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Abstract
Omniprediction is a learning problem that requires suboptimality bounds for each of a family of
losses L against a family of comparator predictors C. We initiate the study of omniprediction in a
multiclass setting, where the comparator family C may be infinite. Our main result is an extension
of the recent binary omniprediction algorithm of (Okoroafor et al., 2025) to the multiclass setting,
with sample complexity (in statistical settings) or regret horizon (in online settings) ≈ ε−(k+1),
for ε-omniprediction in a k-class prediction problem. En route to proving this result, we design
a framework of potential broader interest for solving Blackwell approachability problems where
multiple sets must simultaneously be approached via coupled actions.
Keywords: Calibration, Omniprediction, Online Learning, Blackwell Approachability

1. Introduction

Omniprediction is a powerful definition of learning introduced recently by (Gopalan et al., 2022).
Consider a standard supervised learning task: we receive i.i.d. samples (x,y) ∼ D, where x ∈
Rd are the features and y is the label, and we wish to build a predictor p(x) ≈ E[y | x]. In
omniprediction, a family of losses L is fixed, as well as a family of comparator predictors C. The
goal is then to satisfy the simultaneous loss minimization guarantee, for ε > 0 and a predictor p:

E(x,y)∼D [ℓ (k⋆
ℓ (p(x)),y)] ≤ min

c∈C
E(x,y)∼D [ℓ (c(x),y)] + ε, for all ℓ ∈ L. (1)

Here, k⋆
ℓ is the ex ante optimum mapping for a particular loss ℓ ∈ L, defined in (3).

The formulation (1) effectively decouples the tasks of prediction and action: once the learner
has decided on a predictor p, the decision maker who wishes to minimize a particular ℓ ∈ L
then takes the action k⋆

ℓ ◦ p. This property is particularly useful when e.g., losses can depend on
parameters unknown at training time (such as a market price), or robustness to a range of loss hy-
perparameters is desirable. Because (1) applies to a family of losses, the predictor p can be viewed
as a “supervised sufficient statistic” that goes beyond single loss minimization. This perspective
built upon work in algorithmic fairness (Hébert-Johnson et al., 2018), and has intimate connections
to indistinguishability arguments in pseudorandomness (Gopalan et al., 2023a; Gopalan and Hu,
2025).

By now, there is a rich body of work on omniprediction in statistical and online learning settings
(as well as beyond) (Gopalan et al., 2022, 2023a; Hu et al., 2023; Gopalan et al., 2023b; Garg et al.,
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2024; Hu et al., 2025; Dwork et al., 2025; Okoroafor et al., 2025). However, essentially all prior
works focused on binary classification, where labels y live in the set {0, 1} ≡ ∂∆2 (the boundary
of the simplex; see Section 2.1 for notation). This is a rather stringent restriction in the context of
real-world supervised learning, which is often used for multiclass tasks, e.g., (Deng et al., 2009;
Maas et al., 2011; Deng, 2012). Even the ability to handle labels y ∈ ∂∆k ≡ [k], for k a constant
number of classes, would substantially extend the applicability of omnipredictors.

To our knowledge, the problem of multiclass omniprediction has only been studied recently by
(Noarov et al., 2025; Lu et al., 2025). These papers focused on a setting motivated by economics,
where the family of comparators (viewed as an action space) is finite; the former’s multiclass om-
niprediction result (Theorem 6.5, (Noarov et al., 2025)) is restricted to ℓ that independently de-
compose coordinatewise. On the other hand, Corollary 6, (Lu et al., 2025) gives a more general
statement for multiclass omniprediction, but again the result is for finite C, and incurs an ≈ ε−4k−2

overhead in the sample complexity for achieving (1) (without the consideration of runtime).
The main motivation of our work is to bridge this gap, by developing multiclass omnipredictors

with guarantees closer to the state-of-the-art in binary omniprediction. Indeed, there has been sub-
stantial recent progress on improving the sample complexity and runtime of binary omniprediction
for concrete pairs (C,L). For example, in the generalized linear model (GLM) setting, where C is
bounded linear predictors and L is appropriate convex losses (cf. (5)), (Hu et al., 2025; Okoroafor
et al., 2025) developed end-to-end efficient algorithms using ≈ ε−2 samples.1 In fact, (Okoroafor
et al., 2025) gave a substantial generalization, showing how to reduce binary omniprediction for
arbitrary pairs of (C,L) to online learning tasks against appropriate function classes.

1.1. Our results

Our approach to multiclass omniprediction is based on the framework of (Okoroafor et al., 2025).
Both (Hu et al., 2025; Okoroafor et al., 2025), as well as many prior results on binary omnipredic-
tion, leverage a reduction from (Gopalan et al., 2023a). This reduction (Proposition 7) shows that
(1) is satisfied for predictors p satisfying appropriate notions of multiaccuracy (Definition 3) and
calibration (Definiton 4), concepts we review in Section 2.2. Intuitively, these properties guarantee
that our predictor p(x) passes certain statistical tests against the ground truth p⋆(x) := E[y | x],
induced by the particular pair (C,L) of interest.

As in the binary case, learning multiclass predictors that satisfy multiaccuracy and calibration
individually is well-studied. We discuss the former in Appendix D.4, and the latter is possible in
≈ ε−(k+1) timesteps (in the online setting) and samples (in the statistical setting), as shown by
seminal work of (Foster and Vohra, 1998) (see also (Mannor and Stoltz, 2010)). However, it is less
clear how to achieve both simultaneously. In the binary setting, (Okoroafor et al., 2025) leveraged
an existing calibration algorithm from (Abernethy et al., 2011) based on Blackwell approachability,
and augmented it to also guarantee multiaccuracy. Their analysis used several important facts about
binary losses, e.g., existence of an approximate basis for proper losses (Lemma 21), and a cus-
tom “halfspace satisfiability oracle” specialized to their application (Algorithm 3). Unfortunately,
the natural extension of these tools to k > 2 classes both provably fail, necessitating a stronger
framework capable of handling the multiclass setting.

1. The (Hu et al., 2025) omnipredictor requires L to be well-conditioned, but outputs a mixture of proper hypotheses
from C; the (Okoroafor et al., 2025) omnipredictor is improper but holds for general bounded losses. The sample
complexity of ≈ ε−2 is tight for GLMs, even for a single loss (Shamir, 2015). See also (Dwork et al., 2025), who
gave a similar result in a RKHS setting.
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Simultaneous Blackwell approachability. Our starting point is to isolate a key technical primi-
tive needed in the (Okoroafor et al., 2025) algorithm, and study sufficient conditions for it in greater
generality. This is the focus of Section 3; here, we provide a brief overview of the technique.

The standard setting of Blackwell approachability (reviewed in Section 3.1) generalizes von
Neumann’s minimax theorem to vector-valued games. Consider a bilinear, vector-valued function
v : A × B, and a set V , living in the same space H. Unlike the scalar setting, the following are
not equivalent: for all b ∈ B there exists a ∈ A such that v(a,b) ∈ V (“response satisfiability”),
and there exists a ∈ A such that for all b ∈ B, v(a,b) ∈ V (“satisfiability”). Blackwell ap-
proachability (Blackwell, 1956) is an elegant compromise: whenever response satisfiability holds,
we can choose {at}t∈[T ] in an online manner (before the corresponding {bt}t∈[T ] is revealed), such
that limT→∞

1
T

∑
t∈[T ] v(at,bt)→ V . This strategy has intimate connections to calibration: since

(Foster, 1999) many researchers have used ideas from approachability to design calibration algo-
rithms.

In Problem 1, we propose a simultaneous variant of Blackwell approachability, where there are
m pairs of vector-valued functions v(i) and sets V(i). The goal is to choose a sequence of {at}t∈[T ]

(responding online to {bt}t∈[T ]) such that limT→∞
1
T

∑
t∈[T ] v

(i)(at,bt) → V(i), simultaneously
for all i ∈ [m]. This primitive has clear connections to omniprediction, as both (binary and multi-
class) multiaccuracy and calibration can be written in the language of Blackwell approachability.

Simultaneous Blackwell approachability can naturally be cast as a (standard) Blackwell ap-
proachability instance, by lifting the vectors and sets into a product spaceH(1)×H(2)× . . .×H(m).
However, we find the perspective in Problem 1 useful, as the sufficient condition of response sat-
isfiability does not lift cleanly. We show in Lemma 13 that even when m = 2, there are two one-
dimensional subsets V(1), V(2) and corresponding vector-valued functions, that are both response
satisfiable (and hence approachable in isolation), but not simultaneously approachable.

Our main contribution in Section 3 is a sufficient condition for simultaneous Blackwell ap-
proachability, stated in the form of an oracle requirement (Definition 11). Our oracle is natural in the
context of (Blackwell, 1956), who gave an alternate characterization of approachability: every half-
space containing U should be satisfiable. This statement was later made algorithmic by (Abernethy
et al., 2011) using online learning techniques. Our sufficient condition can then be cleanly stated as:
for any halfspaces each containing one U (i), and any specified convex combination w ∈ ∆m, the
halfspaces should be satisfiable on average (with respect to w). We further build upon (Abernethy
et al., 2011) to leverage existence of such an oracle to solve simultaneous Blackwell approachability
with an explicit rate (Theorem 14).

While our reduction is a relatively straightforward extension of (Abernethy et al., 2011) (and
indeed, (Okoroafor et al., 2025) also implicitly gave a variant of Theorem 14), we believe that
explicitly isolating this sufficient condition will prove useful to the community. To ease applications,
we show that Theorem 14 holds in much greater generality, e.g., statistical and contextual settings.
We provide a high-probability bound capable of flexibly handling these extensions (Corollary 18).

Multiclass omniprediction. Our simultaneous Blackwell approachability framework reduces om-
niprediction to implementing an appropriate mixture linear optimization oracle (MLOO, Defini-
tion 11), and to designing appropriate online learners for each of two sets V(i) in isolation (corre-
sponding to calibrated and multiaccurate predictors). While an appropriate MLOO was explicitly
given in (Okoroafor et al., 2025) for the binary omniprediction setting, it is unclear how to generalize
their strategy (based on an algorithmic Sperner’s lemma) to hold in higher dimensions.
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Towards leveraging our results for omniprediction, in Appendix D.1, we give a meta-result for
designing MLOOs when all v(i) share a common structure. Roughly speaking, we require each v(i)

to take as input a prediction p and a label y, and to be linear in the prediction error p − y (a more
formal statement is in (39)). Under these assumptions, we show how to use the minimax theorem
and linear programming to generically design MLOOs compatible with our simultaneous Blackwell
approachability framework, which extends to future potential applications.

By combining our framework, our new MLOO construction, and known online learners, we
obtain our multiclass omnipredictors in Appendix D. The following is a representative result.

Theorem 1 (Informal, see Theorem 43) Let L be the family of multiclass GLM losses (5) and let
C be the family of bounded k× d linear classifiers (49). Then given T i.i.d. samples (x,y) ∼ D for

T = k · Ω
(
1

ε

)k+1

, (2)

we return an ε-omnipredictor in time O(dkT ) +O(1ε )
2kpoly(k, log 1

ε ), with high probability.

We pause to make some remarks about Theorem 43, which is specialized to the benchmark class
of multiclass GLM losses, an expressive family that includes all proper losses after reparameteri-
zation (cf. Lemma 6). First, it is fully explicit and does not rely on any computationally-infeasible
oracles. Second, although its sample complexity scales exponentially in the number of classes k,
this growth is relatively mild for small constant k, and the bound is independent of the ambient
dimension d of the features x. Third, because our approach is based on the indistinguishability
argument of (Gopalan et al., 2023a) (i.e., it goes through calibration and multiaccuracy), the expo-
nential dependence on k is inevitable due to a lower bound from Theorem 1.12, (Hu and Vadhan,
2025). Indeed, our bound (2) recovers the same dependence on k as existing algorithms for the
simpler task of multiclass calibration,2 and improves by a quartic factor over the prior work (Lu
et al., 2025) (while also handling infinite C).

We prove our formal variant of Theorem 1 in Appendix D, as well as extensions to online
omniprediction, and general families of multiclass losses and comparators (Theorem 46).

Other consequences. As a warmup, in Appendix C, we rederive the main results of (Okoroafor
et al., 2025) in the binary setting by way of our new formalism. We believe this may be useful to the
community, as it cleanly separates out the requirements of each online learner. For example, Theo-
rem 30, our specialization of Theorem 1 to binary omniprediction, uses ≈ 1

ε2
samples and gives an

end-to-end construction of an omnipredictor for binary GLMs. This removes the well-conditioning
requirement from (Hu et al., 2025), and does not rely on computationally-infeasible halfspace opti-
mization oracles (i.e., ERM for linear thresholds) as in (Okoroafor et al., 2025).3 During the prepa-
ration of this manuscript, the third arXiv version of (Okoroafor et al., 2025) independently noted
this requirement is removable (see their updated Theorem 7.1); our modular framework makes this
point transparent, which we believe will prove useful in similar future applications.

2. Recent works by (Peng, 2025; Fishelson et al., 2025) on multiclass omniprediction have traded off the exponential
dependence on k for an exponential dependence on 1

ε
. We discuss these works in greater detail in Section 1.2.

3. This requirement is stated in Theorem 5, (Okoroafor et al., 2025), where ERM access for the composition of thresh-
olding with the comparator family is assumed. Even when the comparator family is linear functions, this requires
implementing a halfspace ERM oracle, a well-known NP-hard problem in computational learning theory (Johnson
and Preparata, 1978; Ben-David et al., 2003).
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Our framework has additional implications for the theory of calibration and omniprediction. For
example, in Appendix E, we show that our construction directly extends to omnipredicting against
unions of comparators, i.e., the best comparator in any of m families {C(i)}i∈[m], as long as we can
omnipredict against each family individually. This simple extension was previously unknown, and
is made possible by the generality of our construction in Appendix D.1. We are optimistic that our
pipeline for constructing omnipredictors will have future consequences for related problems.

1.2. Related work

Multiclass calibration. Multiclass calibration has seen a resurgence of interest recently due to its
use in evaluating modern classifiers in machine learning (Guo et al., 2017). A range of works have
proposed new algorithms and relaxations of this problem (Kull and Flach, 2015; Kull et al., 2019;
Zhao et al., 2021; Gopalan et al., 2024a).

