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Abstract

We study the fundamental classification problem of computing a separating hyperplane for a binary-
labeled dataset of size n with normalized d-dimensional features. Letting ® € R™*? denote the
feature matrix and -y the margin of the maximum-margin separating hyperplane, we present a ran-
domized algorithm that solves this problem in O(y~2/3 nnz(®) + y~2(“*1)/3)_sequential running
time (work), O(y~2/3)-parallel (computational) depth, and accesses ® only through O(y~2/3)-
matrix-vector queries (matvecs). We also present a second, faster randomized algorithm with a
O(y~2/3 nnz(®) + y~2)-sequential running time that uses O(y~2/3)-matvecs to ®, but achieves
only O~(’y’4/ 3)-parallel depth. Both algorithms match the near-optimal deterministic matvec com-
plexity recently established by (Kornowski and Shamir, 2025a; Karmarkar et al., 2026) and achieve
improved sequential runtime and parallel depth, albeit at the expense of using randomness.
Keywords: Separating hyperplanes, hard-margin support vector machines, matrix games

1. Introduction

In this paper, we study the foundational binary data classification problem of finding a linear
separator for two sets of points. Concretely, we consider the separating hyperplane, or hard-margin
support vector machine (SVM) problem, in which we are given a dataset D = (¢;, ;) ie[n) Where
¢; € BY = {x € R?: ||z||> < 1} is a normalized feature vector and /; € {+1, —1} is a binary label
for each ¢ € [n]. We let yp denote the maximum-margin of a separating hyperplane for D, i.e.,

vp = max minl;{w, ¢;), and hence, Jw* € B¢ such that li(w*, ¢;) > ~yp foralli € [n]. (1)
weB i€[n]

We consider the problem where, given p € (0,vp), we must find a hyperplane 1 € B¢ which
achieves a margin of yp — p.! We formalize this problem in the following Definition 1.

Definition 1 (Maximum Margin Separating Hyperplane Problem) [In the p-(maximum margin)
separating hyperplane problem, we are given a (binary-labeled)dataset D = {¢; € B? [; €
{=1,+1}}iem) and p > vp, and must output W € B? such that 1;(i, ¢;) > yp — p forall i € [n).
We say that such a w induces a p-separating hyperplane for D.

1. For simplicity, as in prior work (Kornowski and Shamir, 2025a; Karmarkar et al., 2026, 2025; Carmon et al., 2020b,
2024a, 2019), in this paper we focus on the setting of (1), which assumes linear separability through the origin with
maximum margin yp. However, using standard reductions, (1) and correspondingly Definition 1 can be relaxed to
assume linear separability under arbitrary affine hyperplanes.

© 2026 1. Karmarkar, L. O’Carroll & A. Sidford.
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This is an incredibly well-studied problem in machine learning, dating back to (Rosenblatt,
1958; McCulloch and Pitts, 1943), with numerous applications (especially as it can be extended to
non-linear settings Murty and Raghava (2016)). Our focus in this work is to introduce new, faster
randomized algorithms for this foundational learning problem.

Our results. For notational convenience, for a dataset D = {¢; € B% [, € {+1, —1}hiem) we
use ®p € R™*? to denote the covariate matrix whose i-th row is given by ligb:. In addition, for
A € R4 nnz(A) = |{(i,7) : Aij # 0}| + n + d denotes an augmented nonzero count.

Our main result, given in Theorems 2 and 3 below, is two parallel, query-efficient algorithms
for the maximum-margin separating hyperplane problem (Definition 1) which offer different trade-
offs between complexity metrics. The complexity metrics we study are depth, work (or sequential
runtime), and matvec complexity.

* Depth and work: Following Jambulapati et al. (2024a), we say an algorithm has (computational)
depth D if the number of sequential rounds of computation is D. In particular, we assume
element-wise vector operations (e.g., adding/scaling vectors) in R* incur O(1)-depth and
O(k)-work and that dot products and matrix-vector multiplications require O(log k) depth.
We let w < 2.3714 denote the fast matrix multiplication (FMM) constant (Alman et al., 2025);
namely, two k x k matrices can be multiplied in O (k“)-work, as well as O(1)-depth Pan and
Reif (1985); Pan (1987).

* Matvec complexity: Formally, we say that an algorithm can be implemented using 7" matvecs
to a matrix A € R™*? if it can be implemented using 7" queries to a matvec oracle for A,
which for any query (z,y) € R? x R" outputs (ATy, Az).

In the following Theorems 2 and 3 (and throughout the paper) we use O() to suppress polylog-
arithmic factors in n, d, p~!, and ¢! (which appears later). Theorem 2 corresponds to our most
parallelizable algorithm, notably achieving O(p~2/3)-depth.

Theorem 2 (Fast, parallel binary data classification) There is a randomized algorithm which,
with probability at least 2/3, solves the p-separating hyperplane problem and runs in

O(p~ 3 nnz(®p) + p~2@HV/3)work and O(p~2/%)-depth .
Moreover, the algorithm can be implemented with O(p‘2/ 3)-matvecs to ®p.

Interestingly, our next result shows that the poly(p~!) dependence in Theorem 2 can be further
improved (unless w = 2), albeit at the cost of increased depth.

Theorem 3 (Faster binary data classification) There is a randomized algorithm which, with prob-
ability at least 2/3, solves the p-separating hyperplane problem and runs in

O(p~2/® mnz(®p) + p~2)-work and O(p~/3)-depth .
Moreover, the algorithm can be implemented with O(p_Q/ 3)-matvecs to ®p.

Next, we compare Theorems 2 and 3 to the prior art with respect to each of the three complexity
metrics, work, depth, and matvecs, that we study.
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Total work. Table 1 summarizes our results in this metric compared to the prior art. Recalling
nnz(®p) = Q(n + d), we have the following comparisons: The work achieved in Theorem 3
improves the (n 4 d)p~2 complexity of the second row in the moderate-to-high precision or sparse
regime p < (=24 )3/4 Theorem 3 improves upon the nnz(®p) 4 /nnz(®p) - (n + d)p~" work

nnz(®p)
of the third row (an% therefore also the first row) in the sparse, moderate precision regime
1 e ( n+d )3/ 2
\/unz(®p)(n + d) P nnz(dp) '

Theorem 3 improves upon the nd + nd?/3p=2/% 4 dp=2 work of the fourth row in the sufficiently
sparse regime nnz(®p) < nd?/3 or the moderate-to-high precision regime p < (HHZE{PD))?’/ 4,
Importantly, we improve upon a/l prior art in the sparse, low-to-moderate precision regime where
nnz(®p) ~ n +d, %—i—d < p < 1,and d > 1. This regime includes p = 1/y/n, which is standard
in empirical risk minimization problems where statistical noise limits meaningful precision to 1/+/n.

We note that additional total work complexities may be obtained using interior point methods
(IPMs), e.g., (Cohen et al., 2021; Van Den Brand et al., 2021), which may improve on Theorems 2
and 3 in certain high-accuracy regimes (where p is very small). However, current IPMs have at
least a quadratic dependence on min{n, d}, unlike our methods and most of the remaining methods
in Table 1 (in sufficiently sparse regimes). As we do not focus on this high-accuracy regime, for
simplicity, we do not compare in detail against IPMs and defer the reader to, e.g., (Carmon et al.,

2024a) for more details.

Method Total work
(Exact) gradient methods (Nemirovski, 2004; Nesterov, nnz(dp) p_1
2007)
Row-col randomized method (Grigoriadis and
Khachiyan, 1995; Palaniappan and Bach, 2016; Clarkson (n+d)p~2
etal., 2012)

Row-col randomized method with variance-reduction
(Palaniappan and Bach, 2016; Carmon et al., 2019)

Primal ball-accelerated stochastic methods (Carmon
et al., 2024a)

Theorem 2 nnz(®p)p~2/3 + p~2wt1)/3
Theorem 3 nnz(®p)p~2/3 + p=2

nnz(®p) + \/nnz(®p) - (n+ d)p~!

nd + nd3p=2/3 4 dp—2

Table 1: Comparison to prior work. The table shows the total work complexities of the prior art, up
to polylogarithmic factors in n, d and p~!. The complexities in the abstract follow from p = vp /2.

Depth. Mirror descent Nemirovskij and Yudin (1983); Beck and Teboulle (2003) achieves O(p_2)—
depth for this problem, and a variety of deterministic algorithms (accelerated gradient descent, mirror
prox, dual extrapolation) achieve an improved O( p~1)-depth Nesterov (2005); Nemirovski (2004);
Nesterov (2007). We are not aware of any prior deterministic or randomized algorithms which
improve upon O( p~1)-depth in the nearly dimension-free parallel regime we study.
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Note that although (Karmarkar et al., 2025, 2026) achieve a 6(p~!)-matvec complexity for the
problem, they do not immediately yield improved parallel depths for the problem. The algorithms of
(Karmarkar et al., 2025, 2026) perform O( p~2/3) outer loop iterations; however, each outer loop
iteration in turn requires solving multiple constrained, convex optimization sub-problems to high
accuracy. Consequently, the work and depth complexities of their inner loop itself scale polynomially
in n, d, p~!. Due to the complex nature of these sub-problems, it is perhaps not straightforward to
bound this polynomial; (Karmarkar et al., 2025, 2026) do not bound the work or depth complexity of
their method and leave this as a direction for future work.

We also note that interior point methods (IPMs) or other existing parallel algorithms Nemirovski
(1994); Duchi et al. (2012); Bubeck et al. (2019); Carmon et al. (2023); Jambulapati et al. (2024b)
have dimension-dependent parallel complexities which may achieve improvements in high-accuracy
regimes, which are not the focus of this paper.

Matvec complexity. Importantly, our algorithms apply even in the setting where ®p is unknown,
but can be accessed with a matvec oracle. Until recently, the state-of-the-art matvec complexity for
the separating hyperplane problem—among both deterministic and randomized algorithms—was
O(p‘l) (Nesterov, 2007; Nemirovski, 2004; Rakhlin and Sridharan, 2013). However, very recently,
a line of work (Kornowski and Shamir, 2025a; Karmarkar et al., 2025, 2026) studied the matvec
complexity of a broader class of problems, known as £5-£1 and ¢1-£1 matrix games, the former of
which encompasses the separating hyperplane problem (as we discuss further in Section 3). These
works show that (:)(pfz/ 3) matvecs to ®p is necessary and sufficient for deterministic algorithms.

While these works settle the deterministic matvec complexity of the separating hyperplane
problem (up to polylogarithmic factors), Karmarkar et al. (2025, 2026) do not analyze other notions
of computational complexity. In other words, obtaining faster algorithms or algorithms with improved
depth were left as directions for future research. Hence, it is perhaps natural to wonder whether these
recent information theoretic improvements come at the cost of greater work.

Our results indicate that this is not necessarily the case (at least for randomized algorithms).
Indeed, Theorems 2 and 3 demonstrate that, if one is willing to use randomness, then O(p_Q/ 3)
matvec complexities can be obtained at the cost of only poly(p~!)-overhead in work.

Additional related work on matrix games. As mentioned above, the separating hyperplane
problem can be reduced to the problem of computing an e-solution of an ¢5-£; matrix game, which
we define formally in Section 3. Our work builds upon a rich line of work on matrix games more
broadly (Carmon et al., 2019, 2020b, 2024a; Karmarkar et al., 2025, 2026; Kornowski and Shamir,
2025a,b). As our focus is on the separating hyperplane problem, Table 1 compares against works
which make the natural normalizing assumption that each feature vector has Euclidean norm at most
1 (ie., || ®pll2—00 = max;epy||dill2 < 1). However, (Carmon et al., 2020b, 2019) obtain alternative
total work complexities under alternative normalization assumptions on the underlying data matrix
®p. Additionally, alternative total work complexities can be obtained when the rows and columns of
®p are uniformly sparse, and we defer to (Carmon et al., 2020b; Clarkson et al., 2012) for further
discussion.

Paper organization. We provide notation in Section 2, an overview of our approach in Section 3,
and conclude in Section 4. In Appendix A, we leverage ball acceleration techniques (Carmon et al.,
2020a, 2021, 2023, 2024a) to show that the separating hyperplane problem can be reduced to solving
a sequence of regularized linear systems to high accuracy. In Appendix B, we discuss how to



FAST, PARALLEL, QUERY-EFFICIENT BINARY CLASSIFICATION

solve these linear systems efficiently, leveraging subspace embeddings and preconditioned iterative
solvers (Nelson and Nguyén, 2013; Cohen, 2016; Chenakkod et al., 2024a,b; Derezinski et al., 2025;
Derezinski and Sidford, 2026). In Appendix C, we show how to leverage the sample reuse framework
of (Jin et al., 2026) to further improve efficiency.

2. Preliminaries

General notation. For x € R, ||z||, is its £, norm and z; or [z]; its i-th entry (we may use the
latter in particular when there are multiple subscripts). We let BY(z) == {z € R?: ||z — Z|]2 < r}
denote the Euclidean ball of radius » > 0 centered at z € R%. We may drop r if r = 1 or Zif z = 0
for brevity. Given S C R?, f : R? — R, and € > 0, we say that 2 € S is e-optimal or an e-minimizer
of f over S'if f(x) — f(2') < eforall 2’ € S. For vectors a,b € R" and r > 1, we use a =, bto
denote that 7~ 1[b]; < [a]; < r[b]; for all i € [n].

