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Abstract

Towards understanding the statistical complexity of learning from heterogeneous sources, we study the
problem of multi-distribution learning. Given k data sources, the goal is to output a classifier for each source
by exploiting shared structure to reduce sample complexity. We focus on the bounded label noise setting to
determine whether the fast 1/¢ rates achievable in single-task learning extend to this regime with minimal
dependence on k. Surprisingly, we show that this is not the case. We demonstrate that learning across k
distributions inherently incurs slow rates scaling with &/ €2, even under constant noise levels, unless each
distribution is learned separately. A key technical contribution is a structured hypothesis-testing framework
that captures the statistical cost of certifying near-optimality under bounded noise—a cost we show is
unavoidable in the multi-distribution setting.

Finally, we prove that when competing with the stronger benchmark of each distribution’s optimal Bayes
error, the sample complexity incurs a multiplicative penalty in k. This establishes a statistical separation
between random classification noise and Massart noise, highlighting a fundamental barrier unique to learning
from multiple sources.
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1. Introduction

Data heterogeneity inherent in learning from multiple sources is a fundamental challenge in modern machine
learning. In federated learning, data resides across numerous devices or institutions (Kairouz et al., 2021); in
algorithmic fairness, models must perform well across diverse demographic groups (Sagawa et al., 2020); in
domain adaptation, one must reason about distinct but related distributions (Ben-David et al., 2010); and in
language modeling, the composition of pretraining data sources is critical. These applications have sparked
significant interest in understanding how shared structure can be leveraged to minimize data requirements,
with the ideal goal being that learning across heterogeneous sources incurs only a mild statistical overhead.

This motivates the study of Multi-Distribution Learning (MDL), where a learner must perform well
across k distributions simultaneously. Remarkably, in both the realizable and agnostic settings, MDL admits
sample complexities of © (££) and © (45%), respectively, for classes of VC dimension d (Blum et al.,
2017; Haghtalab et al., 2022; Zhang et al., 2024b; Peng, 2024). This reflects only an additive overhead in k
relative to single-distribution learning, suggesting that in these classical settings, learning from heterogeneous
sources is essentially “as easy as PAC learning.”

However, the realizable and agnostic settings represent extremes of label quality. A more realistic
scenario involves labels that are corrupted, but not entirely adversarially. This is captured by the bounded
noise model (Massart and Nédélec, 2006), which assumes there exists a function f* € F such that!
P(f*(X)#Y|X =2) <n<1/2forall z € X. Here, f* is the Bayes classifier and attains the minimum
possible error. In the standard single-distribution PAC setting (Valiant, 1984), empirical risk minimization

1. We will often write P ((X,Y’) € A) as shorthand for P x y)~p ((X,Y) € A).
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(ERM) achieves a sample complexity of O <ﬁ> Notably, if we treat n as constant, this recovers the
fast 1 /e realizable rate. Given the precedent that MDL incurs only a small overhead in %, one might hope that
these fast rates persist under label noise as well.

In this work, we answer this question in the negative: we show that under bounded label noise, the cost of

handling multiple distributions can be significantly higher than in the single-distribution setting.

Notation. We define [n] := {1,2,...,n}and [n] = {0,1,...,n}. We use < and 2, to denote inequalities
up to universal constants, and O, €2, © to hide logarithmic factors. For a distribution P over X’ x {0, 1} and a
function f : X — {0, 1}, we define the classification error err (f; P) == P (f (X) #Y).

1.1. Problem Setup

We assume sample access to k distributions P, ..., P over X x {0, 1}, and assume there exists a shared
Bayes classifier f* € F such that P; (f* (X) #Y|X =xz) <mn; < 1/2foreachi € [k] and x € X. We
assume that the noise upper bounds 7y, . .., n; are known, but the optimal errors 7} = err (f*; P;) < n;
are unknown. Note that setting all 7; to 0 recovers the standard realizable setting, whereas removing the
existence assumption on f* yields the agnostic regime. Our goal is to adaptively sample from the P; and
output decisions f1,..., fr : X — {0, 1} that compete with prescribed benchmarks OPT1,. .., OPTy, in
the sense that

P(max{err <fZ,PZ> —OPTZ} Se) >1-9 (D)
1€[k]

This is known as the personalized setting, as opposed to centralized, since we are allowed to output a different
decision per distribution. We focus on three separate regimes.

RCN. Under random classification noise, the pointwise error is constant, P; (f* (X) # Y |X = z) = n;,
implying the optimal error is exactly n;. Motivated by this, we introduce the benchmark:

Here, the learner aims to compete with the known upper bounds 7;, even though the true optimal errors 7
may be strictly smaller. We retain distinct indices 7; for completeness, but note that their heterogeneity does
not fundamentally alter the hardness of the problem; one may effectively treat them as equal.

Minimax. The standard benchmark in MDL is the minimax risk n* := max;cy] 7;, corresponding to the
best worst-case error a single hypothesis can achieve across all distributions. We adopt this as our second
benchmark:

OPT, — 1 (MDL-MM)

Massart. Finally, we consider the most fine-grained objective, where the learner must compete with the
true optimal error of each distribution individually:

OPT,; =n; (MDL-Mass)

Unlike the minimax setting, this requires the learner to adapt to the noise level of each distribution. Evidently,
this variant is at least as hard as the other two, as the learner targets the strictest benchmark for each instance.

For any regime, we say that an algorithm A has sample complexity 74 : (0, 1)2k+2 — N if| given any
instance (F, Pk, 1.1, Mi:ks €, 0), it satisfies (1) using at most T4 (97 .;., N1k, €, 9) samples in total across all
distributions. We omit parameters from the input when there is no dependence on them. For convenience, we
additionally define 7 := max;¢x] 7.
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Multi-Distribution Learning.~ MDL was introduced by (Blum et al., 2017), who established the tight
realizable sample complexity © (dt—k) in both the personalized and centralized settings, with later work
sharpening log factors (Nguyen and Zakynthinou, 2018; Chen et al., 2018). For centralized agnostic

MDL, (Haghtalab et al., 2022) gave a tight rate ) (log ‘f|+k) for finite classes and proved a VC lower bound

of Q1 (45%), which was later matched (up to logs) by (Zhang et al., 2024b; Peng, 2024). In the personalized
regime, (Deng and Qiao, 2024) showed that if different distributions are realized by distinct classifiers, a
lower bound of 2 (kd/¢) applies. We circumvent this barrier by assuming a shared Bayes classifier.

1.2. Overview and Contributions

We provide a near-complete characterization of the sample complexity for MDL under bounded label noise.
Along the way, we introduce a structured hypothesis testing problem that may be of independent interest.

Upper Bounds (Section 2). We develop a meta-algorithm (Algorithm 1) for the first two variants, following
the iterative approach of (Blum et al., 2017). In each round, the algorithm learns at least half of the active
distributions and identifies them via a test subroutine. Under (MDL-RCN), the target 7; are known, allowing

for direct optimality certification and yielding the upper bound O (ﬁ + Zle 6}’”) (Theorem 3). The
minimax variant is more subtle, as the benchmark 7* is unknown. To address this, we devise a procedure
that estimates 77* in increments and incurs only a logarithmic overhead. This results in an (MDL-MM) upper

bound of O ( =k k(€+n )> (Theorem 4).

In both settings, the ﬁrst term reflects the statistical cost of learning, while the second captures the
testing complexity. Since the latter scales quadratically with e, it can be preferable to learn each distribution

independently, which would require O (Zz 1 ﬁ) samples. Algorithm 1 explicitly compares these

regimes (via an initial check) and switches to per-distribution learning whenever it is more sample-efficient.
Note that in the realizable case (1; = 0 for all ¢), we recover the rate O (@)

The testing component arises naturally from the learning objective, as the ability to learn an optimal
classifier intuitively implies the ability to verify its performance. However, this certification incurs a statistical
cost of O (62'2’7) to reliably distinguish between noise rates 7 and 1 + €. Establishing the necessity of this
cost constitutes the more challenging direction. Our lower bounds confirm that it is not an artifact of analysis,

but a fundamental barrier in learning under bounded noise.

Structured Hypothesis Testing (Section 3). As discussed, the ability to test whether a classifier is optimal
is intrinsic to the learning problem. To formalize this task, we introduce Structured Hypothesis Testing (SHT):
given a fixed function, decide whether it is e-optimal under RCN with known noise n = 1/4.

This problem admits two natural strategies: (i) directly thresholding the empirical errors, or (ii) first
learning f* to compare against the candidate. The former succeeds with O (1 / 62) samples, while the latter
requires O (d/e). We demonstrate that this trade-off is fundamental by establishing a matching lower bound,
yielding the optimal sample complexity © (min {1/¢2,d/e}) (Theorems 8 and 9).

We then extend this paradigm to Multi-Distribution Structured Hypothesis Testing (MSHT), where the
goal is to solve k simultaneous instances of (SHT) across distributions P, . . ., P that share a Bayes classifier
with fixed noise rate 7 = 1/4. We prove that the naive strategy of testing each distribution separately is,
in fact, optimal. To establish the lower bound, we reduce (SHT) to (MSHT) by embedding a hard (SHT)
instance into a specific P;, while setting the remaining distributions to the null hypothesis. Since the index ¢
is unknown, the (MSHT) algorithm is forced to sample sufficiently from all distributions to locate and solve
the embedded instance. Crucially, we construct the (SHT) hard instance such that extending it to multiple
distributions preserves the VC dimension of the underlying hypothesis class. This yields the final sample
complexity © (k-min {1/€? d/e}) (Theorems 9 and 10).
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MDL Lower Bounds (Section 4). As discussed, testing optimality is a necessary condition for learning. In
Lemma 12, we formalize this by showing that any MDL algorithm can be used to solve (MSHT) with an
additional cost of only O (k/e) samples. Consequently, in the fixed-noise regime where ny =mn; = 1/4forall
i € [k], every MDL variant requires € (d/e + k - min {1/€?,d/e}) samples (Theorem 13). When d < 1/e,
this becomes €2 (dk/e)—no better than learning each distribution separately. This establishes optimality of
our algorithms for (MDL-RCN) and (MDL-MM), and answers our motivating question in the negative.

