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Abstract
We study computable probably approximately correct (CPAC) learning, where learners are required
to be computable functions. It had been previously observed that the Fundamental Theorem of Sta-
tistical Learning, which characterizes PAC learnability by finiteness of the Vapnik–Chervonenkis
(VC-)dimension, no longer holds in this framework. Recent works recovered analogs of the Funda-
mental Theorem in the computable setting, for instance by introducing an effective VC-dimension.
In this work, we investigate the relationship between CPAC learning and recursively enumerable
representable (RER) classes, hypothesis classes whose members can be algorithmically listed, in
the context of the Fundamental Theorem. We demonstrate that the RER property is deeply con-
nected to CPAC learning by characterizing several notions of CPAC learnability via the existence of
certain RER classes realizing the same samples. We further establish that the RER property alone
is sufficient to guarantee nonuniform CPAC learnability and give a sufficient condition for CPAC
learnable classes to be RER. Other results show that the effective VC-dimension can take arbitrary
values above the traditional one and we note that the two dimensions coincide given the existence
of a computable empirical risk minimizer. This recovers classical PAC bounds for most practically
relevant classes and establishes a family of examples separating several notions of learnability.
Keywords: PAC Learning, effective VC-dimension, computable, hypothesis class.

1. Introduction

Probably Approximately Correct (PAC) learning is a well-known framework in statistical learning
theory to describe how machines are able to generalize in supervised classification tasks. The theory
was developed in the second half of the 20th century. More recently, Agarwal et al. (2020) initiated
a study of computable PAC (CPAC) learning, where the learning process is required to be effective
in the sense of theoretical computer science. This forms an intermediate setup between the abstract
study of PAC learning, called VC-theory after Vapnik and Červonenkis (1968), and the framework
from Valiant (1984), where learning processes are even required to be efficient. The restriction to
computable learners can be seen as a minimal requirement to model automated learning. It turns
out that this requirement has drastic effects on classical results and therefore received a consider-
able amount of attention in recent years, see Sterkenburg (2022); Ben-David and Hasrati (2023);
Gourdeau et al. (2024, 2025); Delle Rose et al. (2023, 2025); Akbari and Harrison-Trainor (2025).

A hypothesis class H is PAC learnable if there exists a function A, called learner, that, with
arbitrarily high probability, outputs a hypothesis with arbitrarily low generalization error, given a
sufficient number of training examples. Several variations of this definition have been considered
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before (see Table 2) and the literature is not entirely consistent when referring to PAC learning.
For example, some authors require the existence of a proper learner, which maps into H, while
others allow arbitrary (or improper) learners. Such inconsistencies are neglectable in the traditional
framework, due to a powerful result, known as the Fundamental Theorem of Statistical Learning
by Blumer et al. (1989). It states that (under mild measurability assumptions) PAC learnability
in all its variants is equivalent to finiteness of a purely combinatorial measure of H, the Vapnik–
Chervonenkis dimension (VC-dimension).

The central motivation for this paper is to achieve a better understanding of how the Funda-
mental Theorem of Statistical Learning behaves in the CPAC learning framework. A key insight
of Agarwal et al. (2020) was that the Fundamental Theorem of Statistical Learning generally fails
once learners are required to be computable functions. In particular, the characterizations of the
various notions of PAC learnability via finiteness of the VC-dimension are lost, which leads to a
diverse landscape of intermediate notions. Previous works already recovered parts of the Funda-
mental Theorem by characterizing some intermediate notions of CPAC learnability in analogy to
the classical theorem. Most importantly, Delle Rose et al. (2023) introduced a computable analog
of the VC-dimension, the effective VC-dimension, whose finiteness characterizes CPAC learnability
in the (improper) agnostic setting, where arbitrary sample distributions are considered.

Alongside CPAC learnability as the computability analog of PAC learnability, Agarwal et al.
(2020) proposed recursively enumerable representability (RER) as a computability analog for hy-
pothesis classes. The RER property states that the members of a hypothesis class can be listed by
an algorithm. It is known that for RER classes CPAC learnability in the realizable setting, where
the sample distributions are assumed to be compatible with the considered hypothesis class, is char-
acterized solely by finiteness of the VC-dimension. This already indicates that the RER property
is closely connected to CPAC learning. However, previous works have treated the RER property
rather as a convenient technical condition.

In this paper we show that the RER property is inherently connected to CPAC learnability. Our
results show that it is essentially enough to consider RER classes for most types of CPAC learnabil-
ity, in the sense that an arbitrary class is only learnable, if it is sufficiently similar to some learnable
RER class. Hence, working under the RER assumption is not really a restriction. This aligns with re-
cent work by Akbari and Harrison-Trainor (2025), where it is argued that issues with computability
in PAC learning are “unnatural” from a practical point of view, as previously considered problem-
atic classes were defined using some numbering of programs. The authors demonstrated that under
mild regularity assumptions, such as being RER, any “natural” PAC learnable class is already CPAC
learnable in the strongest sense. In Section 5 we complement these findings by showing that, while
in general the effective VC-dimension can take arbitrary values above its traditional counterpart, the
two dimensions coincide for any class that is CPAC learnable in the strongest sense.

1.1. Organization and contributions of this paper.

Our overall approach is to analyze the interplay between RER classes, CPAC learning and the
effective VC-dimension. In Section 2 we give a detailed overview of key notions and results from
(C)PAC learning to make some connections between recent results and the Fundamental Theorem
more explicit. After that, we begin in Section 3 by investigating how the RER property relates to
CPAC learnability by looking at the realized samples of a hypothesis class. This perspective offers
a whole plethora of novel necessary and sufficient conditions for different types of learnability. The
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theme of these results is always to characterize a specific notion of CPAC learnability of an arbitrary
hypothesis class H, solely via the existence of some RER class G that satisfies some inclusion
relation between G and H, as well as between the sets of realized samples SG and SH, and some
additional property ensuring learnability of G. These results are summarized in Table 1. Proposition
20 provides a partial converse by showing that properly, realizably CPAC learnable classes, in which
each hypothesis is identifiable from a sample (which includes classes of finite teaching dimension),
are necessarily RER.

Section 4 studies the relaxed notion of nonuniform PAC learning in the computable setting,
also introduced in Agarwal et al. (2020). In Theorem 23 we adapt structural risk minimization to
show that nonuniform CPAC learnability can be guaranteed for any RER class, regardless of its
VC-dimension. Since this nonuniform learnability is even possible with a proper learner, this result
transfers to all subclasses of RER classes and some extensions.

