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Abstract
Discriminative Feature Feedback (DFF) (Dasgupta et al., 2018) is an interactive learning protocol
in which a learner attempts to predict labels based on online feedback about previous correct labels,
as well as discriminative features. Recent work (Bar Oz et al., 2025) studied DFF learning with
general teacher classes and defined a dimension that characterizes the optimal mistake bound for
deterministic algorithms in the realizable setting. In this work, we show that in sharp contrast
to Online Learning, in DFF there can be an unbounded ratio between the optimal mistake bound
of deterministic algorithms and that of randomized algorithms, even in the realizable setting. We
further show that in this case, also non-realizable learning can have a mistake bound that does
not depend on the dimension at all. This result relies on a new algorithmic technique that allows
introducing new candidate hypotheses incrementally and could be of independent interest. We
further show that in DFF, there can be a significant difference between the obtainable mistake
bounds against an oblivious adversary and against an adaptive adversary, again in contrast to Online
Learning. Our work shows that once richer feedback than labels is allowed, the landscape of
randomized versus deterministic algorithms becomes significantly more involved, and raises new
questions on characterizing the optimal mistake bound under differing randomization regimes.
Keywords: Discriminative Feature Feedback, Online Learning, randomization, adaptivity

1. Introduction

Discriminative Feature Feedback (Dasgupta et al., 2018) is an interactive learning protocol in which
a learner attempts to predict labels based on online feedback about previous correct labels, as well
as discriminative features. A discriminative feature is a property of an example that explains why
its label is different from the label of another example, which the learner assumed has the same
label. This protocol formalizes a certain type of rich feedback that is common in human learning.
For instance, a user may indicate that they don’t like a certain movie, even though they liked the
previous movie of the same director, because they don’t like the main actor, who is different in this
new movie then in the previous movie.
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Recent work (Bar Oz et al., 2025) studied the theoretical properties of Discriminative Feature
Feedback (DFF) with a general teacher class. Here, each teacher defines both the labeling func-
tion and the type of feature feedback that would be provided in each possible interaction with the
learner. In that work, a DFF Dimension was defined, and it was shown that this dimension is equal
to the optimal mistake bound of any teacher class under the DFF protocol in the realizable setting,
assuming a deterministic algorithm. However, in the non-realizable setting, it was shown that some
teacher classes cannot have sub-linear regret even when the DFF dimension is finite, at least under
some randomization models. In contrast, some other teacher classes are equivalent to Online Learn-
ing (under the 0-1 loss, which we assume henceforth), and thus the Weighted Majority algorithm
(Littlestone and Warmuth, 1994) obtains sub-linear regret for those classes. This result revealed
that unlike Online Learning, in which the Littlestone dimension fully characterizes the optimal ob-
tainable regret for both the realizable and the non-realizable setting, the DFF Dimension does not
provide the same characterization power. It was left open whether there are teacher classes in which
the regret in the non-realizable setting can have an even smaller dependence in the dimension than
the dependence in Online Learning.

In this work, we answer this question in the affirmative. Moreover, our proof provides a crucial
observation: unlike Online Learning, in which optimal mistake bounds for deterministic and ran-
domized algorithms are at most a factor of two apart1 (Ben-David et al., 2009), in DFF, the ratio
between the mistake bound of an optimal deterministic algorithm and that of an optimal random-
ized algorithm can be infinite. We show a teacher class in which the DFF dimension is infinite,
yet a randomized algorithm exists that makes a constant number of mistakes in the realizable set-
ting. Moreover, in the non-realizable setting, we provide for this teacher class a new algorithm
that obtains vanishing regret, which we also show to be near optimal. This algorithm combines the
Weighted Majority algorithm (Littlestone and Warmuth, 1994) with random exploration, and further
incorporates a new technique which could be of independent interest: instead of initializing with the
full set of possible teachers, it initializes with a single teacher, and adds new teachers if evidence of
their plausibility is provided. This allows the regret bound to depend on the number of introduced
teachers instead of the number of a-priori possible teachers.

The nuanced importance of randomization in DFF is further demonstrated by comparing oblivi-
ous and adaptive adversaries of randomized algorithms. Oblivious adversaries make their decisions
before observing any of the algorithm’s outputs. Adaptive adversaries can make decisions round
by round, using the outputs of the previous rounds as input for the decision of the next round. In
Online Learning, the Weighted Majority algorithm is a randomized algorithm that is optimal for
both oblivious and adaptive adversaries and obtains the same vanishing regret for both. In contrast,
for DFF, we show a strong separation between oblivious and adaptive adversaries, in that an adap-
tive adversary can prevent vanishing regret while in the same teacher class, vanishing regret can be
obtained for oblivious adversaries.

Our technical contributions include, for the realizable setting:

• A teacher class T[0,1] with infinitely many labels that has an infinite DFF dimension, but has a
randomized algorithm that makes a single mistake with probability 1 against both an oblivious
and an adaptive adversary.

1. The factor of two gap easily extends to multiclass settings, although this was not explicitly discussed in (Ben-David
et al., 2009).

2



ON THE IMPORTANCE OF RANDOMIZATION IN DISCRIMINATIVE FEATURE FEEDBACK

• A teacher class, denoted T3, with 3 labels, that has an infinite DFF dimension but has a
randomized algorithm that makes a constant number of mistakes in expectation against both
an oblivious and an adaptive adversary.

Our technical contributions for the non-realizable setting include:

• A mistake lower bound that holds for any teacher class against oblivious and adaptive adver-
saries.

• A randomized algorithm for T3 that obtains vanishing regret against an oblivious adversary,
and is near optimal with respect to the lower bound above. The algorithm uses a technique of
increasing the hypothesis class incrementally, which could be of independent interest.

• A lower bound showing that vanishing regret is impossible for T3 against an adaptive adver-
sary, showing a separation between adaptive and oblivious adversaries.

• An algorithm for T[0,1] that obtains linear regret against an adaptive adversary.

These results demonstrate the importance of randomization properties in settings with rich feed-
back that go beyond the classical Online Learning protocol. Moreover, they open new questions
regarding the existence of a “randomized” DFF dimension and the possibility that it can provide a
tighter characterization of optimal mistake bounds for DFF.

Related work

Various types of learning protocols with rich feedback have been used in applications, (see, e.g.,
Mosqueira-Rey et al., 2022), including machine-generated explanations (Teso and Kersting, 2019)
with human corrections, learning with explanations in neural networks (Schramowski et al., 2020)
and explanations for Large Language Models (Lampinen et al., 2022). Auditing with explanations
was studied in Yadav et al. (2024). A theoretical perspective on interactive learning has been pro-
vided in Hanneke et al. (2022), in which any binary-valued query is allowed.

