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Abstract

Fast computation of a matrix product W ' X is a workhorse of modern LLMs. To make their
deployment more efficient, a popular approach is that of using a low-precision approximation W
in place of true W (“weight-only quantization”). Information theory demonstrates that an optimal
algorithm for reducing precision of W depends on the (second order) statistics of X and requires
a careful alignment of vector quantization codebook with PCA directions of X (a process known
as “waterfilling allocation”). Dependence of the codebook on statistics of X, however, is highly
impractical. This paper proves that there exist a universal codebook that is simultaneously near-
optimal for all possible statistics of X, in the sense of being at least as good as an X-adapted
waterfilling codebook with rate reduced by 0.11 bit per dimension in the case when W is Gaussian.
Such universal codebook would be an ideal candidate for the low-precision storage format, a topic
of active modern research, but alas the existence proof is non-constructive.

Equivalently, our result shows existence of a net in R™ that is a nearly-optimal covering of a
sphere simultaneously with respect to all Hilbert norms.
Keywords: vector quantization, oracle bounds, rate-distortion, waterfilling, regret, universality

1. Introduction

The most basic element of all modern Al is a neural unit: given a (dynamically changing) activation
vector X € R" the unit needs to compute the output

Y=W'X,

where W € R" is a (static) weight. The problem, rapidly becoming central for economic deploy-
ment and continued evolution of large language models (LLMs), is to reduce storage/communication
requirement by saving W in “low-precision”. (The symmetric question of also converting X to low-
precision is outside of scope of this work, though see Ordentlich and Polyanskiy (2025) for some
recent theoretical analysis.)

Early deep learning models saved W in full-precision (known as FP32, and corresponding to
R = 32 bit / coordinate), but soon moved to half-precision (FP16/BF16, or R = 16 bit). In the
domain of LLMs, pioneering work Dettmers et al. (2022) showed that very little degradation is
introduced if W is approximated by rescaling it to appropriate range and then rounding each coor-
dinate of normalized W to nearest integer in {—128, —127,...,127}, aso called INTS8 quantization.
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Subsequently, more sophisticated low-precision storage formats were introduced, with currently the
most popular being NVFP4 (rate R = 4.5 bit) and MXFP4 (rate R = 4.25 bit), see NVIDIA et al.
(2025); Open Compute Project (2023).

In this paper we are focusing on a fundamental question: what is the best way of reducing
precision of W? That is, how to replace W by a version W that incurs minimal degradation of
performance, i.e. WX ~ WX, while admitting a short bit-length description. A natural way
to do that, known as vector quantization, would be to pre-define a codebook C C R™ of size
|C| = 2", Clearly, any element of C can be described by n.R bits, hence achieving rate R of bits /
coordinate. Given C we approximate W as

W = argmin d(W, c)
ceC

for some distance metric d(-, -). When d is a standard Euclidean metric, then the problem reduces to
a classical vector quantization problem in R", with many classical solutions including lattices and
trellis-coded constructions Gersho and Gray (2012). However, as was brilliantly shown by Frantar
et al. (2023) large savings can be made if metric d(-, -) is chosen with the knowledge of statistics of
X in mind.

Indeed, if X is modeled as random with second-order statistics ¥ x = E[X X "] then

Ey [(Y . 17)2} — Ex [(WTX - WTX)ﬂ — (W —W)TEx (W - W).
Thus, we see that a natural choice of metric (given knowledge of > x) is
Aoy (W, W) =Ex (WX = WTX)?| = (W = W) Sx(W=W). sy

The easiest way to demonstrate how adaptation to X x can significantly improve rate-distortion
tradeoff is to consider a rank-1 case, i.e. when X is always collinear with a fixed vector v € R". In
this case, a clever choice of the codebook C is {0, +-ev, +-2€v, . . .}, i.e. very fine quantization along
a single direction v in R”. Indeed, by not needing to spread the points of C among all n dimensions,
one can get exponential improvement in quality of approximation of W T X, since only the scalar
value W "v affects the result. Since activations in LLMs are notoriously low-rank, this adaptation
of C to directions of principal variation (PCA) of X understandably improves performance.

Herein, however, lies the main problem that we are trying to address: while adapting C to
the statistics of the input X is desirable, it may not be generally possible due to restrictions of
hardware. Indeed, the mapping from actual bits (loaded from memory) to elements of C needs to
be fixed at hardware design stage and cannot depend on statistics of X (in particular, because the
same hardware is used for implementing different neurons, facing different types of X'). Below we
call this requirement, alternatively, as universal codebook or a . x -oblivious decoder, to reflect the
fact that C has to be universal across all possible choices of . x.

To continue with more quantitative investigation, let us make a modeling assumption (well
justified by empirical statistics of LLM weight matrices) that W ~ N(0, I,,). In this case a given
codebook C under X x statistics attains distortion:

1
D(C,E)() = %EW |:Icrél(rjldzx (W, C):| . (1)
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Classical information-theoretic field, known as rate-distortion theory, establishes that for a codebook
C to achieve distortion D(C, X x) < D one must have

log|C| > nRwt(Xx, D),

where Rt is given by a so-called waterfilling formula, see Prop. 2.

The main question of this work: How much does the requirement of universality cost in terms
of performance? For example, in the rank-1 case above the waterfilling codebook would allocate
its elements along a single direction v. This codebook, however, would be grossly suboptimal for
another rank-1 X x which has its PCA direction orthogonal to v. Somewhat surprisingly, thus, we
show that nevertheless the answer is not much. The main result of this work is demonstration of
existence of a universal C, which is simultaneously near optimal for all possible ¥ x. Informally,
we can state our main result as follows.

Theorem 1 (Informal: Universality costs < 0.11 Bits) Ler us assume that W ~ N (0, I,) and let
Ryt (X x, D) denote the information-theoretic (waterfilling) lower bound on rate needed to achieve
distortion at most D in the oracle setting, where codebook is optimized for a fixed ¥ x. There exists
a universal codebook C with 2"% points such that its distortion simultaneously for all ¥x € ST
satisfies:

R < Ry(Xx, D(C,Yx)) 4 0.11 bit .

The implication for hardware design is clear: it is possible to create a universal low-precision
storage format (for W) that is optimal (up to rate gap of at most 0.11 bit) simultaneously for all
kinds of distributions of statistics of the other factor (X)) in the inner-product. Our result can also be
interpreted as a statement about metric entropy: There exists a universal net on a unit sphere, which
covers unit sphere near-optimally simultaneously for all possible Hilbert norms on R™.

Paper organization. The following Section 2 formalizes weight-only quantization for inner prod-
ucts under the distortion dy;,.. We then introduce the oracle benchmark given by the Gaussian rate—
distortion tradeoff under weighted MSE, attained by the waterfilling solution in the setting where
both encoder and decoder know the second-order statistics > x (Prop. 2). Our main results are stated
in Theorems 3 and 5. Theorem 3 shows the existence of a universal codebook achieving the explicit
rate-distortion tradeoff (RDRC) over all ¥ x. Theorem 5 upper bounds the worst-case rate overhead
incurred by this universal decoder relative to the oracle waterfilling benchmark.

Section 3 provides a proof sketch of Theorem 3 and the main geometric ideas: Section 3.1
describes the universal codebook construction and intuition, and Section 3.2 outlines the random-
coding analysis leading to (RDRC).

Complete proofs are given in the Appendix. While the results in Section 2 are presented for
W ~ N(0,1,), we first establish a general bound for a fixed (non-random) W in Section B. This
result is then specialized to W ~ A/(0, I,,) using concentration and covering argument in Section C,
completing the proof of Theorem 3. Theorem 5 is proved in Section D: we derive explicit expres-
sions for the rate-gap and prove that the maximum gap occurs at spectra with at most 2 distinct
eigenvalues and vanishing distortions.

2. Main results and discussion

Consider an arbitrary X x > 0 and define a (square of) Hilbert metric with respect to Y x asin (dx ).
We consider the problem of obtaining a low-precision (at rate R bits per coordinate) representation
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W of a random vector W € R" with the goal of minimizing dy (W, W). We focus presentation
of results on the the standard setting in which W is an isotropic Gaussian vector:

W ~N(0,1,),

though the key technical results hold for general W (Section B). An (n, R) quantization scheme
consists of an encoder f : R" — [2"7] and decoder g : [2"f!] — R" and we set W= g(f(W)).
The image of g is called the codebook C := im g. The optimal encoder consists of finding a nearest
to W element of C, and hence we can equivalently think of a quantization scheme as completely
defined by C. The distortion of C for a given X x is denoted D(C, Xx), cf. (1).

Let us start with a simple case of X x fixed (and hence known to both encoder fs;, and decoder
gs. ). In this case, the optimal tradeoff between the distortion D and rate R is given by waterfilling,
which we review.

Let Xy = UAU T be the eigendecomposition with A = diag(\y, ..., \,). Consider a paramet-
ric curve

Dyt (Zx,t) me{&,t} Ryt(Sx,t) ZmaX{O log(N\i/t)} (WF)
i=1

where t is the parameter (waterfilling level). The above implicitly defines waterfilling distortion as
a function of rate:

Dwf(R7 EX) = Dwf(EX7twf(R)) ’ where wa(2X7th(R)) =R. (Dwf)

It turns out that this function indeed determines the fundamental limits in the case of oracle-
knowledge of X x. More exactly, we have the following.

Proposition 2 (Waterfilling) Let ¥ x € S'} . For any compression scheme of rate R we have
E[dsy (W, g(f(W)))] =2 nDy(R, Xx) - )

Conversely, for any B > 0 there exist a ¢ = ¢(B) > 0 such that for any ¥ x there exist f and g
(both depending on Y x ) such that

E [ds, (W, g(f(W)))] < nDys (R oy B, zx> +on Dy, )

Proof We give the proof of the lower bound (2) below; since the upper bound (3) is not relevant
for the rest of this paper, we defer the brief of sketch of the proof to Appendix F. Though we
do emphasize that the upper bound does not follow from classical theory, which concerns with
separable (additive over coordinates) distortion measures, and we have to invoke more modern
single-shot bounds, cf. (Polyanskiy and Wu, 2024, Chapter 25).

Let Sx = UAUT with A = diag(A1, ..., An), and define W’ 2 UTW, W’ 2 UTW. Then

ds (W, W)= (W —=W)TSx(W - W) = (W' - W)TAW Z)\
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In the oracle setting (where both the encoder and decoder know ¥ x), we may equivalently compress
W, reconstruct W’ and output W = UW". After this coordinate change, the problem becomes that
of a weighted mean squared error. Since W’ ~ N(0, I,,) has independent coordinates, a standard
data-processing argument (see (Polyanskiy and Wu, 2024, Section 23.4 and Theorem 6.1)) gives:

nR>I(W;W >ZI

Writing D; £ E [(Wz’ - Wi’ )2} the smallest I(W/; W/) = 1 log D% (given the value D) is then
attained under Gaussian coupling, cf. (Polyanskiy and Wu, 2024, Section 26.1.2), which results in

R>_-Ylog— and lE[ngWW} Z/\D

Minimizing %ZZ A;D; subject to the rate constraint via Lagrange multipliers gives the (reverse)
waterfilling optimum, summarized by the parametric curve in (WF). |

Now, as we discussed above, X x describes distribution of activations and, practically speaking,
is usually unavailable to decoder. Indeed, even if the eigenvalues A were known, optimal waterfilling

requires knowledge of the eigenbasis U, since the decoder gy, essentially computes U - U TW,

where UTW is the closest codeword to U TW. Communicating U € O(n) to the decoder is
expensive: it requires approximating ©(n?) real parameters, which will consume much larger than
O(n) bits allocated for communicating W itself.! Thus, the tradeoff in (WF) is unattainable via a
naive “send W and X x”” scheme when decoder lacks X x.

