∥ = f(xs, y
⋆
s) + L∥xt+1 − xs∥.

Also, by L-Lipschitzness of x 7→ f(x, y⋆s),

f(xs, y
⋆
s) ≤ f(xt+1, y

⋆
s) + L∥xt+1 − xs∥.

Combining the two inequalities gives

bt+1 = g(xt+1)− f(xt+1, yt+1) ≤ 2L∥xt+1 − xs∥+
(
f(xt+1, y

⋆
s)− f(xt+1, yt+1)

)
. (47)

Step 2: One-step ascent bound in y. Define the concave function (in y)

h(y) := f(xt+1, y), y ∈ Y,

which is ℓ-smooth by Assumption 3.1. The y-update is

yt+1 = ΠY

(
yt + ηy,t

(
∇h(yt) + ξyt

))
.

Let gt := ∇h(yt) + ξyt so that yt+1 = ΠY(yt + ηy,tgt).
(i) Concavity + smoothness. Concavity implies

h(y⋆s) ≤ h(yt) + ⟨∇h(yt), y⋆s − yt⟩, (48)

and ℓ-smoothness implies (equivalently, smoothness of −h)

h(yt)− h(yt+1) ≤ ⟨∇h(yt), yt − yt+1⟩+
ℓ

2
∥yt+1 − yt∥2. (49)

Adding (48) and (49) yields

h(y⋆s)− h(yt+1) ≤ ⟨∇h(yt), y⋆s − yt+1⟩+
ℓ

2
∥yt+1 − yt∥2. (50)

(ii) Insert gt and apply the projection inequality. Since ∇h(yt) = gt − ξyt , we can rewrite the
inner product term as

⟨∇h(yt), y⋆s − yt+1⟩ = ⟨gt, y⋆s − yt+1⟩+ ⟨ξyt , yt+1 − y⋆s⟩.
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For Euclidean projection, the following inequality holds: if yt+1 = ΠY(yt + ηgt), then for any
y ∈ Y ,

⟨gt, y − yt+1⟩ ≤
∥yt − y∥2 − ∥yt+1 − y∥2 − ∥yt+1 − yt∥2

2η
. (51)

Applying (51) with y = y⋆s and η = ηy,t gives

⟨gt, y⋆s − yt+1⟩ ≤
∥yt − y⋆s∥2 − ∥yt+1 − y⋆s∥2 − ∥yt+1 − yt∥2

2ηy,t
.

Thus, from (50),

h(y⋆s)− h(yt+1) ≤
∥yt − y⋆s∥2 − ∥yt+1 − y⋆s∥2

2ηy,t
− ∥yt+1 − yt∥2

2ηy,t

+ ⟨ξyt , yt+1 − y⋆s⟩+
ℓ

2
∥yt+1 − yt∥2 (52)

≤ ∥yt − y⋆s∥2 − ∥yt+1 − y⋆s∥2

2ηy,t
+ ⟨ξyt , yt − y∗s⟩+

ηy,t
2(1− ℓηy,t)

∥ξyt ∥
2 (53)

≤ ∥yt − y⋆s∥2 − ∥yt+1 − y⋆s∥2

2ηy,t
+ ⟨ξyt , yt − y∗s⟩+ ηy,t ∥ξyt ∥

2 (54)

where we use Young’s inequality with a parameter ηy,t
1−ℓηy,t

for the second inequality, and ηy,t ≤ 1
2ℓ

for the last inequality.

Step 3: Conclude. Since h(y) = f(xt+1, y), inequality (54) is exactly a bound on f(xt+1, y
⋆
s)−

f(xt+1, yt+1). Substituting (54) into (47) yields:

bt+1 ≤ 2L ∥xt+1 − xs∥+
∥yt − y∗s∥

2 − ∥yt+1 − y∗s∥
2

2ηy,t
+ ⟨ξyt , yt − y∗s⟩+ ηy,t ∥ξyt ∥

2
. (55)

C.1.5. LEMMA 5.5

Proof We start from Lemma 5.3 and rearrange it as:

ηx,t
4

∥∇Φ(xt)∥2 ≤ (at − at+1) + 2ℓηx,tbt − ηx,t⟨∇Φ(xt), ξ
x
t ⟩+ 2ℓη2x,tL

2 + 2ℓη2x,t∥ξxt ∥2. (56)

Since λt = 2ℓηx,t, we have 2ℓηx,tbt = λtbt. Therefore,

(at − at+1) + λtbt = (at + λtbt)− at+1 = Pt − at+1.

Moreover, Pt+1 = at+1 + λt+1bt+1 implies

Pt − at+1 = (Pt − Pt+1) + λt+1bt+1.

Substituting these identities into (56) yields

ηx,t
4

∥∇Φ(xt)∥2 ≤ (Pt − Pt+1) + λt+1bt+1 − ηx,t⟨∇Φ(xt), ξ
x
t ⟩+ 2ℓη2x,tL

2 + 2ℓη2x,t∥ξxt ∥2. (57)
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Finally, apply Lemma 5.4 to bound bt+1:

bt+1 ≤ 2L∥xt+1 − xs∥+
∥yt − y⋆s∥2 − ∥yt+1 − y⋆s∥2

2ηy,t
+ ⟨yt − y⋆s , ξ

y
t ⟩+ ηy,t ∥ξyt ∥

2
.

Multiplying by λt+1 and plugging into (57) gives the desired result.

C.1.6. THEOREM C.1

Theorem C.1 (Convergence of SGDA in Subgaussian NC-C games) Suppose Assumptions 3.1
and 3.3 to 3.5 hold. Fix T ≥ 1 and a deterministic partition 0 = s0 < s1 < · · · < sM = T . Let
Bm := sm+1 − sm and let s(t) = sm whenever sm ≤ t < sm+1. For each block start, choose
an Fsm-measurable maximizer y⋆sm ∈ argmaxy∈Y f(xsm , y). Assume deterministic steps satisfy
0 < ηx,t ≤ 1

8ℓ , 0 < ηy,t ≤ 1
2ℓ , λt := 2ℓηx,t, and both (ηx,t)t and (λt+1/ηy,t)t are nonincreasing.

Define

S1(T ) :=
T−1∑
t=0

ηx,t, S2(T ) :=
T−1∑
t=0

η2x,t, S′
2(T ) :=

T−1∑
t=0

ηx,tηy,t,

S2,B(T ) :=

M−1∑
m=0

Bm

sm+1−1∑
t=sm

η2x,t, Sr(T ) :=

M−1∑
m=0

ηx,sm
ηy,sm

,

ηmax := max
0≤t<T

ηx,t, Γδ := max{1, log(c/δ)}.

Then with probability at least 1− δ,

min
0≤t<T

∥∇Φ(xt)∥2 ≤
C

S1(T )

[
P0 + ℓD2Sr(T )

+ ℓ
(
L2 + σ2Γδ

)(
S2(T ) + S2,B(T )

)
+ ℓDσ

√
S2(T )Γδ + ℓσ2ΓδS

′
2(T ) + σ2ηmaxΓδ

]
.

Proof We start from Lemma 5.5, introduce an augmented potential that telescopes the within-
block y-distance term, apply Lemma 4.4 only to the self-bounding x-noise, and then postprocess
the pathwise remainder.

