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Abstract

The classic greedy algorithm is a widely used method for determinant maximization.
Although worst-case theory predicts exponentially poor performance, greedy methods
are often observed to perform substantially better in practice. This work explains this
discrepancy through a finer spectrum-dependent analysis of the greedy algorithm.

Specifically, we develop a sharp spectrum-dependent characterization of the greedy vs
optimal determinant gap by analyzing greedy selection over structured spectral landscapes.
Our main result is an upper bound that decomposes this gap in terms of stable-rank
windows. When the target cardinality lies within a wide spectral valley, greedy admits
guarantees exponentially stronger than the classical bound; when such valleys vanish due to
sharp spectral drops, greedy necessarily encounters failure cliffs, matching known worst-case
constructions. This yields a spectral-landscape-dependent characterization that explains
sharp regime changes in greedy performance as the target cardinality varies for the input
matrix.

Finally, we show that several practical statistical models—including isotropic random
features, near-identity kernels, and spiked-plus-noise spectra—provably induce these spectral
success valleys, yielding strictly stronger guarantees than the worst-case theory. Together,
our results provide a tight, beyond-worst-case understanding of greedy determinant maxi-
mization.

1. Introduction

Cardinality-constrained determinant maximization is a canonical discrete optimization
problem at the interface of numerical linear algebra, optimal experimental design, and
modern subset selection in machine learning. Given a data matrix A = [v1, . . . , vn] ∈ Rd×n

with Gram matrix M := A⊤A ⪰ 0, the objective det(MSS) underlies D-optimal design
(Pukelsheim, 2006; Atkinson et al., 2007), maximum-volume submatrix selection (Çivril and
Magdon-Ismail, 2009), and MAP inference for determinantal point processes (Kulesza and
Taskar, 2012). The problem is NP-hard and admits strong worst-case inapproximability
phenomena (Çivril and Magdon-Ismail, 2009), yet it remains a workhorse primitive in
scientific computing and learning pipelines.

A prominently used algorithm is the classic greedy pivoting : at each step, add the
column that maximizes the Schur-complement pivot, or equivalently, the residual norm
under orthogonalization. The greedy algorithm has clear advantages: the method is easy
to implement, deterministic, streaming-friendly, and reasonably fast. Further, in practice
it often produces high-quality subsets. Theoretical analysis of the algorithm, however,
paints a more pessimistic picture. The greedy selection rule admits only factorial-type
guarantees in the worst case: the determinant-gap factor is on the order of (k!)2 (Çivril and
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Magdon-Ismail, 2009), which was recently improved to 4kk! (Gollapudi et al., 2023), where
k is the number of selection rounds. Explicit counterexamples show that the method can
indeed be exponentially suboptimal (Çivril and Magdon-Ismail, 2009; Engler, 1997). From
the vantage point of worst-case approximation, it is therefore unclear why classical greedy
pivoting should be trusted as a general-purpose method for determinant maximization.

To understand this gap between theory and practice, this paper undertakes a finer-grained
analysis of greedy determinant maximization over structured spectral landscapes. Our key
technical observation is that the quality of the greedy choices is governed by a collection of
stable-rank windows associated with the spectrum of M. For s ≥ 0, define the order-s stable
rank

srs(M) := λ−1
s+1

∑
i>s

λi, ts := s+ srs(M),

where λ1 ≥ · · · ≥ λn are the eigenvalues of M . The window [s, ts] should be interpreted
as the range over which the spectral tail mass is comparable to (ts − s)λs+1. Instead of
providing a general guarantee applicable for any k, we provide adaptive guarantees depending
on where k falls within this spectral window. Within such a window, the tail energy cannot
drop too rapidly, and the greedy pivots are forced to stay large (yielding better guarantees);
near the right edge, when the right-edge slack δ = ts − k vanishes, the spectral bound on the
pivot product deteriorates sharply which can make greedy make exponentially bad choices.
This yields a concrete valley–cliff picture: success valleys correspond to sizes k lying deep
inside at least one stable-rank window, while failure cliffs correspond to sharp spectral drops
that collapse all relevant windows near k. This mechanism we discover is deterministic and
purely spectrum-driven and independent of any constructive probabilistic assumptions.

Our main result is a windowed master theorem that upper bounds the greedy–optimal log-
determinant gap by an explicit right-edge penalty in each spectral window. More specifically,
the theorem decomposes the gap into (i) a term measuring how sharply the spectrum drops
in the head relative to λs+1 and (ii) a right-edge term Ψright(m, δ) = m − δ log(1 +m/δ)
capturing how close k is to the window endpoint. Finally, for each k we take the minimum
over all s which makes the bound intrinsically landscape-dependent: different windows
can dominate at different cardinalities, potentially leading to sharp regime changes as k
varies. This discovers a deterministic phenomenon: the same greedy algorithm can behave
near-optimally for some k and catastrophically for others on the same input matrix. We
also complement the windowed main theorem with a tightness result showing that failure
cliffs are not mere artifacts of analysis. Finally, to connect the landscape theory to familiar
worst-case guarantees and to enable direct quantitative comparisons, we derive a concise
stable-rank refinement by specializing the main result to the global spectral window with
s = 0. We summarize our contributions below.

1.1. Contributions

• Master theorem over stable-rank windows. We prove an assumption-free,
windowed upper bound on the greedy–optimal determinant gap. The bound is expressed
as a minimum over stable-rank windows and includes an explicit right-edge penalty
Ψright(m, δ), yielding a sharp valley–cliff characterization of greedy performance.
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• Tightness via spectral cliffs. We show that the failure mechanism predicted by the
master theorem is unavoidable: there exist classical counterexamples (Engler, 1997)
that correspond exactly to sharp spectral cliffs and induce an exponential lower bound
on greedy–optimal gap, matching the scale of existing lower bounds for this problem.

• Unified stable-rank guarantee and improvement over factorial theory. We
derive a concise stable-rank specialization (order-0 window) that yields an explicit
bound in terms of the global stable rank sr0(M), which we show to be provably
exponentially sharper in broad-spectrum valleys.

• Representative statistical regimes. We provide representative propositions show-
ing that broad success valleys arise in standard model classes (isotropic subgaus-
sian/random features, near-identity kernels, spiked-plus-noise spectra, polynomial
decay), thereby connecting the deterministic landscape theory to widely used construc-
tions in machine learning.