In Section 5 we compare the classical and effective VC-dimension. On the negative side, The-
orem 27 generalizes a construction from Delle Rose et al. (2023) to show that the effective VC-
dimension can take arbitrary values above the traditional one, even for RER classes. On positive
side, Theorem 29 identifies an important boundary case, namely, under the assumption of the exis-
tence of a total computable ERM the two measures coincide. This recovers quantitative PAC bounds
in the CPAC framework, something that cannot be guaranteed in general by our negative result (Re-
mark 28). As a byproduct of Theorem 27, we also get a whole family of new examples separating
various notions of learnability (Remark 30). We conclude in Section 6 with an overview of our
findings and some open questions.

Learnability of H ∃ RER class G Result
Inclusion Samples Property of G number

proper realizable SCPAC ⇔ G ⊆ H SH = SG VCdim(G) < ∞ 15
proper agnostic SCPAC ⇔ G ⊆ H SH = SG VCdim(G) < ∞+ comp. ERM 14

agnostic CPAC ⇔ G ⊆ Hfin SH ⊆ SG eVCdim(G) < ∞ 17
proper nonuniform CPAC ⇒ G ⊆ H SH = SG - 26

nonuniform CPAC ⇐ G ⊇ H SH ⊆ SG - 25

Table 1: Necessary and sufficient conditions for various notions of learnability for an arbitrary
hypothesis class H via the existence of an RER class G satisfying three conditions.

2. Preliminaries

Throughout this work, N denotes the set of natural numbers including 0 and N+ := N\{0}. For
n ∈ N+ we define [n] := {1, . . . , n}. Let X and Y be sets. The cardinality of X is denoted by
|X|. We write f : X 99K Y to express that f is a partial function, meaning that its domain dom(f)
may be a proper subset of X. If dom(f) = X we say that f is total and indicate this by writing
f : X → Y. The set of all total functions from X to Y is denoted by Y X . If 0 ∈ Y , then the support
of f : X 99K Y is supp(f) := f−1(Y \{0}).

In what follows, we work with some domain X and fix the label set Y := {0, 1}. In general,
X can be the underlying set of an arbitrary measure space. But since we are only interested in
computable PAC learning, throughout this paper we assume X = N or any countable set that can
be computably encoded into the natural numbers. We also fix the powerset as σ-algebra on X ×Y.
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A hypothesis is any (measurable) function h : X → Y, and a hypothesis class H is any nonempty set
of hypotheses. A sample is a finite tuple of labeled examples, i.e. S = ((xi, yi))i∈[m] with (xi, yi) ∈
X×Y. We write |S| for the length of a sample and S :=

⋃
m∈N+

(X×Y)m for the set of all samples.
A learner is any (partial) function A : S 99K YX outputting only hypotheses. Furthermore, we write
D∗ for the set of all distributions on our σ-algebra on X × Y. For D ∈ D∗ we define the loss of a
hypothesis h as LD(h) := D

(
{(x, y) : h(x) ̸= y}

)
. For a sample S = ((xi, yi))i∈[m] the empirical

loss of h is defined as LS(h) := 1
m |{i ∈ [m] : h(xi) ̸= yi}|. Following the notation in Ben-

David and Shalev-Shwartz (2014), we write Prob
S∼Dm

[· · · ] for the probability Dm({S : · · · }), where

Dm =
⊗m

i=1D. Given a hypothesis class H ⊆ YX we write SH :=
{
((xi, h(xi)))i∈[m] : m ∈

N+, xi ∈ X , h ∈ H
}

for the set of all realized samples of H. Similarly, we write DH := {D ∈
D∗ : ∃h ∈ H : LD(h) = 0}. By convention we set LD(A(S)) = 1 if S /∈ dom(A). An overview of
all used acronyms can be found at the end of this section.

Definition 1 Let H ⊆ YX be a hypothesis class, D ⊆ D∗, A : S 99K YX be a learner and
mH : N2 → N. Then H is said to be PAC learnable with respect to D with learner A and sample
size function mH : N2 → N, if for all a, b ∈ N+ and every distribution D ∈ D it holds for every
m ≥ mH(a, b) that

Prob
S∼Dm

[
LD(A(S)) ≤ inf

h∈H
LD(h) + 1/a

]
≥ 1− 1/b.

The objects D,A and mH are usually omitted unless we want to point them out explicitly. By im-
posing conditions on distributions, learners and sample size functions, we introduce some variations
of this definitions, also summarized in Table 2.

Definition 2 Let H be a hypothesis class.

1. H is said to be agnostically PAC learnable if it is PAC learnable w.r.t. D∗ and with some total
learner A.

2. H is said to be realizably PAC learnable if it is PAC learnable w.r.t. DH and with some learner
A satisfying SH ⊆ dom(A).

3. H is said to be properly PAC learnable if it is PAC learnable with some learner A satisfying
im(A) ⊆ H.

4. H is said to be strongly PAC learnable if it is PAC learnable with some computable sample
size function mH.

The term improper is used by some authors to stress a potential non-proper learnability, but does
not exclude proper learnability. Following Delle Rose et al. (2023), we do not use this term and
instead only mention proper learnability, when it is guaranteed. The notion of strong PAC learning
is due to (Sterkenburg, 2022, Definition 6).

The below famous theorem due to Blumer et al. (1989) shows that in the traditional framework
all notions of PAC learning are equivalent. Our formulation is a modern one that is adapted from
(Ben-David and Shalev-Shwartz, 2014, Section 6.4).

Definition 3 Let H ⊆ YX be a hypothesis class and k ∈ N. A k-witness is a function w : X k+1 →
Yk+1 such that for any x0, . . . , xk ∈ X it holds w(x0, . . . , xk) ̸= (h(x0), . . . , h(xk)) for any
h ∈ H. The VC-dimension of H, VCdim(H), is defined as the smallest natural number k for which
a k-witness for H exists and VCdim(H) = ∞ if no k-witnesses exist for H.
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Notions of PAC
Conditions on Set of

distributions D Learner A Sample size
function mH

Agnostic D = D∗ dom(A) = S -
Realizable D = DH SH ⊆ dom(A) -
Proper - im(A) ⊆ H -
Improper - - -
Strong - - computable
Computable - computable -

Table 2: Variations of the definition of PAC learning.

Definition 4 Let H be a hypothesis class. A learner A is called an empirical risk minimizer (ERM)
for H if A(S) ∈ argminh∈H LS(h) for every S ∈ dom(A).

Theorem 5 (Fundamental Theorem of Statistical Learning)
For any1 hypothesis class H the following are equivalent:

1. H is agnostically PAC learnable.
2. H is realizably PAC learnable.
3. H is properly PAC learnable (with any ERM).
4. H is strongly PAC learnable.
5. VCdim(H) < ∞.