RCN and Massart Separation (Section 5). For (MDL-Mass), where fz must compete with the unknown
Bayes error 1)/, we prove the stronger lower bound (2 (d Je+k-min{1/e*,d/e} + kvd)/ e) (Theorem 15)

assuming that all 7; < 0.49. Relative to the fixed-noise regime, this reveals an additional k+v/d /€ penalty:
certifying near-optimality against an unknown baseline is strictly harder. Consequently, while RCN and
Massart noise are statistically comparable in the single-distribution setting, they become separable in MDL.
This separation has long been known computationally and is closely tied to distribution shift (Chen et al.,
2020). We interpret the present statistical separation in MDL as shedding new light on this phenomenon.

2. MDL Upper Bounds

In this section, we develop strategies for (MDL-RCN) and (MDL-MM). Let d denote the VC dimension of
the hypothesis class F. Algorithm 1 outlines the general template for our approach. At a high level, the
learner proceeds in round ¢ as follows:

« Active Set Maintenance: Maintain a set of distributions 2/(!~1) that still need to be learned, initialized
with the full set (0 == {Py, ..., P,}.

« Statistical Learning: Learn a hypothesis f(*) with respect to the uniform mixture over the current
active set, denoted by F,:-1), using an ERM oracle (Line 6):

i darire) -
ERM7£ (5) € ar)g;enjl:m err (f;S) = 9] (x%:esﬂ{f(:c) #y}

« Testing: Invoke a variant-specific Test subroutine to identify the distributions on which f(*) performs
well. These distributions are removed from &/~ to form the next active set /() (Lines 7-8).

We will show that the testing component can require {2 (k: / 62) samples. Due to this high testing overhead,
it is more efficient to learn each distribution separately whenever d < 1/e. To address this, Algorithm 1
incorporates a preliminary check to determine if separate learning yields better complexity.

2.1. Statistical Learning

Under label noise bounded by 1, ERM achieves (¢, d)-learning with sample complexity

dlog (1/€) +log (1/9)
e(1—2n)

where Cs) is a universal constant. We provide further details in Appendix C and refer the reader to (Boucheron
et al., 2005) for a comprehensive treatment. We leverage this guarantee to determine the sample size for the
statistical learning component of Algorithm 1. Specifically, to ensure that the hypothesis f*) is e-optimal
with respect to the mixture pu(t—l) , we rely on the following result.

Tsp (n,€,0) == Cs_ -
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Algorithm 1 MDL Meta-Algorithm

Input: Class F, distributions Py, ..., Py, iteration count T, parameters (e, ¢’,8,8') € (0,1)*, condition
Cond, tester function Test.

Output: fl, .. .,fk.

1 if Cond then > Learn each distribution separately.
| fori=1,...,kdo f;  ERMpg (S;) where S; " P, is of size | S, = Ts. (1., 6/k)

else

U «— {p,..., P}

fort=1,...,Tdo

6 f® «— ERM £ (S(t)) where S® % Pyyt-1) is of size ‘S(t)‘ =Ts. (n,€,d)

7 UD « Test (fO,ut=D)

8 for i € U N\UD do f; + f®

[V I RV )

9 end
10 end

Lemmal LetU C {Py,..., P} and let Py = ﬁ > icu Pi- Then, ERM f = ERMx (S) on a sample
s % Py of size |S| = TsL (1, €, ) satisfies

P(err(f;ﬁu> §e+|z/{1|iézunf> >1-96

Applying this to Algorithm 1, we conclude that for any iteration ¢ € [T], with probability > 1—4§’, we have
that m Sicuc—y (err (fO; P) —nf) < €. Now, let k® = |{ie U cerr (fO;P) —nf > 2¢'}|

denote the number of distributions in 2/*~1) on which f® performs poorly. Then,

ieuz(t:n <err (f(t); B> B ":) <d — k0 < ‘u(;_l)’

k@ 1

/
] ]

In other words, f( is 2¢/-optimal for at least half of the distributions in /(*~1) with high probability.

2.2. Testing

The statistical learning step guarantees f(*) is good on at least half of 24(*~1), but does not identify which ones.
The next lemma shows we can find them by estimating empirical errors from fresh samples: by sampling
O (<5%) times from P, we can reliably distinguish whether the error err (f; P) is e-close to a target level v.

Lemma 2 Let P be a distribution over X x {0,1}, f : X — {0, 1} be some function, and v > 0 be a

constant. Let S S P be a sample of size |S| > T (v,€,0) := 161og (%) Et#. Then, with probability at
least 1 — 6, the following holds:

err(f;P)§§+1/:€r\r(f;5)§§+uz>err(f;P)§e+u

2.3. (MDL-RCN) Upper Bound

When our goal is to compete with the noise upper bounds 7);, the testing problem is simple because the target
thresholds are known. Fix a round ¢ € [T']. Recall from the statistical learning step that with probability at
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least 1 — &, for at least half of the distributions in /=1, we have err ( @, R) < 2¢' +nf < 2¢ +n;. Since
each n); is known, we can verify this condition directly. For each distribution i € {(*~1), we draw a sample
Si(t) id P; of size ’Si(t) ’ = T7 (ni,¢,0"). Applying Lemma 2 together with a union bound, we guarantee that
with probability at least 1 — k4", the following implications hold for all i:

err(f() P) < 8+n1:>err<f(t S(t)> <2+77 :>err<f(t )<e+771

We set € = €/16 and define the update rule as follows: eliminate distribution 4 if and only if its empirical
error satisfies err ( . SZ-(t)> < €/2 + n;. This strategy guarantees two key properties:

* (Progress) at least half of the distributions in U= (spemﬁcally those with err ( f (t); R) <e€/8+mn)
will satisfy the empirical condition and be eliminated.

* (Correctness) any eliminated distribution is guaranteed to satisfy err ( @, Pi) <e+n.

Thus, in each round ¢, we successfully learn and remove at least half of the active distributions with probability
1 — ¢ — ko"”. Appropriately tuning the parameters results in Algorithm 2.

Algorithm 2 RCN-Test

Input: Decision £, distribution set 2/~ 1.
Output: /).

for i ¢ "~V do Sample S() ~ B 0f51ze‘5’ ‘ = 771, ,2,‘3T)
U {z cuUt"Y . ar <f(t) S( ) > e/2+m}
Theorem 3 (MDL-RCN) upper bound) Let T' = [logy k], € = 15, ¢’ = 2T’ and Test = RCN-Test.

Additionally, define the condition Cond = {Tjpin; > Tyep}, where

k k
k\ [ dlog(1/e) €+ dlog (1/€) + log (k/6)
L. — 2 — — =
CZ]omt : log (5> (6 (1 _ 27]) + ZZ; 2 and Tsep Zz; B (1 — 2771')

Then, Algorithm 1 solves (MDL-RCN) with sample complexity Tren (h:k, €,6) = O (min {Tjoint, Tsep })-

In the special case where the noise upper bound is uniform across distributions—that is, 1; = 7 for
all i € [k]—the sample complexity bound from Theorem 3 simplifies (ignoring logarithmic factors) to

0 (min{e(lgn) + k(?{n)’ e(lcik%) })

2.4. (MDL-MM) Upper Bound

When our goal is to compete with the unknown maximum noise rate * = max;cy] 7; » the previous testing
strategy is inapplicable because we lack the explicit thresholds required for RCN-Test.

Fix around ¢ € [T]. The statistical learning component guarantees that with probability at least 1 — ¢, at
least half of the distributions i € ¢!~V satisfy err (f®); P;) < 2¢/ +n} < 2€' + n*. If n* was known, we
could simply set ¢ = €/16 and invoke RCN-Test using the uniform threshold €/2 + n* for all i € [k]. Since
1™ is unknown, we proceed by guessing its value in small increments.

Let v denote a candidate guess for n*. We set ¢/ = €/32, ensuring that with probability at least 1 — ¢”,
half of the active distributions satisfy err ( f® ) < €/16 + n*. Lemma 2 guarantees that by drawing a
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sample SZ-(t) % p, of size ’Si(t)‘ = T7 (v,¢/2,0"), the following holds with probability 1 — kd”: for every

i€ k],
err (f(t ) < 1—6+u$err (f(t S(t)> < - 1 4+ v =>err (f(t) P) <§—|—1/
Based on this, if we remove all i € U~ (1 e., output f for P;) such that ert (f ) <e€/d+v,we

ensure the following:

* (Progress) any distribution with true error err ( @, ) < €/16 4 v will be removed.

* (Correctness) any removed distribution satisfies err ( f (t); B) <e€/24 .

Starting from v = 0, we increase the guess in steps of €/2 and apply the test at each step until at least half of
the active distributions are eliminated. By Progress, this loop terminates after at most 2n* /e + 2 iterations,
and by Correctness every eliminated distribution is indeed learned. See Algorithm 3 for details.