Feature feedback to improve learning outcomes has been suggested as early as Croft and Das
(1990), and variations of that idea have been used in Raghavan et al. (2005); Druck et al. (2008);
Settles (2011); Mac Aodha et al. (2018). The DFF protocol was first formally defined in Dasgupta
et al. (2018), and the non-realizable setting was first studied in Dasgupta and Sabato (2020). Mis-
take bounds for specific teacher classes were derived in Dasgupta et al. (2018) for the realizable
setting and in Dasgupta and Sabato (2020); Sabato (2023) for the non-realizable setting. Bar Oz
et al. (2025) studied DFF with general teacher classes, providing a combinatorial definition of the
DFF dimension, which gives the optimal mistake bound of a given teacher class when using a deter-
ministic algorithm. That work further provided a mistake upper bound for the non-realizable setting,
using a deterministic algorithm. This upper bound was shown to be tight for a specific teacher class,
for randomized algorithms with an adaptive adversary. However, whether this upper bound is tight
also for oblivious adversaries remains open.

In Online Learning, the optimal expected mistake bound of a randomized algorithm with an
oblivious adversary is at least half the optimal mistake bound of a deterministic algorithm (Ben-
David et al., 2009). The Littlestone dimension of a hypothesis class gives the optimal mistake
bound for deterministic algorithms in the realizable setting (Littlestone, 1988). Filmus et al. (2023)
define the Randomized Littlestone dimension that gives the optimal mistake bound for a randomized
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algorithm in the realizable setting. The value of the Randomized Littlestone dimension is at least
half of the Littlestone dimension.

A deterministic algorithm in the non-realizable setting cannot have vanishing regret, since its
mistake bound is at least twice the minimal number of label errors. Nonetheless, the optimal mistake
bound of a deterministic algorithm is still at most twice that of the optimal randomized algorithm.

Adaptive adversaries have been shown to be strongly separated from oblivious adversaries in
a more general setting of online prediction with bandit feedback and general losses (Arora et al.,
2012). In this setting, vanishing regret can be obtained for oblivious adversaries, while an adaptive
adversary can force a constant loss at almost every prediction round. However, this separation
employs losses that depend on all previous predictions, and not only the prediction of the current
round. Thus, it does not apply to Online Learning or to Discriminative Feature Feedback.

2. Preliminaries

The DFF learning protocol with a general teacher class (Dasgupta et al., 2018; Bar Oz et al., 2025)
is defined as follows. There is a domain of examples X and a domain of labels Y . There is a set
Φ ⊆ {0, 1}X of Boolean features of domain examples. ⊥ is a special element not in Φ. In every
round of the DFF protocol:

• An example xt is presented to the learner;

• The learner provides a prediction ŷt, and an example x̂t that was previously observed with
that label. This example is the explanation for the predicted label: “xt is predicted to have
label ŷt because x̂t was labeled ŷt”.

• If the prediction is incorrect, the environment provides the correct label yt of xt and a feature
ϕt ∈ Φ that explains why xt does not have the same label as x̂t. ϕt is satisfied by xt but not
by x̂t.

Since the algorithm requires previous examples to predict, it is initialized with a limited set of given
labeled examples, which is called the history, and denoted H ⊆ X × Y . We say the algorithm
makes a mistake in round t, if ŷt ̸= yt. The goal of the algorithm is to make a small number of
mistakes during its run.

A teacher specifies the possible feedback that can be provided to the learner.

Definition 1 (DFF Teacher, Bar Oz et al. 2025) A teacher T over X ,Y,Φ is a pair (f, ψ), where
f : X → Y is a labeling function and ψ : X × X → Φ ∪ {⊥} is a feature feedback function, such
that for all x, x̂ ∈ X , if f(x) ̸= f(x̂) then ϕ := ψ(x, x̂) ∈ Φ. In addition, ϕ satisfies x and does not
satisfy x̂.

A teacher class T over X ,Y,Φ is a set of teachers over X ,Y,Φ. We usually assume fixed
X ,Y,Φ, and omit the expression “over X ,Y,Φ” when clear from context.

We say a that a protocol sequence is realizable in T , if there is a teacher (f, ψ) ∈ T , such that
for every round t, we have f(xt) = yt and ϕt = ψ(xt, x̂t). Bar Oz et al. (2025) define the DFF
dimension of a pair of a teacher class and history, and show that it is equal to the optimal mistake
bound of a deterministic algorithm in the realizable setting.
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Setting
realizable
(best class)

realizable
(worst class)

k-non-realizable
(best class)

k-non-realizable
(worst class)

deterministic d [B25] d [B25] at least 2k + d [O8]; Θ(kd) [B25]
2k + O(

√
kd + d)

[F23]

randomized
(adaptive adv.) Θ(1) [T2] d [F23,B25]

k +Ω(
√
k) [O7];

min(2k + Õ(
√
k),

k +O(
√
kd+ d)

[T14,B09]

Θ(kd) [B25]

randomized Θ(1) [T2] d [F23,B25] k + Θ̃(
√
k) [T9,O7] k+Ω(

√
kd+d) [B09];

(oblivious
adv.)

O(kd) [B25]

Table 1: In this table, we summarize the mistake bounds in the settings that we study, as a func-
tion of the DFF-dimension d (assuming d ≥ 1) and of k in the k-non-realizable setting.
We also distinguish between learning bounds for the best and the worst class in a given
setting, since in many cases the dependence of the optimal mistake bounds on d, k differ
between classes. Our new results are referred to as T2: Theorem 2, T9: Theorem 9, T14:
Theorem 14, O7: Observation 7, O8: Observation 8. The other results exist in or follow
directly from the literature: F23: Filmus et al. (2023), B25: Bar Oz et al. (2025), B09:
Ben-David et al. (2009).

We say a sequence is k-non-realizable if there is a teacher (f, ψ) ∈ T , such that in all but at
most k rounds, we have f(xt) = yt and ϕt = ψ(xt, x̂t). We call such a teacher the “true teacher”
and the set of up to k rounds not consistent with (f, ψ) “exception rounds” with respect to (f, ψ).

While we will usually discuss mistake bounds, another standard measure is the regret, which is
defined as the difference between the expected number of mistakes and k. We say the algorithm has
vanishing (or sublinear) regret if its regret is o(k).

When discussing randomized learners, it is crucial to define which class of adversaries is consid-
ered. In this work, we consider two types of adversaries. The oblivious adversary fixes in advance a
sequence of instances x1, . . . xT and a sequence of teachers (f1, ψ1), . . . , (fT , ψT ). In every round,
the algorithm outputs ŷt, x̂t and the feedback of the adversary is yt = ft(xt) and ϕt = ψt(xt, x̂t).
For a given algorithm A, a teacher class T and a history H , we denote the worst-case expected
number of mistakes with an oblivious adversary in the k-non-realizable setting asMobl

k (A, T ,H).

In contrast, the adaptive adversary fixes the instance xt and teacher (ft, ψt) only after having
observed the responses of the algorithm of previous rounds (ŷ1, x̂1), . . . (ŷt−1, x̂t−1). We can think
of the adaptive adversary as being allowed to choose the ”true” teacher as well as the exception
rounds in retrospect, while the oblivious adversary needs to commit to these choices in advance.