Of particular note, recent works (Peng, 2025; Fishelson et al., 2025) gave algorithms with hori-
zons ≈ kpoly(ε−1) for ε-multi-class calibration, which is polynomial in k for constant ε. This im-
proves upon the classical ε−(k+1) rate for multiclass calibration (Foster and Vohra, 1998) (as in
Theorem 1) in some parameter regimes. However, these results are not obtained through Blackwell
approachability, and thus it seems difficult to incorporate a multiaccuracy component directly as
would be required for omniprediction using the indistinguishability framework of (Gopalan et al.,
2023a). Further, the exp(Ω(k)) lower bound in Theorem 1.12, (Hu and Vadhan, 2025) effectively
rules out the use of these results within the framework.

Finally, as discussed earlier, (Noarov et al., 2025; Lu et al., 2025) are the primary works that have
studied multiclass omniprediction; we compared our Theorem 1 to (Lu et al., 2025) earlier. Regard-
ing (Noarov et al., 2025), their omniprediction result only applies to a restricted family of multiclass
GLM losses, namely those which decompose coordinatewise in their argument (see Definition 6.12).
This makes it incompatible with several common GLM losses in the (standard) setting of Theorem 1.
For example, consider the cross entropy ℓ(p,y) = −Ei∼y[logpi] popularly used in machine learn-
ing evaluations. This GLM loss falls into the framework of (Lu et al., 2025), but once it is cast as
a GLM learning problem, the correct parameterization is in the unlinked space (where linear com-
parator predictors live), for which the corresponding loss is ℓ(t,y) = log(

∑
i∈[d] exp(ti))− ⟨t,y⟩,

which is not coordinatewise separable. For more discussion on this point, see Lemma 6 and Section
2.2, (Hu et al., 2025).

Finally, we note that while (Gopalan et al., 2024b) focuses on omnipredictors for one-dimensional
regression tasks, they provide a sufficient statistics framework for omniprediction that could plau-
sibly extend to multiclass omniprediction. However, it is unclear what the precise exponential
dependence on k would be in the complexities resulting from this strategy, whereas a focus of our
paper is obtaining a relatively sharp constant of 1 in the exponent.

Multiclass learning. Multiclass learning is a well-studied topic in learning theory in general. For
example, classical works by (Natarajan, 1989; Ben-David et al., 1992) proposed various statisti-
cal dimensions characterizing the sample complexity of multiclass PAC learning. More recently,
(Daniely et al., 2015; Brukhim et al., 2022) shows that in multiclass setting, empirical risk mini-
mization does not provide a uniform bound on sample complexity, and proved that a quantity known
as the DS dimension does tightly characterizes multiclass PAC learnability. A follow-up work by
(Charikar and Pabbaraju, 2023) shows that k-DS dimension, a generalization of DS dimension,
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characterizes k-list learnability. Most of these works primarily consider the sample complexity of
multiclass learning rather than end-to-end efficient algorithms.

Blackwell approachability. Various works have generalized Blackwell approachability and ap-
plied it to problems with a similar spirit to our simultaneous approachability setting in Problem 1.
However, to our knowledge none of them directly study achievability and algorithms for approach-
ing multiple sets. The works most closely-related to our setup include (Mannor et al., 2014) who
study Blackwell approachability for unknown games, i.e., where the structure of the game or target
is unknown; (Fournier et al., 2021) who study Blackwell approachability with additional constraints
for the payoff space; and (Lee et al., 2022) who study multiclass calibration and calibeating.

2. Preliminaries

In Section 2.1, we define notation used throughout the paper, and state helper results from the online
learning literature. We then introduce preliminaries for omniprediction in Section 2.2.

2.1. Notation

We denote vectors in lowercase boldface and matrices in uppercase boldface. For n ∈ N we let
[n] := {i ∈ N | i ≤ n}. We let 1d and 0d denote the all-ones and all-zeroes vectors in Rd. For
i ∈ [d], we let ei ∈ Rd denote the ith standard basis vector when the dimension d is clear from
context. When E is some event, we let IE to denote the 0-1 indicator variable of the event.

When ∥·∥ is a norm on Rd, we let ∥·∥∗ denote its dual norm. For p ∈ R≥1 ∪ {∞} we let ∥·∥p
denote the ℓp norm of a vector argument. Note that when ∥·∥ = ∥·∥p for some p ∈ R≥1 ∪ {∞},
then ∥·∥∗ = ∥·∥q for the value of q ∈ R≥1∪{∞} satisfying 1

p +
1
q = 1. We say that a vector-valued

function v : Rd → Rk is β-Lipschitz in ∥·∥ if for all x,y ∈ Rd, ∥v(x)− v(y)∥∗ ≤ β ∥x− y∥.
For x̄ ∈ Rd and r > 0 we define Bd

p(x̄, r) := {x ∈ Rd | ∥x− x̄∥p ≤ r} to be an ℓp
ball centered at x̄. When x̄ is omitted, x̄ = 0d. For a compact set K ⊆ Rd we let ΠK(v) :=
argminx∈K ∥v − x∥2 denote the Euclidean projection. For p, q ≥ 1 and M ∈ Rn×d, we denote

∥M∥p→q := max
v∈Bd

p(1)
∥Mv∥q .

We let ∆k := {v ∈ Rk
≥0 | ∥v∥1 = 1} denote the probability simplex in dimension k. When S is a

set, we overload notation and let v ∈ RS be a vector with coordinates indexed by elements s ∈ S,
and we similarly define 1S , 0S , ∆S , etc. For convex K ⊆ Rd we use ∂K to denote the boundary of
K, i.e., all v ∈ K that cannot be written as a convex combination of other points in K. For example,
∂∆k is the set of standard basis vectors {ei}i∈[k]. For a distribution P supported on Ω we write
ω ∼ P to mean a sample from the distribution, and when p ∈ ∆k we overload notation and let
i ∼ p (resp. y ∼ p) mean a sample that takes on the value i (resp. y = ei) with probability pi. We
say that N is an ε-net in ∥·∥ for K if for all x ∈ K, there exists x′ ∈ N such that ∥x− x′∥ ≤ ε.
When ∥·∥ is omitted, we let ∥·∥ = ∥·∥1 by default. The following construction is standard.4

Fact 1 For all k ∈ N and ε ∈ (0, 1), there exists N , an ε-net of ∆k, satisfying |N | ≤ (5ε )
k−1.

4. This result is stated in (Vershynin, 2018), Corollary 4.2.11 for the ℓ2 ball, but the same construction works for the ℓ1
ball in dimension k − 1. Projection onto the subspace 1⊤

k v = 1 at most doubles the ℓ1 distance, so we adjusted the
constant.
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We say that H ⊆ Rd is a halfspace if for some (v, c) ∈ Rd × R, H = {x | v · x ≤ c}. For a
sequence {vt}t∈N ⊆ Rd and a set V ⊆ Rd, we write limt→∞ vt → V to mean that for any ε > 0,
there is some T (ε) such that for all t ≥ T (ε), vt is within ε of the set V in Euclidean distance.5

We often refer to sequences of vectors, e.g., {xt}t∈[T ], by indexing the set of indices, e.g., as
x[T ]. We use f ◦ g to denote the composition of two functions f and g.

2.2. Omniprediction

We consider two supervised learning problem settings in k-class prediction. In the following dis-
cussion, let ℓ : Ω× ∂∆k → R be a loss function that evaluates predictions (in a set Ω) and labels.

Online setting. There is a sequence of examples {(xt,yt)}t∈[T ] presented to us in an online
fashion. Our goal is to predict {pt ∈ Ω}t∈[T ] where pt can only depend on previous examples
{(xs,ys)}s<t and the current features xt, in a way that approximately minimizes

∑
t∈[T ] ℓ(pt,yt).

Statistical setting. There is a distribution D over (x,y) ∈ Rd × ∂∆k. We refer to a pair (x,y)
as an example, and we refer to the first marginal x ∈ Rd as the features (distributed ∼ Dx) and
y ∈ ∂∆k as the label of the example. A label y = ei represents that the example belongs to class
i ∈ [k]. For example, when k = 2 this is the setting of binary classification. Our goal is to learn a
predictor p : Rd → Ω that approximately minimizes the population loss, E(x,y)∼D[ℓ(p(x),y)].

Two natural questions arise from these problem formulations: what loss ℓ should we consider,
and what benchmark should we use to measure approximate optimality? The recently-introduced
notion of omniprediction (Gopalan et al., 2022) captures both facets of the problem simultaneously.

Fix a family of loss functions L such that each ℓ ∈ L sends Ω× ∂∆k → R, and fix a family of
comparator predictors C such that each c ∈ C sends features x ∈ Rd to a prediction c(x) ∈ Ω. We
also define, for each ℓ, an associated ex ante optimum mapping k⋆

ℓ : ∆
k → Ω,

k⋆
ℓ (p) := arg min

k⋆∈Ω
Ei∼p [ℓ(k

⋆, ei)] , (3)

with arbitrary tie-breaking. To interpret (3), fix some distribution over labels p ∈ ∆k. Then k⋆
ℓ

maps p to the best possible prediction (according to ℓ), had labels actually been generated ∼ p.
A particularly desirable set of losses ℓ is those which permit taking k⋆

ℓ (p) = p, i.e., where the
best post-processing is the identity function (in this case, the first argument of ℓ lives in Ω = ∆k).
Such losses are called proper, and we denote the family of all proper loss functions by Lprop.

We are now ready to define omniprediction in the online and statistical settings.

Definition 2 (Omniprediction) In the online setting, we call p[T ] ∈ (∆k)T an ε-omnipredictor for
(x[T ],y[T ],L, C), where L is a family of loss functions, and C is a family of comparator predictors,
if

1

T

∑
t∈[T ]

ℓ(k⋆
ℓ (pt),yt) ≤

1

T

∑
t∈[T ]

ℓ(c(xt),yt) + ε, for all ℓ ∈ L, c ∈ C.

In the statistical setting, we call p : Rd → ∆k an ε-omnipredictor for (D,L, C), where D is a
distribution over Rd × ∂∆k, if

E(x,y)∼D [ℓ(k⋆
ℓ (p(x)),y)] ≤ E(x,y)∼D [ℓ(c(x),y)] + ε, for all ℓ ∈ L, c ∈ C.

5. In Rd, all norms are equivalent up to universal constants, so using Euclidean distance is without loss of generality.
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If p is a randomized function from Rd → ∆k, then we call it an ε-omnipredictor for (D,L, C) if the
above display holds taking expectations over p as well.

We design omnipredictors via indistinguishability, a recipe pioneered by (Gopalan et al., 2023a).

Definition 3 (F-multiaccuracy) Let F be a family of functions f : Rd → Ω where Ω ⊆ Rk. In
the online setting, we say that p[T ] ∈ (∆k)T satisfies ε-(x[T ],y[T ],F)-multiaccuracy if

1

T

∑
t∈[T ]

⟨pt − yt, f(xt)⟩ ≤ ε, for all f ∈ F .

In the statistical setting, we say that p : Rd → ∆k satisfies ε-(D,F)-multiaccuracy if

E(x,y)∼D [⟨p(x)− y, f(x)⟩] ≤ ε, for all f ∈ F .

Definition 4 (W-calibration) LetW be a family of weight functions w : ∆k → Rk. In the online
setting, we say that p[T ] ∈ (∆k)T satisfies ε-(y[T ],W)-calibration if

1

T

∑
t∈[T ]

⟨pt − yt,w(pt)⟩ ≤ ε, for all w ∈ W.

In the statistical setting, we say that p : Rd → ∆k satisfies ε-(D,W)-calibration if

E(x,y)∼D [⟨p(x)− y,w(p(x))⟩] , for all w ∈ W.

To connect Definitions 3 and 4 to omniprediction, we use the following equivalence.

Lemma 5 Let ℓ : Ω× ∂∆k be a loss function, and define its discrete derivative dℓ : Ω→ Rk:

[dℓ(t)]i := ℓ(t, ei) for all i ∈ [k]. (4)

Then for any t ∈ Ω, p ∈ ∆k, and q ∈ ∆k, Ey∼p [ℓ(t,y)] − Ey∼q [ℓ(t,y)] = ⟨dℓ(t),p− q⟩.
Moreover, the same is true if we redefine dℓ(t)← dℓ(t)− α(t)1k for any α(t) ∈ R.

We defer a proof of Lemma 5 to Appendix A. One notable loss family is LGLM, the family of
generalized linear model (GLM) losses:

LGLM :=
{
ℓ : Rk × ∂∆k → R | ℓ(t,y) = ω(t)− ⟨t,y⟩ , ω : Rk → R convex with ∇ω : Rk → ∆k

}
.

(5)
This is because by taking α(t) = ω(t) in Lemma 5, we may choose

dℓ(t) = −t, for all ℓ ∈ LGLM. (6)

A result of (Gneiting and Raftery, 2007) shows LGLM ≡ Lprop up to reparameterization.

Lemma 6 (Theorem 1, (Gneiting and Raftery, 2007)) Let ℓ : ∆k×∂∆k → R be a loss function.
Then ℓ ∈ Lprop iff there exists a convex function ψ : ∆k → R, such that ℓ(p,y) = −ψ(p) +
⟨∂ψ(p),p− y⟩. Taking ω := ψ∗, we have that ℓ(∂ψ(p),y) = ω(∂ψ(p)) − ⟨∂ψ(p),y⟩ is a GLM
loss in the argument t := ∂ψ(p).
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We now state our omnipredictor recipe, extending (Gopalan et al., 2023a) to multiclass setting.

Proposition 7 Following notation from Definition 2 and (4), in the online setting, if p[T ] satisfies
ε1-(x[T ],y[T ],F)-multiaccuracy and ε2-(y[T ],W)-calibration for

F := {dℓ ◦ c}ℓ∈L,c∈C , W := {−dℓ ◦ k⋆
ℓ}ℓ∈L ,

then p[T ] is an (ε1 + ε2)-omnipredictor for (x[T ],y[T ],L, C).
In the statistical setting, if p : Rd → ∆k satisfies ε1-(D,F)-multiaccuracy and ε2-(D,W)-

calibration, then p is an (ε1 + ε2)-omnipredictor for (D,L, C).

As the proof of Proposition 7 only slightly modifies the binary case, we defer it to Appendix A.

3. Simultaneous Blackwell Approachability

In this section, we develop our main framework, which solves a simultaneous variant of classical
Blackwell approachability (Blackwell, 1956) with m ≥ 1 convex sets. We review the standard
variant in Section 3.1. We then give our algorithm in Section 3.2, which builds upon (Abernethy
et al., 2011) to reduce simultaneous approachability problems to implementing a certain oracle.

3.1. Blackwell approachability

LetA ⊆ Ra and B ⊆ Rb be compact, convex sets. The classical minimax theorem of von Neumann
implies that if f(a,b) is a bilinear function of a ∈ A and b ∈ B, then

min
a∈A

max
b∈B

f(a,b) = max
b∈B

min
a∈A

f(a,b). (7)

(Blackwell, 1956) considered the following generalization to vector-valued functions.