To capture the limitation above, we need to assume that Y x is available at encoding time, but
unavailable at decoding time (since the deployed dequantizer is fixed, possible even in hardware).
So, formally we define a universal (n, R) quantization scheme as a pair

fiR* xSt — 2", g: 2" 5 R, (f,9)

where the encoder takes > x as an input, while the decoder has no access to > x and outputs W=
g(f(W,Xx)). Again, the image of g is called the codebook C = im g, which is independent of
Yx.

The goal is to design a pair (f, g) such that D(C, ¥ x) were low simultaneously for all X x.
Our first main result proves existence of a universal codebook C with an explicit guarantee on the
achieved distortion. To define that guarantee, again let ¥x € S} with tr(¥x) = n and spec-
trum A = (A1,...,\,). The random-coding rate-distortion function is a parametric curve (with
parameter 7' > 0) given by

n

1 i
Die(A\,T) = Z T Rec(A\,T) Zlog +\T). (RDRC)
Denote
D.c(\, R) = Dyc(N, Trc(A, R)), where Ryc(A, (A, R)) = R. (Do)

1. In practice, GPU computes not a single inner product but W X for W € R™*“ being a matrix with ¢ =< n. Thus,
some of the cost of sending U ammortizes over a, but still makes it a highly suboptimal choice.
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Theorem 3 (Main Result I: Universal Quantization Scheme for Gaussian Input) Fix any con-
stants R*,e,m,B > 0. There exists an encoder f : R" x ST x [0,1] — [2"3], a decoder
g : [27] x [0,1] = R" with R < R* + ¢, and a (shared) random variable S € [0, 1] with the
following property. For W ~ N (0, I,,) and ¥ x € S} we setW(EX) =g(f(W,Xx,5),S). Then,
for sufficiently large n > ny = no(e,n, R*, B), we have with probability at least 1 — exp (—nB)
over S ~ Unif|0, 1] that

1 —~
“Ew ng(W,W(ZX))] < Dyo(spec(Ex), B*) + 1
simultaneously for all X x with tr X x = n.

Theorem 3 uses S to generate an entire codebook C and shows that with high probability it
achieves ~ D,.(X x, R) distortion. Of course, by fixing a value of S it implies existence of a single
codebook C with the same property. Formally, we have a corollary.

Corollary 4 Under the same assumptions as in Thm 3, there exists a codebook C of size log, |C| <
n(R* + ¢) and an encoder-decoder pair f,g (see Eq. (f,g)) with the following property. Set

—

W(Xx) = g(f(W,Xx)). Then, simultaneously for all ¥ x we have

1 = N trX
~Ew de(WW(zx))} < Dyo(spec(Ex), B*) + 1 nX.

The description of the scheme and intuition are in Sec. 3 and the full proof in Appendix C.
While the results are presented for isotropic Gaussian W, our proof proceeds by showing a more
general result for a fixed non-random W (see Sec. B). Then, the result for Gaussian W is obtained
by using concentration of measure (Sec. C).

What Theorem 3 shows is that, roughly speaking, there exists a universal codebook of rate R
which achieves distortion D,.(spec(Xx ), R) simultaneously for all ¥ x. A natural question is: how
far is Dyc(spec(Xx ), R) from the oracle waterfilling benchmark D (spec(Xx), R)?

To make the comparison easier to interpret, we will phrase it in terms of rate overhead (of our
codebook) compared to X x-fine-tuned optimal codebook. Specifically, for a fixed spectrum A =
diag(A1, ..., An) = 0and adistortion level D*, let Ry (A, D*) = Ry¢(A, t) be the minimum oracle
rate achieving Dyt (A, t) = D* (see Eq. (WF)), and let Ry¢(\, D*) = R,c(\,T') be the minimum
random-coding rate achieving D;.(\,T) = D* (see Eq. (RDRC)). The difference Rc(\, D*) —
Ryt (A, D*) is the rate overhead incurred by using a universal decoder g that is agnostic to the
covariance matrix X x with spec(Xx) = A.

Our second main result in Theorem 5 shows that this overhead is uniformly bounded by 0.11
bit. Specifically, we derive precise expressions for R;c(A, D*) — Ry¢(A, D*) that depend on A =
spec(Xx) and D* and prove that the maximum gaps occur at the spectra with at most 2 distinct
eigenvalues and vanishing distortions (see Fig. 1 for the worst-case rate gap found at each R =
R..(A, D*)). See Sec. D for the full proof.

Theorem 5 (Main Result II: Worst-Case Rate Gap to Oracle Setting)

sup sup{R;c(A, D*) — Ry¢(A, D*)} <0.11,
D*e(0,1) A

where the supremum is over A = diag(A1, ..., A\p) = 0 with tr(A) = n.
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Figure 1: Maximum rate gap found at each rate R.

An intuitive way to see why the gap is bounded is to consider the most extreme of trXx = n
cases: the identity and the rank-1 case, for which R;¢(\, D*) = Ryt (A, D*) by a simple computa-
tion. In fact, the gap vanishes for all matrices with semi-flat spectra A = (n/m, ..., n/m,0,...,0),m <
n, a phenomenon we further discuss in Sec. 3.1.1.

Discussion and Open Questions. Our results prove the existence of a universal codebook whose
performance is uniformly within a constant rate gap of the X y-aware (waterfilling) oracle bench-
mark, showing that universality is not, by itself, an information-theoretic bottleneck. Our random-
coding-based proof is nonconstructive and does not yield an explicit codebook design or efficient
encoder/decoder pair. Designing explicit and computationally efficient constructions is the most
immediate open direction.

Often, low complexity quantizers are based on lattices. Indeed, for any fixed X x a lattice
randomly drawn from the natural Haar-Siegel measure will be a good quantizer with probability
1 — e¥")_ This follows from the results of Ordentlich et al. (2022) that show that the covering
radius of a random lattice is typically near-optimal with respect to any (fixed) norm. However, no
lattice can be near-optimal simultaneously for all 3. x, and the reason is simple: for any fixed lattice
L C R™ there is a rotation U L that aligns its directions with the natural basis. Consequently,
for this rotation U L = [, (a;Z) for some ay, ..., a,. The integer lattice is a bad quantizer,
and therefore any lattice quantizer must lose at least %log % ~ 0.254 bits with respect to the
waterfilling benchmark for some > x (see Ordentlich and Polyanskiy (2026) for more details). It
therefore follows that 3 y-universal near optimal schemes cannot solely rely on lattice quantizers.

One example of a lattice-based algorithm that provides a practical solution to the problem stud-
ied here is the GPTQ algorithm Frantar et al. (2023) (with appropriate shaping/entropy coding Or-
dentlich and Polyanskiy (2026)). Its high-rate gap to the waterfilling benchmark, for particular X x,
is 1 log 2Z%¢ + 1 log(AM — GM(Zx)) where AM — GM(Xy) is the ratio between arithmetic-mean
and geometric-mean of the squared diagonal elements in the Cholesky decomposition of 3 x, which
can be unbounded in general Ordentlich and Polyanskiy (2026). When W is a matrix consisting of
a > 1 rows (rather than the vector case considered here), some of this gap can be reduced by send-
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ing to the decoder o(na) bits of information on ¥ x (which has negligible effect on the rate). One
such example is the WaterSIC quantization scheme Lifar et al. (2026).

Related literature. The problem of vector quantization is classical Gersho and Gray (2012), and
its asymptotic behavior (for iid sources and additive distortion) is given by the famous rate-distortion
formulas, e.g. (Polyanskiy and Wu, 2024, Part V). A recent wave of interest, however, focuses on
computing quantized inner-product and matrix multiplication.

On the practical side, the pioneering work of Dettmers et al. (2022) demonstrated that sub-
stantial compression is possible via scaling plus uniform rounding (INT8 weight quantization), thus
establishing the field of post-training quantization (PTQ). Notable PTQ works include SmoothQuant
Xiao et al. (2024), which introduced calibration-based methods, i.e. those which depend on statis-
tics of activations X via > x. GPTQ Frantar et al. (2023) and LDLQ Chee et al. (2024), which are
equivalent, simultaneously introduced an algorithm for X x-dependent quantization. Going beyond
simple integer-rounding, Tseng et al. (2024) consider lattice, Savkin et al. (2025) consider nested
lattice and Tseng et al. (2025a) consider trellis quantization methods, respectively. Going beyond
simple quadratic losses, are Tseng et al. (2025b) and Badri and Shaji (2023). We note that Tseng
et al. (2024) also reintroduced random Hadamard transform (RHT) as a way of mitigating outliers,
following earlier usage in quantization of gradients, and classically. See Ashkboos et al. (2024); Liu
et al. (2025); Chen et al. (2025a) for other applications of RHT in PTQ.

On the theoretical side, the work Ordentlich and Polyanskiy (2025) established fundamental
limits of quantized matrix multiplication by leveraging nested lattice quantization. The GPTQ/LDLQ
algorithm was understood as Babai’s nearest-plane algorithm applied after a Cholesky factorization
of X x in Chen et al. (2025b); Birnick (2025), and as a successive interference cancellation (SIC)
algorithm in Ordentlich and Polyanskiy (2026), thus connecting weight-only quantization to lat-
tice decoding and approximate closest vector problems Conway and Sloane (1982); Babai (1986).
Authors of Ordentlich and Polyanskiy (2026) developed theoretical high-rate analysis of GPTQ,
showed it can be arbitrarily far from waterfilling and proposed an improved algorithm which prov-
ably matches waterfilling to within 0.255 bit in the high-rate regime.

The question considered here (2 x-oblivious quantization) in the special case of diagonal X x
falls under the umbrella of the compression with distortion as side-information proposed in Mar-
tinian et al. (2008). This viewpoint connects modern LLM quantization to a long tradition in lattice
decoding and approximate closest vector problems Conway and Sloane (1982); Babai (1986).

3. Technical Overview

As in any source-coding problem, once the codebook C = {cy,...,cpr} C R™ is fixed, the optimal
encoder computes i* = i*(W) = argmin;c (5 dsx (W, ¢;), and sends the index i* to the decoder,

which in turn outputs W= ci=. Thus, the distortion of the codebook C is
nD(C,Xx) =E [min dy. (W, cz)} , 4)
1€[M]

where the expectation is with respect to W ~ AN(0, I,,). Even if we could design C based on X,
the distortion D(C, X x ) must satisfy (see Sec. 2) the waterfilling lower bound

D(C,Ex) > Dyi(R, Xx);
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the lower bound is also asymptotically achievable in the limit of large n (see Proposition 2). The
challenge is to find a single codebook C with M = 2" codewords in R™ that attains small
D(C,Xx) — Dy¢(R, ¥x) simultaneously for all X x.

As is standard, we prove the existence of such a codebook C by drawing a random code with
M = 2" iid codewords from a distribution Py;. We show in Theorem 3 that for appropriate choice
of P;;; we have that

P(’jr sup (D(C,¥x) — Dyc(spec(Xx), R —¢)) <n| > 1—exp(—poly(n)) (5)
Yx

holds for any 7, > 0 and n large enough, where spec(X x) is the vector of the eigenvalues of ¥ x
and D, is defined in Eq. (D). Consequently there must exist a fixed rate- R codebook C with

D(C, Ex) < DrC(SpeC(Zx), R — 6) +n, VIx € Sﬁ with tr(EX) =n. 6)

3.1. Codebook Distribution

How should we choose Pj;? For a given ¥y with spectral decomposition ¥y = UAU T, the
optimal P follows from the waterfilling solution. Specifically, for water-level 1 /t chosen so that
Ry¢ defined in (WF) equals R, the optimal distribution is

P%(Sx, R) = P5(3x,t) = N(O,UT(A,t) U"),

where I'(A,t) = diag (max{l — ;,0} yo ,max{l — ;,0}) . @)
1 n

We need to choose a single Py;; that “works well” for all Xx. Since there is no preference to any
U € Oy, it makes sense to take an isotropic Gaussian Py;. Observing that for any fixed ¥x and
t > 0 the covariance matrix for P*W(Z x,t) satisfies U T'(A,t) UT < I,,, we will take

P (1) = N(0,7%1,), (8)
for some 0 < 7 < 1.