For a given algorithm A, a teacher class T and a history H , we denote the worst-case expected
number of mistakes with an adaptive adversary in the k-non-realizable setting asMadapt

k (A, T ,H).
Trivially,Mobl

k (A, T ,H) ≤Madapt
k (A, T ,H). We omit k to indicate the realizable setting.
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3. Main Results

In this paper, we show that the gap between randomized learners and deterministic learners in the
DFF setting can be arbitrarily large. In Table 1, we summarize the landscape of learning bounds
in relation to the DFF-dimension d of Bar Oz et al. (2025) and the k non-realizability parameter,
including our new results. Some of the existing bounds are direct implications of previous bounds
for Online Learning, since it can be seen as a special case of DFF (Bar Oz et al., 2025).

In Section 4, we show this separation for the realizable case: Theorem 2 shows that in the real-
izable case, there are classes for which deterministic learners make an arbitrary number of mistakes,
that is d = ∞, but which can be learned by randomized learners with a constant expected number
of mistakes. In Section 5, we show a separation between deterministic and randomized learners in
the non-realizable case. In particular, we show that there are classes with d =∞ that can be learned
with vanishing regret in the case of oblivious adversaries (Theorem 9), where we obtain a mistake
bound of k + Õ(

√
k) using a new algorithm, and show that this is tight up to log factors.

For adaptive adversaries, we show that there are classes with d = ∞ and a mistake bound
2k + Õ(

√
k) using a randomized algorithm (Theorem 14). While this result does not yield van-

ishing regret, it does show a separation between randomized learners with adaptive adversaries and
deterministic adversaries. Lastly, we show a separation between randomized learning with adaptive
and oblivious adversaries, showing that there are classes than can be learned with vanishing regret
in the oblivious case, but not in the adaptive case (Theorem 15).

This difference between adaptive and oblivious cases stands in contrast to Online Learning,
where the two adversary models have essentially same optimal mistake bounds, as we discuss in
Section 1. Since Online Learning is a special case of DFF learning, this means that the same
holds for DFF for some teacher classes. However, our results show that in general, the relationship
between adaptive and oblivious adversaries in DFF is class-dependent: for some classes, there is
a separation between oblivious and adaptive adversaries that is similar to the separation between
randomized and deterministic learners in the Online Learning, while for other classes there is no
such separation.

4. Randomized Learners for DFF in the realizable setting

In this section, we show that even in the realizable case, there is a strong separation between the
power of randomized and deterministic learners in DFF. We give two examples that demonstrate
the separation. The first example provides a crisper separation, as it admits a randomized algorithm
that makes at most a single mistake for adaptive and oblivious adversaries, while any deterministic
algorithm makes a mistake in every round. However, this example uses an infinite history and
uncountably many labels. The second example provides a constant mistake bound in expectation for
a randomized algorithm, and has an unbounded number of mistakes for any deterministic algorithm.
This example uses only three labels and a history with three examples. The results are summarized
in the following theorem.

Theorem 2 There exists a class T with history H , such that such that there exists a randomized
algorithm which makes at most a single mistake with probability 1. On the other hand, for any
deterministic algorithm there is an adversary that causes a mistake in every round on an infinite
sequence. In addition, there exists a class T with history H with the same lower bound for deter-
ministic algorithms, that has 3 labels and a finite history, and satisfiesMadapt(A, T ,H) ≤ 2.
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This result on DFF learning stands in contrast to Online Learning, where the expected number
of mistakes of a randomized Online Learning algorithm is always at least half of the mistake bound
for the best deterministic algorithms (Ben-David et al., 2009). We prove the theorem by studying
the examples below.

4.1. An example with an uncountable history and label set

For the first example, consider a case with an uncountable number of labels, Y = [0, 1] and assume
the domain X = R. Let g(x) := −x · 1x∈[−1,0]. Consider following the class of labeling functions:

F = {f : R→ [0, 1] | ∀x /∈ [0, 1], f(x) = g(x)}.

We define the feature set Φ = {1x | x ∈ R} ∪ {ϕf,x | f ∈ F , x ∈ [0, 1]}. Features of the form ϕf,x
are constructed to identify the labeling function exactly, as follows: Given z ∈ R, if z ≤ 1, then
ϕf,x(z) = 1z=x. If z > 1, then decompose z = a(z) + b(z), where a ∈ Z and b ∈ [0, 1). Define
ϕf (z) to be the |a(z)|’th bit in the binary representation of f(b(z)). It is easy to verify that the
function ϕf,x fully determines f . We define a teacher class such that that in most cases, the feature
feedback of the teacher identifies the labeling function exactly, but in some cases the feedback is
completely uninformative. To be precise, for f ∈ F , define ψf as follows:

ψf (x, x̂) =


⊥ if f(x) = f(x̂)

1x if f(x̂) = (f(x) + 1
2) mod 1

ϕf,x if x ∈ [0, 1] and x̂ ∈ [−1, 1] and f(x̂) /∈ {f(x), (f(x) + 1
2) mod 1}

1x otherwise

Note that the returned feature always satisfies ψf (x, x̂)(x) = 1 and ψf (x, x̂)(x̂) = 0 for x̂ ̸= x. We
now define the class T[0,1] = {(f, ψf ) : f ∈ F} and the history H[0,1] = {(−x, x) : x ∈ [0, 1]}.
Lemmas 4 and 3 below prove Theorem 2.

Lemma 3 Every deterministic algorithm for (T[0,1], H[0,1]) in the realizable setting makes a mis-
take in every round in the presence of a worst-case adversary.

Proof The idea is to make sure that the adversary always returns feature feedbacks of the form 1x,
i.e., un-informative feature feedback. Set xt = 1

t+2 . Thus, for any t ̸= t′, we have xt ̸= xt′ . For
every sequence S = (xt, yt)t∈N there exists some f ∈ F that is consistent with S. Furthermore, for
an algorithm’s response (x̂t, ŷt), the adversary will respond with the label yt = (ŷt− 1

2) mod 1 and
the feature feedback 1x.

For any function f ∈ F consistent with (xt, yt), we have f(x̂t) = ŷt = (yt +
1
2) mod 1 =

(f(xt) +
1
2) mod 1. Thus, the feature feedback 1x is consistent with the feature feedback function

ψf (xt, x̂t). Since this holds for every element of the sequence, S is consistent with the teacher
(f, ψf ) whenever f is consistent with {(xt, yt)}Tt=1. Thus, the adversary’s responses are consistent
with a teacher in the class T[0,1]. It is also clear that the adversary presented here forces a mistake in
every round.

(T[0,1], H[0,1]) is thus not learnable with a finite mistake bound in the realizable case by any
deterministic learner. Furthermore, a worst-case adversary can force a mistake for an infinite se-
quence, thus the class is not even learnable in the sense of non-uniform learnability (see Bousquet
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et al., 2021). We now show that in contrast, a randomized algorithm for this class can achieve a
mistake bound of 1.

Lemma 4 The pair (T[0,1], H[0,1]) has an optimal expected mistake bound of 1 using randomized
algorithms against both oblivious and adaptive adversaries. Specifically, there exists a learner that
for every sequence makes at most 1 mistake with probability 1.

Proof First, we note that if x ̸= [0, 1], then f(x) = g(x). Thus, on elements x /∈ [0, 1] the
algorithm can just return the correct label g(x). Thus, without loss of generality we can assume
xt ∈ [0, 1]. The true label yt is fixed by the adversary. The algorithm draws a label ŷt ∈ [0, 1]
uniformly at random and outputs (−ŷt, ŷt) ∈ H[0,1]. With probability 1, yt ̸= ŷt ̸= (yt+

1
2) mod 1.