Definition 8 (Satisfiability) Let A ⊆ Ra,B ⊆ Rb be compact and convex, let V ⊆ Rd be convex,
and let v : A× B → Rd be a bilinear, vector-valued function.

• We call V satisfiable if there exists a ∈ A such that v(a,b) ∈ V for all b ∈ B.

• We call V response-satisfiable if for all b ∈ B there exists a ∈ A such that v(a,b) ∈ V .

• We call V halfspace-satisfiable if all halfspaces containing V are satisfiable.

Definition 8 suggests a natural generalization of (7): are all response-satisfiable sets also sat-
isfiable? This holds when d = 1 by taking V to be a sublevel set (∞, v]: in this case, V is both
satisfiable and response-satisfiable iff v is at least the value of the game (7). Unfortunately, simple
counterexamples (e.g., V = {(x, x) | x ∈ [0, 1]},v(a, b) = (a, b)) preclude this equivalence for
d > 1. The main result of (Blackwell, 1956) (see also a more modern exposition by (Abernethy
et al., 2011)) is that a different equivalence holds.

Proposition 9 ((Blackwell, 1956)) In the setting of Definition 8, the following are equivalent.

• V is response-satisfiable.

• V is halfspace-satisfiable.

9
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• V is approachable, i.e., for any sequence {bt}t∈N, there is a choice of {at}t∈N such that at
depends only on b[t−1], and such that

lim
t→∞

1

t

∑
s∈[t]

v(as,bs)→ V.

A quantitative, algorithmic variant of Proposition 9 was given by (Abernethy et al., 2011). To
explain its relevance to Section 3.2, we specialize our attention to sets V induced via a convex set
of distinguishers U ⊆ Rd, and a scalar ρ ∈ R. Specifically, we are interested in sets of the form

V :=

{
v ∈ Rd | sup

u∈U
⟨u,v⟩ ≤ ρ

}
. (8)

The function supu∈U ⟨u,v⟩ is called the support function of U in convex analysis. Intuitively,
we can view each member u ∈ U as a distinguisher that tests whether a given v ∈ Rd satisfies
⟨u,v⟩ ≤ ρ. If v passes all tests given by U , then we can certify v ∈ V as in (8).

Focusing on (8), i.e., sublevel sets of support functions, may seem restrictive. We first mention
that this specialization captures an important family of sets.

Lemma 10 If V ⊆ Rd is closed and convex, 0d ∈ V , and ρ > 0, there exists U so that (8) holds.

We defer the proof to Appendix A.
In fact, specializing to (8) is the first step in the reduction of (Abernethy et al., 2011) (see their

Proposition 2). The key observation of (Abernethy et al., 2011) is that if V is a convex cone (a set
closed under nonnegative linear combinations), then it satisfies (8) for ρ = 0 and U taken to be
the dual cone to V . Moreover, any convex set V ⊆ Rd can be lifted to a convex cone in Rd+1, by
defining the set

clift(V) :=
{
(v, c) ∈ Rd × R>0 |

v

c
∈ V

}
∪ {0d+1} .

Intuitively, the c = 1 “slice” of clift(V) projects to V in the first d dimensions, and the slice at an
arbitrary c ≥ 0 projects to cV . By converting between the distance of a point in Rd+1 to clift(V), and
the distance of its projection in Rd to V (paying an overhead of≈ diam(V)), (Abernethy et al., 2011)
show that approaching sets (8) suffices to derive a general algorithmic variant of Proposition 9.

3.2. Framework

We next provide a generalization of Algorithm 2, (Abernethy et al., 2011) that simultaneously ap-
proaches a collection of m convex sets of the form (8). In fact, under our oracle abstraction (to
be introduced in Definition 11), the convex sets we approach need not live in a finite-dimensional
space, and can come from an arbitrary Hilbert space. We formalize our problem setting here.

Problem 1 (Simultaneous Blackwell approachability) Let a, b,m ∈ N, let ρ, ε ≥ 0, and let
A ⊆ Ra and B ⊆ Rb be compact and convex. For all i ∈ [m], let V(i),U (i) ⊆ H(i) satisfy

V(i) :=

{
v ∈ H(i) | sup

u∈U(i)

⟨u,v⟩ ≤ ρ

}
, (9)

10
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whereH(i) is a Hilbert space. Let v(i) : A×B → H(i) be a bilinear, vector-valued function for all
i ∈ [m]. Our goal is to observe a sequence b[T ] ∈ BT , and to choose a[T ] ∈ AT so that at depends
on b[t−1] for all t ∈ [T ], and

max
i∈[m]

sup
u(i)∈U(i)

〈
u(i),

1

T

∑
t∈[T ]

v(i)(at,bt)

〉
≤ ρ+ ε. (10)

When m = 1 and ε → 0, the bound (10) implies that 1
T

∑
t∈[T ] v

(1)(at,bt) approaches the set
V(1), because it passes all tests induced by U (1). Equivalences between the regret bound (10) and
distance to V(1) are standard, e.g., Lemma 3 of (Abernethy et al., 2011). In Problem 1, we pose
a generalization allowing for m approachability instances, each with their own associated set V(i),
distinguishers U (i), and function v(i). The goal (10) then asks to approach allm sets simultaneously.

To achieve simultaneous approachability, we assume existence of the following type of oracle.

Definition 11 (Mixture linear optimization oracle) In the setting of Problem 1, we call O an ε-
mixture linear optimization oracle (MLOO) if on inputs w ∈ ∆m, and {u(i)}i∈[m] ∈

∏
i∈[m] U (i),

the oracle outputs a ∈ A satisfying∑
i∈[m]

wi

〈
u(i),v(i)(a,b)

〉
≤ ρ+ ε for all b ∈ B. (11)

We briefly interpret Definition 11 in the finite-dimensional setting. When the input w is a point
mass ei, the oracle definition is equivalent to finding a distribution P such that〈

u(i),v(i)(a,b)
〉
≤ ρ+ ε for all b ∈ B. (12)

Fortunately, we know (12) is achievable (even when ε = 0) whenever V(i) is approachable, because
for any u(i) ∈ U (i), the set {v |

〈
u(i),v

〉
≤ ρ} is a halfspace containing V(i). Proposition 9 shows

V(i) is approachable iff it is halfspace-satisfiable, a.k.a. there exists a achieving (12).

Remark 12 There is a natural equivalent formulation of Problem 1 that shed lights on how Def-
inition 11 naturally arises.6 In particular, Problem 1 can be viewed as an instance of (standard)
Blackwell approachability in the setting of (8). Consider the family of all tests

(a,b)→
〈
u(i),v(i)(a,b)

〉
, for all i ∈ [m], u(i) ∈ U (i).

By bilinearity of each v(i), each such test is also bilinear. Thus the goal of simultaneous Blackwell
approachability is simply to approach the scalar set {c | c ≤ ρ} with respect to this family of tests.
Each linear test passed by Definition 11 belongs to the convex hull of the tests that parameterize
this Blackwell approachability instance.

We next observe that in general, achievability of Definition 11 (and our goal (10)) are strictly
stronger requirements than each V(i) being individually approachable.

6. We thank the anonymous COLT reviewer for raising this comment.
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Lemma 13 There exists a simultaneous Blackwell approachability instance (Problem 1) where
each individual set V(i) is approachable, but a MLOO does not exist, and the simultaneous ap-
proachability bound (10) is impossible to achieve, for sufficiently small ε > 0.

Proof We take m = 2, ρ = 0, U (1) = U (2) = {1}, V(1) = V(2) = {c ∈ R | c ≤ 0}, A := ∆2, and

v(1)(a,b) := a1, v
(2)(a,b) := a2.

Clearly these are bilinear functions, and in fact independent of b ∈ B. Moreover, V(1) and V(2) are
both approachable, the former by repeatedly playing at ← e2, and the latter by repeatedly playing
bt ← e1. However, the mixture oracle fails for any ε < 1

2 by taking w := 1
2(e1 + e2), because for

any a ∈ A (and any b ∈ B), (11) would yield the false statement 1
2 =

∑
i∈[2]

1
2 · 1 · ai ≤ ε.

For this same instance, regarding the simultaneous approachability bound (10), no matter what
choices of {at,bt}t∈[T ] were played, the scalars 1

T

∑
t∈[T ] v

(1)(at,bt) and 1
T

∑
t∈[T ] v

(2)(at,bt)

must sum to 1. Thus, one of the inequalities (10), for i ∈ [2], must be violated for ε < 1
2 .

To ease applications, we give a unified recipe for constructing MLOOs in the case of supervised
multiclass prediction tasks in Appendix D.1, a setting where we show MLOOs always exist.

We are now ready to present the main result of this section. Our result reduces solving Problem 1
to the implementation of an MLOO (Definition 11) and online learners for each U (i).

Theorem 14 (Simultaneous Blackwell approachability) In the setting of Problem 1, assume we
have access to O, an ε-MLOO. Further, for all i ∈ [m] and T ∈ N, assume there is an online
learner alg(i) that takes inputs (a[T ],b[T ]) ∈ AT × BT , and outputs u

(i)
[T ] such that u(i)

t ∈ U (i)

depends only on a[t−1] and b[t−1], and

sup
u(i)∈U(i)

∑
t∈[T ]

〈
v(i)(at,bt),u

(i) − u
(i)
t

〉
≤ reg(i)(T ), (13)

for some reg(i) : N→ R≥0. Finally, assume∣∣∣〈v(i)(a,b),u(i)
〉∣∣∣ ≤ L (14)

for all i ∈ [m], (a,b) ∈ A × B, and u(i) ∈ U (i). Then, for any b[T ] ∈ BT , Algorithm 1 produces
a[T ] ∈ AT such that at depends only on b[t−1], and

sup
u(i)∈U(i)

〈
u(i),

1

T

∑
t∈[T ]

v(i)(at,bt)

〉
≤ ρ+ ε+

reg(i)(T ) + L
√
2T log(m)

T
for all i ∈ [m].

We defer the proof of Theorem 14 to Appendix B. We note that Theorem 14 extends to substan-
tially more general settings, including ones where u(i) is a function parameterized by a context, and
we can only access v(i) through an unbiased estimator. We state these extensions in Problem 2 and
Corollary 18, for ease of use in our applications as well as future work.
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4. Organization of Appendices

Due to space limitations, we defer the applications of our simultaneous Blackwell approachability
framework to binary omniprediction and multiclass omniprediction, respectively, to Appendices C
and D. Here, we overview the main results of these sections, and highlight a key technical contribu-
tion (Appendix D.1) that allows us to leverage Theorem 14 in our omniprediction applications.

Binary omniprediction. As a warmup, we rederive the main results of (Okoroafor et al., 2025) for
binary omniprediction in Appendix C. Using Lemma 5, we recall how to express F-multiaccuracy
(Definition 3) andW-calibration (Definition 4) in terms of Blackwell approachability: we use ap-
proachibility sets and payoffs given by

U (1) := ∆N , v(1)(a, b) := {Ep∼a [(p− b) sign(p− s)]}s∈N ,

U (2) := {dℓ ◦ c}ℓ∈L,c∈C , v(2)(a, b) := Ep∼a [p− b] .

Note that our definition of U (2) above is exactly the set F in Proposition 7, and our definition of
v(1) implements distinguishers induced by particular elements of the setW in Proposition 7, which
form an approximate basis forW via Lemma 21.

Importantly, (Okoroafor et al., 2025) gave an explicit construction of an MLOO in the binary
setting; combining this oracle with an appropriate calibration algorithm, as well as online learn-
ers against comparator classes, then yields our main results. We give an end-to-end efficient om-
nipredictor for GLMs in Theorem 30, as well as extensions to more general settings in Theorem 35.

Multiclass omniprediction. A challenge in extending (Okoroafor et al., 2025) to the multiclass
setting is that their MLOO construction does not appear to generalize to high dimensions, neces-
sitating a new approach. To enable the use of our framework, in Appendix D.1, we give a generic
oracle construction for applications of simultaneous approachability to prediction tasks. This con-
struction crucially uses that the vector-valued v(i) in certifying calibration and multiaccuracy are
bounded linear transforms of the same function. We show how to apply the minimax theorem and
linear programming to construct an MLOO for any such bounded linear transforms.

Combining this result with known characterizations of multiclass GLMs (i.e., Lemma 6) enables
us to prove Theorem 1 (cf. Theorem 43), and we similarly give a general extension in Theorem 46.
Notably, our set U (1) used to certify W-calibration becomes substantially larger compared to its
k = 2 counterpart, Theorem 30: we take it to be [−1, 1]N×k for N an ε-net of ∆k in the ℓ1 norm,
whose size leads to our exponential dependence on k in our final results.

We are optimistic about the applicability of our techniques to future multiobjective optimization
problems. To give an example of such potential applications, in Appendix E, we overview how to
extend our omniprediction results to omnipredict against multiple comparator families, which has
previously been left largely undiscussed by the literature. Indeed, very little about our framework
changes in this application due to the flexibility of our MLOO construction.
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Appendix A. Deferred proofs

We prove Lemma 5 here.

Lemma 5 Let ℓ : Ω× ∂∆k be a loss function, and define its discrete derivative dℓ : Ω→ Rk:

[dℓ(t)]i := ℓ(t, ei) for all i ∈ [k]. (4)

Then for any t ∈ Ω, p ∈ ∆k, and q ∈ ∆k, Ey∼p [ℓ(t,y)] − Ey∼q [ℓ(t,y)] = ⟨dℓ(t),p− q⟩.
Moreover, the same is true if we redefine dℓ(t)← dℓ(t)− α(t)1k for any α(t) ∈ R.

Proof It suffices to expand definitions, e.g., Ey∼p[ℓ(t,y)] = ⟨dℓ(t),p⟩, and 1⊤k p = 1⊤k q = 1.

We prove Lemma 10 here.

Lemma 10 If V ⊆ Rd is closed and convex, 0d ∈ V , and ρ > 0, there exists U so that (8) holds.

Proof It suffices to take U = ρV◦, where V◦ := {u ∈ Rd | supv∈V ⟨u,v⟩ ≤ 1} is the polar
set. That V◦ satisfies (8) with ρ = 1 is by the well-known fact V◦◦ = V (see e.g., Theorem 14.5,
(Rockafellar, 1970a)).

We prove Proposition 7 here.