Matrix notation. For A € R"*9 of rank 7, we let o1(A) > 09(A) > -+ > 0,.(A) > 0,41(A) =

- = 04(A) = 0 denote its singular values in descending order. 04 and 0,,x, denote the d-
dimensional vector of zeros and m X n matrix of zeros respectively and I; denotes the d x d identity
matrix; we may drop the subscript d when it is clear from context. For v € R?, diag(v) € R4
denotes the diagonal matrix whose (4, 7)-th entry is [v];.

We use S := {A € R¥9: A = AT} to denote the set of d x d symmetric matrices. For A € S,
we say that A is positive semi-definite (PSD), denoted A > 0g4, if for all z € R, 2" Az > 0; if,
moreover, z ' Az > 0 for all z € R‘;&O, we say that A is positive definite (PD), denoted A > 0.
Correspondingly, we define S := {4 € S?: A > 04} and S%, = {4 € S%: A = 04}.

For M € S", and x € R, we let ||z ps :== Vz T Mx denote the M-norm of x. For A, B € S¢,
A = B (respectively A >~ B) denotes that A — B > 04 (respectively A — B > 04) and for ¢ > 1,

A = B denotes that c "' A < B < cA. For any matrix A € S, we use A\yin (M) and Apax (M) to
denote its smallest and largest eigenvalues, respectively and x(A) = ;‘““?7"((2)) to denote its condition
number.

We use the following standard definition of a linear system solver for a PD matrix.

Definition 4 (Linear system solutions and solvers) For M € Si L €207 € RY is an e-
approximate solution fo the linear system Mx = bif || — x||pr < €||x||pr. Moreover, a (randomized)
oracle O is an (e, §)-linear system solver for M if for any b € R%, 2 < O(b) is, with probability
1 — 6, an e-approximate solution to M x = b.

3. Technical overview

In this section, we describe our approach and motivate our techniques based on prior work.

3.1. Reduction to /-1 matrix games

The first step to obtain our results is to leverage that the p-separating hyperplane problem (Defini-
tion 1) can be reduced to a class of problems known as ¢5-¢1 matrix games (henceforth referred to
simply as games, for brevity) (Carmon et al., 2019, 2020b, 2024a; Kornowski and Shamir, 2025a;
Karmarkar et al., 2026).
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Definition 5 ((/2-/; matrix) game) [n an e-({>-f1 matrix) game, we are given a matrix A € Rnxd
such that || Al|2— e = max;ep,)||Ai;|l2 < 1 and € > 0 and must compute & € B? such that

max y' AZ < min max y' Az +e.
yeAr zeBd yeA”

We call such an & a (primal) solution of the e-game of A.>

The following Lemma 6 shows that the separating hyperplane problem (Definition 1) can be
reduced to solving an appropriate p-game (Definition 5); this result is well-known, however, we
include a proof in Appendix D for completeness.

Lemma 6 (Reduction to />-¢; matrix game)
LetD = {¢; € B, I; € {+1, —1}}Yie[n)- Any solution 1 to the p-game (Definition 5) of —®p
induces a p-separating hyperplane (Definition 1) for D.

The algorithmic techniques we develop in this paper apply to #2-¢; matrix games more broadly.
Consequently, in the remainder of the paper we focus on designing efficient algorithms for the more
general problem of solving an e-game. In the remainder of this section, we fix ¢ > 0, A € R"*¢ and
discuss our approach for solving the corresponding e-game (Definition 5).

3.2. Motivation

Our work is motivated in part by recent algorithmic advancements of Karmarkar et al. (2025, 2026),
which culminated in a near-optimal (Kornowski and Shamir, 2025a) 0(6_2/ 3)-matvec complexity
algorithm for solving an e-game (Definition 5). At a high level, Karmarkar et al. (2025, 2026) develop
a primal-dual analog of accelerated ball-constrained optimization (Carmon et al., 2020a, 2024a, 2023;
Asi et al., 2021b) to reduce solving an e-game to a sequence of O(e_z/ 3) constrained, regularized
sub-problems of the form

1
min max yTAx +a® Z Sz — 90/”% —al Z KL(ylly) 2
zeBd yeA™ g 2 '€,
X y

to high accuracy, for carefully chosen finite (multi)sets of centers Uy C X,U, C ) and radii r. Here,

KL(ylly') = > iep )i log [[;’J]ii denotes the KL divergence.

To solve (2) deterministically and query-efficiently (i.e., with few matvecs to A), (Karmarkar
et al., 2025, 2026) show that each subproblem of the form (2) can be further reduced to O(l)
carefully constructed constrained subproblems, each corresponding to a constrained version of
(2). They show that within the constrained region, the primal-dual objective is approximated by a
quadratic up to a multiplicative constant. Their algorithm leverages this property to either build a
low-rank approximation to A or make optimization progress on (2). The former enables the latter
to be achieved with fewer matvecs, and ultimately the algorithm of Karmarkar et al. (2026) uses

(amortized) O(1) matvecs to A per iteration across O(e~2/3) iterations.

2. For simplicity, as our focus is on the separating hyperplane problem (Definition 1), which only requires finding a hyper-
plane 1w, we focus on finding a near-optimal primal variable £ for the minimax problem min, cgs maxyean y ! Ax.
However, using the techniques of (Carmon et al., 2024b), our method could be extended to extract near-optimal dual
variables 7.



FAST, PARALLEL, QUERY-EFFICIENT BINARY CLASSIFICATION

More concretely, their methods carefully build and maintain an explicit, deterministic 0(6*2/ 3)-
rank model M, for the matrix Ycl/ 2A, where Y, is a carefully chosen diagonal matrix, so that
Ycl/ 24— M, has a smaller operator norm than Ycl/ 2A, enabling more efficient optimization progress
when combined with composite proximal methods. By using matvec queries to A to maintain this
model as the center y. changes, their method converges to a high-accuracy solution of (2) using an
amortized 0(1) matvecs to A per subproblem of the form (2).

Importantly, although the model-maintenance procedure in (Karmarkar et al., 2026) achieves
the optimal matvec complexity in A and avoids the use of randomness, they require additional
computation. Hence, while their method enables near-optimal information theoretic complexity, it
does not immediately imply improved work or depth. Moreover, the models M maintained in their
method may be dense even if the original A is sparse, and consequently, even reading the model M
may naively require O((n + d)e_Q/ 3)-work. Thus it is perhaps unclear how to directly implement
their method and obtain total work complexities scaling with nnz(A).

Our key insight is that if one is willing to use randomness, there is a natural alternative to
the (Karmarkar et al., 2026, 2025)’s low-rank model-building procedure described above. Indeed,
(Karmarkar et al., 2025) allude to a version of this alternative approach in their introduction, albeit
in a different context and towards a worse complexity bound. To motivate this idea, recall from
above that in the method of (Karmarkar et al., 2026, 2025), the objective of each constrained sub-
problem behaves essentially like a quadratic function over the constrained region. While (Karmarkar
et al., 2025, 2026) leverage this property to build a deterministic algorithm, an alternative approach
would be to leverage randomized linear-algebraic techniques such as oblivious subspace embeddings
(Sarlos, 2006; Cohen et al., 2015; Clarkson and Woodruff, 2017; Nelson and Nguyén, 2013) and
preconditioned iterative linear system solvers (Golub and Varga, 2007; Golub and Overton, 1988) to
efficiently solve these constrained sub-problems (2). Moreover, as we discuss in Section 3.5 (and
Section C), this approach is amenable to the sample reuse framework of (Jin et al., 2026), which
allows us to reuse the same subspace embeddings accross all constrained sub-problems. Below, we
formalize how this intuition motivates a straightforward primal-only approach to the problem that
matches the matvec complexity of (Karmarkar et al., 2025, 2026) while improving over the total
work complexities of the prior art (recall Table 1), albeit using randomness.

In the following sections, we discuss this approach in greater detail, and provide a sketch of the
analysis which enables Theorems 2 and 3. As our method requires several linear-algebraic reductions,
to anchor the discussion we include Figure 1 which summarizes the end-to-end implementation of
our approach and analysis and the various reductions which enable it.

3.3. Reducing the e-game to linear-system solving

Recall from Definition 5 that our goal is to compute an e-minimizer of f, defined as f(z) =
maxXyeAn y ' Az, over B%. In Appendix A we show how to reduce this problem to a sequence of
approximate linear-system solves, culminating in Lemma 7 below. While care is needed to handle
approximations and mild extensions not handled in prior work, our overarching approach in this
reduction is similar to that in prior works related to ball acceleration, e.g., Carmon et al. (2020a,
2021); Jambulapati et al. (2022).

To define these systems, for z € B¢ and n > 0, we let Dz € A" be defined via

exp([Axz]i/n)
jeln) exp([Az];/n)

[pan)i = 5 for all ¢ € [n], and further define P, ,, = diag(p,). (3)
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WY Goal: solve a given ball-constrained
sub-problem

Goal: solve the e-game in A Goal: for a given X, b, solve the linear system

[AT(P,EVGI - pflsrp;’é:)A +vlglz=b

Standard result Ball optimization via linear system

solving (Section 4) Sherman-Morrison-Woodbury identity

Find an €/2-minimizer of fr:x =

smax,s (Ax) over B% fore’ = Q(e) So_}_ve o) linearTsystems in SetB; = P;Q%A and solve 0(1) linear systems
X . L 4 (Pi'el - p’?'elpfﬁ'_)A e in Bz By + vI; and compute 0 (1) matvecs to A
l Acceleration with ball optimization oracle for varying centers X, where

pre-conditioned linear system solver (Section 5)

(Section 4) vzAi= ﬁ(5_1/3) l Subspace embedding matrix S € R *™ with

Solve a sequence of 0(e%/3) ball-
constrained optimization sub- 5
problems Solve O(1) linear systems in Bf STSB; + vI;

Goal: for a given b', solve the linear and compute 0(1) matvecs to BTB + vi,

system
[SBTTTBTST + vi]z' = b’

l Woodbury matrix identity (Section 5)
Using fast matrix multiplication

(Theorem 1.1; Section 6) . . TeT
Solve 0(1) linear systems in SBzBz S + I; and

Depth: (1) compute 0(1) matvecs to Bz ' STSBz + viy
Work: 0(nnz(A)e~2/3 + e-2@+1/3)))
l Subspace embedding matrix TT € R *S with

l Using SVRG (Theorem 1.2; Section 6) pre-conditioned linear system solver (Section 5)

Depth: 0(e%/2)

Work: 6(nnz(4)e~2/% + e2) Solve 0(1) linear systems in SB;TT Bz ' ST + I

— and compute 0 (1) matvecs to SBzB;'ST + v,

Figure 1: Overview of approach. Dark-colored boxes highlight the main problems and subproblems
in the method. Solid colored arrows indicate reduction steps within a single problem, while solid
black arrows denote transitions between nested problems. Dotted arrows represent two alternative
algorithmic approaches for solving the resulting linear systems. Here, S € R**" and T'T € R**¢
are oblivious subspace embeddings of size s = 0(6_2/ 3). Using a naive analysis, a fresh .S, 7' would
need to be sampled for each x, however, using the sample reuse framework of (Jin et al., 2026), we
show that the same 7" can be used across all iterations (Section 3.5).

Then informally, Lemma 7 says that to achieve the work, depth, and matvec complexities of
Theorem 2 and Theorem 3, it suffices to solve O(e~2/?) linear systems as needed in (4) efficiently in
these complexity metrics. We note that Lemma 7 exposes the role of the random seed y in order
to enable application of the sample reuse framework of (Jin et al., 2026), as we discuss further in
Section 3.5.

Lemma 7 For e > 0, there is an algorithm that, with probability at least 3/4 over the draw of a
random seed X ~ Pgeeq, returns & € B¢ such that f(%) — ming,ega f(z) < €. The computational
cost of the method is dominated by the cost of 0(6_2/ 3)-iterations of performing the following:

A

o computing &' € R? which is a (poly(e~,n)) ™ -approximate solution to (H + vI)~'y = g,
where

1
H = ZAT(PE,GI — pg—c’elp;—’e,)A 4)

for some T € BY, v = 0(6_1/3), and § € R (which may vary each time) with € = m,

« O(1)-additional matvecs to A,

* O(n + d)-additional work, and O(1)-additional depth.
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Moreover, Pyeeq Is independent of A, and x ~ Pseeq can be sampled in O~(e*2/ 3)-work and O(l)
depth.

To illustrate how Lemma 7 reduces our problem to approximately solving linear systems, recalling
that nnz(A) = Q(n + d), to prove Theorem 2 using Lemma 7 it suffices to implement (4) in
O(nnz(A) + e 2/3)-work and O(1)-depth, using O(1) matvecs to A. Likewise, to prove Theorem 3
using Lemma 7, it suffices to implement (4) in O(nnz(A) + e ~%/3)-work, O(e~2/3)-depth, and using
O(1) matvecs to A.

Let us now discuss how we prove Lemma 7 in Appendix A. Our first step is to leverage a standard
smoothing technique (Nesterov, 2005; Carmon et al., 2020a, 2021; Asi et al., 2021a) where the
nonsmooth objective function f is replaced with a smooth proxy objective. Concretely for a > 0,
we define the softmax function smax, : R™ — R via

smax,(z) = yI/IéaA)% 21y —a-ely) = alog Z exp([zli/a) | , 5)
1€[n]

where e(y) := 3¢, ¥i log i is the negative entropy function. Then, defining fo := smaxq(Ax),
it is a standard result (see Lemma 21) that f, is an additive «logn approximation of f, i.e.,
|fa(z) — f(2)| < alogn for all z € R?, and furthermore f, is 1/a-smooth in ||-||2. Thus, defining
¢ = ¢/(2log(n)), any €/2-minimizer of f. over B? is an e-minimizer of f over BY, and therefore
we focus on obtaining the former.

