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Abstract

Learning to play zero-sum games is a fundamental problem in game theory and machine learning.
While significant progress has been made in minimizing external regret in the self-play settings
or with full-information feedback, real-world applications often force learners to play against un-
known, arbitrary opponents and restrict learners to bandit feedback where only the reward of the
realized action is observable. In such challenging settings, it is well-known that Q(1/T)) external
regret is unavoidable (where 7' is the number of rounds). To overcome this barrier, we investi-
gate adversarial learning in zero-sum games under bandit feedback, aiming to minimize the deficit
against the maximin pure strategy — a metric we term Pure-Strategy Maximin Regret.

We analyze this problem under two bandit feedback models: uninformed (only the realized
reward is revealed) and informed (both the reward and the opponent’s action are revealed). For un-
informed bandit learning of normal-form games, we show that the Tsallis-INF algorithm achieves
O(clog T') instance-dependent regret with a game-dependent parameter ¢. Crucially, we prove an
information-theoretic lower bound showing that the dependence on c is necessary. To overcome
this hardness, we turn to the informed setting and introduce Maximin-UCB, which obtains another
regret bound of the form O(c’ log T') for a different game-dependent parameter ¢’ that could poten-
tially be much smaller than c. Finally, we generalize both results to bilinear games over an arbitrary,
large action set, proposing Tsallis-FTRL-SPM and Maximin-LinUCB for the uninformed and in-
formed settings respectively and establishing similar game-dependent logarithmic regret bounds.
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1. Introduction

Learning to play against an opponent is a fundamental problem in game theory and machine learn-
ing. Recent years have seen significant progress on the self-play setting (that is, the same algorithm
is deployed by all players) with full gradient feedback, establishing fast convergence to different
equilibrium concepts by showing external or swap regret results that are better than the worst-case
(’)(\/T ) bounds after 7" rounds; see e.g., Rakhlin and Sridharan (2013); Syrgkanis et al. (2015);
Daskalakis et al. (2021); Farina et al. (2022); Anagnostides et al. (2022a,b); Soleymani et al. (2025).
More recently, self-play with the more challenging bandit feedback (where only the reward of the
selected action is observable) has also been investigated by Ito et al. (2025), demonstrating similar
fast convergence that additionally depends on certain game-dependent constants.

However, in many practical situations, self-play becomes an unrealistic requirement. Instead,
very often, the opponents behave in an unknown, arbitrary, or even adversarial way. In such cases,
there is generally no hope to achieve better than O(v/T') external/swap regret. To get around this
obstacle, a line of recent works adopted a weaker yet still meaningful performance measure called
Nash-value regret, which compares the learner’s reward to the Nash value of the game. In particular,
Maiti et al. (2025) showed that game-dependent and a polylogarithmic (in 7") Nash-value regret
bound is achievable, albeit only for 2 x 2 matrix games with a unique equilibrium. This raised a
natural question: Can we achieve similar game-dependent and polylogarithmic regret bounds
in general zero-sum games when playing against an arbitrary opponent?

In this work, we provide an affirmative answer to this question. Specifically, we focus on a
new regret notion that we term Pure-Strategy Maximin Regret (PSMR), defined as the accumulated
deficit of the learner compared to the pure-strategy maximin value, a safety value that a deterministic
player can guarantee if the game were known. Although PSMR is generally weaker than the notion
of Nash-value regret, they coincide when the game has a pure-strategy Nash equilibrium (PSNE), a
scenario that is already challenging enough and receives significant attention recently (Maiti et al.,
2023, 2024; Ito et al., 2025). Under this metric, we propose algorithms, analysis, and lower bounds
for a comprehensive set of settings, discussed in more detail below.

Contributions and Organization. We study two models of bandit feedback: the uninformed
setting, where the learner observes only noisy rewards of played actions, and the informed setting,
where the learner additionally observes the opponent’s action. The uninformed feedback model
is similar to adversarial bandit and is used in the self-play result of Ito et al. (2025), while the
informed feedback model is considered by O’Donoghue et al. (2021) and Maiti et al. (2025). We
present comprehensive results in all four quadrants formed by two feedback models (uninformed
versus informed) and two game structures (normal-form versus general bilinear games). Our main
contributions are structured as below.

* In Section 2, we formalize the problem of adversarial learning in games and define the feed-
back model and the PSMR.

» Section 3 focuses on uninformed learning in finite normal-form games, where we show
the Tsallis-INF algorithm (Zimmert and Seldin, 2021) obtains an O(clog7’) PSMR bound
against any adversary when the game has a strict PSNE, where the constant ¢ depends on the
game only (and not the adversary). Although similar bounds for Tsallis-INF have been shown
for stochastic multi-armed bandits (Zimmert and Seldin, 2021) or self-play in games (Ito et al.,
2025), our result is not only novel but also surprising since unlike previous work, the environ-
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ment in which Tsallis-INF operates is completely arbitrary in our setting. Moreover, we prove
in Section 3.2 that the dependence on c is unavoidable. More generally, for games without a
PSNE, we further prove another game-dependent bound that is independent of 7.

* To overcome the aforementioned hardness, we turn to the informed learning setting in Sec-
tion 4. We propose an algorithm called Maximin-UCB that plays the pure maximin strategy
of the upper confidence bound of the unknown game matrix. We show that Maximin-UCB
enjoys a different PSMR bound of the form O(¢’ log T') for another game-dependent constant
 that is incomparable to ¢ in general but could be potentially much smaller.

* Finally, in Section 5, we generalize these results to bilinear games with finite but large ac-
tion sets. We introduce Tsallis-FTRL-SPM and Maximin-LinUCB for the two settings re-
spectively and show that they each obtain similar bounds as their normal-form counterparts,
importantly with logarithmic or even no dependence on the number of actions.

1.1. Related Work

Adversarial Bandits. The problem of making repeated decisions against a potentially adaptive
adversary has been extensively studied in the Multi-Armed Bandit (MAB) framework. Optimal
regret bounds of order O(v/T) in the worst case are well-established for the adversarial setting,
achieved by algorithms like Exp3 and its variants (Auer et al., 2002; Bubeck and Cesa-Bianchi,
2012). A recent focus has been on “best-of-both-worlds” algorithms, such as Tsallis-INF by Zim-
mert and Seldin (2021), which achieve optimal performance in both stochastic and adversarial ban-
dit settings without knowing the regime. Our work builds upon these algorithms, extending them to
the game-theoretic setting.

Learning in Games. In the context of game theory, significant progress has been made in learning
to play games. Starting from Daskalakis et al. (2011); Rakhlin and Sridharan (2013), a large body
of research analyzes the self-play setting with full gradient feedback, and a series of work improved
the regret to a near-optimal O(logT') bound; see e.g., Syrgkanis et al. (2015); Daskalakis et al.
(2021); Farina et al. (2022); Soleymani et al. (2025). In the special case of two-player zero-sum
games, an optimal O(1) regret bound (focusing on the 7" dependence only) is achievable (Rakhlin
and Sridharan, 2013; Syrgkanis et al., 2015).

Learning in games with bandit feedback is significantly less researched. While standard bandit
algorithms can be applied, they often fail to exploit the game-theoretic properties of the setting.
When two players collaborate, the sample complexity of identifying a Nash equilibrium with bandit
feedback is investigated by Maiti et al. (2023, 2024). Also in the collaborative setting, a more
recent work by Yilmaz and Dimitrakakis (2025) extends traditional bandit algorithms of explore-
than-commit (ETC) and action elimination to games. In the self-play setting, a recent work by Ito
etal. (2025) demonstrates that instance-dependent O(log T') external regret is achievable. An earlier
work by Wei and Luo (2018) also studied the self-play setting and obtained o(\/T) regret, albeit
under a stronger feedback model.