Unfortunately, the Fundamental Theorem does not hold in the following computable frame-
work for PAC learning, introduced in (Agarwal et al., 2020, Definition 8). We do not assume any
background in computability theory here beyond the basic notion of computability, for instance
via Turing machines Turing (1936). We refer the unfamiliar reader to standard textbooks such as
Weihrauch (1987); Soare (2016). In the following, an encoding of a set refers to its image under an
injective mapping to N. Most importantly, any set of tuples, like S, can be encoded using goedeliza-
tion via prime numbers (xi)i∈[m] 7→

∏m
i=1 p

xi+1
i , where pi is the i-th prime number. Similarly, a

code is a natural number uniquely assigned to each program in any model of computability that
allows executing the program on some universal machine (see (Soare, 2016, p. 10)).

Definition 6 A function A : S 99K YX is called a computable learner if there exists a computable
function A′ : N 99K N of A whose domain is the encoding of dom(A) and such that for all S ∈
dom(A) the function A′ outputs the code of a program computing A(S). A hypothesis class is said
to be computably PAC learnable (CPAC) if it is PAC learnable with respect to a computable learner.
We abbreviate strong CPAC learnability as SCPAC.

Note that according to this definition the learner A itself is not necessarily a computable func-
tion, but rather can be identified with some computable realization A′. In practice, this distinction

1. A formally correct statement for general domains X needs an additional measure-theoretic assumption called “well-
behavedness” of H. We do not need this here, since we only work on countable domains. An extensive discussion of
measurability aspects in the Fundamental Theorem can be found in Krapp and Wirth (2024).
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is purely formal, since outputs can be uniquely recovered from their codes. For clarity, and in line
with common practice, we will therefore work directly with A.

Remark 7 As noted in (Delle Rose et al., 2023, Remark 4), the definition of CPAC learnability
does not require the class H to only contain computable hypotheses, but only the learner to output
computable ones. However, we are not aware of any examples of CPAC learnable classes that
actually contain uncomputable hypotheses. Also note that the CPAC framework can be generalized
to certain continuous domains, instead of just countable ones, using the framework of computable
analysis, see Ackerman et al. (2022). While some results from the countable setting carry over, this
is, however, not a strong generalization as discussed in (Kattermann, 2025, Appendix B).

In the following we state the known analogs of the Fundamental Theorem of Statistical Learning
for different variants of CPAC learning. The first result was originally only formulated in the agnos-
tic setting, but the proof given in the original source can be modified to also work in the realizable
setting by simply adapting the domain of the involved learners, see (Kattermann, 2025, p. 65ff).

Fact 8 (Fundamental Theorem for proper SCPAC, (Sterkenburg, 2022, Theorem 8))
A hypothesis class H is properly agnostically SCPAC learnable if and only if VCdim(H) < ∞ and
there exists some total computable ERM for H. Similarly, H is properly, realizably SCPAC learnable
if and only if VCdim(H) < ∞ and there exists a computable ERM A for H with SH ⊆ dom(A).

In search of a replacement for the VC-dimension, (Delle Rose et al., 2023, Definition 9) pro-
posed the following measure.

Definition 9 The effective VC-dimension of a hypothesis class H is

eVCdim(H) := inf{k ∈ N : there is a computable k-witness for H}.

Fact 10 (Fundamental Theorem for agnostic CPAC, (Delle Rose et al., 2023, Theorem 11))
For any hypothesis class H the following are equivalent:

1. H is agnostically CPAC learnable.
2. H is agnostically SCPAC learnable.
3. There is some properly agnostically SCPAC learnable class H′ ⊇ H.

4. eVCdim(H) < ∞.

Alongside computable PAC learning, Agarwal et al. (Agarwal et al., 2020, Definition 6) also
introduced the following computability notion for hypothesis classes. The terminology is analogous
to sets M ⊆ Nk, which are called recursively enumerable if there exists an algorithm that lists
exactly the elements of M , or equivalently M is the domain or range of a computable function.

Definition 11 A hypothesis class H is said to be recursively enumerable representable (RER) if
there exists an algorithm listing all codes of programs encoding the hypotheses from H.

In other words, a hypothesis class is RER if it can be represented by a recursively enumerable
set of codes. Note that this forces RER classes to only contain computable functions. Agarwal et
al. (Agarwal et al., 2020, Definition 5) also introduced a stronger notion of decidably representable
(DR) classes. This is not discussed here as it does not provide additional insights.
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Example 1 (List representation, (Agarwal et al., 2020, Remark 7)) A very important RER class
is Hfin := {h ∈ YX : | supp(h)| < ∞}, the class of all finitely-supported hypotheses. Each member
of this class can be uniquely represented by its support. Such a list representation not only makes
Hfin RER, but also enables one to computably access the supports from a listing. An important RER
subclass of Hfin is the class H(k) of all hypotheses with support size at most k for k ∈ N. It holds
VCdim(H(k)) = eVCdim(H(k)) = k, as the function x 7→ (1, . . . , 1) is a k-witness for H(k).

Fact 12 (Fundamental Theorem for RER classes, (Agarwal et al., 2020, Theorem 10))
For any RER class H the following are equivalent:

1. H is realizably CPAC learnable.
2. H is properly, realizably SCPAC learnable.
3. VCdim(H) < ∞.

3. Recursively Enumerably Representable Classes

In this section we investigate the interplay between RER classes and CPAC learnability by looking
at the realized samples SH = {S ∈ S : ∃h ∈ H : LS(h) = 0} of a hypothesis class H. Recall from
Fact 12 that any RER class with finite VC-dimension is realizably CPAC learnable. The converse
is not true in general as observed in (Sterkenburg, 2022, Example 3). The example given therein
extends an RER class to a non-RER one, in a way such that no new samples get realized. This
maintains the VC-dimension and the existence of an ERM and therefore the proper SCPAC learn-
ability. The following theorem shows that every non-RER example for proper SCPAC learnability
is necessarily of that form. This result, like the later ones of similar flavor, is based on the following
consequence of the definition of computable learners.

Lemma 13 The image of a computable learner is an RER class.

Proof Let A′ : N 99K N be a computable realization of some learner A. Since A′ is computable, its
domain, which is an encoding of dom(A), can be computably listed. So we get a listing of codes
of programs computing the hypotheses from the image of A by successively inputting a listing of
dom(A′) into A′.

Theorem 14 A hypothesis class H is properly agnostically SCPAC learnable if and only if it con-
tains some RER class G ⊆ H that is properly agnostically SCPAC learnable and satisfies SH = SG .
The same statement holds with “realizably” instead of “agnostically”.

Proof We only consider the agnostic case, the realizable one is analogous.
‘⇒’ By Fact 8 there exists a computable ERM A for H, and G := im(A) is an RER subclass of H
by Lemma 13 with VCdim(G) ≤ VCdim(H) < ∞. Such a learner A is also a computable ERM
for G. Indeed, G ⊆ H implies SG ⊆ SH and for any S ∈ dom(A) it holds

A(S) ∈ G ∩ argmin
h∈H

LS(h) ⊆ argmin
g∈G

LS(g).

