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Abstract
Offline policy learning (OPL) usually optimizes the mean of a scalar potential outcome (Kitagawa
and Tetenov, 2018; Athey and Wager, 2021). We study OPL when each potential outcome is a
probability measure: for each action a € A, V[a] € P2(R). From logged data {(X;, A;, Vi) }Y,
collected under propensity fo(a | =), and under standard causal assumptions, a policy 7 : X — A
induces Y[r(X)]. We evaluate it by a Wasserstein-Lipschitz utility of its barycenter,

p(r) € arg min EOV(u V(X)) 7 € argmaxU(u(r).

The key simplification is one-dimensional Wasserstein geometry, which gives

Lia=r(xp Y"1 (1)
fo(A]X)

where mg(a,z)(t) = E[Y~'(t) | A = a,X = x]. Hence policy learning reduces to uniform
estimation of policy-indexed mean quantile curves over IT x [0, 1]. We construct inverse-propensity
and cross-fitted doubly robust (Chernozhukov et al., 2018) estimators of g, rearrange them into
valid quantile functions, and maximize U (fi(7)) over II. Let V' = N-dim(II) and let 7 be the
quantile-grid width. Under boundedness, overlap, quantile regularity, and Lipschitz continuity of
U, with high probability, the regret of policies satisfy

R(ﬁIPW) < 5(\/‘//7]\]) + 0(77)7 R(ﬁ'DR) < C{VN +n+ T§rm + (Tf + T‘m)VN + rfn}7

where Vy = O(/V/N). The DR bound exhibits Neyman orthogonality: if both nuisance estima-
tors converge at the required uniform N—'/4 rate and =< N~'/2, then R(7#PR) = O(N~1/2).
We complement the upper bounds with a minimax lower bound. For the integrated quantile util-
ity Ua(v) = [y v!(t)dt, take two valid base quantile curves ¢ and ¢4 and define Ag :=
Jo (g (t) —q—(t))dt. Let f denote the overlap lower bound. There exists a universal constant co >

u(m) () = e (t) = EYV[R(X)] (1)), ¢x(t) = E

= E[mo(7(X), X)(®)],

0 such that any learner has worst-case expected regret at least coAg min{1,  /N-dim(II)/(fN)}
over this subclass. Thus, up to logarithmic factors and under the one-dimensional Wasserstein
setting, distribution-valued outcomes introduce no additional leading-order nonparametric penalty
beyond the policy-search complexity of II.
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