When playing against an adversary, variants of UCB and K-learning were shown to enjoy
O(V/T) worst-case Nash-value regret by O’Donoghue et al. (2021), while Maiti et al. (2025) pro-
posed an algorithm that achieves instance-dependent O(log T") Nash-value regret under the assump-
tion that the game is 2 X 2 and has a unique Nash equilibrium. Closely related to this informed
feedback model is the work of Sessa et al. (2019), who assumed a stronger smoothness condition
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on the game and utilized Gaussian processes to exploit correlated payoffs across actions. We defer
more discussion on the feedback models to Appendix A.

2. Preliminary

Notations. We use the notation A% to denote the (d — 1)-dimensional standard simplex in R¢:
&% = {z e RL | % 2; = 1}. We similarly use &4 for a finite set A to denote the set of
distributions over A. A sequence of vectors changing over time is indexed using superscript for the
time dimension and subscript for the inherent dimension of the vector; for example, vgt) is the i-th
dimension of the vector v at the ¢-th round. For an integer m, [m] represents the set {1,...,m}.

Problem Statement. A learner plays a zero-sum game against an adversary. They can choose
their actions from finite action sets X C R% and Y C R% respectively, which have cardinalities
m, = |X| and m, = |Y|. The game is identified with a utility function v : X x ¥ — [—1,1],
where u(x, y) is the expected reward received by the learner if she plays x and the adversary plays
y. We assume the utility function is bilinear, i.e., u(x,y) = (x, Ay) for some unknown matrix
A € R%Xdy_ This general formulation captures all finite normal-form games as special cases
where X and ) are standard basis sets.

The learner obtains information about the game by repeatedly playing. Specifically, in each
round ¢ = 1,2, ..., the learner selects an action z(Y) € X, and the adversary simultaneously selects
y® € Y. We consider an adaptive adversary who can select y*) based on the realization of the
history, including the learner’s past actions (), ... (=1 After both players commit to their
actions, the learner receives a noisy reward r; = u(z®),y")) 4 ¢, assumed to be in [~1, 1]. The
noise sequence {&;} is a martingale difference sequence; specifically, conditional on the history and
chosen actions, the bias E[e;] is 0.

Feedback Models. We study two feedback settings depending on the information the learner ob-
serves after each round:

* Uninformed: The learner only observes the reward r;. This is the same feedback model used
in the self-play analysis by Ito et al. (2025).

* Informed: The learner observes both the reward r; and the adversary’s action y® . This is the
feedback model used by O’Donoghue et al. (2021) and Maiti et al. (2025).

Properties of the Game. If a pair of actions (z*,y*) € X x ) satisfies
w(z,y") < ul@®,y") <ul@®,y), )]

forany z € X and y € ), we say that (z*, y*) is a pure-strategy Nash equilibrium (PSNE). If (1)
holds with strict inequality whenever x # x* and y # y*, we say the pair is a strict PSNE.

For a pair of distributions over actions (p,q) € &A% x &Y, we slightly abuse the notation of
the utility function and define u(p, q) = Eznpy~g[u(z,y)] = D cx D yey Padyu(z, y) to be the
expected reward of the learner if she plays a sample from p and the adversary plays a sample from
q. If a pair of distributions over actions (p*, ¢*) € &Y x &Y satisfies

u(p,q*) < u(p*,q*) < ulp*,q), (2)

for any p € &A%Y and g € &Y, we say that (p*, ¢*) is a mixed-strategy Nash equilibrium (MSNE).
The celebrated minimax theorem by von Neumann (1928) proves that an MSNE always exists, and
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that all Nash equilibria yield the same expected value vN2sP

max,e px Mingeav u(p, ¢) and min ¢ oy max,epx u(p, q).

= u(p*,¢*), which is also equal to

In contrast, central to our work is the concept of pure-strategy maximin value, defined as v* e
maxgex minygey u(x,y), which is the maximum utility a deterministic learner can guarantee in the
worst case. By definition, v* is no more than vN*", but when a PSNE exists, these two values
coincide.

Goal. From the learner’s perspective, this problem can be seen as an instance of adversarial multi-
armed bandits (Auer et al., 2002), where the standard goal is to minimize external regret, which
compares the learner’s total reward to that of the best fixed action in hindsight. Specifically, let

ERegy(z) £ E {Zthl (u(z,y®) - u(x(t),y(t)))} be the regret compared to action z. Then ex-

ternal regret is defined as ERegp e max,.c X{ERegT(x)}. Applying standard algorithms such as
Exp3 (Auer et al., 2002) guarantees ERegp = @( v/m,T), which is generally not improvable even
for simple games, as shown in Maiti et al. (2025, Theorem 3).

To get around this obstacle, we propose to consider the following new regret metric, termed
Pure-Strategy Maximin Regret (PSMR), as the learner’s performance measure:

def

PSMRr =E

T
Z(v* . u(x(t),y(t)))] ’ 3)
t=1

where the expectation is taken over the randomness of the algorithm, the noise in the reward,
and potentially the adversary. In words, PSMR measures the learner’s accumulated deficit com-
pared to the pure-strategy maximin value. On the other hand, the Nash-value regret considered

def

in prior work such as O’Donoghue et al. (2021); Maiti et al. (2025) is defined as NRegy =
E {Zthl (vNash — (2, y(t)))}, which measures the learner’s accumulated deficit compared to
the Nash value (equivalently, the mixed-strategy maximin value).

By definition, it is clear that PSMR7 < NReg; < ERegy; the first inequality is due to v* <
vN2sh and the second due to NReg, = E [Zthl (u(p*, q*) —u(z®), y(t)))} < Egznp [ERegp(x)] <
ERegy for any NE (p*, ¢*). When the game has a PSNE, however, PSMR and NReg coincide.

Finally, we point out that in the special case when the opponent has only one action (|)| =
1), our problem is simply the standard stochastic linear bandit (Abbasi-Yadkori et al., 2011) or
stochastic multi-armed bandit (Lai and Robbins, 1985) if X is the standard basis. In this case, both
PSMRt and NReg recover EReg. Therefore, our results can also be seen as a generalization of

the classical instance-dependent bounds for stochastic bandits achieved by, for example, the UCB
algorithm (Auer, 2002).

3. Uninformed Learning in Normal-Form Games

In this section, we focus on the uninformed setting and present our results for normal-form games,
where X" and ) are standard basis sets in R”= and R™v. In this case, A is the standard utility matrix,
with utilities given by u(e;, e;) = A;;. Mixed strategies correspond to vectors p, ¢ in the simplexes
A= A with expected utility u(p, q) = (p, Aq).
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Algorithm 1 Tsallis-INF

Require: A Tsallis entropy parameter « € [0, 1] and a sequence of learning rates {7 }.
1: fort=1,2,... do

2: Let p¥) = arg Max,e pme {<p, D osct g(s)> + %gpa (p)}

3: Sample +(® € X from the distribution specified by p*) and play it.

4 Observe the reward 7.

(t) e (8) _
1—(1-— f =
5: Set the reward estimator g € RY, where gg(f) = { (L=re)/ps", ifx “

1, otherwise.

3.1. Results and Analysis for Tsallis-INF

We consider using the Tsallis-INF algorithm of Zimmert and Seldin (2021) in this setting. Tsallis-
INF was originally proposed for the multi-armed bandit problem and shown to be optimal for both
the stochastic setting and the adversarial setting. Since then, it has been extended and analyzed
in many other settings, including self-play in games (Ito et al., 2025). However, in all previous
studies, achieving logarithmic regret bounds requires either a stationary or a self-play environment,
and it is unclear at all whether it still works in our problem where the environment is controlled by
an arbitrary opponent. Somewhat surprisingly, we show that it does still achieve a certain game-
dependent logarithmic regret in our problem.

Specifically, Tsallis-INF is an instance of the well-known Follow-the-Regularized-Leader (FTRL)
framework. It uses the negative Tsallis entropy as the regularizer, defined as (for a parameter
a € (0,1)):

pa®) = = 38 — pi), )

a =
i

along with standard importance-weighted reward estimators and a simple time-varying learning rate
7¢. See Algorithm 1 for the complete pseudocode.