Step 1: start from Lemma 5.5 Fix any t ∈ {0, 1, . . . , T −1} and let s := s(t). Lemma 5.5 gives,
almost surely,

ηx,t
4

∥∇Φ(xt)∥2 ≤ Pt − Pt+1 + 2L2ℓ η2x,t + λt+1

(
2L∥xt+1 − xs∥

+
∥yt − y∗s∥2 − ∥yt+1 − y∗s∥2

2ηy,t
+ ⟨yt − y∗s , ξ

y
t ⟩+ ηy,t∥ξyt ∥2

)
− ηx,t⟨∇Φ(xt), ξ

x
t ⟩+ 2ℓ η2x,t∥ξxt ∥2. (58)
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Step 2: introduce the y-drift augmented potential. Define

wt :=
λt+1

2ηy,t
, P̂t := Pt + wt∥yt − y∗s(t)∥

2.

For the terminal potential, set s(T ) := sM−1 only to make P̂T well-defined. Note that (wt)t≥0 is
nonincreasing because (λt+1/ηy,t)t≥0 is nonincreasing.

Rewrite the drift term in (58) as

λt+1 ·
∥yt − y∗s∥2 − ∥yt+1 − y∗s∥2

2ηy,t
= wt

(
∥yt − y∗s∥2 − ∥yt+1 − y∗s∥2

)
.

We now compare the telescoping structure with the augmented potential:

P̂t − P̂t+1 = (Pt − Pt+1) + wt∥yt − y∗s∥2 − wt+1∥yt+1 − y∗s(t+1)∥
2. (59)

Subtracting (59) from the desired telescoping expression gives

(Pt − Pt+1) + wt

(
∥yt − y∗s∥2 − ∥yt+1 − y∗s∥2

)
− (P̂t − P̂t+1)

= −wt∥yt+1 − y∗s∥2 + wt+1∥yt+1 − y∗s(t+1)∥
2.

If s(t + 1) = s(t), this residual equals −(wt − wt+1)∥yt+1 − y⋆s∥2 ≤ 0. If t + 1 < T and
s(t+ 1) ̸= s(t), the residual is at most D2wt+1 since yt+1, y

∗
s(t+1) ∈ Y . Therefore, for all t < T ,

(Pt−Pt+1)+wt

(
∥yt−y∗s∥2−∥yt+1−y∗s∥2

)
≤ P̂t− P̂t+1+D

2wt+11{t+1<T, s(t+1)̸=s(t)}. (60)

Plugging (60) into (58) yields, for all t,
ηx,t
4

∥∇Φ(xt)∥2 ≤ (P̂t − P̂t+1) + 2L2ℓ η2x,t + 2Lλt+1∥xt+1 − xs(t)∥

+D2wt+11{t+1<T, s(t+1)̸=s(t)} + λt+1⟨yt − y∗s(t), ξ
y
t ⟩+ λt+1ηy,t∥ξyt ∥2

− ηx,t⟨∇Φ(xt), ξ
x
t ⟩+ 2ℓ η2x,t∥ξxt ∥2. (61)

Step 3: fit into Lemma 4.4 (self-bounding subgaussian martingales). Define

Gt :=
ηx,t
4

∥∇Φ(xt)∥2, Pt := P̂t, cxt := −∇Φ(xt), dxt := 2ℓ.

Then the x-noise part in (61) equals

ηx,t⟨cxt , ξxt ⟩+ dxt η
2
x,t∥ξxt ∥2.

Let the remaining terms be

rt := 2L2ℓ η2x,t + 2Lλt+1∥xt+1 − xs(t)∥+D2wt+11{t+1<T, s(t+1)̸=s(t)}

+ λt+1⟨yt − y∗s(t), ξ
y
t ⟩+ λt+1ηy,t∥ξyt ∥2. (62)

Then (61) becomes

Gt ≤ Pt − Pt+1 + ηx,t⟨cxt , ξxt ⟩+ dxt η
2
x,t∥ξxt ∥2 + rt. (63)

Moreover, the self-bounding condition in Lemma 4.4 holds with C1 = 4 since

ηx,t∥cxt ∥2 = ηx,t∥∇Φ(xt)∥2 = 4Gt.
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Step 4: apply Lemma 4.4 to control the x-noise terms. Apply Lemma 4.4 to (63) with C1 = 4,
dxt = 2ℓ, cyt = 0, dyt = 0, and ηLemma

y,t = 0. Then for any δ1 ∈ (0, 1), with probability at least
1− δ1,

T−1∑
t=0

Gt ≤ 2P̂0 + 2

T−1∑
t=0

rt + Cσ2ηmaxΓδ1 + Cℓσ2S2(T )Γδ1 , (64)

where Γδ1 := max{1, log(c/δ1)} and ηmax = maxt∈[0,T ) ηx,t.

Step 5: postprocess. It remains to upper bound P̂0 and
∑
rt using S2, S′

2, S2,B, Sr.
(a) Bounding P̂0 and the boundary term by ℓD2Sr(T ). Since y0, y∗s(0) ∈ Y , ∥y0 − y∗s(0)∥ ≤ D,

hence
P̂0 = P0 + w0∥y0 − y∗s(0)∥

2 ≤ P0 +D2w0.

Moreover, w0 = λ1/(2ηy,0) = ℓ ηx,1/ηy,0 ≤ ℓ ηx,0/ηy,0 ≤ ℓSr(T ), so

P̂0 ≤ P0 + ℓD2Sr(T ). (65)

Similarly,

T−1∑
t=0

D2wt+11{t+1<T, s(t+1)̸=s(t)} =
M−1∑
m=1

D2wsm ≤ ℓD2
M−1∑
m=1

ηx,sm
ηy,sm

≤ ℓD2Sr(T ).

Thus, the boundary contribution is also ≲ ℓD2Sr(T ).
(b) Deterministic smooth/Lipschitz term.

T−1∑
t=0

2L2ℓ η2x,t = 2ℓL2S2(T ). (66)

(c) Blockwise x-drift term into S2,B(T ). We bound
∑

t 2Lλt+1∥xt+1 − xs(t)∥. First, since
f(·, y) is L-Lipschitz and differentiable, ∥∇xf(x, y)∥ ≤ L for all (x, y). Using the SGDA update
xt+1 = xt − ηx,t(∇xf(xt, yt) + ξxt ) gives

∥xt+1 − xt∥ ≤ ηx,t(L+ ∥ξxt ∥). (67)

Fix a block m with start s = sm. For t ∈ {s, . . . , sm+1 − 1},

∥xt+1 − xs∥ ≤
t∑

i=s

∥xi+1 − xi∥ ≤
t∑

i=s

ηx,i(L+ ∥ξxi ∥).

Also λt+1 = 2ℓηx,t+1 ≤ 2ℓηx,t since (ηx,t) is nonincreasing. Hence,

sm+1−1∑
t=s

2Lλt+1∥xt+1 − xs∥ ≤
sm+1−1∑

t=s

4ℓL ηx,t

t∑
i=s

ηx,i(L+ ∥ξxi ∥)

= 4ℓL

sm+1−1∑
i=s

ηx,i(L+ ∥ξxi ∥)
sm+1−1∑

t=i

ηx,t. (68)
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Since ηx,t ≤ ηx,i for t ≥ i, we have
∑sm+1−1

t=i ηx,t ≤ Bmηx,i. Plugging this into (68) yields

sm+1−1∑
t=s

2Lλt+1∥xt+1 − xs∥ ≤ 4ℓLBm

sm+1−1∑
i=s

η2x,i(L+ ∥ξxi ∥).

Using L(L+ ∥ξ∥) ≤ 3
2L

2 + 1
2∥ξ∥

2,

4ℓLBm η
2
x,i(L+ ∥ξxi ∥) ≤ 6ℓL2Bm η

2
x,i + 2ℓBm η

2
x,i∥ξxi ∥2.