Thus, every consistent feature feedback function must be of the type ϕf,x. Since ϕf determines f ,
in every subsequent round t, for the example xt the algorithm will output (−f(xt), f(xt)) ∈ H[0,1],
which gives a correct label. Thus, the algorithm only makes one mistake.

4.2. An example with 3 labels and a finite history

Consider the domain X = N and the label space Y = {0, 1, 2}. We denote the class of all possible
labeling functions F3 = {f : N→ Y}. We define the feature set Φ = {1x | x ∈ N}∪ {ϕf,x,x̂ | f ∈
F3, x, x

′ ∈ N}. Features of the form ϕf,x,x̂ are constructed to identify the labeling function exactly,
as follows:

ϕf,x,x̂(z) =


1 if z = x

0 if z ̸= x and z ≤ 3max(x, x̂)

1 if z ≥ 3max(x, x̂) and f(⌊ z3⌋ −max(x, x̂)) ≡ z (mod 3)

0 otherwise.

It is easy to see that ϕf,x,x̂ determines f and satisfies ϕf,x,x̂(x) = 1 and ϕf,x,x̂(x̂) = 0.
For every f ∈ F3, we define a corresponding feature feedback function ψf as follows:

ψf (x, x̂) =


⊥ if f(x) = f(x̂)

1x if f(x)− f(x̂) ≡ 1 (mod 3),

ϕf,x,x̂ if f(x)− f(x̂) ≡ 2 (mod 3).

We now consider the teacher classes T3 = {(f, ψf ) : f ∈ F∞} with the history H3 :=
{(1, 1), (2, 2), (3, 0)}. We first show that a deterministic learner can be forced to make an un-
bounded number of mistakes. Lemmas 5 and 6 below prove the second part of Theorem 2.

Lemma 5 Every deterministic algorithm for (T3, H3) makes an unbounded number of mistakes in
the presence of a worst-case adversary if there are sufficiently many rounds.

Proof The adversary sets xt = 3 + t for every t ∈ N. For a given xt, if the algorithm outputs
(ŷt, x̂t), the adversary sets the label yt = ŷt + 1 (mod 3) and the feature feedback ϕt = 1x. Since
F∞ includes all possible labelings of N, there is a function f ∈ F∞ with f(xt) = yt for all t ∈ N.
Furthermore, since for every round t, yt − ŷt ≡ 1 (mod 3), and we have ψf (xt, x̂t) = 1x. Thus,
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the adversary’s feedback is consistent with some teacher (f, ψf ) ∈ T3, and the algorithm makes a
mistake in every round.

At the same time, the following lemma shows a randomized learner that makes a constant ex-
pected number of mistakes for oblivious and adaptive adversaries.

Lemma 6 There exists a learner A with expected mistake boundMadapt(A, T3, H3) ≤ 2.

Proof We define the learner A as follows: This learner predicts a label uniformly at random from
{0, 1, 2} for any xt, unless it can infer the correct label of xt, which occurs if xt is in the history or
was seen before, or if at a previous round f was revealed via a feature feedback of the form ϕf,x,x̂.
Every random label prediction leads to a mistake with probability 2/3, and given that it is a mistake
it leads to such feature feedback with probability 1/2. Thus, the expected number of mistakes can
be upper bounded by the expected number of random draws it takes to observe a revealing feature
out of mistake rounds, which is equal to 2.

5. Randomized Learners for DFF in the k-non-realizable setting

In this section, we show several separation results for randomized learners in the k-non-realizable
setting. First, we observe that a lower bound for randomized algorithms can be easily derived from
known results for Online Learning.

Observation 7 For any non-trivial teacher class, every randomized learning algorithm for DFF in
the k-non-realizable setting has a worst-case expected mistake bound of at least k + Ω(

√
k), with

respect to both adaptive and oblivious adversaries.

This lower bound follows directly from applying a part of the analysis of Ben-David et al. (2009,
Lemma 14), where a lower bound is provided for Online Learning, which is equal to T/2 + Ω(

√
T )

for classes with Littlestone dimension of 1, when running for T rounds. This lower bound relies
on the following observation: if a balanced coin is tossed T times, then the expected number of
appearances of the less frequent result is T/2 − Θ(

√
T ). On the other hand, the expected number

of times a prediction of the coin toss is successful, for any algorithm, is T/2.
For DFF, if there is at least one example which is labeled differently by two different teachers,

the adversary can keep presenting that same example for T rounds, randomly choosing one of the
two teachers in each round. Suppose for contradiction that some algorithm has a mistake upper
bound of k+ o(

√
k) for a k-non-realizable run. Then, since the expected value of k in these runs is

T/2−Θ(
√
T ), this gives an expected mistake bound of o(T/2), a contradiction. We conclude that

any algorithm for DFF in the k-non-realizable setting has a mistake lower bound of k +Ω(
√
k).

Similarly, standard online learning lower bound techniques also yield a lower bound for DFF
learning with deterministic DFF learners.

Observation 8 Consider a class with DFF-dimension d ≥ 1. Every deterministic learner has a
worst-case expected mistake bound of at least 2k + d.
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In a class with DFF-dimension d ≥ 1, the class has at least two teachers whose labeling differs on at
least one point x. In each round t, the adversary can present the point xt = x. since the algorithm is
deterministic, the adversary can select a teacher (ft, ψt) with ft(xt) = yt ̸= ŷt. Thus, the algorithm
will make a mistake in round t. This can continue in all rounds, as long as one of the two teachers
is consistent with all but at most k rounds. This is the case at the earliest after 2k + 1 rounds. After
this, the worst case algorithm can force d− 1 additional mistakes, due to the DFF-dimension being
d.

In the next sections, we provide bounds for specific classes that prove separation results.

5.1. A mistake upper bound for T3 by a randomized learner with an oblivious adversary

In this section, we will show that for oblivious adversaries, there exists a class that can be learned
with vanishing regret by randomized learners, while deterministic learners can be forced by an
adversary to make a mistake in every round.

Theorem 9 For the class T3 and history H3 the following two statements are true:

• (T3, H3) has no finite mistake bound in the deterministic realizable case.

• (T3, H3) can be learned with vanishing regret by a randomized algorithm in the case with
oblivious adversaries. In particular, for a run with T rounds, the expected mistake bound for
oblivious adversaries is at most k +O

(√
k log k + log T

)
.

The first part of this result follows from Lemma 5 in Section 4. The second part is proved in
Lemma 10 below, using Algorithm 1. This algorithm maintains experts with weights and multi-
plicative updates similarly to the Weighted Majority (WM) algorithm (Littlestone and Warmuth,
1994). In contrast to the standard WM algorithm, it maintains a growing set of experts Et, consist-
ing only of teachers that have been revealed to the learner through feature feedback, rather than a
the whole set of possible teachers. In addition, in order to make sure that the true teacher is revealed
through feature feedback, the algorithm keeps predicting a label uniformly at random in “explo-
ration rounds”. In those rounds, with probability 1/3 a new teacher is revealed and added to the
set of experts. In non-exploration rounds, the algorithm selects a random expert according to their
weights and uses it to predict.