Proposition 7 Following notation from Definition 2 and (4), in the online setting, if p[T ] satisfies
ε1-(x[T ],y[T ],F)-multiaccuracy and ε2-(y[T ],W)-calibration for

F := {dℓ ◦ c}ℓ∈L,c∈C , W := {−dℓ ◦ k⋆
ℓ}ℓ∈L ,

then p[T ] is an (ε1 + ε2)-omnipredictor for (x[T ],y[T ],L, C).
In the statistical setting, if p : Rd → ∆k satisfies ε1-(D,F)-multiaccuracy and ε2-(D,W)-

calibration, then p is an (ε1 + ε2)-omnipredictor for (D,L, C).

Proof We begin with the statistical setting. By definition of k⋆
ℓ , for all ℓ ∈ L and c ∈ C,

Ex∼Dx

[
Ey∼p(x) [ℓ (k

⋆
ℓ (p(x)),y)]

]
≤ Ex∼Dx

[
Ey∼p(x) [ℓ (c(x),y)]

]
, (15)

and thus

E(x,y)∼D [ℓ (k⋆
ℓ (p(x)),y)] = E(x,y)∼D [ℓ (k⋆

ℓ (p(x)),y)]− Ex∼Dx

[
Ey∼p(x) [ℓ (k

⋆
ℓ (p(x)),y)]

]
+ Ex∼Dx

[
Ey∼p(x) [ℓ (k

⋆
ℓ (p(x)),y)]

]
− Ex∼Dx

[
Ey∼p(x) [ℓ (c(x),y)]

]
+ Ex∼Dx

[
Ey∼p(x) [ℓ (c(x),y)]

]
− E(x,y)∼D [ℓ (c(x),y)]

+ E(x,y)∼D [ℓ (c(x),y)]

≤ E(x,y)∼D [ℓ (k⋆
ℓ (p(x)),y)]− Ex∼Dx

[
Ey∼p(x) [ℓ (k

⋆
ℓ (p(x)),y)]

]
+ Ex∼Dx

[
Ey∼p(x) [ℓ (c(x),y)]

]
− E(x,y)∼D [ℓ (c(x),y)]

+ E(x,y)∼D [ℓ (c(x),y)] ,
(16)

where the second line in (16) was bounded by (15). Taking an expectation of Lemma 5 over x ∼ Dx,

E(x,y)∼D [ℓ (k⋆
ℓ (p(x)),y)]− Ex∼Dx

[
Ey∼p(x) [ℓ (k

⋆
ℓ (p(x)),y)]

]
= E(x,y)∼D [⟨dℓ(k

⋆
ℓ (p(x))),y − p(x)⟩] ,

Ex∼Dx

[
Ey∼p(x) [ℓ (c(x),y)]

]
− E(x,y)∼D [ℓ (c(x),y)] = E(x,y)∼D [⟨dℓ(c(x)),p(x)− y⟩] ,

18



SIMULTANEOUS BLACKWELL APPROACHABILITY AND MULTICLASS OMNIPREDICTION

and the conclusion follows by applying Definitions 3 and 4. The online setting is similar:

1

T

∑
t∈[T ]

ℓ(k⋆
ℓ (pt),yt) =

1

T

∑
t∈[T ]

(ℓ(k⋆
ℓ (pt),yt)− Ey∼pt [ℓ(k

⋆
ℓ (pt),y)])

+
1

T

∑
t∈[T ]

(Ey∼pt [ℓ(k
⋆
ℓ (pt),y)]− Ey∼pt [ℓ(c(xt),y)])

+
1

T

∑
t∈[T ]

(Ey∼pt [ℓ(c(xt),y)]− ℓ(c(xt),yt)) +
1

T

∑
t∈[T ]

ℓ(c(xt),yt)

at which point the conclusion again follows from Definitions 3 and 4, because for all t ∈ [T ],

ℓ(k⋆
ℓ (pt),yt)− Ey∼pt [ℓ(k

⋆
ℓ (pt),y)] = ⟨dℓ(k

⋆
ℓ (pt)),yt − pt⟩ ,

Ey∼pt [ℓ(c(xt),y)]− ℓ(c(xt),yt) = ⟨dℓ(c(xt)),pt − yt⟩ .

Appendix B. Proofs for Simultaneous Blackwell Approachability

Before we dive into our proof of Theorem 14, to instantiate our framework, we require various
online learning algorithms from the literature. We begin by stating a general fact about the general-
ization of stochastic mirror descent methods.7

Lemma 15 (Lemma 9, (Hu et al., 2025)) Let T ∈ N, η > 0, δ ∈ (0, 1), let X ⊆ Rd have
diameter ≤ R in ∥·∥. Let r : X → R be 1-strongly convex in a norm ∥·∥ such that maxx∈X r(x)−
minx∈X r(x) ≤ Θ, and let x1 := argminx∈X r(x). For a sequence of deterministic vectors
{gt}t∈[T ] such that gt can depend on all randomness used in iterations t ∈ [T ], let

xt+1 ← argmin
x∈X
{⟨ηg̃t −∇r(xt),x⟩+ r(x)} , where E [g̃t | g̃1, . . . , g̃t−1] = gt, for all t ∈ [T ].

Further suppose ∥g̃t∥∗ ≤ L deterministically. Then for some choice of η, with probability ≥ 1− δ,

sup
x∈X

∑
t∈[T ]

⟨gt,xt − x⟩ ≤ 4L
√
TΘ+ 16LR

√
T log

(
2

δ

)
.

We will apply two specializations of Lemma 15, where r is either a Euclidean regularizer (pro-
jected gradient descent), or negative entropy over the probability simplex (multiplicative weights).
Finally, for deterministic applications of Lemma 15, we state the following sharper bound.

Lemma 16 (Theorem 4.2, (Bubeck, 2015)) In the setting of Lemma 15, if g̃t = gt in every itera-
tion,

sup
x∈X

∑
t∈[T ]

⟨gt,xt − x⟩ ≤ L
√
2TΘ.

7. Lemma 9 of (Hu et al., 2025) only claims this result for an ℓ2 setup, but the same argument extends to all stochastic
mirror descent setups as the result simply bounds the random error term via martingale concentration.
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Now we are ready to prove Theorem 14 here.

Theorem 14 (Simultaneous Blackwell approachability) In the setting of Problem 1, assume we
have access to O, an ε-MLOO. Further, for all i ∈ [m] and T ∈ N, assume there is an online
learner alg(i) that takes inputs (a[T ],b[T ]) ∈ AT × BT , and outputs u

(i)
[T ] such that u(i)

t ∈ U (i)

depends only on a[t−1] and b[t−1], and

sup
u(i)∈U(i)

∑
t∈[T ]

〈
v(i)(at,bt),u

(i) − u
(i)
t

〉
≤ reg(i)(T ), (13)

for some reg(i) : N→ R≥0. Finally, assume∣∣∣〈v(i)(a,b),u(i)
〉∣∣∣ ≤ L (14)

for all i ∈ [m], (a,b) ∈ A × B, and u(i) ∈ U (i). Then, for any b[T ] ∈ BT , Algorithm 1 produces
a[T ] ∈ AT such that at depends only on b[t−1], and

sup
u(i)∈U(i)

〈
u(i),

1

T

∑
t∈[T ]

v(i)(at,bt)

〉
≤ ρ+ ε+

reg(i)(T ) + L
√
2T log(m)

T
for all i ∈ [m].

Proof The algorithm is presented in Algorithm 1, and we follow the notation therein throughout.
By observation, the algorithm computes at on Line 2 before observing bt. We first show

max
i∈[m]

1

T

∑
t∈[T ]

〈
u
(i)
t ,v

(i)
t

〉
= sup

w∈∆m

1

T

∑
t∈[T ]

⟨w,gt⟩ ≤ ρ+ ε+
L
√

2T log(m)

T
. (17)

Indeed, this follows from

sup
w∈∆m

1

T

∑
t∈[T ]

⟨w,gt⟩ =
1

T

∑
t∈[T ]

⟨wt,gt⟩+ sup
w∈∆m

1

T

∑
t∈[T ]

⟨w −wt,gt⟩

≤ ρ+ ε+
L
√
2T log(m)

T
.

(18)

Here, we bounded the first term in the right-hand side of the first line by using the oracle guarantee
(11), which holds for any bt used to define each gt. Moreover, to bound the second term, we
observe that Lines 2 and 2 are implementing multiplicative weight updates, i.e., Lemma 16 with
r(w) =

∑
i∈[m]wi logwi, using feedback vectors gt satisfying ∥gt∥∞ ≤ L by assumption (14).

Next we complete the proof: given (17) and the regret bound (13), for all i ∈ [m],

sup
u(i)∈U(i)

〈
u(i),

1

T

∑
t∈[T ]

v
(i)
t

〉
≤ 1

T

∑
t∈[T ]

〈
u
(i)
t ,v

(i)
t

〉
+ sup

u(i)∈U(i)

1

T

∑
t∈[T ]

〈
u(i) − u

(i)
t ,v

(i)
t

〉
≤ ρ+ ε+

reg(i)(T ) + L
√

2T log(m)

T
.
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Algorithm 1: SimultaneousApproach(b[T ], {alg(i)}i∈[m],O)

Input: Online sequence b[T ] ∈ BT , online learners {alg(i)}i∈[m] satisfying (13), ε-MLOO O
(following notation in Problem 1, Definition 11)

Output: a[T ] ∈ AT such that each at is output before observing bt

w1 ← 1
m1m

u
(i)
1 ← alg(i)({}) for all i ∈ [m]

// Initialize each u
(i)
1 as alg(i) does before observing any

examples.

a1 ← O(w1, {u(i)
1 }i∈[m])

η ← 1
L ·
√

2 log(m) · T−1/2

for 2 ≤ t ≤ T do
v
(i)
t−1 ← v(i)(at−1,bt−1) for all i ∈ [m]

gt−1 ← vector in Rm such that [gt−1]i = ⟨u(i)
t−1,v

(i)
t−1⟩ for all i ∈ [m]

u
(i)
t ← alg(i)(v

(i)
[t−1]) for all i ∈ [m]

wt ← wt−1 ◦ exp(ηgt−1)
// ◦ denotes entrywise multiplication and exp is applied

entrywise.

wt ← wt ∥wt∥−1
1

at ← O(wt, {u(i)
t }i∈[m])

end
Return: a[T ]
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Theorem 14 in fact holds in a much more general setting than captured by simultaneous Black-
well approachability (Problem 1). Indeed, both the statement of Theorem 14 and the MLOO def-
inition do not explicitly specify sets V(i) distinguished by the corresponding U (i) in the sense of
(9). For our applications to online omniprediction, we require a more general version of Theo-
rem 14, where each U (i) consists of functions u(i) : X → H(i), taking as input a context x from
some domain X . For these uses, we generalize Problem 1 and Definition 11, and give an analog of
Theorem 14.

Problem 2 (Contextual Blackwell approachability) Let a, b,m ∈ N, let ε ≥ 0, let A and B be
subsets of vector spaces, and let X be an abstract domain of contexts. For all i ∈ [m], let U (i)

consist of functions u(i) : X → H(i), where H(i) is a Hilbert space. Let v(i) : A × B → H(i) be
a bilinear, vector-valued function for all i ∈ [m]. Our goal is to observe sequences b[T ] ∈ BT and
x[T ] ∈ X T , and to choose a[T ] so that at depends on b[t−1] and x[t] for all t ∈ [T ], and

max
i∈[m]

sup
u(i)∈U(i)

1

T

∑
t∈[T ]

〈
u(i)(xt),v

(i)(at,bt)
〉
≤ ε.

When each U (i) consists only of constant functions, i.e., each u(i) ∈ U (i) can only take on one value,
we abuse notation and let U (i) ⊆ H(i) represent a set of u(i) ∈ H(i).

Definition 17 (Contextual mixture linear optimization oracle) In the setting of Problem 2, we
call O an ε-contextual mixture linear optimization oracle (CMLOO) if on inputs w ∈ ∆m, x ∈ X ,
and {u(i)}i∈[m] ∈

∏
i∈[m] U (i), the oracle outputs a ∈ A satisfying∑

i∈[m]

wi

〈
u(i)(x),v(i)(a,b)

〉
≤ ε for all b ∈ B. (19)

We now state our extension of Theorem 14.
In our statement, we allow for unbiased estimators of the CMLOO outputs to be played, and

give a high-probability guarantee on the error. We also allow for improper learners that satisfy (20),
but output hypotheses from an (appropriately bounded) different set than U (i).

Corollary 18 In the setting of Problem 2, assume we have access toO, an ε-CMLOO. Further, for
all i ∈ [m] and T ∈ N, assume there is an online learner alg(i) that takes inputs (a[T ],b[T ],x[T ]) ∈
AT × BT × X T , and outputs u(i)

[T ] ∈ ((U ′)(i))T such that u(i)
t depends only on a[t−1], b[t−1], and

x[t], and

sup
u(i)∈U(i)

∑
t∈[T ]

〈
v(i)(at,bt),u

(i)(xt)− u
(i)
t (xt)

〉
≤ reg(i)(T ), (20)

for some reg(i) : N→ R≥0. Finally, assume∣∣∣〈v(i)(a,b),u(i)(x)
〉∣∣∣ ≤ L (21)

for all i ∈ [m], (a,b,x) ∈ A × B × X , and u(i) ∈ U (i) ∪ (U ′)(i). Then, for any (b[T ],x[T ]) ∈
BT × X T , Algorithm 2 produces p[T ] ∈ AT such that pt depends only on b[t−1] and x[t], and for
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Algorithm 2: ContextualSimultaneousApproach(b[T ],x[T ], {alg(i)}i∈[m],O)

Input: Online sequences b[T ] ∈ BT , x[T ] ∈ X T , online learners {alg(i)}i∈[m] satisfying (20),
ε-CMLOO O (following notation in Problem 2, Definition 17)

Output: a[T ] ∈ AT such that each at is output after observing xt and before observing bt

w1 ← 1
m1m

u
(i)
1 ← alg(i)({}) for all i ∈ [m]

a1 ← O(w1, {u(i)
1 }i∈[m])

η ← 1
L ·
√

2 log(m) · (5T )−1/2

for 2 ≤ t ≤ T do
v
(i)
t−1 ← v(i)(pt−1,bt−1) for all i ∈ [m]

g̃t−1 ← vector in Rm such that [g̃t−1]i = ⟨u(i)
t−1(xt−1),v

(i)
t−1⟩ for all i ∈ [m]

u
(i)
t ← alg(i)(v

(i)
[t−1]) for all i ∈ [m]

wt ← wt−1 ◦ exp(ηg̃t−1)

wt ← wt ∥wt∥−1
1

at ← O(wt,xt, {u(i)
t }i∈[m])

pt ← any random element of A such that E[pt | a[t−1],b[t−1]] = at
end
Return: p[T ]

any δ ∈ (0, 1),

sup
u(i)∈U(i)

1

T

∑
t∈[T ]

〈
u(i)(xt),v

(i)(pt,bt)
〉
≤ ε+

reg(i)(T ) + 28L
√
T log(4mδ )

T
for all i ∈ [m],

(22)
with probability at least 1− δ over the randomness of the p[T ].