Summing over blocks,

T−1∑
t=0

2Lλt+1∥xt+1 − xs(t)∥ ≤ 6ℓL2S2,B(T ) + 2ℓ
M−1∑
m=0

Bm

sm+1−1∑
t=sm

η2x,t∥ξxt ∥2. (69)

By Theorem A.9 with weights ai = Bmη
2
x,i for i ∈ [sm, sm+1 − 1], with probability at least 1− δ2,

M−1∑
m=0

Bm

sm+1−1∑
t=sm

η2x,t∥ξxt ∥2 ≤ Cσ2S2,B(T ) log(c/δ2). (70)

Combining (69)–(70) gives

T−1∑
t=0

2Lλt+1∥xt+1 − xs(t)∥ ≤ Cℓ
(
L2 + σ2 log(c/δ2)

)
S2,B(T ). (71)

(d) y-noise inner product: a
√
S2 log bound. Define Zt := λt+1⟨yt − y∗s(t), ξ

y
t ⟩. Conditioned on

Ft+1/2, yt−y∗s(t) is measurable, so Theorem A.8 implies that Zt is conditionally subgaussian up to a
universal constant, with scale at most σDλt+1. By standard subgaussian martingale concentration,
for any δ3 ∈ (0, 1), with probability at least 1− δ3,

T−1∑
t=0

λt+1⟨yt − y∗s(t), ξ
y
t ⟩ ≤ CσD

√√√√log(1/δ3)

T−1∑
t=0

λ2t+1. (72)

Since λt+1 = 2ℓηx,t+1 ≤ 2ℓηx,t,

T−1∑
t=0

λ2t+1 ≤ 4ℓ2
T−1∑
t=0

η2x,t = 4ℓ2S2(T ).

Plugging into (72) gives

T−1∑
t=0

λt+1⟨yt − y∗s(t), ξ
y
t ⟩ ≤ CℓDσ

√
S2(T ) log(1/δ3). (73)

(e) y-noise quadratic term: an S′
2(T ) log bound. Since λt+1 ≤ 2ℓηx,t,

T−1∑
t=0

λt+1ηy,t ≤ 2ℓ

T−1∑
t=0

ηx,tηy,t = 2ℓS′
2(T ).

56



HIGH PROBABILITY CONVERGENCE OF SGDA IN STRUCTURED NONCONVEX MIN-MAX GAMES

By Theorem A.9 applied to ξyt with weights αt = λt+1ηy,t, with probability at least 1− δ4,

T−1∑
t=0

λt+1ηy,t∥ξyt ∥2 ≤ Cσ2 log(c/δ4)

T−1∑
t=0

λt+1ηy,t ≤ Cℓσ2S′
2(T ) log(c/δ4). (74)

(f) Collecting the bounds for
∑
rt. Combining (66), (71), the boundary estimate in (a), and

(73)–(74), we obtain that with probability at least 1− (δ2 + δ3 + δ4),

T−1∑
t=0

rt ≤ CℓD2Sr(T ) + Cℓ
(
L2 + σ2 log(c/δ2)

)(
S2,B(T ) + S2(T )

)
+CℓDσ

√
S2(T ) log(1/δ3) + Cℓσ2S′

2(T ) log(c/δ4).

(75)

Step 6: divide by S1(T ) to get mint ∥∇Φ(xt)∥2. By definition Gt =
ηx,t
4 ∥∇Φ(xt)∥2,

T−1∑
t=0

Gt =
1

4

T−1∑
t=0

ηx,t∥∇Φ(xt)∥2 ≥
1

4
S1(T ) · min

t∈[0,T )
∥∇Φ(xt)∥2.

Hence

min
t∈[0,T )

∥∇Φ(xt)∥2 ≤
4

S1(T )

T−1∑
t=0

Gt. (76)

Now combine (64), (65), and (75). Set δ1 = δ2 = δ3 = δ4 = δ/4 and apply a union bound to obtain
an event of probability at least 1− δ on which

T−1∑
t=0

Gt ≤ C

(
P0 + ℓD2Sr(T ) +

(
ℓL2 + ℓσ2 log(c/δ)

)(
S2,B(T ) + S2(T )

)
+ℓDσ

√
S2(T ) log(c/δ) + ℓσ2S′

2(T ) log(c/δ) + σ2ηmax log(c/δ)

)
,

(77)

Finally apply (76) to conclude the theorem.

C.1.7. THEOREM 5.6

Proof If P̄0 = 0, then a0 = 0 and b0 = 0. Hence Φ(x0) = Φ⋆, and since Φ is 2ℓ-smooth and
minimized at x0, ∇Φ(x0) = 0. Thus the conclusion is trivial. Assume P̄0 > 0. Let

Γδ := max{1, log(c/δ)}, Qδ := L2 + σ2Γδ,

cx :=
P̄

3/4
0(

ℓ3D2σ2ΓδQδ

)1/4 , cy :=
P̄

1/4
0 D1/2Q

1/4
δ

ℓ1/4σ3/2Γ
3/4
δ

, cB :=

(
ℓD2σ2Γδ

P̄0Qδ

)1/2

,

T0 :=
⌈
2 ∨ (8ℓcx)

4/3 ∨ (2ℓcy)
4 ∨ 4c2B ∨ c−2

B

⌉
.

The proof uses a block partition only as an analysis device.
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Step 1: finite fixed-step specialization of Theorem C.1. For arbitrary constant steps ηx,t ≡ ηx
and ηy,t ≡ ηy obeying ηx ≤ 1/(8ℓ) and ηy ≤ 1/(2ℓ), and for any uniform proof partition with
block length B ∈ {1, . . . , T}, Theorem C.1 gives, with probability at least 1− δ,

min
0≤t<T

∥∇Φ(xt)∥2 ≤ C

[
P0

Tηx
+
ℓD2

Bηy
+ ℓQδηx(B + 1) + ℓσ2Γδηy +

ℓDσ
√
Γδ√

T
+
σ2Γδ

T

]
.

(C1-fixed)
Indeed, for this partition,

S1 = Tηx, S2 = Tη2x, S′
2 = Tηxηy, ηmax = ηx,

while Sr ≤ C(T/B)(ηx/ηy) and S2,B ≤ BTη2x. Substituting these estimates into Theorem C.1
yields (C1-fixed).

Step 2: choose the hidden proof block length. Set

B :=
⌈
cB

√
T
⌉
.

Step 3: verify the step caps. Since T ≥ T0,

T ≥ (8ℓcx)
4/3 =⇒ ηx = cxT

−3/4 ≤ 1

8ℓ
,

and
T ≥ (2ℓcy)

4 =⇒ ηy = cyT
−1/4 ≤ 1

2ℓ
.

Step 4: verify the hidden block feasibility. Since T ≥ c−2
B , we have cB

√
T ≥ 1, and therefore

B =
⌈
cB

√
T
⌉
≤ 2cB

√
T .

Also T ≥ 4c2B implies 2cB
√
T ≤ T . Thus 1 ≤ B ≤ T .

Step 5: substitute the theorem’s choices. By P0 ≤ P̄0, (C1-fixed) gives

min
0≤t<T

∥∇Φ(xt)∥2 ≤ C

[
P̄0

Tηx
+
ℓD2

Bηy
+ ℓQδηx(B + 1) + ℓσ2Γδηy +

ℓDσ
√
Γδ√

T
+
σ2Γδ

T

]
.