To (approximately) minimize f./, we leverage the ball-oracle acceleration framework developed
in a series of prior works Carmon et al. (2020a, 2021); Asi et al. (2021b); Carmon et al. (2022);
Carmon and Hausler (2022); Carmon et al. (2023, 2024a). For r € (0, 1), this framework reduces
minimizing a convex and Lipschitz function & : R — R to minimizing a regularized version of &
within a ball of radius r at most O(’I“_Q/ 3) times (see Proposition 23 for the formal statement). By
choosing < ©(¢) and using the fact that f’ is 1-Lipschitz, we are able to reduce obtaining an ¢ /2-
minimizer of f to O(e~2/3) computations, for g, z(z) = fu(z) + Yz — 2|3, of 2’ € Bd(z) N BY
such that

guz() — min  gz(z) < Owed?) (©6)
z€BZ(z)NB?

for some Z € B? and v = Q(efl/ 3) (which may vary each iteration); see Appendix A.3 for details.
Furthermore, each of the O(e~2/%) iterations requires no additional access to A, O(d)-additional
work, and O(l) additional depth, and therefore to prove Lemma 7 it suffices to implement (6) using
O(1) linear system solves of the form (4), O(n + d)-additional work, O(1) additional matvecs to A,
and O(1)-additional depth.

To achieve this, we leverage that fo is O(e~!)-quasi-self-concordant Bach (2010); Sun and
Tran-Dinh (2019); Karimireddy et al. (2018); Carmon et al. (2020a); Doikov (2023), which implies
it is c-Hessian stable Carmon et al. (2020a); Karimireddy et al. (2018) for an absolute constant
¢ > 1in any ball of radius r, i.e., c V2 fu(y) = V2fu(x) < cV2fu(y) for any 2,y € R? such
that ||z — y||2 < r. As aresult, the smoothness and Hessian-stability of f.s imply g, z is also smooth
and Hessian-stable. Combining these properties with the strong convexity of g, z, we leverage an
accelerated ball-constrained Newton algorithm due to (Carmon et al., 2020a, Alg. 3) to reduce (6) to
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solving O(1) ball-constrained quadratic optimization problems, along with O(1)-additional matvecs
to A, O(d)-additional work, and O(1)-additional depth.
More formally, the ball-constrained quadratics subproblems take the form

1
minimize — gz + ~x' (H + vl)z (7)
z€B, (z)NBd 2

for H = V2 f.(z) as in (4). If (7) had a single ball constraint € B,.(Z), it would be the well-studied
trust-region problem Conn et al. (2000). In particular, Carmon et al. (2020a) show how to reduce
approximately minimizing the version of (7) with a single ball constraint € B, (Z) to exact linear
system solves in matrices of the form H 4+ \I for A > v by binary searching on the (one-dimensional)
Lagrange multiplier associated with the constraint x € B,.(z). In Appendix A.1, we generalize this
approach to (7) by performing a cutting plane method in the two-dimensional dual space of Lagrange
multipliers, and carefully show that approximate linear system solves of the form (4) suffice to solve
(7) to high accuracy.

Note that for any x € B?, one matvec to H (recall (4)) can be computed using O(1) matvecs to
A (recall also (3)). Thus, it remains to show how to implement an efficient linear system solver for
(4). Next, we discuss how we leverage modern numerical linear algebra techniques to solve such
linear systems with low work and depth.

3.4. Implementing linear system solvers using subspace embeddings

Here, we focus on solving linear systems of the form (4), by adapting techniques of (Derezinski
et al., 2025; Derezinski and Sidford, 2026).

Rank-one reduction. First, note that H = V2f.(z) = 2 AT(P; — pzpl ) A is PSD (because fo

1 pl/2
PN
the Sherman-Morison-Woodbury identity, we show that in order to build a linear-system solver for
H + vI it suffices to build a linear-system solver for

is convex) and is simply a rank-one update of B; Bz for Bz =

A. Consequently, using

1 1
—ATP At vy = —ATPIPY2A ¢ vl = Bl By + vy,
6 6 I b

Concretely, we show (Lemma 37) that any linear system in H{ + v; can be solved by instead solving
one linear system in B Bz + vI; plus O(d)-additional work and using O(1)-additional depth.

Consequently, we turn our attention to building a linear-system solver for B;Cr Bz + v1,. Here, as
in prior work (Carmon and Hausler, 2022; Carmon et al., 2024a, 2020a; Carmon and Hausler, 2022),
we observe that

1 1 1 ~
1Ballf = Str (AT ProA) = = S el Aul3 < SIAB L = O (7). ®

i€[n]

As a result, we can leverage a numerical linear algebra tool called oblivious random subspace
embeddings to build a good preconditioner for the matrix B Bz + v1y.

Oblivious random subspace embeddings. There are several distributions of matrices S € R*™
such that for any matrix C € R"*% and v > 0, SC € R**? can be computed in nearly linear time
and low parallel depth and, with high probability, for s < d sufficiently large, C'' ST SC + v ~»

10
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CTC + vI; (Chenakkod et al., 2024a,b; Cohen et al., 2015; Cohen, 2016; Nelson and Nguyén,
2013); that is, C'' ST SC + vI, is a low-rank 2-approximation for C'" C' + v1,. In particular, in
this paper we use that there is a distribution of sparse matrices S € R**"™ (Definition 30) such that
s = O(||C||%/v) suffices (Derezinski and Sidford, 2026; Chenakkod et al., 2024b) (Corollary 33).
Consequently, in light of (8) and noting that v = Q(el/ 3) in (4), there is a distribution of matrices
S € R**™ such that B, Bz + vl ~9 Bl STSB; 4 v, for s = 6(6_2/3) and moreover, S Bz can
be computed with just O(e~2/3)-matvecs to A.

Preconditioned linear system solvers. Next, we use that for any M € Siﬁd, in order to build a

linear system solver for M, it suffices to build a linear system solver for some N =25 M and apply
preconditioned methods such as preconditioned Richardson iteration (Theorem 34) (Derezinski and
Sidford, 2026; Golub and Overton, 1988). Preconditioned Richardson iteration runs O(1) iterations,
where each iteration makes one call to a linear system solver for NV, one matvec to M, and performs
O(n + d)-additional work using O(1)-additional depth. Consequently, in order to build a linear-
system solver for B; Bz + vl it suffices to build a linear-system solver for B; STSB; + viy,
where S € R**™ is sampled from an appropriate distribution of matrices with s = 0(5_2/ .

Our goal is now to efficiently implement a linear system solver for B, STSB; + vI;. Note
that this is a d x d linear system, involving the s x d matrix SB; € R**? (namely, the coefficient
matrix is the regularized Gram matrix of SBz). To get improved complexities, we further reduce to
solving a system involving an s X s matrix (as opposed to an s X d matrix). To achieve this, we use a
Woodbury matrix identity, preconditioning, and a subspace embedding (similar to (Derezinski and
Sidford, 2026; Derezinski et al., 2025)). We describe this approach in greater detail in the following
paragraphs.

Changing the order of operations and applying a second subspace embedding. Using the
Woodbury matrix identity, in order to build a linear system solver for B, S SB; + v1y, it suffices
to build a linear system solver for SBfB; ST + vI, (Lemma 38). We then further observe that
|SBz||2 < O(¢~2/3) and consequently, we can once again sample another oblivious random
subspace embedding matrix 7" € R**? with s = O(e~%/), so that SB;TT ' Bl ST + vI, ~o
SBzB; ST 4vlI,. Now, once again using preconditioned Richardson iteration, in order to build linear
system in SB@B:ET ST + v, it suffices to build a linear system solver for SBETTTB:ET ST +ul,.
Note that we can compute S BzT" € R*** explicitly with O (e ~2/3)-matvecs to A in O(e~2/*nnz(A))-

work and O(1)-depth.> Moreover, SB;T is a O(e~%/3)-dimensional square linear system. Con-
sequently, using FMM (Lemma 35) we can implement a O(l)—depth linear system solver for
SBTT'B] ST + vI, which does O(e~2/3)-work. This yields a total work of

0(672/3) (snnz(A) 4+ s¥) = 0(674/3HHZ(A) + 6*2/3(w+1)) 9)

and a depth of O(e~2/3).

Alternatively, at the cost of increased depth, there is an even faster approach for implementing a
linear system solver for SBzTT ' BJ ST + v, using stochastic gradient methods, such as stochastic
variance reduced gradient descent (SVRG) (Frostig et al., 2015; Lin et al., 2015; Johnson and
Zhang, 2013). Using SVRG, we can implement a linear system solver for SBzTT "B ST 4 v, in

3. If A is known explicitly, then SBzT is computable in just O(nnz(A))-time. However, in this paper we often assume
A is accessible only through a matvec oracle, as our results apply to this setting with nearly no loss in complexity.

11
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O(nnz(Bz) + s||Bz||%/v) = O(nnz(A) + s?) work. Hence, recalling (8), we can reduce the work
from (9) to

O(™*?) - (smna(A) + s7%) = O(e*nnag(A) + €2); (10)

however, the depth increases to 0(6_4/ 3) as SVRG requires sequential computation.

The above bounds in (9) and (10) almost match the total work claimed in Theorem 2 and
Theorem 3, except that the leading term ¢ ~%/?nnz(A) is too large by an ¢~ %/ factor. Likewise,
(9) and (10) correspond to a matvec complexity of 0(6_4/ 3), which is an e~ 2/3 factor worse than
prior work (Karmarkar et al., 2026). The bottleneck here is that, naively, for each ball-constrained
subproblem, we must construct a new SBzT € R**® for freshly sampled oblivious random subspace
embeddings S, T'. Correspondingly, each subproblem naively requires O(s)—matvecs. Fortunately,
we show that it is possible to reduce this overhead in the following section.

3.5. Applying the sample reuse framework

As mentioned above, naively, for each center Z in the outer ball acceleration loop, computing

1
SB:T = S—/P%/QAT c RS,
€

Ve

requires 0(6_2/ 3)-matvecs to A, and then applying the diagonal rescaling P;. Because Z is chosen
adaptively by the outer ball-acceleration method, naive analysis suggests that each x (i.e., each linear
system in Lemma 7) requires sampling a fresh oblivious random subspace embeddings S, T and then
reconstructing S Bz T

Fortunately, by leveraging recent work on sample reuse (Jin et al., 2026), a more careful analysis
indicates that this can be improved. As each linear system of the form (4) is solved to high accuracy
and S, T are sampled obliviously (i.e., from a distribution which is independent of the particular Z),
it is in fact possible to reuse the same subspace embeddings 7" for all ball acceleration centers 7 (i.e.,
each linear system in Lemma 7) at the cost of at most polylogarithmic overheads in work.

This allows us to by pre-compute AT using O(e~2/3)-matvecs to A and O (nnz(A)e~2/3)-work
and O(l)—depth (Fact 41). Then, for each iteration in Lemma 7, we can randomly sample a fresh
S and build SB;T in only O(nnz(A))-work and O(1)-depth (Lemma 42). This lets us reduce the
work in (9) down to the claimed runtime bound in Theorem 2. Analogously, using SVRG in place of
FMM, we can reduce (10) down to the claimed runtime bound in Theorem 3.

We note that the recent sample reuse framework of (Jin et al., 2026) was provided quite generally
and hence we use it blackbox. Consequently, the main novelty in our work is in the sequence of
careful reductions which bring the original binary classification problem into a form where the
framework of (Jin et al., 2026) immediately applies and yields our improved work bounds.

4. Conclusion

In this work, we obtain faster randomized algorithms for approximately computing maximum-margin
separating hyperplanes for binary data classification. Our algorithms match the matvec complexity
of prior work and offer improved parallel computational depth. A natural question left open by our
work is whether it is possible to achieve the depth of Theorem 2 while matching the total work of
Theorem 3, perhaps using very recent work of Karmarkar et al. (2026). Another natural problem is

12
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to try to extend our techniques to obtain improved work complexities or depth for other important
classes of matrix games, such as zero-sum games. Lastly, it would be interesting to explore whether
the work complexities or depth obtained in Theorems 2 or 3 can be obtained deterministically.
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Appendix A. Reducing /,-/,-games to linear system solving

In this section, we reduce solving an e-game to approximately solving a sequence of linear systems. In
Appendix A.1, we show how to reduce solving a quadratic (constrained to two balls) to approximate
linear system solves. Then in Appendix A.2, we combine the results of Appendix A.1 with an
accelerated ball-constrained Newton method due to Carmon et al. (2020a) to reduce optimizing a ball-
constrained Hessian-stable function to approximate linear system solves. Finally, in Appendix A.3,
we reduce solving an e-game to approximately solving a sequence of linear systems via the ball
oracle acceleration framework developed in Carmon et al. (2020a, 2021); Asi et al. (2021b); Carmon
et al. (2022); Carmon and Hausler (2022); Carmon et al. (2023, 2024a).