2. Related Work

Determinant maximization and maximum-volume selection. Selecting a subset
of columns to maximize a determinant appears under several equivalent guises, including
maximum-volume submatrix selection, maximum-volume simplex selection, and the largest
simplex problem. The problem is NP-hard and admits strong inapproximability phenomena in
the dimension parameter. Çivril and Magdon-Ismail (2009) give a systematic treatment of the
computational landscape, relating several maximum-volume formulations and establishing
worst-case guarantees for the classical greedy algorithm. Beyond worst-case hardness,
determinant maximization is also central in optimal experimental design (D-optimality),
where one maximizes the determinant of an information matrix; see, e.g., Pukelsheim
(2006). In machine learning, the same determinant objective arises as MAP inference
for determinantal point processes (DPPs), a probabilistic model favoring diverse subsets
(Kulesza and Taskar, 2012), and this view has also helped motivate the use of determinant
regularizers in subset selection pipelines.

Greedy algorithms and factorial-type worst-case bounds. The classic greedy algo-
rithm considered here is a pivoting procedure—equivalently Gram–Schmidt or QR factoriza-
tion with column pivoting—that selects at each step the column with maximum residual
norm. As shown by Çivril and Magdon-Ismail (2009), such methods admit only factorial-type
worst-case guarantees for maximum-volume objectives. Explicit adversarial examples in
Engler (1997) further demonstrate how QR with column pivoting can lead to exponential
failures. Motivated by the empirical rarity of these failures, we provide a spectrum-dependent
characterization of the greedy–optimal determinant gap that interpolates between two ex-
tremes of broad valleys and sharp cliffs. When the spectrum has broad valleys, our bounds
yield exponentially stronger guarantees than prior theory and when it exhibits sharp right-
edge drops, the analysis certifies unavoidable failures by the greedy algorithm consistent
with known lower bounds. Related work in distributed settings (Mahabadi et al., 2019;
Gollapudi et al., 2023) studies greedy variants under communication constraints. In contrast,
we focus on the single-machine setting and explain, in a spectrum-sensitive way, when and
why greedy pivoting can substantially outperform worst-case predictions.
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Statistical models with structured spectra. Finally, our “spectral landscape” conditions
are motivated by standard statistical constructions in which eigenvalues exhibit predictable
structure. Random feature models (Rahimi and Recht, 2007) and their kernelized limits
lead to Gram matrices whose spectra can be analyzed via random matrix theory; see, e.g.,
El Karoui (2010) for foundational results on kernel random matrices in high dimensions. Low-
rank-plus-noise and approximate factor models (Bai and Ng, 2002) likewise induce spiked
spectra with stable-rank plateaus separated by sharp drops. In these regimes, our results
certify the existence of broad success valleys for a range of subset sizes, yielding provable
improvements over worst-case factorial-type bounds and tighten the gap between pessimistic
theory and the widely observed practical empirical effectiveness of greedy determinant
maximization.

Spectral analyses for CSSP. Several recent results in modern randomized numerical
linear algebra relate subset selection quality to spectral decay and effective dimension. For
column subset selection (CSSP) and Nyström approximation, Derezinski et al. (2020) give
improved guarantees and identify a “multiple descent” phenomenon as the target rank
varies, sharpening classical worst-case bounds by accounting for spectral structure. In
kernel learning, Bach (2013) provides a beyond-worst-case statistical analysis of low-rank
Nyström approximations in terms of degrees of freedom, and Kumar et al. (2012) study
practical sampling strategies for Nyström with theoretical and empirical evaluation. On
the deterministic side, pivoted Cholesky decompositions are widely used as adaptive, data-
dependent low-rank approximations for PSD kernels; Harbrecht et al. (2012) give trace-norm
error control and convergence guarantees under eigenvalue decay assumptions. Finally,
volume sampling provides a randomized mechanism that draws subsets with probability
proportional to a determinant e.g. Deshpande et al. (2006) develop guarantees for matrix
approximation via volume-based sampling schemes. Our proof techniques are informed
by this body of work: we bound greedy progress through the spectrum of a residual
(Nyström-like) matrix and explicitly quantify how spectral tail mass governs the product of
greedy pivots. The conceptual difference is the objective: rather than bounding additive
approximation error (e.g., in spectral/Frobenius/trace norms), we obtain a multiplicative
characterization of the greedy–optimal determinant gap, including tightness via worst-case
cliff constructions.

(Weak) submodularity perspectives on greedy selection. Greedy approximation
guarantees are often derived via submodularity or its relaxations. Das and Kempe (2011)
introduced the submodularity ratio as a spectrum-aware condition under which greedy
yields provable approximations for feature selection and sparse approximation objectives.
Bian et al. (2017) further develop guarantees for greedy maximization of non-submodular
functions via (sub)modularity ratio and curvature parameters, and discuss applications that
include determinant-style objectives. A complementary line of work shows that restricted
strong convexity (RSC) conditions can imply weak submodularity for objectives arising
in statistical estimation; see Elenberg et al. (2018); Khanna et al. (2017a,b). While these
frameworks provide powerful general-purpose tools, the resulting guarantees typically depend
on global parameters (e.g., a uniform submodularity ratio) that may be overly pessimistic
for determinant maximization, where curvature can vary sharply along the greedy trajectory.
Our analysis is orthogonal: we avoid global weak-submodularity constants and instead derive
a spectrum-structured bound in terms of stable-rank windows. This yields a tight beyond-
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worst-case theory that precisely identifies when greedy behaves near-optimally (success
valleys) and when it provably cannot (failure cliffs).

3. Setup and Notation

Let A = [v1, v2, . . . , vn] ∈ Rd×n be a data matrix with column vectors vi, and let M :=
A⊤A ⪰ 0 be the n×n Gram matrix of A. For any subset S ⊆ [n], we denote by AS ∈ Rd×|S|

the submatrix of A consisting of the columns indexed by S. Similarly, MSS denotes the
|S| × |S| principal submatrix of M with rows and columns indexed by S.

Determinant maximization. For a subset S of size k, the squared k-dimensional volume
of the parallelotope spanned by the vectors {vi : i ∈ S} is given by the determinant of the
corresponding Gram submatrix:

Vol(S)2 = det(A⊤
SAS) = det(MSS) .

The determinant maximization problem seeks a subset S of k columns maximizing this
volume. We denote by S∗ an optimal choice of size k, i.e.

S∗ ∈ arg max
|S|=k

det(MSS) .