Substitute ηx = cxT
−3/4, ηy = cyT

−1/4, and B = ⌈cB
√
T ⌉. The block bounds from Step 4 give

B ≥ cB
√
T and B ≤ 2cB

√
T . Therefore

P̄0

Tηx
=

P̄0

cxT 1/4
, ℓQδηxB ≤ 2ℓQδcxcBT

−1/4,

ℓD2

Bηy
≤ ℓD2

cBcyT 1/4
, ℓσ2Γδηy = ℓσ2ΓδcyT

−1/4.

With the definitions of cx, cy, cB , each of the four displayed terms is bounded by a universal constant
times (

ℓ3D2σ2ΓδQδP̄0

T

)1/4

.
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The remaining +1 in B + 1 contributes

ℓQδηx = ℓQδcxT
−3/4,

which is bounded by the same balanced term after enlarging the universal constant, since B ≥ 1
implies ηx ≤ ηxB. Keeping the two residual terms in (C1-fixed) gives

min
0≤t<T

∥∇Φ(xt)∥2 ≤ C

[(
ℓ3D2σ2ΓδQδP̄0

T

)1/4

+
ℓDσ

√
Γδ√

T
+
σ2Γδ

T

]
.

C.1.8. THEOREM 5.7

Proof If P̄0 = 0, then a0 = b0 = 0, and the same argument as in the proof of Theorem 5.6 gives
∇Φ(x0) = 0. Assume P̄0 > 0. Let

Γδ := max{1, log(c/δ)}, Qδ := L2 + σ2Γδ,

A := P̄0, B := ℓQδ, C0 := ℓD2, D0 := ℓσ2Γδ.

Define
Mδ := (ABC0D0)

1/4 =
(
ℓ3D2σ2ΓδQδP̄0

)1/4
,

cx :=
A3/4

(BC0D0)1/4
, cy :=

A1/4(BC0)
1/4

D
3/4
0

,

cB :=

(
C0D0

AB

)1/2

=

(
ℓD2σ2Γδ

P̄0Qδ

)1/2

.

Construct the deterministic shift

s0 :=

⌈
1 ∨ (8ℓcx)

4/3 ∨ (2ℓcy)
4 ∨ c2B ∨ c−2

B ∨
(
σ2Γδ

Mδ

)4/3
⌉
.

The theorem’s schedules are exactly

ηx,t = cx(t+ s0)
−3/4, ηy,t = cy(t+ s0)

−1/4.

Step 1: verify the step caps, monotonicity, and initial potential. By the definition of s0,

s0 ≥ (8ℓcx)
4/3 =⇒ ηx,0 = cxs

−3/4
0 ≤ 1

8ℓ
,

s0 ≥ (2ℓcy)
4 =⇒ ηy,0 = cys

−1/4
0 ≤ 1

2ℓ
.

Since both schedules are decreasing, these caps hold for every t ≥ 0. Also (ηx,t)t is nonincreasing.
For the second monotonicity condition in Theorem C.1, write, for u = t+ s0 ≥ 1,

λt+1

ηy,t
= 2ℓ

cx
cy

(t+ s0)
1/4

(t+ 1 + s0)3/4
= 2ℓ

cx
cy
u1/4(u+ 1)−3/4.
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The map u 7→ u1/4(u+ 1)−3/4 is nonincreasing on [1,∞) because

d

du

(
1

4
log u− 3

4
log(u+ 1)

)
=

1− 2u

4u(u+ 1)
≤ 0.

Finally, ηx,0 ≤ 1/(8ℓ) gives

P0 = Φ(x0)− Φ⋆ + 2ℓηx,0
(
g(x0)− f(x0, y0)

)
≤ P̄0 = A.

Step 2: define the hidden adaptive proof partition. Fix an arbitrary horizon T ≥ max{2, s0}
and set

ΛT := 1 + log(1 + T/s0).

Define the deterministic partition recursively by τ0 := 0 and

τm+1 := min
{
T, τm +

⌈
cB

√
τm + s0

⌉}
until τM = T , and let

Bm := τm+1 − τm.

This partition is only used in the proof; it is not part of SGDA. For every nonempty block,

Bm ≤
⌈
cB

√
τm + s0

⌉
≤ cB

√
τm + s0 + 1 ≤ 2cB

√
τm + s0,

because cB
√
τm + s0 ≥ cB

√
s0 ≥ 1 by s0 ≥ c−2

B . For every full nonterminal block, the recursion
also gives

Bm ≥ cB
√
τm + s0.

Step 3: evaluate the sums in Theorem C.1. The ordinary sums satisfy

S1(T ) = cx

T−1∑
t=0

(t+ s0)
−3/4 ≥ c cxT

1/4.

Also,

S2(T ) = c2x

T−1∑
t=0

(t+ s0)
−3/2 ≤ Cc2xs

−1/2
0 ,

S′
2(T ) = cxcy

T−1∑
t=0

(t+ s0)
−1 ≤ CcxcyΛT , ηmax = cxs

−3/4
0 .

For the block-comparator sum, put um := τm + s0. Then

Sr(T ) =

M−1∑
m=0

ηx,τm
ηy,τm

=
cx
cy

M−1∑
m=0

u−1/2
m .

For every full nonterminal block,
cB√
um

≤ Bm

um
.
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The upper block bound and s0 ≥ c2B imply Bm/um ≤ 2. Hence

Bm

um
≤ C log

(
um+1

um

)
= C log

(
τm+1 + s0
τm + s0

)
.

Summing over the full nonterminal blocks telescopes, while the final block contributes at most
s
−1/2
0 ≤ c−1

B . Therefore

M−1∑
m=0

u−1/2
m ≤ Cc−1

B ΛT , Sr(T ) ≤ C
cx
cycB

ΛT .

For the block-drift sum, monotonicity of ηx,t within each block gives

S2,B(T ) =

M−1∑
m=0

Bm

τm+1−1∑
t=τm

η2x,t

≤
M−1∑
m=0

B2
mc

2
x(τm + s0)

−3/2

≤ Cc2xc
2
B

M−1∑
m=0

(τm + s0)
−1/2

≤ Cc2xcBΛT .

Step 4: apply Theorem C.1. Apply Theorem C.1 with the deterministic partition above and with
block starts sm = τm. Using P0 ≤ A and the preceding sum estimates, with probability at least
1− δ,

min
0≤t<T

∥∇Φ(xt)∥2 ≤
C

T 1/4

[
A

cx
+
ℓD2

cycB
ΛT + ℓQδcxcBΛT

+ ℓσ2ΓδcyΛT + ℓQδcxs
−1/2
0

+ ℓDσ
√
Γδs

−1/4
0 + σ2Γδs

−3/4
0

]
.

(*)

Indeed, the terms arise as follows:
P0

S1(T )
≤ C

T 1/4

A

cx
,

ℓD2Sr(T )

S1(T )
≤ C

T 1/4

ℓD2

cycB
ΛT ,

ℓQδS2,B(T )

S1(T )
≤ C

T 1/4
ℓQδcxcBΛT ,

ℓQδS2(T )

S1(T )
≤ C

T 1/4
ℓQδcxs

−1/2
0 ,

ℓDσ
√
S2(T )Γδ

S1(T )
≤ C

T 1/4
ℓDσ

√
Γδs

−1/4
0 ,
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ℓσ2ΓδS
′
2(T )

S1(T )
≤ C

T 1/4
ℓσ2ΓδcyΛT ,

σ2ηmaxΓδ

S1(T )
≤ C

T 1/4
σ2Γδs

−3/4
0 .