So the class G is properly SCPAC learnable by Fact 8. Moreover, for any S ∈ SH ⊆ dom(A) it
holds LS(A(S)) = minh∈H LS(h) = 0. Due to A(S) ∈ G, this shows S ∈ SG and thus SH = SG .
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‘⇐’ By Fact 8 it holds VCdim(G) < ∞ and there exists some computable ERM for G. The
assumption SH = SG implies VCdim(H) = VCdim(G) < ∞. Moreover, it yields that for any
h ∈ H and any S ∈ S there is some g ∈ G with LS(g) = LS(h). This shows minh∈H LS(h) =
ming∈G LS(g). So any computable ERM for G is also one for H and we are done by Fact 8.

The above theorem immediately yields the following extension of Fact 8 and Fact 12.

Corollary 15 (Fundamental Theorem for proper realizable SCPAC)
For any hypothesis class H the following are equivalent:

1. H is properly realizably SCPAC learnable.
2. There is some RER class G ⊆ H with VCdim(G) < ∞ and SH = SG .

3. VCdim(H) < ∞ and there is a computable ERM A for H with SH ⊆ dom(A).

Remark 16 (Non-strong learning) The above proof essentially relied on Fact 8. Using an anal-
ogous result (Delle Rose et al., 2023, Proposition 13) for proper CPAC learnability, based on so-
called asymptotic ERMs, one can show an analogous version of Theorem 14 for the non-strong
case. Namely, a class H with VCdim(H) < ∞ is properly agnostically CPAC learnable if and
only if there is some RER class G ⊆ H for which there is a total computable asymptotic ERM A
for G and a sequence εm ↘ 0 such that ming∈G LS(g) ≤ minh∈H LS(h) + ε|S| for any sample S.
There is also a version in the realizable setting, where one needs the additional assumption on the
domains. Details can be found in (Kattermann, 2025, Corollary 3.41).

The proof of Fact 10 given in (Delle Rose et al., 2023, Theorem 11) via extension to a properly
SCPAC learnable class essentially contains the following connection between CPAC learnability and
RER classes, showing that finitely-supported agnostically CPAC learnable classes can be extended
to RER classes. For details see (Kattermann, 2025, Corollary 3.58).

Corollary 17 A hypothesis class H is agnostically CPAC learnable if and only if there is some
RER class G ⊆ Hfin with eVCdim(G) < ∞ that satisfies SH ⊆ SG . If H ⊆ Hfin, then it can even
be ensured that H ⊆ G.

To further highlight the connection between RER and CPAC we derive a partial converse of Fact
12 by giving a sufficient condition under which CPAC learnability implies the RER property. It ap-
plies to the following type of hypothesis classes, which includes those of finite teaching dimension,
considered for instance in Goldman and Kearns (1995); Caro (2023).

Definition 18 We say that a hypothesis class H satisfies the unique identification property (UIP)
if for every h ∈ H there are some x1, . . . , xk ∈ X such that for any h′ ∈ H\{h} there is some
i ∈ [k] with h(xi) ̸= h′(xi).

Lemma 19 Let H be realizably PAC learnable with some learner A. Then for any x1, . . . , xk ∈ X
and h ∈ H there is some g ∈ im(A) that coincides with h on all x1, . . . , xk.

Proof Given some h ∈ H and any x1, . . . , xk ∈ X consider the sample S = ((xi, h(xi)))i∈[k]
and the uniform distribution DS = 1/k

∑k
i=1 δ(xi,h(xi)) over S. It holds LDS

(h′) = LS(h
′) for any
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hypothesis h′. In particular, LDS
(h) = 0 and thus DS ∈ DH. So the realizable PAC learnability of

H with learner A implies that for large enough m we get

Prob
S′∼Dm

S

[
LS(A(S′)) ≤ 1

|S|+ 1

]
≥ 1/2 > 0.

Observe that LS(A(S′)) ≥ 1/|S| holds whenever A(S′) does not coincide with h on x1, . . . , xk.
Thus, the positivity of the above probability implies that there must be at least one S′ ∈ dom(A)
such that g = A(S′) has the desired property.

Proposition 20 (Fundamental Theorem for UIP classes) Let H be a hypothesis class satisfying
the UIP. Then the following are equivalent:

1. H is properly realizably CPAC learnable.
2. H is properly realizably SCPAC learnable.
3. H is an RER class with VCdim(H) < ∞.
4. VCdim(H) < ∞ and there is a computable ERM A for H with SH ⊆ dom(A).

Proof (3)⇒(2) holds by Fact 12, (2)⇔(4) by Fact 8 and (2)⇒(1) holds by definition. It remains to
show (1)⇒(3). So let H be realizably CPAC learnable with some computable learner A : S 99K H.
Due to Lemma 13, it suffices to show H ⊆ im(A). Fix any h ∈ H and let x1, . . . , xk ∈ X be such
that no h′ ∈ H\{h} agrees with h on all of those. By Lemma 19 there is some g ∈ im(A) that
agrees with h on them. But as im(A) ⊆ H, this already implies g = h.

Remark 21 Besides the implication CPAC ⇒ RER, the notable part in the above proposition is the
equivalence of proper CPAC and SCPAC in the realizable setting. The same holds in the improper
agnostic setting by Fact 10. However, it is demonstrated in (Delle Rose et al., 2023, Theorem 14)
that the equivalence of proper CPAC and SCPAC learnability is not true in the agnostic case, even
for RER classes satisfying the UIP. We do not know whether or not this holds for general classes in
the realizable case.

4. Nonuniform Learning

Fact 12 showed that realizable CPAC learnability can be ensured for RER classes with finite VC-
dimension. In this section we study how this is possible in an agnostic setting with arbitrary dis-
tributions, corresponding to no prior knowledge. Due to Theorem 27 below, we cannot achieve
agnostic CPAC learnability for arbitrary RER classes of finite VC-dimension. Therefore, we con-
sider the relaxed notion of nonuniform PAC learning where the sample size is allowed to depend
on the learned hypothesis. This framework was introduced in Benedek and Itai (1994) and some
computability aspects in it were already discussed in Agarwal et al. (2020).

Definition 22 A hypothesis class H ⊆ YX is called nonuniformly PAC learnable, if there is a
total learner A : S → YX and some sample size function mNU

H : N2 ×H → N such that for every
distribution D ∈ D∗ and all a, b ≥ 1, h ∈ H and m ≥ mNU

H (a, b, h) it holds

Prob
S∼Dm

[LD(A(S)) ≤ LD(h) + 1/a] ≥ 1− 1/b. (1)
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H is called nonuniformly CPAC learnable if it nonuniformly PAC learnable with some computable
learner in the sense of Definition 6. Similarly, proper nonuniform (C)PAC learnability refers to the
learner A satisfying im(A) ⊆ H.