Proof The proof is largely analogous to Theorem 14, substituting the contexts x[T ] as necessary.
The key difference is in (18), which no longer holds deterministically. We instead apply the variant
in Lemma 15 with the g̃[T ] as defined in Algorithm 2. Note that this is unbiased for gt with entries

⟨u(i)
t ,v(i)(at,bt)⟩, by linearity of each v(i) in its first argument. Thus, in place of (18),

sup
w∈∆m

1

T

∑
t∈[T ]

⟨w, g̃t⟩ =
1

T

∑
t∈[T ]

⟨wt,gt⟩+
1

T

∑
t∈[T ]

⟨wt, g̃t − gt⟩+ sup
w∈∆m

1

T

∑
t∈[T ]

⟨w −wt, g̃t⟩

≤ ε+ 1

T

∑
t∈[T ]

⟨wt, g̃t − gt⟩+ 20L

√
log(4mδ )

T
≤ ε+ 28L

√
log(4mδ )

T
,

with probability≥ 1−δ. Here, the first inequality used the CMLOO guarantee to bound ⟨wt,gt⟩ ≤
ε for all t ∈ [T ], as well as Lemma 15 with failure probability δ

2 to bound the last term. The
second inequality used the Azuma-Hoeffding inequality with the fact that each ⟨wt, g̃t − gt⟩ is
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mean-zero conditioned on the history, and bounded in [−2L, 2L]. We remark that the setting of η in
Algorithm 2 is for Lemma 15 to hold; see Lemma 9, (Hu et al., 2025) for additional discussion.

Appendix C. Binary Omniprediction

As a warmup, we consider the binary omniprediction setting, where we make predictions over k = 2
classes. We state some general preliminaries in Appendix C.1. In Appendices C.2 and C.3 we
apply our framework from Section 3 to reduce online and statistical omniprediction, respectively, to
appropriate low-regret learners. We complete our binary omniprediction results by providing these
low-regret learners in the linear (Appendix C.4) and general (Appendix C.5) classification settings.

For notational simplicity in this section only, we identify the binary simplex ∆2 with the pre-
diction interval [0, 1] and the boundary ∂∆2 with the label set {0, 1}, so e.g., in place of (5),

LGLM :=
{
ℓ : R× {0, 1} → R | ℓ(t, y) = ω(t)− ty, ω : R→ R convex with ω′ : R→ [0, 1]

}
.

(23)
We will also use standard script (rather than boldface) to denote any scalar-valued variables. Finally,
throughout the section we make the normalization assumptions that

X ⊆ Bd
2(1), c(x) ∈ [−1, 1] for all c ∈ C, x ∈ X ,

ℓ(t, y) ∈ [−1, 1] for all ℓ ∈ L, (t, y) ∈ [−1, 1]× {0, 1}.
(24)

All our results generalize to generic bounds on L and C in a scale-invariant way. For example, the
assumption (24) is enforced for LGLM by requiring that ω′(t) ∈ [0, 1] for all t ∈ [−1, 1].

C.1. Binary omniprediction preliminaries

We recall two useful characterizations of proper losses from prior work.

Lemma 19 (Lemma 3, (Kleinberg et al., 2023)) Let ℓ : Ω× ∂∆k → R be arbitrary. Then defin-
ing k⋆

ℓ as in (3), the function (p,y)→ ℓ(k⋆ℓ (p),y) is a proper loss.

Lemma 20 (Theorem 8, (Kleinberg et al., 2023)) For all s ∈ [0, 1] and (p, y) ∈ [0, 1]2, let

ℓs(p, y) := − |p− v|+ (p− y)sign(p− s). (25)

Then ℓs is proper for all s ∈ [0, 1], and for every bounded proper loss ℓ : [0, 1]× {0, 1} → [−1, 1],

ℓ(p, y)−
∫
wℓ(v)ℓv(p, y)dv

is a linear function in y, for some nonnegative weights {wℓ(v)}v∈[0,1] satisfying
∫ 1
0 wℓ(v)dv ≤ 2.

By combining Lemmas 19 and 20, (Okoroafor et al., 2025) showed that obtaining calibration
against the family of weights {−dℓ ◦ k⋆ℓ}ℓ∈L, as required by Proposition 7, can be reduced to cali-
bration against an appropriate basis of weights induced by the specific proper losses in (25).

24



SIMULTANEOUS BLACKWELL APPROACHABILITY AND MULTICLASS OMNIPREDICTION

Lemma 21 Let L be a family of losses over Ω × {0, 1} such that ℓ(ω, y) ∈ [−1, 1] for all ℓ ∈ L,
ω ∈ Ω, y ∈ {0, 1}. In the statistical setting, if p : Rd → [0, 1] satisfies ε-(D,Wthresh)-calibration
for

Wthresh := {w(p) = sign(p− s)}s∈[0,1] , (26)

it also satisfies 2ε-(D, {−dℓ ◦ k⋆ℓ}ℓ∈L)-calibration. In the online setting, if p[T ] ∈ [0, 1]T satisfies
ε-(y[T ],Wthresh)-calibration, it also satisfies 2ε-(y[T ], {−dℓ ◦ k⋆ℓ}ℓ∈L)-calibration.

C.2. Online binary omniprediction

We first consider the online binary omniprediction setting, i.e., Definition 2 with k = 2, for a family
of losses L and a family of comparators C. Throughout, let X ⊆ Rd be the support of our features.

Our starting point is an observation from (Okoroafor et al., 2025) that the (online variants of)
Definitions 3 and 4 can naturally be framed in the context of Problem 2. For a fixed parameter
ε ∈ (0, 1), we define

A := ∆N , B := [0, 1], (27)

where N := {iε}i∈[⌊ 1
ε
⌋] ∪ {0, 1} is an ε-net for [0, 1], and is viewed as a set of representative

thresholds. For simplicity of notation, we use p ∼ a to mean that p ∈ N is sampled according to a.
Note that the sequence b[T ] ∈ BT will eventually correspond to our (binary) online label space.

We next define the sets and payoff vectors in Problem 2, where sign(0) = 1 by convention:

U (1) := ∆N , v(1)(a, b) := {Ep∼a [(p− b) sign(p− s)]}s∈N ,

U (2) := {dℓ ◦ c}ℓ∈L,c∈C , v(2)(a, b) := Ep∼a [p− b] .
(28)

We remark that our definition of U (2) is exactly the set F in Proposition 7.
We equip both H(1) = RN and H(2) = R with the standard Euclidean inner product. Note that

v(1) is a function that takes (a, b) ∈ A×B to a vector in RN , whose coordinates are indexed byN .
Moreover, in a slight abuse of notation (as remarked on in Problem 2), U (1) consists of elements of
H(1), whereas U (2) consists of functions taking contexts from our domain X toH(2).

To use Corollary 18, we first instantiate the learner alg(1) as specified in (20).

Lemma 22 Following definitions (27), (28), there exists alg(1) such that for any (a[T ], b[T ]) ∈
AT × BT , alg(1) outputs u

(1)
[T ] ∈ (U (1))T such that u(1)

t depends only on a[t−1], b[t−1], and (20)
holds with

reg(1)(T ) :=

√
2T log

(
1

ε
+ 2

)
.

Proof The algorithm is multiplicative weights. More precisely, for all (at, bt) ∈ A× B,

∥v(1)(at, bt)∥∞ ≤ 1.

Therefore, Lemma 16 applies with L = 1 and ∥·∥ = ∥·∥1. We choose r(u) :=
∑

s∈N us logus, at
which point the standard bound Θ ≤ log(|N |) in Lemma 16 yields the conclusion.

Next, we recall a construction of a CMLOO (Definition 17) given by (Okoroafor et al., 2025).
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Lemma 23 (Lemma 3.11, (Okoroafor et al., 2025)) Following definitions (27), (28), and assum-
ing (24), there exists O, an ε-CMLOO.

Proof We state the algorithm in Algorithm 3. For notational simplicity, we fix inputs w = (q, r) ∈
∆2, x ∈ X , u := u(1) ∈ ∆N , and dℓ ◦ c := u(2) ∈ U (2) to the CMLOO. Also, let

f(a, b) := q
∑
s∈N

usEp∼a [(p− b)sign(p− s)] + rdℓ(c(x))Ep∼a[p− b],

so that following Definition 17, we wish to find a ∈ A such that f(a, b) ≤ ε for every b ∈ B. It is
helpful to define the “pure strategy” specialization of (29), i.e., where a is a point mass on s ∈ N :

h(p) := q
∑
s∈N

ussign(p− s) + rdℓ(c(x)). (29)

In particular, we have f(ep, b) = h(p)(b− p) in this special case. Observe that under (24), we have
for any p ∈ N that |h(p)| ≤ 1, because |c(x)| ≤ 1, |

∑
s∈N ussign(p− s)| ≤ 1, and q + r = 1.

Case 1: h(0) ≤ 0. In this case, Algorithm 3 outputs a = e0, which satisfies

f(a, b) = h(0)(b− 0) ≤ 0, for all b ∈ B.

Case 2: h(1) ≥ 0. In this case, we similarly have for a = e1,

f(a, b) = h(1)(b− 1) ≤ 0, for all b ∈ B.

Case 3: h(0) > 0 and h(1) < 0. In this case, there are adjacent (p, p′) ∈ N ×N with p ≤ p′ ≤
p + ε, h(p) ≥ 0, and h(p′) ≤ 0, and Algorithm 3 outputs a = |h(p′)|

|h(p)|+|h(p′)|ep +
|h(p)|

|h(p)|+|h(p′)|ep′ .
Then,

f(a, b) =
|h(p′)|

|h(p)|+ |h(p′)|
· h(p)(b− p) + |h(p)|

|h(p)|+ |h(p′)|
· h(p′)(b− p′)

=
|h(p′)|

|h(p)|+ |h(p′)|
· h(p)(b− p) + |h(p)|

|h(p)|+ |h(p′)|
· h(p′)(b− p)

+
|h(p)|

|h(p)|+ |h(p′)|
· h(p′)(b− p) · (p− p′)

=
|h(p)|

|h(p)|+ |h(p′)|
· h(p′)(b− p) · (p− p′) ≤ ε,

for all b ∈ B, where the last line used |p− p′| ≤ ε and | h(p)
|h(p)|+|h(p′)| · h(p

′)(b− p)| ≤ 1.

We conclude the section by showing how to apply Lemmas 22 and 23 within the context of
Proposition 7 to give our result on online binary omniprediction.

Corollary 24 (Online binary omniprediction) Let L be a family of loss functions and C, C′ be
families of comparators satisfying (24). Assume there exists an online learner alg(2) that takes
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Algorithm 3: CMLOO for binary omniprediction

Input: w = (q, r) ∈ ∆2, x ∈ X , u ∈ ∆N , c ∈ C, ℓ ∈ L
if h(0) ≤ 0 then

// Following definition (29).
return e0

else if h(1) ≥ 0 then
return e1

else
(p, p′)← elements in N ×N such that p ≤ p′ ≤ p+ ε, h(p) ≥ 0, h(p′) ≤ 0

return |h(p′)|
|h(p)|+|h(p′)|ep +

|h(p)|
|h(p)|+|h(p′)|ep′

inputs (v[T ],x[T ]) ∈ [−1, 1]T × X T , and outputs ℓ[T ] ∈ LT , c[T ] ∈ (C′)T ,8 such that (ℓt, ct)
depends only on v[t−1], x[t−1], and

sup
(ℓ,c)∈L×C

∑
t∈[T ]

vt(dℓ(c(xt))− dℓt(ct(xt))) ≤ reg(T ), (30)

for reg : N → R≥0 such that all T ≥ TL,C satisfy reg(T )
T ≤ ε. Then if T = Ω( 1

ε2
log( 1

δε)) + TL,C ,
we can produce p[T ] ∈ [0, 1]T , a 9ε-omnipredictor for (x[T ], y[T ],L, C), with probability ≥ 1− δ.

Proof Following notation in Proposition 7, it suffices to show how to produce p[T ] ∈ [0, 1]T satis-
fying 3ε-(x[T ], y[T ],F)-multiaccuracy and 6ε-(y[T ],W)-calibration, where we recall

F := {dℓ ◦ c}ℓ∈L,c∈C , W := {−dℓ ◦ k⋆ℓ}ℓ∈L .

We achieve this by using Corollary 18. From our definitions of U (1), v(1), U (2), and v(2) in (28), it is
clear that we may take L = 1 in (21). Now if we can satisfy the requirements (20) of Corollary 18,
playing any pt ∼ at as at is produced by the CMLOO in Lemma 23 in each iteration, gives

sup
u(i)∈U(i)

1

T

∑
t∈[T ]

〈
u(i)(xt),v

(i)(ept , bt)
〉
≤ ε+

reg(i)(T ) + 28
√
T log(8δ )

T
(31)

for i ∈ [2] with probability ≥ 1− δ. Condition on this event henceforth.
When i = 1, the guarantee in (31) exactly corresponds to (y[T ],Wthresh)-calibration, when

comparing with Definition 4 and Lemma 21.9 Similarly, when i = 2, (31) is exactly (x[T ], y[T ],F)-
multiaccuracy. Thus, it is enough to bound the right-hand side of (31) by 3ε in both cases, which
also results in 6ε-(y[T ],W)-calibration via Lemma 21. To do this we use the online learner from
Lemma 22 as alg(1), and the learner with guarantee (30) as alg(2), and take T as specified.

We postpone discussion of the construction of online learners alg(2) meeting the requirement
(30), for both specific and general pairs of L × C, to Appendices C.4 and C.5.

8. We include this additional flexibility for our applications in Appendix C.5, which may return improper hypotheses.
9. Our definition of U (1) formally only yields (y[T ],Wthresh)-calibration for the thresholds s ∈ N . However, because

we only play predictions in N , all weights induced by thresholds outside N agree with that of some threshold in N .
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C.3. Statistical binary omniprediction

We next consider statistical omniprediction, again with k = 2. However, we require a different
formulation of Problem 2. In this section, we let H(1) and H(2) be the Hilbert spaces of (norm)
square-integrable functions under D, taking X × {0, 1} → RN and X × {0, 1} → R respectively.
The inner products of u,v ∈ H(1) and u, v ∈ H(2) are the corresponding L2(D) inner products:

⟨u,v⟩ := E(x,y)∼D [⟨u(x, y),v(x, y)⟩] , ⟨u, v⟩ := E(x,y) [u(x, y)v(x, y)] .