Step 5: balance the constants. The definitions of cx, cy, cB,Mδ give the four identities

A

cx
=Mδ,

ℓD2

cycB
=Mδ, ℓQδcxcB =Mδ, ℓσ2Γδcy =Mδ.

The remaining terms are lower order by the construction of s0. First,

s0 ≥ c−2
B =⇒ s

−1/2
0 ≤ cB,

so
ℓQδcxs

−1/2
0 ≤ ℓQδcxcB =Mδ.

Second,
s0 ≥ c2B =⇒ s

−1/4
0 ≤ c

−1/2
B ,

and
ℓDσ

√
Γδ c

−1/2
B =Mδ,

so
ℓDσ

√
Γδs

−1/4
0 ≤Mδ.

Third,

s0 ≥
(
σ2Γδ

Mδ

)4/3

=⇒ σ2Γδs
−3/4
0 ≤Mδ.

Substituting these bounds into (∗) and using ΛT ≥ 1 gives

min
0≤t<T

∥∇Φ(xt)∥2 ≤
CΛT

T 1/4
Mδ.

Since T ≥ s0 ≥ 1,
ΛT = 1 + log(1 + T/s0) ≤ C(1 + log T ),

and the definition ofMδ gives the claimed bound. Since T ≥ max{2, s0} was arbitrary, the theorem
follows.

C.2. SGDAClip in Heavy-Tailed NC-C Games

C.2.1. LEMMA 5.8

Proof We start from Lemma 5.5 and replace the SGDA noise vectors by

ξ̃xt + βxt , ξ̃yt + βyt .

The block dual-gap term inherited from Lemma 5.4 is

2L ∥xt+1 − xs∥ ,
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so the clipped version must keep the same shifted iterate. The direct substitution gives

ηx,t
4

∥∇Φ(xt)∥2 ≤ Pt − Pt+1 + 2L2ℓη2x,t − ηx,t

〈
∇Φ(xt), ξ̃

x
t + βxt

〉
+ 2ℓη2x,t

∥∥∥ξ̃xt + βxt

∥∥∥2
+ λt+1

[
2L ∥xt+1 − xs∥+

∥yt − y⋆s∥
2 − ∥yt+1 − y⋆s∥

2

2ηy,t

+
〈
yt − y⋆s , ξ̃

y
t + βyt

〉
+ ηy,t

∥∥∥ξ̃yt + βyt

∥∥∥2 ].
For the x-bias inner product,

−ηx,t ⟨∇Φ(xt), β
x
t ⟩ ≤

ηx,t
8

∥∇Φ(xt)∥2 + 2ηx,t ∥βxt ∥
2 .

Also,

2ℓη2x,t

∥∥∥ξ̃xt + βxt

∥∥∥2 ≤ 4ℓη2x,t

∥∥∥ξ̃xt ∥∥∥2 + 4ℓη2x,t ∥βxt ∥
2 ≤ 4ℓη2x,t

∥∥∥ξ̃xt ∥∥∥2 + 2ηx,t ∥βxt ∥
2 ,

where the last inequality uses ηx,t ≤ 1/(2ℓ). Finally,∥∥∥ξ̃yt + βyt

∥∥∥2 ≤ 2
∥∥∥ξ̃yt ∥∥∥2 + 2 ∥βyt ∥

2
.

Substituting these estimates and moving the absorbed (ηx,t/8) ∥∇Φ(xt)∥2 term to the left proves
the lemma.

C.2.2. THEOREM C.2

Theorem C.2 (Convergence of SGDAClip in heavy-tailed NC-C games) Suppose Assumptions 3.1,
3.3, 3.4 and 3.6 hold with p ∈ (1, 2]. Fix a horizon T ≥ 1 and a deterministic partition 0 =
s0 < s1 < · · · < sM = T. Let s(t) = sm whenever sm ≤ t < sm+1, and choose y⋆sm ∈
argmaxy∈Y f(xsm , y). Assume ηx,t ≤ 1

8ℓ , ηy,t ≤ 1
2ℓ , τx,t ≥ 2L, τy,t ≥ 2ℓD, and let λt

def
=

2ℓηx,t, wt
def
= λt+1

2ηy,t
, ut

def
= D2λt+1wt =

D2λ2
t+1

2ηy,t
, and assume wt is nonincreasing. Define Gt

def
=

ηx,t
8 ∥∇Φ(xt)∥2+ut and Ḡt

def
=

ηx,t
8 L2+ut. Let C0 > 0 be a sufficiently large constant and define:

Bt := max

{
1, max

0≤i≤t
{Bx

i , B
y
i , B

v
i }
}
, zt := B−1

t ,

where
Bx

i := 2τx,i

√
C0ηx,iḠi + 64ℓη2x,iτ

2
x,i,

By
i := 2τy,i

√
C0ηy,iḠi + 64wiη

2
y,iτ

2
y,i,

Bv
i := 96C0σ

p
(
ηx,iτ

2−p
x,i + ηy,iτ

2−p
y,i

)
.

63



HA

For k ≤ T , define

Sd(k) := D2w0z0+

k−1∑
t=0

zt
[
2L2ℓη2x,t + 2Lλt+1

∥∥xt+1 − xs(t)
∥∥+D2wt1{s(t+ 1) ̸= s(t)}+ ut

]
,

S0,τ (k) :=

k−1∑
t=0

ztλt+1τ
1−p
y,t ,

S1,τ (k) :=
k−1∑
t=0

zt

[
ηx,tτ

2−2p
x,t + λt+1ηy,tτ

2−2p
y,t

]
,

S2,τ (k) :=

k−1∑
t=0

zt

[
ℓη2x,tτ

2−p
x,t + λt+1ηy,tτ

2−p
y,t

]
.

Then, with probability at least 1− δ, for all 1 ≤ k ≤ T ,

zk−1Pk +

k−1∑
t=0

ztGt ≤ C
[
z0P0 + Sd(k) +DσpS0,τ (k) + σ2pS1,τ (k) + σpS2,τ (k) + Γδ

]
,

where C, c > 0 are universal numerical constants and Γδ := max{1, log(c/δ)}.

Proof Define the augmented potential

P̃t := Pt + wt

∥∥∥yt − y⋆s(t)

∥∥∥2 .
From Lemma 5.8, for s = s(t),

ηx,t
8

∥∇Φ(xt)∥2 ≤ Pt − Pt+1 + 2L2ℓη2x,t + 2Lλt+1

∥∥xt+1 − xs(t)
∥∥

+ λt+1

∥∥∥yt − y⋆s(t)

∥∥∥2 − ∥∥∥yt+1 − y⋆s(t)

∥∥∥2
2ηy,t

− ηx,t

〈
∇Φ(xt), ξ̃

x
t

〉
+ 4ℓη2x,t

∥∥∥ξ̃xt ∥∥∥2
+ λt+1

〈
yt − y⋆s(t), ξ̃

y
t

〉
+ 2λt+1ηy,t

∥∥∥ξ̃yt ∥∥∥2 + 4ηx,t ∥βxt ∥
2

+ λt+1

〈
yt − y⋆s(t), β

y
t

〉
+ 2λt+1ηy,t ∥βyt ∥

2
.