Our main result is the following notable consequence of the RER property.

Theorem 23 Every RER class is properly nonuniformly CPAC learnable.

The proof of this theorem is based on a standard learning paradigm for nonuniform PAC learn-
ing, called structural risk minimization, see (Ben-David and Shalev-Shwartz, 2014, Section 7)
and Benedek and Itai (1994). We give an adapted version fitted to our setting here: Consider some
decomposition of the hypothesis class H of the form H =

⋃
n∈N+

Hn and define for each h ∈ H

nh := min{n : h ∈ Hn}.

Also pick some increasing function ω : N+ → N+ satisfying
∑∞

n=1 1/ω(n) ≤ 1 and some error
function ε : N2

+ → (0,∞) satisfying

∀b : ε(·, b) monotonically converges to 0, (2)

∀m : ε(m, ·) is increasing, (3)

∀m, b, n∀D ∈ D∗ : Prob
S∼Dm

[
sup
h∈Hn

|LD(h)− LS(h)| ≤ ε(m, b)

]
≥ 1− 1/b. (4)

A structural risk minimizer (SRM) for H w.r.t. ε is a function Ã : N+ × S → H satisfying

Ã(b, S) ∈ argmin
h∈H

[
LS(h) + ε(|S|, bω(nh))

]
(5)

for any b ≥ 1. A computable SRM is defined analogously to Definition 6. SRMs can be used for
nonuniform PAC learning by the following lemma, a broad adaption of (Ben-David and Shalev-
Shwartz, 2014, Theorem 7.4). For the interested reader we include a proof in Appendix A.

Lemma 24 Fix some hypothesis class H =
⋃

n∈N+
Hn and some ε as above. Moreover, let Ã be

an SRM for H w.r.t. ε and define s(b) := min{M : ε(M, bω(b)) ≤ 1/2b}. Then for all b ≥ 1 and
h ∈ H with nh ≤ b, any m ≥ s(b) and any D ∈ D∗ it holds

Prob
S∼Dm

[
LD(Ã(b, S)) ≤ LD(h) + 1/b

]
≥ 1− 1/b.

Under these conditions, H is properly nonuniformly PAC learnable with the induced learner

A : S → H,A(S) := Ã(t(|S|), S),

where t(m) := max{b : s(b) ≤ m}, respectively t(m) := 1 if there is no such b.

This formulation of structural risk minimization allows us to obtain a computable learner from
a computable SRM, given computability of s and t. The idea is that, if ε is unbounded in the second
argument, it suffices to compare finitely many hypotheses to minimize the desired sum and this can

10
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be done in a computable way, given that H is RER and ε is simple enough.

Proof [Proof of Theorem 23] Let (hn)n∈N be a computable listing of an RER class H. We apply
structural risk minimization to the decomposition H =

⋃
n∈N{hn} with weighting ω(n) = 2n2.

Consider the function
ε : N2

+ → (0,∞), ε(m, b) :=
√
b/2m.

The conditions (2) and (3) are obvious. Condition (4) follows from Hoeffding’s Inequality, which
states that for any n ∈ N, m ≥ 1, δ ∈ (0, 1) and any distribution D ∈ D∗ it holds

Prob
S∼Dm

[|LD(hn)− LS(hn)| ≤ δ] ≥ 1− 2e−2mδ2 .

Applying this to δ =

√
ln(2b)
2m ≤ ε(m, b) yields the desired condition.

It remains to construct a computable SRM for H w.r.t. this function ε. Once we have achieved
this we are done, since our choice of ε gives computability of the functions s(b) and t(m), implying
computability of the induced nonuniform PAC learner from Lemma 24. We describe how a com-
putable SRM works: Given any b ≥ 1 and sample S ∈ S , first determine the size m of S. The goal
is to find a hypothesis

Ã(b, S) ∈ argmin
h∈H

[
LS(h) + ε(m, 2bn2

h)
]
. (6)

This is equivalent to minimizing the function

F (n) := ES(hn) +mε(m, 2bn2) = ES(hn) + n
√
mb,

where ES(h) denotes the number of errors h makes on the sample S. Note that we can computably
compare values of F . Furthermore, we can compute some N with minn∈N F (n) = minn≤N F (n).
Indeed, this is satisfied as soon as N

√
mb ≥ m+

√
mb, since for any k > N

F (k) > N
√
mb ≥ m+

√
mb ≥ F (1) ≥ min

n≤N
F (n).

Altogether we can minimize F by computing such a value N , comparing the finitely many values
F (0), . . . , F (N) and returning some minimizing n∗ ≤ N .

Notably, the learner constructed in the above proof only requires polynomial sample sizes in
a, b and nh. So in the previous terminology nonuniform CPAC learnability can even be achieved in
a strong sense. Also, since proper implies improper learnability of subclasses we immediately get
the following result.

Corollary 25 Every subclass of an RER class is nonuniformly CPAC learnable.

Since the above results do not need any assumptions on the (effective) VC-dimension, they
emphasize that nonuniform CPAC learning is a relatively weak learnability notion. It is, however,
not trivial, as (Agarwal et al., 2020, Theorem 18) shows that the class of all computable hypotheses
is not nonuniformly CPAC learnable. A full converse of Theorem 23 can of course not be true, since
nonuniform CPAC learnability is a relaxation of agnostic CPAC learnability and there are non-RER
classes satisfying this notion (Sterkenburg, 2022, Example 3). Instead, we get the following partial
converse in the style of our results from the previous section.

11
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Corollary 26 Let H be properly nonuniformly CPAC learnable. Then there exists some RER class
G ⊆ H with SG = SH.

Proof Let H be nonuniformly CPAC learnable with some learner A : S → H. Consider the RER
class G := im(A) (Lemma 13) with G ⊆ H and SG ⊆ SH. Fix any S ∈ SH and write S =
((xi, h(xi)))i∈[k] for some x1, . . . , xk ∈ X and h ∈ H. Note that the nonuniform PAC learnability
of H with the learner A implies PAC learnability of the singleton class {h} with the learner A.
Hence, Lemma 19 yields some g ∈ G that coincides with h on x1, . . . , xk, so S ∈ SG .

The above necessary condition is not sufficient. As a counterexample take G = Hfin and H as the
class of all computable hypotheses.

5. The Effective VC-Dimension

In this section we focus on the relationship between the VC-dimension and its effective counter-
part. It is immediate from the definitions that for any hypothesis classes H it holds VCdim(H) ≤
eVCdim(H) and eVCdim(G) ≤ eVCdim(H) for any subclass G ⊆ H. In (Delle Rose et al.,
2023, Theorem 15) a hypothesis class H with VCdim(H) = 1 and eVCdim(H) = ∞ was con-
structed. Building up on this construction, we can show that in general there is no connection
between VCdim(H) and eVCdim(H) other than VCdim(H) ≤ eVCdim(H). We only sketch the
construction here, details can be found in Appendix B.