Notation for Appendix A. For a closed convex set S C R? and z € R?, projg(z) = argmin, ¢ g||y—
x||2 denotes the Euclidean projection of = onto S. We define the Euclidean distance between 2 and
S via dist(z, S) = ||z — projg(x)||2.
A.l. Ball-constrained quadratics via linear system solves
In this section, we give an algorithm for approximately solving the optimization problem
.. T 1 T
minimize —g¢g x+ -z Hrz
z€R 2 (11)
subject to || — uill2 < rpand ||z — uz|l2 < ro

for g, ui,us € R4, ri,7 > 0,and H € Sﬂﬁd where ul < H < LI forsome 0 < u < L. We
let k == L/p and f(z) == —g'x + 32" Hx denote the objective function and Cy := {2/ € R? :
2" —u1ll2 < r1}and Co == {2’ € R?: ||z’ — ug||2 < ro} denote the constraint balls. Additionally,
we assume that uo € (' (the second center is contained within the first ball). Thus, Slater’s condition
is satisfied, strong duality holds, and we let x* denote the unique minimizer of (11). For A = (A1, A2),
the Lagrangian (after squaring both sides of the constraints) is given by

1
L(z,\)=—g'z+ 596TH9€ + Ml = ulls = r3) + Ae(ll — uzl3 — 73),

and we can express the dual optimization problem as

maz\ciz%lize{Q()\) = min L(z,\)}. (12)

zeRd

Letting z*(\) := argmin, cpa £(x, A) denote the best response x for some fixed choice of A > 0,
note

2*(\) = (H 4201 4+ 22) )7 g + 20 1u1 + 2h9us) . (13)
Furthermore, the uniqueness of x*(\) implies by the envelope theorem that for A > 0,
VAQ(N) = VaL(z*(N), A) = (|l*(N) — w3 = i, l2*(A) = wal3 —r3). (14)

At a high level, our algorithm to solve (11), whose guarantee is given at the end of this section
in Proposition 15, implements a cutting plane method in the two-dimensional dual space. Indeed,
note that a dual gradient (14) can be computed via a linear system solve (13). Once we obtain an
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(approximately) optimal dual solution, we can perform an additional (approximate) linear system
solve (13) to obtain an (approximately) optimal primal solution. In the remainder of this section, we
first prove a variety of regularity properties to enable these approximations. To start, we bound the
maximum size of the dual optimal variables in the following lemma.

Lemma 8 Any optimal pair of dual variables \* € argmax >, Q(N) satisfies

Lllz*ll2 + llgllz  L([uall2 +71) + [lg]l2

AL < = Rpy. 15
max{A[, Az} < 2min{ry,ro} 2min{ry, o} Q as)

Proof First, note that
IVf(@)ll2 = [[Hz* = gll2 < [[Hl2l|=*[]2 + [lgll2 < Ll|=*[[2 + [|g]]2- (16)

Furthermore, the KKT stationary condition for this problem can be expressed as
=V f(x*) = 2X\Tn1 + 2\5ns (17)

for ny = z* — uy and n9 = * — uy. We now consider cases based on which of the two constraints
are tight at *. If neither constraint is tight, then AT = A5 = 0 and we are done. If the first constraint
in (11) is tight and the second is loose so that ||n; |2 = 71 and A5 = 0, then taking the norm of both
sides of (17) yields \j = ||V f(z*)||2/(2r1), in which case we conclude by (16). Similarly, if the
first constraint is loose and the second is tight, we have A\] = 0 and A5 = ||V f(z*)]]2/(272).

Now suppose that both constraints are tight at x*, implying ||n; ||2 = 71 and ||na||2 = r2. Taking
the norm of both sides of (17) and squaring, we obtain

IVF(@) 13 = (2A7r1)* + (2X572)% + 8ATAZ (] n2) .

Then by (16), it suffices to show 8A¥ A5 (n{ n2) > 0 (as that would imply max{(2X%71)2, (2A\372)?} <
|V £(2*)||3), in which case it suffices to show n{ ny > 0. Consider the triangle formed by the points

-
x*, u1, ug, and letting 6 denote the angle at the vertex x*, we have cos ) = anln ‘TZQ” , so it suffices to
show cos 8 > 0. By the law of cosines,
2 2 2
ri+ry—|lur —u
cosf = L2 —llv —ually o g
2r1re
since the fact that us is within the first constraint by assumption implies ||u; — us||3 < 7. |

Next, we show that the best primal response to any dual variable is bounded.
Lemma9 Forall A > 0, we have
[z (M2 < T where T == max{]|gl[2/p, [lusllz, [luz]]2} - (18)

Proof Letting A := A1 + Ao, note || (H + 2A1) 7|2 < ﬁ in which case (13) gives

_ + 2A max{||u1||2, ||u

%OVl < 1+ 280 - lg + 2Avus + 2otz < 1212 gl
o+ 2A

The last inequality follows because for any a, b, ¢ > 0, the function h(t) == ‘C‘IZ is monotonic for

t > 0, and thus can be bounded by the values it approaches at the extremes (ft = 0and ¢ — oco). W

In the following lemma, we show that the dual objective () is Lipschitz.
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Lemma 10 Q is Bg-Lipschitz in ||-||2 over X\ > 0 where, for T defined in (18),

=2 Y+ [|uill2)® + 7} 19
B = V2 max {(T + Juill2)? +77) (19)

Proof It suffices to show [[VQ(A)[|2 < Bg for all A > 0. Then recalling in general that ||v||2
VI|[v]|oo for v € RY, it suffices (by applying the inequality with £ < 2) to show [[VQ(\)];|
(Y + ||uil|2)? + r2 fori € {1,2}. This follows by combining (14), (18), and a triangle inequality. H

<
<

The next lemma shows that an approximate linear system solve, namely obtaining x such that
|z — 2*(A)|l2 < 7, suffices to obtain an approximate dual gradient q.

Lemma 11 For any )\ € ]R2>0, let By = H + 2(A\1 + \2)I. Suppose that x is a y-approximate
solution to the linear system (Definition 4)

(H +2(A\1 + M) D)y = (g + 2Mqu1 + 2A9uz). (20)

Then, for Y as defined in (18), let T := Projy..|.,<1} (). Then,
G= |z — w3 — 73, |7 — u2ll3 — r3) satisfies |G — VQN)|2 < 47>V 2.

Proof Recall from (13) that z*(\) is the exact solution to (20). Therefore, since x is a y-approximate
solution to this linear system (Definition 4), letting B) = (H + 2(A1 + A2)[), we have

[z —2* (M, < vll2* (N[5,
Since By > Amin(Bx)I, it follows from Fact 48 that
lz = 2* (M2 < vV/R(BY) |2 (A) 2.
Since
Amax(Br) < L+ 2(A1 + o) and Amin(By) > 1+ 2(A1 + A2),

and p < L, we have

>\max (BA)
)\min (B)\)

Using ||z*(A)]|2 < T from (18), we obtain

lz = 2" (Ml < y/ET.

L+2(M\1 + o)
1+ 2(A + A2)

<

IN

L
— =K.
"

Next, since z*(\) lies in the ¢2-ball of radius Y and Z is the Euclidean projection of z onto this
ball, projection can only decrease the distance to *(\) in the £3-norm (due to the nonexpansiveness
of projections onto nonempty, closed, convex sets). Consequently,

12 = 2z*(Ml2 < [l = 2" (M)[l2 < E T
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Recalling (14), for each i € {1, 2},

(7= VR = (7 — uill3 = r7) = (ll=*(N) — will3 — 77)
= [z = wil3 = llz* (%) — will3

=(z—a2*(\), T+ 2"(\) — 2u;).
By the Cauchy-Schwarz inequality and the triangle inequality,

17 = VWl < Iz — 2" (N2l + 27 (X) — 2uill2
< VET (122 + 2 (M2 + 2ludl2)

By definition of Z, we have ||Z||2 < Y. Moreover, by the choice of T, we have ||z*(\)|l2 < T and
||lui|l2 < Y. Therefore,

7 — VWil < 7ﬁr(r + 7T +27) =49k T2

Thus, [|§ — VQ(V)|lec < 47\/%1”2. Since § — VQ()) € R2,

1G = VOMN)l2 < V27 = VW) [loo < 4V2r7 T2,
|

In the next lemma, we show that if we are able to obtain an approximately optimal dual solution
A, then the primal best response z*(\) is close to the true primal optimum x*.

Lemma 12 Letting ¢ > 0 and A > 0 be such that maxy > Q(N') — Q(X) < ¢, we have ||z*(\) —

w2 < v/2¢/ .

Proof Note that z +— £(, \) is p-strongly convex and minimized at 2* (), and hence for all = € RY,
Llw,N) = L@ (0), ) + Sl =2 W]
Plugging in = <— z* and L£(z*(\), A) = Q()) and rearranging, we obtain the result via

Lllo® = 2" I < £ 0) — Q) < max 6", N) — Q) = max Q) — Q) < ¢

by strong duality. |

Since our goal is to obtain an exactly feasible approximately optimal solution to (11) and we
only have access to an approximate linear system solver, it is necessary to show that projecting onto
the feasible region does not increase the distance to the optimum too much. We prove this in the
following lemma.

Lemma 13 Let a1,z > 0 and 2,y € RY be such that max;e(y 0y dist(y, C;) < oy and ||z —
yll2 < ao. Then defining x' = projc, (x) and x" = projq, (z'), we have 2" € C1 N Cy and
2" = yll2 < 201 + ao.
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Proof Note 2"/ € (5 by definition, and " € C since x” is on the line segment connecting 2’ € Cy
and ug € C'1. We obtain the second result, recalling the non-expansiveness of the projection operator,
by combining

2" = yll2 < [|2" — proje, ()ll2 + [proje, (¥) — yll2 < [|l2" — yll2 + a1
with
2" = yll2 < [l2" = proje, (W)ll2 + [[proje, (¥) — yll2 < llz —ylla + a1 <z + .
[ |

In the next lemma, we state a guarantee for a cutting plane method due to Sidford and Zhang
(2023) which allows for approximate gradients.

Proposition 14 For R > 0 and S = {z € RY; : |[z|loo < R}, let h : S — R be convex,
differentiable, and [3-Lipschitz in ||-||2. Suppose we can only access h through an oracle Ops -
S — R", which, for any query point x € S, satisfies ||Op, 5(x) — Vh(zx)||2 < 0. Then there is an
algorithm which obtains x € S such that h(z) — min,cg h(z) < ¢, and makes O(n) queries to Oy, 5

for § + é(Rf/ﬁ) with poly(n) additional work, where O(-) hides polylog factors in R, 3,n, e\,

Proof The query bound to Oy, 5 follows from (Sidford and Zhang, 2023, Sec. 4), which gives a
generic analysis under such an oracle, which they define in (Sidford and Zhang, 2023, Def. 5).
(Namely, their analysis holds for a variety of standard cutting plane algorithms.) Whereas they do
not state their guarantees in terms of this oracle directly (they primarily study a stochastic setting
where Oy, 5 is an intermediate oracle implemented with high probability), it is straightforward to
obtain this bound from the proofs of (Sidford and Zhang, 2023, Prop. 1) and (Sidford and Zhang,
2023, Prop. 2). As for the additional work, this is achieved by a variety of deterministic cutting plane
methods, e.g., Vaidya (1989); Atkinson and Vaidya (1995). (Note that the more recent cutting plane
methods of Lee et al. (2015); Jiang et al. (2020) are stochastic.) |

Finally, we state our main guarantee for this section below. As discussed above, we obtain
our guarantee by applying a cutting plane method in the two-dimensional dual space, using an
approximate linear system solver to obtain approximate dual gradients, and then obtaining an
approximately optimal primal solution via an additional approximate linear system solve. Finally, we
project onto the feasible region of (11) and argue that doing so does not increase the suboptimality
too much.

Proposition 15 For A > 0, there is an algorithm which obtains % € R? which is feasible for (11)
and satisfies || — z*||2 < A. It requires O(1) computations of ¥’ € R® such that, for Ry defined in
(15), 2’ isa

A 2
(C] <A . min{l, L, IV 5 }) -approximate solution
V Ro' Ro(llgllz + pllludllz + [[uzll2))

10 (20) for some X > 0 (which may vary each time), O(d) additional work, O(1) additional depth,
and no additional matvecs to H, where O(-) hides polylog factors in 1, ra, u, L, A and the {s-norms
of ui, uz, g.
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Proof We first apply the cutting plane method of Proposition 14 on the dual optimization problem
(12) with h < —@Q (since @ is concave), n < 2, 8 < B¢ given by (19) (which is a valid choice by
Lemma 10), and R < R (guaranteeing an optimal dual solution is within S by Lemma 8). With
§ < O(e/Rg) as in Proposition 14 (for ¢ > 0 to be chosen momentarily), a query to Og s(\) for
A > 0 can be implemented by computing ' € R¢ which is an

(éq . g) -approximate solution to (20) 21
and O(d) additional work by Lemma 11, with Y defined in (18). Thus, since n = 2, the cutting plane
method of Proposition 14 obtains A > 0 such that max o Q(\') — Q(\) < € having computed at
most O(1) points 2’ satisfying (21) with O(d) additional work and no additional matvecs to H.
Then, we compute z € R? such that ||z — 2*(\)||2 < A/4, and, choosing € = ©(pA?), obtain
|z*(A) — 2*[]2 < A/4 by Lemma 12. Since 2* € C; N Cs, we have maX;e(1 2} dist(z*(N), C;) <
A/4, and thus applying Lemma 13 with y < 2*()\) and & < z gives that 2/ = projc, (2) and
T = projg, (') satisfy ||z — 2*(\)||2 < 3A/4. Furthermore, 7 is feasible and can be computed in
O(d) work given z and with no additional matvecs. Finally, ||Z — z*||2 < A by triangle inequality. H

A.2. Ball optimization oracles via linear system solves

Carmon et al. (2020a) showed how to implement a ball optimization oracle (Carmon et al., 2020a,
Def. 1) via exact linear system solves for a Hessian-stable function. In this section, we extend their
guarantees to approximate linear system solves. First, we recall the definition of a ball optimization
oracle from Carmon et al. (2020a). We note that due to our application where we seek to obtain a
minimizer over B¢ (Carmon et al. (2020a) seek to obtain an unconstrained minimizer), it is necessary
to add an additional constraint to B¢, which (Carmon et al., 2020a, Def. 1) does not add. However,
otherwise the definition is the same.