Because wt = λt+1/(2ηy,t), the distance difference equals

wt

(∥∥∥yt − y⋆s(t)

∥∥∥2 − ∥∥∥yt+1 − y⋆s(t)

∥∥∥2) .
Using nonincreasing wt and the blockwise definition of s(t),

wt

(∥∥∥yt − y⋆s(t)

∥∥∥2 − ∥∥∥yt+1 − y⋆s(t)

∥∥∥2) ≤ P̃t − P̃t+1 +D2wt1{s(t+ 1) ̸= s(t)}.
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Add ut to both sides and set

cxt := −∇Φ(xt), cyt :=
λt+1

ηy,t
(yt − y⋆s(t)), dxt := 4ℓ, dyt := 4wt.

Since dyt η
2
y,t = 2λt+1ηy,t, we obtain

Gt ≤ P̃t − P̃t+1 + ηx,t

〈
cxt , ξ̃

x
t

〉
+ dxt η

2
x,t

∥∥∥ξ̃xt ∥∥∥2 + ηy,t

〈
cyt , ξ̃

y
t

〉
+ dyt η

2
y,t

∥∥∥ξ̃yt ∥∥∥2 + rt,

where the nonnegative remainder is

rt :=2L2ℓη2x,t + 2Lλt+1

∥∥xt+1 − xs(t)
∥∥+D2wt1{s(t+ 1) ̸= s(t)}+ ut

+ 4ηx,t ∥βxt ∥
2 +Dλt+1 ∥βyt ∥+ 2λt+1ηy,t ∥βyt ∥

2
.

This is the only place where the y-bias inner product is handled: it is paid linearly via λt+1

〈
yt − y⋆s(t), β

y
t

〉
≤

Dλt+1 ∥βyt ∥. The self-bounding property is immediate:

ηx,t ∥cxt ∥
2 = ηx,t ∥∇Φ(xt)∥2 ≤ 8Gt,

ηy,t ∥cyt ∥
2
=
λ2t+1

ηy,t

∥∥∥yt − y⋆s(t)

∥∥∥2 ≤ D2λ2t+1

ηy,t
= 2ut ≤ 2Gt.

Thus ηx,t ∥cxt ∥
2 + ηy,t ∥cyt ∥

2 ≤ 10Gt.
The deterministic low-signal conditions in the theorem imply Lemma 4.8 applies at every iterate:

∥∇xf(xt, yt)∥ ≤ L ≤ τx,t/2 and ∥∇yf(xt+1, yt)∥ ≤ ℓD ≤ τy,t/2. Hence, almost surely,∥∥∥ξ̃xt ∥∥∥ ≤ 2τx,t,
∥∥∥ξ̃yt ∥∥∥ ≤ 2τy,t,

E[
∥∥∥ξ̃xt ∥∥∥2 | Ft] ≤ 16σpτ2−p

x,t , E[
∥∥∥ξ̃yt ∥∥∥2 | Ft+1/2] ≤ 16σpτ2−p

y,t ,

∥βxt ∥ ≤ 4σpτ1−p
x,t , ∥βyt ∥ ≤ 4σpτ1−p

y,t .

Apply Lemma 4.10 to the process P̃t with the deterministic envelope Ḡt, C1 = 10, dxt = 4ℓ, and
dyt = 4wt. The definitions of Bt in the theorem dominate the corresponding normalization terms in
that lemma. With probability at least 1− δ, simultaneously for all k ≤ T ,

zk−1P̃k +
k−1∑
t=0

ztGt ≤ 2z0P̃0 + 2
k−1∑
t=0

ztrt + 4
k−1∑
t=0

ztDt + 2Γδ,

where Dt ≤ Cσp
(
ℓη2x,tτ

2−p
x,t + λt+1ηy,tτ

2−p
y,t

)
. Moreover, P̃k ≥ Pk and P̃0 ≤ P0 + D2w0. The

squared clipping biases give

4ηx,t ∥βxt ∥
2 ≤ Cσ2pηx,tτ

2−2p
x,t , 2λt+1ηy,t ∥βyt ∥

2 ≤ Cσ2pλt+1ηy,tτ
2−2p
y,t ,

while the linear y-bias gives
Dλt+1 ∥βyt ∥ ≤ 4Dσpλt+1τ

1−p
y,t .

Substituting these bounds, absorbing numerical constants, and using the definitions of Sd, S0,τ ,
S1,τ , and S2,τ proves the theorem.
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C.2.3. THEOREM 5.9

Proof Let a := (2p − 1)/(3p − 2), c := 1/(3p − 2), q := p/(3p − 2), and r := 1 − a =
(p− 1)/(3p− 2). Write

Γδ := max{1, log(c0/δ)}, ∆δ := P̄0 +Γδ, Hδ := L2 + σpΓδ, Aδ := ℓ3D2σpΓδHδ,

and set Y := ℓDσp and τ0 := {Y/(Aδ∆δ)
1/4}4/(3p−2), where c0 > 0 is universal. Write the fixed

schedules as ηx = cxT
−a, ηy = cyT

−c, and τ = τ0T
c, with

cx := cx,p
∆

3/4
δ

A
1/4
δ τ

(2−p)/4
0

, cy := cy,p
(Aδ∆δ)

1/4

ℓσpΓδ τ
3(2−p)/4
0

.

Let ρ := (D2/(Hδcxcy))
1/2 and B := ⌈ρT q⌉, and use the deterministic proof partition 0 = s0 <

s1 < · · · < sM = T into consecutive blocks of length B, except possibly the last block. The
partition is only an analysis device.

Choose T0 large enough so that 1 ≤ B ≤ T , ηx ≤ (8ℓ)−1, ηy ≤ (2ℓ)−1, and τ ≥ 2max{L, ℓD}
for all T ≥ T0. We also choose T0 large enough and cx,p, cy,p small enough so that the normalization
factors in Theorem C.2 satisfy Bt ≤ 2, hence zt ≥ 1/2. The quantities being estimated here are
precisely the deterministic envelope Ḡt and the three self-normalizer coefficients Bx

t , B
y
t , B

v
t :

Ḡt =
ηxL

2

8
+
D2λ2t+1

2ηy
≲ ηxL

2 + ℓ2D2 η
2
x

ηy
,

Bx
t ≲ τ

(
ηxL+ ℓD η3/2x η−1/2

y

)
+ ℓη2xτ

2,

By
t ≲ τ

(
L(ηxηy)

1/2 + ℓD ηx

)
+ ℓηxηyτ

2,

Bv
t ≲ σp(ηxτ

2−p + ηyτ
2−p).

Under the displayed schedules, the factors appearing in these four lines obey

τηx = O(T−2r), τη3/2x η−1/2
y = O(T−3r), η2xτ

2 = O(T−4r),

τ(ηxηy)
1/2 = O(T−r), ηxηyτ

2 = O(T−2r), ηxτ
2−p + ηyτ

2−p = O(T−r).

Thus all self-normalizer coefficients are controlled by the threshold T0 and the p-dependent con-
stants.

Apply Theorem C.2 with confidence δ/2, and apply Lemma A.11 with confidence δ/2 to the
same deterministic partition. Enlarging the universal constant inside Γδ if necessary, both events
use the same Γδ. On their intersection, whose probability is at least 1− δ,

T−1∑
t=0

ztGt ≤ C
[
∆δ + Sd(T ) +DσpS0,τ (T ) + σ2pS1,τ (T ) + σpS2,τ (T )

]
,

∑
t<T

ztGt ≥
1

8

(∑
t<T

ztηx

)
min
t<T

∥∇Φ(xt)∥2 ≥
cx
16
T r min

t<T
∥∇Φ(xt)∥2 .