Greedy Selection via Schur Pivots. We consider the standard greedy procedure for
approximately solving the above selection problem. Starting with S0 = ∅, the algorithm
iteratively builds up a selected set. At iteration r (with current set Sr of size r), for each
index j /∈ Sr we compute the Schur complement pivot value

pr(j) = Mjj − Mj Sr M
−1
SrSr

MSrj ,

which represents the additional contribution to the determinant if column j were added.
Equivalently, this is also the residual of vj orthogonal to span{vi : i ∈ Sr}. The next column
selected is ir+1 := argmax j /∈Sr

pr(j), and we update Sr+1 = Sr ∪{ ir+1}. Repeating this for
r = 0, 1, . . . , k − 1 yields a greedy chosen set Sgr := Sk. With slight overload of notation, we
write pr+1 := pr(ir+1) for the pivot value actually picked at the (r + 1)-th step. A classical
fact is that greedy determinant maximization is a pivot-product procedure:

det(MSgrSgr) =
k−1∏
r=0

pr+1. (1)

Eigenvalues and stable-rank windows. Let λ1 ≥ λ2 ≥ · · · ≥ λn ≥ 0 denote the
eigenvalues of M in descending order. For an index s with 0 ≤ s < rank(M), we define the
stable rank of order s as

srs(M) :=

∑
i>s λi

λs+1
.

In words, srs(M) measures the effective number of eigenvalues from λs+1 onward, relative
to the magnitude of λs+1. For s = 0, this reduces to the usual stable rank of M : sr0(M) =∑

i≥1 λi / λ1. We then define the stable-rank window endpoint as ts := s+ srs(M).
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Falling Factorial. For any integer m ≥ 1 and real x > m − 1, we define the falling
factorial

(x)m := x (x− 1) · · · (x−m+ 1).

4. Main Results

Goal. We study the approximation quality of greedy determinant maximization through
the ratio

gap(M,k) :=
det(MS⋆S⋆)

det(MSgrSgr)
.

where Sgr is the size-k subset returned by the classic greedy algorithm while S⋆ ∈ argmax|S|=k det(MSS).
Equivalently, we bound log gap(M,k).

Our bounds are spectrum-dependent and are expressed in terms of stable-rank windows
of M . Intuitively, for any fixed s ∈ {0, 1, . . . , k − 1} and with s < k ≤ ts, the interval [s, ts]
describes an admissible spectral window that characterizes the upper bound on gap based on
where k falls within [s, ts].
Right-edge penalty. A key quantity in our analysis is the right-edge slack δ := ts − k,
measuring how close k lies to the window endpoint. The loss incurred as k approaches ts is
captured by the explicit penalty (with m ≥ 1, δ > 0)

Ψright(m, δ) := m− δ log
(
1 +

m

δ

)
, (2)

which will appear in our main upper bounds. Our analysis is centered around understanding
when this product remains large and when it collapses. We show that these regimes are
governed by a structured spectral landscape determined by stable-rank windows of the
spectrum of M .

4.1. Success Spectral Valleys: A windowed upper bound

Our first result is a general windowed upper bound: it holds for all matrices and decomposes
the greedy–optimal gap into a head spikiness term and a right-edge term.

Theorem 1 (Upper Bound) For any fixed s ∈ {0, 1, . . . , k − 1} such that k < ts, define
ts := s + srs(M) as the edge of the stable rank window. Set m := k − s and δ := ts − k.
Then,

log gap(M,k) ≤ s log
( Hs

λs+1

)
+ log(n)k − log(s!)− m logm+ Ψright(m, δ), (3)

where Hs :=
1
s

∑s
i=1 λi (with the convention H0 := 1), (n)k := n(n− 1) · · · (n− k + 1) and

Ψright as defined in (2). Taking a minimum over all s gives us the tightest bound.

Discussion. Theorem 1 is the central result of the paper and can be viewed as a master
theorem: it provides an assumption-free, fine-grained and spectrum-dependent characteriza-
tion of greedy performance from which all subsequent bounds are derived. Unlike classical
worst-case bounds that depend only on k, the bound depends on where k falls relative to
stable-rank windows, and it explicitly identifies a right-edge mechanism (via Ψright) that
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forces pivot-product collapse near sharp spectral drops. For a fixed s and its corresponding
spectral window [s, ts], the only dependence on k is through m := k − s and the right-edge
slack δ := ts − k. Theorem 1 yields a spectral “landscape” for greedy: deep inside the
window (large δ), the right-edge penalty Ψright(m, δ) is small, and the bound decreases as
the window provides more slack. As k ↑ ts (so δ ↓ 0), the penalty term increases sharply
creating a cliff at the window boundary predicting a sharp degradation. Since the theorem
holds for arbitrary s, the minimization over s selects the most favorable window, yielding
a landscape-dependent bound. When the spectrum contains multiple sharp drops (hence
multiple competing window endpoints), the minimizing window index can change with k,
producing multiple success valleys separated by failure cliffs. This “multi-window” behavior
is the fine-grained mechanism behind regime changes in greedy performance.

For a fixed window index s, the bound (3) is small when two conditions hold: (i) head-
flatness (the head average Hs is comparable to λs+1), and (ii) right-edge slack (the target
size k lies well inside the window, so ts−k is not small). While Theorem 1 is assumption-free,
in the sequel we will show how some practical models can satisfy these favorable conditions
leading to bounds that are exponentially better than the worst case. Towards this goal, in
Section 4.3, we will provide a simplification of this theorem in the global window (i.e. s = 0),
which will lead to an explicit characterization of better-than-worst case guarantees. Further,
in Section 5, we will explore statistical constructions often used in machine learning to again
show provable upper bounds that are better than the known failure condition lower bounds.

4.2. Failure cliffs: Tightness via a worst-case construction

The upper bound in Section 4.1 predicts that if no window has right-edge slack (i.e., all
spectral windows collapse near k), then the guarantee can deteriorate rapidly. Our next
result instantiates this “cliff” phenomenon: there exist matrices with a sharp spectral drop
for which greedy pivoting is exponentially suboptimal. The construction we use is a classical
Hadamard-based QRCP worst-case instance borrowed from Engler (1997) to certify tightness
of our landscape characterization.

Theorem 2 (Tightness: Spectral Cliffs of Exponential Failure) The spectral-cliff
regime identified by Theorem 1 is unavoidable: for infinitely many m ≥ 2, there exists an
infinite family of matrices C(r) ∈ Rm×Nr (with r → ∞) such that:

1. Spectral Cliff. Let K(r) := (C(r))⊤C(r) be the Gram matrix. Then K(r) exhibits a
sharp spectral cliff at m, so that for the target cardinality k = m there is no stable-rank
slack: every admissible stable-rank window endpoint satisfies ts = m = k.