An appealing feature of the isotropic Gaussian distribution is that drawing M iid vectors from
N(0,721L,) is equivalent to first drawing them iid from N(0, I,,) and then scaling all of them by
7. The consequence of this simple fact is that while we cannot perfectly match our codebook
distribution to P%‘V\(E x, R), the flexibility in the choice of 7 = 7(Xx, R) allows for a better
match. Consequently, we draw the M codewords of C from the N (0, I,,) distribution. The en-
coder, that knows Xy, computes 7(Xx, R) that provides the smallest expected distortion, and
sends a description of 7 to the decoder.> With this procedure, the effective codebook C =7Cis
drawn from Py = N(0, 72(Xx, R)1I,,). The encoder then finds i* = argmin;e ) dsy (W, 6) =
argmin,e ) ds (W, T¢;) and sends i* as well as a high-resolution description of 7 in bits to the
decoder.

2. As we will see below, some further gain can be attained by allowing 7 to also depend on the source realization
w € R™
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3.1.1. GEOMETRIC INTUITION

To get some intuition to why the “universal” codebook distribution Py = N(0,7%(3Zx, R)I,)
works well simultaneously for all ¥ x, let us restrict attention to the family of covariance matrices
with semi-flat spectrum. In particular, for m < n let

s;;:{zszAUT U €O, A== Ay = 2, /\m+1:--~:)\n:0}, )

be the collection of PSD matrices with m < n equal and non-zero singular values and m — n zero
singular values. From (7) we see that the X y-matched optimal codebook distribution is of the form

Pe(Sx, R) =N (0,U - diag (%, -+ ,7%,0,+- ,0) U ) (10)

for some 7 > 0. Thus the optimal procedure for random coding is to draw iid Gaussian codewords
within the subspace Uy, spanned by the first m singular vectors. Our universal distribution, on
the other hand, draws isotropic iid Gaussian codewords, and is hence very far from the optimal
distribution. However, since the encoder searches for the nearest codeword under the dy;, metric, it
effectively projects both W and the codebook C to Uy, and finds the nearest codeword in £2-metric
within this subspace. It therefore follows that what dictates performance of a random code C under
dy;, metric (for X x with semi-flat spectrum) is the distribution of U[In 1G5 where ¢ ~ PW' Thus,
our universal P = N(0,72%1,) is simultaneously optimal for all semi-flat ¥ x (with all possible
m € [n]), provided that we judiciously choose 7 = 7(Xx, R). Inspection of our ¥ x-universal
rate-distortion tradeoff (RDRC) shows that indeed

D, (spec(Xx), R) = Dyt(spec(Xx), R),

for all semi-flat > x. Whenever the spectrum of ¥ x is not semi-flat the distribution of U Te for
¢ ~ Py does not match that of U Tc under the optimal P~ (Xx, R), and consequently in these
cases our X x -universal rate-distortion tradeoff (RDRC) is worse than the waterfilling rate-distortion
tradeoff. Nevertheless, it turns out that the loss for this mismatch is at most 0.11 bits, as shown in
Theorem 5.

3.2. Sketch of Proof

After we obtained intuition for the choice of using a random iid isotropic Gaussian codebook, with
scale 7 determined by the encoder, we move on to giving an overview of the proof of Theorem 3.
The detailed rigorous proof is given in Appendix C.

Let us first fix Sy = UAU T, and analyze the performance of a codebook C = {ci,...,car}s

M = 2"E_ with ¢; YN (0,1,). We will show that C is “good” for ¥ x with probability 1 —
exp(—e?(™), and from this we will deduce that a random C is “good” for all ¥ x by a covering
argument.

The codebook C can describe a fixed w € R™ with distortion < D if at least one of its 7-scaled
codewords is inside the region w + \/582 «» Where

ngz{eER" :eTEXegn}. (11)

10



UNIVERSAL VECTOR QUANTIZATION

Thus, the key to analyzing the tradeoff between rate and distortion is understanding how the success
probability of a single codeword behaves as a function of D. Since the codewords are A (0, I,),
their distribution is invariant to rotation, and therefore the success probability of a single codeword
is
DPsuccess (’UJ, T, XX, D) = ¢r2 (w + \/EBEX>
= ¢7’2 <UTw + \/EBA> - psuCCeSS(UTqu7A7D)7 (12)

where ¢, denotes the probability distribution for A/ (0, 7'2[”). When psuceess < 2-n(B+e) s very
unlikely to find a codeword in w + V' DBs, «» and on the other hand, when pgyccess > 2-n(R—¢) we
are very likely to find a codeword in w + v/DBs; «- Thus, what we are looking for is the critical D
for which —% log Psuccess(U Tw, 7,\, D) ~ R. Since the codebook’s scale T needs to be sent from
the encoder to the decoder anyway, we may let it depend not only on A but also on U " w. Therefore,
given U "w, A and R we choose 7 = 7(U "w, A, R) for which the critical D is small. A tedious but
straightforward calculation shows that the optimal choice is

1/2 ~1/2
Ulw,A,R) = |T X Aj 13
r=1U w, Z 1+ )\ T zj: 1+ NT ’ (13)

where T' = T'(A, R) is such that Ry.(A, T) = R, and R,.(A,T) is defined in (RDRC). Let

1 & (UTw)2\
Die(UTw) = Dee(A, R, U Tw) = = Y 212
(U w) (AR, U w) W TEAT

(14)

where here as well 7' = T'(A, R). In Lemma 10 we prove that

—10g Psuccess (U T w, 7, A, Dpe(U Tw)) = —log ¢,2 (UTw + \/DrC(UTw)BA> ~nR. (15)

Thus, D, (U " w) is the critical distortion for fixed w € R™ and ¥ x. Note that for W ~ N(0, I,,)
we have

n
Ew [DrC(UTW)] = :LZZ; 1 +/\;\iT = Drc(Aa R)v (16)
where D,.(A, R) is the distortion in (D).

The proof of Lemma 10 uses standard large deviation techniques, but note that what we really
need for the analysis is a quantitative lower bound on pgyccess, and this requires some more work
beyond Chernoff bound. The choice of 7 from (13) is the one that minimizes the large deviations
exponent, whereas the parameter 1" in our rate-distortion tradeoff (RDRC) is just a rescaling of the
parameter ¢ in Chernoff’s bound Pr(X > D) < e *PE[e!X].

By (15), for n > 0 we have that psyecess(U ' w, 7, A, Dpe(UTw) +n/2) > 2-(B=en) for some
€y > 0 (and n large enough). Thus, Vw € R"

1
Phai =Pr{— i D 2
Failure (W) Cr <n zren[}\?] dsy (w,7¢;) > (U w)+n/ >

=1- (1 — Psuccess (UTw, 7, A, Dy (UTw) + 17/2>>M < exp(—2"%), 17

11
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for some € > 0. For a fixed code C define

1
Etailure(C) = {w eR” : - m{}\r}} dy, (w,T¢;) > DrC(UTw) + 77/2} . (18)
1€

Assuming we can always encode w to 0 (e.g., by setting 7 = 0 if needed), for any W ~ Py, we
have

1
~D(C,A) =E [min ds. . (W, m)} <E [DrC(UTW) + g LW € Eitune(C) s (W, 0)}

1€[M]
< E [Drc(UTW)} + g + V PW[gfailure(C)] N\ E[d%X (VVv 0)]7 (19)

where the last inequality is Cauchy-Schwarz. If Ey [dQEX (W,0)] < poly(n) under W ~ Py,? it
follows that whenever Py [Epailure (C)] is sufficiently small, say < e~", the codebook C attains the
desired

Lpc.n) <k [DTw)] 0.

Py [Etaiture (C)] can indeed be bounded: using (17) and Markov’s inequality we obtain that this
holds for the vast majority of codebooks:

Pr (Pw [Eraiture(C)] > €7") < €"Ec [P [Eqaiture (C)]] = €"Ec,w [ Praiture (W)
< exp(—2"° +n). (20)

From this we conclude that for fixed Py and any fixed X x
1 /
];(’31“ <|:D(C?A) —Ew {DrC(UTW)} > 77:|> < eXp(_Qna ) (21
n
Specializing this to Py = N(0, I,,) we obtain

1 /
e ([ 20€n) - Duta 1] > 0) < expl-2), 22)
n

We have therefore obtained that for any fixed X x the probability of drawing a “bad” codebook
with [1D(C,A) — Dyc(A, R)] > n is double-exponentially small. From here, it is clear how to
prove that a randomly drawn C will have

Pr (sup [ID(C,AX) — Dre(A, R)] > n) < exp(—2""). (23)
C Sy LT

All we need is to find a dense cover of PSD matrices in R"*" with trace n whose size is exp(—2°()).

In particular, we need to find a collection of N = exp(—2°(")) PSD matrices with the property that
for any valid PSD matrix X x there exists a matrix 3;, ¢ € [N] such that:

Dyc(spec(Xx), R) ~ Dyc(spec(X;), R) and lD(C, Yx) =~ ED(C, ). (24)
n n

3.eg., Ew[d3, (W,0)] < O(n?) for W ~ N (0, I,,)

12
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Since N is allowed to be so large, these two constraints can be met to arbitrary resolution (though
the proof for this requires a lot of bookkeeping and is somewhat technical, see Sec. C.2).

We end this overview with listing some of the technical issues that our sketch of proof above
ignored, and briefly mention how addressing them, as we of course do in the actual proofs, affects
the results.

T quantization. While our sketch assumed that 7 can be conveyed to the decoder in perfect
resolution, in reality, some of our nR bits budget is allocated to the description of 7. In order to
compress 7 that depends on U " W, we require a high probability bound on || T W|| 4. This norm
constraint is also needed for the proof of our large deviations result (Lemma 10).

Norm bound for codewords. The perturbation argument (24) for the dense cover must account
for quantization and change in 7. Since these errors are multiplied by codewords from C, we require
a uniform norm bound ||¢;||2 < n® for some B > 1 (say B = 10) to make their contribution to
end-to-end distortion negligible. While the probability that this occurs is overwhelmingly large, it is
only 1 — exp(—poly(n)) rather than double exponential. For this reason the probability of drawing
a ¥ x-universal codebook is only 1 — exp(—poly(n)) (see Eq. (5)) rather than the 1 — exp(—2(")
that our sketch of proof gives. Because event {||c;||2 < n® Vi € [M]} is independent of Xy, it
contributes only a single term to the union bound. Consequently, our dense grid is still allowed to
be of size exp(—2°").

Rate-penalty. In the overview above, we assumed that if — In pgyecess(D) = R, then for any
n > 0 we have — In pyyccess(D + 1) = R — ¢, for some ,, > 0. This is indeed the case whenever
D'(R) is finite. However, our results are for the supremum over all X x with trace n, and this cannot
be guaranteed for all such matrices at all rates. Consequently, in Theorem 3 there is both a rate-
penalty € > 0 and a distortion penalty > 0 (which both can be made arbitrarily small for n large
enough), whereas in the sketch above we only had a distortion penalty.

Disclosure of LLLM Assistance

The authors used ChatGPT to assist with editing, code generation for Fig. 1, and technical steps
(e.g., perturbation analysis and derivative computations) in the proofs of main theorems. The final
optimization step after the spectrum reduction in Theorem 5 was also suggested by ChatGPT. All
model-generated code, computations, and proof steps were independently verified and adjusted by
the authors. The authors take full responsibility for the correctness of all analytical and numerical
results in the paper.
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Appendix A. Preliminaries and Notation

Notation. We write ¥ > 0 to denote that the matrix ¥ € R™*™ is positive semidefinite; we define
the set of positive semidefinite matrices as S'? = {¥ € R™*" : ¥ = 0}.
For ¥ € S} we denote the spectral decomposition as

EVD(X) =UAU ',

where U € O,, is orthogonal and A is diagonal.

diag(v) for v € R™ denotes an n x n diagonal matrix with diag(v);; = v;. spec(A) for
A € R™™™ denotes the vector of the eigenvalues of A.