The lower bound uses zt ≥ 1/2 and Tηx = cxT
r.
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We next bound the terms on the right-hand side of the master inequality. The block-boundary
term, the smoothness term, and the ut-term satisfy∑

blocks

D2wsm ≲ D2 T

B

ℓηx
ηy

≲
ℓD2cx
ρcy

,∑
t<T

2L2ℓη2x = O(T 1−2a) = o(1),

∑
t<T

ut ≲ ℓ2D2T
η2x
ηy

= O(T 1−2a+c) = o(1).

Here 1 − q − a + c = 0 gives the boundary estimate, while 1 − 2a + c = −r < 0 makes the last
two terms lower order; increasing T0 absorbs them.

It remains to control the block drift. For a block Im = [sm, sm+1), writeMm,t :=
∑t

i=sm
ηxξ̃

x
i .

The clipped update, the NC-C Lipschitz bound ∥∇xf(xi, yi)∥ ≤ L, and the clipping-bias bound
∥βxi ∥ ≤ 4σpτ1−p give, for t ∈ Im,

∥xt+1 − xsm∥ ≤
t∑

i=sm

ηx
(
L+ 4σpτ1−p

)
+ ∥Mm,t∥ .

Therefore, for DT :=
∑

t<T 2Lztλt+1∥xt+1 − xs(t)∥,

DT ≤ CℓL2BTη2x + CℓLσpBTη2xτ
1−p +

M−1∑
m=0

αmmax
t∈Im

∥Mm,t∥ ,

αm := 2L
∑
t∈Im

ztλt+1 ≤ CLℓBηx.

The first deterministic block-drift term is ≲ ℓL2ρc2x because 1 + q − 2a = 0, and the deterministic
clipping-bias contribution has the extra factor T c(1−p) = T−r.

For the weighted-block event, instantiate Lemma A.11 with ζi := ηxξ̃
x
i , Ri := 2ηxτ , and

Vm := 16σpBη2xτ
2−p. Then Km ≲ ηx

√
Bσpτ2−p + ηxτ , and

M−1∑
m=0

αmmax
t∈Im

∥Mm,t∥ ≤ C

[
M−1∑
m=0

αmKm + Γδ max
0≤m<M

αmKm

]
,

M−1∑
m=0

αmKm ≲ LℓTη2x

(√
Bσpτ2−p + τ

)
.

The first summand in the last line scales as T−r because 1 − 2a + {q + c(2 − p)}/2 = −r, and
the second also scales as T−r because 1 − 2a + c = −r. The maximal term is lower order after
increasing T0, so

DT ≲ CpℓHδρc
2
x.

The remaining clipped-noise terms are deterministic under the fixed schedules:

DσpS0,τ (T ) ≲ Dσp
∑
t<T

λt+1τ
1−p ≲ Y cxτ

1−p
0 ,

σ2pS1,τ (T ) ≲ σ2p
[
Tηxτ

2−2p + Tηxηyτ
2−2p

]
,

σpS2,τ (T ) ≲ ℓσp
[
Tη2xτ

2−p + Tηxηyτ
2−p
]
≲ ℓσpΓδcxcyτ

2−p
0 .
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The first line uses 1− a+ c(1− p) = 0; the S1,τ terms and the first S2,τ term are lower order, while
Tηxηyτ

2−p = cxcyτ
2−p
0 and Γδ ≥ 1 give the last bound.

Combining the master estimate with the deterministic bounds gives

∑
t<T

ztGt ≤ Cp

[
∆δ +

ℓD2cx
ρcy

+ ℓHδρc
2
x + ℓσpΓδcxcyτ

2−p
0 + Y cxτ

1−p
0

]
,

and division by the lower bound cxT r/16 yields

min
0≤t<T

∥∇Φ(xt)∥2 ≤
Cp

T r

[
∆δ

cx
+
ℓD2

ρcy
+ ℓHδρcx + ℓσpΓδcyτ

2−p
0 + Y τ1−p

0

]
.

It remains only to evaluate the deterministic choice of constants. The chosen value of ρ balances
the two block-boundary terms:

ℓD2

ρcy
+ ℓHδρcx = 2ℓD

√
Hδcx
cy

.

Balancing this expression with ℓσpΓδcyτ
2−p
0 gives

cy ≍p

(
ℓD

√
Hδcx

ℓσpΓδ τ
2−p
0

)2/3

,
ℓD2

ρcy
+ ℓHδρcx + ℓσpΓδcyτ

2−p
0 ≲p (Aδcxτ

2−p
0 )1/3.

Balancing this term with ∆δ/cx gives

cx ≍p
∆

3/4
δ

A
1/4
δ τ

(2−p)/4
0

,
∆δ

cx
+ (Aδcxτ

2−p
0 )1/3 ≲p (Aδ∆δ)

1/4τ
(2−p)/4
0 .

The corresponding cy is exactly the stated cy,p(Aδ∆δ)
1/4/(ℓσpΓδτ

3(2−p)/4
0 ), after adjusting the p-

dependent constant. Finally, the chosen τ0 balances the last two terms:

(Aδ∆δ)
1/4τ

(2−p)/4
0 + Y τ1−p

0 ≲p (Aδ∆δ)
rY (2−p)/(3p−2).

Substituting into the preceding stationarity bound and using r = (p− 1)/(3p− 2) gives

min
0≤t<T

∥∇Φ(xt)∥2 ≤ Cp

(
Aδ∆δ Y

(2−p)/(p−1)

T

)r

,

which is the claimed rate after expanding Aδ = ℓ3D2σpΓδ(L
2 + σpΓδ), ∆δ = P̄0 + Γδ, and

Y = ℓDσp.
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C.2.4. THEOREM 5.10

Proof Let a := (2p − 1)/(3p − 2), c := 1/(3p − 2), q := p/(3p − 2), and r := 1 − a =
(p− 1)/(3p− 2). Write

Γδ := max{1, log(c0/δ)}, ∆δ := P̄0 +Γδ, Hδ := L2 + σpΓδ, Aδ := ℓ3D2σpΓδHδ,

and set Y := ℓDσp and τ0 := {Y/(Aδ∆δ)
1/4}4/(3p−2), where c0 > 0 is universal. Write the shifted

schedules as ηx,t = cx(t+ s0)
−a, ηy,t = cy(t+ s0)

−c, and τt = τ0(t+ s0)
c, with

cx := cx,p
∆

3/4
δ

A
1/4
δ τ

(2−p)/4
0

, cy := cy,p
(Aδ∆δ)

1/4

ℓσpΓδ τ
3(2−p)/4
0

.

Set ρ := (D2/(Hδcxcy))
1/2. Choose s0 large enough that, for all t ≥ 0, we have ηx,t ≤ (8ℓ)−1,

ηy,t ≤ (2ℓ)−1, τt ≥ 2max{L, ℓD}. We also choose s0 large enough, and cx,p, cy,p small enough,
so that the normalization factors in Theorem C.2 satisfy Bt ≤ 2, hence zt ≥ 1/2. The quantities
being estimated are the deterministic envelope Ḡt and the self-normalizer coefficients Bx

t , B
y
t , B

v
t :

Ḡt =
ηx,tL

2

8
+
D2λ2t+1

2ηy,t
≲ ηx,tL

2 + ℓ2D2
η2x,t
ηy,t

,

Bx
t ≲ τt

(
ηx,tL+ ℓD η

3/2
x,t η

−1/2
y,t

)
+ ℓη2x,tτ

2
t ,

By
t ≲ τt

(
L(ηx,tηy,t)

1/2 + ℓD ηx,t

)
+ ℓηx,tηy,tτ

2
t ,

Bv
t ≲ σp(ηx,tτ

2−p
t + ηy,tτ

2−p
t ).