Algorithm 3 MM-Test
Input: Decision £, distribution set 2/~ 1.
Output: /),
UD — Y15y 0
fori € UtV do 5 ¢
3 while /()] > |ut V| /2 do
fori cU® d
S() — S( ) US(t) where S() ~ P; is of size ‘S ‘ =Tt (V €/2

if err (f(t),Si( )) < ¢/4 + v then Remove i from ()

end
vV vte/2

AT

end

Theorem 4 (MDL-MM) upper bound) Let T' = [logy k], € = 55, ¢’ =

MM-Test. Then, Algorithm I solves (MDL-MM) with sample complexity

Tvam (M. Mk €,0) = O <log2 <k (77/2+ 1)> <il((ig—(12/77€)) - : (622_ n*)>>

2T, Cond = 0 and Test =

Remark 5 (Condition for separate learning) For (MDL-MM), we do not explicitly enforce a switching
condition for separate learning because the bound in Theorem 4 depends on the unknown n*. However, if we

k
(e+n > Zz ) W} then we

achieve a sample complexity of O (Zf 1 4172) if Cond holds, and O ( Ty + (e+77 )) otherwise.

use the upper bound n as a proxy for n* and define Cond = { g dgn) +

3. Structured Hypothesis Testing

As a precursor to establishing the MDL lower bound, we first investigate a related problem. Throughout this
section, we fix the noise level to = 1/4 to focus our analysis on the other problem parameters.

Let F be a hypothesis class with VC-dimension d. Let P be a distribution over X x {0, 1} such that
the Bayes classifier f* belongs to F and satisfies the noise condition P (f* (X) # Y|X = z) = 1/4 for all
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x € X. This corresponds to the standard RCN setting with fixed, known noise. We are given a query function
f: X —{0,1} (not necessarily in F) and tasked with determining whether f is e-optimal with respect to
P. Specifically, the algorithm must draw i.i.d. samples from P and output a decision D € {YES,NO} that
satisfies the following conditions with probability at least 1 — §:

If err (f; P) <1/4+4 €/12, output D = YES.

(SHT)

If err (f; P) > 1/4 + ¢, output D = NO.
We refer to this problem as Structured Hypothesis Testing (SHT). We say that an algorithm .4 for (SHT) has
sample complexity T4 : (0, 1)2 — N if, for any valid instance (F, P, f, €, d), it satisfies the conditions above
using at most 74 (e, 0) samples.

3.1. (SHT) Upper Bounds
In this section, we present two distinct strategies for solving the (SHT) problem.

Agnostic Testing. Since the goal is to test whether P (f (X) #Y) is e-close to 1/4, we can simply
disregard the supervised nature of the data and work directly with the empirical errors (I{f (X};) # Yt})f:l.
The problem then reduces to distinguishing between two Bernoulli biases separated by a gap of O (¢), which
requires a sample complexity of © (log (1/6) /€?).

Lemma 6 (Testing via empirical errors) Ler f : X — {0, 1} be a fixed function, and let S W pbea
sample of size |S| > Tc (€,0) = 2 log(2/6) . Then, with probability at least 1 — 6, the following holds:

err (f; P) < 1/4+6/12:>err(f;S) <1/4+¢€/6 = err(f; P) <1/4+¢€

Learning-Augmented Testing. An alternative approach is to first learn a reference hypothesis f that
satisfies err ( f ; P) < 1/4 + € with high probability. This can be achieved by performing ERM on a sample
of size O (dlog (1/8) /). With f in hand, we can draw an additional sample to efficiently test the quality of

a candidate function f. In the following lemma, we establish the validity of this approach for a general noise
level 7, as this broader result will be instrumental in later sections.

Lemma 7 (From learning to testing) Let P be a distribution over X x {0, 1} such that for some f* : X —
{0,1}, we have that P (f*(X) # Y|X =x) < nforallxz € X. Let n* == P (f* (X) #Y) denote the
optimal error. Suppose we know a reference hypothesis f : X — {0, 1} (possibly random) that satisfies

. )
]P’( ( ;P) < ) >1-2
err ( f n* + 48 > 3
Let f : X — {0,1} be a ﬁxed candidate function, and let S '~ "4 Pbea sample drawn independently of f, of
size |S| > T (n,€,9) = (1 277) log ( ) Then, with probability at least 1 — 6, the following holds:

err (f3P) < i* +¢/12 = )e/ﬁ(f;S)—e/ﬁ"(f;S)‘ <e/3= e (f;P) <u +e

In the context of (SHT), we apply Lemma 7 with n = n* = 1/4. This yields a sample size of
T (i, €, 5) = 1%2 log (%). By combining the agnostic and learning-augmented strategies into a single
procedure (Algorithm 4), we obtain the following guarantee.

Theorem 8 ((SHT) upper bound) Algorithm 4 solves the (SHT) problem with sample complexity TsyT (€,9) =

O (log (1/6) min {1/€?,d/€}).

This bound highlights a natural trade-off: in the low-precision regime where € > 1/d, the agnostic
testing approach (1/€?) is superior. However, in the high-precision regime where ¢ < 1/d, exploiting the
supervised structure of the data via the learning-augmented approach (d/¢) yields an improvement.
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Algorithm 4 SHT

Input: Function class F, distribution P, function f : X — {0, 1}, parameters (¢, 8) € (0,1)%.
Output: Decision D.
if d > 1/e then > Agnostic Testing.

Sample S % p of size |S| = Tc (e, 9)
iferr (f;5) <1/4+ €¢/6 then D + YES else D + NO
else > Learning-Augmented Testing.

# < ERMz£ (S) where S “C P is of size |S| = T, (1/4, €/48,6/3)
Sample S’ 24P of size |S"| =T (1/4,€,9)
if |ott (3 9) — a7 (f;s’) < ¢/3 then D < YES else D + NO

end

3.2. (SHT) Lower Bound

Recall that under the RCN assumption, ERM requires only O (d/e) samples, a significant improvement over
the O (d / 62) complexity of the fully agnostic setting. It is natural to ask whether the testing problem (SHT)
can similarly be solved with O (1/€) samples. The fast rate for ERM relies on a critical variance bound: for
any distribution P satisfying the RCN condition under constant noise, we have that (see Appendix C)

Varp (I{f (X) # YV} = I{f" (X) #Y}) S err (f; P) —err (f7; P)

That is, we can control the variance when we offset by f*. Bernstein’s inequality then ensures that

lerr (f; P) —err (f*; P) — (err (f; §) —err (f%;.9))] S ‘;‘ +err (f; P) —err (f%; P)

with high probability over a sample S %Y P If we had access to the quantity |ert (f;S) — err (f*;.9)], we
could perform the test efficiently using the reasoning of Lemma 7. In fact, we showed that having access to
an e-optimal hypothesis (a proxy for f*) allows us to test with just O (1/¢) additional samples.

However, a fundamental obstacle remains: we do not know f*. Although we know its population error
is err (f*; P) = 1/4, we cannot readily use its empirical error ert (f*; S) as a reference point because the

concentration of |err (f*; P) — ért (f*; S)| is slow, scaling with O (1 /1S \) Notably, the ERM sample

size of O (d/e) ensures uniform convergence of the excess risks (the offset counterparts), but not of the
absolute errors |err (f; P) — err (f;.5)].

In the following result, we prove that the trade-off achieved by Algorithm 4 is optimal. Specifically, we
show that the sample complexity is lower-bounded by the minimum of the agnostic rate and the learning-
augmented rate, yielding a tight rate of © (min {1/¢2,d/e}).

Theorem 9 ((SHT) lower bound) Ler 6 < 1/4. Any algorithm A that solves (SHT) requires a sample size
of Ta(e,6) > £ log (1 +log 2) min {1/€?,d/e}.

Proof sketch of Theorem 9 We will show the bound 2 (d/e) for d < 5-. When d > 5-, we can simply
choose a shattered set of size o=, so that the lower bound € (1/€?) holds.

Hence, assume that d < 2% and suppose that X is supported on X = [d?]. Let px(0) = 1 — 2de and
px () = 2¢/d for each z € [dQ]. Consider the hypotheses (Hy) f* = fo, where fy :== x +— 0 is the constant
zero function, and (H1) f* equals 1 precisely on a random subset R C [dQ] of size | R| = d. Note that we

never need to shatter a set of size larger than d. Under H1, P (Y =1) = (1 —2de) - 3 + (d> —d) - % - 1 +
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d- % . % = % + e. In particular, fj has errors 1/4 under Hy and 1/4 + e under Hy, so that an (SHT) learner
should be able to distinguish both hypotheses. Using Ingster’s method, we can show that testing Hy vs. H;
under a uniform mixture over subsets R requires 2 (d/€) samples. [ |

3.3. Multi-Distribution SHT

We now extend the (SHT) framework to the multi-distribution setting. Let Py, ..., P be distributions
over X x {0, 1} that all satisfy the RCN condition P; (f* (X) #Y|X =z) = 1/4, for all z € X, with
respect to a shared unknown f* € F. We are given candidate functions fi,..., fr : X — {0,1} (not

necessarily in F), and our objective is to determine whether err (f;; P;) is e-optimal for every ¢ € [k]. More
precisely, the algorithm draws a total of 7' samples from the distributions and outputs a decision vector
(D1,...,Dg) € {YES, NO}k. We require that for each ¢ € [k], with probability at least 1 — 9,

If err (fi; Pi) < 1/4+ €¢/12, output D; = YES.
(MSHT)
If err (f;; P;) > 1/4 + €, output D; = NO.

We say that an algorithm A for (MSHT) has sample complexity 74 : (0, 1)2 — N if it satisfies this guarantee
for any valid instance (F, Py.k, f1.x, €, ) using at most 7'4 (¢, d) total samples.