We show that Tsallis-INF achieves different game-dependent logarithmic PSMR bounds for the
case when: a) the game has a strict PSNE, or b) no PSNE exists. If a strict PSNE (z*, y*) exists,
the bound depends on the following sub-optimality gap parameters:

Ay =u(@y") —u(z,y), A =u("y) —u@,y").

From the definition of strict PSNEs, we know that these parameters are strictly positive. We further
define AL, = mingz,« A} and AL = ming.,« Ay. We point out that these parameters also
characterize the sample complexity of finding a PSNE (Maiti et al., 2024) and the external regret
for self-play (Ito et al., 2025).

On the other hand, if PSNEs do not exist, we know that the Nash value vN®" is strictly higher
than the pure-strategy maximin value v*, and our bound depends on the gap between them: A™X e

oNash _ 4% > 0. More concretely, our main result is summarized in the following theorem.
Theorem 1 In every game u(-,-), against any adaptive adversary, Tsallis-INF with o = % and
N = 2%/2 achieves a regret bound of PSMRp = (’)(\/mmT). Additionally,

o Ifthe game has a strict PSNE, we further have PSMR = O(A% Zméx* 1OLT).

AL
* If the game has no PSNEs, we further have PSMRy = O( A"rﬁffx).
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Proof Since our model is a special case of adversarial bandit, Theorem 1 of Zimmert and Seldin
(2021) directly implies that PSMR7 < ERegr < 8y/m,T + 2 (the difference in constant factors
is due to our reward range [—1, 1] being twice as wide as theirs).

For the instance-dependent PSMR in the no-PSNE case, we observe that NReg; — PSMRp =
(vNash — p*)T = A™XT. Together with the ERegy bound, we have

PSMRy = NRegy — A™T < ERegy — A™T < 2 4 8y/m, T — A™*T.

Since A™* > () when the game has no PSNE, the function T' +— 8v/m,T — A™XT is maximized

atT = (ii,% with a value of lftfﬁ;” (see Lemma 7), so PSMRr < fﬁ; + 2.

For the instance-dependent PSMR in the strict PSNE case, let (z*, y*) be the strict PSNE and

def

Cr € 0,7 be the expected number of times the adversary deviates from this NE, that is, Cp =
Zt:1 [y ]} . We then have

T T
ERegy(z*) — PSMRy = E [Z (u(:v*, y®) - v)} —E [; (u(x*, y D) — u(a*, y*))]

t=1
T
=E |:Z H[y(t) 7& y*]AZ(t)] > C(TAmln (5)
t=1
Further,
T T
B [Zw,p(”ﬂ ERegy(z [Z Al ] ~E [Z (e, 5 ) = u(@?, y“’))]
t=1 t=1

Each summand in the RHS is equal to 0 when y® = y*, and bounded by 4 otherwise, so the entire
expectation is bounded as E [Z’le <Ar, p® >] — ERegp(2*) < 4C7. Next, we apply the following
key external regret bound of Tsallis-INF (see e.g., Ito et al., 2025, Theorem 1):

>0 3Vl

= m;éx*

ERegp(z*) < ERegp < 19E

This is further bounded by Cauchy-Schwarz as

T T T
ERegp(z*) < 9E| Y > rpi| < 19E (Z t;) (Z S A pg)>]
Lt=1 x£x* t=1 x#£x* z t=1 x#£x*
B T
— T r HT
— 19E _ 1; A ; (Ar, pt ] < 19E W\ Ar (ERegy(z )+4CT)]

gsmz%ws CTZ%,

z#£x* T x#xr L
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where Hy = ZtT:l % < 1+ logT is the sum of a harmonic series, and the last step is a standard
self-bounding argument and can be shown with elementary algebra (Lemma 8). Combining this
with (5), we can bound PSMR/ as follows:

min-

Hyp
PSMRy < ERegp(z*) — CpAS, < 361 Z At 38 |Cr > Ar
:B;éz* TH#T*

Another application of Lemma 7 finally eliminates C'r and proves our desired bound in the strict
PSNE case,!

1 Hr _ 1 14 logT
PSMRy <361(1+ ) > 1 (1+5—) > m
min x¢x* €T min x;éx* x

From the proof of Theorem 1, it is clear that the O( A’Zﬁx) instance-dependent bound in fact
holds for any algorithms with a worst-case O(v/m,T) external regret bound. Also, for the case
when a non-strict PSNE exists, PSMR7 = Q(+/T) is in fact unavoidable; see Remark 3 below.

There is no prior work we can directly compare our bounds to for this uninformed setting.
However, since our results obviously also apply to the easier informed setting, which Maiti et al.

(2025) studied, we make the following comparisons to their bound.

As mentioned, Maiti et al. (2025) only considered a 2 x 2 zero-sum game A = (Z Z) with a

unique NE, and they achieved NReg, = (’)(IOA%T + loﬁzT) for another game-dependent constant
M M

Ay = min{|a — b|,|a — ¢|,|b — d|,|c — d|}. Besides the fact that our results hold without the
uniqueness assumption and that a worst-case guarantee O(\/T) always holds, our bounds are also
better in the following sense:

* When the unique NE is pure, PSMR7 is equal to NReg, and since AL, > Ay and A}, >

logT logT
A, our bound Afnm Yo - is at most AT

strictly improving upon theirs.

* When the unique NE is mixed, our PSMR7 metric is weaker than their NReg, but at the
2
< —2 by the fact A™* > M from

same time, our bound is also strictly better since Am]x

Lemma 10.
3.2. Lower Bound

In the case when a strict PSNE exists, Ito et al. (2025) proved that Tsallis-INF enjoys ERegy =
(@) ((Zx Alr +Zy ﬁ) log T) in the self-play setting. While not directly comparable to our setting, it
x y

naturally makes one wonder whether our bound O (A% Yo L+ IOALYT) is improvable. Indeed, their

dependency on the gap parameters is of order Ar + AC , thus strictly better than ours, which is of

min min

order ﬁ It turns out that such ﬁ dependency is unavoidable in our setting, meaning

min~— min min~ min

that uninformed adversarial learning in games is inherently more difficult than self-play. This is
summarized in the following theorem.

1. Throughout this paper, no attempts are made to optimize global constants.
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Theorem 2 For small enough A ,AS.  large enough T, and any uninformed learner, there
exist an adversary and a game u(-, -) with m, = m, = 2 and a strict PSNE, such that the learner’s
PSMR is at least ) (min{ ﬁ, \/T})

min~— min

In the following, we will show a simplified, informal argument for the Q(ﬁ) lower

bound, using big-O to hide constant factors. A full proof with a careful analysis of constant factors
is deferred to Appendix C.

Proof (sketch). In this sketch, we focus on the more interesting case when ﬁ = O(V/T) and

min~ min

C
show that PSMRy = (55— ). Consider a game matrix 4 = (_OAr Ké Ar

ized by K, A", and A°. We assume that all entries are in [—1,+1] and A", A® > 0. We know that
A admits a strict PSNE (z*, y*) = (e1, e1) with a value of v* = 0. The two gap variables A", A°
are exactly A . and AS, of A. We set the noise model to be binary on {£1}, i.e., at round ¢, the
reward comes from a two-point distribution so that 7; € {—1, +1} and E[r] = u(z®),y®).

The adversary is parameterized by € € (0,1) and 77 € N, T" < T, where he plays a sample
from the distribution y(*) ~ ¢ = (1 —¢,¢) fort < T’ and y® = y* fort > T". Then, for t < T",

0 eA°
we have A¢(") = (KE B Ar>'

Let § = eA° — Ke + A", In each round up to ¢t = T”, the KL divergence between the reward
distributions of the two actions of the learner can be bounded by O(4?) (see Lemma 9). Using
standard arguments (see Chapter 15.1 of Lattimore and Szepesvéri (2020)), the total KL divergence
between the two arms at the end of the 7"-th round is bounded by §%7".