2. Exponential gap for greedy. Greedy maximum-volume selection outputs Jgr = [m],
while there exists a size-m subset J⋆ such that

lim
r→∞

det
(
(C

(r)
J⋆ )⊤C

(r)
J⋆

)
det

(
(C

(r)
Jgr

)⊤C
(r)
Jgr

) = exp(Θ(m)).

Discussion. The construction underlying Theorem 2 is classical and has appeared in
earlier analyses (Engler, 1997). Our contribution is not the construction itself, but the
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observation that this example corresponds precisely to a sharp spectral drop, i.e., the collapse
of all stable-rank windows at the target cardinality. This is used by Theorem 2 to establish
the tightness of Theorem 1, specifically to show that the failure mode predicted by our
right-edge analysis is unavoidable in general. Further, our lower bounds in Theorem 2 match
the exponential scale of previous worst-case analysis of the greedy algorithm (Çivril and
Magdon-Ismail, 2009). While, the lower-bound construction of Çivril and Magdon-Ismail
(2009) is a recursive geometric argument to ensure that the greedy makes progressively
suboptimal choices, our construction is different – we use the spectral valley/cliff phenomenon
to derive the same exp(Θ(k)) scale of the approximation gap.

4.3. Order-0 Stable Rank Refinement: A Beyond Worst-case Guarantee

Theorem 1 provides a fine-grained, windowed control of the greedy–optimal determinant gap
and pinpoints a single obstruction—right-edge collapse of stable-rank windows—that induces
failure cliffs, with tightness ratified by Theorem 2. While this structural characterization is
the appropriate lens for understanding spectral regime changes across k, its statement is
deliberately general and involves a minimization over different values of window indices s
for the tightest possible bound. For practical use and for direct comparison to the existing
factorial-type bounds, it is valuable to extract a simplified and more concise spectrum-only
refinement that depends on a single scalar summary of the spectrum.

In this subsection, we derive precisely such a specialization: a stable-rank guarantee
obtained by restricting the windowed landscape analysis to the global window with s = 0.
The resulting bound becomes exponentially sharper than the classical worst case bound of
4kk! (Gollapudi et al., 2023) in broad spectral valleys where the stable rank is large.
Order-0 stable rank. Recall sr0(M) = tr(M)/λ1(M). When sr0(M) ≫ k, the target
size lies deep inside the global spectral window, corresponding to a broad success valley.
When sr0(M) ≈ k, stable-rank slack vanishes and the refined bound necessarily reverts to
worst-case theory, consistent with the cliff construction in Theorem 2.

Theorem 3 (Unified spectral bound (offline setting)) Assume rank(M) ≥ k and
sr0(M) ≥ k. Then

gap(M,k) ≤ min
{
4k(k!),

(n)k
(sr0(M))k

}
.

Discussion. The unified bound in Theorem 3 uses min{4k(k!), ·} to combine two independent
bounds on the greedy pivot sequence: (i) the classical OPT-relative argument (Gollapudi
et al., 2023) yielding a factorial-type guarantee1, and (ii) our spectrum-driven window
argument yielding valley-sensitive improvements. Since our bounds can be loose in certain
adversarial settings, we present the unified bound. The two proof techniques leading to these
two bounds are incomparable in general and it is unclear to us whether it is possible to combine
them into a single bound without taking an explicit minimum. Understanding whether such
a combination is possible, perhaps under additional structural assumptions on M , is an
interesting direction for future work. Importantly, our bounds yield explicit improvements

1. The bound derived by Gollapudi et al. (2023) is slightly sharper than 4kk!. We use the latter throughout
because it leads to simpler comparisons and cleaner exposition.
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over the factorial type guarantee in broad valley settings. e.g. (a) if sr0(M) ≥ n/κ for
some κ ≥ 1 and eκ

2 < k ≤ sr0(M)/2, then from Theorem 3 the gap(M,k) ≤ (2κ)k, which
is exponentially smaller than 4kk! for sufficiently large k. Another example arises when k
is bounded away from the edge of the failure cliff: if sr0(M)− k + 1 > en

4k , then using the

fact that (n)k
(sr0(M))k

≤ nk

(sr0(M)−k+1)k
(see Lemma 14) directly gives gap(M,k) <

(
4k
e

)k ≤ 4kk!,

where the last inequality follows from Stirling’s inequality.

5. Representative statistical regimes

In this section, we present concrete regimes in which the spectrum-dependent guarantee in
Theorems 1,3 yields an approximation factor that is provably smaller than the factorial-based
worst-case bound of 4k(k!) for forward greedy. We will repeatedly use the elementary lower
bound k! ≥ (k/e)k. Thus any bound of the form gap(M,k) ≤ Ck is strictly stronger than
4k(k!) for sufficiently large k.

5.1. Sub-gaussian Design

Construction. Let X ∈ RD×n have independent mean-zero subgaussian entries with
variance 1/D (e.g. Xij ∼ N (0, 1/D)). Define the Gram matrix M := X⊤X ⪰ 0. This
regime subsumes random-feature embeddings for kernel methods when the feature dimension
D is at least a constant multiple of n (e.g. random Fourier features).

Proposition 4 Assume D ≥ c n for a sufficiently large absolute constant c. Then with
probability at least 1− 2e−Ω(n) there exists an absolute constant κ ≥ 1 such that

sr0(M) =
tr(M)

λ1(M)
≥ n

κ
.

Consequently, for every k ≤ sr0(M)/2,

gap(M,k) ≤ min
{
(4kk!), (2κ)k

}
. (4)

In particular, whenever k > eκ/2, the bound (2κ)k is strictly smaller than (4kk!).

Proof Note that tr(M) = ∥X∥2F =
∑n

j=1 ∥xj∥22 concentrates around its mean n; in

particular tr(M) ≥ n/2 with probability at least 1− e−Ω(n) by a standard Bernstein bound
for sub-exponential random variables (Vershynin, 2018, Ch. 2). Second, λ1(M) = ∥X∥2 and
the spectral norm of a D × n subgaussian matrix with variance 1/D satisfies ∥X∥ ≤ C with
probability at least 1− e−Ω(n) when D ≳ n (Vershynin, 2018, Ch. 4); hence λ1(M) ≤ C2.
Combining, at the intersection of both these events sr0(M) ≥ (n/2)/C2 = n/κ with κ := 2C2

and failure probability 2e−Ω(n). Applying Theorem 3 leads to the result.