For A € R"*% and ¥ € S'}, denote

|Alls = \/tr(ATZA).

Proposition 6 (Hanson-Wright Concentration Inequality) For X ~ N(0,1,) and A € R™*",
foreveryt > 0,

t2 t
Pr [|XTAX—trA\>t} < 2exp <—cmin( , >> ,
K4 All% K2 Allop

for universal constants c, K.

Appendix B. Random Coding: Worst-Case 1/

In this section, for fixed ¥ x € S7, we characterize the rate-distortion of quantizing a fixed vector
W € R" under a distortion metric dy;,, using a random coding scheme. In particular, for a given
Yx = UTAU with A = diag(\y, ..., \,), fixed vector W € R”, and constant R* > 0, we define a
generalized distortion function D, (U T W, R*) and demonstrate that it is achievable in Theorem 7.

rc

General Rate-Distortion Function. Let V,\ = (\,...,\,)" € R" be such that \; > 0 for all
i € [n]and ), \; = n. We define general random-coding rate-distortion function in dimension n
to be the following parametric curve for 7' > 0:

1 VAN

b =13
=1

n
and  RMT)= % ;log(l +\T). (RDRC)
Throughout, log denotes log, and In denotes the natural logarithm. Denote T2 (R) be a unique
value T', s.t. R)\.(T) = R (note that T2} (R) is independent of V). Let

D7 (V. R) £ D (V. TR(R)). (Dre)
We consider a task of quantizing a given vector W € R™ under a distortion function (dyx ).
Condition 1 (Admissible W,¥x) We consider W € R", X x € S} satisfying

1. EVD (Zx) = UAU " forU € O, and A = diag (A1, ..., \,) = 0 with tr(A) = n;

2. |UTW oo < n® for a known constant c.
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In Theorem 7 we show that there exists an encoder-decoder pair that, for any constant target

rate R* > 0 and fixed admissible W, X x (Cond. 1), achieves rate R* and distortion Dg;TW”\(R*)
asymptotically, with high probability over the randomness S shared between encoder and decoder
(from which a codebook is generated).*

Theorem 7 (Achievability of Random-Coding Rate-Distortion: Nonasymptotic Guarantee) Fix
any constants R*,e.,1, > 0 and o > 0. There exists an encoder f : R" x S" x [0,1] — [Z"R], a
decoder g : [2"] x [0, 1] — R™ with R < R* + ¢, and a (shared) random variable S € [0, 1] with
the following property. For any fixed W, X x (satisfying Cond. 1) we set W = g(f(W,Xx,S),9).
Then for any sufficiently large n > ng = no(€o, 10, R*, ) and any > o — 1/4 in case « > 1/4
and B = 0 otherwise, we have

1 —~ .
Pri—de,(WW) < D}.(UTW,R*) + nmno] >1—exp (—2"50(1*0”“ ) 1)> 7
mn

where dx, . (W, W) is the distortion function in Eq. (dy. ) and ¢ = c(o, 10, R*, @).

Remark 8 In case of a < 1/4, the distortion bound above simplifies to D).(UT W, R*) + 1 (since
B8=0).

B.1. Proof of Theorem 7

Quantization Scheme. From the shared randomness S, f, g generate a Gaussian codebook C =
{e1,. .., Cpr_on(rrte) } for € = £(e,) to be chosen later. Denote W = U T W. We define:

* Encoder f: Let T := T\(R*) and define the scaling parameter 7 = T(W, A) as
— 1/2 ~1/2
W2 s
=Ty — 2 J : def.
T Z(1+AjT)2 Zl—i—)\jT (7 det.)

J J

We set f to be a tuple

f(W7 EXa S) = <a’rgmin dZX(VVa TCi),C](T)> 3
1€[M]

where ¢(7) = 8| W loo | 7/(8]|W]|oo)] is a rounding quantization scheme of precision & and
recall the distortion function

ds, (W,C) = (W - C)'Sx(W - C).
* Decoder g:

g(i,q(7),S8) = q(1) - ;.

4. In the regime v < 1/4, see the statement of Thm. 7.
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Rate-Distortion Bound. In the quantization scheme above,

1
R= R ~log(1/6) .
te o+ log(1/8)

Gauss. codebook ~ ~———~—"
T quant.

The rest of the proof is to obtain a high probability bound on the resulting distortion that, given
W =g(f(W,Xx,5),S) = q(T) - ¢;, can be expressed as:

dsi (W, W) = d; (W, q(r)ei) = (W = q(7)es) " Sx (W = g(7)es)

In what follows, denote D* := D (W, R*).
Before giving the proof we state two helpful claims that bound the effect of quantizing 7 in the
scheme above. Proofs of Claim 1 and 2 are found in this subsection below.

Claim 1 (Bound on 7.) The value T in Eq.(T def.) satisfies
0<7< Wl < n®.

Claim 2 (Bound on distortion from 7 quantization) Given |¢(7) — 7| = 6, < dn®, with proba-
bility at least 1 — 2"F"+€) exp(—C't) for a universal constant C and any t > 1/n,

dy (W, q(1)e;) < (\/dgx (W, T¢;) + on*/n(1 + t))2 )

The main part of the argument is essentially contained in the following Lemma 9. The proof,
which also explains the expressions for D,. and R, is proven in a separate section B.2 due to its
importance.

Lemma 9 (Gaussian Book Success) Let ¢, > 0 be constants and C = {c1,...,Cp;_on(r*1e) }
¢i ~i.id. N(0,I,) be a randomly generated Gaussian codebook.
For admissible W, ¥ x (Cond. 1) with o < 1/4,

L AT * ne(l—cnie—1)
- o) < >1_ _
Iér - lren[}\l}} ds,, (W, T(W,2x) - ¢;) <D (U W,R )—1—7]} >1 exp( 2 ) ,

where ¢ = c(e,n, R*,a) is an explicit constant function, D}.(U "W, R*) is defined in Eq. (D:.),
and 7(W, X x) is defined in Eq. (T def.).

Proof (of Theorem 7) We apply Lemma 9 to W/ = n~ %W for n = n(n,) to be chosen later
and any constant 3 > « — 1/4 in case a > 1/4 and B = 0 otherwise. We have ||[UTW'||o =
nB|UTW ||loo < n® P = o(n'/*), and therefore,

Pr féﬁ\% ds (W, 7c;) < n(D)(W,R*) +n*n) | = Pr [Ig% ds, (W', 7n Pe;) <n (DﬁC(UTW’, R*) + n)]
D*

2 1— exp (_2%5(1—0714(@*@71)) ‘
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From Claim 1, the simple rounding quantizer ¢(7) = 6||W||oo |7/ (8]|W |o)] achieves |q(7) — 7| <
on®, and therefore, by Claim 2 and a union bound, with probability at least 1 —exp (—2”5 (1_0"4(%‘3)71)) —
27" +e) exp(—Ct),

2
dy (W, q(1)c;i) < <\/n(D* +n2Pn) + on*y/n(1 + t)) . (25)

It remains to simplify the expression in Eq. (25). Let A > 0 be any constant and set

1 1 —1/2 1
5 — : 4 —A—Qa—l’ —(A+2a+1)/2 . 26
mln{4vl+t<2ln2-R* n) " TN 2o
2a

Notice that since V4, Hg\izTAl < %, we have D* < ’;—T < %, where the last inequality is
derived by In2 - R* = % > In(1 4+ 2\T) < T. Plugging in the § value in Eq. (26) into Eq. (25),
we obtain

ds,, (W,q(T)e;) <n (D* + 1%y 4+ 20/ D* + n28y - nV1+t + 620221 + t))
1 1
<n <D* +n%n + §n_A_1 + 2n_A_1> =n(D* +n?n) +n=A4.

We denote ¢/, C1, Oy, C3, Cy, C12 to be explicit constants depending on €, 7, R*, o (but not W or
Yx). Now plug in t = 27¢ + C~'nIn2(R* + ¢). The condition in Eq. (25) holds with probability
at least

1—exp (—2”5(1_0"4(Q_ﬁ)_1)> —exp (nIn2(R* +¢)) exp(—Ct) = 1—exp (—2”5(1_6/”4(a_5>_1)> .

Finally, the rate of this quantization scheme is R = R* + ¢ + 1 log(1/§), which we now bound:
1 1
log(1/0) < max {Cl logn + 3 log(1 +t) 4+ 2alogn, Cylogn + 3 log(1+t) + alog n}

< Cyplogn + %log(l +1t)+ 2alogn.
Plugging in the expression for ¢, we obtain
log(1+4t) < Cs+ne+ Cylogn,
and therefore,

R<R*+§8+C‘logn+alogn
< 2 _

n
For sufficiently large n, the RHS is < R*+42¢. Moreover, for sufficiently large n, our final distortion
bound simplifies to n(D* + n?% - 2n). Setting € = £,/2, 1 = 1, /2, we conclude the proof. |
Proof of Claim 1.  Since for all j € [n], W]-Q < |[W|/ and 1+/\>{4T < 7,

J

W2)\2 — s
T J ) < IW 2 J
Zj:(l—i-)\jT)Q <l Hoozjjl—&—/\jT’

yielding 0 < 7 < ||[W]|oc. O
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Proof of Claim 2.

where 6, = |q(7) — 7| < dn®. By Hanson-Wright inequality (Prop. 6) for any codeword j, the
second term can be bounded as

Pr [|cI Sxe; — trSx| > nt] < 2 ( i ( (i n ))
rile; Xxe; —trXx| > nt| <2exp | —cmin , ,
e K4 Ex (1% K2|[Ex lop

for universal constants ¢, K, and therefore, with probability at least 1 — exp(—C'tn/||Xx||op) >

1 — exp(—C't),
dry /CJTEXCJ- <on%n(l+1t).

R*+¢)

The statement of the Claim follows by a union bound over all 2"( codewords. ([l

B.2. Proof of Lemma 9: Success Probability of Random Gaussiana Code
Condition 1 (Admissible W, ¥ x) We consider W € R", Y x € S} satisfying
1. SVD (Zx) =UAU forU € O, and A = diag (\1,...,\n) = 0 with tr(A) = n;
2. |[U™W||oo < n® for a known o > 0.
For W,C € R", 7 € R, and X € S”, recall that we define the distortion function to be
ds, (W, 7C) = (W —7C)"Sx (W — 7C) . (E def.)

For admissible (W, ¥ x) (Cond. 1), denote T = T/X(R*) to be a unique solution to R).(T) = R*
and define

( . 232 1/2 —-1/2

U'W)s)hs pV

W,x)= Ty —=LL I . def.
(W 2x) zj:(lJrAjT)? ;1+/\jT (7 def.)
Lemma 9 (Gaussian Book Success) Lerc,n > 0 be constants and C = {c1,...,Cp;_on(r*1o) }

¢i ~i.id. N(0,I,) be a randomly generated Gaussian codebook.
For admissible W, ¥ x (Cond. 1) with o < 1/4,

L i AT * ne(l—cnie—1)
— o) < >1_ —_
Pr | min dsy (W.r(W,x) - ;) < DL(UTW, R )+n} > 1 exp (-2 ).

where ¢ = c(e,n, R*, ) is an explicit constant function, D).(UTW, R*) is defined in Eq. (D.),
and 7(W, ¥ x) is defined in Eq. (T def.).
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The proof of Lemma 9 relies on the following bound on a probability that a single codeword
¢; ~ N (0, 1I,,) achieves small distortion dy, -

Lemma 10 [In the setting of Lemma 9, denote

1
n = P —d Yyx)-e) < D) (UT "
P cin(IE),In) n ZX(WT(W’ X) ¢ ) = rc(U W, R ) +n

Then,
Inp, > —nR*(14+0(n* 1) = —nR*(1 4+ o(1)).