Welet K = 1and e = A" — 12A"A°, and thus 6 = A"A°(13 — 12A°) = ©(ATA®). By

choosing some 7' < T such that 7' = @(m) and 627" < 1, which is possible because

e = O(V/T), we can see that the total KL divergence is O(1). This means that the learner
cannot distinguish between the two actions beyond a constant error probability, and that the worse
action is selected at least 1—12 of the time. In this case, the accumulated PSMR up to time 7" is at
least

> , parameter-

1 11
PSMRy > T'( (A" = Ke) — 1-2A°) 6
=T {35! TN ©

T 1
> —A'A° = .
* 12 o(Fa)

Finally, note that for ¢t € [T” + 1, T, the adversary plays the PSNE action and thus the PSMR
can only increase, proving that PSMR is indeed also of order ﬁ. |
Remark 3 In the construction above, we can let A* = A® = 0, K = —1, and let the adversary

play (1 — e,¢e) with e = ﬁ for all T" = T rounds. We can verify that the accumulated KL

divergence is O(1) as well. This matrix, <8 _01> has a non-strict PSNE, meaning that A} . =
AL = A™X = 0, and (6) shows that PSMRy = Q(\/T ). This shows that, beyond the two cases
considered in Theorem 1 where we prove game-dependent logarithmic PSMR, any algorithm must

suffer PSMRy = Q(V/T).
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Algorithm 2 Maximin-UCB

Require: A high-probability parameter §.
1: Initialize the accumulated rewards R()(z, 1) = 0, and the number of pulls N () (z, y) = 0.
2: fort=1,2,... do
3: | Define the UCB for any pair (z,%) as U® (z,y) < 1if N¢=D(z, y) = 0, or else

(-1 (g o g (1IN (2.9) wo nr(t—
UD(z,y) + fm—w((m’,z)) + \/41 g(1/6)+]\?(1t_g1()1(;z;/) @) if N1 (3, 4) > 0.

Let () = arg max, ¢ y minyecy U (x, y) with ties broken arbitrarily.
Play z(Y). Observe the adversarial action 3*) and the reward r,.
Update NO (20)_) ¢ NG-D (50 40) 41,

Update R® (z® y®) « RE-D (2 4Oy 4

All other entries of N(*) and R(®) are the same as N~ and R(*~1).

e A

4. Informed Learning in Normal-Form Games

The previous section demonstrates a gap between adversarial and self-play learning in games. To
improve performance in the adversarial bandit setting, we turn to the informed setting and grant
the algorithm access to extra side information, the opponent’s action y*). Note that previous
work (O’Donoghue et al., 2021; Maiti et al., 2025) has implicitly assumed this feedback model.

With such extra information, it becomes natural to directly build estimates on the game matrix
A and apply the optimism principle as in the standard UCB algorithm (Auer, 2002). This leads to
our proposed algorithm Maximin-UCB (Algorithm 2). Specifically, at the beginning of each round
t, it constructs an estimate U/ (*) (x,y) for every action pair (x,y), representing an upper confidence
bound of the utility u(z,y). The algorithm then simply plays the optimistic pure maximin strat-
egy argmax,cy mingey U () (z,y) in round ¢, that is, the action that maximizes the worst-case
optimistic reward.

We point out that Maximin-UCB is very close to Algorithm 1 of O’Donoghue et al. (2021),
with the only difference being that their algorithm plays the optimistic mixed maximin strategy
arg max,e am, Mingey U ®)(p,y) instead. While they only prove that their algorithm achieves
NReg = O(4 /m,m,T) (which is in fact even worse than using a standard adversarial bandit
algorithm), we prove the following game-dependent logarithmic PSMR for our slightly different
algorithm Maximin-UCB, using yet another sub-optimality gap parameter: A,, = v* — u(x,y) for
all (z,y) € X x Y. (Note that A, can be negative.)

Theorem 4 For any game u, Maximin-UCB with § = % simultaneously achieves an instance-

dependent regret of PSMRp = O<Zx,y:Azy>0 (Azy + fw log T)) and a worst-case bound of
PSMRy = O (. /mzmyT log T), against any adaptive adversary.

The proof mostly extends standard UCB proofs and argues that each (x, y) pair can be encoun-
tered at most O(1/ A?Cy) if its gap A, > 0; see Appendix D for a rigorous proof. Note that unlike
Theorem 1 where different cases were discussed, the results of Theorem 4 hold always (regardless
whether a PSNE exists or not). The instance-dependent bounds in these two theorems are generally
incomparable (setting aside the fact that their feedback models are also different):

10
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* There are games where Tsallis-INF achieves a much better bound. For example, consider

A= (_01 _16> for a small € > 0, in which case Tsallis-INF achieves PSMR7 = O(log T")

1 T
since A} .

= A°

min

= 1, while Maximin-UCB achieves O(b%T) since Ag o = €.

* Conversely, there are also games where Maximin-UCB achieves a much better bound. For

example, consider A = (_01 i) for a small ¢ > 0, in which case Tsallis-INF achieves
PSMR7 = O(*%T) since A’ = cand A, = 1, while Maximin-UCB achieves O(log T')

since the only non-negative gap is Ag; = 1.
Similarly, using the same examples, we see that Theorem 4 and the result of Maiti et al. (2025)
are also directly incomparable: in the first example, we have Ay = 1 — ¢ and thus Maiti et al.
(2025) achieve PSMRy = NRegy = O(log® T'), better than Maximin-UCB’s bound O(*61); in

€

the second example, we have Ay; = ¢ and thus Maiti et al. (2025) achieve PSMR7 = NRegy =
@ (I%T + log? T), much worse than Maximin-UCB’s bound O(log T').

2

5. Extension to General Bilinear Games

In this section, we return to the general bilinear setting, where the action sets X C R%,) c R%
are arbitrary finite sets with large cardinalities m, and m,. We assume without loss of generality
that X and ) span R% and R%, respectively. We further assume that ||z||z < 1, [|ly|2 < 1 for
any x € X andy € Y, and || A||2 < 1; this implies u(z,y) = (x, Ay) € [—1, 1]. This framework
generalizes the stochastic linear bandit problem (Abbasi-Yadkori et al., 2011), which is recovered
when )/ is a singleton (]| = 1). Similar to the motivation behind linear bandits, we investigate this
setting to derive regret bounds with dominant terms that scale polynomially with dimensions d, d,,
but only logarithmically with the action set sizes m, m,,.

5.1. Uninformed Learning in Bilinear Games with Tsallis-FTRL-SPM

As Tsallis-INF is shown to be successful in normal-form games (Section 3.1), it is more than natural
to extend it to bilinear games. Indeed, for adversarial linear bandits, Ito et al. (2024) have gener-
alized Tsallis-INF and proposed an algorithm, which we will refer to as Tsallis-FTRL-SPM, to
achieve similar best-of-both-worlds results. We consider using the same algorithm for uninformed
learning in general bilinear games, shown in Algorithm 3. It is again based on the FTRL frame-
work, but uses a variant of the Tsallis entropy regularizer (Line 3), a reward estimator tailored to the
linear structure (Line 8), and a more sophisticated exploration and learning rate schedule (Line 5
and Line 9).

While the algorithm is from prior work, we again provide a novel analysis for the game setting,
using the same instance-dependent parameters A” . | A¢. . A™X defined in Section 3.1 (note that
in these definitions, X and ) are now general sets instead of the standard basis sets.).

Theorem 5 Witha =1 — m, b1 = ?i‘ig[, 8= (1235 - and a suitable choice of po, in any

bilinear game, against any adaptive adversary, Tsallis-FTRL-SPM achieves a worst-case regret
bound of PSMR = (’)(\/de log my + mg log mm) Additionally,
* Ifthe game has a strict PSNE, we further have PSMRr = O (Ki”b% log T+ m; log mx).

o If the game has no PSNEs, we further have PSMR = (’)(d””io“gﬁxm”” + mg logmg).