Theorem 27 For every 1 ≤ k ≤ ℓ ≤ ∞ there is some RER class Hk,ℓ ⊆ Hfin such that
VCdim(Hk,ℓ) = k and eVCdim(Hk,ℓ) = ℓ.

Proof (Sketch). The construction of Hk,ℓ is analogous to the one from (Delle Rose et al., 2023, The-
orem 15), which is defined via an enumeration of Turing machines and natural numbers ((Tj , kj))j .
By bounding kj ≤ ℓ − k + 1 we can control the effective VC-dimension to be ℓ − k + 1, while
maintaining VC-dimension 1. Both dimensions are then increased by k − 1 by shifting all supports
to start after k and then using a class sum with the class of all hypotheses with support ⊆ [k − 1],
which has VC-dimension k − 1.

Remark 28 (CPAC bounds) The above result shows that relying on the VC-dimension in quan-
titative PAC bounds can be misleading. Classical PAC bounds, such as (Ben-David and Shalev-
Shwartz, 2014, Theorem 6.8), assert that the required sample size satisfies a bound of the form
mH(a, b) ∈ O

(
a2(VCdim(H) + ln(b)

)
. However, a careful inspection of the underlying proofs

reveals that such bounds usually rely on the existence of an ERM learner for H. In the absence of
a computable ERM for H, the above bound does not necessarily apply. In contrast, if eVCdim(H)
is finite, then the proof of (Delle Rose et al., 2023, Theorem 11) shows that there exists an ex-
tension H′ ⊇ H such that VCdim(H′) ≤ eVCdim(H) + 1 and for which a computable ERM
learner exists. Consequently, within the CPAC framework, the appropriate quantitative bound is
O
(
a2(eVCdim(H)+ ln(b)

)
, which may be much larger than the classical bound in the light of our

theorem. It therefore becomes an important question to identify conditions under which equality of
VCdim(H) and eVCdim(H) can be ensured.

12



RER CLASSES AND THE FUNDAMENTAL THEOREM

Equality of the two dimensions can be ensured under the strongest possible learnability assump-
tions. This is however not a real restriction from a practical point of view, as these conditions are
almost always satisfied in practice, as discussed in Akbari and Harrison-Trainor (2025). Note that
the converse implication is not true as (Delle Rose et al., 2023, Theorem 14) demonstrates.

Theorem 29 If there exists a total computable ERM for H, then eVCdim(H) = VCdim(H). In
particular, this holds if H is properly agnostically SCPAC learnable.

Proof The “in particular”-statement follows from the first claim and Fact 8. Suppose that VCdim(H)
is finite, as otherwise eVCdim(H) = ∞ holds trivially. Let A : S → H be a computable ERM for
H and k := VCdim(H). It suffices to describe a computable k-witness. Given any x0, . . . , xk ∈
X , first check if they are pairwise distinct. If not, output 0. Otherwise, for each tuple y =
(y0, . . . , yk) ∈ Yk+1 run A on the sample Sy := ((x0, y0), . . . , (xk, yk)). After each run, check
if LSy(A(Sy)) > 0 and output the first y satisfying this. Since A is an ERM for H, we have that
LSy(A(Sy)) > 0 if and only if (h(x0), . . . , h(xk)) ̸= y for all h ∈ H. Due to VCdim(H) = k
there exists at least one y satisfying the latter, so the algorithm terminates.

Remark 30 Theorem 27 highlights that being RER is not a sufficient condition for finiteness of the
effective VC-dimension and therefore agnostic CPAC learnability. Even more, it establishes a whole
family of new examples at once. Table 3 illustrates the learnability properties of Hk,ℓ for different
choices of k and ℓ, which follow from the facts in Section 2 and Theorem 29.

PAC
realizable

CPAC
agnostic
CPAC

proper
agnostic
CPAC

proper
agnostic
SCPAC

k = ℓ < ∞ ✔ ✔ ✔ ✔ ✔

k < ℓ < ∞ ✔ ✔ ✔ ? ✘

k < ℓ = ∞ ✔ ✔ ✘ ✘ ✘

k = ℓ = ∞ ✘ ✘ ✘ ✘ ✘

Table 3: Learnability of Hk,ℓ for various choices of k and ℓ.

6. Summary and Open Questions

In this paper we studied the relationship between RER classes, computable PAC learning and the
effective VC-dimension in an attempt to further recover the Fundamental Theorem of Statistical
Learning in the computable framework. The implications between various notions of CPAC learn-
ability and the RER property are illustrated in Figure 1. All arrows represent strict implications
with the conditions on the arrows being sufficient for the implications to hold. The colored arrows
indicate our contributions.

Regarding the relationship between CPAC learning and the RER property, we observed that
several notions of CPAC learnability can also be characterized via existence of certain RER classes
realizing the same samples, summarized in Table 1. These results can be interpreted in the way that
it is not a real restriction to only work with RER classes, since any class satisfying one of these
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agnostic CPAC realizable CPAC

RER

nonuniform CPAC proper realizable SCPAC

RER

eVCdim<∞ VCdim<∞

UIP

Figure 1: Relationship between notions of CPAC learnability and the RER property.

learnability notions can also be represented by some RER class satisfying the same notion. In other
words, whenever we learn a hypothesis class H using a computable learner then we actually learn
an RER class G that is similar enough to H for the learning to translate to H.

We also noted that the effective VC-dimension, which characterizes agnostic CPAC learnability,
can take arbitrary values larger than the standard VC-dimension. However, equality of VCdim and
eVCdim can be guaranteed under learnability assumptions, which are usually satisfied in practice.
Thus the classical PAC bounds for sample complexity still apply for practically relevant classes.

To conclude, we point out some open questions from the field of CPAC learning: We point out
the lack of a full analog of the Fundamental Theorem of Statistical Learning in the realizable setting.
In the light of known examples and our results from Section 3 we ask the following, which would
give a full characterization of realizable (S)CPAC learnability.

Question 31 Can every realizably CPAC learnable class be extended to an RER class with finite
VC-dimension?

Another question is inspired by Theorem 27, which showed that the effective VC-dimension
can take arbitrary values between one and infinity. It is also evident that eVCdim(H) = 0 holds if
and only if H = {h} for some computable hypothesis h. So the question arises what happens to the
effective VC-dimension if H contains uncomputable hypotheses.

Question 32 Are there any CPAC learnable classes containing uncomputable hypotheses?