5.2. Near-Identity Kernels

Construction. Let M ⪰ 0 be a kernel gram matrix with Mii = 1 and |Mij | ≤ ρ, ∀i ̸= j
for small ρ. This regime corresponds to kernel matrices that are close to diagonal, which
arises for RBF kernels under strong separation or small bandwidth; in such settings we show
below that the greedy selection is provably in a broad success valley for a wide range of k.
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Proposition 5 Assume Mii = 1 and |Mij | ≤ ρ for all i ≠ j, with ρ ≤ c/(n− 1) for some
c ∈ (0, 1). Then λ1(M) ≤ 1 + (n− 1)ρ ≤ 1 + c and hence

sr0(M) =
tr(M)

λ1(M)
=

n

λ1(M)
≥ n

1 + c
.

Consequently, for every k ≤ sr0(M)/2,

gap(M,k) ≤ min
{
(4kk!), (2(1 + c))k

}
,

and for k > e(1 + c)/2 the spectral bound is strictly smaller than (4kk!).

Proof Gershgorin’s theorem gives λ1(M) ≤ 1 +maxi
∑

j ̸=i |Mij | ≤ 1 + (n− 1)ρ ≤ 1 + c.
Apply Theorem 3 and the same simplification as in Proposition 4.

5.3. Spiked-plus-Noise Spectra

Construction. Consider a spiked-plus-noise PSD matrix

M = σ2In +

r∑
j=1

θjuju
⊤
j , with σ2 > 0, θj ≥ 0, uj orthonormal.

Let θmax := maxj θj . This regime captures covariance/information matrices in factor-type
models where a few components are present but do not dominate the noise: θmax ≤ Cσ2

for constant C. In such settings, greedy determinant maximization provably improves over
factorial worst-case bounds for a wide range of subset sizes.

Proposition 6 If θmax ≤ C σ2 for some constant C ≥ 0, then

sr0(M) =
tr(M)

λ1(M)
≥ nσ2

σ2 + θmax
≥ n

1 + C
.

Consequently, for every k ≤ sr0(M)/2,

gap(M,k) ≤ min
{
(4kk!), (2(1 + C))k

}
,

and for k > e(1 + C)/2 the spectral bound is strictly smaller than (4kk!).

Proof We have tr(M) = nσ2 +
∑r

j=1 θj ≥ nσ2 and λ1(M) ≤ σ2 + θmax. Thus sr0(M) =

tr(M)/λ1(M) ≥ nσ2/(σ2 + θmax) ≥ n/(1 + C). The result then follows from Theorem 3.
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5.4. Polynomial Eigenvalue Decay

Polynomial eigenvalue decay is an often-used modeling assumption for covariance and kernel
matrices with limited intrinsic dimension. In this regime, the stable-rank landscape predicts
intermediate-k success valleys in which greedy determinant maximization provably improves
over worst-case factorial bounds. The key point is that, under sufficiently slow polynomial
decay, the order-0 stable rank sr0(M) grows polynomially in n, and a “slack” condition
ensuring wide spectral valleys holds for an interval of k values.
Construction. Assume the eigenvalues satisfy λi(M) = c i−p for some c > 0 and p ∈
(0, 1/2).

Proposition 7 Let p ∈ (0, 1/2) and assume λi(M) = c i−p for i = 1, . . . , n. Let

T := sr0(M) =
tr(M)

λ1(M)
=

n∑
i=1

i−p.

Then there exists n0(p) such that for all n ≥ n0(p) and all integers k satisfying

e(1− p)np < k ≤ n1−p

4(1− p)
, (5)

we have T ≥ k and
gap(M,k) < (4kk!).

Proof

(a) Lower bound Since p ∈ (0, 1),

T =
n∑

i=1

i−p ≥
∫ n+1

1
x−p dx =

(n+ 1)1−p − 1

1− p
.

For all n sufficiently large, (n+ 1)1−p − 1 ≥ 1
2n

1−p, hence

T ≥ n1−p

2(1− p)
. (6)

(b)Existence of Slack The upper bound k ≤ n1−p

4(1−p) (from (5)) together with (6) imply

k ≤ T/2, hence T − k + 1 ≥ T/2. Using (6) again,

T − k + 1 ≥ T

2
≥ n1−p

4(1− p)
. (7)

Also from the lower bound on k from (5), we get

en

k
≤ en

e(1− p)np
=

n1−p

(1− p)
.

Combining with (7) yields

T − k + 1 >
en

4k
,

which means we can now apply Lemma 14 to get the final result.

11
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Remark 8 The interval (5) is nonempty for large n precisely because p < 1 − p when
p < 1/2, so np ≪ n1−p. For faster decay (p ≥ 1/2) the order-0 stable rank grows too
slowly to produce a comparable intermediate-k interval from the s = 0 specialization; in such
cases, the windowed master theorem (Theorem 1) and its landscape envelope may still yield
informative valleys.

5.5. Exponential Eigenvalue Decay

In contrast to polynomial decay, geometric/exponential eigenvalue decay typically yields
narrow stable-rank windows. This regime is therefore best viewed as a sanity check: our
landscape theory predicts that broad success valleys are not expected when the spectrum
drops exponentially fast, except possibly for very small k (or when the decay rate itself
scales with n).

Construction. Assume the eigenvalues satisfy a geometric decay law

λi = λ1 ρ
i−1 for some ρ ∈ (0, 1), (8)

for i = 1, 2, . . . , n (up to the normalization constant λ1).

Proposition 9 (Stable-rank windows have constant width under geometric decay)
Assume (8). Then for every s ∈ {0, 1, . . . , n− 1},

srs(M) ≤ 1

1− ρ
.

Equivalently, every stable-rank window endpoint satisfies

ts = s+ srs(M) ≤ s+
1

1− ρ
,

so the window width ts − s is O(1) for fixed ρ < 1. In particular, the sufficient condition
k < ts in Theorem 1 can hold only when k − s ≤ 1

1−ρ , i.e., only within O(1) distance of the
window start.

Proof By (8), ∑
i>s

λi =

n∑
i=s+1

λ1ρ
i−1 = λ1ρ

s
n−s−1∑
j=0

ρ j , λs+1 = λ1ρ
s.

Dividing yields srs(M) =
∑n−s−1

j=0 ρ j = (1− ρn−s)/(1− ρ) ≤ 1/(1− ρ).