Note that we only require each D; correct w.p. > 1 — §. This is to avoid a log k factor in the reduction
to (MDL-RCN) (see Lemma 12); simultaneous correctness can be ensured via a union bound. To solve
the (MSHT) problem, we apply the strategy of Algorithm 4 to each distribution individually. For completeness,
this is detailed in Algorithm 6, and its sample complexity is established in Theorem 10.

Theorem 10 (MSHT) upper bound) Algorithm 6 solves the (MSHT) problem with sample complexity
Twsht (€,6) = O (klog (1/8) min {1/€*,d/e}).

Testing each distribution separately results in a k-fold increase in sample complexity relative to (SHT).
We now show that this linear scaling is unavoidable in the worst case—any (MSHT) solver must essentially
perform independent tests—so the tight sample complexity is © (k: - min {1 /e2,d/ e})

Theorem 11 (Multi-Distribution SHT lower bound) Let § < 0.01 and d > 8¢. Any algorithm A that
solves (MSHT) requires a sample size of Ta (€,8) > %%5% min {1/€2,d/e}.

Proof sketch of Theorem 11 Fix ¢ € (0,1). Again, we focus on the setting where d < 2% and aim to show
the lower bound €2 (kd/¢). This immediately implies the Q2 (k/€®) bound when d > o

In essence, we will construct distributions whose X -marginals will be supported on consecutive disjoint
sets of size d> 4 1, each with the same weights as in the (SHT) lower bound. We then consider the problem
of testing (Hy) f* = fo vs. (H1) f* equals 1 precisely on a size-d subset on the support of one of the
distributions. Note that this only requires shattering a set of size d. We then show that the learner must sample
Q (d/e) times from each distribution by constructing an (SHT) algorithm that simulates the (MSHT) one. l

4. MDL Lower Bound

As in Section 3, we establish the lower bound under RCN noise n; = 1] = 1/4 for all ¢ € [k], in which case
all MDL variants coincide. The key observation is that (MSHT) is necessary for MDL: any MDL algorithm
can be used as a black box to obtain proxies for the optimal classifier and thereby solve (MSHT) with only
O(log(1/9)/e) additional samples per distribution. We formalize this in Algorithm 5 and analyze it below.

Lemma 12 (MDL to MSHT upper bound) Algorithm 5, under an MDL algorithm A with sample complex-
ity Ty, solves the (MSHT) problem with sample complexity T 4_smsHT (€,0) = T4 (€/48,6/3)+ w.

10
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Algorithm 5 MDL to MSHT
Input: Function class F, distributions P, ..., Py, functions f1,..., fx : X — {0, 1}, parameters (¢, 0) €
(0,1)%, MDL algorithm A with sample complexity 7'4.
Output: Decision vector (D, ..., Dg).
<f1, e fk) < A where we run A for T4 (¢/48, 6 /3) rounds.
fori=1,..., kdo
Sample S; 2 P of size |Si| =11 (1/4,¢€,0)
if |&tt (f;; S:) — e (fi; Si) < ¢/3 then D; < YES else D; + NO

end

_ Recall that our proposed strategies for (MDL-RCN) and (MDL-MM) achieve a sample complexity of
(0] (min {dk Je,d/e+k/e? }) We now show that this rate is optimal, up to logarithmic factors.

Theorem 13 (MDL lower bound) Let § < 0.01/3, d > 384¢ and min{d,1/e} > 4-10". Any MDL
algorithm A requires a sample size of T4 (¢,6) = Q (d/e + k - min {1/€*,d/e}).

5. (MDL-Mass) Lower Bound

We now study the hardest variant, (MDL-Mass). The lower bound from Section 4, Q(d/e + k - min {1/€?,d/e}),
becomes 2(d/e + k/€%) when d 2> 1/¢, losing a multiplicative dependence on d. We show that (MDL-Mass)
admits a stronger lower bound with a k+/d factor (even for large d) via the same reduction template: define

the auxiliary test (SHT-Mass) and argue that any (MDL-Mass) solver must solve it for each distribution.

5.1. Massart Testing

We begin by defining an auxiliary testing problem. Consider a pair of random variables (X,Y") € [d] x {0, 1},
where the PMF of X is given by px = (1 — €,€¢/d, ..., ¢/d) and the conditional distributions are Y| X =
x ~ Ber (¢;). The vector of biases q = (¢ );_ is unknown, but constrained such that ¢y € [0,0.49] and
gz € 10,0.49] U [0.51, 1] for all z € [d]. Let

Ag== > (2:-1)

z€[d]:qz>1/2
The goal is to draw i.i.d. (X,Y") pairs and determine which of the following two hypotheses holds:

Hy: If ¢, = 0.465 for all x € [d], output YES with probability at least 1 — ¢.
(SHT-Mass)
Hy: If Agq > 0.3¢, output NO with probability at least 1 — 0.

In the analysis below, we demonstrate that solving (SHT-Mass) requires a polynomial dependence on d,
even when d > 1/, standing in sharp contrast to the behavior of (SHT). We emphasize that the moment
matching argument requires varying the noise levels, preventing us from fixing the noise as in the (SHT)
setup. Consequently, this construction is specific to (MDL-Mass) and does not extend to the other variants.

Theorem 14 (SHT-Mass lower bound) Lerd < 1/4 and d > 1750. Any algorithm A that solves (SHT-Mass)
Vd
= 2v/2€¢”

requires a sample size of T 4 (€, 0)

11
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Proof sketch of Theorem 14 Our ultimate goal is to construct bias vector gy, for each h € {0, 1}, that falls
under hypothesis Hj, and such that qg and q; are difficult to distinguish. To start, we set the Oth coordinate of
each to 0.465, so that the only informative samples are those in which X € [d]. We then construct priors i,
and sample the remaining biases i.i.d. from py, in a way that the resulting qy, is in Hj, with high probability.
More importantly, we also make sure that the first moments of 1 and @7 match, which ensures that Y has
the same mean under both hypotheses. Since the marginal px is independent of the hypothesis, it is thus
necessary to exploit the relationship between X and Y. This can only be accomplished once we observe

repeated values of X in [d], which takes 2 (\/&) samples. The Q2 (\/8 / e) bound then follows from the fact
that it takes O (1/¢) samples to obtain a single point in [d]. [

Limitations of the (SHT-Mass) construction. Higher-order moment matching and related polynomial
techniques could improve the v/d bound (Wu and Yang, 2020; Canonne, 2022), but this particular construction
cannot yield linear-in-d hardness. A constant A gap forces a constant fraction of heavy coordinates under
H,, so a tester can reject Hy by locating a single heavy coordinate; because the light/heavy bias gap is
constant, this can be done with sublinear-in-d samples. Although other hard instances might achieve linear
dependence, translating them into an MDL lower bound via a similar reduction is delicate, since we must
preserve a fixed VC dimension across multiple distributions (here enforced by our choice of Hy).

5.2. Lower Bound

Next, we construct an MDL instance that inherits the (SHT-Mass) difficulty. Let the covariate space be
X = [kd + k — 1], which we partition into k disjoint blocks of size d + 1. We denote the ith block by
Xy ={(i—1)(d+1)+z:2 € [d]} for each i € [k]. We define the hypothesis class F to be the set of
binary functions consisting of the zero function fy and all functions that equal 1 precisely on a subset of
X\ {(i —1)(d+ 1)} (i.e., we exclude the first coordinate) for some ¢ € [k]. Note that VCdim (F) = d.
Next, we define distributions P, . .., Py over X’ x {0, 1} where the marginal PMF of X under P, is given
by (1 —€,¢/d,...,e/d) on X; and is zero elsewhere. Furthermore, we require the label noise to satisfy the
Massart constraint with respect to some target f* € F; namely, n} (z) = P; (f*(X) # Y|X =) < 0.49
for all z € X and ¢ € [k]. The next theorem shows that any (MDL-Mass) algorithm in this setup must

incur an additional €2 (k\/&/ e) cost; together with Theorem 13, this yields the combined lower bound
Q (d/e +k-min {1/€2,d/e} + k\/&/e) under 7; < 0.49 for all i € [k].

Theorem 15 ((MDL-Mass) lower bound) Let 6 < 0.1/3 and d > 7 - 10'°. Any algorithm A that
solves (MDL-Mass) in this setup requires a sample size of T4 (€,0) = £ (k\/&/e)

6. Discussion

We study multi-distribution learning under bounded label noise through three benchmarks (known noise
bounds, minimax error, and unknown optimal errors): for the first two we give near-optimal upper bounds
O <ﬁ +3r 6;’”) and O (6(1‘_1277) + k(eg*)> and matching lower bounds via a reduction to multi-
M)
€

distribution testing (ruling out O( even at constant noise), while for the hardest objective we prove a
stronger lower bound Q(k\/& /€) by moment matching, revealing a multiplicative penalty and a separation

between RCN and Massart noise.

Future Directions. Our work leaves several compelling avenues for future research: (i) Centralized MDL:
do comparable rates hold when the learner must output a single hypothesis f that performs well on all
distributions (Haghtalab et al., 2022)? (ii) Noise-dependent lower bounds: our lower bounds are proved in a

12
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constant-noise regime, and it remains open to characterize the optimal complexity as an explicit function of
the noise rate. (iii) Closing the gap for (MDL-Mass): a tight characterization remains unknown; resolving
the precise dependence on d and k likely requires new lower-bound constructions (see Section 5).