11
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Algorithm 3 Tsallis-FTRL with Stability-Penalty Matching (SPM) learning rate schedule

Require: A Tsallis entropy parameter o € (0, 1) (c.f. (4)), learning rate parameters 31 > 0, 3 > 0,
a fixed exploration distribution p, with a variance ratio ¢ > 0.
cfort=1,2,... do

—

2 Letp = argmax,came {(P Cocr ) + Bia(p) + Bo1-a(p)}-
in{ [P ||oo, L= 1P |l }) ¢
N Set 2, — da (min{ ||| 1_1a 150 }) ‘
4: Set the exploration coefficient v, = %.
5: Compute the distribution p®) = (1 — 7)) + ~;po.
6: Sample ® € X from the distribution specified by p®) and play it.
7: Observe the reward 7.
8: Define reward estimator g() € RY, where gg(ct) = rt<x(t), S (p(t))_1x> and S(p) =
EpplzaT].
9: Set the learning rate of the next round S;+1 = (B + ﬁ where hy = @, (ﬁ(t)).

The proof is similar to Theorem 1 and is deferred to Appendix E. Importantly, all 7T-dependent
terms have only logarithmic dependence on m,. The additive m,, log m,, term is not ideal but was
present in Ito et al. (2024) already. On the other hand, if one were to ignore the linear structure,
treat this as a normal game with m,, actions (for the learner), and apply Tsallis-INF, then the bound
would have a polynomial dependency, as either v/m T (worst-case) or A%mz log T' (instance-
dependent). -

5.2. Informed Learning in Bilinear Games with Maximin-LinUCB

Finally, we turn to the informed feedback setting for general bilinear games. Analogous to our
approach in Section 4, we extend the classical LinUCB algorithm (Abbasi-Yadkori et al., 2011) to
the game-theoretic setting.

The algorithm is based on the observation that the reward of a bilinear game is linear in its
matrix A: u(z,y) = (z,Ay) = (A,zy"). The feedback r; in each round is therefore a noisy
linear projection of A. The algorithm can thus maintain an estimate for A, utilize a LinUCB-
style confidence ellipsoid to determine an optimistic reward estimate for each action pair, and play
the pure maximin action based on the upper confidence bounds, analogous to Maximin-UCB. The
formal description of this algorithm, which we name Maximin-LinUCB, is deferred to Appendix F.

To analyze this algorithm, we let A™ > 0 be such that v* — u(z,y) € (—o0,0] U [AlM, 4+-00).
This parameter always exists since X and ) are finite. In the special case of normal-form games,
the parameter A" would be equal to ming , {Azy | Agzy > 0}

We show that Maximin-LinUCB effectively exploits the low-dimensional nature of the bilinear
game. The full analysis is deferred to Appendix F, with the main result summarized below.

Theorem 6 For any bilinear game, against any adaptive adversary, Maximin-LinUCB achieves a
worst-case regret of PSMRp = O (dz dy\/T logT ) and an instance-dependent regret of PSMRp =

@) ( A%in d%dz log? T) simultaneously.

Note that the bounds scale polynomially with the feature dimensions d, and d,,, but have no
dependence on m; and m, at all (unlike Theorem 5). Once again, if one were to treat this as a

12
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normal-form game and apply Maximin-UCB, then its bound suffers a polynomial dependency on
mg and my,.

6. Conclusion and Future Research

In this work, we investigated the problem of learning to play zero-sum games against an arbitrary
adversary under bandit feedback. We introduced the PSMR metric to quantify the learner’s perfor-
mance against the safety value a deterministic learner can achieve against the worst-case adversary.
We provide comprehensive results, tackling both uninformed and informed feedback models and
covering both normal-form and bilinear games.

Our results point toward several promising future directions. First, as discussed, the regret
bounds of Tsallis-INF and Maximin-UCB are incomparable. Is it possible to achieve both simulta-
neously in the informed setting? Taking one step further, what are the instance-optimal bounds for
this informed setting?

Second, while our results for general bilinear games are analogous to those for normal-form
games, it has been shown that in the special case of stochastic linear bandits (|| = 1), such
bounds are not instance-optimal (Lattimore and Szepesvari, 2017). Therefore, understanding what
fundamental quantity characterizes the difficulty of a general bilinear game is a promising direction.

Finally, our results are restricted to PSMR. While it coincides with NReg when a PSNE exists,
investigating how to achieve similar results for NReg in the general case is an interesting direction.
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Appendix A. Notes on Uninformed and Informed Bandit Feedback

Existing literature on bandit-feedback learning in games exhibits a subtle but critical difference
in the feedback model. For instance, the self-play framework in Ito et al. (2025) assumes the
learner observes only the reward of the realized actions. In contrast, the algorithms proposed by
O’Donoghue et al. (2021), including variants of UCB, Thompson Sampling, and K-learning, oper-
ate under the assumption that the learner observes the reward and, in addition, the action taken by the
opponent. Similarly, the work by Sessa et al. (2019) on learning in games with correlated payoffs
operate in this informed setting; they proposed the GP-MW algorithm that achieve an instance-
dependent O(+/T) regret with a non-parametric kernel-dependent constant factor, by maintaining a
Gaussian process posterior based on the knowledge of the opponents’ actions . As this distinction is
rarely addressed explicitly by prior work, we introduce the terms “uninformed” and “informed” to
formally differentiate between these two settings based on the availability of the opponent’s action.

A similar distinction on informedness exists in the broader field of learning Markov games. A
Markov game is a game where the utility depends on the action of players and a state, and the state
is changed every round in a Markovian way determined by the players’ actions. Our setting is a
special case of Markov games with only one state. Post-hoc observations on opponents’ actions is
assumed by some research (Wei et al., 2017; Bai and Jin, 2020; Xie et al., 2020; Liu et al., 2021), but
in some other work, this information is hidden (Tian et al., 2021; Mao et al., 2022; Cai et al., 2023;
Appel and Kosoy, 2025). Out of these papers, Cai et al. (2023) define “uncoupled” learning, and
Mao et al. (2022) use the term “decentralized” learning, both of which imply the lack of observation
of the opponent’s actions (our “uninformed” feedback).

Appendix B. Technical Lemmas

Lemma7 Fora,b > 0, the function f(x) = \/ax — bx has a maximum value of j; when x = 4.

Proof The function has a critical point when the derivative f’(z) = 2‘/\% — b is zero. Solving
J'(x*) = 0 yields z* = 75, and plugging it back in gives f(2*) = f. We can indeed validate that
f/(x) > 0whenz < 2* and f'(z) < 0 when x > z*. [ |

Lemma8 Ifx,a,b,c>0,andx <+axr+b+c then x < a + Vb + 2c.

Proof In z — ¢ < vax + 0, if x < ¢, then the result holds trivially. We assume = > c; squaring
both sides yields (z — ¢)2 < ax + b. Replacing the inequality sign with an equality solves into

r=5+cE./ % + b + ac; the larger root is the upper bound for z.

We now only need to prove that /% + b+ ac < & + /b + c. Since (2 + Vb + 0)2 — (% +
b+ ac) = avb+ 2eVb + 2 > 0, this inequality holds. [ |

Lemma9 Let By () be the two-point distribution on {£1} with expectation x, which puts prob-
ability Y= on +1 and 15~ on —1. When |a/, |b| < 3, we have Dxr,(Bx1(a) || Bx1(b)) < (a —b)?,
where Dkr, is the KL divergence.
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Proof Expand the KL divergence formula:

_1+a l1+a 1—a., 1—a

DKL(B:H(CL) ” Bil(b)) = B In 140 B In 1_ b.