Note that in this instance of Problem 2, there is no additional context x ∈ X , as it is implicitly
specified through our inner product definitions. Next, defineA to be the set of functions taking each
x ∈ X → a(x) ∈ ∆N , i.e.,

A :=
{
a : X → ∆N} . (32)

As before, N is an ε-net for [0, 1] that includes {0, 1}, and we write p ∼ a(x) to mean p ∈ N is
sampled as specified by a(x) ∈ ∆N . Also, our payoff vectors v(1) and v(2) will be independent of
b ∈ B, so we simply let B = ∅ and drop the input b from v(1), v(2).

Finally, we let

U (1) := ∆N , v(1)(a)(x, y) :=
{
Ep∼a(x) [(p− y)sign(p− s)]

}
s∈N ,

U (2) := {dℓ ◦ c}ℓ∈L,c∈C , v(2)(a)(x, y) := Ep∼a(x)[p− y].
(33)

As before, U (1) is interpreted as the family of constant functions overX×{0, 1}with range ∆N , and
dℓ ◦ c ∈ U (2) acts on (x, y) ∈ X × {0, 1} by discarding y and outputting dℓ(c(x)). We also specify
the functions v(1)(a) ∈ H(1) and v(2)(a) ∈ H(2) by their actions on an element (x, y) ∈ X×{0, 1}.

With this setup in hand, we now extend Lemmas 22 and 23 to the statistical setting.

Lemma 25 Let δ ∈ (0, 1). Following definitions (32), (33), there exists alg(1) such that for any
a[T ] ∈ AT , alg(1) outputs u(1)

[T ] ∈ (U (1))T such that u(1)
t depends only on a[t−1], and (20) holds with

reg(1)(T ) := 20

√
T log

(
4

δε

)
,

with probability ≥ 1− δ, where for each t ∈ [T ], we require one i.i.d. draw (xt, yt) ∼ D.

Proof More concretely, our goal in (20) is to have

sup
u∈∆N

∑
t∈[T ]

〈
E(x,y)∼D

[
v(1)(at)(x, y)

]
,u− ut

〉
≤ reg(1)(T ).

For any at we have an unbiased estimator of E(x,y)∼D[v
(1)(at)(x, y)] conditioned on the history,

with entries always in [−1, 1], under our assumed sample access toD. Thus, the conclusion follows
by applying the variant of multiplicative weights in Lemma 15 with L = 1 and Θ = log(1ε + 2).

Lemma 26 Following definitions (32), (33), and assuming (24), there exists O, an ε-CMLOO.
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Proof The CMLOO is unchanged from Lemma 23, except we now return a function a ∈ H(1) such
that for any x ∈ X , we let a(x) have the same output as Algorithm 3 with context x. Then, for any
auxiliary inputs w = (q, r) ∈ ∆2, u ∈ ∆N , c ∈ C, and ℓ ∈ L, we have for all y ∈ [0, 1],

q
∑
s∈N

usEp∼a(x) [(p− y)sign(p− s)] + rdℓ(c(x))Ep∼a(x)[p− y] ≤ ε, for all x ∈ X .

Taking expectations over the above display over (x, y) ∼ D then yields the CMLOO guarantee

E(x,y)∼D

[
q
〈
u,v(1)(a)

〉
+ rdℓ(c(x))Ep∼a(x)[p− y]

]
≤ 0.

We can now derive the statistical analog of Corollary 24, again postponing the discussion of
online learners meeting (34) to Appendices C.4 and C.5.

Corollary 27 (Statistical binary omniprediction) Let L be a family of loss functions and C, C′
be families of comparators satisfying (24). Assume there exists an online learner alg(2) that takes
inputs {vt : X × {0, 1} → R}t∈[T ], and outputs ℓ[T ] ∈ LT , c[T ] ∈ (C′)T , such that (ℓt, ct) depends
only on v[t−1], and

sup
(ℓ,c)∈L×C

∑
t∈[T ]

⟨vt, dℓ(c)− dℓt(ct)⟩ ≤ reg(T ), (34)

for reg : N → R≥0 such that all T ≥ TL,C satisfy reg(T )
T ≤ ε with probability ≥ 1 − δ

2 . Then if
T = Ω( 1

ε2
log( 1

δε)) + TL,C , we can produce p : X → [0, 1], a 9ε-omnipredictor for (D,L, C), with
probability ≥ 1− δ, given T i.i.d. samples from D.

Proof The proof is completely analogous to Corollary 24 but using (34) and Lemmas 25, 26 in place
of (30) and Lemmas 22, 23. The conclusion is that we can return {pt : X → [0, 1]}t∈[T ] satisfying
F-multiaccuracy andW-calibration on average, i.e., for all f ∈ F and w ∈ W in Proposition 7,

E(x,y)∼D

 1

T

∑
t∈[T ]

⟨pt(x)− y, f(x)⟩

 ≤ 3ε,

E(x,y)∼D

 1

T

∑
t∈[T ]

⟨pt(x)− y,w(pt(x))⟩

 ≤ 6ε,

simultaneously except with probability δ (taking a union bound over (34) and Lemma 25 with
δ ← δ

2 ). By linearity of expectation, outputting p ← pt for a uniformly random t ∈ [T ] satisfies
F-multiaccuracy andW-calibration, so applying Proposition 7 to this p gives the result.
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C.4. Generalized linear models

In this section, we specialize Corollary 24 and 27 to the setting of generalized linear models, where
L := LGLM as defined in (5), and C := Clin where

Clin :=
{
c(x) := ⟨c,x⟩ | c ∈ Bd

2(1)
}
. (35)

We conflate the actual linear classifier c ∈ Bd
2(1) with a function c : X → [−1, 1] by using boldface,

so e.g., ct ∈ Bd
2(1) corresponds to the function ct = ⟨ct, ·⟩ ∈ Clin. Recalling (6), we take the discrete

derivative dℓ to be negation for all ℓ ∈ LGLM, so F in Proposition 7 is equivalent to Clin because Clin
is closed under negation. We next require online learners satisfying (30), (34).

Lemma 28 Assuming (24) holds, there exists alg(2) such that for any (v[T ],x[T ]) ∈ [−1, 1]T ×X T ,
alg(2) outputs c[T ] ∈ (Bd

2(1))
T in O(dT ) time, such that ct only depends on v[t−1],x[t−1], and

sup
c∈Clin

∑
t∈[T ]

vt ⟨xt, c− ct⟩ ≤
√
T .

Proof This follows from Lemma 16 with X ← Bd
2(1) and r(c) := 1

2 ∥c∥
2
2, where we take gt :=

−vtxt so that our application satisfies ∥gt∥2 ≤ L := 1 and Θ ≤ 1
2 , because ∥xt∥2 ≤ 1 under (24).

Lemma 29 Let δ ∈ (0, 1). Assuming (24) holds, there exists alg(2) such that for any {vt : X ×
{0, 1} → [−1, 1]}t∈[T ], alg

(2) outputs c[T ] ∈ (Bd
2(1))

T in O(dT ) time, such that ct only depends
on v[t−1], and

sup
c∈Clin

∑
t∈[T ]

E(x,y)∼D [vt(x, y) ⟨x, c− ct⟩] ≤ 20

√
T log

(
2

δ

)
,

with probability ≥ 1− δ, where for each t ∈ [T ], we require one i.i.d. draw (xt, yt) ∼ D.

Proof The proof is identical to Lemma 28, where we use Lemma 15 in place of Lemma 16, granting
us unbiased access to gt := E(x,y)∼D[vt(x, y)x] under our sampling assumption.

We now combine the pieces to give our result on omnipredicting (binary) generalized linear
models.

Theorem 30 (Binary generalized linear models) Let δ ∈ (0, 1), let L := LGLM and C := Clin
defined in (23), (35) respectively, and assume (24) holds. Then if

T = Ω

(
log
(

1
δε

)
ε2

)

for an appropriate constant, in the online setting, we can output p[T ] ∈ [0, 1]T , an ε-omnipredictor
for (xT , y[T ],L, C), in time O((d + 1

ε )T ) with probability ≥ 1 − δ. In the statistical setting, we
can output p : X → [0, 1], an ε-omnipredictor for (D,L, C), in time O((d+ 1

ε )T ) with probability
≥ 1− δ, given T i.i.d. samples from D, such that p can be evaluated in time O(d+ 1

ε ).
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Proof The result on online omniprediction is immediate by combining Corollary 24 and Lemma 28,
and adjusting ε ← ε

9 . For the result on statistical omniprediction, the result similarly follows from
Corollary 27 and Lemma 29. Note that we take C = C′ in these applications.

To evaluate p as specified in Corollary 27,10 we store the values of all inputs to Algorithm 2 for
each iteration. We can compute the function h(s) in (29) for all s ∈ N in O(1ε ) time, after spending
O(d) time to evaluate some ct(x). This complexity also dominates the cost of each iteration.

C.5. General classifiers and losses

We finally consider Corollary 24 and Corollary 27 for general loss functions L and general com-
parators C that satisfy (24). To state the guarantees of our online learners satisfying (30), (34), we
define the following complexity measure parameters of a function class F .

Definition 31 (Statistical Rademacher complexity) Let F be a class of functions f : X → R, D
be a distribution over X , and T ∈ N. The statistical Rademacher complexity of F is defined to be

radT (F) := E{xt}t∈[T ]∼i.i.d.D

Eσ[T ]∼unif.{±1}T

sup
f∈F

1

T

∑
t∈[T ]

σtf(xt)

 .
Definition 32 (Sequential Rademacher complexity) Let F be a class of functions f : X → R
and T ∈ N. The sequential Rademacher complexity of F is defined to be

sradT (F) := sup
{xt:{±1}t−1→X}t∈[T ]

Eσ[T ]∼unif.{±1}T

sup
f∈F

1

T

∑
t∈[T ]

σtf(xt(σ[t−1]))

 .
For the online setting, we use the following result from (Okoroafor et al., 2025).

Lemma 33 (Theorem 4.5, (Okoroafor et al., 2025)) In the setting of Corollary 24, let F := {dℓ ◦
c}ℓ∈L,c∈C . There exists alg(2) such that for any (v[T ],x[T ]) ∈ [−1, 1]T × X T , alg(2) outputs c[T ],
such that ct ∈ C′ only depends on v[t−1],x[t−1], and

sup
c∈C

∑
t∈[T ]

vt (dℓ(c(xt))− dℓt(ct(xt))) ≤ 2T · sradT (F) .

We remark that Lemma 33 is based on a computationally-inefficient (indeed, nonconstructive)
argument from (Rakhlin et al., 2015), but that the regret bound is known to be tight up to a constant
factor (Theorem 4.5, (Okoroafor et al., 2025)). For specific pairs (L, C), e.g., the ones in Lemma 28,
it is possible to design more explicit online learners, so in general the computational cost depends
on the setting.

For the statistical setting, we similarly use the following result.

10. We preprocess the indices in [T ] so a uniform sample is attainable in O(1) time, e.g., via the alias method.
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Lemma 34 (Lemma 7.4, Lemma 7.6, (Okoroafor et al., 2025)) In the setting of Corollary 27, let
δ ∈ (0, 1) and F := {dℓ ◦ c}ℓ∈L,c∈C . Let V ⊆ {v : X × {0, 1} → [−1, 1]}. There exists alg(2) such
that for any v[T ] ∈ VT , alg(2) outputs c[T ], making O(T 1.5) calls to an ERM oracle for F over T
samples per iteration, such that ct ∈ C′ only depends on v[t−1], and for a universal constant C,

sup
c∈C

∑
t∈[T ]

E(x,y)∼D [vt(x, y) (dℓ(c(x))− dℓt(ct(x)))] ≤ C

(√
T · log 1

δ
+ T · radT (F · V)

)
,

with probability ≥ 1− δ, where for each t ∈ [T ], we require T i.i.d. draws ∼ D.

In the statement of Lemma 34, we let F · V consist of functions (x, y) 7→ f(x)v(x, y) for
f ∈ F and v ∈ V , and an ERM oracle for F finds minf∈F

1
n

∑
i∈[n]wif(xi, yi) over some dataset

{(xi, yi)} of n i.i.d. draws from D, and some weights w ∈ Rn. The computational complexity of
implementing such an oracle again typically depends on the specific setting.

Finally, we conclude with our main result for binary omniprediction in the general case.

Theorem 35 (General binary omniprediction) Let L be a family of loss functions and C be a
family of comparators such that (24) holds, let F := {dℓ ◦ c}ℓ∈L,c∈C , and let δ ∈ (0, 1). Let T seq

L,C ,
T stat
L,C be such that all T ≥ T seq

L,C satisfy sradT (F) ≤ ε
9 , and all T ≥ T stat

L,C satisfy radT (F ·V) ≤ ε
18C ,

where V consists of functions (x, y) → p(x) − y for all possible p : X → [0, 1] outputted by the
CMLOO in Lemma 26 given classes C,L. Then if

T = Ω

(
log
(

1
δε

)
ε2

)
+ T

seq
L,C ,

for an appropriate constant, in the online setting, we can output p[T ] ∈ [0, 1]T , an ε-omnipredictor
for (xT , y[T ],L, C), with probability ≥ 1− δ. If

T = Ω

(
log
(

1
δε

)
ε2

)
+ T stat

L,C ,

for an appropriate constant, in the statistical setting, we can output p : X → [0, 1], an ε-
omnipredictor for (D,L, C), with probability ≥ 1− δ, given T 2 i.i.d. samples from D and O(T 2.5)
calls to an ERM oracle for F .

Proof The proof is largely the same as the proof for Theorem 30. We apply Lemma 33 within
Corollary 24 for the online setting and Lemma 34 within Corollary 27 in the statistical setting. The
oracle complexity comes from the cost of the online learner in Lemma 34.

Appendix D. Multiclass Omniprediction

We now proceed to our main result: omniprediction with k > 2 classes. Here, many properties
specific to the binary classification setting do not hold, e.g., the generalizations of Lemmas 21
and 23. We develop a general strategy for constructing MLOOs for multiclass omniprediction in
Appendix D.1. We then give the multiclass extensions of Corollaries 24 and 27 in Appendix D.2.
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Finally, in Appendices D.3 and D.4, we give our full multiclass omniprediction results for linear
and general classifiers.