13
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Appendix A. Related Work

Multi-Distribution Learning. Multi-distribution learning was introduced by (Blum et al., 2017) under the
name collaborative PAC learning. In the realizable case, they proved a tight sample complexity of 6 (#)
under both personalized and centralized settings.

In the centralized realizable setting, (Nguyen and Zakynthinou, 2018; Chen et al., 2018) improved the
logarithmic dependence, and (Nguyen and Zakynthinou, 2018) also gave strategies that compete with a
constant multiple of the minimax error.

For centralized agnostic MDL, (Haghtalab et al., 2022) proposed a general algorithmic framework based
on playing online learning strategies against each other to reach an approximate Nash equilibrium. They

obtained a tight rate of © (%ﬂ) for finite classes and, for hypothesis classes of VC dimension d, an

upper bound of O (£ + %£E); for the VC case they also proved a lower bound of € (45£).
Subsequently, (Awasthi et al., 2023) asked whether this VC lower bound is tight for centralized agnostic

MDL. They also provided an algorithm for personalized agnostic MDL with complexity O (dj—Qk) and an

algorithm for centralized agnostic MDL with complexity 0 (6% =+ 6%) This question was later answered
affirmatively by (Zhang et al., 2024b; Peng, 2024), who gave algorithms for centralized agnostic MDL with
sample complexity 0, (%), matching the lower bound up to logarithmic factors.

Closest to our setting, (Deng and Qiao, 2024) studied a weaker form of realizability where a small subset of

classifiers achieves small error: they assume there exist f7, ..., fy, € F such that max;e (g min e, err < I R) <

e. They gave an algorithm with sample complexity O (%i + %) and showed it is tight up to log factors. In
particular, when different distributions are realized by different classifiers, a learner must in the worst case
learn each distribution separately; in contrast, we assume a shared Bayes classifier, a structural distinction
that enables information sharing not possible in the setting of (Deng and Qiao, 2024).

Related Learning Settings. The MDL framework has also been studied under a variety of structural
assumptions—including convexity (Sagawa et al., 2020; Abernethy et al., 2022; Haghtalab et al., 2022;
Soma et al., 2025; Zhang et al., 2024a; Yu et al., 2024; Carmon and Hausler, 2022; Zang et al., 2025),
sparsity (Nguyen et al., 2025), and bounded suboptimality (Hanashiro and Jaillet, 2025)—as well as through
alternative lenses such as label complexity (Zhang and Zhou, 2025; Rittler and Chaudhuri, 2023) and
the role of adaptivity in sample complexity (Haghtalab et al., 2025). Beyond these theoretical directions,
distributionally robust objectives have also been adopted in language models to improve performance across
diverse data sources (Oren et al., 2019; Xie et al., 2023).

On the computational side, a complementary line of work studies the cost of making statistically optimal
procedures efficient: since the optimal strategies are inherently randomized, (Larsen et al., 2024) showed that
derandomizing them is computationally hard. Related notions of learning across heterogeneous groups have
also been investigated in other learning frameworks (Mohri et al., 2019; Dwork et al., 2025; Rothblum and
Yona, 2021).

PAC Learning. Statistical learning theory has long been developed through the lens of PAC learn-
ing (Valiant, 1984; Haussler, 1992). Classical formulations focus either on the realizable case (zero noise) or
on the fully agnostic case (no assumptions on the data-generating process). To model intermediate regimes,
subsequent works (Angluin and Laird, 1988; Kearns and Li, 1993; Mammen and Tsybakov, 1999) introduced
explicit assumptions on the label noise, which can often lead to faster learning rates; see (Boucheron et al.,
2005) for background.

In this work, we focus on the RCN and Massart noise models. From a statistical perspective, the distinc-
tion between the two is minor; both admit fast rates. Computationally, however, the Massart generalization
proves substantially more challenging. A polynomial-time algorithm for RCN was given by (Bylander,
1994), whereas a distribution-independent equivalent for Massart noise remained elusive until much later (Di-
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akonikolas et al., 2019). Furthermore, current polynomial-time approaches generally compete only with the
noise upper bound, and (Chen et al., 2020) established a super-polynomial statistical query SQ lower bound
for competing with the Bayes error.

Appendix B. Concentration Inequalities

We record a few standard concentration inequalities that will be used throughout. For background, we refer
to (Boucheron et al., 2016).

Lemma 16 (Concentration inequalities) Let 71, ..., Z1 be i.i.d. random variables and define the empiri-
cal mean Z = % Zthl Zy.

* (Hoeffding) If Z1 € |a,b], then

P(‘Z—E[Zﬂ‘ < (b—a) 21Tlog<§>> >1-9

* (Bernstein) If |Z1 — E [Z1]| < b, then

P(\Z-E[Zl]\ <3;10g<§> +\/2VMT(ZI)10g<§>> >1-96

Appendix C. Learning under Massart Noise

Let P be a distribution over (X,Y) € X x {0, 1} such that

n*(x):=P(f*(X)7éY\X=x)§n<% Vo e X

for some f* : X — {0, 1}. This is the Massart noise condition with rate . We denote the Bayes error by
P (f*(X) #Y). The following result characterizes the pointwise error of a classifier in terms of f*.

Lemma 17 Forany f : X — {0, 1},
PX)#YX =) —n"(z) = (1= 29" (2)) I{f () # " (2)}

Proof of Lemma 17 This follows from

PX)#YIX =) =n" (2)I{f(z) = [* (= )}+(1 n* (@) I{f (z) # f* (2)}
=n"(2) L =1{f (2) # [ (@)}) + (L =" (@) I{[ (x) # [* (2)}
n* (2) + (1= 20" (2)) I{f (z) # f* (2)}

The bounded noise assumption implies that 1 — 2n* (x) > 1 — 27 for any « € X’. Then, if we integrate
the equality of Lemma 17 with respect to marginal Py and rearrange, we obtain

PUHX)#Y) -

P(F(X) # 1 (X)) < =57
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The key idea behind the Massart fast rate is that we can bound the following variance:

Varp (I{f (X) # Y} - I{f*(X) #Y}) <Ep[|I{f (X) # Y} - I{f* (X) # Y}

= P(f(X)# [ (X))
_PUX)AY) 7
- 1—-2n

Suppose that we are trying to learn a finite function class F such that f* € F. Let (X, Yt)?zl “ Pbea
sample and consider the empirical minimizer

T
fG argmin{;ZH{f(Xt) % Yt}}
t=1

feFr

Applying Bernstein’s inequality on random variables I { f (X;) # Y;} —I{f* (X;) # Y:} and taking a union
bound over F, we can conclude that

~ n(l-2n)
In other words, f is e-optimal provided that n 2 loﬁ%g_%. To extend this idea to general VC classes, we
~ n)

refer to (Boucheron et al., 2005).

Appendix D. Proofs of Section 2
D.1. Proof of Lemma 1

Note that the mixture also satisfies the bounded noise assumption:

Pu(ff(X)#AY X =2)=> () P (f*(X)#Y[X =2) <7
iU

X
where a; = ZI; ip x and p;X is the density of the X -marginal of P; with respect to some dominating measure.

Then, the ERM solution f on Tsy (1, €,d) samples from Py, ensures that

B(FOO#Y) et B () #Y) =t S

1<

with probability > 1 — §.

D.2. Proof of Lemma 2

€/8+v
(e/8)*

For convenience, let us rewrite the sample size lower bound as |S| > 2log (%) By Bernstein’s

inequality, we know that

2err (f; P)log (2/9) 2log(2/9)

‘ o (f err (f; P) €
lerr (f; P) — ¢ (f,S)\S\/ 5] ST <

€
8\ ¢/8+v T3

with probability 1 — §. Suppose that err (f; P) < ¢/8 4+ v. Then,

G (£38) < e (fiP) + §) | Tl + § <

20
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_ a
Now, suppose that err (f; P) > € 4+ v and define g (p) := p a,/ . Then ¢’ (p) =1 — N/ TTOR In

other words, g is increasing fora < 2y/p(a +b) < p > W’ Spe01a1121ng top=e€e+rv,a=c¢/8and
b = v, we see that this condition is clearly ensured:

G0,

€
> 17
e R ()

Since err (f; P) > € + v by assumption, we can again apply Bernstein to obtain

err (f; P €
err (f;8) > err (f; P) — e/é—l—y) 3
S —i—V—E e+tv €
‘ 8Ve/8+v 8
> -+Fv

where we used the fact that 6;;:}/ <+8and 7/8 —1/v/8 > 1/2.

D.3. Proof of Theorem 3

By the reasoning above, we know that we succeed with probability 1 — § under the specified parameters.
Since we learn at least half of the distributions on every round, we only require 7' = [log, k| rounds. On
every round, ERM requires T, (77, . %) samples. For testing, each P; is sampled at most T (m, €, %)
times on every round. Hence, the total sample size required is

k
) 1)
Tren (M, €,0) < T (TSL (77, 16’ 2T> + E Tt (%6, 2kT>>
i1

dlog (1/€) + log <1°§k

< (logk) =2 ) + log <§> Z ¢ —:21%

i=1
kE\ [ dlog(1/e) i €+
§10g2<(5> (6(1—27])+; €2 )

=1

D.4. Proof of Theorem 4

We begin by describing Algorithm 3 in detail. We start with the candidate guess v = 0 and draw samples

S(t,l) id

P; of size

’ = T7(0,€/2,6") for each active distribution and eliminate those satisfying

err ( f(t); Sz’(t 1)) <e /4, If this step results in the removal of at least half of I/ (= 1), we terminate the current

round ¢. Crucially, the Correctness property ensures that any removed distribution satisfies err ( . R) <
€/2 < e+ n*, guaranteeing that we only output good hypotheses. Furthermore, if the true noise rate is indeed
n* = 0, the Progress property guarantees that this round terminates. By union bounding with the ERM
guarantee, all of the above holds with probability 1 — &' — k¢”.