Define
_1+a l1+a 1—a., 1—a

falb) = =iy + 5 Iy

We need to prove that f,(b) < 0. It is clear that f,(a) = 0. Taking a derivative of f,,

a—b)2

1+4+a 1-a 1
'(b) = — ~20b-a) = (b-a)(7—7 — 2).
fa(b) sa+0) Ty X o)==\
Since [b| < 1, we know that the second term ﬁ — 2 is negative. Therefore, f/(b) < 0 when
b > aand f/(b) > 0 when b < a, and thus f! is maximized at b = a with a maximum value of 0. ll

b
Lemma 10 Let A = (CCL ) be the utility matrix for a 2 x 2 zero-sum matrix game with all entries

d
in [—1,1). Assume it has a unique mixed-strategy Nash equilibrium (p*,q*) of value v™*". Let
Ay = min{|a — b|,|a — c|,|b — d|,|c — d|} be the minimum entry gap. Then, A™* > A2 /4.

Proof Since A does not have pure-strategy Nash equilibriums, we have Ay; > 0. Up to permuta-
tions of rows and columns, we assume a > b, d > b, d > ¢, a > ¢, and b > c. The pure-strategy
maximin value is v* = max{min{a, b}, min{c,d}} = b.

Using the indifference condition of a mixed NE, we can solve the NE

P= (a—z:z+d’a—z:i+d>’

¢ = (a_zjwa_z:;d)-

Therefore, the Nash value is v™*" = <p*, aq*> = afg:gfr 5» and the gap parameter AWix — g)Nash _
v* = ad—bc b= (a—b)(d—b)

T a—b—ct+d — a—b—c+d

By the definition of Ay, we know that a — b > Ay, d — b > Ay, Together with the fact that
a—b—c+d=(a—0b)+ (d—c) <2+ 2 =4, the claim of the lemma is proved. [ |

Appendix C. Proof of Theorem 2

In this section, we provide full mathematical rigor to the informal proof in Section 3.2.
Consider the games determined by the following two matrices,

0 A€ —A" K- AT
A_QAYK—N>’B_<O AC)’
parameterized by K, A", and A°. We assume A", A® € (0,1] and K — A" € [—1,1]. The two

gap variables A", A® are exactly A}, and Af . of our matrices. We set the noise model to be
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binary on {+£1}, i.e., at round ¢, ; comes from a two-point distribution so that r, € {—1, 41} and
E[r] = u(z®,y®); we denote this distribution as 7; ~ By (u(z®, y®)).

We will show that any uninformed algorithm suffers PSMRy = Q(min{ x—x—, vVT'}) for
some adversary and for at least one of the games defined by A and B. .

From the definitions of A and B, we know that A admits a strict PSNE (z*,y*) = (e1,€1),
and B admits a strict PSNE (z*,y*) = (e2,e1). We have v* = 0 for both games. We design an
adversary parameterized by € € (0,1) and 77 € Ny, 7" < T, where he plays a sample from the

distribution y®) ~ ¢®) = (1 —¢,¢) fort < T" and ") = y* for t > T". Then, for t < 1",

(t): EAC (t): KE—Ar
Aq (Ke—Ar>’ Bq ( AC )

Let § = eA°— Ke+ A". In each round, the KL divergence between distributions corresponding
to Ag\®) and Bq®) is either Dy, (B1(eA°) || By1(Ke—A")) or Dgp,(Bi1 (Ke—AY) || B1i(eA%)),
both bounded by §2 by Lemma 9. Using the divergence decomposition theorem (standard tool from
bandit lower bounds, see e.g. Chapter 15.1 of Lattimore and Szepesvari (2020)), the total KL
divergence between the probability measures at the end of the 7”-th round is bounded by 627”. Let
P4, Pp denote these two measures.

If 627" is bounded by a constant, say 627" < 1, then the algorithm cannot distinguish these
two measures beyond a constant accuracy. This is captured in the Bretagnolle-Huber inequality
(Bretagnolle and Huber, 1979): for any event S and its complement S°¢,

Pa[S] + P[] > %exp(— D1 (P4 | ).

Assuming 627" < 1, we take S = [z(!) = e5], §¢ = [(®) = ¢;] and sum this inequality over
t=1,2,...,T". We obtain

i T

1 1

E4 [Z 1[2® = 62]] +Ep [Z 1z® = 61]} > Sexp(-)T' 2 <7
t=1 t=1

At least one expectation in the LHS is larger than 1—12T’ ; without loss of generality, we assume it is

the first one. Then E 4 [% ZZ;II pgt)] > L. or in English, the algorithm chooses the second arm

12°
more than 12 of the time in expectation. Assume Ke < A', and we then have

12

T T
PSMRr = E4 ) (v" —ua(a, y(t)))} =Eq4 [Z (0- ", Aq(”>)]

t=1 t=1
T

>Ex Z —(p", Aq(t)ﬂ (PSMR. > 0 when t > T" and y(*) = y* is a NE)
“t=1
— ®) rc . (&) . 1l 1 .

=E4| >~ (eA 4 p{) (Ke — A) | =T (E(A ~ Ke) = 50 ) %
“t=1

The other case can be proven by replacing A with B and swapping actions 1 and 2, arriving at the
same bound.
For any tuple (A", A°,T') with A", A® < 1—13, T > 169, we construct (K, e,T") as follows:
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o If ﬁ <13VT,welet K = 1,6 = A* — 12ATAC, and T’ = (M%Ac)% We can check
that our assumptions are satisfied with K — A" > 0 > —1, Ke = A" — 12ATA® < AT

and § = 13ATA° — 12ATACAC < \/le, Our PSMR bound (7) expands to PSMRy >

L(12ATA° — TTATA® 4 132ATACA°) > T'ATA/12 = gopber.
r_ 12
* If xige > 13VT, welet 7' = T, e = min{l, -} < A% and K = — 22T, Again,
Ar__12 12
. . . AL . 3T 3T
our assumptions are satisfied with K < = < 1, K > mm{ 12 (13AC\UF)T1} >
min{Ar - lg\ﬁ,l?)ArAC\F— 12AC} > —=z£ Wthh implies K — A" > —1, Ke =
AT — % T< A, and § = 13f + mm(lsf’AC) < % Therefore, (7) expands to
12
PSMRp > ﬁ(lsﬁ 1w\fAC) > LT
Together, we can prove the final lower bound PSMRy > = mm{ T5AT AT AC NT } |

min~ min

Appendix D. Proof of Theorem 4

In this section, we give a formal proof of our regret analysis of Maximin-UCB.

Let ¥ = arg max, ¢ y minyey u(r, y) and y* = arg min, ., u(z*,y) with ties broken arbitrar-
ily. We know that v* = u(z*, y*).

In each round, we know that 7; is a noisy observation of u(z® y®). Lines 3, 6 and 7 of
Algorithm 2 uses these observations to build a mean estimator for u(z, y) and a confidence bound.
Like the usual analysis of the UCB algorithm in stochastic MAB, we start by showing that U(*)
is indeed an upper confidence bound on u, by showing the following lemma. We show its proof
for completeness and for the extra details needed to handle the potential stochastic nature of the
adversary.

Lemma 11 Fix (z,y) € X x Y. With probability at least 1 — 6, the confidence bound |u(z,y) —

ﬁ((z))((iz)) < \/ 410g(1/5)j;\?(15%$5]v(t)(‘r’y)) holds simultaneously for all t such that N (t)(x, y) > 0.

Proof Denote as a shorthand N; = N®) (z,y) and I = Ny — Ny_. Let F;_; be the o-algebra
generated by everything before 7 is drawn, i.e., (1), ¢y .. 2® y® r ;). By the
UCB algorithm, I; and thus V¢ is measurable on F;_.

By the definition of the noise model, the stochastic process M = {R®) (z, y)—N® (z, y)u(z, y) }+
is a martingale. Its difference sequence { M;—M;_, } is conditionally 1-subgaussian when (), y(®)) =
(z,y), and is equal to 0 otherwise. Let Z;(\) = exp(AM; —3A2N;). Conditional on Fy_1, if [; = 0,
then Z,(\) = Z;_1()\); otherwise Z,(\) = Z;_1()) exp(\e; — 3A%). Combining both cases leads
to E[Z:(\) | Fi—1] < Zi—1()N), and thus {Z;(\)}+ is a supermartingale.