The probability of an exploration round in round t is given by a parameter γt. We assume that
there is a cut-off T0, such that γt = 0 for t ≥ T0. The multiplicative updates are controlled by a
parameter β. We can show that this algorithm obtains the following bound.

Lemma 10 Fix T0 ≥ 1 and run Algorithm 1 with γt = 1√
t
1{t ≤ T0} and β = 1−

√
log(k+1)

k , for
some k ≥ 10 (so that β ≥ 1/2). Let MT be the number of mistakes until round T . Then for every
horizon T ≥ 1,

E[MT ] ≤ k + 2
√
k log(k + 1) + 2

√
T0 + 3

√
k + 1 +

11

2
+ T exp

(
−2

3

(√
T0 −

√
k + 1

))
.

We now give a proof sketch of this result. The full proof can be found in Appendix A. For all
t ≥ 1, we define

εt :=
∑

h∈Et:h(xt)̸=yt

wt(h)

Zt
.

10
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Algorithm 1 Exploration + multiplicative weights with a growing expert set and cutoff T0
1: Input: T, k, {γt}t≥1

2: Initialize: E1 = {h1} and w1(h1) = 1.
3: for t = 1, 2, . . . , T do
4: Compute Zt =

∑
h∈Et

wt(h).
5: Sample bt ∼ Bernoulli(γt).
6: if bt = 1 then
7: Predict ŷt uniformly from Y .
8: else
9: Sample h ∈ Et with probability wt(h)/Zt.

10: Predict ŷt = h(xt).
11: Observe yt. If ŷt ̸= yt, obtain feature feedback ϕt
12: Update weights for all h ∈ Et: wt+1(h)← wt(h)β

1{h(xt)̸=yt}.
13: Let Zold

t+1 ←
∑

h∈Et
wt+1(h).

14: if ϕt reveals new expert then
15: Set Et+1 ← Et ∪ {h′}.
16: Set wt+1(h

′)← Zold
t+1/|Et|.

17: else
18: Set Et+1 ← Et.

When a new expert is added, it is assigned the average weight of all current experts (line 16 in the
algorithm). Due to this fact, we can obtain the following formula for Zt+1, which follows from
a similar analysis as the one for standard multiplicative weight algorithm with a prefixed set of
experts.

Lemma 11 For every t ≥ 1, we have Zt+1 = |Et+1|
∏t

i=1(1− (1− β)εi).
Next, we observe that since the adversary is oblivious, we may assume that there is an unknown

true teacher h∗ = (f∗, ψf∗) and the adversary fixes in advance a set of rounds which are exception
rounds. We define τ as the random variable that indicates the earliest round in which the true
teacher is included in the expert class. This means that the feature feedback in round τ − 1 is
ϕτ−1 = ϕf∗,xτ−1,x̂τ−1−1 . Thus h∗ is in Eτ . Using this, we can obtain a mistake bound under the
assumption that the true expert has been revealed before the cut-off T0.

Lemma 12 Assume τ ≤ T0. Then
T∑

t=τ

εt ≤
log(1/β)

1− β
(k − kτ−1) +

log(k + 1)

1− β
.

Lastly, we bound the probability that the the true teacher is revealed before round T0.

Lemma 13 Fix c ∈ (0, 1] and set γt = c√
t
1{t ≤ T0}. Then

P(τ > T0) ≤ exp

(
−2c

3
(
√
T0 −

√
k + 1)

)
.

With Lemma 10 we can now prove Theorem 9, by setting T0 =
⌈√

k + 1 + 3
2 log T

⌉2 − 1. Full
proofs of Lemma 11, Lemma 12 and Lemma 13, Theorem 9, can be found in Appendix A.

11



IVERSON LECHNER SABATO

5.2. Separation results for adaptive adversaries

In this section, we focus on learning with randomized algorithms in the presence of an adaptive
adversary. We show two separation results. First, we show that there are classes that are not learn-
able by deterministic learners (not even in the realizable case), but can be have a non-trivial mistake
bound in the non-realizable case by randomized algorithms against an adaptive adversary, although
we do not obtain vanishing regret.

Theorem 14 Consider the class T[0,1] with the infinite history H[0,1], defined in Section 4. No
deterministic learner has a finite mistake bound for this pair (not even in the realizable setting), but
the class can be learned by a randomized algorithm against an adaptive adversary with a mistake
bound satisfying

Madapt
k (A, T[0,1], H[0,1]) ≤ 2k +O(

√
k(log(k)).

Proof Lemma 3 shows that the class T[0,1] and history H[0,1] cannot be learned with a finite mistake
bound by any deterministic learner, not even in the realizable setting. It remains to show that this
class can be learned by a randomized learner in the presence of an adaptive adversary with the
mistake bound above.

Consider the following randomized learner: if xt /∈ [0, 1] in any round t then the learner can
predict g(xt) which is the correct label. Therefore, assume without loss of generality that xt ∈ [0, 1]
in all rounds. In every round t ≤ k + 1, the learner selects a label ŷt uniformly at random from the
set [0, 1]. It then predicts (ŷt,−ŷt). If in such a round t, the adversary has selected a teacher from
the class, (ft, ψft) ∈ T[0,1], then yt = ft(xt) and with probability 1, yt ̸= ŷt ̸= (yt +

1
2) mod 1,

which means a prediction mistake will occur and ϕft,xt will be provided as feedback. We define
F ′ = {f ∈ F | ∃t ≤ k + 1 s.t. ϕt = ϕf,xt}. Clearly, |F ′| = k + 1, and since there can only be
k exceptions in the sequence, one of the teachers (ft, ψft) with ft ∈ F ′ corresponds to a teacher
which is consistent with all but at most k rounds. After the first k + 1 rounds, the algorithm runs
the Weighted Majority algorithm for Online Learning (Littlestone and Warmuth, 1994) on the class
F ′, giving a mistake bound of k+O(

√
k log k) on that part of the run. Taking together the mistakes

made until round k + 1 and the mistakes after round k + 1, we get a mistake bound of

Madapt
k (A, T[0,1], H[0,1]) ≤ (k + 1) + k +O(k log(k + 1)) = 2k +O(

√
k log k).

Our second separation result shows that the class T3 studied above cannot have a vanishing
regret with an adaptive adversary, in contrast to the oblivious adversary, which was studied in The-
orem 9 above. This is unlike Online Learning, where the oblivious and adaptive adversaries obtain
essentially the same optimal mistake bounds for all classes.

Theorem 15 Consider T3 with history H3. Let T > 6k + 8 and k ≥ 2. For any algorithm A, we
haveMadapt

k (T3, H3) ≥ 2k−2. In contrast, there exists an algorithmA such thatMobl
k (A, T3, H3) =

k +O
(√
k log k + log T

)
.