Definition 16 ((Carmon et al., 2020a, Def. 1)) We call Oy a (¢, r)-ball optimization oracle for
f:RY = Rifforany T € BY, it outputs y = Opan(Z) € BE(Z) N B such that ||y — Zzr||2 < C for
some Tz, € argmingcpd(z)npe f(2).

Next, we restate, for completeness, the definition of a Hessian-stable function. We state it
for general norms as it appears in Carmon et al. (2020a), although in the following we will only
instantiate it for the #o5-norm.

Definition 17 ((Carmon et al., 2020a, Def. 7)) A twice-differentiable function f : RY — R is
(7, ¢)-Hessian stable for r, ¢ > 0 with respect to a norm ||-| if for all x,y € R with ||x — y|| < r we
have ¢ 'V f(y) < V2f(z) = cV2f(y).

We state our main guarantee for this section in the following lemma. This guarantee follows
from combining the guarantee of Proposition 15 from the previous section with the accelerated
ball-constrained Newton method due to Carmon et al. (2020a). In particular, this accelerated ball-
constrained Newton method reduces implementing a ball optimization oracle to solving quadratics of
the form (23) in our specific application, where there are two ball constraints. Carmon et al. (2020a)
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show how to implement a quadratic constrained to a single ball (22) via exact linear system solves by
binary searching on the one-dimensional dual Lagrange multiplier. The necessity of the previous
section comes from the fact that our application results in two ball constraints, and furthermore we
must solve the linear systems approximately.

Lemma 18 Ler f : R? — R be L-smooth, p-strongly convex, and (r, c)-Hessian stable, all in
|-ll2, and let & € B? be such that ||V f(Z)|l2 < G. Then there is an algorithm which implements a
(¢, r)-ball optimization oracle for query point T. Additionally, letting O(-) hides polylog factors in
L,u,G,c,r, ¢, each of the O(c) iterations of the algorithm requires

o computing ' € R? such that which is a (poly(L, n=*, G, ¢, r, (1))~ -approximate solution
to (V2f(z) + M)y = g, for some X\ > 0 and §j € R (which may vary each time),

« O(1) additional matvecs to V> f (%),
« O(1) additional evaluations of V f(-),
* does not access f in any other way outside of the above,

« O(d) additional work (outside of the above), and O(1) additional depth.

Proof Note that by strong convexity, we have ||z — Z||2 < G/u for the unconstrained minimizer
% = argmin,cpa f(z). Then, the proof of correctness follows the same steps as the proof of
(Carmon et al., 2020a, Theorem 9) with D <— G/ and M < I, except replacing the call to (Carmon
et al., 2020a, Algorithm 7) in Line 9 of (Carmon et al., 2020a, Algorithm 3) with a call to the cutting
plane method of Proposition 15. (Carmon et al., 2020a, Algorithm 7) solves the trust-region problem

1
L T T
e — + -z H 22
P NE I (22)
for H € Siﬁd with uI < H =< LI (in particular, H = V2 f(z)); specifically by returning & € B,.()
such that ||Z — 24 g|l2 < A, where 4 g is the minimizer of (22). Instead, we replace this subroutine
with a call to the algorithm of Proposition 15 to obtain an approximate minimizer of

minimize —g' z + leHx, (23)
z€B, (z)NB4 2
namely, Z’ such that ||Z’ — a:; ill2 < A for x’g’ 7 the minimizer of (23). In particular, we instantiate
up < 0,71 < 1, u0 < Z,and rg < 1.

The proof of correctness of (Carmon et al., 2020a, Algorithm 3) treats (Carmon et al., 2020a,
Algorithm 7) as a black-box; it only requires that the output satisfies ||z — 24 r||2 < A by (Carmon
et al., 2020a, Prop. 8). It does not exploit the specific geometry of the domain. Thus, substituting
(Carmon et al., 2020a, Prop. 8) with Proposition 15 in the proof of (Carmon et al., 2020a, Theorem
9) yields the desired correctness result, up to requiring a polynomial bound on [|g||2 whenever (23) is
invoked, which we do next. (Note that when instantiating Proposition 15, we choose A <+ WCMD)
as in Line 5 of (Carmon et al., 2020a, Algorithm 3).)

To conclude the proof of correctness, we must obtain a polynomial bound on ||g||2 each time
Line 9 of (Carmon et al., 2020a, Algorithm 3) solves an instance of (23), due to the ||g||2-dependence
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in Proposition 15. To obtain this bound, note that it is clear from the pseudocode of (Carmon et al.,
2020a, Algorithm 3) that g always takes the form V f(y) — H(ay + (1 — «)z) for some o € (0, 1)
and y, z € BY. Thus, we can bound

IVF(y) = H(oay + (1 = a)2)lla < [[VF()ll2 + [[H(ay + (1 — a)z)[l2 < G+ 3L

since [V f(y)ll2 = [[Vf(y) = V(@) + VI(@)|2 < Llly — 2|2 + [I[VF(@)l]2 < 2L + G, and
|H(ay 4+ (1 — «)z)||2 < Lsince 0 < H < LI in particular.

Finally, as for the complexity bounds, the number of iterations of (Carmon et al., 2020a, Algo-
rithm 3) is O(c) per the proof of (Carmon et al., 2020a, Thm. 9). Each iteration calls the algorithm
of Proposition 15 (previously (Carmon et al., 2020a, Algorithm 7)) a single time and makes a single
additional matvec to V2 f(z) and query to V f(-). Thus, the bound on the number of approximate
linear system solves follows from Proposition 15. The additional work bound follows since each
iteration of (Carmon et al., 2020a, Algorithm 3) uses O(d) additional work. |

A.3. /5-f1-games via linear system solves

In this section, we put everything together to reduce solving an e-game to approximate linear system
solves, culminating in the proof of Lemma 7. In particular, this is achieved by reducing solving an
e-game to implementing a series of ball optimization oracles, in which case we may apply Lemma 18
from the previous section. This reduction is performed using the ball oracle acceleration framework
developed in Carmon et al. (2020a, 2021); Asi et al. (2021b); Carmon et al. (2022); Carmon and
Hausler (2022); Carmon et al. (2023, 2024a). First, however, we set up notation and give some
preliminary technical lemmas.

Throughout this section, we fix an e-game per Definition 5, and define f(x) := maxyecan y' Az,
Recall that our goal is to obtain an e-minimizer of f over B?, and we assume |Al2 00 =
maXe[y)[|Ai:[[2 < 1. For a > 0, we define smax, : R" — R via

smaso(y) = max 7y —a-e(y/) = alog| 3 exp(yi/a)
i€n]

where e(y) =), c[n] Yi log y; is the negative entropy function.

Then, we recall the following definition of a quasi-self-concordant function, for which we use
the formulation of Carmon et al. (2020a), restated for completeness. See also Bach (2010); Sun and
Tran-Dinh (2019); Karimireddy et al. (2018); Carmon et al. (2020a); Doikov (2023) for other work
on optimizing such functions.

Definition 19 (Quasi-self-concordance (Carmon et al., 2020a, Def. 10)) We say that a thrice-differentiable
h: R? — R is M-quasi-self-concordant (QSC) with respect to some norm ||-||, for M > 0, if for all
u,w,z € RY,

IVEh(x) [, u, w]| < Ml|w][[u]|Z2y

x)

i.e., the restriction of the third-derivative tensor of h to any direction is bounded by a multiple of its
Hessian norm.
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We collect some properties of smax,,(y) in the following lemma. For the latter two properties,
we cite Carmon et al. (2020a).

Lemma 20 (Properties of smax,,(y)) For a > 0, letting h(y) := smax,(y), we have that h is
1-Lipschitz, 1/a-smooth, and 2/a-QSC, all in ||| .

Proof The latter two properties are given in (Carmon et al., 2020a, Lemma 14). As for Lipschitzness,
note

Oh _ exp(yr/)
Ok D) exP(yi/@)

implying ||Vh(y)|[1 < 1forally € R™. [ |
Next, we collect standard properties of smax,, (Azx).

Lemma 21 (Properties of smax, (Az)) For a > 0, letting g(x) := smax,(Azx), we have that
lg(z) — f(z)| < alogn forall x € R Furthermore, g is 1-Lipschitz, 1/a-smooth, and 2/a-QSC,
all in ||-||2. Finally, defining p, € A" via [py]; < exp([Ax];/a) fori € [n], we have

1
Vyg(z) = A" p, and V2g(:1c) = aAT(diag(px) —ppr)A.

Proof The first claim follows because the negative entropy function e(y) takes values in [— logn, 0].
Then, defining h(y) = smax,(y), note Vg(z) = ATVh(Az). Lipschitzness follows since
IVg(z)||2 < 1 forall z € R? by triangle inequality along with the fact that max;ep, [| Ai:||2 < 1 by
assumption and ||[Vh(Az)||; < 1 by Lemma 20.

As for smoothness, recall in general that a twice-differentiable convex function ¢ : R¢ — R is
[-smooth with respect to a norm |-|| if and only if v V2¢(z)v < B||v||? for all z,v € RY. Then
note that for any v € R?, we have

) 1 () 1
v V2g()o = 0T ATV?h(Az)Av < ~llAvlE < =l

[ Aulloo
[[uull2

by (i) Lemma 20 and (i) the fact that sup,, +,
||v||2 in particular.
As for quasi-self concordance, note that for all u, w,x € R4,

< 1 by assumption on A, implying || Av||s <

(iii) 9 (iv) 2
V2g (), u, w]| = [VEh(Az)[Au, Au, Aw]| < =[JAw]lsollAulGopian < ~lwlallulTzyem)
by (i4i) Lemma 20 and (iv) ||Aw||c < ||w]|2 as well as the fact that
HAuH%gh(Ax) = u' ATV h(Az)Au = u" Vig(z)u = ||u||2v2g(x) .
The gradient and Hessian follow via straightforward computation. |

Recall in the previous section we introduced the formulation of a ball optimization oracle from
Carmon et al. (2020a) in Definition 16. We used this formulation there as it was directly adapted to
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their accelerated ball-constrained Newton method, which we used to prove Lemma 18 . However, the
ball oracle acceleration framework guarantee which we cite in Proposition 23 below uses a slightly
different formulation of a ball optimization oracle, which involves minimizing a regularized function
over a ball of radius 7. In the following lemma, we show that implementing the former suffices to
implement the latter.

Lemma 22 Let h : R? — R be convex, L-smooth, and (3-Lipschitz in ||-||o. Then for X > 0 and
9z () = h(z) + %Hx — Z||3, the output ¥’ = Opan(Z) of a (¢, r)-ball optimization oracle Opay (-)
for gx z (Definition 16) satisfies

oz(@)—  min  gyz(z) < (B+ )¢+ (L+ N2,
z€B, (z)NB?

Proof Note that gy 7 is (L + A)-smooth, in which case, letting z* := argmingcp (z)npe 92,z (%)s

9220 — 02.5(%) < (Vgna(a), 2’ — 2+ “2 2ol — a3
< Vg a@)lalla’ — a2 + (L + A2
< CIVAGE) + A = Bl + (L -+ )¢?/2
< CUIVAGE) a + Alla* = 2l1) + (L + X)¢?/2
< (B+ A+ (L+N)E/2.

Next we state a ball oracle acceleration guarantee due to (Carmon et al., 2023, Prop. 2), which is
itself based on (Carmon and Hausler, 2022, Prop. 1) with minor modifications. In particular, their
framework reducing minimizing a convex and Lipschitz function to a sequence of regularized ball-
constrained subproblems of the form (24). Importantly, each regularized subproblem is guaranteed a
certain minimal level of regularization, which is critical to obtaining our ultimate guarantees.

Proposition 23 ((Carmon et al., 2023, Prop. 2) and (Carmon and Hausler, 2022, Prop. 1)) Let
€>0,r€(0,1), and h : R* — R be convex and [3-Lipschitz in ||-||2. Then there is an algorithm
that, with probability at least 3/4 over the draw of a random seed X ~ Pgeed, returns & € B? such
that h(Z) — min,cga h(z) < e. Additionally, letting O(-) hide polylog factors in B,¢~ ', 71, each
of the O~(r*2/ 3) iterations of the algorithm requires

2

* computing ¥’ € BL(z) N BY such that, for g z(x) = h(x) + %Hx — I3,

gz — xeﬁgg)lmlad grz(z) < O()\rs/?’) (24)

for some & € B and \ = Q(er_4/ 3) (which may vary each time), and does not access h in
any other way,

« O(d) additional work, and O(1) additional depth.

Moreover, Pqeeq is independent of h, and x ~ Pseed can be sampled in O(T*Q/ 3)-work and O(l)
depth.
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Proof This follows from an instantiation of (Carmon et al., 2023, Prop. 2), which is itself based on
(Carmon and Hausler, 2022, Prop. 1). The setup of (Carmon et al., 2023, Prop. 2) is not constrained
to the unit ball, but (Carmon and Hausler, 2022, Prop. 1) allows for an arbitrary convex constraint set
X, which we set to BY, so that the constraints of (24) match (Carmon and Hausler, 2022, Def. 1).
The total work bound is clear from the discussion in (Carmon et al., 2023, Appendix C) as well as
Algorithms 1 and 2 in Carmon and Hausler (2022). In particular, there are O(r‘z/ 3) iterations, each
with O(d) additional work. u

In the following lemma, we combine Proposition 23 and Lemma 18 to reduce optimizing a
general convex, smooth, Lipschitz, and Hessian-stable function to approximate linear system solves
in the regularized Hessian of the matrix. We note that to enable more direct application of the sample
reuse framework of Jin et al. (2026) in later sections, we “redefine” a single iteration of the algorithm
of Lemma 24 to correspond to a single linear system solve.