Proof (of Lemma 9) Denote D* = D). (U W, R*), and 7 = 7(W, X x). Given the EVD (Xx) =
UAU T, by definition of dy. ., foralli € [M],

ds (W, T-¢;) = (W —7¢;) TUANUT (W — 7¢;)
=(U'W—=7U"e)TAUTW —7U T¢y)
= (W —7&)TAW — 15),

where we denote W = U TW and ¢ = UTe¢;. Note that & ~ N (0, I,,) are independent.
We show that for the optimal choice of 7 in Eq. (7 def.) and M = 2"(F"+¢) with probability at

least 1 — exp <_2m(1,c”mgo/n)> (where [[T7|[4 /n < nia=1),

L nin ds. (W 7¢) = & mi S (W ~)2<D*+
— min ¢;) = — min ; =T < .
niepg XV nie(M] 4 AN g

By Lemma 10, for any i € [M],
1 £ 74 ~\? * * 4a—1
Inp, =InPr |- E Aj <Wj—7'c7;j> <D*+n| >-—nR(1+0n**")).
n =
J

Then, since ¢y, . . ., cps are independent,

Pr %frel}\r} dy (W, T¢;) < D* + 77} >1—(1- pn)M >1—exp <—2*”R*(1+O(||W||4/"))2"R*+”5>
—1—exp <_2ne<1—o(|\'W||4/n)>)
>1—exp (—2”5(170("4&_1))) ,

which concludes the proof of Lemma 9. |

Proof (of Lemma 10) Denote Ry, = R*In2, D* = D)(UTW, R*), and 7 = 7(W, X). First,
N 2
for all j € [n] denote p1; = L <>\j (Wj - Tél'j) >, where ¢;; ~ N(0, 1) and rewrite

1
= P — X; < D*
P X]Nruj n; I i
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Lett = —T/(27%), where T, T are defined in Eq. (7 def.). We have

i
X J 2 .
By (7] = 75, ~ g (L 2T = (0

A direct computation yields

WQ)\' i )\j7'2
(1-— 2t)\ ;22 1 =2t

(1) = @7
For each j € [m], define a new probability measure /i; as %(az) = ¢!*=®i(t)  We have fR dj; =

e ®i®) fR e!du; = 1. Since the exponential tilting above is applied to a noncentral x? distribution
1, the transformation simply shifts/rescales the parameters of the y? distribution. We can explicitly
compute

W')\l-/Q 72
o C2)\2 o I 2 _ g7
//Lj_£<N(mJ,SJ) >, Wheremj—mandsj—m.

Plugging in the choice of 7 in Eq. (7 def.) and T = —2t72 into Eq. (27), we obtain

EXNMZX Z/xem ®i® dp(x Zm/ e dpi(z) Z(I)’

T2y . w2y .
oy WA WA
r 1—2t)\j7‘2 Z 1+)\jT

Then,

_ 1
D(film) = D(jajlps) Ztcb’ )= > (1 —2t7? Zln (14 M\T) = nRyat -
J

J

Recall that we defined p, = Prx; [ZQ X; <n(D*+ n)} andlet p, = Prx;~z; [ZJ X; <n(D*+mn)|.
By DPI,

N N 5 o1 !
nRuat = D(fil|) > d (Pnllpn) = —h (Pn) + Pn 1n]7 >—In2+p,ln—,

n DPn
which yields
—nRpat —In2
Inp, > — RS (28)
Pn
By Chebyshev’s inequality,
Var [ ¥, X; |
1—-p,=1-— P X, <E X; < — "
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In what follows we show that
Var |3 X; | = 0 (nlW]&) = o(n?). (Var)
J
yielding 1 — p,, = O (HWH@JT@) = o(1). Plugging this into Eq. (28), we get
anat —In2

Inp, > —_O (HW”&/n) = —nRya(1+0 (HWN/||§O/TL>)

for sufficiently large n.
It remains to obtain the bound in Eq. (Var). From the definition of Ry, and 17 < In(14+z) <=z

forxz > —1,

1
|t| 72 Z 2t/\ < nBna = 5 Zln(l —2tA\72) < |t|7?n.
J

Using 172’3\,72 < 2|t1‘T2 and (1 — 2t\;72)% > 4[t|\;72, we obtain
J

v A” 4W]2>\?7'2 2)\37'4
=00 = T om e T I a )
4W2A2 2 N T2 >‘j
(1 —2t\; 7'2) 4[N T2t 1 — 2t
_L Ry N
it 1—2t\ 72 || 1—2tA72]
and therefore,
D R
Var ZX]» <n- (t’ + ‘;;t> . (29)
J
We show a lower bound on parameter |¢|. From the way we choose 7 in Eq. (7 def.),
X NI
‘t‘ _ Zj l—2t§\j72 > 2Rnat Zj 1i2t)\j7'2 > Ryat (30)
2N T W2 W2 T Wl
5y Wl s, 2 W
Ay < o< . Plugging (30) into the bound for variance in (29) and

1
where we used R

1-2tA;72 — 2|t|r2
1% W
using D* < W5 ”oo < || ”oo . we obtain

E | <n- W 4 _ W 4
Var XJ — n || ||OO (2(R + Rnat) O (nH HOO) ’

j nat)2

which is the desired inequality in Eq. (Var). Here we used that Ry, = O(1). U
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Appendix C. Random Coding: Gaussian Isotropic W/

In this section we describe quantization of a Gaussian isotropic vector W ~ N (0,I,,) € R™ using
random coding.

Rate-Distortion Function. Let A = (\1,...,\,)’ € R" be such that \; > 0 for all i € [n] and
>; Ai = n. We define random-coding rate-distortion function in dimension n to be the following
parametric curve for T' > 0:

n

1 Ai 1 <
DMT) = - > T and  RMT) = > > log(1+ AT). (RDRC)
i=1 =1

Throughout, log denotes log, and In denotes the natural logarithm. Denote 722 (R) to be a unique
value T, s.t. R).(T) = R. Let
D7 (R) £ Dy (T (R)) . (Dro)

We consider a task of quantizing a vector W ~ N(0, I,,) € R™ under a distortion function
—~ AT o —~ —~
o (W) =B | (W =) X[2| = 0V =)W=, @)

where X € R” is a random vector with EXX ' = ¥x € S". Here we assume EVD (Xy) =
UAUT forU € O, and A = diag (\1,. .., \,) = 0 with tr(A) = n. Our goal is to obtain an upper
bound on Ey |:ng (W, /W)} .

In Theorem 11 we show that there exists an encoder-decoder that, for any constant target rate
R* > 0 and admissible ¥ x as above, achieves rate R* and expected distortion D2, (R*) asymp-
totically, with high probability over the randomness S shared between encoder and decoder (from
which the codebook is generated).

Theorem 11 (Achievability of RC RD for Gaussian Input: Nonasymptotic Guarantee)

Fix any constants R* €., 1., B > 0. There exists an encoder f : R" x S x [0,1] — [Z”R},
a decoder g : [Q”R} x [0,1] — R™ with R < R* + &,, and a (shared) random variable S € |0, 1]
with the following property.

For W ~ N(0,1,), any ©x (with EVD(Xx) = UAU " and A = diag(\1, ..., \,)) as above
we set W = g(f(W,2x,S),S). Then for any sufficiently large n > ng = ng(eo, 10, R*, B) we
have

1 —~
Pr [EW [dzx(W W)] <DY(RY) +no| > 1—exp(—n”),
n
where dy.,, (W, W) is the distortion function in Eq. (dx, ).
In Theorem 3 we show that, in fact, the quantization scheme in Theorem 11 achieves the rate-
distortion guarantee simultaneously for all ¥ x € S"} with tr(Xx) = n, with high probability over

the shared randomness (i.e., the codebook C)

Theorem 3 (Achievability of RC RD for Gaussian Input: Worst-Case > x) Fix any constants
R*,e0,10, B > 0. There exist an encoder f : R" x ST x [0,1] — [Q”R], a decoder g : [Z”R] X
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[0,1] — R™ with R < R* + &., and a (shared) random variable S € [0, 1] with the following

property.
For W ~ N(0,1,,) and Xx € STy we set W (Xx) = g (f(W,Xx,S),S). Then, for sufficiently
large n > ny = no(eo, no, R*, B), we have

1 _
pr| sw (5B [ds V()] - DREE(RY) ) <] 21— exp (n”)
S EXeSi n

tr(zx):n

where dx, (W, W) is the distortion function in Eq. (ds o)

C.1. Proof of Theorem 11

The proof uses the result of Theorem 7, which obtains a distortion guarantee for any fixed vector
W € R™. We adjust the quantization scheme to not rely on the Theorem 7 assumption ||U T W||s <
n® (Cond. 1): in the unlikely case of large || T W ||, the decoder returns 0.

Quantization Scheme. Fix any constant « € (0,1/4). From the shared randomness S, f,g
generate a Gaussian codebook C = {ci, ..., ¢ _on(r*+e) } for e = (e, to be chosen later. Denote

W = UTW. We define:

* Encoder f: Let T := T2\ (R*) and define the scaling parameter 7 = T(W, A) as

_ 1/2 _
TW2a2 A vz = a
- (T > mm) (Zir)  iWle <n (7 def)

0 otherwise.

We set f to be a tuple

f(W7 ZXaS) = argmiﬂdzx(m TCi)7Q(T) ;
1€[M]

where ¢(7) = 8||W loe | 7/(8]|W]|oo)] is a rounding quantization scheme of precision & and
recall the distortion function

ds (W, C) = (W —C) ' Sx(W - C).
* Decoder g:
9(i,q(7),8) = q(7) - ;.

Rate-Distortion Bound. Denote In the quantization scheme above,

1
R= R'+e +—log(l/s).
N~—— n
—_—

Gauss. codebook
T quant.
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The rest of the proof is to obtain a high probability bound on the resulting distortion that, given
W =g(f(W,Xx,5),S) = q(7) - ¢i, can be expressed as:

ds (W, W) = ds (W, q(1)c;) = (W — (7)) " Sx (W — q(7)ci) .

In what follows, denote D* = D).(R*). Let 7 = 1(n,) be a constant to be chosen later. By The-
orem 7, with an appropriate choice of parameter § = d(¢,n, R*, a,n) in the quantization scheme
above, we have for any fixed W such that ||[UTW|l,, < n® and sufficiently large n > ng =
n0(€7 n, &, R*),

1 == a—
Pr [nde(W, W) < DM(UTW,R") + 77] > 1 - exp (-2

where ¢ = ¢(e,n, a, R*). At the same time, the rate can be bounded as R < R* + ¢, (for an
appropriately chosen ¢ = £(e,)). Denote the event of the codebook failure as F'(W,C) : R™ x
&M = {0,1}:

1 —~
F(W,C) = {HUTWHOO < n%and —dy, (W, W) > D)(UTW, R*) + n} : (F def.)
Rewriting the result of Theorem 7, we obtain that
VIV €R™: [|[UTW||oo < n®: fér [F'(W,C)] < exp (—2”5(1_6”4a_1)> .

Denote Ec to be the event Ec = {Vi € [M] : ||¢;||2 < nP} for some fixed constant B > 10 and
note that . .

PriES] < M - —Cn?% _ nIn2(R*+e)-Cn*® - _ 1..2B

Cr[ ¢l < e e <exp (—cn*?)

for constant ¢ = ¢/(e, R*) and sufficiently large (constant) n. We denote C|E¢ to be the distribu-
tion of C conditioned on E¢ and note that, since Prc [Ec]| > 1/2, Theorem 7 in fact yields

YW eR™: ||[UTW||so < n® Pr [F(W,C)] < 2exp <_2n6(1—cn“°‘*1)) '
C|Ec

We show in steps 1-2 that for any constant A > 0 and sufficiently large n,

CII)EEC [EW [dzx (W, W)} < n(D;\C(R*) +n)+ niA} >1—exp (—Qns(lfc/néla—l)) 7

and then conclude the proof in step 3 via a union bound.
Step 1: Bound on Prc g, [Pry.p(0,1,) [F(W, C)|C] > p*]. Denote the event Eyy = {||[UTW|o < n®}.
All expressions below assume W ~ N(0, I,,).