The lower bound for the adaptive adversary follows from the fact that an adaptive adversary
is allowed to decide in retrospect on the “true teacher”. Therefore, it is allowed to only commit
to a teacher after k + 1 teachers are revealed and render the first k rounds in which teachers were
revealed “exceptions”. In expectation, the algorithm will make roughly 2k mistakes until such a
time, since only roughly one half of the mistakes that are made reveal a teacher. The full proof can
be found in Appendix B.
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Appendix A. Proof of Theorem 9

We observe that since the adversary is oblivious, we may assume that there is an unknown true
expert h∗, and the adversary fixes in advance a set B ⊆ {1, 2, 3, . . . } with |B| ≤ k, which will be
the exception rounds, in which it responds in a way that may not be consistent with h∗. Note that by
the definition of T3, if t /∈ B, there exists at least one label at ∈ Y such that if the learner predicts
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ŷt = at at round t, then at the end of round t, the adversary reveals the correct expert h∗. Given
(Et)t≥1, where Et is the set of available experts at the start of round t, We define

τ := inf{t ≥ 1 : h∗ ∈ Et} ∈ {1, 2, . . . } ∪ {∞}

In this setup, the environment may reveal new experts to the learner.
As there are at most k exception rounds, there could be at most k additional distinct experts

being introduced, as every wrong expert introduced happens in an exception round. In particular,
for every time t, we have |Et| ≤ k + 1. For any time t = 1, 2, . . . , T , we define

Gt := {s ∈ {1, 2, . . . , t} : s /∈ B}
Bt := {s ∈ {1, 2, . . . , t} : s ∈ B}

to be the set of non-exception and exception rounds up till time t, and we denote kt := |Bt|. Note
that by definition kτ ≤ k holds.

Remember that for t ≥ 1, we defined

εt =
∑

h∈Et:h(xt)̸=yt

wt(h)

Zt
.

We will now prove Lemma 11, which stated that for every t ≥ 1, we have

Zt+1 = |Et+1|
t∏

i=1

(1− (1− β)εi).

Proof [of Lemma 11] We can prove this by induction on t. For t = 1, this is clearly true. Now, we
see that by the update at round t, we have

Zold
t+1 =

∑
h∈Et

wt(h)β
1{h(xt)̸=yt}

=
∑

h∈Et:h(xt)=yt

wt(h) + β
∑

h∈Et:h(xt)̸=yt

wt(h)

= Zt ((1− εt) + βεt)

= Zt (1− (1− β)εt) .

Now, there are two cases: if there are no new experts added after round t, we have Zt+1 = Zold
t+1

and |Et+1| = |Et| and thus
Zt+1 = Zt(1− (1− β)εt).

If a new expert is added after round t, note that each round only at most one new expert can be
introduced: thus |Et+1| = |Et|+ 1 in this case and thus by our initialization rule,

Zt+1 = Zold
t+1 +

1

|Et|
Zold
t+1 =

|Et+1|
|Et|

Zt (1− (1− β)εt) = |Et+1|
t∏

i=1

(1− (1− β)εi).

We note that here we use the inductive hypothesis on time t, which says that

Zt = |Et|
t−1∏
i=1

(1− (1− β)εi).
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We will now compare the weighted error after τ to the performance of h∗ and prove Lemma 12,
which stated that for τ ≤ T0, we have

T∑
t=τ

εt ≤
log(1/β)

1− β
(k − kτ−1) +

log(k + 1)

1− β

Proof [of Lemma 12] By definition of τ , we know that h∗ ∈ Eτ and h∗ /∈ Eτ−1. At the end of
round τ − 1, the algorithm assigns the initial weight

wτ (h
∗) =

1

|Eτ−1|
Zold
τ .

We substitute the update rule Zold
τ = Zτ−1(1 − (1 − β)ετ−1). Furthermore, applying Lemma 2.1

at time τ − 1 gives us Zτ−1 = |Eτ−1|
∏τ−2

i=1 (1− (1− β)εi). Combining these, we observe that the
|Eτ−1| terms cancel out:

wτ (h
∗) =

1

|Eτ−1|
· |Eτ−1|

τ−2∏
i=1

(1− (1− β)εi) · (1− (1− β)ετ−1) =
τ−1∏
i=1

(1− (1− β)εi).

From time τ onwards, h∗ is penalized only when the round is an exception round. The number
of exception rounds in the interval [τ, T ] is exactly kT − kτ−1. Since kT ≤ k, there are at most
k − kτ−1 such rounds. Thus, the final weight satisfies:

wT+1(h
∗) ≥ wτ (h

∗)βk−kτ−1 = βk−kτ−1

τ−1∏
i=1

(1− (1− β)εi).

Now Lemma 2.1 gives us the total mass at the end:

ZT+1 = |ET+1|
T∏
i=1

(1− (1− β)εi).

Since the total mass must be at least the weight of one expert, we have ZT+1 ≥ wT+1(h
∗). Now

note that we must have |ET+1| ≤ k + 1 as a new expert, other than the true expert can only be
introduced in an exception round, which happens at most k times. This yields:

βk−kτ−1

τ−1∏
i=1

(1− (1− β)εi) ≤ (k + 1)
T∏
i=1

(1− (1− β)εi).

Simplifying this, gives us

βk−kτ−1 ≤ (k + 1)
T∏

t=τ

(1− (1− β)εt).

Taking logarithms on both sides and using the inequality ln(1− x) ≤ −x, we get

(k − kτ−1) log β ≤ log(k + 1)− (1− β)
T∑

t=τ

εt.
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Rearranging the terms and dividing by (1− β) gives the result immediately.

To streamline our analysis, we now establish a general concentration inequality regarding the
number of non-exception rounds required to reveal the true expert. Recall that Gτ−1 denotes the set
of non-exception rounds strictly prior to the discovery of the true expert h∗.

Lemma 16 Fix c ∈ (0, 1] and set γt = c√
t
1{t ≤ T0}. For any integer m ≥ 1, if the m-th

non-exception round occurs by time T0, then

P(|Gτ−1| ≥ m) ≤ exp

(
−2c

3
(
√
k +m−

√
k + 1)

)
.

Proof Let t1 < t2 < t3 < · · · be the increasing sequence of non-exception rounds, i.e., rounds t
such that t /∈ B. Since |B| ≤ k, among the first k + i rounds there are at most k exception rounds,
hence at least i non-exception rounds. Therefore, ti ≤ k + i for all i ≥ 1.

Let (Ht)t≥0 be the history up to round t, including learner’s internal randomness, labels and
experts. Fix an index i ≥ 1. On the event {τ > ti}, we have h∗ /∈ Eti at the start of round ti. Since
ti /∈ B, by the problem setup there exists a label ati ∈ Y such that if the learner predicts ŷti = ati ,
then the environment reveals h∗ at the end of round ti, which implies τ ≤ ti + 1.

At round ti, the learner explores with probability γti and, conditional on exploring, predicts
uniformly from Y , hence

P(ŷti = ati | Hti−1) ≥
γti
3
.

and hence we obtain the conditional probability

P(τ > ti + 1 | τ > ti) ≤ 1− γti
3
.