Lemma 24 Fore > 0andr € (0,1), let h : R? — R be convex, L-smooth, 3-Lipschitz, and (r,c)-
Hessian stable (Definition 17), all in ||-||2. Then there is an algorithm that, with probability at least
3/4 over the draw of a random seed X ~ Preed, returns & € B? such that h(F) — min,cpa h(z) < e
Additionally, letting O(-) hide polylog factors in L, 3, v=1, ¢, each of the O(cr—2/3)-iterations
of the algorithm requires

o computing ©' € R% which is a (poly(L, B, e 1, r1, ¢)) " t-approximate solution to (V?h(Z) +
M)y = § for some T € B, X = Q(er—*/3), and § € R? (which may vary each time),

O(1) additional matvecs to V2h(-),

O(1) additional evaluations of Vh(-),
* does not access h in any other way outside of the above,
« O(d) additional work (outside of the above), and O(1) additional depth.

Moreover, Pseeq is independent of h, and x ~ Pseeq can be sampled in O(T_Q/ 3)-work and O(l)—
depth.

Proof This follows from instantiating Proposition 23 where each implementation of (24) is performed
via the algorithm of Lemma 18. Indeed, Lemma 22 shows that (24) can be implemented via a single
call to a (¢, r)-ball optimization oracle for gy z for an appropriate choice of precision ¢. Furthermore,
note

Vorz(z) = Vh(z) + Mz — Z) and V3gyz(z) = V2h(z) + A,

and therefore a gradient evaluation of Vg, z(-) requires a gradient evaluation of VA(-) and O(d)
additional work. Also, a matvec to Vg, z(+) requires a matvec to V2h(-) and at most O(d) additional
work. Finally, it is straightforward to show that gy 7 is also (r, ¢)-Hessian stable. |

Finally, we prove the main result of Appendix A below in Lemma 7, which reduces solving the

e-game to approximate linear system solves. The proof is a straightforward application of Lemma 24,
using the properties of the softmax function derived above.
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Lemma 7 For e > 0, there is an algorithm that, with probability at least 3/4 over the draw of a
random seed X ~ Peeq, returns i € B such that f(Z) — min,cga f(z) < €. The computational
cost of the method is dominated by the cost of 0(6*2/ 3)-iterations of performing the following:
o computing &' € R? which is a (poly(e™',n)) ™ -approximate solution to (H + vI)~'y = g,
where
LT T
H=-A (P:i,e’ _pﬁz,e’pg‘;,e/)A (4)

6/

for some T € BY, v = Q(e=/3), and § € R (which may vary each time) with € = 2106gn’

« O(1)-additional matvecs to A,
« O(n + d)-additional work, and O(1)-additional depth.

Moreover, Pyeeq is independent of A, and x ~ Pseed can be sampled in O(e 2/ 3)-work and 0(1)
depth.

Proof We apply Lemma 24 with h(z) := smax,(Az) for a == Thogn and r « O(e/logn). By

Lemma 21, we have |f(x) — h(z)| < ¢/2 for all z € R, and therefore it suffices to obtain a
%-minimizer of h. By Lemma 21, we have that h is 1-Lipschitz, 210%-smooth, and 410%—QSC in
||I-||2. The latter and (Carmon et al., 2020a, Lemma 11) (with M <« I) imply A is (r, O(1))-Hessian
stable in ||-||2. Finally, note that by the gradient and Hessian expressions in Lemma 21, a matvec
to V2h(-) as well as an evaluation of VA(+) can both be computed in O(1) matvecs to A and O(n)
additional work.

Appendix B. Linear system solving

In this section, we show how to implement an efficient (¢, ¢)-linear system solver (Definition 4) for

AT (Pag — propl ) A+ vy 25)
for some Z € B, e, > 0,v > X > 0,5 € (0,1),and A € R"*? with || A2_,0o = 1. Recall from
(3) that for any = € B? and 17 > 0, we use the notation Pz, to denote the vector in A" defined via
[Dzn)i < exp([Ax];/n) for i € [n] and correspondingly denote P, ,, == diag(ps,y).

First, in Section B.1 we discuss several linear algebraic preliminaries which will aid in our
analysis. Next in Section B.2 and B.3, we discuss the sequence of reductions discussed in Section 3,
which enable our method. Finally, in Section B.4 we combine the results in the preceding section
to give our final linear system solver guarantees. Throughout this section, we use O( -) to hide
polylogarithmic factors in the following parameters: n,d,e !, 5=, A\~ v~1
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Randomized algorithms and random seeds. In the remainder of the paper, on occasion, it will be
helpful to expose the random seed(s) used to seed the randomness in an (¢, §)-linear system solver
O for M € Si -+ (Definition 4). In this case, we may write O¢ to make explicit that the solver’s
randomness is fixed by the seed £. That is, O : RY — R is a deterministic mapping corresponding
to conditioning on a fixed seed £. Moreover, on any input b € R one can view O(b) € R? as
a random variable whose value is given by O¢(b) for a random § ~ Pgceq (Where Peeq is the
distribution of the random seed used by O). Note that because O is an (e, d)-linear system solver, for
any b € R%, we have that with probability 1 — & over the draw of ¢ ~ Pseed, O¢(b) is an e-solution
of Mz =b.

B.1. Linear algebraic preliminaries

Here, we review several useful properties from numerical linear algebra. As our techniques for linear
system solving are in part motivated by those discussed in (Derezinski and Sidford, 2026; Derezinski
et al., 2025), our presentation often follows their notation and definitions. In the paragraphs below, we
discuss several matrix identities, formally introduce subspace embeddings, discuss preconditioning
for linear system solving, and introduce several standard linear system solvers.

Matrix identities. A fact we use repeatedly throughout this paper is the Woodbury matrix identity.

Fact 25 (Woodbury matrix identity) Ler A € R"*" B € R™*k C € R¥** D e R*¥*" where
C, A, and C~' + DA™ B are invertible. Then,

(A+BCD) ' =A"1'-A"'B(C"'+ DA™'B)"'DA.

The following special case of Fact 25, where £ = 1, is commonly known as the Sherman-
Morrison matrix identity.

Fact 26 (Sherman-Morrison matrix identity) Let A € R™*"™ be invertible and u,v € R™. Then,
A+ uv' is invertible if and only if 1 + v A=Y # 0 and moreover,

Ay T AL

A Nl =7 =
(A+uv') ToTA Ty

Subspace embeddings. Here, we formally introduce the notion of a regularized embedding.
Intuitively, an (e, v)-embedding matrix constructs a low-dimensional (1 + €) spectral approximation
of AT A 4 vI, in the following sense.

Definition 27 (Regularized-embedding, Definition 8 of (Derezinski et al., 2025)) For e,v > 0,
we call S € R¥*™ an (e, v)-(regularized subspace) embedding for A € R"*4 if

ATSTSA+ v~y e ATA+ VI
The property of being an (e, v)-embedding is monotonic in v, as formalized in the following fact.

Fact 28 Suppose that e,v > 0 and S € R¥*" is a (e, v)-embedding for A € R". Then for all
V' > v, Sisa (eV')-embedding for A.
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Proof This follows from (AT STSA+vI) ~1, (AT A+vI)and that (' — )~y (V' —v)I. A

In order to construct embeddings, we leverage the following notio oblivious subspace embedding
(OSE) moments.

Definition 29 (Oblivious subspace embedding (OSE) moments, Definition 9 of (Derezinski and Sidford, 2026))
A random matrix S € R**™ has (e, 0, d, {)-OSE moments if for all matrices U € R™ % with or-
thonormal columns, E[||U" ST SU — 1;]|%] < 6.

Definition 30 (Sparse embedding matrix, Definition 10 of (Derezinski and Sidford, 2026)) We
say that a random matrix S € R**™ is a sparse embedding matrix with sketch size s and b non-zeros
per column, if it has independent columns, and each column consists of b random +1/ Vb entries
placed uniformly at random without replacement.

Next, we state several helpful properties of sparse embedding matrices.

Lemma 31 (Sparse embedding matrices preserve sparsity) Let A € R™*% and S € R**" be a
sparse embedding matrix with sketch size s and at most b non-zeros per column (Definition 30). Then,

nnz(SA) < bnnz(A).

Proof Let B = SA € R**?, For any r € [s] and j € [d], the (r, j)-th entry of B is
n
Byj =Y Sudi.
i=1

If B,; # 0, then there exists an index ¢ € [n] such that S,; # 0 and A;; # 0. Fix a nonzero entry
A;; # 0. Its contribution to the product S A is confined to entries B,.; with S,; # 0. Since column ¢
of S has at most b nonzero entries, the nonzero A;; can contribute to at most b entries of B. Summing
over all nonzero entries of A, each of which contributes to at most b entries of S A, we obtain the
result. |

Several prior works (Nelson and Nguyén, 2013; Chenakkod et al., 2024a,b; Cohen, 2016) study
guarantees for sparse embedding matrices. We use the version stated in (Derezinski and Sidford,
2026), which was originally due to (Chenakkod et al., 2024a).

Lemma 32 (Lemma 11 of Derezinski and Sidford (2026)) For e, 6 € (0,1/2), a sparse embed-
ding matrix S with sketch size s = O((d+log(1/(5¢)))/€e?) andb = O (10g2(d/(5e)/e) + log3(d/(d¢)))
non-zeros per column (Definition 30) has (¢, ¢, d, 16 log(d/(0€))-OSE moments.

In our analysis, we will leverage the following special case of Lemma 12 of (Derezinski and
Sidford, 2026), which bounds the sketch size needed to construct a constant approximation for
A € R4,

Corollary 33 Let A € R4 X > 0, k == [||A||%/\] < d, and S € R**™ has (1,6, 2k, ()-OSE
moments for some { > 2. With probability 1 — 6, for every v > \, S is an (2, v)-embedding for A.
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Proof Take ¢ = 1/6. We have that by Lemma 12 of Derezinski and Sidford (2026),
1 1
ToT 2 AT 1 2
ATSTSA+ EZUZ. (A)lgm ATA+ o Zo (A)1.
>k >k
Since 1 ;- 07(A) < ||A||%/k < A < v, from Fact 28, we have AT STSA+vI; ~o ATA+vI,.
|

In light of the previous corollary, in the following fact, we collect several useful but elementary
properties of constant approximations of PD matrices, which will aid in the later analysis.

Preconditioning. The next theorem gives a standard guarantee on preconditioned Richardson
iteration for solving a linear system in M € Si . given a linear system solver (Definition 4) for
N e S‘i 4 such that M ~. N. Such an N is commonly called a preconditioner for M. We note that
the following guarantee is well-known (see, e.g. (Golub and Overton, 1988), Lemma 2.5 of (Cohen
et al., 2018) or the discussion in (Derezinski and Sidford, 2026)).

Theorem 34 (Preconditioned Richardson) There is an algorithm

PRECONDRICHARDSON(M, ¢, €,0,b, O)

which takes in M € Sle, c>1e>006¢€ (0,1),b € Re and an oracle ©. Here, O
is a (1/(4c®),8/L)-linear system solver for a matrix N € S such that N ~. M. Letting
L = [2c%log(2c/¢)], the algorithm makes L queries to O, L matvecs to M, performs O(dL)-
additional work using O(l)-additional depth, and with probability 1 — §, outputs an e-solution of
Mz =b.

Proof Fix b € R%, and let 2* = M ~'b. We define the solver via the preconditioned Richardson
iteration with step size n = 1/c: initialize o = 0, and for¢t = 0,1, ..., L — 1 perform

re =b— Muy, ye = O(re), L1 = Ty + MY,
and output xy. Note that M ~. N implies
L < NV2MNT2 <,
c
In particular, all eigenvalues of N~ M lie in [1/c, c|. Consider the update matrix (I —nN~1M).

Since i = 1/c, the eigenvalues of this matrix lie in the range [1 — e, 1 —n(1/c)] = [0, 1 — 1/c2].
Therefore, for any v € RY, the operator norm contracts:

_ 1
I = o800l < (1 % ) ol 26)
Also note that | N~ M|y < c||v]|n.

Let e; := x; — =* denote the error at iteration ¢. We define the oracle error & such that
y: = N~lr; + &. The error update becomes:

eyl = T4 + n(Nflrt +&) —a*
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=e; + nN_lM(x* —xy) + néy
= (I —nN""M)e; + n&. 27)

The oracle guarantees that ||y, — N~ 1ry||xy < ﬁ |N~1r¢|| 5. By a union bound over L steps, with
probability 1 — §, for all ¢:

1 1 1
gl < 5 INT Medlly < o - cllediv = llecllv.

Plugging this into (27) and using the triangle inequality:

1 1 1/1
fewsalr < (1= 5 ) ealo + el < (1= ) e + 1 (llel )

Simplifying the terms, we obtain

1 1 3 1
fevsally < (1= 5 + 303 ) leuloy = (1= 55 ) Bealy < (1= 523 ) ledl

Consequently, by induction,

1\*" L
*
lewlls < (1= 552) ol < exp(( =55 ) "l

Taking L = [2¢?log(2c/e)], this implies ||z, — 2*||y < £[|a*||y. Using M ~. cN, we conclude
|z, — 2*||mr < €l|2*| asr by Fact 49. [ |

Standard solvers. In our algorithms underlying Theorems 2 and 3, we use preconditioned Richard-
son iteration (Theorem 34) and consider two underlying subroutines for implementing a linear system
solver for the preconditioner N. The first, is to simply apply FMM, which eventually corresponds to
our final runtime claimed in Theorem 2.