Implication for our bounds. Proposition 9 shows that exponential decay with fixed ratio
ρ < 1 produces rapid cliffs: once k exceeds s+O(1), right-edge slack ts−k becomes negligible
and the right-edge penalty in Theorem 1 necessarily grows. Moreover, Theorem 3 requires
sr0(M) ≥ k, but here sr0(M) ≤ 1/(1− ρ), so the stable-rank refinement is informative only
for k = O(1) when ρ < 1 is a fixed constant.

Remark 10 (Slow exponential decay) If the decay rate depends on n, e.g. ρ = ρn ↑ 1
with 1− ρn = Θ(1/n), then sr0(M) ≍ 1/(1− ρn) = Θ(n) and the stable-rank guarantee yields
a broad success valley. This “slow exponential” regime is effectively broad-valley spectrum at
the relevant scale.

12
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6. Conclusion and Future Work

Conclusion. We developed a fine-grained, spectrum-dependent theory of greedy determinant
maximization over structured spectral landscapes. Our main result expresses the greedy–
optimal determinant gap through stable-rank windows and an explicit right-edge penalty,
yielding a concrete valley–cliff picture: greedy succeeds in broad spectral valleys with
nontrivial window slack and necessarily fails near spectral cliffs where all windows collapse.
A classical QRCP counterexample serves as a tightness certificate, showing that the cliff
mechanism identified by the theory is unavoidable. We further derived a concise stable-rank
refinement that yields provably sharper guarantees in broad-spectrum regimes, including
isotropic subgaussian/random-feature models, near-identity kernels, spiked-plus-noise spectra,
and polynomial decay. Together, these results provide a deterministic, structurally tight
explanation for the widely observed empirical effectiveness of greedy pivoting in determinant-
based subset selection.
Future work. Several directions appear particularly promising.

• Local search and exchange stability. A natural refinement of forward greedy is
swap-based local improvement (e.g., 1-swap or p-exchange). Understanding how local
optimality conditions interact with spectral windows may yield sharper rates, poten-
tially reducing global n-dependence in benign regimes while retaining cliff tightness.

• Eigenvector regularity and leverage-based refinements. Our core results are
expressed in terms of eigenvalues only. In regimes where the relevant spectral subspaces
are delocalized, leverage-score/coherence bounds may sharpen the trace-to-pivot step
by effectively replacing n with an intrinsic support size. Formalizing this refinement is
a compelling next step.

• Beyond cardinality constraints. Determinant maximization arises under richer
constraints (e.g., matroid and partition constraints, budgeted selection, or stream-
ing/composable models). Extending the spectral-landscape methodology to such
constraint families, and identifying the correct notion of “right-edge slack” in these
settings, could broaden the reach of the valley–cliff characterization.

• Landscape-aware algorithms and adaptive k. The landscape envelope suggests
that different windows dominate at different cardinalities. Designing algorithms that
adaptively identify the “active” window and exploit it (e.g., by choosing k or stopping
rules based on estimated slack) may lead to robust, parameter-free variants with
improved performance profiles.
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Appendix A. Proofs

A.1. Theorem 1

Proof [Proof of Theorem 1] Fix s ∈ {0, 1, . . . , k − 1} such that k < ts and set m := k − s
and T := ts − s = srs(M), so that T = m+ δ with δ := ts − k > 0. Let Sr denote the greedy
set after r steps (S0 = ∅), and define the step-r pivot for j /∈ Sr by

pr(j) := Mjj −MjSrM
−1
SrSr

MSrj , pr+1 := max
j /∈Sr

pr(j).

Recall that by the pivot-product identity (Eq (1) in Section 3), we have

det(MSgrSgr) =
k−1∏
r=0

pr+1.

Step (i): Lower bounding the greedy choice Define the Nyström/Schur residual at
step r by

Rr := M −M:,SrM
−1
SrSr

MSr,:.

Then Rr ⪰ 0 and pr(j) = (Rr)jj for j /∈ Sr, while (Rr)jj = 0 for j ∈ Sr. Hence

pr+1 = max
j /∈Sr

(Rr)jj ≥ 1

n− r

∑
j /∈Sr

(Rr)jj =
1

n− r
tr(Rr).

Moreover, writing M̃r := M:,SrM
−1
SrSr

MSr,:, we have Rr = M−M̃r, M̃r ⪰ 0, and rank(M̃r) ≤
r. Since Rr ⪰ 0 we also have M̃r ⪯ M , hence λi(M̃r) ≤ λi(M) for all i and λi(M̃r) = 0 for
i > r. Therefore

tr(Rr) = tr(M)− tr(M̃r) ≥
∑
i>r

λi(M).

Combining the two displays yields the universal per-step bound

pr+1 ≥ 1

n− r

∑
i>r

λi(M) (0 ≤ r ≤ k − 1). (9)

Step (ii): Stable-rank window control of the tail. We next lower bound
∑

i>r λi(M)
in terms of λs+1 and the window endpoint ts.

(i) Early steps 0 ≤ r ≤ s− 1. Since λr+1 ≥ · · · ≥ λs ≥ λs+1,∑
i>r

λi(M) ≥
s∑

i=r+1

λi(M) ≥ (s− r)λs+1.

Plugging into (9) gives

pr+1 ≥ s− r

n− r
λs+1 (0 ≤ r ≤ s− 1),

and hence
s−1∏
r=0

pr+1 ≥ λs
s+1 ·

s!

(n)s
. (10)
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(ii) Window steps s ≤ r ≤ k − 1. By definition of T = srs(M), we have
∑

i>s λi(M) =
Tλs+1.

For r ≥ s,

∑
i>r

λi(M) =
∑
i>s

λi(M)−
r∑

i=s+1

λi(M)

≥ Tλs+1 − (r − s)λs+1

=(ts − r)λs+1,

since λi(M) ≤ λs+1 for all i ≥ s+ 1. Plugging into (9) yields

pr+1 ≥ ts − r

n− r
λs+1 (s ≤ r ≤ k − 1).

Therefore
k−1∏
r=s

pr+1 ≥ λm
s+1 ·

∏k−1
r=s (ts − r)∏k−1
r=s (n− r)

= λm
s+1 ·

(T )m
(n− s)m

. (11)

Multiplying (10) and (11), using (n)s(n− s)m = (n)k, we obtain the greedy determinant
lower bound

det(MSgrSgr) =

k−1∏
r=0

pr+1 ≥ λk
s+1 ·

s! (T )m
(n)k

. (12)

Step (iii): An AM–GM upper bound on det(MS⋆S⋆). For any k-subset S, interlacing
implies det(MSS) ≤

∏k
i=1 λi(M), hence det(MS⋆S⋆) ≤

∏k
i=1 λi(M). Fix s < k. By AM–GM,

s∏
i=1

λi(M) ≤
(1
s

s∑
i=1

λi(M)
)s

= Hs
s ,

(with the convention H0 := 1), and

k∏
i=s+1

λi(M) ≤
( 1

m

k∑
i=s+1

λi(M)
)m

≤
( 1

m

∑
i>s

λi(M)
)m

=
(Tλs+1

m

)m
.