The event |Gτ−1| ≥ m means that the discovery round τ − 1 occurs at or after the m-th non-
exception round. Equivalently,

{|Gτ−1| ≥ m} ⊆ {τ > tm−1 + 1},

where we use the convention t0 := 0. By repeated application of the above one-step bound,

P(|Gτ−1| ≥ m) ≤ P(τ > tm−1 + 1) ≤
m−1∏
i=1

(
1− γti

3

)
≤ exp

(
−1

3

m−1∑
i=1

γti

)
,

where we used 1− x ≤ e−x.
Assume now that the m-th non-exception round occurs by time T0, so tm ≤ T0. Then γti =

c/
√
ti for all 1 ≤ i ≤ m− 1. Since t 7→ c/

√
t is decreasing and ti ≤ k + i, we have

γti ≥
c√
k + i

.

Therefore,
m−1∑
i=1

γti ≥ c
m−1∑
i=1

1√
k + i

.
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Using the integral comparison,

m−1∑
i=1

1√
k + i

≥
∫ k+m

k+1

1√
x
dx = 2(

√
k +m−

√
k + 1).

Substituting into the exponential bound gives

P(|Gτ−1| ≥ m) ≤ exp

(
−2c

3
(
√
k +m−

√
k + 1)

)
,

as desired.

We will now prove Lemma 13, which states that for fixed c ∈ (0, 1] and γt = c√
t
1{t ≤ T0}, we

get the following bound on the probability for τ > T0:

P(τ > T0) ≤ exp

(
−2c

3
(
√
T0 −

√
k + 1)

)
.

Proof [of Lemma 13] Let m0 = |GT0−1|, the number of non-exception rounds up to time T0− 1. If
τ > T0, then h∗ /∈ ET0 , which means that h∗ was not revealed by the end of round T0 − 1. Hence
the discovery round τ − 1 occurs after all non-exception rounds up to time T0 − 1, and therefore

{τ > T0} ⊆ {|Gτ−1| ≥ m0 + 1}.

Therefore,
P(τ > T0) ≤ P(|Gτ−1| ≥ m0 + 1).

Moreover, among the first T0 − 1 rounds there are at most |B| ≤ k exception rounds, so

T0 − 1 ≤ |B|+m0 ≤ k +m0,

and thus T0 ≤ k + (m0 + 1), which implies√
k +m0 + 1 ≥

√
T0.

If m0 + 1 ≥ 1, then the (m0 + 1)-th non-exception round occurs by time T0, so Lemma 16
applies with m = m0 + 1 and yields

P(|Gτ−1| ≥ m0+1) ≤ exp

(
−2c

3
(
√
k +m0 + 1−

√
k + 1)

)
≤ exp

(
−2c

3
(
√
T0 −

√
k + 1)

)
.

We will now show a precursor of Lemma 10.

Lemma 17 Fix c ∈ (0, 1] and set γt = c√
t
1{t ≤ T0}. Then

E
[
|Gτ−1|1{τ ≤ T0}

]
≤ 3

c

√
k + 1 +

9

2c2
.
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Proof Let X := |Gτ−1| and A := {τ ≤ T0}. Since X is a nonnegative integer-valued random
variable, the tail-sum formula gives

E[X1{A}] =
∑
m≥1

P(X ≥ m,A).

Fix m ≥ 1 and let tm be the time of the m-th non-exception round (deterministic given B).
If tm > T0, then the event {X ≥ m,A} is empty, because X ≥ m implies τ ≥ tm + 1 > T0,
contradicting A. Hence P(X ≥ m,A) = 0 in this case.

If instead tm ≤ T0, then Lemma 16 applies and yields

P(X ≥ m,A) ≤ P(X ≥ m) ≤ exp

(
−2c

3
(
√
k +m−

√
k + 1)

)
.

Summing over m gives

E[X1{A}] ≤
∞∑

m=1

exp

(
−2c

3
(
√
k +m−

√
k + 1)

)
.

We now bound the sum as follow by an integral:

E[X1{A}] ≤
∫ ∞

0
exp

(
−2c

3
(
√
k + u−

√
k + 1)

)
du.

With the change of variables v =
√
k + u −

√
k + 1, we have u = v2 + 2v

√
k + 1 and du =

(2v + 2
√
k + 1) dv, so the integral equals∫ ∞

0
e−

2c
3
v(2v + 2

√
k + 1) dv = 2

∫ ∞

0
ve−

2c
3
v dv + 2

√
k + 1

∫ ∞

0
e−

2c
3
v dv

= 2 · 1

(2c/3)2
+ 2
√
k + 1 · 1

2c/3

=
9

2c2
+

3
√
k + 1

c
.

This completes the proof.

Now, we are well equipped to prove the main lemma, Lemma 10. Recall that this lemma gives
a mistake bound of

E[MT ] ≤ k + 2
√
k log(k + 1) + 2

√
T0 + 3

√
k + 1 +

11

2
+ T exp

(
−2

3

(√
T0 −

√
k + 1

))
,

Proof [of Lemma 10] Let It := 1{ŷt ̸= yt}, so that MT =
∑T

t=1 It. Let Ht−1 be the history up to
the end of round t− 1, capturing learner’s internal randomness, labels and revealed experts. Recall
that we defined

εt :=
∑

h∈Et:h(xt)̸=yt

wt(h)

Zt
.

Condition on Ht−1 and on (xt, yt). With probability γt the learner explores and makes a mis-
take with probability at most 1. With probability 1− γt the learner samples h ∈ Et with probability
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wt(h)/Zt and predicts h(xt), in which case the conditional mistake probability is exactly εt. There-
fore, E[It | Ht−1, xt, yt] ≤ γt + εt. Taking expectations and summing over t yields

E[MT ] ≤
T∑
t=1

γt + E

[
T∑
t=1

εt

]
. (1)

Since γt = 0 for t > T0 and
∑T0

t=1 1/
√
t ≤ 2

√
T0, we have

T∑
t=1

γt ≤ 2
√
T0.

Let E := {τ ≤ T0}. Then

E

[
T∑
t=1

εt

]
= E

[
T∑
t=1

εt 1{E}

]
+ E

[
T∑
t=1

εt 1{Ec}

]
.

On Ec we use the trivial bound εt ≤ 1 for each t, hence

E

[
T∑
t=1

εt 1{Ec}

]
≤ TP(Ec).

By Lemma 13 with c = 1,

P(Ec) = P(τ > T0) ≤ exp

(
−2

3

(√
T0 −

√
k + 1

))
,

so

E

[
T∑
t=1

εt 1{Ec}

]
≤ T exp

(
−2

3

(√
T0 −

√
k + 1

))
.

On E we have τ ≤ T0, and we split at τ :

T∑
t=1

εt =

τ−1∑
t=1

εt +

T∑
t=τ

εt.

For the pre-discovery part, we use εt ≤ 1 and the identity τ − 1 = |Gτ−1|+ |Bτ−1|:

τ−1∑
t=1

εt ≤ τ − 1 = |Gτ−1|+ kτ−1.

For the post-discovery part, Lemma 2.2 yields on E :

T∑
t=τ

εt ≤
log(1/β)

1− β
(k − kτ−1) +

log(k + 1)

1− β
.