Lemma 35 (FMM (Alman et al., 2025)) Consider C € R¥? v and € > 0. There is a (deter-
ministic) algorithm FMM(C, b, v, €), which takes in an explicit C € R b € RY v, e > 0, does
O(d*)-work in O(1)-depth and outputs an e-solution of (C'T C + vIg)x = b (Definition 4).

The second, is to use stochastic variance-reduced gradient descent (SVRG), which will eventually
correspond to our final runtime claimed in Theorem 3.

Lemma 36 (SVRG Frostig et al. (2015); Lin et al. (2015)) There is a randomized algorithm SVRG¢(C, b, v, €,0)
that takes in an explicit C € R™? b ¢ R%ve > 0,0 € (0,1) and a random seed & ~

Pseed such that, with probability 1 — § over the draw of & ~ Pseed, the algorithm outputs an

e-solution of (CTC + vIg)x = b (Definition 4). Moreover; the algorithm can be implemented in

O(nnz(C) + d||C||%/v)-work using O(||C||%/v)-depth, and Psceq is independent of C' and b.

Proof Consider
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and g(z) == 3||Ga — V/||3. This is a least squares problem, whose normal equations are

G'Gr=(CTC+viyz=G"v =b.

Consequently, the (unique) minimizer z* € R? of g(x) satisfies (CTC + vI)z* = b. Moreover,

o(r) = 3 gila), where gi(a) = 1 (G — ).,
i€[2d]

and each g; is convex and has smoothness

o JICIE, i<d
1Gicllz = N
v, i >d

Consequently, standard SVRG guarantees (Frostig et al., 2015; Lin et al., 2015) imply that SVRG
converges to an e-solution of (C'T C' + vI;)z = b using O(1) matvecs to G, O(||C||%/v) queries
to a row of G, and O(||C||%./v)-depth, which completes the proof. Since a matvec to G can be
implemented by a matvec to C, and a row query to G requires O(d) -work, the result follows. W

B.2. Simplifying the target matrix via a rank-one update

Here, we follow the proof approach in Section 3 to reduce the problem of building a linear sys-
tem solver for (25) into the problem of building a linear system solver for SBTT " B'S where
B = \%Pil/e Aand S € Rs*™ TT ¢ R$*4 are sparse embedding matrices (Definition 30) of an
appropriate sketch size s.

First, the following lemma states a general result that given a linear system solver (Definition 4)
for M € Si , and a rank one update uu' such that M —uu' € Si ., we can implement a linear
system solver for M — uu ' with low computational overhead and parallel depth.

As alluded in Section 3, this result reduces building a linear system solver for (25) to building a

linear system solver for

éATPjA +vl. (28)

2

1 , A is simply a diagonal rescaling of A, and consequently,

This is advantageous because B = ﬁle/e

it is more straightforward to apply the regularized embedding techniques discussed in Section B.1 to
build an efficient linear system solver for (28) = B B + v1.

Lemma 37 (Solving with a symmetric rank-one update) There is an algorithm
RANKONESOLVE (M, u, A\, €,d,b, O)

which takes in M = Mg and u € R? such that M —uu' = Xy for A > 0, ¢ € (0,1/2), § € (0,1),
b € R, and an oracle O. Te algorithm makes two queries to O, performs O(d)-additional work

using O(l)-additional depth. If O is a (ﬁ, g)—approximate linear system solver for M with

2
Ky =1+ %, then with probability 1 — 0, the algorithm outputs an e-solution to (M — uuT)a: =0
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Proof Fix b € R% Let M := M — uu'. We wish to approximate x* := M~1b. Define:
y = M1, 2= M tu, and a=1-u'z.

First, we establish a lower bound on «. Since M > M = M, we have M1 < M1, By the
Sherman-Morrison identity (Fact 26),

~ 1
M t=M"14+ 2",
«

Since M~!is PD, o € (0,1). Furthermore, M > M + wu' implies M~' < (AI +uu ')~ 1.
Thus:

2
w' My <o +uu') e = M
A [lullz
Consequently,
lulld A 1

a=1—u" M 1u>1

>1- = =—. (29)
At ulf ~ A ul

. . T . . .
The exact solution satisfies z* = y + “-¥z. The algorithm computes estimates using the oracle

O with precision €op = 5
T u'g
g < O(b), zZ + O(u), a=1—-u 2z, T=9+—2
Q
and outputs Z. With probability 1 — 2(6/2) = 1 — J, the oracle guarantees:
19— yllar < eopllyllar— and  [[2 = 2]lar < eopll2]las- (30)

Condition on this event. Note that |||y = VuT MMMty = VuTM~1u = /1 — a.
We first bound the error in the scalar &. By Cauchy-Schwarz and (30):

T/4 N
& —al = [u' (2 = 2)| < |lullar-1]12 = zllar < eopllzllFr = €op(1 — ).
Recall that €, = ﬁ. Since o > 1/k,, by (29), we have €op < gon. Substituting this into the error

bound: oea(l
G — o] < gaz(l—a) <%. <€O‘(9_O‘)>_

Since € < 1/2 and a(1 — «) < 1/4, the term in the parenthesis on the right hand side of the display
above, is strictly less than 1. Thus |& — | < a/2, which implies:

1 2
&Za—g:g, hence - < —. 31
2 2 a T «
Next, we decompose the error in 2:
Ta T
5 . uy, U
& = *llar < 119 = yllar + || 572 = ==
M
T4 Ta T
. U . U u
< 15—yl + 0z = 2+ | Y G2)
o’ & o
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We now bound the two scalar factors. First, by Cauchy—Schwarz, (31), and (30):

IUTQI < Iellar=rligliae o 2lwllae=r (lyllar + 15 = yllar) Al llyllac

~ —= g

o & a e
Combining this with ||2 — z||as < €op||2||ar and ||z ar = ||u||a7-1, We get the second term bound:
AR 4e deop(1 — )
12 =zl < =P lulliy- Iyl = ——lyllnr- (33)
& a
Next, for the third term, we split the difference:
T T T (s
U U U - 1 1
Ay_ Y < | (yA y)|+|uTy|‘A— .
& ! & a o«
For the first part, using 1/& < 2/« and (30):
WG~ 9| _ el Iylas s

& a

For the second part, using |& — a| < €op(1 — ) and the bound 1/é& < 2/a from (31),
1
«

_ & — «f < 2€0p(1 — )

ah a? '

1
a

Multiplying both parts by ||z||ar = [|ul[a/-1 = V1 — a < 1 yields:

T4 T
uy  ouy 2¢ 2e
- ‘ l2llar < ( * + 31’) lyllar- (35)
o o o

&

Substituting (30), (33), and (35) into (32), and simplifing using o < 1:

9¢
2 yllas- (36)

R 4e 2e 2¢
o = s < ool + =yl + (222 + 25 )yl <

(0%

We now convert this to the M-norm. Since M < M, we have o]l 57 < [Jv]las. Also, ||x*”?‘;1 =
bTM~b=b" M0+ L(b72)% > ||y||3,. Thus:

«

. ) 9¢
& — 2l < 112 = 2*llar < Pl -

Substituting €, = % (which is satisfied since o > 1/k,,) yields || — z*[| iy < €|2*]| - [ |

B.3. Leveraging subspace embeddings and Woodbury identity

Next, as discussed in Section 3, using the Woodbury matrix identity (Fact 25), we first prove a general
result that for any B € R™*?, in order to solve a linear system in B ' B + v, it suffices to solve a
linear system in BB + vI,, plus moderate additional compute.

As discussed in Section 3, this is helpful because, as we will see in Lemma 39, this enable us to
leverage two sparse embeddings S € R**" T'T e R%*¢ (Definition 30) to reduce building a linear
system solver for the d x d matrix B B 4 v, to building a linear system solver for an s x s matrix
SBTT" BS + v, for an appropriate sketch dimension s < d. The following result is similar to
Lemma 25 of (Derezinski and Sidford, 2026).
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Lemma 38 (Solving in the Transpose) There is an algorithm

TRANSPOSESOLVE(B, v, €,d,b, O)

which takesin B € R 1 >0,¢> 0,8 € (0,1), b € R™, and an oracle O. If O is an (ﬁﬁ)—
2

linear system solver for K = B" B + vy, then the algorithm outputs an e-approximate solution to
(BB—r + vI,)y = b with probability 1 — 4. The algorithm makes one query to O, one matvec to B,
and performs O(n + d)-additional work using O(1)-depth.

Proof Fix b € R" and let M := BB + vI,. We wish to approximate y* := M~'b. By the
Woodbury identity (Fact 25), M ! = 1(I,, - B(B"B + vI;)"'B"). Letting K := B' B + vy,
we define:

2 =K 'BTb,  y = l(b — Bz¥).

R

The algorithm computes u « BTb, queries the oracle 2 +— O(u), and outputs § = (b — B2).
Condition on the event that O succeeds (which occurs with probability at least 1 — §), providing a

solution 2 such that ||2 — 2*[| k' < €qp||2*|| k for €op = Hf;Hz-
2

Lete, := 2 — z*. Theny — y* = —%Bez. To relate the error in the M -norm to the oracle error
in the K -norm, observe that for any v € R%:

|Bv||2; =v' B" MBv
=o' B"(BB" +vI,)Bv
=v (B'"B)(B"B +vi)v
< |IBTBll2 - (v" Kv) = || Bl3|[v]|%-

Applying this with v = e, gives:

B B
| ||2H€z||K§ B2

. 1
19— y"llar = —[IBezll < —= €opl| 2" 5c- (37)
v v v

Next, we bound || 2* || i in terms of ||y*|| 7. Note that 2* = BTy*. Using the same logic as above:
Iz1% = (v") ' B(B"B+vIy)B'y* = (y*) (BB")(BB' +vL)y" < | Blilly*[I3-

Substituting ||z*|| x < || B||2||y*||as into (37):

X B3
19 =yl <= 2 eoplly*l|ar-

€V

1B113°

By our choice of €y, = we conclude || — y*||ar < €ly*[|ar- [ |
By combining this result with subspace embedding techniques, we obtain the following guarantee.

Lemma 39 There is a randomized algorithm

SKETCHANDSOLVE, ¢, ¢, (B, v, k,€,6,b', O)
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which takes in B € R™%, v > X\ > 0, k > [||B||%/)\], €,6 € (0,1),¥ € R% and an oracle O.

Here, letting, s = O((k +1og(1/6))), b = O(log?(k/8) +1og3(k/6)), and L = [log(1/e€)], O is an

)
<HB€H2, 3Lz> -linear system solver for B' B + vI,.
2

The algorithm is parameterized by three independent random seeds &, ~ P, Eo ~ Po, &3 ~ Pg such
that &1 seeds the randomness used to sample a sparse embedding matrix S € R**™ with sketch size
s and b nonzeros per column (i.e., conditioned on &1, S is fixed); &2, seeds the randomness used to
sample a sparse embedding matrix TT € R**¢ with sketch size s and b nonzeros per column (i.e.,
conditioned on &, T is fixed); and &3 seeds the randomness of O (i.e., for any b € RY, O(V') is a
random variable equal to Og,(b") for & ~ P3),*

The algorithm makes O(l) queries to O¢,, matvec queries to SBB TST +vI,, matvec queries to
BTST and SB, and matvec queries to SBTT "BTST + vI,, and does O(s + d)-additional work
using O(l)-additional depth. Moreover, Py, P2 do not depend on B, b and the random seeds &1, &5
can be sampled in O(s(n + d))-additional work using O(1)-additional depth.

Proof By Lemma 32 and Corollary 33, with probability 1 — §/3 over the draw of £ ~ Py,
B'S'SB+vly~y B'B+vly. (38)

Conditioning on this event, by Fact 49, ||SB||% < 2|| B||%. Again, by Lemma 32 and Corollary 33,
we have that with probability 1 — §/3 over the draw of & ~ P,

SBTT"BTST +vI, ~y SBB'ST +vI,.

Now,

Condition on such 1, £ in the remainder of the proof and let ¢,, = W and dop = %.
2

conditioning on 3, suppose that the algorithm outputs O3(b), where
« O': 1/ € R® — PRECONDRICHARDSON(SBB' ST + 11,2, €op, Gop, V', O, );
« 02V € R — TRANSPOSESOLVE(B'STSB, v, €0, 6/(3L),b,0); and
« O3 : b € R? — PRECONDRICHARDSON(B' B + v1;,2,€,6/3,b,0?)
The following statements hold with probability 1 — ¢ /3 over the draw of &3.
« Note that by Theorem 34, O is an (eop, 3/ (3L))-linear system solver for SBBT ST + vI.
« Consequently, by Lemma 38, O is an (e, Ldop)-linear system solver for BT STSB + v1,.

* Hence, by Theorem 34, O3 is an (¢, §)-linear system solver for B B + vI,;.

By a union bound over the failure probabilities induced by &7, €2, €3, the correctness guarantee
follows. Finally, to bound the complexity, we combine the complexity guarantees of Theorem 34 and
Lemma 38 as well as the sparse embedding guarantee Lemma 32. |

4. If O is deterministic, £3 can be omitted.
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B.4. Solving the embedded linear systems efficiently

In order to apply Lemma 39, we must show how to compute an efficient linear system solver matrix
SBTT"B'ST arising in Lemma 39 as well as support matvecs to SB and SBT efficiently. Here,
we discuss this in greater detail.