Therefore

det(MS⋆S⋆) ≤ Hs
s

(Tλs+1

m

)m
= λk

s+1 ·
( Hs

λs+1

)s
·
( T

m

)m
. (13)
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Step (iv): Combine and invoke the right-edge penalty. Dividing (13) by (12) gives

det(MS⋆S⋆)

det(MSgrSgr)
≤

( Hs

λs+1

)s
· (n)k
s! (T )m

·
( T

m

)m
.

Taking logarithms yields

log gap(M,k) ≤ s log
( Hs

λs+1

)
+ log(n)k − log(s!)−m logm+

(
m log T − log((T )m)

)
.

Since T = m + δ with δ > 0, Lemma 11 implies m log T − log((T )m) ≤ Ψright(m, δ).
Substituting this into the equation above proves the claimed bound for the fixed s.

Finally, minimizing over all admissible s yields the stated minimum form.

A.1.1. Helpful Lemmas

Lemma 11 (Right-edge slack) For any m ≥ 1 and δ > 0, set T := m+ δ. Then

m log T − log
(
(T )m

)
≤ Ψright(m, δ) := m− δ log

(
1 +

m

δ

)
.

Equivalently,
(T )m ≥ Tm exp

(
−Ψright(m, δ)

)
.

Proof Write (T )m =
∏m−1

j=0 (T − j) =
∏m

u=1(δ + u). Since x 7→ log(δ + x) is increasing,

log(δ + u) ≥
∫ u
u−1 log(δ + x) dx. Summing over u = 1, . . . ,m gives

log((T )m) ≥
∫ m

0
log(δ + x) dx.

Evaluating the integral yields

∫ m

0
log(δ + x) dx =

[
(δ + x) log(δ + x)− (δ + x)

]m
0

= T log T − δ log δ −m.

Rearrange to obtain

m log T − log((T )m) ≤ m− δ log
(T
δ

)
= m− δ log

(
1 +

m

δ

)
= Ψright(m, δ).

A.2. Proof of Theorem 2

This section presents a complete proof of Theorem 2. We follow a classical Hadamard-based
worst-case instance for QR factorization with column pivoting (QRCP) due to Engler (1997),
and we emphasize how it realizes a spectral cliff i.e., the collapse of all stable-rank windows
at the target cardinality.
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A.2.1. Hadamard-based construction

Our focus is Hadamard matrices of size m × m. Such matrices can be constructed, for
example, by Sylvester’s construction, for all m = 2ℓ.

Let Hm ∈ {±1}m×m be a Hadamard matrix, so that

HmH⊤
m = mIm and hence | det(Hm)| = mm/2. (14)

Fix an integer r ≥ 1 and define

N = Nr := m− 1 + rm.

We now define a matrix C(r) ∈ Rm×N in two blocks: the first m− 1 columns form a diagonal
block with carefully chosen magnitudes, and the remaining rm columns are r repeated
Hadamard blocks.
Define scalars di, fi > 0 for i ∈ {1, . . . ,m} as follows. Set f2

1 = 1
N−m+1 , and

d2i :=
(N −m+ 2) i−1 − (N −m)(N −m+ 1) i−2

(N −m+ 2) i−1
, ∀i ∈ [m] (15)

f2
i :=

1

N −m+ 1

(
1− d2i

)
=

(N −m)(N −m+ 1) i−3

(N −m+ 2) i−1
∀i ∈ {2, 3, . . . ,m}. (16)

We now define C(r) = (cij) ∈ Rm×N columnwise. For 1 ≤ j ≤ m− 1, set

cij := dm−i+1 δij , 1 ≤ i ≤ m, (17)

where δij = 1 for i = j and 0 otherwise; so the first m−1 columns form a diagonal matrix (in
the first m− 1 rows) with entries dm, dm−1, . . . , d2. For the remaining columns m ≤ j ≤ N ,
write j = m − 1 + (b − 1)m + ℓ with block index b ∈ {1, . . . , r} and within-block index
ℓ ∈ {1, . . . ,m}, and set

cij := fm−i+1 (Hm)iℓ, 1 ≤ i ≤ m. (18)

Equivalently, the last rm columns consist of r repeated copies of diag(fm, fm−1, . . . , f1)Hm.
The following result follows from Theorem 4 of Engler (1997). We quote it in the form

needed for our determinant-gap proof.

Proposition 12 ((Engler, 1997), Theorem 4) For the matrix C(r) defined above, we
have

C(r)(C(r))⊤ = Im. (19)

Moreover, as r → ∞ (equivalently N → ∞),
√
N di →

√
i,

√
N fi → 1 (1 ≤ i ≤ m), (20)

and (
N

m

)
det

(
C

(r)
[m](C

(r)
[m])

⊤) → 1, (21)

where [m] = {1, 2, . . . ,m} and C
(r)
[m] denotes the m × m submatrix formed by the first m

columns.
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A.2.2. Greedy choice and determinant ratio

Lemma 13 (Asymptotic determinant ratio) Let Jgr := [m] and let J⋆ := {N −m+
1, . . . , N} denote the last m columns of C(r). Then

lim
r→∞

det
(
(C

(r)
J⋆ )⊤C

(r)
J⋆

)
det

(
(C

(r)
Jgr

)⊤C
(r)
Jgr

) =
mm

m!
. (22)

Proof

(a) Determinant of the greedy set Jgr = [m].

Since C(r) satisfies standard assumptions (Theorem 4 of Engler (1997)), the greedy
algorithm chooses the indices Jgr = [m] (Proposition 1 of Engler (1997)). By (21) and
det(C[m]C

⊤
[m]) = det(C[m])

2,

| det(C(r)
[m])| ∼

(
N

m

)−1/2

.

Using
(
N
m

)
→ Nm/m! as N → ∞ gives

Nm/2 | det(C(r)
[m])| →

√
m!. (23)

(b) Determinant of the set J⋆. By construction (18), the last m columns form one
Hadamard block:

C
(r)
J⋆ = diag(fm, fm−1, . . . , f1)Hm.