If the first check fails to eliminate half of the distributions, we proceed with the updated guess v = ¢/2.
Rather than discarding the previous data, we augment the existing samples: for each remaining distribution ¢,

) % )‘ =T7 (¢/2,€/2,0") — ’S“)’ We then define S( 2 =
)( = T (¢/2,¢/2,8").

we draw a fresh sample S, SERC P of size

S, Dy S; S(42) a5 the aggregated sample set, which now satisfies the required size

21



HANASHIRO SHETTY JAILLET

We eliminate any distribution satisfying err ( f®. s .(t’2)> < €/4 + €/2, terminating the round if at

(2
least half of 2/~ has been removed. Observe that this threshold guarantees the removal of any ¢ where
err ( o R) < €/16 + €/2, due to Progress. Consequently, if the true noise rate lies in the range n* €
(0, €/2], the round terminates. Furthermore, Correctness ensures that any removed distribution satisfies
err ( . R) < €/2+ €/2 < € + n*. Taking a union bound over both testing sub-rounds, all of the above
holds with probability at least 1 — &' — 2kd”.

We continue iteratively, testing the hypotheses that n* lies within consecutive intervals {0} , (0, €/2], (¢/2, €],
and so on. Suppose that the true noise rate falls in the interval n* € ((m — 1) €/2, me/2| and the procedure
has not yet terminated in the first m iterations. Then in the (m + 1)th iteration, we set the guess v = me/2.
By assumption, we know that m < 2n*/e + 1 and n* < me/2 < n* + €/2. For each remaining distribution

1, we sample S’i(t’mﬂ) u P; such that the aggregated sample Si(t’mﬂ) = Si(t’m) U S’i(t’mﬂ) has size
t;m+1)| _ 2\ €+ 16me/2 2\ 9¢ + 16n*
S ‘ = Tr (me/2,¢/2,6") = 32log <5H> —Q < 32log ) a2

We then remove any distribution satisfying érr ( f®, SZ-(t’mH)) < €/4 + me/2. Once again, the known
properties yield the following:

* Progress: We are guaranteed to remove any ¢ where err ( O, PZ-) < €/16 + me/2. Since we know

thaterr (f(; ;) < €/16 +n* < €/16 + me/2 for at least half of /(=1 the procedure is guaranteed
to terminate at this step.

* Correctness: Any distribution ¢ removed in this iteration satisfies err ( @, B) < s+ =+
-1
(7”72)6 <e+nt.
Consequently, the testing phase for round ¢ terminates in at most m + 1 < 2n* /e + 2 iterations. Crucially,

every eliminated distribution ¢ satisfies the target guarantee err ( . Pi) < e+ 7n*. By a union bound, this
result holds with probability at least

1—6 —(m+1Dké">1-68 -2 /e+ 1 k" >1 -6 —2(n/e+1)kd”

By tuning ¢’ and ¢” appropriately, we know that we can guarantee success with probability at least 1 — 4.
Again, we learn half of the distributions on every round, so that 7" = [log, k| rounds suffices. On each round,
ERM uses

o) o)

T329r) T e(1—2n)

samples, and testing requires at most

kT 16n*
TT<77*+6 € ) ):32log<8(n/e+ )k >96+ 6m

2727 4(n/e+1)kT 5 €2

samples per distribution. Putting these together, we obtain a total sample complexity upper bound of

d +log ( §* e+ 1)k k(e +n'
TMM(”T:kvnlzkyeaé)S(logk) ()—i‘log((n/ )> ( )

e(l—2n) 5 €2

ot (84722) (5 257)
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Appendix E. Proofs of Section 3
E.1. Proof of Lemma 6

Hoeffding’s inequality tells us that, with probability at least 1 — 4,

log (2/9) _

e (7:P) it (755)| < |55 < €

Under this high-probability event, we immediately obtain our claim:

o~ 1 € 1 € € 1

; i PY< D4+ 4+ <
ar(fiS)< g =er(fiP)< j+o+g s te
—~ 1 € 1 € € 1 €
e”(fys)>Z—i-6:>err(f,P)>1-|-6_172_14_E

E.2. Proof of Lemma 7

From Appendix C, we know that

Varp (I{g (X) # Y} = I{f*(X) #Y}) < W

for any function g : X — {0, 1}. Bernstein’s inequality then tells us that, with probability > 1 — §/3,

e (95 P) 1 — (& (955) — (73 8) < g tos () + W;;%;P;‘S‘ g (§)

€

€
< R
<5 +\/48 (err (g; P) —n*)

*

o 3e er(gP)—n
= 96 2

where we used AM-GM in the last inequality. Since f and S are independent, we can then conclude that f
and f* are close in empirical error: with probability > 1 — 2§/3,
- 3e€ 3 3€
() am ()| < g+ g (e (FiP) =) < 5
’err(f err (f*;.9)] < _96 err ( f <15
Let us take a union bound of this event with the Bernstein bound above on our function of interest f, so that
they simultaneously occur with probability > 1 — 4. Under this event, we then have that

é\H(f;S)*é\H@S)‘ <

3
— 6 (f58) — @ (% 8)] < | (7:8) — e (F:8)| + |aw (f:8) — @ (773 9)| < o
— o (i)~ 0" < e 4 206 (£15) — & (75 S)] < o
and
et (f;P) — " < =

3e 3 be
— (617 (£3.5) — & (5 S)| < 5+ 5 (e (fiP) =) < o
— |ari (£;.8) — & (£:8)| < feww (1:8) — v (£7.8)| + [ei (473 8) — & () | g%
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E.3. Proof of Theorem 8

When d > 1/¢, Lemma 6 immediately implies correctness of the decision, and the sample size is

10%<1/5>>

€2

Tc(e,5)20<

Now, suppose that d < 1/e. With Ts (1/4,¢/48,6/3) samples, we know that ERM guarantees
err ( i P) < 1/4 + €/48 with probability at least 1 — §/3. Then, correctness of our decision follows
from Lemma 7. In this case, the sample size obtained is

1 € ¢ 1 d 1
T | =, —, = Ti|-,60)=01(-1 —
SL(4748)3>+ L<47€7 ) <€ 0g<5>>
Combining both conditions yields the desired sample complexity.

E.4. Proof of Theorem 9

To prove the hardness of (SHT), we first construct a preliminary base testing problem and establish a lower
bound for it.

Theorem 18 Let d € N and € € (0,1) be such that de < 1. Define a random variable X € [d?] with PMF

_ 1—de, z=0
X0 =a,  ze (@]

In addition, let f* : [d*] — {0, 1} be an underlying function, and Y € {0, 1} be such that
P(f*(X)#Y|X =2)=1/4 Va € [d*]
We sample i.i.d. pairs (X,Y') and must ensure that:

Hy: If f* = fo, output YES with probability at least 3 /4.
(SHT-Base)
Hy: If f* equals 1 precisely on a size-d subset, output NO with probability at least 3 /4.

This problem requires a sample size of
3d
T> Zlog(l +log 2)
€

Proof of Theorem 18 Let P} be the joint distribution over (X, Kg)tT:l under Hy and, similarly, P}g the
joint under H; and subset R C [d2] where f* equals 1. We also use lower-case p to denote the corresponding
PMFs. With abuse of notation, let YES and NO denote the event that a successful algorithm outputs each
decision. Let R be chosen uniformly at random from all subsets of size d. The learner must ensure that

g < P{ (YES) + Eg [P4 (NO)] < 1+ TV (Py ,Eg [P£])
In other words, we need

TV Py Er [Pr]) =

N |

24



MDL WITH LABEL NOISE

To upper bound the TV distance, we will work with the x? divergence and apply Ingster’s method (Ingster
and Suslina, 2002; Polyanskiy and Wu, 2025):

X’ (Eg [PR]||PY) +1=Eppr [G" (R, R)]
where R and R’ are i.i.d. subsets and
X,Y) PR (X,Y)
G (R, R) = E/x 1o Pr -
( ) (va) Py [po(X Y) po(X Y)

=Y ) Y (ylz) pre (y])

z€[d?] ye{0,1} po y|x)
—1-det Y [ pr (0]2) pr (012) + 4p (112) pre (1]2)
x€[d?]

=:(%)
To evaluate this sum, let us consider two possibilities:

» Forz ¢ RN R/, at least one of the conditional PMFs will be Ber (1/4). Let the other one be Ber (q).
Then,

e Forr e RNR,

As a result, we obtain

GRE)=1—de+5(d

d( —|RNR|+ |RmR’\)—1+\RmR’\

Plugging this back into the X2 formula yields
T
4eT
(1 + = \Rm R’\) <Egw [exp (;d |RN R’N

Next, we observe that the random variable |R N R’| follows a hypergeometric distribution: conditioned
on R, we can see |RN R'| as the number of “successes” when we draw |R/| = d times without re-
placement from a population of size d” that contains exactly |R| = d successes. Thatis, |[RN R'||R ~
HG (N = d* K = d,n = d), which is independent of R, so that[RN R'| ~ HG (N = d*, K = d,n = d).
Our goal is then to bound the MGF of this hypergeometric, which is smaller than the MGF of its binomial
counterpart:

X’ (Eg [PE]||PY) + 1 =Erp

Egrr [exp (A|RNR'|)] <E[exp (ABin(n =d,p =1/d))]
A

(-3e3)
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Finally, we can combine everything to obtain

™V (P B [PR]) < 5o/* (Br [PE][17)

1 4eT
< - ) - )| -
_2\/ R,R |:6Xp<3d ‘RQR’):| 1
1 4eT
2\/exp <exp <3€d > — 1> -1

Since the TV distance has to be larger than 1/2, we can then conclude that

IN

d
T> i—log(1+log2)
€

Remark 19 (External randomness) The lower bound of Theorem 18 still applies when the learner has
access to an external source of randomness; i.e., it applies to randomized learners.