EC‘EC [1;/1‘ [F(W7 C)’C]:| = VV,B{EC [F(VVv C)] = 1;/1' [CPEC [F(VV, C)|W]:| < 1;/1‘ [EW] - 2exp (_Qne(lfcn‘m*l)) .

Then, by Markov’s inequality,

Pryy [EW] - 2exp <_2n5(1_cn4a71))

€29

C|Ec

P [prIFOR.0)C) > | < -
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Step 2: Bound on Eyy [dg (W, W)] in case of codebook success in Eq. (31). Fix any codebook
C for which Pryy [F(W, C)|C] < p* and E¢ hold. Expand

Ew [dsy (W, W)| =Ew |ds (W, W)L, | +Ew |ds (W, W)L, | -

1

II

First,
Ew [dgx W, W)ILEW} <p*Ew [dgx (W, W), |[F(W, C)] +
Pr[F(W, C)| Ew |dsy (W, W) 1, [F(W, C)F] .
For any W, we have, since ¢(7) < n® by Claim 1,
dsy (W, W) = (W = g(7)es) " Sx(W = q(r)ei) < (|UTW |loo + 12U el o0)?n,
and therefore, since the above is < n35 for W € Ey and C € E¢,
P*Bw |ds (W.W)Lg, [F(W,C)| < p* -0 (L1)
Moreover, by the definition of F'(W, C) in Eq. (F' def.),

Pr[F(W, C) Ew |dsy (W, W)L, [F(W, C)| < nEw [DY(UTW. BY) - Loy Ley | +mn

(UTW)2\

< W Wi

<Ew XZ: T r T 1g, | +nn
(UTW)EN

< -~ 7/t -

< Ew Z 1+TN o

=n(D*+n). (I.2)

In the above we used that R.(T') is independent of vector U ' T, and therefore both D). (U T W, R*)
and D).(R*) share the same parameter 7 > 0. Combining (I.1) and (I.2), we obtain

I<n(D*+n)+p*-nP. )

Now in the case of Ejj,, we have 7 = 0, and therefore, dyx, (W, /W) =WTESxW <n|UTW|%.
Note that U TW ~ N(0, I,,), so by the standard Gaussian tail bound,

[o¢]
11 < nEyy [HUTWII";O : 11||mwnm>na] =n / t2- 20”2 < an?teeT 2 (1

t=nv

Combining (I) and (II) together, we obtain
]EW |:dEX(VV, /W)} < TZ(_D* + 77) +p* . n3B + 4n2+a67n2a/2 < n(D* + 77) + an7

for sufficiently large constant n and the choice p* = e™".
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Step 3: Bound on the probability of successful codebook C. Recall that Pr¢ [EE] < exp (—c/n?P).
From Eq. (31) and the choice of p* above, we have for sufficiently large constant n,

*| < __one(l—cntol) < —dn2B)
Cll:)Erc {PV’[}"[F(WC)|C]>p]_eXp( 2 —i—n)_exp( dn )

Then, by a union bound, the probability to select a good codebook is at least 1 — exp (—c'n?5), so
we conclude (since for sufficiently large n, n=4 < nn),

1 _
Pr [EW [de(W, W)] < D"+ 277} > 1 —exp (—c'n*F) |
n
from which the statement of the theorem follows.

C.2. Proof of Theorem 3

We show Theorem 3 by applying the results of Theorem 11 for fixed X x with a covering argument.
The quantization scheme is the same as in the proof of Theorem 11; the technical challenge of
Theorem 3 is to show that is succeeds simultaneously with high probability for all ¥ x € S’} with
tr(Xx) = n.

We first recall some notation. In the quantization scheme of Theorem 11 we have a Gaussian
codebook C = {cy,...,cpr} for M = 2ME"+e) (where € = e(e,) is a constant) that is generated
from the shared randomness S € [0, 1]. We denote EVD(Xx) = UAU " for A = diag(\y, ..., An),
and recall the distortion

ds (W,C) = (W - C)'Sx(W - C).

The quantizer then sets the optimal scaling factor 7 = 7(U "W, A) in Eq. (7 def.) and returns a
tuple

fW,Ex,9) = (argmin dsy (W, Tci), Q(T)> )
1E€[M]

where ¢(7) is a simple rounding quantizer. The decoder is defined to be
9((i,q(7)),5) = a(7) - ci.
Finally, for some constant B > 10, we denote

Ec = {Vz’ e [M]: ez < nB} , %r [E¢] < exp (—c’nQB)

and, denoting the conditional distribution C|E¢c, the proof of Theorem 11 shows for any o €
(0,1/4) and n = n(n,) to be chosen later,

1 —~ A _Ioda—1
= < * >1_ __one(l—c'n )
CIIDEEC [EW |:ndEX(Wa 2 )] < D (R )+77] >1 eXp( 2 ) ) (32)

for sufficiently large n > ng = ng(e,n, R*, ). Simultaneously, it is shown that the scheme above
achieves final rate R < R + ¢, for the appropriately chosen ¢ = ¢(¢,).
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Step 1: Covering for U € O,, and A.

Fact 1 (Covering of O,,) For a universal constant c,
2
N, On, [[ - [lop) < (e/7)™
Consequently, there exists a y-covering Uy, ..., Uy € Oy, such that for all U € O,

in||U; — U <
?EHJ{}H i ||op—’77

and N < (c/7)™".
Fact 2 (Covering of A) For a universal constant c,

N (6/Vd: B+ |12) < (c+¢/0)" .

Consequently, there exists a (7/n)-covering 51,...,5n' € {3 SRINGE Zj 55 < n} such that for
all X € R"}y with Zj Aj<n,

min [|5; — All2 < 3v/n,

1EN’

and N' < (¢/7)" for a universal constant c.

Setting s; := argmingcgn 5 5 —p ls — §;||2 and applying Fact 2 with 4 = ~y/2, we obtain:
J

Corollary 12 (Of Fact 2) There exists a (y+/n)-covering si,...,sn’ € {s ERY: s = n}
such that for all X € R} with Zj Aj=n,

min [|s; — All2 = yv/n,
i€EN’
and N’ < (¢/~)™ for a universal constant c.
Consider the y-covering Uy, . .., Uy € O,, and (y24/n)-covering s1, ..., sy’ € {s e R} : Zj s; = n}

from the facts above for +y to be chosen later. Denote A; := diag(s;). By a union bound applied to
Eq. (32),

Pr
C|Ec

1 —~ . e
sup <Ew {de(W, W)] —Dré(R*)> <n| >1-NN'exp <_2ns(1 c'nt 1)) _
Sx=U;iA;UT n

Step 2: Perturbation bound on Ey |:d2 < (W, I//I\/)} . Fix any constant A > 0 (say A = 10). We
show the following distortion perturbation results.

Claim 3 (Distortion Perturbation) Let A = diag()), A = diag(\) be s.t. A, A = 0 and tr(A) =
tr(A) =nand U,U € O, satisfy

IA=Alls <y and U =Tllop <.
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Denote _ s
Sy =UAU" and Yx=UAU'.
IfC = {cy,...,car} € (RMM satisfies max;e () |leill2 < nB, then, in the setup above,

o~ — 1 nR*
EWNN(O,In) [dix (W, W)] < EWNN(O,In) [dzx (W, W)] + §n A —i—’YnO(B) . 24 R 7

for any sufficiently large (constant) n, where O(B) hides constants in A, B, R*.

Plugging in v = 27°"%" the bound in Claim 3 simplifies to n~4, since for sufficiently large

(constant) n, ynO(B) . 24nF" < 1p=4 Moreover, as we will shortly see, [D},(R*) — Dy (R*)| <
poly(n) - ||A — s;|l2 < poly(n) - v, so, for a fixed codebook C and sufficiently large n,

sup (B [doy (W, )] —nDA(R)) < sup (B [ds, (W, )] = nDR(RY)) 404
Then,
1 —~ e
Pr sup <Ew {de(W, W)] —D?C(R*)> <n4+n AT > 1—NN’exp< gne(1—cn? 1)) ,
ClEc |nx=UAUT,U€O, n

In the above, NN’ < (c/fy)”2+ n = 25 HnR" o4 the probability on the RHS of the equation

above is > 1 — exp (—2"5(1*‘3”4&_1)) for a constant c. The statement of Theorem 3 follows by a

union bound and the fact that Pr¢ [Eg] < exp (—¢/n?P) and choosing n such that n=4~1 < p,.

It remains to verify that [D;,(R*) — Dy2(R*)| < poly(n) - ||\ — s;||2. An explicit calculation
(using the implicit function theorem) gives for all j € [n]

T
onD(R*) - Z TN T
N (1+ /\ T)2 (1+ /\ T)2 Zi .

1
< 2,
(1+AJ~T) TiaNT =

which yields the desired statement. B
Proof (of Claim 3) Denote 7 = 7(W, Xx) and 7 = 7(W, X x). In our notation the claim statement
is equivalent to, for W ~ N (0, I,),

_ 1 -
Evw [dix(W,q(T)Cz‘)} < Ew [dex (W, q(7)e;)] + 5 A 4 ynOB) . gink"

where i = argminy dg (W, 7cg) and j = argminy, ds; (W, 7cy).
Error from quantizing 7, 7. We first uniformly bound the effect of quantizing 7, 7. Similarly

to Claim 2,
‘\/dzx (W, q(1)c;) \/ng W’TCJ)) Or \/c;-'—Ech < §nBFL.

A standard Gaussian tail argument, combined with a bound max {q(7), 7} < ||[U" W/ s, shows
that Eyy [\/ds;, (W, q(T)cj) + \/ds; (W, 7¢;)] < n” for a sufficiently large constant P, so setting
or < 1 n~B=1=P=Aincurs 0, (1) factors in R (see proof of Theorem 7) and achieves

1 _ ~ ~
s (Weq(r)e;) = dsy (Wore)| < ot and - |dg (Wig(F)er) — dg (Wi 7e)| <

1
én_A .
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Thus, it is sufficient to show

n~A 4 ynOB) . gink*

el e

EW |:II1111 dix (W, ?Cl)] < EW [mln dEX (W, TCZ') +

Error from the tail IV event. First, denote the event Ey = {|[W||2 < n” }. We can expand

Ew [miindzx(vV, Tci)] =Ew [miindgx(VV, TC) - ]lEW- + Ew [miindgx (W, T¢;) - ]lEﬁv} ,
and, by definition of dyx;, (W, 7¢;), the second term is _
Ew [miin dy (W, T¢;) - ILE‘c/'V} =Ew [miin(W — TCZ‘)TZX(W —T¢) - :[]'EXC/V]
< Ew [nllUTWIA (1 + U eillo) - L, |
< 2B [JUTWIE, - 1,
< 20®PH By (W5 - g, |

o0
_ B 1
S 2n2B+1 te Cxt S c/n3B€ cn S “n A
t=nB 4

for sufficiently large n, where we used 7 < ||U T W/, see Claim 1, and c,, ¢’ are universal con-
stants.
Error from X x perturbation. We now show that

Ew [mindg (W, 7¢;) - HEW} <Ew [mindgx(W, T¢i) - ILEW] + ynOB) . gdnk™ (33

which, combined with the bound above yields the Claim. We use Lemma 14 (proved in Sec. E),
which bounds |7(W, £x) — 7(W, Xx)| in terms of [|[UTW — UTW/||s and || A — Al|2. Given that
IUTW ||oo, [[UTW||so < |[W||2 < n® under the Eyy event, Lemma 14 gives a (crude) bound:
[r—F| = |[T(W,Sx) = 7(W,Zx)| < |UTW = U "W ||oo + nOB||A — Al| - 2478
Plugging in ||[UTW — U TW||so < ||[U = Ul|op||W|]2 < ynP and || A — Aljy < v1/n, we obtain
|7 — 7| < AnOB) . gink"
Additionally,
IEx = Exllop  NUTA = A)Ullop + [UTAU = UTAT|op
<A = Alls + [T = D) AT lop + [TTAU = D)llop + (U = T) AU = U)oy
< yvn+2yn 4+~ < dyn.
Again denote j = argminy dx,, (W, 7¢), andletx = W — 7Cj, z = W — 7C}. Then,
miin dg (W,7¢;) - 1y, <dg (W,7¢)) - 1,
= (W —7¢j) " Sx (W — 7¢j) - 1,
=7 SxT-1p,
=z ' Yxz- 1g, + (z — :E)TiXEE- 1g, +xTEX(§— x)- 1g,

+IL‘T(§3X - Zx).ff' ILEW .
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Since max {7, 7} < max { 1UTW | sc, HﬁTWHOO} < [[W |2, we can bound

1z[l2 - Ly s [1Z]l2 - Ly < [Wl2(1 4+ 1Cjll2) - Ly < 2077
and, using the bound on |7 — 7| above,
2~ &> < v~ 7] -0 < O 4
Plugging this into our bound, we obtain
miin dix(I/V, 7¢) - 1g, < miin ds, (W, t¢;) - 1y, + 27710(3) SR gpAB 4yn

<mindy, (W, 7¢;) - 1g, + AnOB) . gdnk"
1

which concludes the proof of this step and the claim.