Therefore,

| det(C(r)
J⋆ )| =

( m∏
i=1

fi

)
| det(Hm)|.

By (20),
√
N fi → 1 for each i, so

∏m
i=1 fi ∼ N−m/2. Together with | det(Hm)| = mm/2

from (14), we obtain

Nm/2 | det(C(r)
J⋆ )| → mm/2. (24)

(c) Determinant ratio. Combining (23) and (24) yields

| det(C(r)
J⋆ )|

| det(C(r)
[m])|

→ mm/2

√
m!

.

Thus, the corresponding Gram determinants satisfy

det
(
(C

(r)
J⋆ )⊤C

(r)
J⋆

)
det

(
(C

(r)
[m])

⊤C
(r)
[m]

) =
(det(C(r)

J⋆ )

det(C
(r)
[m])

)2
→ mm

m!
,

which proves (22).
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A.2.3. Spectral cliff and exponential failure

Proof [Proof of the spectral cliff claim in Theorem 2] By (19), C(r)(C(r))⊤ = Im. Hence
the Gram matrix K(r) := (C(r))⊤C(r) has rank m and its m nonzero eigenvalues coincide
with those of C(r)(C(r))⊤, i.e., are all equal to 1. Therefore K(r) exhibits a sharp spectral
drop at m. In particular, for target cardinality k = m every stable-rank window endpoint
satisfies ts(K

(r)) = m and thus ts(K
(r))− k = 0 (no stable-rank slack).

Proof [Proof of Non-asymptotic exponential bound in Theorem 2] By Lemma 13, the ratio
converges to mm/m!. Using Stirling’s bound m! ≤

√
2πm(m/e)me1/(12m) yields

mm

m!
≥ em√

2πm
e−1/(12m) ≳

em√
m
,

and therefore for all sufficiently large r the same lower bound (up to constants) holds for
the finite-r ratio in Theorem 2.

A.3. Proof of Theorem 3

Proof We prove the two bounds appearing in the minimum separately.

(i) Classical factorial-type bound. The inequality gap(M,k) ≤ 4kk! is the worst-
case guarantee for forward greedy maximum-volume selection (equivalently QRCP/pivoted
Cholesky); see Gollapudi et al. (2023) for a proof.

(ii) Stable-rank bound. Assume rank(M) ≥ k and sr0(M) ≥ k, where sr0(M) :=
tr(M)/λ1(M) and λ1(M) is the largest eigenvalue of M . We show that

gap(M,k) ≤ (n)k
(sr0(M))k

.

Step 1: upper bound the optimum by λk
1. For any k-subset S, Cauchy interlacing implies

det(MSS) ≤
∏k

i=1 λi(M) ≤ λ1(M)k. Hence

det(MS⋆S⋆) ≤ λ1(M)k. (25)

Step 2: lower bound the greedy determinant by a pivot product. Let Sr denote the greedy
set after r steps (S0 = ∅), so |Sr| = r and Sgr = Sk. At step r, define the Schur pivot

pr(j) := Mjj −MjSrM
−1
SrSr

MSrj , j /∈ Sr,

and let pr+1 := maxj /∈Sr
pr(j) be the selected pivot. By the pivot-product identity (Eq. (1)

in the setup),

det(MSgrSgr) =

k−1∏
r=0

pr+1. (26)

Step 3: per-step spectral lower bound on pr+1. Define the Nyström/Schur residual

Rr := M −M:,Sr M
−1
SrSr

MSr,: ⪰ 0.
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Then pr(j) = (Rr)jj for j /∈ Sr and (Rr)jj = 0 for j ∈ Sr, hence

pr+1 = max
j /∈Sr

(Rr)jj ≥ 1

n− r
tr(Rr).

Write M̃r := M:,SrM
−1
SrSr

MSr,:, so Rr = M − M̃r and rank(M̃r) ≤ r. Since Rr ⪰ 0 we have

M̃r ⪯ M , and therefore

tr(Rr) = tr(M)− tr(M̃r) ≥
∑
i>r

λi(M).

Combining yields

pr+1 ≥ 1

n− r

∑
i>r

λi(M). (27)

Now use
∑

i>0 λi(M) = tr(M) = λ1(M)sr0(M) and λi(M) ≤ λ1(M) for all i:∑
i>r

λi(M) =
∑
i>0

λi(M)−
r∑

i=1

λi(M) ≥ λ1(M)sr0(M)− rλ1(M) = λ1(M)
(
sr0(M)− r

)
.

Substituting into (27) gives

pr+1 ≥ λ1(M)
sr0(M)− r

n− r
. (28)

Step 4: multiply over r. Since sr0(M) ≥ k, the factors sr0(M) − r are positive for
r = 0, . . . , k − 1. Multiplying (28) over r = 0, . . . , k − 1 and using (26) yields

det(MSgrSgr) ≥ λ1(M)k ·
k−1∏
r=0

sr0(M)− r

n− r
= λ1(M)k · (sr0(M))k

(n)k
.

Combining with (25) gives

gap(M,k) =
det(MS⋆S⋆)

det(MSgrSgr)
≤ λ1(M)k

λ1(M)k(sr0(M))k/(n)k
=

(n)k
(sr0(M))k

.

Combining parts(i) and (ii) above gives us the final result.

Appendix B. Additional Lemmas

Lemma 14 (Sufficiency of Slack) Let T := sr0(M) and assume T ≥ k (so (T )k > 0).
If

T − k + 1 >
en

4k
, (29)

then the stable-rank term from Theorem 3 satisfies

(n)k
(T )k

< (4kk!),

and hence

gap(M,k) ≤ (n)k
(T )k

< (4kk!).
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Proof Since T ≥ k, we have (T )k =
∏k−1

j=0(T − j) > 0. Using the simple and crude bounds

(n)k =
k−1∏
j=0

(n− j) ≤ nk, (T )k =
k−1∏
j=0

(T − j) ≥ (T − k + 1)k,

we obtain
(n)k
(T )k

≤
( n

T − k + 1

)k
. (30)

From (29), we get n/(T − k + 1) < 4k/e, which gives( n

T − k + 1

)k
<

(4k
e

)k
.

Finally, from the Stirling inequality k! ≥ (k/e)k we get

(n)k
(T )k

< (4kk!),

which proves the result. The bound on gap(M,k) follows from Theorem 3, which gives
gap(M,k) ≤ (n)k/(T )k when T = sr0(M) ≥ k.
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