By the method of mixtures, Z; = [ Z¢(A\)d®()) is also a supermartingale, where ® is the CDF
of N(0, 1). This integration evaluates to

1 Mf)

1
——\%)d\ =
exp(=5A") TN, eXp(z(l TN

_ 1 1
Zi = [ exp(AM; — =)\2N,
t /R p( t B t)m
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Since Zy(A\) = 1, we have Z = 1, and we can use Ville’s inequality to get
— 1
P[3t: Z; > g] < 4.

Plugging in, taking logarithms on both sides, and taking the complement on the event yields that
with probability at least 1 — 4, for all ¢,
2

1 M
Zlog(14+N,))+ ——1t < 1
B og( t) 21+ N,) = log(1/6),

which, when N; > 0, simplifies to

1M _ \/2(1 +N)

N, NZ (log(l/é) + %log(l + Nt))_

Loosely bounding 1+T]tvt by 2 and plugging in our shorthands, we see that

N (z,y)

< \/M(ﬂog(l/&) +log(1+ N®(z,y))),

which is equivalent to the desired result, up to algebraic simplification. |

Back to Theorem 4. We first assume the high-probability event of Lemma 11 happens for all
action pairs, which implies u(z,y) < U®(z,y) for all z, y, and t. Using the confidence bound on
the pair (z*, y), we see that

v* = u(z*,y") = minu(z*,y) < min U (z*, y)

yey yey
< mijr}l U®(z® y) (2) maximizes x + minyey U® (z,y))
ye
<V, y). ®)

Consider each action pair (z,y) such that A,, > 0. At the last iteration this action pair is
played, i.e., at the maximum ¢ such that (z(®), y()) = (z,7), we know that U®) (z(®) 4(®)) > y* =
w(z,y) + Agy, $0

\/4log(1/5) +2log(1+ N V()
— [gy-

N (z,y)
which simplifies to N~ (z,y) < & (41log(1/6) 4+ 2log(1+ N~ (z,y))), and can be loosely
zy
upper-bounded as Aiz log T. Thus, N® (z,y) is at most this value plus one. Since this is the last
Ty

round (z, ) is played, the same bound applies to N (7)(z, y).
Therefore, our regret is bounded as

PSMRp = E[ZT: (v* — u(x(t), y(t)))} = E[ Z N (z,9) (U* — u(x,y))}

t=1 (z,y)€X XY

:E[ 3 N(T)(x,y)Awy]gE[ 3y N(T)(x,y)AIy] )

(z,y)€X XY (z,y):Azy>0

Z (1 + AizlogT)Azy,
(%,y):Agy>0 Ty

IN
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This directly implies our instance-dependent bound.

To obtain our worst-case bound, we introduce a constant A > 0. For action pairs with 0 <
Azy < A, starting from (9), we bound the total number of plays as 3, 1.0<a,,<a NV D) (z,y) <
T; for each action pair with A;, > A, the regret contributed by such a pair is bounded by (1 +
Ai%y logT)Agy <2+ % <24 %. Together, we have

PSMRy < AT+ Y. (2+ GI‘ZC{T>
(z,9):Agy>A
GlogT)

< AT—FmImy(Q-FT

= 2mgmy + 2+/6mymy log T,

where in the last step we substitute in with A = 4/ w

Note that both results are conditional on the high-probability event in Lemma 11 holding for
all action pairs (z, y), which happens with probability at least 1 — m,m,,d. If the confidence event
does not happen, we trivially bound the PSMR by 7', and when § = %, this low-probability event
adds an extra term of m,m, to both bounds of PSMR; in both bounds, the extra term is absorbed
by the big-O notation. |

Appendix E. Proof of Theorem 5

In this section, we provide a full proof of Theorem 5.

We first specify the exploration distribution p, used in the algorithm. To recall, the variance
function S(-) is defined as

S(p) & Emwp[ach].

Given a set X, there exists a distribution p € &% such that (z, S(p) 'z) < d, for every z € X;
this is a result known as the Kiefer-Wolfowitz theorem (Kiefer and Wolfowitz, 1960). We choose a
Po € &Y such that

Ve e X, <x, S(po)_1x> < cdyg (10)

for some constant ¢ = O(1).

As in the proof of Theorem 1, we use Cp = E [Zthl 1[y® # y*]] to denote the expected num-
ber of times the adversary deviates from playing y*. Then, the external regret compared against z*
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is lower bounded as

ERegp(z*) =E

T T
=E[ > (uy) — ul@®,y) + 3 (@', y?) — u(z*,y"))

t=1 t=1

T
+3 (u@®.y) — ula,y ")) ]

T - T T
=B [> (0 A + D00, A5 = 3 (u(a, y*) - u(x“),y“)))]

t=1 t=1 t=1

T
>E (Y (), AL 207 |, (1)

t

Il
N

where the last inequality follows from the definition of C7- and the assumption that ||z|2 < 1 and
llyll2 < 1forany x € X andy € ).

We then upper bound the external regret by using the upper bound of Tsallis-FTRL-SPM (Ito
et al., 2024)? instead of using the Tsallis-INF upper bound. From Eq. (26) and the choice of param-
eters in Section 4.3 (see discussion around Egs. (35) and (36)) in Ito et al. (2024), the external regret
is upper bounded as

ERegr (")

dymbi=oT de MY, (1)
< O| E | mi > (pi), AL)log T slogmy |. (12
—_ O min O((l —Oé) ) Oé(l —Oé) Armm t:1 (p a;> Og +7TL Ogm ( )

The first min in (12) with @ = 1— g yields ERegy(¢*) < O(v/Td; log my+m, log my).
Hence, we obtain PSMRy < ERegp(2*) < O(y/Td, logm, + mylogm,). If the game has no
PSNEs, similar to Theorem 1, the A™*-dependent bound is a direct implication of this worst-case
bound, the fact that PSMR7 < ERegy — A™XT and Lemma 7.

We next focus on the games with a strict PSNE. From the second branch in the minimum in (12)

combined with Jensen’s inequality and (11), we also have

l—a
ERegp(z*) <O \/a(ldia)zf (ERegr(z*) +2C7) log T + my log my

min

Plugginga =1 — in the last inequality and applying Lemma 8, we obtain

1
4logmyg

Ar Ar

d, logmy log T d. log my log T
ERegT(zL’*)SO< 08 M 08 —l-\/CT o8 Ma 208

+ my log mx> .

2. The arXiv and published versions of Ito et al. (2024) have different numberings for their theorems and equations. We
use the published version to avoid confusion.
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Since we have PSMR7 < ERegp(z*) — AS ..
this with the last inequality yields

PSMR7 < ERegy(z*) — A%, Cr
<0 <dz log mgy log T n \/C’Tdr log mgy log T

Cr (from the same analysis as in (5)), combining

AT AT

min min

+ my log mx> —ALLLCr

- dylogmglogT  d,logmglogT
=0 < AT T AT AC

min min“~— min

+ my log mx> ,

where in the last inequality we considered the worst-case with respect to C (recall Lemma 7). This
completes the proof of Theorem 5.

Appendix F. Informed Learning in Bilinear Games

In this section, we detail our technical results in informed feedback learning in bilinear games,
briefly mentioned in Section 5.2. We extend Maximin-UCB and propose Maximin-LinUCB, ex-
tending the classical LinUCB algorithm (Abbasi-Yadkori et al., 2011); see Algorithm 4.