Appendix D. Worst-Case Gap Between Waterfilling and Random Coding:
Theorem 5

Recall that for A = diag (A1,...,\,) > 0 with tr(A) = n, the random-coding rate-distortion is
given by a parametric relationship

n

1 \i
Die(A,T) = Z 1T Rie(A,T) Zlog +\T), (RDRC)

=1

and the waterfilling rate-distortion by
Dyt(A,t) Z min {\;, 1} Rue(A, 1) Z max {0,log(A\i/t)} . (RDWF)

Throughout, log denotes the base-2 logarithm, and In denotes the natural logarithm. The goal of this
section is to quantify, at a fixed target distortion D*, the rate overhead of our universal codebook,
whose rate-distortion is given in Eq. (RDRC), compared to the X x-fine-tuned optimal codebook,
whose rate-distortion is given in Eq. (RDWF).

Denote® the implicit functions Tye(A, D*) = T* s.t. Dyo(A, T*) = D* and t¢(A, D*) = t* s.t.
Dyt(A,t*) = D*. Denote

Ri.(A, D*) = Ryo(A, Ty (A, D)) and Ryt(A, D*) = Ry(A, tywi(A, DY)).
In this notation, the rate overhead incurred by our universal codebook is

sup {Ryc(A, D*) — Ry (A, D*)}
A

where the supremum is over A = diag(Ay, ..., An) = 0 with tr(A) = n. In Theorem 5, we prove
sup sup {Ryc(A, D*) — Ry (A, D*)} <0.11.
Dxe(0,1) A

Concretely, we first verify that the maximum rate gap is approached at spectra containing at most
2 distinct eigenvalue and at vanishing distortions. The resulting gap expression can be directly
bounded by 0.11 bit.

5. All of the Dy¢, Dyws, Ryc, Rwe are monotone in 7', ¢.
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D.1. Proof of Theorem 5
Theorem 5 (Worst-Case Gap Between Waterfilling and Random Coding)

sup sup{Ryc(A, D*) — Ry (A, D*)} <0.11,
D*€(0,1) A

where the supremum is over A = diag(A1, ..., \p) = 0 with tr(A) = n.

Theorem 5 follows immediately from a more general version of the same statement in Theo-
rem 13. Let P([0, 00)) denote the space of Borel probability measures on [0, c0), and define

Py ([0, 00)) = {)\ € P([0,00)) : /a:d)\(a:) _ 1} .

We extend the finite-dimension rate-distortion curves in Eq. (RDRC) and (RDWF) as follows: for
w € Pi([0,00)), let

xT

[e.e] 1 oo
DrC 7T: d ) RI“C 7T:7 1 1 T)d )
D)= [ pduta). Re(uT) =5 [T log(1 +aT)in(o)

and

Dy (1, t) = /000 min {z, t} du(x), Ryi(p,t) = ;/000 max {0, log(x/t)} du(z).

Similarly to above, for each D* € (0, 1), let Ty (1, D*) and ty¢ (1, D*) be defined by Dy (1, Tre(pt, D*)) =
D* and Dy, twe(p, D*)) = D*, and set

RTC (M? D*) = RI“C (N> TTC(:U’? D*))’ RWf (M? D*) = wa(,u, twf(/% D*)) .
Theorem 13 (Worst-Case Gap Between Waterfilling and Random Coding)

sup sup {Ryc(p, D*) — Ry(u, D*)} < 0.11,
D*e(0,1) H

where the supremum is over probability measures p € P1([0, 00)).
Indeed, for any A = diag(A1,...,\,) = 0 with tr(A) = n, the empirical measure pp =

% > 0y, belongs to Py ([0, 00)).
Proof (of Theorem 13). Denote the rate-gap

1 log(1+2T) ifzx<t

Alp, D7) = 5 / Py, D) s (0,0 (2 () s (@) = {log (1+7T) if x>t
z/t ’

It will be convenient to consider the following rescaling:
po=(z — x/D%)y,, (r)

so that [ zdpi(z) = (D*)~! > 1. Accordingly, we define D*(i) = ( xdﬁ(m))fl. Additionally,
rescale the implicitly defined parameters t,¢ and T:.:

twt(i) £ twt ((z = - D"y, D*()) /D* (@) and  Tro(t) £ Tre ((z = x - D*)yz, D*())-D* (1),
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ie., twi(fl) = twi(, D*)/D* and Tye(f)) = Tic(p, D*) - D* in the original parameters. The
distortion conditions then correspond to

1= / —dp(x /mm {z, A} dii(z), where ©=1wi(7),T = Tie(R). (Dist)
1+ 2T

We can now rewrite the optimization objective in terms of ji:

B(7) 2 A ((z = 0 D) D) = A D) = 5 [ rpgo)dite). (@

Finally, for technical reasons, we will consider & € P([0, o00]) D P([0, c0)) with the natural exten-

sions of functions l og (H"’“"T) To prove the theorem it is then sufficient to show

/i
sup ®(fi) < 0.11, where Aé{ﬁep([o,oo]):p*(ﬁ)6(0,1)}.
neA

In what follows, we will restrict the optimization scope A in three steps. For 11 as above, to simplify
notation, when clear from the context, we write D* = D*(71), T = twt(1), T = Tre(R2).
Step I. Denote, for c = 0.111n 2,

Apg = {ﬁ €A (@) € [1,e7Y], Trelfi) € [, 1], and Fur(f) - Tre(fi) < 1} .
As a first step, we show
sup ®(i1) < max< 0.11, sup ®(u) p .
neA REABa

Let k = w(p) = ;OO dji(x) be the mass /i puts to the waterfilling-active modes.® Expanding

[ min {x,f} di(x) = f(f zdJi(z) + kt, from Eq. (Dist) we conclude ¢ > 1, T <1,and IT < 1,
where the last inequality is derived as follows:
~ 1
T

t
K
1:/ —d /dex +==(1—-~t)+
(@) < [ i) + 5 = (1 D) +
We now obtain bounds on ®(7) in terms of ¢, 7"
1t N B o N &
w(G) = 5 [ los(1+aT)dite) +5 [ tog (2 ) dfite).
2 Jo 2 J¥ z/t

*ﬂz\ =

I 11

(1 ”)T . To bound II, notice

From [ min {z, } di(x) = landlog(1+2) < z/In2, we bound I <
that for = > ¢, log (HZT) = log(i{T + t/z) < log(iT 4+ 1) < {T/1In2, so overall,

(l—m)f KtT T T T 1
I+11< < - < 34
tHs 2In2 +2ln2_21n2+21n2 In2 =~ ¥In2’ (34)

6. x > 0 from the water-filling distortion condition.
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where the last inequality used previously derived 1T < 1. Then, if £ > ¢~ or T < ¢, we obtain the
desired bound ® () < 0.11, which concludes this step.

Step II. Second, we show that the largest gap is obtained at spectra, whose mass in the active tail
(i.e., values > 5 is distributed between endpoints t and +o0. Concretely, we show that

sup ®(1) < sup ®(),
nEApg nEAgail

where
Awit = {71 € Apa : forz > Tus(70),0 € [0,1], i) o 0 53(x) + (1 0) - 8100 ()} -

Recall the contribution to the rate gap of the active modes (those > t) is

- ) oo

The distortion constraints in Eq. (Dist) yield an equality [ 1+$zf du(z) =1— fot lfm =dji(x). Note

that for € [t, +00], —%= € [%, L] and is a monotone function. Moreover, both the objective
v aT ~ 1+ T
f(y) = log(ty~—!) and the first moment constraint are convex, so the supremum is obtained at

f(x) o< 0 - 0x(x) + (1 = 0) - d100() foraz >t

for some 6 € [0, 1]. Note that this suggests that the extremal regime occurs at vanishing distortions.
Step III. Finally, we show that the inactive modes (those < t) of the worst-case spectra i equalize,
ie.,

sup ®(z) < sup P(f),
HEAgail REA2pg

where
Az = {i € Aca : for 8 € [0, 1], Fio < Tt (70), filar) o 6 - 80 () + (1 = 6) - Soo(a)} -

For a given Ji € Agy with 7i o (1 — ) - 0400(2) for & > t, define a corresponding measure
v € Aapt as
Jo wdfi(x)

7 .
To complete Step 111, it is sufficient to show that (1) < ®(v). Define apath s = s- 1+ (1—s)-v
f0r~3 € [0,1], and J(s) & ®(us). We will show that a‘g—fj) < 0 for all s € [0,1], yielding
o() = J(1) < J(0) = ().

For this, we compute:

vocl- oy + (1 —0)-6400(x), where [ig=

o Js

- —Z x) z2
ds af H,glm( ) | G dns ()

OToelits) ) g dns(@ ] fEpdGit) —V(x))'
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Note that for all s € [0, 1], £¢ (1) is unchanged. Then,

92J(s) 9 (fo? log(1 + 2T)dps(z) + (1 - 6) 1og('T7)>

0s Os
- T _ L t z 1—-0 .flfﬂﬁ (u(z) —v(x))
_/010g(1+a:T)d(u(x)—1/(:E))+1n2 (/0 1+$fdﬂs($)+ 7 ) fﬁdﬂs(@’)
= [ (st + 4, =) dGte) - vt

where A, > 0. The function log(1 + 2T + A, - 1+me is concave on x € [0, ¢], yielding the final
0J(s)

inequality =5~ < 0. It remains to show supgec 4, , ®(11) < 0.11. Recall that every i € Aszp can

be expressed for some Jig < ty¢(J1) as
fi(x) = 0 05, () + (1 = 0) - 0400() .

We can then express B
20(n) = Olog(1l + foT') + (1 — 0) log(tT),

where from Eq. (Dist),
~ ~ o 1-46
1=0fig+(1—0)F= 410 -~ 7
1 + ,LL(]T T

The case § = 1 is impossible for T > 0, so we will focus on the 6 € [0,1) case. We now further
simplify this optimization problem to obtain the final 0.11 bound.