In the remainder of this subsection, we fix 7 € R4, A e R*™*4 X\ > 0,¢ >0, B = \}?P;/ezA

and k := || B||% /. Furthermore, we let S € R**", T € R**? denote random sparse embedding
matrices with sketch size s = O((k + log(1/6))) and b = O(log?(k /&) + log®(k/§)) non-zeros per
column (Definition 30). We will show that we can efficiently implement matvecs to SB and AT, as
well as construct S BT explicitly.

Lemma 40 (Supporting matvecs to SB) Given an explicit realization of S, one matvec to SB €
RSXd can be implemented in O(bnnz(A))-time, using one matvec to A, O(bn)-additional work, and
O(1)-additional depth.

Proof To support one matvec to SB € R**?, consider a query (z,y) € R? x R®. To compute SBz,

note that we can first compute u «— Bx = \%le /6 Az € R"in nnz(A)-work and then compute

SBx = Su in O(bn)-work, leveraging that each column of S has at most b nonzero entries.
To compute y ' SB, note that we can first compute u| < y'S € R™ in O(bn)-work, again
leveraging that each column of S has at most b nonzero entries. Then, we can compute u' B =

u’ \%le/gA € R? in nnz(A)-work. [

Fact 41 (Constructing AT) Given an explicit realization of T, AT € R™** can be computed
explicitly in in O(snnz(A))-work, using O(1)-depth and O(s)-matvecs to A.

Proof This follows immediately, as 7' € R%** has s columns. |

Lemma 42 (Constructing SBT) Given an explicit AT € R"**, SBT € R*** can be computed
explicitly in O(b? nnz(A) + s2)-work and O(1)-depth.

Proof Since AT € R™** is given as input and \%Pf i, is diagonal, in O(nnz(AT")) < O(bnnz(A))-

time (recall Lemma 31) we can compute BT € R"™*%. Next, to compute SBT € R**%, we apply
the following procedure. For each i € [n], the i-th column of S has at most b nonzeros at rows
hi(i), ..., hy(i) € [s] with corresponding values vy (i), . .., vy(7) € {—1/+/b,1/v/b}. We compute
C = SBT € R*** as follows: Initialize C' <— 0 € R**® and for each i € [n], for each ¢t € [b] (for
which Sy, (), ; = vi(i) # 0), update

Chii): < Chyiy,: +vi(i) (BT ).

For any r € [s] and j € [s],
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The above algorithm adds (BT'); . into exactly those rows r for which S,; # 0, and scales by
Sri, hence the final C' equals SBT'. For the runtime, each nonzero entry (BT);; participates in
at most b updates (one per nonzero in column ¢ of S), so the total work is O(bnnz(BT')). Using
nnz(BT) = nnz(AT) < bnnz(A) (recall Lemma 31), this is O (b nnz(A))-work. The initialization
of the dense output C' € R*** costs O(s?)-work. Thus the overall work is O(b%> nnz(A) + s?). W

B.5. Putting it all together
Here, we combine the previous results to obtain the main results of this section.

Lemmad3 Let A € R™? with ||Allaseo < 1, Z € BL XA > 0, €, > 0,5 € (0,1), and
k=1/(\e). Foranyb € R% v > )\ let

1

1
" o |
O"(b) = RANKONESOLVE <6, P; B, NG

Apj7€/, A €,0,b, 0211527§3> s

where

1 € 1)
(9551752153@’) = SKETCHANDSOLVE, ¢, ¢, <sz/, SVikpn e 5,b’, O) .
E/

and O instantiates FMM (Lemma 35). Then, O" is an (€, §)-linear system solver for
y 2e)A
7 (Pre — PzerPz o)A+ vig,
and each query to ©" does O(e=2/3 nnz(A))-work using O(1)-depth and O(e=2/3)-matvecs to A.

Proof First, let

1
B=—p.?

\/67 Lf,E,A7

and note that || B||% < ¢ ~! (by the argument as in (8)) and consequently k = || B |%./€. Moreover,
observe that

n
€’

1 —1 1 n
IBI3 < QHAH% <€TAlE < " DALl < gIIAHg_m =
1€[n]

Similarly,

n
14pz.c 3 < [[All3 [Pz l3 < 5.

since ||pz e ||2 < ||pz,e||1 = 1. Thus, the correctness follows directly from Lemma 39 and Lemma 37.
The complexity follows directly from Lemma 40, Fact 41, Lemma 42, and Lemma 35. [ |
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Lemma 44 (SVRG solver with fresh embeddings) Let A € R™*? with ||Alj200 < 1, T € BY,
A>0,6¢>0,6€(0,1),andk =1/(\e). Foranyb e R4 v > )\ let

1

1
0" (b) = RANKONESOLVE | — P; B,
v) (5reep.

Ap:?:7e/a A, €, 5, b, 0217&,53) )
where
/ / 1 € o
O¢, £.¢,(0') = SKETCHANDSOLVEg, ¢, ¢, | B, v, Ty bv,0 ).
and O instantiates SVRG (Lemma 36). Then, O" is an (e, §)-linear system solver for
1
QAT(P:E,e’ - pi,e’p;e’)A + vly,

and each query to O" does O(e=2/3 nnz(A))-work using O(1)-depth and O(e=2/3)-matvecs to A.

Proof Correctness follows identically as the proof of Lemma 43. The complexity follows directly
from Lemma 40, Fact 41, Lemma 42, and Lemma 36. |

In order to obtain Theorems 2 and Theorems 3, in the following section we show that it is
actually possible to reuse the same T' across every linear system solve in Lemma 7. This enables us
to pre-compute AT once in the very first iteration, using O(s nnz(A))-work, O(s)-matvecs to A
and O((n + d))-depth and reuse it in all future iterations. Correspondingly, we reduce the auxiliary
work and depth in Lemmas 44 and 43.

Appendix C. Main results

In this section, we discuss how the sample reuse framework of (Jin et al., 2026) immediately
enables us to reuse the same seed &, across sequential invocations of Lemmas 43 and 44 when
used to instantiate the linear system solver for Lemma 7, and we use this to obtain our main results.
Throughout this section, we use O() to hide polylogarithmic factors in the following parameters:
n,d,e oL AT vl

In order to directly apply the sample reuse framework of (Jin et al., 2026), we need to check the
three key assumptions that enable their framework.

First note that £, ~ P> in Lemmas 43 and 44 is used to sample a sparse oblivious subspace
embedding (Definition 30) in lemma 39, meaning that Py is an oblivious sampling distribution (i.e.,
P, depends only on the sketch size s = O(e~2/3) and number of nonzeros b = O(1).)

Second, note that the requirements of the outer loop in Lemma 7, which orchestrates the sequence
of linear system solves, is {o,-robust in the sense of Definition 2.2 of (Jin et al., 2026), as illustrated

by the following lemma.

Lemma 45 (/. -robustness) Suppose that ' € R satisfies

<«

T T -1
x — (6'A (Pre — Pz,ePz o)A+ Z/I) g
2

for some € ,v,a > 0,7 € R, A € R"*? and suppose that ¢ € R? satisfies ||C||oo < 7. Then,

( / "'AT (D T -1
'+ () = (€A (Pre —prepze)A+vI) g

<a+7Vd.
2
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Proof Note that for any z € R, ||z]|o0 < ||2]|2 < V/d||2||so. Consequently, we have

-1
(.’L‘/—i—C) — (6/AT(PQ_J76/ —pa—c7€/p;€,)A—|—yI) g

2

<

/ AT T -1
2 = (AT (Pro = paopl)A+vI) gl +ICl2

o0

<a+7rVd.
[ |

Consequently, the requirements of Lemma 7 are robust to any 7-bounded /¢, perturbation, provided
that the accuracy requirement of the linear system solves is correspondingly lowered by a factor of
T/ V.

Third, note that the complexities of Lemmas 43 and 44 depend at most polylogarithmically on
the required solver accuracy ¢ (i.e., in the language of (Jin et al., 2026), the linear system solvers
can solve to high accuracy). Consequently, lowering the required accuracy of the linear system
solves by a factor of 7/ v/d comes at the cost of at most polylogarithmic overhead in the key problem
parameters.

Thus, by a straightforward application of Theorem 2.6 of (Jin et al., 2026), we see that the same
random seed &, can be used across all sequential invocations of Lemmas 43 and 44 when used to
instantiate the linear system solver for Lemma 7.

Finally, we are prepared to prove our main results. First, using an FMM-based linear system
solver, we prove the following guarantee.

Theorem 46 (Final FMM-based solver) There is an algorithm which solves the (A e R e >
0)-game (Definition 5) in O(e 2/*nnz(A) + e 2@tD/3) work, using O(e=2/%) matvecs to A and
O(e2/3)-depth.

Proof By Lemma 7, we see that it suffices to show that for any # € R% and ¢,§ > 0 we can
implement an (¢, 0)-linear system solver for

1 _
*AT(P:E‘/ — pj’elp;’e/) lA + VI

6/
for v > A = Q(e~1/3), which runs in O(nnz(A) + ¢ 2/3)-work and O(n + d)-parallel depth and
makes at most O(1)-matvec queries to A.

To this end, let k, s, b as in Lemma 43 and 39 and let 7,] € R**? be a sparse embedding matrix
(Definition 30) with sketch size s = O(e~2/3) and b = O(1) non-zeros per column. Note that by
Fact 41, we can compute AT, € R™** in O(s nnz(A))-time, O(1)-parallel-depth, and O(s)-matvecs
to A.

By combining Lemma 45 and Theorem 2.2 of (Jin et al., 2026), the guarantees of Theorem 43
remain unchanged if the random seed &5 is fixed across all invocations of 0. Consequently, by
Lemmas 42 and 40, the complexity of Lemma 43 can be reduced to O(bnnz(A)) = O(nnz(A))-time
and only O(l) matvecs to A, by reusing the precomputed AT in all invocations. |

Second, using an SVRG-based linear system solver, we prove the following guarantee.
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Theorem 47 (Final SVRG-based solver) There is an algorithm which solves the (Ae Rj”d, €>
0)-game (Definition 5) in O(e~2/3nnz(A) 4 ¢ ~2)-work, using O(e /%) matvecs to A and O(e=/3)-
depth.

Proof The proof follows identically as that of Theorem 46, except that we leverage Lemma 44 in
place of Lemma 43. |

Theorems 2 and 3 now follow immediately from Lemma 6 and Theorems 46 and 47, respectively.

Appendix D. Reduction from separating hyperplane problem to /,-/; games

Lemma 6 (Reduction to /5-/; matrix game)
Let D = {¢; € B 1; € {+1, —1}}Yie[n)- Any solution 1 to the p-game (Definition 5) of —®p
induces a p-separating hyperplane (Definition 1) for D.

Proof To reformulate the (D, p)-separating hyperplane problem as an ¢5-¢; matrix game, note that (1)
is equivalent to

max min /; (w, ¢;) = max min[®pw]; = max min p' Ppw = — min max p' (—Pp)w.
weBd i€[n] weBd i€n) weBd pEA™ weBd pEA™

By (1), there exists w* € B¢ such that

min p' pw* = min[®pw*]; = 1161[11} Li{(w*, ¢i) > vp.
1cn

PEA™ i€[n]
Therefore,
max min p' ®pw > yp, and consequently min max p' (—®p)w < —p.
weBd peA™ wERB pEA™

Let w be a solution to the (—®p, vp/2, p)-game. Then,

T N . T
max —®p)w < min max —Pplw +p < —vp +p.
maxp (=®p)i < min maxp (—Ppjw+p < —yp+p

Consequently, we have max;e,) [(—®p)w]; < —yp + p < 0, which implies that
Li(w, ¢i) = [@pw]; > 0, foralli € [n].

Thus, w is a solution to the (D, p)-separating hyperplane problem. |

Appendix E. Linear algebraic properties

Fact 48 Suppose that A € STy | and 2’ is an e-approximate solution to the linear system Az’ =b
(Definition 4). Then, ||z — 2'||2 < v/Kk(A)e||z||2.

Proof We have |2/ — z||4 < 7v]|z| . Since A = Amin(A)I it follows that

2" — 2la [E3P
2" — z]l2 < <~ :
VAmin(A) TV Amin(4)
Moreover, ||z||4 < \/Amax(A)||z||2. Thus, the lemma holds. [ |
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Fact 49 Suppose that A, B € Si 4 with A =, B for some ¢ > 1. Then,

e forany z € R%

zla=ye =l
* [ AllF ~c Bl

* forany b € R, 4, and

B~z A1

s foranyb € R%, ||A='0 — B~1b||p < (c — 1)||B~'b)

B
Proof We prove the statements one-by-one.
e Sincec 'A< B=<cA implies ¢ !B < A<¢B,for any x € R% we have
¢ 12" Bx < x| Ax < C{L‘TBIL‘,
which yields [|z|la =~/ [|z] 5

e From ¢ 1A < B < cA, the eigenvalues of B are within a factor ¢ of those of A (due
to the Courant-Fischer theorem) Since ||M||% = >, \i(M)? for M = 0, it follows that
|AllF ~c || Bl .

« Inverting the Loewner order gives c ' A~! < B~! < ¢A~!. Therefore, for any b € R¢,
b"B . b" A,
which is equivalent to || B~1b|| 5 N | A~10]| A.
* Writing b = Bz, we have
A7 —B = (A"'B - I)a.
Since the eigenvalues of BY/2A~1BY2 liein [¢~!, ], we have |[A~'B — I||p < ¢ —1, and

1A' = B7'bl5 < (¢~ Dzl = (c = 1)|1B~b]|5.
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