Algorithm 4 Maximin-LinUCB
Require: A regularization coefficient A € R . A sequence of confidence radius multipliers
B, Ba, - - € RT.
1: Initialize V(©) = ATy, 4 € Rld=d)x(dedy) p(0) = 0 € R=ly,
2: fort=1,2,... do '
3 Compute A® = mat, xq, (VD) 71D,
4: Define the UCB for any pair (z,y) as_
UD(z,y) = (z, A(t)y> + BtHvec(:cyT)H(Vu,l))_l.
Let (V) = arg max, y mingey U ) (x,y) with ties broken arbitrarily.
Play z(*). Observe the adversarial action 3*) and the reward r;.
Let a® = vec(z® (yT).
Update the covariance matrix and bias vector for ridge regression: V() = v 4
a®(aT b0 = pt=1) 401,

In the definition of this algorithm, we distinguish between R ¥dy the set of d,, x d, matrices,
and R%9v  vectors of length d.dy. Let vec(-) be the “flatten” map that turns matrices to vectors of
length d,d,;, and let maty, x4, (+) be its inverse, turning vectors into d, x d,, matrices.

The algorithm is based on the observation that the reward of a bilinear game is linear in its
matrix A: u(z,y) = (z, Ay) = (vec(A), vec(zy")). The feedback r; in each round is thus a noisy
linear projection of vec(A). The algorithm thus maintains a ridge regression estimate for vec(A)
(Line 3 and Line 8) and utilizes a LinUCB-style confidence bound to determine an optimistic reward
estimate for each action pair (Line 4). Finally, the algorithm again plays the pure maximin action
based on the upper confidence bounds (Line 5), analogous to Maximin-UCB.

Recall that we define the instance-dependent parameter A" > 0 be such that v* — u(z,y) €
(—00,0] U [A" +00). We present the formal version of Theorem 6:

Theorem 12 Maximin-LinUCB achieves a worst-case regret of PSMRp = (’)(dxdy\/flog T)

and an instance-dependent regret of PSMRr = (’)( A%in d%d; log? T) simultaneously, against any
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adaptive adversary, by letting 5; = \/Ad.dy + \/2 log =1 + d,d, log(l + ﬁ), 0 = % and
A=1

Proof Let x* = argmax,cy mingey u(r,y) and y* = argmin,y u(z*,y) with ties broken
arbitrarily. Define a* = vec(z*(y*)"). We also know that v* = u(z*, y*) = (vec(A), a*).

In each round, we know that 7, is a noisy linear observation on vec(A), or formally, r, =
<Vec(A), a(t)> + €. Lines 1 and 8 of Algorithm 4 uses these observations to build a ridge regression

on vec(A), where A® s the regularized least-square estimator for A. The usual analysis of Lin-
UCB, e.g. Theorem 2 of Abbasi-Yadkori et al. (2011), is applicable here and states that A is within
a confidence ellipsoid centered at A(*) with high probability, captured by the following lemma.

Lemma 13 (Confidence ellipsoid) For any fixed parameters A > 0 and § € (0,1), we have for
probability at least 1 — §, A € Ui forallt = 1,2, ..., where

A = {A’ € R%=xdy | |vec(A") — Vec(g(t))Hv(t) < Bt}, (13)

in which V) = X\ + Zizl al®) (a(s))T is symmetric and positive definite, b = 22:1 real®),
AW = mat(VW)~16®), and B, = \/Adydy, + \/2 log(§) + dudylog(1 + 7-5).

Note that the sequence {;} is monotonically increasing. Our form of the lemma differs slightly
from the standard form in Lattimore and Szepesvari (2020), as our vec(A) has a dimension of d,d,,
and its norm is upper-bounded as |[vec(A)|, = || A||p < /dzdy, but it is a direct implication of
the standard result.

We first assume that the high-probability event in Lemma 13 holds. When A € 2, u(x,y) for
an arbitrary action pair is upper bounded by

u(z,y) < E&’ff":’ Ay)

= “max <vec(:cyT), vec(A’)>
[A7=AD [}, 0 <Be

= max (vee(wy"), vee(A0) + (VI0) "¢/

10", <B:
0 ()~ 12 T g
= (z,Ay) + ||91l1”12a;<ﬂt<(V ) vec(zy' ), 0 > (14)
= <x, ﬁ(t)y> + Btuvec(xyT)H (15)

(Vn)-1
= U (2, y).

In the derivation above, ¢’ is defined to be V'V (®) (vec(A’) — vec(//l\(t))), (14) is due to V® being
symmetric, (15) uses max|q|, < (a, b) = r|b||,, and the last step is the definition of U+ in Line 4
of the algorithm. R

With a similar argument, we can also prove that u(z,y) > (z, Ay) — g, |vec(zy")|| (V©)-1-
This shows that f3; Hvec(:cyT) H (V-1 is a confidence radius of u(x, y). Together with the definition
of UMD we can imply that u(x,y) > Ut (z,y) — 2BtHvec(:UyT)H(V(t)),l.
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Using the same logic as (8) in our proof of Theorem 4, we know that v* < U®) (z(t), 4 for
every round ¢. The per-round regret can be bounded as

v* —u(z®,y®) <UD (0 4By — (2, y®)
< 28:[[a® | yienyy1 < 282)]a”| eyya- (16)

The last step is due to {/3;} being monotonic. Therefore, to prove a bound on the total PSMR, we
only need to upper-bound the sum of the RHS.

The rest of the proof is purely algebraic and mostly identical to that of LinUCB.

We focus on the worst-case regret first. First, use Cauchy-Schwarz to obtain

ZH“ I (vi-1y-1 S TZH“ H (V(t=1))-

The summand in the RHS is similar to Ha(t) H?V(t)),l, which can be bounded as

Ha“>H§V“»44 = (V)1 N = (v VDY < Indet VO —Indet VD),

where the last step uses the concavity of the matrix function M + In det (M), the gradient of which
is exactly M 1.

By a telescoping argument, Zthl Ha(t) H?V(t))—l < Indet V(T) — Indet V(). The initial value
is known as Indet V(0 = d.d, In \. The final value can be bounded with the AM-GM inequality
over its eigenvalues,

det V(T < <“<V‘T)>>d”y _ (Adwdy +Y7, tr(a(t)(a(t))T)>dzdy
- dyd,

vy SO0\
= — <
(pe=im =) = 0eag)

= Hx(t)(y(t))THF = H:v(t)HQHy(t)HQ < 1. Subtracting the
< dydy In(1 + 5575 7-).

where the last step is due to ||a®]|,

initial and final In det values, we have 3°;_, [|a(" H(2V(t))71

The formula we hope to bound, Zthl Ha(t) H?v(t%))—l’ is very close to this value:

ZH“ H (V(E=1))- ZH“ H (V@®)-

<
>
T
R

Nt — (v, a(t)(a(t))T>

((

|
E

~~
I
N

IN

WE

=
T

))—1 _ (V(t))—l’[>

4~
Il
—

A~
—~

vyt — (v~ o)
dd,
A Y

IN

vy =

where we used the facts that matrices (V(¢~1)~1 — (V())=1 and V() are positive semidefinite,
and that Ha(t)H2 <1.
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Combining all these results proves

T
A, d,

dyd,
)+ =) (a7

PSMRy < 26T\/T (dodyn(1 +
For the instance-dependent regret, notice that the gap parameter guarantees that v* —u(x(t) , y(t)) ¢
(0, Ali"), thus

1

vt —u(z®,y®) < W(“* B u(x(t)’y(o))z < mﬁ%”‘z(t)“?\/(t—l))*l‘

We have already proved that

T
2 T dyd
;Ha(t)H(v(t1))_1 < dzdy ln(l + )\dxdy) + )\y'

Combining it with previous results, and we can prove that

T
A, d,

)+ dmdy). (18)

4
PSMRy < <63 (dod, In(1 + -

However, (17) and (18) hold only when the high-probability event of Lemma 13 happens. By
setting 6 = % and trivially bounding the regret by 7" when the high-probability event does not hold,
the expected PSMR increases by at most 1. By letting A = 1, assuming 7" > 3 and d,d, > 2, and
simplifying with log(l + ﬁ) <log T, we arrive at our final bounds,

PSMRy < 17d,d,vTInT,
49

PSMRr < S

d2d>In’T. u
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