From the first distortion constraint, we express t = (1 — )1 — (1—6)"'—1) fio. From
OpoT_
N 14T
iT = (1—-6)"'T — ((1—6)~! — 1) a. Plugging into the rate-gap expression:

the second distortion constraint, T’ = 1 — 6. Denoting o = ﬁof, we then simplify

20(f1) < Olog(1+a) + (1 —0)log (1 e a@)c(yl 5 104_90>
a?0
=flog(1 +a)+ (1 —0)log (1_(1+a)(1_9)> 7

where from the positivity of tN, T we have 0 <0< Hﬁjﬁ and 0 < = ﬁof < iT < 1. Denoting
p= % and differentiating with respect to o gives

0029 (1n 1 200 + a2
In2(1— )" @2(m) _ _p . i
lole" 1+« 1- &2 (1+a)
«
_ P 1_ 200+ a?
1+ l+a—a2p/

Setting this to 0 yields p = 1_372_"‘2 At the boundary points o € {0, \/52_1 }, the objective function

is below the objective of the Theorem. Plugging into the objective, we derive a one-parameter
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function

1—a—a? a? 1—a—a?
2A* < ——— — Jog(1 1 1—-— ).
<4 a og( +oz)+1_aog< T+ a >

The maximum of this objective is achieved at  ~ 0.35 and is ~ 2 - 0.108 < 2 - 0.11, which

concludes the proof.
|

Appendix E. Proof of Lemma 14

Lemma 14 (7 Perturbation) Let R* be a fixed constant, Cyy = Cw(n) € R, W € R",s € R,
such that |W||oo < Cw and }_; sj = n. Denote

1/2 ~1/2
W - W2 2 Sj
) Z (14 s;T zj: 1+ s;T ’

where T' = T(s) is a unique solution to R;.(T') = R* (see Eq. (RDRC) for definition of R;.(T)).
W, W, s, s € R satisfy [|Wl|oo, [Wloo < Cwoand 3, sj =35 =nand

W =Wleo <nCw and ||s—3|2 < yavn,

then
|T(W,s) = 7(W,5)| < mCw +c- Cyyyant2int’

for sufficiently large n and a constant ¢ = c¢(R*).

Proof of Lemma 14. Denote T, 7 to be the solutions to RS, (T) = R* and RS, (T) = R* respec-
tively, where recall that RV = 3, does not depend on V.

Step 1: Bound on |7 — T'|.  First, we show that under the Lemma conditions,

IT —T| < yon - 277" (35)
First, since for each j € | }log (14 s;T) —log(1 + %T)’ <25 m lsj =55 <

T|sj —5j|/In2, we have

5 S 35 ,1||8_§||1 1 ”S_§H2 ,—272
RS (T)—R:(T)| = |R.(T) — R:(T)| < < < .
‘\m(,—/) rel )‘ ‘ re(T) rel )‘ ~ 2nln2 ~ 2ynln2 ~ 2In2
R*

By the mean value theorem, we have for some T' € {min(T, f), max(7T, f) ,

. |RL(T) - RL(T))| T
T @) S e (R @)

L . L____ > 1 -
2nIn2 44 145;,7 = 2nIn2(14+T) = 2nIn2(14-max(T,T))’
we used that max; 5; > 1. Moreover, for any s € R} with ||s||; = n, 2nR;.(T) > log(1+T), and

therefore, 1 + max(7, f) < 22nR" This yields
T —T| < ~on - T(1 +max(T,T)) < von - 22"

where

A direct calculation gives (R2,) (T) =
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Step 2: Bound on |7(W, s) — T(/W, s)|. Here we show that

[T(W,s) = 7(W,5)| < 1Cuw . (36)
By triangle inequality and 1——= + 7 < ilp,
)2 1/2 —-1/2
(W — W, s
W,s) — W <|T -_— J
(W, 5) — 7(W, 5)] Z 05T ;HSJ.T
) 1/2 —1/2
s4 S.;
<ymCw-|T —_— J <7Cw.
=nEw zj:(l-i-SjT)Q zj:Hsz =ntw

Step 3: Bound on |7(W,s) — 7(W,5)|. Here we bound |7(W,s) — 7(W,5)|. For convenience,

denote d; = 1+sz A(s,T) = >, W2d3, B(s,T) = 3" ;dj and let A = A(s,T), A = AG,T)
and B = B(s,T), B = B(3,T), so that
R VTA VTA
|T(W,s)—T(Ws)|:)— \_\F\ \+\\F \ﬂ 1411
VB
by triangle inequality. To bound I, we use a triangle inequality I = /T ‘@—ﬁ‘ <T th
' ’ VB /Bl — VB

vV TA‘— — —=| and notice

VA - @\ = [IW © dlls ~ W @ dlls| < [W|lald — dll> < Cow[d — .

Moreover,

d—d|
VB - VB| = [|d]/2 - a2 < Yl = dllz.
e NG

For a uniform lower bound on B, B we use min(B, E) > so the combined bound is

1
- 1+T’
1< VTl = dlla [Cw(1+ T)12 + VAn(1 +T)%]
< 2||d — d]|oCyn22™"
where we used A < C3 2% and 1+ T < 27" It remains to bound ||d — d||2. Denoting d(s, T) =
<1+ T) (so that d = d(s,T) and d = d(3,T)), we have

ld = dll2 < [|d(s,T) = d(3, )2 + [[d(5, T) = d(E,T)]s -

Since | 1%y — 1idy| < ls; — 5 we have [d(s,T) — d(5,T) 2 < [ld(s,T) = d3,T)llx <

s — s]j1 < y2n. Moreover, < n2|T — T, so we obtain

5
I+s;T 1+ 14s,T
|d — d||2 < yan 4 27on?24 " < 3ryni2ink”
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where we used |1 — QA’\ < 2v9n2*1" in Eq. (35). To bound II, we use the bound in Eq. (35) and
the lower bound 7" > 2R* In 2 obtained in the proof of Thm. 7:

_ T_T 94nR*
Nz D A B
VT +\VT V2R In2
Then,
odnR* C .
1< 2 SR VI T < paCin 220 /(2R ).

‘We have for the final bound

IT(W, s) — 7(W,3)| <1411 < 679902477 Cryn22™" 4 4o Cyrn®/2247 1" /(2 R%)
S c- CW72n424nR*

for sufficiently large n and a constant ¢ = ¢(R*). Analogous bound holds for |T(/I/I7, s) — T(W, ).
Step 4: Final bound. Combining Steps 2,3 above, we obtain

IT(W,5) = 7(W,3)| < |[7(W,s) — 7(W, )| + |7(W, ) — 7(W,35)|

< 1Cw + ¢ Cyygn*2*™

Appendix F. Proof of upper bound in oracle Proposition 2

Here we sketch proof of (3). First, since f and g are allowed to depend on ¥ x we can rotate X x
to eigenbasis, and thus assume from now on that Xx = diag(Ay,...,\,). Fix ¢t and let D; =
min{t/\;,1}. Let Ry = Rw(Xx,t). Fix arbitrary ¢ > 0 and set rate R = Ry + 2e. We will
show that by generating codebook C randomly via sampling 1 4 2" codewords from distribution
[T, N (0,1 — D;) one can attain distortion

Ew [mlél ds. (W, C)] <nDyi(Xx,t) + <6_2M + 016_62”52) tr¥x, (37
ce

where ¢, co > (0 are some absolute constants. From here the statement of the theorem follows by

setting €, = ¢

To show (37) let Y; i N (0,1 — D;) independently. Let also Z; by N(0,1). Set

Wi =Y+ DiZ

and notice that W = (Wq,...,W,) ~ N(0,I,). This coupling of W to Y satisfies a useful
property:

Ew[ds, (W,Y)] = Ey [Z NiD; Z?| = Dywi(Xx,1) .

=1

On the other hand, we have information density

dPw,y

(W:Y) :=log ————————
i(W:Y) %8 I x Py)

loge =2 o
(I/V,Y):nRo—i—ZZ;WZ- - 77,
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Note that E[i(W;Y)] = I(W;Y) = nRy. Note that while W;, Z; are jointly correlated Gaussians,
they are independent for different ¢’s. A fascinating property of information density (underlying
information stability) of Gaussian processes is that its variance is uniformly bounded regardless of
the distribution, see (Polyanskiy and Wu, 2024, (19.32)). We will exploit this below to show “local”
subgaussian estimate on the concentration of i(W;Y).

Define log-MGF function

1 n 1 &
f(z) == —InEwz ezziﬂWiQ*Zﬂ = ZIHEWi,Zi [eZ(WZZ*Ziz)} )
n
i=1

n

It is not hard to show that there exists a neighborhood S of 0 on the complex plane C and a constant
c such that

sup | f(z)| < ¢,
z€S

and crucially S and ¢ can be chosen independent of {D;} (and hence of ¢, \;). For this, one only
needs to apply Cauchy-Scwharz to reduce to analysis of log-MGF of WZ? and Ziz, which are just
squares of (0, 1).

In addition to being analytic, f also satisfies f(0) = f’(0) = 0 and f”(0) < 2E[W} + Z1] <
12. Thus, by Cauchy formula we can uniformly bound f”(z) inside any compact subset of S.
Consequently, there exists a universal ¢ > 0 and 2y > 0 such that for all real —z¢ < z < zp we
have

f(z) <222,

Applying Chernoff estimate we find that for all € < ¢y we have

2

Pi(W;Y) > I(W;Y) + ne] < e~ 2e2ne” (38)

where crucially €g, co are absolute constants.
We are now ready to apply standard finite blocklength rate-distortion upper bound (Polyanskiy
and Wu, 2024, Theorem 25.2), which claims existence of codebook C with distortion

Ew {?éig ds: (W, c)} < E[ds (W, V)|+E[ds (W, 0)]e 2"/ "+ Elds (W, Y)1{i(W;Y) > logy v}],

(39)
where + is arbitrary, but we set it to

logy v = nRy + ne.

Applying Cauchy-Schwarz and (38) to the last term in (39) we obtain (37).

Appendix G. Additive rate-distortion for quantization of a colored X

It is worth mentioning that the rate-distortion region (RDRC) we obtained also characterizes the
tradeoff between rate and distortion of a particular quantization scheme in a different, but closely
related setup.
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In particular, let X ~ N (0, Xx) be a Gaussian vector in R" to be quantized under the standard
quadratic distortion measure D = 1E||X — X||3. Clearly the optimal rate-distortion tradeoff for
this problem is given by

1 N
R(D) = —minI(X;X) (40)
n
where the minimum is over all Py - for which %IEHX — X||2 < D. As we already discussed, the
optimal Py is determined by the reverse waterfilling solution, and is given precisely by (WF). In
fact, we derived the oracle lower bound by showing that in the oracle setup, where the decoder also
knows Y. x, our problem is equivalent to that of quantizing X under standard quadratic loss.

While the waterfilling solution gives the optimal tradeoff R*(D) function, any other valid choice
of PX|  yields an achievable R(D). A very simple choice is to construct X by first adding inde-

pendent noise Z ~ N (0, %In) to X and then performing minimum mean squared error (MMSE)
estimation of X from X + 7. The R(D) tradeoff attained by this particular choice of Pfq  has been
studied in the information theory literature (for sources that are not necessarily Gaussian) under the
name additive rate-distortion function (ARDF) Zamir (2002); Zamir and Berger (2002); Ostergaard
and Zamir (2011).

The MMSE estimator of X from X + Z is linear and therefore X = F (X + Z), where

1 \! T AT
F=Yy <2X+In> :U-diag( ! . >-UT A1)

T 14+ M7 14+ NT
and

1 I 2 1 - )\z
SEIX -XIE= 03 1T
i=1 v

= Dyc(\,T). 42)

Furthermore, if all singular values of X x are positive, F' is invertible and

n

iy = tixix42) = %Z % log(1 + AT) = Ree(\,T). 3)

1
n n X
=1

Thus, the ¥ x universal rate distortion tradeoff we derived for the problem of quantizing a white
source NV (0, I,,) under ds;, metric known only to the encoder is precisely the additive rate-distortion
function for quantizing X ~ A (0, X x) under standard quadratic loss.
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