We can readily prove our original claim using Theorem 18. Suppose that d < i and let F C {0, I}W]]
be the class of f = fy along with all functions f that equal 1 precisely on a subset R C [dQ] of size d. Note
that VCdim (F) = d.

Let A be an (SHT) algorithm with sample complexity 7 4. We will construct a learner for (SHT-Base) with
parameters (d, 2¢). To that end, let our data-generating distribution P be according to one of the hypotheses,
and suppose that A wishes to test if f = f is e-optimal. Its error is given by err (f; P) = P (Y = 1), so that
we can make the following observations:

 Under Hy, we have that f = f* and, thus, err (f; P) = 1/4.
* Under H; and subset R, the functions f and f* disagree precisely on R, so that

1 2 2
err(f;P):(1—2d6)~1+(d2—d)-Ee- —l—d-i-

=

Hence, if we run .A on T4 (e, 1/4) samples, we output YES precisely under Hy with probability 3/4. In other
words, we are able to distinguish Hy and H;. The lower bound of Theorem 18 then implies that .4 requires a
sample size of at least

Ta(e, 1/4) > z—dlog(l +log2)
€
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E.5. Proof of Theorem 10

Algorithm 6 MSHT
Input: Function class F, distributions P4, ..., Py, functions f1,..., fr : X — {0, 1}, parameters (¢, 0) €
(0,1)%.
Output: Decision vector (D1, ..., Dg).
1 if d > 1/e then
2 fori=1,...,kdo
3 Sample S; 2 P, of size |Si| = Tc (€,0)
4 if err (f;;.5;) <1/4+ ¢/6 then D; + YES else D; + NO
5 end
6 else
7 fori=1,...,kdo
8 fi < ERM (S;) where S; “Y Py is of size | Sj| = Ts (1/4,¢/48,6/3)
9 Sample S{ifi\fiPi of size |S/| = T (1/4,€,0)
10 if |ett (f3; S!) — an (ﬁ»; S;) < ¢/3 then D; < YES else D; + NO
11 end
12 end

This proof is the natural extension of Theorem 8 to multiple distributions. Note that we do not require any
union bounds due to the objective. When d > 1/¢, we similarly apply Lemma 6 to conclude correctness. The
sample size is

k'Tc(6,5)—O<k10g€§1/5))

When d < 1/¢, Lemma 7 along with a union bound over ¢ € [k] again ensures correctness, with a sample

size of
1 € ¢ 1 B kdlog (1/0)
k|:TSL<474873>+TL<4a675>:|_O< c

E.6. Proof of Theorem 11

1

In the next result, we construct an (MSHT) instance that suffers from the 2 (kd/¢) lower bound when d < o,

thereby proving our desired hardness claim.

Theorem 20 Let d € N and e € (0,1) be such that d > 8¢ and 2de < 1. Define covariate space
X = [kd® + k — 1], composed of k disjoint blocks each of size d*> + 1, and denote the ith block by
X; = {(z -1) (d2 + 1) +xz:x€ [[d2]]}. Let F be the class of binary-valued functions on [kd*> + k — 1]
consisting of

o The f = fo function.

* All functions f that equal 1 precisely on a size-d subset of X;\ {(z -1) (d2 + 1)} (we exclude the first
coordinate) for some i € [k].
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Note that this only requires shattering a set of size at most d. Now, define distributions P, ..., P, over
X x {0, 1} with marginal PMFs
1—2de, = (i—1)(d*+1)
Bi(X =1)= 2 2
2/d, we{(i-1)(d*+1)+1,...,i(d+1) -1}

and label noise
1
P(f(X)#Y|X =2) =7 VreX,iclK

for some unknown f* € F.
Any MSHT) algorithm A, with confidence parameter § = 0.01, that tests the functions fi = -+ = fi =
fo on this instance requires a sample size of

0.015kd

T4 (6,0.01) >
2€

Proof of Theorem 20 Consider the following hypotheses:
Ho: [* = fo.
Hy: f* equals 1 precisely on a size-d subset of X;\ {(i — 1) (d* + 1)} for some i € [k].
As in the proof of Theorem 9, we note that
 Under Hy, we have that err (f;; P;) = 1/4 for every i € [k].

 Under H; and distribution ¢, we have that err (f;; P;) = 1/4 4 € and err (f;; Pj) = 1/4 for every
J# i
Hence, A must be able to distinguish both hypotheses. Define T to be the number of times that P; is sampled,
which is a random quantity since the algorithm can be adaptive. Let Py be the probability law under Hy.
Fix i € [k]. We will show, by contradiction, that T; 2 d/e with constant probability under H. Assume
to the contrary that

Po (T < 005d> > 0.7
e

We will construct an (SHT-Base) algorithm A, by simulating 4. Suppose that we are given sample access to
a distribution P according to one of the (SHT-Base) hypotheses. Let px = (1 — 2de, 2¢/d, ..., 2¢/d) denote
the PMF over [d?] from Theorem 18 (with ¢ scaled by 2). Consider the following strategy:

1. Run A on parameters (€, d) = (¢,0.1). When it samples distribution j,

» If j =4, sample (X,Y) ~ P.
o If j # 4, sample X ~ px and Y ~ Ber (1/4).

Return the data point (X + (j — 1) (d* + 1) ,Y'). The shift on X ensures that it lives in ;. In other
words, we set f* to 0 outside of X; and set P; to be the unknown (SHT-Base) instance. Hence, Hj and
H; in both coincide.

2. We terminate whenever the first of the following occurs:
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¢ If A has sampled distribution ¢ more than % times, output YES with probability 0.24.
o If A terminates, output D;.

Note that this process requires at most %ﬁ’d +1< % (since d > 8e by assumption) samples from P, which
beats the lower bound of Theorem 18. Nevertheless, under the chosen parameters, A, indeed succeeds. In
what follows, we use Py and IP; to denote the probability law under Hy and H;, respectively. When the
probability does not depend on the instance, we drop the subscript. Next, we analyze the output of A, under
each hypothesis.

Hy: Suppose that the null hypothesis Hy is true. Then,

Py (As = YES) = <{T > ngd} N{As = YES}) + Py ({T < O;)Sd} N{D; = YES})

_p, <T . 0.§5d> b <As _vesln s 0.05d>

€ €

+ Py (D; = YES) — P, <{T > ngd} Nn{D; = YES}>

.05d d 05d
> Py <Ti>OO5>IP’(A = YES|T; >0205>+IP0(DZ-:YES)—}P’0 <ﬂ>0§5 >
€

2¢ €
0.05d
€

= Py (D; = YES) — Py (T > 0'§5d> P <As — NO|T,

€

>0.99—-0.3-0.76
= 0.762

Hy: Suppose that the alternative hypothesis H; is true. Then,

Py (A, = NO) = Py ({T > O;M} A {A, = NO}) + Py <{T < ngd} A {D; = NO}>

:P1<Ti>0's5d>]}”(AszNOT 005d>
€
+ Py (D; = NO) — P, ({ 005d}m{o NO})
> P, (T > 0'§5d> P (As —no|z > % O5d> + Py (D; = NO) — Py (T > 0'§5d>
€ €
_ P, (D; = NO) — P, < 0 05d) ( — VES|T; > O‘§5d>
€
>0.99 - 0.24
=0.75

Note that we only required D; succeeding with high probability; this allows us to avoid union bounds
over i € [k]. Since A always succeeds with a sample size smaller than the lower bound of Theorem 18, we

have thus shown that
d
Py (T > 7005 ) > 0.3
2¢

which we can readily convert into an in-expectation bound:

. . . .01
Eo [T)] > Eo [TJ{E S 0;)5dH > ()05(1[@0 <E S 005d> - 0.015d

€ 2€ 2€ 2¢
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Since this must hold for every ¢ € [k], we can conclude that

k

YT

i=1

0.015kd
>

T4 (e,0.01) > Eg 5
€

Appendix F. Proofs of Section 4
F.1. Proof of Lemma 12

Correctness of A implies that with probability at least 1 — §/3, for all i € [k], err ( fi; PZ> <1/4+¢€/48.
Lemma 7 then shows that D; is correct with probability 1 — 4, for each i € [k].

F.2. Proof of Theorem 13

The 2 (d/€) term follows from the single-distribution learning lower bound (e.g., see Theorem 6.8 of (Shalev-
Shwartz and Ben-David, 2014)). For the second term, we can apply Lemma 12 to an MDL algorithm A and
the (MSHT) lower bound of Theorem 11 to conclude that

0.01\ 4k log (600) 0.015k . (1 d
T =T 48¢,0.01) > i
A (6, 3 > + . A—MsHT (48¢,0.01) > T R L

Rearranging under the lower bound on min {d, 1/¢} then yields the claim.

Appendix G. Proofs of Section 5

In this section, we prove the (MDL-Mass) lower bound of €2 (k:\/a / e) . We begin by establishing a prelimi-

nary lower bound for the testing problem (SHT-Mass), and then show how it implies the (MDL-Mass) lower
bound.