Let α := 1− β ∈ (0, 1/2]. Using log(1/(1− α)) ≤ α+ α2 for α ∈ (0, 1/2] gives

log(1/β)

1− β
=

log(1/(1− α))
α

≤ 1 + α = 2− β.
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Thus, we obtain
T∑

t=τ

εt ≤ (2− β)(k − kτ−1) +
log(k + 1)

1− β

Combining the two parts, on E we obtain

T∑
t=1

εt ≤ |Gτ−1|+ kτ−1 + (2− β)(k − kτ−1) +
log(k + 1)

1− β

≤ |Gτ−1|+ k + (1− β)(k − kτ−1) +
log(k + 1)

1− β

≤ |Gτ−1|+ k + (1− β)k + log(k + 1)

1− β
≤ |Gτ−1|+ k + 2

√
k log(k + 1)

with our choice of β = 1−
√

log(k + 1)/k. Multiplying by 1{E} and taking expectations gives

E

[
T∑
t=1

εt 1{E}

]
≤ k + 2

√
k log(k + 1) + E

[
|Gτ−1|1{E}

]
.

Applying Lemma 17 with c = 1 yields

E
[
|Gτ−1|1{E}

]
≤ 1 + 3

√
k + 1 +

9

2
.

Therefore,

E

[
T∑
t=1

εt

]
≤ k + 2

√
k log(k + 1) + 3

√
k + 1 +

11

2
+ T exp

(
−2

3

(√
T0 −

√
k + 1

))
.

Substituting the above estimate and
∑T

t=1 γt ≤ 2
√
T0 into (1) completes the proof.

From this we get a corollary which states the upper bound for oblivious learners in Theorem 9.

Corollary 18 Assume k ≥ 10. Fix a horizon T ≥ 1 and run Algorithm 1 with

γt =
1√
t
1{t ≤ T0} and β = 1−

√
log(k + 1)

k
,

where

T0 =

⌈√
k + 1 +

3

2
log T

⌉2
− 1.

Then

E[MT ] ≤ k + 2
√
k log(k + 1) + 5

√
k + 1 + 3 log T +

19

2
= k +O

(√
k log k + log T

)
.
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Proof By the definition of T0,

√
T0 + 1 =

⌈√
k + 1 +

3

2
log T

⌉
≥
√
k + 1 +

3

2
log T,

and therefore √
T0 ≥

√
k + 1 +

3

2
log T − 1,

which implies

T exp

(
−2

3

(√
T0 −

√
k + 1

))
≤ T exp

(
−2

3

(
3

2
log T − 1

))
= e2/3.

Substituting these two bounds into the conclusion of the main theorem yields the stated inequality.

We can now prove the main theorem, which stated that the class T3 with history H3 satisfies the
following two properties:

• (T3, H3) has no finite mistake bound in the deterministic realizable case.

• (T3, H3) can be learned with vanishing regret by a randomized algorithm in the case with
oblivious adversaries. In particular, for a run wit T rounds, the expected mistake bound for
oblivious adversaries is at most k +O

(√
k log k + log T

)
.

Proof [of Theorem 9] The first part of the Theorem follows from Lemma 5. The second part of the
theorem follows from Corollary 18.

Appendix B. Proof of Theorem 15

Proof We show that there exists an adaptive adversary that causes every learner to make at least
2k − 2 mistakes in expectation. In a given run, denote the mistake rounds with potentially “useful
feature feedback”, by Ct = {s ≤ t | ys − ŷs ≡ 2 (mod 3)}.

In every round t, if |Ct−1| ≤ k+1, the adversary selects xt = t+3 and yt = uniform(0, 1, 2).
Furthermore, it selects a teacher ht = (f, ψf ) ∈ T3 such that f is consistent withH3∪{(xi, yi)}i≤t,i/∈Ct

.
If |Ct−1| = k + 1 and this is the smallest such t, consider the teacher ht−1 that was selected

in round t − 1. Define h∗ = (f∗, ψf∗) := ht−1. Furthermore, define the set E := Ct−1 and let
τ := t− 1. In every round with |Ct−1| > k + 1, the adversary selects xt = t+ 3, yt = f∗(xt) and
teacher ht = h∗.

We note that every round not in t ∈ [T ] \ E as well as one round in E, the round is consistent
with the teacher h∗. Thus, there are at most |E| − 1 = k exceptions for this adversary, consistent
with a k-non-realizable setting. We will now argue that every algorithm makes at least 2k − 2
mistakes in expectation.

For every round t, conditioned on t ≤ τ , for every algorithm, with probability 1/3 the round is a
mistake round with “potentially useful” feedback, that is yt− ŷt ≡ 2 (mod 3), and with probability
1/3 the round is a mistake round with an “un-useful” feedback, that is yt − ŷt ≡ 1 (mod 3).
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Let Rt = 1{yt−ŷt≡1 (mod 3)} indicate whether round t has an un-useful mistake. If τ is defined
in the run, the total number of mistakes is at least k + 1 +

∑τ
t=1Rt. Therefore,

Madapt
k (T3, H3) ≥ E[#mistakes until round τ | τ is defined] · P(τ is defined) (2)

= (k + 1 + E[
τ∑

t=1

Rt]) · P(τ is defined). (3)

We now bound the expected sum:

E[
T∑
t=1

Rt] = E[
T∑
t=1

Rt · 1{t<τ}] =
T∑
t=1

P(Rt | t < τ) · P(t < τ)

=
T∑
t=1

1
3P(t < τ) = 1

3

T∑
t=1

P(t < τ)

= 1
3(E[τ ]−

∞∑
t=T+1

P(t < τ))

= k − 1
3

∞∑
t=T+1

P(t < τ).

To bound
∑∞

t=T+1 P(t < τ), Let Nt = |Ct|. We have,

P(t < τ) = P(Nt−1 < k + 1) = P
(
Nt−1

t− 1
<
k + 1

t− 1

)
= P

(
Nt−1

t− 1
− E

[
Nt−1

t− 1

]
<
k + 1

t− 1
− E

[
Nt−1

t− 1

])
= P

(
Nt−1

t− 1
− E

[
Nt−1

t− 1

]
<
k + 1

t− 1
− 1

3

)
< e−2(t−1)( k+1

t−1
− 1

3
)2 < e−(

2(t−1)
9

− 4
3
(k+1)).

Therefore,

∞∑
t=T

P(t < τ) <
∞∑
t=T

e−(
2(t−1)

9
− 4(k+1)

3
) = e

4(k+1)
3

∞∑
t=T

e−
2
9
(t−1)

≤ e
4(k+1)

3

∫ ∞

t=T−1
e−

2
9
(t−1)dt = −9

2
e

4(k+1)
3 ·

[
e−

2
9
(t−1)

]∞
T−1

=
9

2
e

4(k+1)
3 · e−

2
9
(T−1).

Setting T > 6k + 14 makes this smaller than 1. Hence E[
∑T

t=1Rt] ≥ k − 1/3. To verify that τ is

defined with a high probability, note that P(T < τ) ≤ e−(
2(T−1)

9
− 4

3
(k+1)) ≤ 1/k. Plugging this into

Eq. 3 gives the desired lower bound.
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