Throughout, we make the following normalization assumptions:

X ⊆ Bd
2(1), c(x) ∈ [−1, 1]k for all c ∈ C, x ∈ X ,

ℓ(t,y) ∈ [−1, 1] for all ℓ ∈ L, (t,y) ∈ [−1, 1]k × ∂∆k.
(36)

D.1. MLOOs for multiclass omniprediction

In this section, we consider a specialized application of the machinery in Section 3.2 to multiclass
prediction. Specifically, suppose that we have an instance of Problem 1, where

A := ∆N , B = ∂∆k, (37)

and N is an ε-net for ∆k. Also, define for all a ∈ ∆N and b ∈ B,

v (a,b) := {as (s− b)}s∈N ∈ Rk|N |, (38)

and suppose that for all i ∈ [m],

v(i) (a,b) = M(i)v (a,b) (39)

for some linear operator M(i) : Rk|N | → H(i). We give a meta-result that shows how to im-
plement an MLOO for arbitrary simultaneous Blackwell approachability instances satisfying (38),
(39), whose quality scales with bounds on the {M(i)}i∈[m] and the {U (i)}i∈[m].

Lemma 36 In the setting of Problem 1, suppose (37), (38), and (39) hold, whereN is an ε-net for
∆k. Further, suppose that for all i ∈ [m], we have∥∥∥(M(i)

)∗
u(i)
∥∥∥
∞
≤ R for all u(i) ∈ U (i). (40)

where ∗ denotes the adjoint. We can implement a 2εR-MLOO with probability at least 1− δ in time
O(|N | · poly(k, log 1

δε)). Similarly, in the setting of Problem 2, we can implement a 2εR-CMLOO
with probability at least 1− δ in time O(|N | · poly(k, log 1

δε)).

Proof We first show that for all w ∈ ∆m, {u(i)}i∈[m] ∈
∏

i∈[m] U (i), there exists a ∈ A with

max
b∈B

∑
i∈[m]

wi

〈
u(i),v(i)(a,b)

〉
≤ εR.

Throughout the proof fix a set of w ∈ ∆m and {u(i)}i∈[m] ∈
∏

i∈[m] U (i), and denote

f :=
∑
i∈[m]

(
M(i)

)∗
u(i) ∈ Bk|N |

∞ (R) .

Thus, our goal is to establish
min
a∈A

max
b∈B
⟨f ,v(a,b)⟩ ≤ εR. (41)
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Because ⟨f ,v(a,b)⟩ is a bilinear function of a,b, the von Neumann minimax theorem gives

min
a∈A

max
b∈B
⟨f ,v(a,b)⟩ = max

q∈∆k
min
s∈N

Eb∼q [⟨f ,v(es,b)⟩]

= max
q∈∆k

min
s∈N

Eb∼q [⟨fs, s− b⟩] = max
q∈∆k

min
s∈N
⟨fs, s− q⟩ ,

where es ∈ {0, 1}N is the indicator vector for strategy s ∈ N , and fs ∈ Bk
∞(R) concatenates the

corresponding coordinates of f . Finally we claim that for any q ∈ ∆k,

min
s∈N
⟨fs, s− q⟩ ≤ εR.

Indeed, choosing s ∈ N so that ∥s− q∥1 ≤ ε and applying Hölder’s inequality yields this bound.
We conclude by discussing runtime. Normalize the problem by R by resetting f ← 1

R f , so we
want to solve (41) to ε additive error. Notice that (41) is of the following form:

min
a∈∆N

max
b∈∆k

g⊤a− b⊤Fa = min
a∈∆N

max
b∈∆k

b⊤Ma,

where F ∈ Rk×N horizontally stacks the values of f , g ∈ RN has coordinate s ∈ N equal to ⟨fs, s⟩,
and we define M := 1kg

⊤ − F. Also, we have that M ∈ [−2, 2]k×N . We can rewrite this as

min t such that Aa+ c = t1k, 1
⊤
Na = 1, a ≥ 0N , c ≥ 0k entrywise.

We note that c is enforcing the inequality constraints Aa ≤ t1k. We can trivially enforce that
t ∈ [−2, 2], a ∈ [0, 1]N , and c ∈ [0, 4]k. It is enough to obtain ε additive error for this problem for
our guarantees. At this point, the solver in Theorem 1.1 of (van den Brand et al., 2021) gives the
claim.

D.2. Reducing multiclass omniprediction to low-regret learning

We give the analogs of Corollaries 24 and 27 in the multiclass setting.
Online setting. In the online setting, for a fixed parameter ε ∈ (0, 1), we define (A,B) as in

(37), where N is an ε-net for ∆k of size (5ε )
k−1 as guaranteed by Fact 1. For some a ∈ A, we use

p ∼ a to mean that some p ∈ N is sampled according to a.
We next define the sets and payoff vectors in Problem 2:

U (1) := [−1, 1]N×k, v(1)(a,b) := {as(s− b)}s∈N ,

U (2) := {dℓ ◦ c}ℓ∈L,c∈C , v(2)(a,b) := Ep∼a [p− b] .
(42)

Note that U (1) and v(1) live in a vector space of dimension k|N |, whereas U (2) and v(2) are functions
with range in Rk. We require the analog of Lemma 22, an online learner for U (1).

Lemma 37 Following definitions (37), (42), there exists alg(1) such that for any (a[T ],b[T ]) ∈
AT × BT , alg(1) outputs u

(1)
[T ] ∈ (U (1))T such that u(1)

t depends only on a[t−1], b[t−1], and (20)
holds with

reg(1)(T ) := εT +
k|N |
ε

.
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Proof The algorithm is projected gradient descent. More precisely, because ∥s− b∥1 ≤ 2 for all
(s,b) ∈ N × B, we have for all (at,bt) ∈ A× B, that

∥v(1)(at,bt)∥2 ≤ ∥v(1)(at,bt)∥1 ≤ 2.

Therefore, standard regret analyses of projected gradient descent with step size η ← ε
2 (e.g., Theo-

rem 3.2, (Bubeck, 2015)) gives the result, because U (1) has ℓ2 radius at most
√
k|N |.

Corollary 38 (Online multiclass omniprediction) Let L be a family of loss functions and C, C′
be families of comparators satisfying (36). Assume there exists an online learner alg(2) that takes
inputs (v[T ],x[T ]) ∈ (Bk

2(2))
T × X T , and outputs ℓ[T ] ∈ LT , c[T ] ∈ (C′)T , such that (ℓt, ct)

depends only on v[t−1], x[t−1], and

sup
(ℓ,c)∈L×C

∑
t∈[T ]

⟨vt,dℓ(c(xt))− dℓt(ct(xt))⟩ ≤ reg(T ), (43)

for reg : N → R≥0 such that all T ≥ TL,C satisfy reg(T )
T ≤ ε. Then if T = Ω(k(1ε )

k+1 +
1
ε2

log(1δ )) + TL,C , we can produce p[T ] ∈ [0, 1]T , a 12ε-omnipredictor for (x[T ],y[T ],L, C), with
probability ≥ 1− δ.

Proof The proof is completely analogous to Corollary 24. We substitute Lemma 37 and (43) for
Lemma 22 and (30), and note that we may take L = 2 in (21) by the ℓ∞-ℓ1 Hölder’s inequality.
We postpone discussion of implementing the CMLOO for a moment, but suppose we have a 2ε-
CMLOO. Then, Corollary 18 yields a sequence p[T ] ∈ (∆k)T such that with probability ≥ 1− δ,

sup
u(i)∈U(i)

1

T

∑
t∈[T ]

〈
u(i)(xt),v

(i)(ept ,bt)
〉
≤ 2ε+

reg(i)(T ) + 28
√
T log(4δ )

T
(44)

for i ∈ [2]. When i = 1, the guarantee in (44) corresponds to calibration against the entire ℓ∞-
norm ball in dimension k|N |, which encompassesW-calibration forW in Proposition 7, under the
scaling assumption (36). When i = 2, the guarantee in (44) corresponds to F -multiaccuracy as
required by Proposition 7. For large enough T as specified, we thus have 5ε-W-calibration using
Lemma 37 as alg(1), and 4ε-F-multiaccuracy using (43), and Proposition 7 gives the claim.

It remains to give a 2ε-CMLOO. For this we use Lemma 36. Comparing the definitions (39)
and (42), M(1) is simply the identity matrix in dimension k|N |, and M(2) is 1k ⊗ IN , where ⊗
denotes the Kronecker product. This matrix has one-sparse columns, so it satisfies∥∥∥M(2)

∥∥∥
1→1

= 1 =⇒
∥∥∥(M(2)

)∗∥∥∥
∞→∞

= 1.

Hence, we may take R = 1 in (42), because both U (1)
and U (2)

are contained in the ℓ∞ balls of their
respective dimension. The result now follows from Lemma 36.

Statistical setting. We let H(1) and H(2) be the Hilbert spaces of (norm) square-integrable
functions under D, with ranges RN×k, Rk, respectively, with the standard L2(D) inner products.
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Next, we take A to be functions taking each x ∈ X → a(x) ∈ ∆N , i.e.,

A :=
{
a : X → ∆N} . (45)

Our payoff vectors will again be independent of b ∈ B, so we omit it from our notation. Also, let

U (1) := ∆N , v(1)(a)(x,y) := {[a(x)]s(s− y)}s∈N ,

U (2) := {dℓ ◦ c}ℓ∈L,c∈C , v(2)(a)(x,y) := Ep∼a(x)[p− y].
(46)

We last require an online learner for U (1) in the statistical setting.

Lemma 39 Following definitions (45), (46), there exists alg(1) such that for any a[T ] ∈ AT , alg(1)

outputs u(1)
[T ] ∈ (U (1))T such that u(1)

t depends only on a[t−1], and (20) holds with

reg(1)(T ) := εT +
10k|N |

ε
+ 32

√
T log

(
2

δ

)
,

with probability ≥ 1− δ, where for each t ∈ [T ], we require one i.i.d. draw (xt,yt) ∼ D.

Proof We pattern our proof off of Lemma 15, although we require a few differences to obtain
the specific form of regret bound here. The key observation is that for all a ∈ A, the definitions
(46) give |

〈
u(1),v(1)(a)

〉
| ≤ 2 using the ℓ∞-ℓ1 Hölder’s inequality. Our strategy is then to play

(stochastic) projected gradient descent (PGD) against the {v(1)(at)}t∈[T ]. To simplify notation, let

gt := E(x,y)∼D

[
v(1)(at)(x,y)

]
, g̃t := v(1)(at)(xt,yt), dt := gt − g̃t,

and observe that under our sampling assumptions, g̃t is unbiased for gt conditioned on the history
of the algorithm if we use a held out i.i.d. sample (xt,yt). Also, |

〈
g̃t,u

(1)
〉
| ≤ 2 holds for all

t ∈ [T ] and u(1) ∈ U (1), and maxt∈[T ]max{∥gt∥1, ∥g̃t∥1} ≤ 2.
Now, we define u1 ← 0N×k, and our iterates ut using PGD with step size η > 0 and the

{−g̃t}t∈[T ],

u
(1)
t ← argminu(1)∈U(1)

{∥∥∥u(1) −
(
u
(1)
t−1 + ηg̃t−1

)∥∥∥2
2

}
. (47)

We also define a “ghost iterate” sequence of w[T+1] ∈ (U (1))T+1 that sets w1 = u
(1)
1 , but updates

using dt−1 in place of g̃t−1 in (47). Standard PGD analysis (e.g., Theorem 3.2, (Bubeck, 2015))
shows ∑

t∈[T ]

〈
g̃t,u

(1) − u
(1)
t

〉
≤ 2ηT +

k|N |
2η

,

∑
t∈[T ]

〈
dt,u

(1) −wt

〉
≤ 8ηT +

k|N |
2η

,

simultaneously hold for all u(1) ∈ U (1). Summing and rearranging yields∑
t∈[T ]

〈
gt,u

(1) − u
(1)
t

〉
≤ 10ηT +

k|N |
η

+
∑
t∈[T ]

〈
dt,wt − u

(1)
t

〉
.
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Now the last term above is the sum of T conditionally mean-zero terms, each of which is bounded
in [−8, 8]. Thus by the Azuma-Hoeffding inequality, with probability ≥ 1− δ,

∑
t∈[T ]

〈
gt,u

(1) − u
(1)
t

〉
≤ 10ηT +

k|N |
η

+ 32

√
T log

(
2

δ

)
,

and supremizing this over u(1) ∈ U (1) and setting η ← ε
10 gives the claim.

Corollary 40 (Statistical multiclass omniprediction) Let L be a family of loss functions and C,
C′ be families of comparators satisfying (24). Assume there exists an online learner alg(2) that takes
inputs {vt : X × ∂∆k → Bk

2(2)}t∈[T ], and outputs ℓ[T ] ∈ LT , c[T ] ∈ (C′)T , such that (ℓt, ct)
depends only on v[t−1], and

sup
(ℓ,c)∈L×C

∑
t∈[T ]

⟨vt,dℓ(c)− dℓt(ct)⟩ ≤ reg(T ), (48)

for reg : N → R≥0 such that all T ≥ TL,C satisfy reg(T )
T ≤ ε with probability ≥ 1 − δ

2 . Then
if T = Ω(k(1ε )

k+1 + 1
ε2

log(1δ )) + TL,C , we can produce p : X → [0, 1], a 9ε-omnipredictor for
(D,L, C), with probability ≥ 1− δ, given T i.i.d. samples from D.

Proof The proof is the same as Corollary 38 (with modifications analogous to Corollary 27 vis-à-vis
Corollary 24), where we use Lemma 39 and (48) instead of Lemma 37 and (43). In our construction
of the CMLOO in the statistical setting, we note that the matrices M(1) and M(2) in (39) are again
IN×k and 1k⊗ IN , so Lemma 36 again yields a 2ε-CMLOO that outputs a function at : X → ∆N ,
from which we can sample random predictions pt : X → ∆N . As in Corollary 27, our final
omnipredictor evaluates a uniform randomly sampled pt, over the range t ∈ [T ].

D.3. Generalized linear models

In this section, we specialize Corollaries 38 and 40 to the setting of multiclass generalized linear
models, where L := LGLM as defined in (5), and C := Clin where

Clin :=
{
c(x) := Cx | C ∈ Rk×d, ∥C∥2→∞ ≤ 1

}
. (49)

In other words, C has sub-unit norm rows. This is the natural family of classifiers because it takes
x ∈ X to c(x) ∈ [−1, 1]k, under the scaling bounds in (36). Analogously to Appendix C.4, we
conflate a function c ∈ Clin with the associated linear classifier C ∈ Rk×d via capitalization. We
again observe that because dℓ is negation for all ℓ ∈ LGLM by (6), and Clin is closed under negation,
we can equivalently set F ← Clin in applications of Proposition 7.

Our last ingredients are online learners satisfying (43), (48).