We conjecture that this is not the case, in other words eVCdim(H) = ∞, whenever H contains
even a single uncomputable hypothesis. A similar question may be asked for nonuniform CPAC
learnability, as the only known counterexamples to this are very large classes with VCdim = ∞.
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Appendix A. Proof of Lemma 24

We restate and prove Lemma 24 by adapting some ideas from (Ben-David and Shalev-Shwartz,
2014, Section 7) and Benedek and Itai (1994).

Lemma Fix some hypothesis class H =
⋃

n∈N+
Hn and some ε as above. Moreover, let Ã be an

SRM for H w.r.t. ε and define s(b) := min{M : ε(M, bω(b)) ≤ 1/2b}. Then for all b ≥ 1 and
h ∈ H with nh ≤ b, any m ≥ s(b) and any D ∈ D∗ it holds

Prob
S∼Dm

[
LD(Ã(b, S)) ≤ LD(h) + 1/b

]
≥ 1− 1/b. (7)

Under these conditions, H is properly nonuniformly PAC learnable with the induced learner

A : S → H,A(S) := Ã(t(|S|), S), (8)

where t(m) := max{b : s(b) ≤ m}, respectively t(m) := 1 if there is no such b.

16

https://doi.org/10.48550/arXiv.2502.06089
http://nbn-resolving.de/urn:nbn:de:bsz:352-2-nbxfk51kav277
http://nbn-resolving.de/urn:nbn:de:bsz:352-2-nbxfk51kav277
https://doi.org/10.48550/arXiv.2410.10243
https://doi.org/10.1007/978-3-642-31933-4
https://doi.org/10.1007/978-3-642-31933-4
https://doi.org/10.1112/plms/s2-42.1.230
https://doi.org/10.1145/1968.1972
https://doi.org/10.1007/978-3-642-69965-8


RER CLASSES AND THE FUNDAMENTAL THEOREM

Proof We first want to show the inequality (7). Observe that s is well-defined and monotonically
increasing by the conditions on ε. Fix any b ≥ 1 and any m ≥ s(b) and D ∈ D∗. It holds

Prob
S∼Dm

[
∃n ∈ N : sup

h∈Hn

|LD(h)− LS(h)| > ε(m, bω(n))

]
≤

∞∑
n=1

Prob
S∼Dm

[
sup
h∈Hn

|LD(h)− LS(h)| > ε(m, bω(n))

]
(4)
≤

∞∑
n=1

1

bw(n)
≤ 1/b,

which is equivalent to

Prob
S∼Dm

[
∀n ∈ N : sup

h∈Hn

|LD(h)− LS(h)| ≤ ε(m, bω(n))

]
≥ 1− 1/b. (9)

Now consider any h ∈ H with nh ≤ b. The monotonicity assumptions on ε imply

ε(m, bω(nh)) ≤ εb(m, bω(b)) ≤ 1/2b. (10)

Set a := Ã(b, S). By the definition of SRMs any sample S of size m satisfying the inner condition
in (9) also satisfies

LD(a)
(9)
≤ LS(a) + ε(m, bω(na))

(5)
= min

h′∈H

[
LS(h

′) + ε(m, bω(nh′)
]

≤ LS(h) + ε(m, bω(nh)

(10)
≤ LS(h) + 1/2b

(9)
≤ LD(h) + ε(m, bω(nh)) + 1/2b

(10)
≤ LD(h) + 1/b.

(11)

Together with (9) this establishes (7).
Now we want to verify that the learner A defined in (8) is actually a nonuniform PAC learner

for H. Due to our monotonicity assumptions the function s is increasing and unbounded, so t is
well-defined. For any (a, b, h) ∈ N2

+ ×H we pick

mNU
H (a, b, h) := s

(
max{a, b, nh}

)
. (12)

Now fix any a, b ≥ 1, h ∈ H, D ∈ D∗ and m ≥ mNU
H (a, b, h). Then there is some b′ with

s(b′) ≤ m, namely b′ = max{a, b, nh}. So by definition t(m) is the largest such b′. This implies
t(m) ≥ max{a, b, nh}, and m ≥ s(t(m)). Hence (7) yields

Prob
S∼Dm

[LD(A(S)) ≤ LD(h) + 1/a]

≥Prob
S∼Dm

[
LD(Ã(t(m), S)) ≤ LD(h) + 1/t(m)

]
≥1− 1/t(m) ≥ 1− 1/b.
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Appendix B. Proof of Theorem 27

We generalize the construction from (Delle Rose et al., 2023, Theorem 15) to arbitrary values.
Above we defined the VC-dimension via k-witnesses, but here we use the following standard defi-
nition of the VC-dimension.

Definition 33 A set X ⊆ X is said to be shattered by a hypothesis class H if for any function
f : X → Y there is some h ∈ H with h↾X = f.

Lemma 34 VCdim(H) equals the size of the largest set X ⊆ X that is shattered by H.

Proof This follows from observing that there exists a k-witness for H if and only if H does not
shatter any set X ⊆ X with at least k + 1 elements.

Our construction uses a shifting trick taking the direct sum of two hypothesis classes. Under suitable
conditions, the VC-dimension of such a sum equals the sum of the individual VC-dimensions.

Lemma 35 Let G and H be hypothesis classes both containing the zero hypothesis and with disjoint
supports, i.e., supp(g) ∩ supp(h) = ∅ for all g ∈ G, h ∈ H. Then the direct sum G ⊕ H :=
{g+h : g ∈ G, h ∈ H} is a hypothesis class satisfying VCdim(G⊕H) = VCdim(G)+VCdim(H).

Proof Write G :=
⋃

g∈G supp(g) and H :=
⋃

h∈H supp(h) and F := G ⊕ H. Without loss of
generality assume |F| > 1, otherwise the statement is trivial. Let X ⊆ X be shattered by F .
Partition X into three disjoint sets X = (X ∩G)∪ (X ∩H)∪ (X\(G∪H)). Since X is shattered
by F , its subsets X ∩ G, X ∩ H and X\(G ∪ H) are also shattered by F . By the choice of G
and H , any f ∈ F is 0 on X\(G ∪ H), so this set must be empty. From G ∩ H = ∅ it follows
that any g ∈ G is 0 on X ∩ H. Hence, X ∩ H must be shattered by H (because also 0 ∈ H).
Analogously, G shatters X ∩G. This shows |X| = |X ∩G|+ |X ∩H| ≤ VCdim(G)+VCdim(H)
and thus VCdim(G ⊕ H) ≤ VCdim(G) + VCdim(H). For ‘≥’, let X1 ⊆ X be shattered by G
and X2 ⊆ X be shattered by H. Then X1 ⊆ G and X2 ⊆ H , so X1 and X2 must be disjoint sets.
Hence, it suffices to show that X1∪X2 is shattered by F . For any f : X → Y there are some g ∈ G
and h ∈ H with g↾X1

= f↾X1
and h↾X2

= f↾X2
. Since h is 0 on X1 and g is 0 on X2 it follows

f = (g + h)↾X1∪X2
.