Here we used ηx,t+1 ≤ ηx,t in the bound on Ḡt. Under the shifted schedules, these factors decay as

τtηx,t = O((t+ s0)
−2r), τtη

3/2
x,t η

−1/2
y,t = O((t+ s0)

−3r), η2x,tτ
2
t = O((t+ s0)

−4r),

τt(ηx,tηy,t)
1/2 = O((t+ s0)

−r), ηx,tηy,tτ
2
t = O((t+ s0)

−2r), ηx,tτ
2−p
t = O((t+ s0)

−3r),

ηy,tτ
2−p
t = O((t+ s0)

−r).

Thus the normalization conditions hold after increasing s0 and shrinking the p-dependent constants
if needed.

Also choose s0 so that wt is nonincreasing. Since wt = λt+1/(2ηy,t) = ℓ(cx/cy)(t + 1 +
s0)

−a(t+ s0)
c, it suffices to impose s0 ≥ ⌈c/(a− c)⌉ = ⌈1/(2(p− 1))⌉. Indeed, for u = t+ s0,

d

du
log
(
uc(u+ 1)−a

)
=
c

u
− a

u+ 1
=
c− (a− c)u

u(u+ 1)
≤ 0

whenever u ≥ c/(a− c).
Define the deterministic proof partition by r0 = 0 and

rj+1 = min {T, rj + ⌈ρ(rj + s0)
q⌉} .

Let Ij = [rj , rj+1) and Bj := rj+1 − rj . This partition is only an analysis device.
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Apply Theorem C.2 with confidence δ/2, and apply Lemma A.11 with confidence δ/2 to the
same deterministic partition. On their intersection event, whose probability is at least 1− δ,

T−1∑
t=0

ztGt ≤ C
[
∆δ + Sd(T ) +DσpS0,τ (T ) + σ2pS1,τ (T ) + σpS2,τ (T )

]
,

∑
t<T

ztGt ≥
1

8

∑
t<T

ztηx,tmin
t<T

∥∇Φ(xt)∥2

≥ cpcx

(∑
t<T

(t+ s0)
−a

)
min
t<T

∥∇Φ(xt)∥2

≥ cpcxT
r min
t<T

∥∇Φ(xt)∥2 .

The last line uses zt ≥ 1/2 and the integral lower bound
∑

t<T (t+ s0)
−a ≳p T

1−a, valid because
T ≥ s0.

We now estimate the deterministic terms. By increasing s0 once more, the adaptive blocks
satisfy rj+1 + s0 ≤ 2(rj + s0), and the ceiling error in the block count is absorbed by 1 + log T
for all T ≥ s0. Hence the usual integral comparison for this partition gives the block-boundary,
smoothness, and ut estimates∑

j

D2wrj ≲ ℓD2 cx
cy

∑
j

(rj + s0)
−(a−c)

≲ ℓD2 cx
cy

(
1

ρ

∫ T+s0

s0

u−q−(a−c) du+ 1

)
≲
ℓD2cx
ρcy

(1 + log T ),∑
t<T

η2x,t ≲ c2x
∑
t

(t+ s0)
−2a,

∑
t<T

η2x,t
ηy,t

≲
c2x
cy

∑
t

(t+ s0)
−2a+c.

The boundary estimate uses the monotonicity of wt and q+(a− c) = 1; the last two sums are finite
uniformly after the shift because 2a > 1 and 2a− c > 1.

For t ∈ Ij , the clipped update, the NC-C bound ∥∇xf(xi, yi)∥ ≤ L, and ∥βxi ∥ ≤ 4σpτ1−p
i

imply

∥∥xt+1 − xrj
∥∥ ≤

t∑
i=rj

ηx,i

(
L+ 4σpτ1−p

i

)
+

∥∥∥∥∥∥
t∑

i=rj

ηx,iξ̃
x
i

∥∥∥∥∥∥ .
Consequently, the deterministic part of the block drift satisfies

CℓL2
∑
j

Bj

∑
t∈Ij

η2x,t ≲ CℓL2ρc2x

∫ T+s0

s0

uq−2a du

≲ ℓL2ρc2x(1 + log T ).
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Here q − 2a = −1. The deterministic clipping-bias part has the additional factor τ1−p
t , whose

exponent makes the corresponding integral summable after the shift.
For the martingale part, instantiate the weighted-block event with ζi := ηx,iξ̃

x
i , Ri := 2ηx,iτi,

and Vj := 16σp
∑

i∈Ij η
2
x,iτ

2−p
i . Use block weights αj := 2L

∑
t∈Ij ztλt+1; for uj := rj + s0,

αj ≲ Lℓcxρu
q−a
j ,

Kj ≲ cx
√
ρσpτ

(2−p)/2
0 u

−a+(q+c(2−p))/2
j + cxτ0u

−a+c
j .

Since q + c(2 − p) = 2c, both powers in Kj are u−a+c
j = u−2r

j . Converting the block sum with
density (ρuq)−1 du gives exponent (q − a − 2r) − q = −a − 2r < −1. Thus

∑
j αjKj and

Γδ maxj αjKj are, after increasing s0, dominated by the same logarithmic scale, and the whole
block-drift term obeys∑

t<T

2Lztλt+1

∥∥xt+1 − xs(t)
∥∥ ≤ CpℓHδρc

2
x(1 + log T ).

The remaining clipped-noise terms are deterministic under the shifted schedules:

DσpS0,τ (T ) ≲ Y cxτ
1−p
0

∑
t<T

(t+ s0)
−a+c(1−p) ≲ Y cxτ

1−p
0 (1 + log T ),

σ2pS1,τ (T ) ≲ σ2p
∑
t<T

[
ηx,tτ

2−2p
t + ηx,tηy,tτ

2−2p
t

]
,

σpS2,τ (T ) ≲ ℓσp
∑
t<T

[
η2x,tτ

2−p
t + ηx,tηy,tτ

2−p
t

]
.

The S0,τ line is logarithmic because −a+ c(1−p) = −1. The S1,τ terms and the first S2,τ term are
summable after the shift, whereas the second S2,τ term is logarithmic because −a− c+ c(2− p) =
−1; therefore

σpS2,τ (T ) ≲ ℓσpΓδcxcyτ
2−p
0 (1 + log T ).

Combining the bounds gives∑
t<T

ztGt ≤ Cp(1 + log T )

[
∆δ +

ℓD2cx
ρcy

+ ℓHδρc
2
x + ℓσpΓδcxcyτ

2−p
0 + Y cxτ

1−p
0

]
.

Dividing by the lower bound cpcxT r yields

min
0≤t<T

∥∇Φ(xt)∥2 ≤
Cp(1 + log T )

T r

[
∆δ

cx
+
ℓD2

ρcy
+ ℓHδρcx + ℓσpΓδcyτ

2−p
0 + Y τ1−p

0

]
.

The bracket is the same deterministic bracket optimized in the proof of Theorem 5.9. With the same
choices of ρ, cx, cy, τ0, it is bounded by Cp(Aδ∆δ)

rY (2−p)/(3p−2). Therefore

min
0≤t<T

∥∇Φ(xt)∥2 ≤ Cp
1 + log T

T r
(Aδ∆δ)

rY (2−p)/(3p−2),

which is the claimed rate after expanding Aδ, ∆δ, and Y = ℓDσp.
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