Lemma 41 Assuming (36) holds, there exists alg(2) such that for any (v[T ],x[T ]) ∈ (Bk
2(2))

T×X T ,
alg(2) outputs C[T ] ∈ (Bk×d

2→∞(1))T in O(dkT ) time, such that Ct only depends on v[t−1], x[t−1],
and

sup
C∈Clin

∑
t∈[T ]

⟨vt ⊗ xt,C−Ct⟩ ≤ 2
√
kT .
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Proof This follows from Lemma 16 with X ← Bk×d
2→∞ and r(C) := 1

2∥C∥
2
F (i.e., half the squared

entrywise ℓ2 norm). Note that for all t ∈ [T ], because vt ⊗ xt is rank-one,

∥vt ⊗ xt∥F = ∥vt ⊗ xt∥op = ∥vt∥2 ∥xt∥2 ≤ 2.

Thus, the only adjustments compared to Lemma 28 is that now we have L = 2 and Θ ≤ k
2 .

Lemma 42 Let δ ∈ (0, 1). Assuming (36) holds, there exists alg(2) such that for any {vt : X ×
∂∆k → Bk

2(2)}t∈[T ], alg
(2) outputs C[T ] ∈ (Bk×d

2→∞(1))T in O(dkT ) time, such that Ct only
depends on v[t−1], and

sup
C∈Clin

∑
t∈[T ]

E(x,y)∼D [⟨vt(x,y)⊗ x,C−Ct⟩] ≤ 40

√
kT log

(
2

δ

)
,

with probability ≥ 1− δ, where for each t ∈ [T ], we require one i.i.d. draw (xt,yt) ∼ D.

Proof The proof is identical to Lemma 41, where we use Lemma 15 in place of Lemma 16.

We conclude with our main result on omnipredicting multiclass generalized linear models.

Theorem 43 (Multiclass generalized linear models) Let δ ∈ (0, 1), let L := LGLM and C := Clin
defined in (5), (49) respectively, and assume (36) holds. Then if

T = k

(
Ω

(
1

ε

)k+1

+Ω

(
log
(
1
δ

)
ε2

))

for an appropriate constant, in the online setting, we can output p[T ] ∈ (∆k)T , an ε-omnipredictor
for (xT ,y[T ],L, C), in time O(dkT ) + O(1ε )

2kpoly(k, log 1
δε) with probability ≥ 1 − δ. In the

statistical setting, we can output p : X → ∆k, an ε-omnipredictor for (D,L, C), in time O(dkT )+
O(1ε )

2kpoly(k, log 1
δε) with probability ≥ 1 − δ, given T i.i.d. samples from D, such that p can be

evaluated in time O(dk) +O(1ε )
k+1poly(k, log 1

δε) on any x ∈ X with probability ≥ 1− δ.

Proof For the online omniprediction result, we combine Lemma 41 and Corollary 38, and for the
statistical omniprediction result, we combine Lemma 42 and Corollary 40. We note that the run-
time cost of each iteration is dominated by the O(dk) time for computing ct(xt), and the cost of
Lemma 36. This also applies to the cost of evaluating p on a fresh sample.

D.4. General classifiers and losses

In this section, we specialize Corollaries 38 and 40 to the setting of general multiclass models.
Analogously to Appendix D.3, we consider general loss functions L and general function class C
that satisfy (36). We again require online learners satisfying (43), (48).

Our multiclass online learning results apply the binary online learners from Appendix C.5 in a
black-box way. It is possible that tighter characterizations in the multiclass setting are possible (e.g.,
in the dependence on k), especially for specific structured (C,L). We demonstrated an example of
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this in Appendix D.3, and leave a more general theory to future work. This section is included
primarily to highlight how to apply our techniques in a general setting, as our paper’s focus is
developing the omniprediction framework rather than multiclass learning for specific comparators.

Applying Theorem 4.5 of (Okoroafor et al., 2025) coordinatewise, we obtain the following
lemma.

Lemma 44 In the setting of Corollary 38, let F := {dℓ ◦ c}ℓ∈L,c∈C . Assuming (36) holds for
family of loss functions L and families of comparators C and C′, there exists alg(2) such that for any
(v[T ],x[T ]) ∈ (Bk

2(2))
T ×X T , alg(2) outputs c[T ] ∈ C′, such that ct only depends on v[t−1], x[t−1],

and
sup
c∈C

∑
t∈[T ]

⟨vt,dℓ(c(x))− dℓt(ct(x))⟩ ≤ T ·
∑
i∈[k]

sradT (Fi),

where Fi consists of functions x 7→ [f(x)]i for f ∈ F , with [f(x)]i being the ith coordinate of f(x).

Similarly, applying Lemma 7.4 and Lemma 7.6 of (Okoroafor et al., 2025) coordinatewise yields
the following.

Lemma 45 In the setting of Corollary 40, let δ ∈ (0, 1) and F := {dℓ ◦ c}ℓ∈L,c∈C . Let V be a
family of functions v : X × ∂∆k → Bk

2(2). There exists alg(2) such that for any v[T ] ∈ VT , alg(2)

outputs c[T ], makingO(T 1.5) calls to an ERM oracle for each Fi over T samples per iteration, such
that ct ∈ C′ only depends on v[t−1], and for a universal constant C,

sup
c∈C

∑
t∈[T ]

E(x,y)∼D [⟨vt(x,y),dℓ(c(x))− dℓt(ct(x))⟩] ≤ C

k√T · log k
δ
+ T ·

∑
i∈[k]

radT (Fi · Vi)

 ,

with probability ≥ 1− δ, where for each t ∈ [T ], we require T i.i.d. draws (xt,yt) ∼ D.

In the statement of Lemma 34, the class Fi · Vi consists of functions (x,y) 7→ [f(x)]i[v(x,y)]i
for f ∈ F and v ∈ V , with [f(x)]i, [v(x,y)]i being the ith coordinates of f(x),v(x,y), respectively.

We conclude with our main result on multiclass omniprediction in the general setting.

Theorem 46 (General multiclass omnprediction) Let L be a family of loss functions and C be
a family of comparators such that (36) holds, let F := {dℓ ◦ c}ℓ∈L,c∈C , and let δ ∈ (0, 1). Let
T

seq
L,C , T

stat
L,C be such that all T ≥ T

seq
L,C satisfy

∑k
i=1 sradT (Fi) ≤ ε

9 , and all T ≥ T stat
L,C satisfy∑k

i=1 radT (Fi · Vi) ≤ ε
18C , where V consists of functions (x,y) → p(x) − y for all possible

p : X → ∆k outputted by the CMLOO in Lemma 36 given classes C,L. Then if

T = Ω

(
k

(
1

ε

)k+1

+
log 1

δ

ε2

)
+ T

seq
L,C ,

for an appropriate constant, in the online setting, we can output p[T ] ∈ (∆k)T , an ε-omnipredictor
for (x[T ],y[T ],L, C), with probability ≥ 1− δ. If

T = Ω

(
k

(
1

ε

)k+1

+
k2 log 1

δ

ε2

)
+ T stat

L,C ,
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for an appropriate constant, in the statistical setting, we can output p : X → ∆k, an ε-omnipredictor
for (D,L, C), with probability ≥ 1 − δ, given T 2 i.i.d. samples from D and O(T 2.5) calls to the
ERM oracle for each Fi.

Proof The proof is largely the same as the proof for Theorem 43. For the online omniprediction
result, we combine Lemma 44 and Corollary 38, and for the statistical omniprediction result, we
combine Lemma 45 and Corollary 40. The oracle complexity comes from Lemma 45.

Appendix E. Unions of Comparators

In this section, we showcase the flexibility of our framework by applying it to omniprediction against
a union of comparators. Let L be a family of losses ℓ : [−1, 1]k × ∂∆k → [−1, 1], and let C(i) be a
comparator family satisfying (36) for all i ∈ [m]. Our goal is to learn an (L, C)-omnipredictor for

C :=
⋃

i∈[m]

Ci.

In other words, we wish to be competitive against the best c in any Ci. For simplicity, here we focus
on the online setting, although similar extensions for statistical omniprediction are straightforward.

To design an online omnipredictor against (L, C), we define a simultaneous approachability
instance as follows: we define (A,B) as in (37), and let

U (i) := {dℓ ◦ ci}ℓ∈L,c∈C(i) , v(i)(a,b) := Ep∼a[p− b], for all i ∈ [m],

U (m+1) := [−1, 1]N×k, v(m+1)(a,b) := {as(s− b)}s∈N .

In other words, there is one approachability set U (i) for each comparator class C(i), and the
(m+ 1)th approachability set is defined analogously to U (1) in (42).

Theorem 47 Let L be a family of loss functions and C(i) be a family comparators for all i ∈ [m],
such that (36) holds for L and every C ← C(i), let F (i) := {dℓ ◦c}ℓ∈L,c∈C(i) , and let δ ∈ (0, 1). Let
T

seq
L,C be such that all T ≥ T seq

L,C and i ∈ [m] satisfy∑
j∈[k]

sradT (F (i)
j ) ≤ ε

9
.

Then if

T = Ω

(
k

(
1

ε

)k+1

+
log m

δ

ε2

)
+ T

seq
L,C

for an appropriate constant, in the online setting, we can output p[T ] ∈ (∆k)T , an ε-omnipredictor
for (x[T ],y[T ],L,

⋃
i∈[m] C(i)), with probability ≥ 1− δ.

Proof The proof is almost exactly identical to Theorem 43, save for two changes. First, the additive
regret term in Corollary 18 now scales with log(mδ ) (as there are m + 1 approachability sets).
Second, the CMLOO in Lemma 36 now must hold for m + 1 inputs. However, when applying
Lemma 36 (specifically following the notation (39)), every M(i) is identical for i ∈ [m], and we
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bounded the quantity (40) for M(m+1) already in Corollary 38. Thus, the same proof holds and we
simply adjust the logarithmic term in the T lower bound.

We remark that all of our main results generalize to unions of comparators; indeed, the binary
omniprediction CMLOO construction in Lemma 23 also has a simple extension to this setting.
Our framework is even capable of handling unions of loss families in much the same way, where
we define an approachability set to ensure multiaccuracy for each pairing of a loss family and a
comparator class, although we omit this extension to avoid tedium.

Appendix F. Counterexample for Multiclass Isotonic Regression

Our framework for multiclass omniprediction was based on the construction of (Okoroafor et al.,
2025) in the binary setting. Concurrently, another construction of ≈ ε−2-sample complexity binary
omnipredictors was given by (Hu et al., 2025) for GLMs. It is thus natural to ask whether the
construction in (Hu et al., 2025) has a multiclass extension. In this section, we show a barrier to
such a generalization.

The (Hu et al., 2025) construction was based on the Isotron algorithm (Kalai and Sastry, 2009),
which alternates online gradient descent with isotonic regression. In particular, the isotonic re-
gression problem that Isotron repeatedly solves is, for input labels {yi}i∈[n], and some proper loss
function ℓ : [0, 1]2 → R,

min
{pi}i∈[n]∈[0,1]n

∑
i∈[n]

ℓ(pi, yi), subject to pi ≤ pi+1 for all i ∈ [n− 1]. (50)

In other words, Isotron finds the best-fitting monotone sequence of {pi}i∈[n] with respect to {yi}i∈[n],
as measured by ℓ. The monotonicity requirement comes from pi being induced by the gradient of
a one-dimensional convex function (for more on this relationship, see Lemma 6 and Section 2.2,
(Hu et al., 2025)). Crucially, in the binary setting the optimal choice of {pi}i∈[n] is independent of
the choice of proper loss ℓ in (50) (Corollary 9, (Hu et al., 2025); see also (Brummer and Preez,
2013)). This omniprediction property of isotonic regression (50) is then inherited by the overall
Isotron framework.

We next state the natural generalization of (50) to the multiclass setting. As (Gneiting and
Raftery, 2007) shows, again any proper loss induces predictions via the gradient of a convex func-
tion. A vector field is the gradient of a convex function iff it is cyclically monotone (Theorem B,
(Rockafellar, 1970b)), and we can capture this high-dimensional condition via the following exten-
sion of (50).

Problem 3 Given {(vi,yi)}i∈[T ] ⊂ Rk×∂∆k, we define the following isotonic regression problem
for a proper loss ℓ : ∆k ×∆k → R:

{p⋆
i , f

⋆
i }i∈[n] := argmin{pi,fi}i∈[n]∈(∆k×R)n

∑
i∈[n]

ℓ(pi,yi),

subject to ⟨pj ,vi − vj⟩ ≤ fi − fj for all (i, j) ∈ [n]× [n].

(51)

Here, the {vi}i∈[n] should be interpreted as the “unlinked” predictors in a GLM, and the mono-
tonicity condition in (51) is equivalent to pi = ∇ω(vi), fi = ω(vi) for all i ∈ [n]. This parameter-
ization is implicit in (50) as well, where the input vi are first sorted to define the indexing.
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For the strategy in (Hu et al., 2025) to generalize to high dimensions, a reasonable necessary
condition is for the same omniprediction property to hold for (51), i.e., that its minimizing {p⋆

i }i∈[n]
does not depend on the choice of proper loss ℓ. We give a simple numerical counterexample. Define:

ℓsq(p,y) :=
1

2
∥p− y∥22 , ℓlog(p,y) := −

∑
i∈[k]

log(pi)Iy=ei .

We minimize (51) with respect to these two proper losses, and the following choices of {vi,yi}i∈[2]:

{vi}i∈[2] =

0 1
0 0
0 0

 , {yi}i∈[2] =

1 0
0 1
0 0

 . (52)

Lemma 48 The minimizer of (51) with ℓ← ℓsq and inputs (52) is

{p⋆
i }i∈[2] =

3
7

3
7

2
7

4
7

2
7 0

 . (53)

Proof For v1 − v2 = −e1, the constraints in (51) are equivalent to

[p1]1 ≤ [p2]1.

Our goal is to minimize ∥p1 − e1∥22 + ∥p2 − e2∥22 subject to this constraint. It is clear that the
constraint is tight, because otherwise p2 would put any excess mass on the second coordinate. Thus
the minimizing p1 and p2 are of the form

p1 =

 t
1−t
2

1−t
2

 , p2 =

 t
1− t
0

 .
The former claim is because Jensen’s inequality implies p1 should spread all remaining mass over
the last two coordinates, and the latter is because p2 has no incentive to place any mass on the third
coordinate. The conclusion follows by solving for t that minimizes (1− t)2+2 · 14(1− t)

2+2t2.

Lemma 49 The minimizer of (51) with ℓ← ℓlog and inputs (52) is not (53).

Proof It suffices to check that the following choices attain better function value:

p1 =

1
2
1
4
1
4

 , p2 =

1
2
1
2
0

 .
This is because − log(1249) ≥ − log(14), and the constraint [p1]1 ≤ [p2]1 is satisfied.
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