Now we we can prove the theorem.

Theorem For every 1 ≤ k ≤ ℓ ≤ ∞ there is some RER class Hk,ℓ ⊆ Hfin with VCdim(Hk,ℓ) = k
and eVCdim(Hk,ℓ) = ℓ.

Proof In the case k = ℓ, we choose Hk,ℓ to be the RER class of all hypotheses with support size at
most k, then we are done by Example 1. So we assume k < ℓ in the following. Also assume that k
is even, the odd case works analogously.

I. Preliminary work: For a Turing machine T let code(T ) ∈ N be the goedelization of T (see
(Soare, 2016, p. 10)). Consider an enumeration ((Tj , kj))j∈N of all pairs of Turing machines and
numbers from [ℓ−k+1] for which the maps j 7→ code(Tj) and j 7→ kj are computable. This exists
because recursive enumerability is preserved under cartesian products. Let (Ij)j∈N be a computable
enumeration of tuples of even numbers ≥ k such that Ij has length kj and every even number ≥ k
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appears in exactly one tuple Ij . Now define E :=
{
e ∈ N : ∃oe ∈ Yke : Te(I

e) = oe
}
, the set of

all indices e ∈ N for which Te halts on the input Ie ∈ Nke with some binary output oe of length ke.
Note that E is infinite and oe is well-defined for e ∈ E. Lastly, for e ∈ E let se be the number of
steps after which Te halted on the input Ie and define ue := 2 · 3e · 5se + k + 1.

II. Construction of Hk,ℓ: Consider the hypothesis class

HE := {he : e ∈ E} ∪ {0}, where he(x) :=


1, if x = ue

oei , if x = Iei
0, else.

(13)

Note that the support of he contains only entries of Ie and the single odd number ue. So the
hypotheses in HE have disjoint supports, which implies VCdim(HE) = 1. Next, consider the class
G := {g ∈ YN : supp(g) ⊆ [k − 1]}, which satisfies VCdim(G) = k − 1. As supp(he) does not
contain any elements smaller than k, the supports of hypotheses from G and HE are always disjoint.
Lemma 35 now yields that their direct sum Hk,ℓ := G ⊕HE has VC-dimension exactly k.

III. Decidability of Hk,ℓ: We describe how membership in Hk,ℓ can be decided from the list repre-
sentation of Hfin. This already gives that Hk,ℓ is RER, as Hfin is an RER class itself.

Given any h ∈ Hfin, first check if there is at most one odd number x > k in supp(h). Return
NO if more than one x is found. If there is none, check for supp(h) ⊆ [k − 1] and return YES,
if this is true and NO otherwise. If there is exactly one such odd number x, try to compute some
e, s ∈ N with x = 2 · 3e · 5s + k + 1. If no such e and s exist, output NO. Otherwise, compute
code(Te), ke and Ie and run (at most) s steps of Te on the input Ie. If Te halts after exactly s steps,
check if the output is some tuple oe ∈ Yke . This is true if and only if e ∈ E, s = se and x = ue.
Now verify h(Iei ) = oei for all i = 1, . . . , ke. Lastly, check if all elements of supp(h), except x and
the ones from Ie, are elements of [k− 1]. If all of this is true, then it must hold h = g+he for some
g ∈ G, thus return YES. In any other case output NO.

IV. eVCdim(Hk,ℓ) ≤ ℓ : We describe a computable ℓ-witness for Hk,ℓ in the case ℓ < ∞. So
we have to find a computable function w : Nℓ+1 → Yℓ+1 such that for all h ∈ Hk,ℓ and distinct
x0, . . . , xℓ ∈ X it holds

w(x0, . . . , xℓ) ̸= (h(x0), . . . , h(xℓ)). (14)

Given any input (x0, . . . , xℓ) ∈ X ℓ+1, first check if all entries are pair-wise distinct. If not, w
outputs 0. Otherwise, we use the decision procedure described in step III to check whether the
hypothesis f with supp(f) = {x0, . . . , xℓ} lies in Hk,ℓ. In the case f /∈ Hk,ℓ, w simply returns
(1, . . . , 1). Then the desired condition (14) holds for any h ∈ Hk,ℓ due to the fact | supp(h)| ≤ ℓ+1.

Now consider the case f ∈ Hk,ℓ. By the construction of Hk,ℓ there must be some e ∈ E
such that ke = ℓ − k + 1, oe = (1, . . . , 1) and f = 1[k−1] + he. In particular, {x0, . . . , xℓ} =
[k − 1] ∪ supp(he). Using the same procedure as in step III, we can compute this index e ∈ E and
the i ≤ ℓ with xi = ue, which is the unique odd number > k in supp(he). Now w(x0, . . . , xℓ) is
defined as the tuple that is 1 everywhere, except at the position i, where we set it to 0. With this
choice condition (14) is satisfied for any h ∈ Hk,ℓ with h(xi) = 1. Now consider h ∈ Hk,ℓ with
h(xi) = 0. Write h = g + he′ for some e′ ∈ E and g ∈ G. Because of he′(xi) = 0, it must hold
e′ ̸= e. By assumption we have | supp(he)| = ke + 1 ≥ 2, so there is some xj ∈ supp(he)\{xi}.
From supp(he′) ∩ supp(he) = ∅, it follows h(xj) = 0. So (14) holds for h as w(x0, . . . , xℓ) is 1
at position j.
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V. eVCdim(Hk,ℓ) ≥ ℓ : It suffices to show that Hk,ℓ has no computable (ℓ− 1)-witness. If ℓ = ∞
replace ℓ by any number ≥ k in the following. Assume that there was a computable (ℓ− 1)-witness
w : X ℓ → Yℓ for Hk,ℓ. Consider the computable function w̃ : X ℓ−k+1 → Yℓ−k+1 with

w̃(x0, . . . , xℓ−k) = last (ℓ− k + 1) entries of w(1, . . . , k − 1, x0, . . . , xℓ−k).

By construction there is some e ∈ E such that Te computes the function w̃ and ke = ℓ − k + 1.
Thus by our choices

w̃(Ie) = oe = (he(I
e
1), . . . , he(I

e
ke)).

Also note that there is g ∈ G with

(g(1), . . . , g(k − 1)) = the first (k − 1) entries of w(1, . . . , k − 1, Ie).

Altogether, the hypothesis h := g + he ∈ Hk,ℓ satisfies

w(1, . . . , k − 1, Ie) = (h(1), . . . , h(k − 1), h(Ie1), . . . , h(I
e
ke)).

This contradicts w being an (ℓ− 1)-witness for Hk,ℓ.
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