G.1. Proof of Theorem 14

We will apply the technique of Poissonization: instead of sampling a deterministic number of times 7', we
will sample N ~ Pois (T") pairs (X¢, Y;) and must ensure the same guarantee as (SHT-Mass). We will first
show a lower bound for the Poissonized variant and subsequently relate it back to the original setup.

Let us define the count of (z, 1) and (x, 0) observations:

N N

Ny =) I{X;=2,Y,=1} and M, =) I{X;==zY;, =0}
t=1 t=1

We will work with random q, independent of IV, in which case we can ensure that
N.|q ~ Pois (Tpx (z) q,) and M,|q ~ Pois(Tpx (x) (1 —q))

and are independent conditional on q. Also, note that N, + M, = th\il I{X; = x} ~ Pois (Tpx (z)) and
is independent of q.

The next step is to construct appropriate biases for each hypothesis. For Hy, we will simply define
the constant vector qq := (0.465, ...,0.465). For H;, we define the prior ;1 == 0.75 - Ber (0.62) and set
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q1 ~ 00.465 X u‘f. In other words, the Oth coordinate is always 0.465, and the rest are sampled i.i.d. from ;.
One important consequence of this construction is that the first moments match:

Eqpy [q) = 0.75 - 0.62 = 0.465 = E,, [q]

where 119 = 00.465-
While qg falls under Hy with probability 1, we can only ensure a high-probability guarantee for q;. Since

E[Aq] = 2 .d-0.62-0.5 = 0.31e

we can apply Hoeffding’s inequality (note that Aq, € [0,€/2]) to conclude that

3
P(Aq 2 03¢) =P (Aq, —E[Aq,] > ~0.01¢) > 1 —exp (~0.0008d) > 7

Under hypothesis h € {0, 1}, our decision is based on observations O}, := (N , (X, Yt)iV: 1) ~ PP. Our

objective requires that P (YES) > 3/4, since the bias vector is deterministic under our constructed Hy.
Furthermore, defining the event A := {A,, > 0.3¢}, we must also satisfy

N | =

PP (YES) = PP (YES|A) PP (A) + PP (YES|A®) PP (A°) <
N — N—_——
<1/4 <1/4

As a consequence, we get the lower bound

TV (P, PP) > PY (YES) — PP (YES) >

=

To further bound the TV distance, we instead switch our attention to the counts C}, = (M, Nm)g:0 ~ PF.
To see why they suffice, note that C}, is a deterministic function of Oy,. Moreover, we simply pass C', through
a Markov kernel that is independent of qy, to obtain Oy, (choose an ordering of the (X}, Y;) uniformly at
random). This implies that

TV (P, PP) =TV (P, Pf)
Next, we upper bound the right-hand side.

Lemma 21 We have that
T2e2
2d

Proof of Lemma 21 We begin with the observation that the coordinates of C}, are independent, and the Oth
coordinate of both Cj and (' is the same by construction. Let Cj, ~ P,? denote coordinates [d] of C, so

that TV (Péj , Plc ) =TV (POCv , Plé > To bound this, we note that éh ud P,,, where

T Te (1l —
P, = Pois (?) x Pois <E(d(])) and Py, =K, [Pq]

TV (PSP <

Using subadditivity of TV, we then have that TV (POé , Plé > < dTV (P,y, Py, ). To upper bound the
right-hand side, let A\ = T'¢/d and note that

(A\g)" 6”) <(>\ (1—q)" 6*“‘”) N e

P, (n,m) = <

n! m! n!m!
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In particular,
P,(0,0)=e?, P, (1,0)=Xeq, P,(0,1) =Xe*(1—q)
Since E,,, [¢] = E,, [g], we then know that
P, (n,m) =P, (n,m) V(n,m)e{0,0),(1,0),(0,1)}

As aresult, we get that

1
TV(PMO’PM):§ |Pu0(nvm)_P,u1 (n,m)\
n+m>2
1
< g[Puo(NJrMZ 2) + Py, (N + M > 2)]
=P (Pois (\) > 2)

where in the last line we used the fact that N + M ~ Pois () is independent of ¢. Lastly, we must bound
the Poisson tail above. To start, note that

P (Pois (\) > 2) =1 — P (Pois (\) = 0) =P (Pois (\) = 1) =1 — e * (1 + \)
Define g () := e~ (1 + A) and note that ¢’ (\) = —Ae~*. Then,

A A A A2
1—6_A(1+A)=g(0)—g(k)=/ —g’(t)dt=/ te‘tdtg/ tdt = =
0 0 0

Putting everything together, we conclude that

dN\?  T?e
TV(RPY) < 55 =

From Lemma 21, we can establish a lower bound on the Poissonized setting:

Vd
V2e

To obtain a similar bound for our original problem, we rely on the following Poisson tail bound (Mitzenmacher
and Upfal, 2005): for A > 121log (2/4),

]P’(Pois(k) e P 3A]> >1-4

T2¢2 1
>
2d ~ 4

—T>

2’2

Suppose that a tester A solves (SHT-Mass) with at most 7" samples. Consider the following strategy A p for
the Poissonized variant:

* Sample N ~ Pois (27"), where 77 = max {T, 14}.

e If N > T, run A on the first 7" samples and output its answer. Otherwise, decide based on a fair coin
flip.
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Since 27" > 28 > 121log (2/0.2), the Poisson tail bound implies that
P(N>T)>P(N e [T',3T"]) > 0.8

Let [P, denote the probability measure under any instance of hypothesis 4 € {0, 1}, and define the event
B :={N >T}. Then,

Py (Ap = YES) = Py (A = YES|B) P (B) + Py (Ap = YES|B°) P (B°)
=Py (Ap = YES|BY) + P (B) (P (A = YES|B) — Py (Ap = YES|B%))
> 0.5 + 0.8 (0.9 — 0.5)
> 0.75

By a symmetric argument, Py (Ap = NO) > 0.75. In other words, we solve the Poissonized problem and its
lower bound implies that

2T’>ﬁ:>T> vd

~ V2 ~ 2v/2¢

where we used the assumption d > 1750, so that % > 28 and, thus, 77 = T..

G.2. Proof of Theorem 15

To start, we note that our construction requires that f* always equals 0 on the first coordinate of each &;.
Then, if we apply Lemma 17 on f, we can see that

Ar=er(fuP)—ni= Y (-2i@)RX=a)=5 > (-1

zeX: f*(x)=1 TEX;:qL>1/2

where ¢. := P; (Y = 1|X = z).
Consider the setting where f* = f and n} () = ¢!, = 0.465 for all z € X and i € [k]. Let Py denote
the probability law under this environment. We will show that any successful (MDL-Mass) algorithm must

sample €2 <\/;i / e) times from each distribution under Py with high probability.

To do this, we will solve an (SHT-Mass) hard instance P by simulating a (MDL-Mass) algorithm .A.
Here, P is a distribution over (X,Y") where px = (1 —€,¢/d,...,¢/d) on [d] and Y |X = x ~ Ber (gy).
Recall our testing objective:

* Hy: ¢ = 0.465 for all z € [d].

* Hi: Aq = §Zx€[[d]]:qw21/2 (2Qm - 1) > 0.3e.

Fix some ¢ € [k] and let T; be number of times that A samples P;. We will show, by contradiction, that
T, > /d/e with high probability under Py. Let B; := {T < 0.05\/&/6} and assume to the contrary that

~

Py (B;) > 0.85
We will construct an (SHT-Mass) Aj strategy as follows:
1. Run A on parameters (1), €,0) = (0.49,¢/192,0.1/3). When it samples distribution j € [k],

e If j =i, sample (X,Y) ~ P.
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» If j # 4, sample X ~ px and Y ~ Ber (0.465).

To ensure that X € A;, we shift X by (j — 1) (d + 1) before returning it to .A. In other words, we set
P; to P, with an appropriate shift, and set f* to 0 outside of X;. By construction, this aligns with our
MDL setup.

2. Terminate when the first of the following occurs:

« If T} exceeds 0.05v/d/e, output NO.
¢ If A terminates and outputs f’i, sample .S 2 p of size

384 80000
S| = T} (0.49,¢/4,0.1) =

2% <
0.02¢ 108 (60) =

shift the X’s appropriately, and output YES if and only if event

E; = {‘@(fo;s) — ért (fz,S)‘ < %}
OcCcurs.

Note that the suboptimality gaps coincide: A; = Aq. In addition, correctness of A implies, via Lemma 7,
that with probability at least 0.9,

e Under Hy, we have that A; = 0, so that F; occurs.
* Under Hy, we have that A; > 0.3¢, so that £ occurs.

Importantly, this statement is unconditional; that is, under no assumption of B; occurring. Let [P; denote the
probability law under H;, where we note that Py coincides with our earlier definition.

Hpy:
Po (As = YES) =Py (B; N E;) = Po (E;) — Po (Bf N E;) > Py (E;) —Po (Bf) > 0.75
Hjy:
Py (As = NO) =Py (B}) + Py (B; N E;) =Py (Bf) + Py (&) — Py (Bf N Ef) > Py (£f) > 0.9

That is, we solve (SHT-Mass) with a sample size of at most

0.05v/d 1 80000 - Vd
€ € 2v/2¢

beating the lower bound of Theorem 14. This contradiction ensures that

TH{T § 0.05\/&}] . 0.0075v/d
€

€

0.05vd
Py (TZ > f) > 0.15 = Eg [Tz] > Ey

€

Since this holds for each 7 € [k], we finally get that

k
e 0.1
Tal—,—=)>E
A<192’3>— 0

> T

i=1

- 0.0075k+v/d

€
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